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A systematic modification of the entropy trajectory (Sm(T )) is observed at very low temperature
in magnetically frustrated systems as a consequence of the constraint (Sm ≥ 0) imposed by the
third law of thermodynamics. The lack of magnetic order allows to explore some unusual thermo-
dynamic properties by tracing the physical behavior of real systems. The most relevant findings
are: i) a common Cm/T |T→0 ≈ 7 J/molK2 ’plateau’ in at least five Yb-based very-heavy-fermions
(VHF) compounds; ii) quantitative and qualitative differences between VHF and standard non-
Fermi-liquids. iii) Entropy-bottlenecks governing the change of Sm(T ) trajectories in a continuous
transition into alternative ground states that exhibits third order characteristics. An empirical
analysis of the possible Sm(T → 0) dependencies according to the ∂2Sm/∂T

2 derivative is also
preformed. Altogether, this work can be regarded as an empirical application of the third law of
thermodynamics.

I. INTRODUCTION

The intensive study of the quantum critical (QC)
behavior in heavy fermion (HF) compounds [1, 2] has
powered the investigation of thermal properties in a
significant number of new Ce and Yb intermetallics
at T ≤ 1 K. Despite of the unattainability of the
T = 0 limit, the extremely low characteristic energies
of these systems provide a fertile field to allow to per-
form an original test for the applicability of the third
law of thermodynamics in real systems. As a con-
sequence of this newly available information unpre-
dicted behaviors of the thermal dependence of the en-
tropy (Sm) have emerged in the thermal range where
thermodynamic and QC fluctuations strongly inter-
play to stabilize the ground states of not ordered sys-
tems. These topics became recently relevant in the
search for new materials suitable for adiabatic demag-
netization refrigeration at the milikelvin range of tem-
perature [3]

The usual magnetic behavior of Ce and Yb com-
pounds can be properly described as a function of two
coupling parameters [4, 5]: the inter-site RKKY mag-
netic interaction (JR) and the on-site Kondo (JK) in-
teraction. As the local JK coupling between band and
localized 4f states increases, the intensity of the mag-
netic moments (µeff ) decreases because of the Kondo
screening. The consequent weakening of JR (∝ µeff )
is reflected in the decrease of the magnetic order tem-
perature (Tord) that can be driven down to a QC point
[6]. The different stages of this demagnetizing process
as a function of JK is schematically resumed in Fig. 1.

Once Tord reaches the range at which thermal fluc-
tuations compete with quantum fluctuations the QC
scenario sets on (see the inset in Fig. 1). This regime
is observed in heavy fermion (HF) compounds which
behave as non-fermi-liquids (NFL) while approach-
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FIG. 1. (Color online) Schematic description of the mag-
netic behavior of Ce- (Yb-) lattice compounds as a func-
tion of two exchange parameters (see the text). The third
axis represents frustrated (paramagnetic) systems. Inset:
usual representation as a function of Kondo temperature.
[4, 5].

ing the QC regime [1, 2]. Once JK overcomes JR
the Fermi Liquid (FL) behavior takes over. Within
this regime the thermal (γ = Cm/T ), magnetic (χ0)
and transport (ρ = AT 2) proportionality: γ ∝ χ0 ∝√
A ∝ meff is fulfilled, being meff the enhanced ef-

fective electron mass.

There is, however, an increasing set of Ce and Yb
compounds which escape for this description because
they do not order magnetically despite of their robust
µeff (i.e. JR � JK) in a lattice arrangement. This
characteristic is mainly due to the frustration of an-
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FIG. 2. (Color online) Examples of measured Cm/T |T→0

values within four decades, identifying three groups ac-
cording their different behaviors: fermi liquids (FL), heavy
fermions (HF) and very heavy fermions (VHF), see the
text. For binary FL, see references in [7] and for ternary
compounds see [8–11].

tiferromagnetic (AF) JR between magnetic neighbors
favored by some types of atomic coordinations. These
peculiar group is included in the expanded phase dia-
gram presented in Fig. 1 introducing a third axis.

II. DIFFERENT CLASSES OF HEAVY
FERMIONS

Among the Ce and Yb compounds which do not or-
der magnetically, the measured values of specific heat
at T → 0 (Cm/T |T→0) cover more than three decades
between the lowest reported value ≈ 8 mJ/molK2 in
CeN and CePd7 [7] and the highest ≈ 12 J/molK2 ob-
served in YbPt2Sn [9], see Fig. 2. CeN and CePd7 are
characterized by a strong local (4f) and conduction

states hybridization (∝ JK) reflected in a large Kondo
temperature [TK ∝ exp(−1/JK)]. On the weak hy-
bridization range, the exemplary FL-HF with the
highest Cm/T |T→0 is CeCu6 with a γ = 1.6 J/molK2

[11] and TK ≈ 10 K. Its FL character is proved by the
low temperature ρ = AT 2 dependence.

Between 1 ≤ Cm/T |T→0 ≤ 3 J/molK2 the most
frequent behavior corresponds to compounds show-
ing the characteristic NFL dependence: Cm/T ∝
− ln(T/T0) [1], where the energy scale T0 plays a simi-
lar role than TK . Coincidentally, the most representa-
tive NFL compounds show a ρ ∝ T dependence [12].

Recently, some Ce and a significant number of
Yb compounds were found to clearly exceed the
Cm/T |T→0 values of NFL. These compounds can be
labelled as Very-HF (VHF) because their Cm/T |T→0

range between ≈ 5 and ≈ 12 J/molK2, see Fig. 2. The
absence of magnetic order in these systems coincides
with a huge increase of their spin correlations (sc) in
the paramagnetic (pm) phase by decreasing tempera-
ture. Since at that range of temperature their mag-
netic behavior does not fit into the typical Curie-Weiss
paramagnetism, they will be hereafter identified as ’sc-
pm’. The strong increase of the density of magnetic
excitations is reflected in a divergent power law depen-
dence of Cm(T )/T ∝ 1/TQ, with exponents ranging
between 1 ≤ Q ≤ 2. This behavior is observed down
to a temperature (TBN ) below which a clear deviation
from the sc-pm behavior occurs due to an entropy bot-
tleneck (BN) formation, to be described below.

Apart from the different values of Cm/T |T→0 be-
tween NFL-HF and VHF, there are other distinctive
properties indicating that these materials belong to
different classes. An intrinsic difference is that in NFL
the magnetic moments are increasingly quenched by
Kondo effect and therefore located into the QC region,
see the schematic phase diagram in the inset of Fig. 1.
On the contrary, VHF exhibit robust moments with
irrelevant Kondo effect, being the geometrical frustra-
tion responsible for the lack of magnetic order. As a
consequence, their respective thermal scalings are dif-
ferent. While the Cm(T )/T ∝ − ln(T/T0) dependence
of NFL was found to scale among different compounds
through their T0 temperatures [13], see Fig. 3a, the
scaling among VHF compounds can be done through
the exponents Q of their 1/TQ dependencies. This
feature is presented in Fig. 3b for five Yb-based ex-
amples using the following values: Q = 1 ± 0.2 for
YbCu5−xAux (0.5 ≤ x ≤ 0.7) [10], Q = 1.4 for
PrInAg2 [14], and Q = 1.2 for the YbCu4Ni [15] com-
pound. Notably, all these compounds show a nearly
coincident Cm/T |T→0 ≈ 7 ± 0.7 J/mol K2 ’plateau’
below a characteristic temperature TBN .

There are other two compounds belonging to this
VHF group: YbBiPt [16] and YbCo2Zn20 [17]. Al-
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FIG. 3. (Color online) (a) Overlap of Cm(t) dependencies
of NFL-HF as a function of − ln(t) using a normalized tem-
perature t = T/T0 [13], where γHT accounts for the high
temperature Cm/T contribution. (b) Power law overlap
of five VHF as a function of normalized Q exponent of
1/TQ in a double logarithmic representation. The ’sc-pm’
region identifies the spin correlated-paramagnetic phase
and TBN the temperature of the onset of the Cm(T )/T
’plateau’ regime.

though they show the same Cm/T |T→0 values, they
are not included in Fig. 3b because their low energy
crystal electric field (CEF) levels already contribute
to Cm(T )/T around 1 K with the consequent devia-
tion from the 1/TQ dependence in the sc-pm phase.
Expect these two cases, all the compounds analyzed
in this work own a well defined doublet GS. Notably,
the recently studied Sc-doped YbCo2Zn20 [18] system
also fits into the NFL scaling presented in Fig. 3a
for 19% of Sc content, with the record low value of
T0 = 1.2 K, whereas the low temperature contribu-
tion of the first excited CEF doublet is reflected in
the large γHT = 1.1 J/molK2 term. This supports
the vicinity of the parent compound to a QC-point as
discussed in Ref.[18].
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FIG. 4. (Color online) (a) Comparison between measured
Cm(T )/T and fitted Cpm(T > TBN )/T dependencies in
double logarithmic representation for a magnetically frus-
trated system [10]. Sm and Spm represent the areas from
which respective entropies are evaluated. (b) Thermal de-
pendencies of those entropies, showing how Spm → 0 at
T > 0. The value of Spm(T → ∞) =Rln 2 is taken as
reference for the doublet GS. CEF indicates the excited
crystal field levels contribution above about 3 K.

III. THERMODYNAMIC ANALYSIS OF THE
Sm(T ) TRAJECTORY

A. Origin of the Cm/T |T→0 upper limit: Entropy
bottlenecks

Since these systems are inhibited to order magnet-
ically because of their frustrated character, spin cor-
relations develop remarkably decreasing temperature
in the sc-pm phase. As a consequence, the density
of magnetic excitations (∝ Cpm/T ) grows following a
power law, as depicted in Fig. 4a for the exemplary
system YbCu4.3Au0.7, that extrapolates to a mathe-
matical singularity at T = 0. Therefore, a change of
behavior is expected at finite temperature (hereafter
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TBN ) in order to escape such unphysical point. The
question arises why this change of regime occurs at
certain characteristic temperature TBN and how is its
value established. To attempt to answer these ques-
tions one should take into account the relevance of
the third law of thermodynamics in real systems at
the T → 0 limit.

In order to analyze how the third law (shortly ex-
pressed as Sm(T )|T→0 ≥ 0) intervenes in determining
the ground state (GS) of these VHF, the Cm(T )/T de-
pendence of the magnetically frustrated YbCu4.3Au0.7

[10] is chosen. In its pyrochlore-type structure the Yb-
magnetic moments are located in tetrahedral vertices
inhibiting magnetic order due a 3D geometric frus-
tration. This property guarantees that no condensa-
tion of degrees of freedom occurs by magnetic order
induced via standard magnetic interactions. In fact,
no traces of order were detected in this system below
TBN by spectroscopic measurements [19]. In Fig. 4a
one may appreciate that Cm(T > TBN )/T increases
obeying the power law dependence ∝ 1.5/T 1.3 which,
below TBN = 350 mK, transforms into a ’plateau’
with Cm/T |T→0 ≈ 6.5 J/mol K2. This plateau was
obtained after subtracting the nuclear contribution of
Yb atoms from the total measured specific heat [10].

The area label as Area-Spm in Fig. 4a represents
the entropy computed as Spm =

∫
1.5/T 1.3 × dT

for an heuristic system which does not change its
Cpm/T dependence at TBN and clearly exceed the
’Rln 2’ physical limit for a doublet GS. On the con-
trary, the entropy extracted from the measurement
as Sm =

∫
Cm/T × dT , represented by Area-Sm, re-

veals that the diverging increase of Cm(T > TBN/T
towards low temperature runs across an ’entropy bot-
tleneck’ (BN) [20] that compels it to change trajectory.
This means that the change of Cm(T )/T at T = TBN
occurs because the system is constraint to not over-
come the Sm = R ln 2 value.

The comparison between Spm(T ) and Sm(T ) tra-
jectories is included in Fig. 4b. Since this analysis
corresponds to a doublet GS, the R ln 2 upper limit
at high temperature is taken as the reference value.
Notice that the contribution of the exited CEF levels
to Cm(T ) (Sm(T )) only occurs above about T = 3 K.
This comparison shows that both entropy trajecto-
ries match very well within the 0.3 ≥ T ≥ 2 K range.
However, while Sm(T < 0.3K) turns pointing to the
expected Sm|T→0 = 0 limit, Spm(T ) becomes zero a
finite temperature (at T ≈ 0.17 K in this case) and
keeps decreasing into negative values. It is clear that
below T = TBN the third law imposes another trajec-
tory to Sm(T ), which departs from Spm(T ) in order
to not overcome the physical limit of Sm|T→0 = 0. A
relevant aspect of this change of trajectory for Sm(T )
arises from the fact that it is not driven by magnetic
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FIG. 5. (Color online) Analysis of the thermodynamic
condition producing the entropy deviation from the sc-
pm trajectory. Continuous curve: Spm(T ), dashed line:
Sm/T = constant.

interactions but by the thermodynamic constraint:
Sm|T→0 ≥ 0.

B. Conditions to deviate from the sc-pm
behavior

Once the origin of the change of regime was dis-
cussed, one should trace the thermodynamic condi-
tions able to split Sm(T ) and Spm(T ) trajectories at
T = TBN . For such a purpose we focus on Sm(TBN )
and Spm(TBN ) coincidences. Looking at the same
frustrated system YbCu4.3Au0.7, one may see in Fig. 5
that at TBN the entropy derivative ∂Sm/∂T ( =
∂Spm/∂T ) coincides with the Sm(T < TBN )/T ra-
tio that extrapolates to Sm|T→0 = 0. Then, taking
into account that ∂Sm/∂T ≡ Cm/T , one finds that
Cm/TBN = Sm/TBN and therefore Sm = Cm at that
temperature.

Since the specific heat is defined as Cm ≡ ∂Em/∂T ,
where Em is the magnetic enthalpy, the Sm = Cm
equality can be written as: Sm − ∂Em/∂T = 0.
This expression coincides with the Planck’s potential:
Φ = S − E/T [21] provided that ∂Em/∂T = Em/T ,
which is the case of the so-called ’plateau’ regime of
the VHF showing Cm/T |T→0 = const. That prop-
erty fulfils the Φ = Sm − Em/T = 0 condition. An-
other relationship that characterizes this change if
regime can be extracted from ∂Sm/∂T = Sm/T writ-
ing ∂Sm/Sm = ∂T/T . This implies that at T = TBN
entropy and temperature (i.e. the thermal energy)
change with the same ratio like in a sort of Grueneisen
ratio: ∂ lnSm/∂ lnT = 1.



5

0.1

1

1
0.1

1 CePd
0.35

Rh
0.65

(a)
YbPd

2 
Sn

10

 CeCu
6.5
Al

6.5

Dy
2 
Ti

2 
O

7

Ce
2
(Pd,Ag)

2
In

YbCu
4 
Au

 

 T  [K]
C

m
 / 

T
  [

J/
m

ol
 R

E
 K

2 
]

CePd
0.35

Rh
0.651

(b)
1/T

 2YbPd
2 
Sn

 CeCu
6.5
Al

6.5

Dy
2 
Ti

2 
O

7

Ce
2
(Pd,Ag)

2
In

YbCu
4 
Au

 

 

C
m

 / 
T

  [
J/

m
ol

 R
E

 K
2 
]

ννννT  [K]

FIG. 6. (Color online) (a) Compounds with Cm(T )/T
maxima at T ≈ 1 K and the same power law dependence
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logarithmic representation and the mass normalization to
a single rare earth (RE) atom. (b) Same compounds scaled
by normalizing their respective temperatures with a factor
ν, taking Dy2Ti2O7 and Ce2(Pd0.5Ag0.5)2In as reference.
A 1/T 2 function is included to show the coincident depen-
dence of these compounds.

C. Other cases with similar thermal Cpm/T
dependencies

In order to recognize whether this ’entropy bottle-
neck’ effect only occurs in the VHF with a Cm/T |T→0

’plateau’ below TBN or it is a general property,
the same analysis is applied to a number of com-
pounds collected in Fig. 6a which are inhibited to
order magnetically. The figure contains some geo-
metrically frustrated cases, like the 3D-pyrochlores
YbCu4Ni and Dy2Ti2O7 spin-ice [22] and the 2D
Ce2.15(Pd0.5Ag0.5)1.95In0.9 [23], hereafter quoted as
Ce2(Pd0.5Ag0.5)2In for simplicity. The latter system
shows on-plane triangular coordination between Ce-

nearest-neighbors in the Mo2B2Fe-type structure. A
striking feature observed in all the mentioned sys-
tems is the nearly coincident power law dependence
Cm/T ∝ 1/TQ in the respective ’sc-pm’ phases.

To explore the ampleness of this peculiar de-
pendence besides frustration phenomena, other sys-
tems like: YbPt2Sn [9], CeCu6.5Al6.5 [25] and
CePd0.35Rh0.65 single crystal [26] are included into
this comparison because they show the same Cm/T ∝
1/T 2 dependence. Although the competition be-
tween the first-J1 and second-J2 neighbor magnetic
exchange interactions may cause frustration in simple
structures, the case of CePd0.35Rh0.65 seems to escape
to that pattern because it was actually investigated in
the context of a QC regime [27]. This supports one of
the main points of the present analysis: the change in
the Sm(T ) trajectory is due to thermodynamic con-
straints independently of the reason why magnetic or-
der is inhibited. In other words, the lack of magnetic
order down to very low temperature provides the con-
ditions for the entropy-bottleneck occurrence.

Besides the coincident property of all systems in-
cluded in Fig. 6a, that their Cm(T > TBN )/T depen-
dencies is described with the same heuristic formula
Cpm/T = D/(TQ + E) [24] with Q = 2 ± 0.1, one
finds that Dy2Ti2O7 and Ce2(Pd0.5Ag0.5)2In also co-
incide in all their fitting parameters: D = 4.5 J/mol
at. and E = 0.3 K2 [23]. These systems do not show
the VHF-plateau behavior because once reached the
entropy-bottleneck conditions they access to some al-
ternative minima of their free energy, which is evi-
denced by the decrease of their Cm/T |T<TBN

.

As a consequence of their common power law
dependence, these compounds can be scaled by
a simple normalization of their Dν coefficients:
Dν = νD, taking as (arbitrary) reference the co-
incident D = 4.5 J/mol RE. value of Dy2Ti2O7 and
Ce2(Pd0.5Ag0.5)2In, see Fig. 6b. In this comparison,
the Cm(T )/T properties of YbPt2Sn merit some com-
ment because it coincides with some characteristics of
this group but it differs from others. Together with
its homologous YbPt2In [9], its Cpm(T )/T ∝ 1/T 2

dependence coincides with the common Q ≈ 2 ex-
ponent of other compounds despite showing the low-
est temperature maximum of Cm(T )/T . This fea-
ture supports the fact that the underlying mecha-
nism responsible for the entropy-bottlenecks forma-
tion does not depend of an energy scale but reflect a
general thermodynamic property. Besides that, these
YbPt2X compounds show that the ≈ 7 J/molK2 value
observed in the ’plateau’ group is not an upper limit
for Cm/T |T→0 but a characteristic of VHF.

The coincident Q ≈ 2 value observed in the power
law thermal dependence of the five rare earth based
compounds collected in Fig. 6 clearly suggests that
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sentation compared (see the inset) with that of a standard
ferromagnetic compound.

some common physics underlies in their ’sc-pm’ be-
havior. Although power law dependencies for Cm/T
are frequently reported in model predictions, the ex-
ponents use to be much smaller [1] than the observed.
Nevertheless, a Q = 2 exponent was reported [29] to
describe the thermal properties of Kondo type systems
assuming a uniform distribution of TK between 0 and
a cut-off temperature with a Cm/T ∝ 1/(T 2 + T 2

K)
dependence. However, mimicking TK as the spin fluc-
tuation energy of the frustrated-moment orientation
in a sort of spin-liquid scenario, that expression nicely
fits the reported experimental results.
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FIG. 8. (Color online) Comparison of Sm(T ) and Cm(T )
dependencies for three different types of GS: (a) a ’plateau’
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NFL [32], where Φ(T ) = 0 occurs at TBN = 0, and (c)
a 2D frustrated system showing a Cm(T )/Tmax at ≈ 1 K,
data after [23].

D. Comparison between different entropy
behaviors

Regarding the thermal dependence of the entropy,
the same discussion performed in Fig. 4 about the
change of trajectory at TBN can be applied to
these compounds, see Fig. 7a. Two representative
cases are included in the figure: Ce2(Pd0.5Ag0.5)2In
and CeCu6.5Al6.5, and compared with YbCu4.3Au0.7

already analyzed in Fig. 4 as a member of the
’plateau’ group. Each Spm(T ) dependence is com-
puted as Spm =

∫
Cpm/T × dT , with respective

Cpm(T > TBN )/T = 1.46/T 1.3 for YbCu4.3Au0.7,
= 9.1/(T 2 + 0.35) for Ce2(Pd0.5Ag0.5)2In and = 3/T 2

for CeCu6.5Al6.5. As it can be appreciated, all these
Spm(T ) trajectories cross the Sm = 0 axis at finite



7

temperature because Spm|T→0 extrapolates to the un-
physical value Spm|T=0 < 0.

Focusing to the actual value of Sm at TBN , it
is evident from Fig. 7a that Sm(TBN ) ≈ 1/2R ln 2.
Within a significantly low dispersion, this observation
includes the CePt2X compounds [9] and frustrated
systems like Ce2(Pd0.5Ag0.5)2In and Dy2Ti2O7. In-
terestingly, the Dy2Ti2O7 spin-ice fits better into
this systematic once the Pauling’s residual entropy
S0 = (1/2)R ln(3/2) [38] is included into the ’total’
Stot = Sm + S0.

In Fig. 7b the same picture is shown in a
’log(T/K)’ representation in order to better distin-
guish the detachment between measured Sm(T ) and
computed Spm(T ) below T = TBN . Interestingly,
in YbCu4.3Au0.7 the Sm/T slope is slightly lower
than the ∂Spm/∂T around TBN like as a reminis-
cence of a second order transition. Such a small effect
is within the scale of eventual composition inhomo-
geneities at the surface of these poly-crystalline sam-
ples. As an inset in Fig. 7b, the case of the ferro-
magnet Ce2.15Pd1.95In0.9 [31] is included for compar-
ison. This magnetically ordered compound was se-
lected because it shows a well defined Cm(TC) jump
at relatively low temperature TC = 4.1 K. It is evi-
dent that in this case the corresponding paramagnetic
Spm(T > TC) extrapolation below TC remains above
the measured Sm(T < TC) values, in clear contrast
with the not ordered compounds. One should notice
that the ∂2Sm/∂T

2 derivative show an inflection point
at T = TBN whereas at T = TC there is a discontinu-
ity.

To check the applicability of the Cm = Sm equal-
ity in a wider range of behaviors it is illustrative to
compare the Cm(T ) and Sm(T ) dependencies in other
systems that do not order magnetically but having
GS of different nature. In Fig. 8a the stoichiomet-
ric compound CeCu4Al with a TBN ≈ 0.6 K, [30] is
included as another example showing Cm/T |T→0 con-
stant and thence a coincident Cm(T ) and Sm(T ) be-
low TBN . Interestingly, as it is depicted in Fig. 8b the
NFL CeCu5.8Ag0.2 [32] reaches the Cm(T ) = Sm(T )
equality at T = 0 with consequent TBN = 0. Due to
their Cm ∝ −T × ln(T/T0) dependencies the Cm(T )−
Sm(T ) difference is expected to increase linearly with
temperature. CeCu5.8Ag0.2 was chosen as a NFL ex-
emplary system because it shows the largest measured
value Cm/T = 3 J/mol K2 at T = 60 mK, see Fig. 2.
In spite of this, it does not reach the values of VHF
even at T → 0 because it shows a slight downwards de-
viation that extrapolates to Cm/T |T=0 < 4 J/mol K2.
Fig. 8c includes an example of a 2D frustrated sys-
tem Ce2(Pd0.5Ag0.5)In [23]. As expected from the
analysis performed in Fig. 7a, the Cm = Sm equal-
ity occurs where Cm(T )/T deviates from the sc-pm

regime described by the ∝ 1/T 2 dependence. This
temperature is close but not exactly at the maximum
of Cm(T ). A replica of this behavior is obtained for
the Dy2Ti207 spin-ice. This comparison supports the
conclusion that the entropy-bottleneck is a general ef-
fect occurring in systems not able to reach magnetic
order.

IV. THERMODYNAMIC BEHAVIOR AT
T ≤ TBN

In order to gain insight into the peculiar behavior of
these systems, one should focus on the two main ques-
tions arising from the observed phenomenology that
mostly concerns the change of regime at T = TBN and
the nature of the ground state beyond the entropy-
bottleneck. Although the usual Kondo scenario, able
to explain the lack of magnetic order can be discarded
in these systems [33], in the range of temperatures
where the entropy-bottlenecks occur (TBN ≤ 1 K)
quantum fluctuations play an important role in the
thermodynamic equilibrium because they may over-
come thermal fluctuations [24].

According to a recent ′QK ′ phase diagram which in-
cludes frustration as a tuning parameter (′Q′), com-
peting with Kondo effect (′K ′) to define the GS of
HF materials [34], the frustrated systems analyzed
in this work can be placed on the ’spin liquid’ (SL)
side. Although that schematic phase diagram was pro-
posed for antiferromagnetic (AFM) order (specifically
related to Shastry-Shutherland lattice formation) as
a wider concept it might include any possible type of
order parameter. The fact that Ce2(Pd0.5Ag0.5)2In
[23] is related to the Shastry-Shutherland lattice be-
havior of Ce2Pd2Sn [35] indicates that different GS
of similar energies may become accessible, being the
AFM order one of those possibilities. One should re-
mind that AFM-JR interactions and geometrical fac-
tors are basic ingredients to inhibit magnetic order
through frustration effects.

A. Characteristics of the TBN transition

In Fig. 9a the Cm(T ) dependence of other three sys-
tems are presented to show the effect of the entropy-
bottleneck through an alternative picture. From the
Cm(T > TBN ) ≈ const. behavior, it is evident that it
would extrapolate to a non-physical Cm 6= 0 at T = 0
unless a change trajectory occurs once the Sm = Cm
equality is reached. The small jump at TBN was al-
ready attributed to possible grains-surface contribu-
tion in poly-crystalline samples.

Since the change of regime occurs without a Cm(T )
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FIG. 9. (Color online) (a) Three illustrative cases: YbBiPt
[16], CeCu4Al [30] and Yb Cu4.5Au0.5 [10], showing how
Cm(T → 0) > 0 before the entropy-bottleneck in reached.
(b) ∂Cm/∂T derivative of some studied compounds show-
ing a discontinuity at T = TBN . Inset: isothermal G(Ψ)
representations for three different temperatures including
a broad minimum at T = TBN , after [39].

jump, the following scenario can be proposed: the
minimum of the free energy of the sc-pm phase (Gpm)
blurs out at TBN because it is not workable anymore
and the system is compelled to slide into any other
energetically accessible G(T )-minimum. This descrip-
tion is schematically depicted in the inset of Fig. 9b
[39] as a Gpm(Ψ) dependence on the order parameter
Ψ at different temperatures. This continuous creep
along the G(Ψ, T ) surface is related to a higher order
discontinuity of the G(T ) derivative, i.e. ∂G3/∂3T ,
that emerges as a discontinuity in ∂Cm/∂T of third
order transition character [40], clearly fulfilled by the
transitions collected in Fig. 9b.

Another evidence for the third order character of
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FIG. 10. (Color online) Continuous formation of a co-
herent GS indicted by electrical resistivity of systems be-
longing to: (a) the group showing a Cm/T |T→0 ’plateau’
[10, 41] and (b) to those with the Cm/T maximum at
TBN ≈ 1 K, after [44].

this transition is given by the entropy trajectory in the
low temperature phase. As it is shown in the inset of
Fig. 7b for the case of a model second order FM tran-
sition, Sm(T ) < Spm(T ) below TC because a magnetic
order parameter Ψ(T < TC) develops condensing the
entropy extrapolated from T > TC . On the contrary,
in the systems presented in Fig. 7, Sm(T ) > Spm(T )
below TBN . This difference is a direct consequence of
the ∂S2

m/∂
2T discontinuity at T = TC respect to the

inflection point at T = TBN .

B. Nature of the ground state beyond the
entropy bottleneck

Despite of the scarce thermodynamic information
available at very low temperature, some relevant fea-
tures can be observed in the systems showing the
Cm/T |T→0 ≈ 7 J/molK2 ’plateau’. Among them,
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the already mentioned absence of magnetic order con-
firmed in YbCu5−xAux down to 20 mK using µSR and
NQR techniques [19] is significant. Coincidentally, co-
herent electronic scattering is evident in ρ(T ) from
T > TBN in samples with x = 0.4 and 0.6 [41]. This
behavior is compared with the establishment of the
specific heat ’plateau’ at TBN , see Fig. 10a.

Similar ρ(T ) coherence effects are observed in
PrInAg2 around TBN ≈ 250 mK [14]. Interestingly,
the doublet GS of this compounds is not of Kramer’s
character because of the integer J = 4 total angu-
lar moment of Pr. This indicates that the type of
GS wave function is irrelevant in the formation of the
entropy-bottlenecks, supporting the purely thermody-
namic origin of this phenomenon. Also the magnetic
susceptibility (χ) of YbCo2Zn20 confirms the lack of
magnetic order below TBN because its χ(T ) depen-
dence simply shows a broad maximum at T ≈ 300 mK
[42] and the formation of a coherent lattice state well
above TBN [18].

From these experimental evidences one may con-
clude that the GS of these compounds behave more
likely as Fermi or Spin Liquids rather than long range
JR-like interacting moments. This means that the
change occurring at TBN is not driven by standard
magnetic interactions. Taking into account that this
phenomenon occurs at the mK range of temperature,
dominated by quantum fluctuations, eventual tun-
nelling effect between states of equivalent energy may
act as hopping mechanism. In that case the formation
of a very narrow band-like of excitations, reflected in
a very high and constant Cm/T |T→0 value, may arise.
However, to our knowledge, there is no specific exper-
imental indication in the literature for any of these
scenarios.

The absence of magnetic order was also confirmed
in the exemplary spin-ice for the family of compounds
showing a Cm(T )/T anomaly at TBN ≈ 1 K by
transverse-field µSR experiments in Dy2Ti2O7 [43].
A coherent GS formation is also supported by ρ(T )
measurements in CeIrSi [44], where Ce-atoms coor-
dination provides the geometrical condition for mag-
netic frustration. In this compound ρ(T ) obeys a ρ =
ρ0 + A × T 2 dependence for T ≤ 2.4 K which reveals
a coherent electronic scattering, see Fig. 10b. This
range of temperature fully covers respective Cm(T )/T
and χ(T ) anomalies around TBN ≈ 1.4 K. The ab-
sence of magnetic order was also remarked in YbBiPt
[16], with a considerably small TK and a monotonous
decrease of ρ(T ).
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FIG. 11. (Color online) Different ways for Sm|T→0 accord-
ing to its second derivative ∂2Sm/∂T

2.

C. Analysis of the thermal dependencies of the
entropy at T → 0 in real systems

Despite of the leafy literature devoted to the
Sm|T→0 ≥ 0 postulate, there is scarce information
about the Sm(T ) derivatives approaching T = 0 [45].
Although the unattainability of that limit prevents
any experimental approximation, the present knowl-
edge of the Sm(T ) behavior of Ce- and Yb-based com-
pounds not showing magnetic order allows to explore
that field from a phenomenological point of view. This
topic is becoming relevant because the efficiency of
new cryo-materials for adiabatic demagnetization at
very low temperature depends on how magnetic field
affects the Sm(T ) and its slope, i.e. Cm/T = ∂Sm∂T ,
at the proximity of T = 0.

Some interesting features can be extracted from
the analysis of the possible trajectories of Sm|T→0,
schematically drown in Fig. 11 and formerly discussed
in Ref.[46]. The three possible curvatures presented
in the figure can be classified according to their sec-
ond thermal derivatives ∂2Sm/∂T

2: i) the positive
(> 0) curvature corresponds to standard ordered sys-
tems acceding to a cooperative GS, represented by the
FM compound Ce2+εPd2−εIn [31], ii) the zero curva-
ture (= 0) identifies to the group showing a ’plateau’
in Cm/T |T→0 and corresponds to a continuous den-
sity of excitations, like e.g. in FL. iii) The negative
curvature (< 0) is characteristic of frustrated sys-
tems in the ’sc-pm’ regime, which cannot extrapo-
late to T = 0 because it would end at a singular-
ity. As a consequence, no experimental example can
be quoted since real systems are compelled to modify
their Sm(T ) trajectory at TBN . The lowest tempera-
ture ∂2Sm/∂T

2|T→0 < 0 curves are observed in NFL
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compounds because their Cm ∝ −T × ln(T/T0) de-
pendence extrapolate to Cm|T→0 = 0, see the case
of CeCu5.8Ag0.2 [32] in Fig. 8b. As mentioned be-
fore, this case corresponds to a TBN = 0 scenario.
The moderate increase of the entropy at the mK
range produced by the extended energy range of mag-
netic excitations, Sm(T ) ∝ T − T × ln(T/T0), al-
lows the closest approach to ∂2Sm/∂T

2|T=0 < 0. In
Fig. 11, CeCu5.8Ag0.2 is taken as the exemplary sys-
tem with a pure doublet GS because, in the case of
(Yb0.8Sc0.2)Co2Zn20 [18], the first excited CEF level
already contributes to Sm(T ) within the temperature
range of the figure. Interestingly, such Sc-doping is
able to drive the TBN ≈ 200 mK of Yb2Zn20 down to
zero as atomic disorder weakens the spin-correlations
that reduces Cm/T above TBN with the consequent
shift of the entropy-bottleneck effect to lower temper-
ature.

V. CONCLUSIONS

Along this work it was shown how the absence of
magnetic order, inhibiting magnetic degrees of free-
dom to condensate into a singlet GS, can be profited
to investigate the effects of the third law of thermody-
namics in real materials. It can be observed how the
enhanced paramagnetic correlations strongly increase
the density of low energy excitations inducing the for-
mation of VHF systems. Apart from the clear quan-
titative difference of Cm/T |T→0 between VHF and
NFL, respective power law and logarithmic thermal
dependencies testify their distinct physical nature.

The divergent increase of this density of excitations
collides with the limited amount of the paramagnetic
degrees of freedom (Rln 2 for a doublet GS) produc-
ing an entropy-bottleneck which becomes responsible
for the change of the Sm(T ) trajectory. Such ’bot-
tleneck’ occurs in these systems because they are not
able to access an ordered state when approaching the
exhaustion of their degrees of freedom. Since this
change in the Sm(T ) trajectory is not driven by stan-
dard magnetic interactions but by thermodynamic
constraints, this process occurs though a continuous
transition of third order character. The temperature
at which the entropy-bottleneck occurs is associated

to the Sm = Cm equality.
Notably, among the compounds showing a constant

Cm/T |T→0 also coincident value ≈ 7± 0.7 J/molK2 is
measured. Despite of the dispersion observed in the
TBN values of these compounds, the convergent value
of Cm/T |T→0 seems to be a characteristic property
which identifies the ’plateau’ group whose. Whether
this specific value has an underlying physical origin
remains an open question. Besides that, the coherent
regime observed in ρ(T ) around TBM suggests a sort of
FL or eventual SL behavior below that temperature.
In standard FL, constant Cm/T |T→0 and ρ(T ) coher-
ence are related to a narrow electron band, that in the
present scenario could be tentatively associated to a
quantum tunnelling effect connecting levels of simi-
lar energy. This possibility requires to be confirmed
by spectroscopic investigations because it would rep-
resent a singular case of a quantum GS that becomes
accessible due to an entropy bottleneck.

These systems also allow to perform an empiri-
cal approach to the study of the entropy derivatives,
showing that negative curvature (∂2Sm/∂T

2 < 0) has
the best physical representation in NFL compounds,
whose logarithmic dependencies of Sm(T ) and Cm(T )
place the Sm = Cm equality at T = 0. Independently
of their NFL or VHF character, the field dependence
of Sm at the milikelvin range is the main parameter
that characterizes the best materials for adiabatic de-
magnetization purposes.

It is evident that the recent generation of rare earth
based compounds, exhibiting robust magnetic mo-
ments but inhibited to develop magnetic order, al-
lows to explore the properties of exotic ground states
within a region of temperature where the interplay be-
tween thermodynamic and quantum properties may
trigger novel behaviors.
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