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Abstract

We calculate conductance through a quantum dot weak coupled to metallic contacts by means of Keldysh
out of equilibrium formalism. We model the quantum dot with 1/2-spin Anderson model and consider the limit
of infinite Coulomb repulsion. We solve the interacting system with the numerical diagrammatic Non-crossing
approximation(NCA). We obtain conductance as a function of temperature and gate voltage, from differential
conductance (dI/dV) curves. We discuss this results in comparison with those from the linear response approach
which can be performed directly in equilibrium conditions. Comparison shows that out of equilibrium numerical
results are in good agreement with the ones from linear response regime supporting reliability to the method
employed. The discussion becomes relevant when dealing with general transport models through interacting regions.
Left and right couplings could be not proportional preventing the application of linear response approach. We also
analyze the dependence of conductance vs gate voltage curve with temperature. We find that it presents a plateau
for low temperatures as a consequence of Kondo effect. Related to this, we discuss different ways to determine
Kondo’s temperature and compare the values obtained in and out of equilibrium.
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1. Introduction

Since the first observation of the Kondo effect in
semicoducting quantum dots, QD,[1] the transport
properties through molecular devices has inspired a
rich variety of experimental and theoretical works.
Nowadays, the current and conductance versus bias
applied through general systems, with one and two
electrons, are the main focus of the experiments due to
the interesting and unusual features [2,3]. While for an
equilibrium situation, zero bias, robust methods have
been developed, like as the numerical renormalization
group (NRG),[4], or exact diagonalization (ED),[5],
the non-equilibrium ones are in progress. Among them,
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the Scattering Bethe Ansatz (SBA),[6] and the Time
dependent Density Matrix Renormalization Group
(t-DMRG),[7] are promising.

Therefore, it is important to test the non-equilibrium
calculations in the particular case of zero bias with
those from the equilibrium conditions. In this work we
calculate the conductance as a function of tempera-
ture, bias and gate voltage by using the Non-Crossing
Approximation (NCA) in its non-equilibrium,[8], and
equilibrium, [9], versions. Finally, we discuss the effect
of finite temperature in the transport properties.
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2. Model

In the present work we study the transport proper-
ties through a quantum dot weak-coupled to metallic
contacts and describe the system by using the 1/2-spin
Anderson model,

H =
∑
kσν

εkσνc
†
kσνckσν +

∑
σ

Edd
†
σdσ + Ud†↑d↑d

†
↓d↓

+
∑
kνσ

Vkνσc
†
kνσdσ +H.c., (1)

which models two metallic contacts, ckσν , with ν =
L,R stands for left and right coupled to an inter-
mediate region, eventually interacting, dσ by means
of an hybridization matrix element Vkσν . The non-
interacting conduction electrons in the leads are
treated as being in thermal and chemical equilibrium
with their reservoirs, where εkσν = εkσ − µν , allowing
for different chemical potentials, µν , in each of them.
The Hamiltonian of the central region determines the
transport properties. We consider a spin degenerate
localized level with energy Ed and Coulomb repulsion
U .

From an experimental point of view the accessible
physical quantity in transport measurements is cur-
rent. It was shown by Meir and Wingreen,[10], that
the current through a system of interacting electrons
described by the Hamiltonian of Eq.1 is given by

I =
2πe

h
Tr

∫
dω(ΓLfL(ω)− ΓRfR(ω))ρd(ω)

+
2πe

h
Tr

∫
dω(ΓL − ΓR)iG<

d (ω)/2π, (2)

where Γν
σ = 2π

∑
k |Vkσν |2δ(ω− εkσν) is the hybridiza-

tion function and fL(fR) is the Fermi function for the
conduction electrons of the left(right) metallic contact.
The functions ρd(ω) and G<

d (ω) represent the spectral
density and the lesser Green function of the central re-
gion respectively. The calculation of such Green func-
tions must be done in presence of the leads and is a
non-equilibrium problem which may be handled within
Keldysh formalism.

From the results of different applied bias volt-
ages, differential conductance dI/dV curves can be
obtained. The value at zero bias dI/dV |0 = G(T ) rep-
resent the usual equilibrium conductance at a given
temperature. The same procedure from Eq.[2] should
be followed in order to calculate theoretically the con-
ductance through a region of interacting electrons in
a general case. Nevertheless, an analytical expression
can be archived under the condition of proportional
couplings, ΓL

σ = αΓR
σ , in the linear-response regime,[8].

From Eq.[2]
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Fig. 1. QD’s spectral density for different applied bias voltages.

G(T ) = 4π
e2

h

∫
dω

(
− ∂f

∂ω

)
Γ(ω)ρd(ω), (3)

where Γσ = ΓL
σΓ

R
σ /(Γ

L
σ +ΓR

σ ) is the effective hybridiza-
tion and ρd(ω) is obtained at equilibrium conditions.

For the treatment of the model in and out of
equilibrium, we use the diagrammatic NCA tech-
nique,[8,11,12]. The NCA has a natural extension from
equilibrium to out of equilibrium and allows for an
equal footing comparison. We consider the case of infi-
nite repulsion, U → ∞. It must be noted that different
sets of self-consistent equations have to be solved in
order to compute the equilibrium and non-equilibrium
Green’s functions.

3. Results

For numerical evaluations, we consider a flat conduc-
tion band with band-widthD and also take VL = VR =
V , Γν

σ = πV 2/D. As it is clear from Eqs.[2] and [3], the
main dependence on the conductance at low enough
temperatures is given by the spectral weight close to
the Fermi level. It is then useful to understand the be-
havior of the spectral density of the QD for different
conditions, specially in the Kondo regime, where an
enhanced conductance is expected. In Fig.[1] we show
the resulting ρσ for different applied bias voltages. We
take ΓL = 1 as our unit and set Ed = −4, D = 10 and
T = 5.10−5.

At zero bias there are two peaks in the spectral den-
sity. The one centered close to Ed, the charge trans-
fer peak, is the result of a non-interacting orbital hy-
bridizing with a conduction band. Whether tempera-
ture were higher, this would be the only peak in the
spectral density. We fix the Fermi level εF = 0 and
we note that |Ed − EF | � ΓL so the localized level
is always occupied (〈nσ〉 ∼ 1). This is called Kondo
regime. There is a localized spin interacting with the
conduction electrons. Since temperature is low corre-
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Fig. 2. dI/dV vs. Vbias for different temperatures.

lations become dominant and a new fundamental state
is formed: a singlet state between conduction electrons
and the localized one. Localized spin leads electrons
close to Fermi level to suffer spin-flip processes giving
rise to a screening effect. This is the reason for the
increase of the spectral weight at εF and it is called
Kondo resonance. The narrow peak shown in the fig-
ure is then the Kondo peak and its width is related
with the most relevant energy scale of the problem, the
Kondo temperature TK . It basically determines when
correlation become dominant.

When bias is turned on (dashed curves in Fig.[1]) the
Fermi level of each metallic contact is shifted. We set
µL = −µR = eVb/2, satisfying eVb = µR−µL. This en-
ergy shift produces a splitting of the Kondo resonance
since conduction electrons coming from both leads con-
tribute to the screening process. As a direct conse-
quence the spectral weight at the equilibrium Fermi
level decreases and a lower conductance is expected. In
Fig.[2], we show the differential conductance for several
temperatures. Since bias voltage is applied symmetri-
cally the current I(Vb) is an odd function and thus con-
ductance dI/dVb(Vb) an even one. dI/dV curves are
Lorentzian with the maximum at zero bias. The value
at the maximum and the width depend on the temper-
ature. The first one through the Fermi function and
the second one is related to the scattering process and
thus with TK .

From the maximum of the Lorentzian curves of
Fig.[2] we can build a point-by-point curve of G vs.
temperature. The result is shown in Fig.[3]. We show
also a continuous line curve which corresponds to
an equilibrium calculation of the conductance in the
linear-response regime by means of Eq.[3]. The dashed
line curve is the empirical formula derived from the
NRG calculations [13].

For high temperatures T � TK , there is no Kondo
resonance and thus no spectral weight at the Fermi
level. There is an intermediate region where thermal
fluctuations compete but at low enough temperatures
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Fig. 3. Conductance as a function of temperature obtained

from lineal response formalism (continuous curve) and differen-

tial conductance curves evaluated at zero bias(dots) and NRG
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Fig. 4. Conductance as a function of gate voltage Vg for dif-

ferent temperatures obtained from lineal response formalism

(continuous curve) and from differential conductance curves

evaluated at zero bias(red dots).

T � TK , the Kondo effect is fully developed and con-
ductance tends to a saturation value. However, at low
temperatures in units of TK , the NCA overestimates
the Friedel’s sum rule and therefore the conductance
exceeds the unitary limit. As it is shown in Fig.[3] there
is an excellent agreement between the results from
the non-equilibrium calculation and the equilibrium
ones. More over, there is also a great correspondence
to the results from NRG. We stress that the calcula-
tion of linear response conductance implies only equi-
librium quantities while the out of equilibrium solv-
ing procedure is more complex and deals with lesser
and greater Green functions. Since the first of this ap-
proaches is valid just under the condition of propor-
tional couplings, the agreement we find is a useful check
that supports reliability to the most general procedure
based on the calculation of the current by means of
Eq.2.

We turn now the discussion to the conductance as
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a function of gate voltage Vg. The energy of the lo-
calized level of the QD is proportional to this volt-
age eVg = −Ed and thus it is possible to perform a
transistor-type experiment by the control of this pa-
rameter. In Fig.[4], we present the NCA results for dif-
ferent temperatures. The understanding of this out-
come is directly connected to our previous analysis of
spectral density. For high temperatures (black contin-
uous line in the figure) conductance shows just a sym-
metric peak centered at V g = 0. This corresponds to
the localized level placed at the Fermi energy, the op-
timum condition for conduction electrons to pass from
left to right metallic contact. For temperatures lower
than TK (dashed curves in the figure) the behavior is
completely different. As soon as the energy of the lo-
calized level is below the Fermi energy, the Kondo ef-
fect develops and the spectral density shows not only
the charge transfer peak but also the Kondo resonance
one. This is the reason for the plateau of conductance
as a function of gate voltage. Our results qualitative
agree with the corresponding exacted ones obtain by
the SBA method as can be seen in Fig.[10] of Ref.[14]
at zero temperature. The main result of this work is
the evolution of this plateau with temperature. As it
is shown in Fig.[4], at finite temperature conductance
start to decay at some Vg. This feature has to do with
the fact that TK ∼ exp{Ed}, i.e. smaller for more
negative values of Ed. Since temperature is finite, T
turns bigger than TK(Ed) at some point destroying the
Kondo effect and the plateau. It must be noticed that
for low temperatures as compared to the Kondo one,
the NCA results are not reliable within the empty or-
bital regime, Ed ≥ 0, due to the appearance of the non
physical spectral weigh at the Fermi energy.

For T = 1.5 10−4 we show (with dots) in Fig.[4] the
values of conductance obtained by the procedure stated
previously from the calculations out of equilibrium. In
the inset of the figure we show differential conductance
curves for several Vg. We observe that the maximum
of the Lorentzian keeps the same while the curves get
narrower for greater values of gate voltage. This is a
direct indication of the variation of TK .

We have stated along this work that there are at
least three different physical quantities related to TK .
In the T → 0 limit, in equilibrium it can be obtained
from the half-width at half of the maximum (HWHM)
of spectral density, T ρ

K . Out of equilibrium, from the

HWHM of differential conductance curves, T
dI/dV
K . In

the context of transport, TG
K is defined as the tempera-

ture such G = e2/h. From our results, TG
K = 8.2 10−3,

T ρ
K = 9.1 10−3 = 1.11TG

K and T
dI/dV
K = 12.1 10−3 =

1.48TG
K . The three values are of the same order of mag-

nitude and with this relations we can estimate the value
that would give one of them in a case it might not be
accessible.

4. Conclusions

In this work, we have calculated the conductance
through a quantum dot as a function of temperature,
bias and gate voltage. The temperature dependence
obtained by both, equilibrium and non-equilibrium
formalism, are agrees with the corresponding one ex-
tracted from NRG calculations allows for a definition
of the Kondo temperature. The bias voltage depen-
dence exhibits a Lorentzian shape from which can be
obtained both, the equilibrium curve G(T ) and the
Kondo temperature. We obtain a good agreement
for the Kondo scale within both schemes when com-
pared with the corresponding to the spectral density
at equilibrium conditions. Finally, we analyze the ef-
fect of finite temperature on the conductance as a
function of gate voltage calculated in equilibrium and
non-equilibrium processes. We obtain a formation of
a plateau for low enough temperatures within the
Kondo regime in agreement with exact results from
SBA. However, the conductance decay for a given
value of the gate voltage as a consequence of finite
temperature.

5. Acknowledgments

Two of us (A. A. A. and A. M. L.) are partially sup-
ported by CONICET, Argentina. This work was par-
tially supported by PIP No 11220080101821 of CON-
ICET, and PICT Nos 2006/483 and R1776 of the AN-
PCyT.

References

[1] D. Goldhaber-Gordon et al., Nature 391, 156 (1998).

[2] N. Roch et al., Nature 453, 633 (2008).

[3] J. J. Parks et al., Science 328, 1370 (2010).

[4] R. Bulla et al., Rev. Mod. Phys. 80, 395 (2008).

[5] M. Caffarel et al., Phys. Rev. Lett. 72, 1545 (1994).

[6] P. Metha and N. Andrei, Phys. Rev. Lett. 96, 216802

(2006).

[7] A. J. Daley et al., J. Stat. Mech. (2004) P04005.

[8] N. S. Wingreen and Y. Meir, Phys. Rev. B 49, 11040

(1994).

[9] N. E. Bickers et al., Rev. Mod. Phys. 59 845 (1987).

[10] Y. Meir and N. S. Wingreen, Phys. Rev. Lett. 68, 2512

(1992).

[11] M. Hettler, J. Kroha and S. Herschfield, Phys. Rev. B 58,

5649 (1998).

[12] P. Roura-Bas, Phys. Rev. B 81, 155327 (2010).

[13] T. A. Costi, Phys. Rev. Lett. 85, 1504 (2000).

[14] C. Sung-Po and G. Palacios, arxiv:1003.5395

4


