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Outline
The study of transport properties in mesoscopic systems became a very
active research area promoted by the advances in experimental capacities
and by the continuous impulse towards the miniaturization of electronic
circuits. Starting in the 80’s with the studies of transport properties in highmobility two-dimensional gases which led to the discovery of Quantum
Hall Effect and conductance quantization, the fast improvement of fabrication techniques opened the possibility of exploring the quantum nature
of transport in a great variety of systems, in particular in those exhibiting
strong correlations. Growing together, the theory of transport in mesoscopic
systems was also of vital importance since theoretical input led to very interesting experiments and helped as well in the deep understanding of the
results. The description of transport in coherent conductors in terms of conduction channels and the calculation of the current in terms of the transmission coefficients resulting from a scattering matrix are the most remarkable
heritage from this one-particle wavefunction theoretical approach.
As the dimensions of the mesoscopic systems get reduced, interactions
between electrons become more relevant and other phenomena appear. This
was noticed in early experiments using tunnel junctions where the charge
of a metallic island could be controlled and varied one electron at the time.
The possibility of having single-electron tunnelling in this device relays on
the effect of Coulomb Blockade, which is a consequence of the energy cost
that implies the addition of a new electron to the small island. The effect
of electron-electron interaction was also observed in the two dimensional
electron gases in semiconductors where the electrons can be confined in
small regions created with electrostatic gates. The confinement leads to a
set of localized states with a discrete energy spectrum. For the similarity in
their properties, these confined regions are called artificial atoms or quantum dots and are not exclusive from semiconductors. In certain aspects of
the transport properties, molecules for example can be also be described as
quantum dots. When quantum dots are very small, the Coulomb repulsion
is relevant since the energy cost of having two electrons in the same localized level is large. In particular, when there is an odd number of electrons in
a quantum dot, there is a degenerate localized level which can be occupied
by an electron with spin up or down. Since the quantum dot is connected to
metallic electrodes, the conduction electrons in source and drain leads can
occupy this state and also the electron in the localized level can jump back
to the leads. This behaves as a spin 1/2 in a sea of conduction electrons, like


a magnetic impurity in a metal. There are processes which are accompanied
by a flip of the spin. As a consequence of these processes, a new state forms
at low temperatures which entangles conduction and localized electrons in
a singlet. This is called the Kondo effect and has been observed in several
different experiments. The advantage of the realization of the Kondo effect
in nanoscopic systems is the great control of parameters and the unique possibility of carrying tests which were unthinkable with magnetic impurities
in metals. As it can be suspected, the description of transport properties in
presence of strong interactions require a more sophisticate treatment. For
highly correlated systems the appropriate tools are those from many-body
physics. Among other phenomena, a description of Coulomb Blockade and
Kondo effect arising in quantum dots is possible within this frame.
The main results of this thesis are related to the transport properties of
interacting systems. During these years, we have addressed the question
of the role of electron-electron interaction and electron-phonon coupling in
the description of interference phenomena in mesoscopic systems. We have
studied different problems which gave us very interesting, though partial,
answers to this complicated question. Quantum interference is one of the
benchmarks of phase-coherence in mesoscopic conductors. It is a probe of
the wave-nature of the carriers and of the relevance of the complex phase of
the wavefunction. In a simplified picture, electrons can travel from source
to drain following different paths inside the conductor. Interference can be
understood as a consequence of the phase difference among these possible
paths. In the presence of electron-electron interactions the notion of oneelectron trajectories is less obvious. In ring-shaped arrays of quantum dots
or in molecules (like annulenes), where interference phenomena may appear, the states of the system are described with many-body wavefunctions.
The possible “electron paths” have to be re-interpreted as well as the meaning of the phase difference. Our first contribution is a model to describe
interference in interacting systems.
We have explored this model in some interesting limits where the Kondo
effect develops and studied the interplay between quantum interference
and electron-electron correlations. We have observed that in a high-symmetry
condition it is possible to have total destructive interference. As a particular
case we applied our interference model to describe the low-energy physics
of a benzene molecule connected in meta-position. There is an effect of
partial destructive interference and the differential conductance shows the
presence of satellite peaks at finite bias as a consequence of the orbital correlations. We claim that these features would be observable in experiment.
The orbital degrees of freedom which are fundamental to account for interference phenomena were also proposed as a clever way to perform the
spectroscopy of the many-body wavefunction in the Kondo regime. The
group of Goldhaber-Gordon [Amasha et al., 2013] reported an experiment of
orbital Kondo spectroscopy in a double-quantum dot system where the dots
are mutually interacting and each-one is connected to its own pair of source
and drain leads. In a capacitivey-copled double-quantum dot it is possible


to have a regime where two charge configurations are equivalent. In this
case, the occupation of one quantum dot (QD1) or the other (QD2) is like
a pseudo-spin index. There is a four-fold degenerate state where not only
spin but also pseudo-spin (i.e. orbital) correlations are relevant. Under certain conditions, the possible processes involving conduction electrons lead
to a Kondo effect at low temperatures which has SU(4) symmetry, in other
words, the symmetry of a spin 3/2. The transport properties in this regime
reveal the main features of the SU(4) Kondo effect. We had been working on
the physics of this regime since our interference model has also SU(4) symmetry as a limit. I proposed to modify the model and study the double-dot
problem. We did a very complete study of the transport properties solving the interacting problem out of equilibrium. We found very interesting
features in the conductances through QD1 and QD2 as a function of the applied bias voltages V1 and V2 resulting from the crossed correlations in the
Kondo regime. There are inelastic contributions which arise from a modification of the densities of states out of equilibrium. I want to emphasize that
it is a very complicated problem. We found a qualitative agreement with
the experimental results. We present a discussion about the conditions used
in the experiment to perform spectroscopy since the coupling to the leads
are very similar and the voltage drop is rather symmetrical (on the contrary
with what would be expected in a scanning tunnel spectroscopy). We have
also analysed the effect of a symmetry breaking field. The relative energies
of the localized levels in the dots can be tuned with electrostatic gates. The
effect is like a pseudo-Zeeman splitting which breaks orbital degeneracy.
Since spin degeneracy remains, there is a crossover to a Kondo effect with
SU(2) symmetry, i.e. the symmetry of a spin 1/2. We proposed some consequences of this splitting which could also be observed in experiment. An
important point we address is that in order to have SU(4) symmetry, both
total couplings to the leads (source plus drain) have to be the same. This is
very hard to achieve experimentally but as we show, SU(4) symmetry can be
restored in a effective way by the appropriate tuning of the energies which
compensate this difference in the couplings.
The use of molecules to build molecular transistors and other electronic
devices (diodes, switches, logic gates) is a very active research area nowadays. The study of transport through molecules has demanded the development of new experimental techniques and also new theoretical tools to give
a more precise characterization of the system: molecule plus electrodes. We
are interested in molecules because they have shown to present interference
phenomena. In the case of molecules, the transport properties are also affected by phonons. A description of interference phenomena is therefore
incomplete if the effect of electron-phonon coupling is not taken into account. In molecules, molecular orbitals are responsible of transport properties, hence the Coulomb repulsion as well as the elastic response may be
important. The question is whether interference may survive even in the
presence of phonons. We have first studied the effect of phonons with only
one localized level in the Kondo regime. We have found that as a conse-


quence of the phonons, there are additional peaks in the differential conductance at low temperatures. These satellite peaks correspond to replicas
of the Kondo peak. As a consequence of correlations, conduction and localized electrons are entangled forming the Kondo singlet below a characteristic temperature TK , the Kondo temperature. We discuss the dependence of
TK with the electron-phonon coupling, which according to our results is not
exponential. This study for one level is a preliminary step before treating
our the role of phonons in our interference model. This is ongoing work.
I have organized the thesis taking care of giving an appropriate treatment to all the pieces, emphasizing our purpose of putting them together.
The thesis is divided in two parts. In the first part I motivate (Chapter 2)
and introduce (Chapter 3) our interference model. I present the results of
some interesting limits in equilibrium in Chapter 4 and our study of the
interplay between quantum interference and electron-electron correlations
in the Kondo regime observed in the non-equilibrium transport properties in Chapter 5. The application of the model to the benzene molecule
is discussed in Chapter 6. The problem of orbital degrees of freedom in
the double-quantum dot system is analysed in Chapter 7 and the effective
restoring of SU(4) symmetry is explained in Chapter 8. In the second part
I present our results on the effect of electron-phonon coupling. The model
Hamiltonian and some limits are introduced in Chapter 9. The transport
properties and the effect of phonons in the Kondo regime are discussed in
Chapter 10. I have left some preliminary results of the role of phonons in
our interference model to Chapter 11. It has been a purpose of all the theoretical work done to remain in a close dialogue to experiments. The point of
view is that of an experimentalist who looks for feasible setups and accessible parameters ranges. I hope to have attained this goal.
At the beginning of my thesis there was a possibility to start with an experimental line on transport through mesoscopic systems. I have dedicated
a great amount of time to the realization of experiments in two-dimensional
electron gases. There is a separate part where I summarize the very first
steps in this direction.

Part I: Interference in strongly correlated systems
One of the benchmarks of the quantum nature of transport in mesoscopic
systems is the presence of interference. As an example, it has been reported
on gold metallic rings of micrometric size [Webb et al., 1985][Chandrasekhar
et al., 1985], the occurrence of oscillations in the conductance as a function of the magnetic flux threading the loop. This is a manifestation of
the Aharanov-Bohm effect [Aharonov and Bohm, 1959] and emphasizes the
wave-nature of particles in quantum systems. As shown in Fig. 1(a) electrons going from 1 to 2 may take two different paths, named A and B. It can
be considered that each of these paths is weighted by an amplitude tA and
tB , whose squared modulus give the probability to find an electron in A or


B.

(b)

(a)

Figure 1: (a) Scheme of the transport through a metallic ring threaded by a magnetic flux
φ. Electrons can go from point 1 to 2 through arm A or B. (b) Discrete model of the ring as
a N-sites ring-shaped array.

In order to calculate transport properties, the electric current can be related to the probability of an electron to go from 1 to 2. In other words, it
can be related to the transmission T1→2 , which is the square modulus of the
sum of the amplitudes
T1→2 = |tA + tB |2 .
It is possible to advance in the calculation introducing a discrete model for
the ring. As shown in Fig. 1(b), the ring is described by a ring-shaped array
of sites, like in a tight-binding model. All the sites have the same energy and
hopping from one site to other is t (taken real). In the presence of a magnetic
field, the phase of the wavefunction is modified to include the potential
vector A(r). This can be taken into account with the effective hopping t̃mn =
ie
te ~ A(rn )·(rm −rn ) , from site n to m. The amplitudes result
e

tA/B = t ei ~

R
A/B

A(r)·dl

= t eiϕA/B ,

where ϕA/B is the phase accumulated in path A or B. It is clear that T1→2
depends only on the phase difference of the paths ϕA − ϕB . This in turn
can
H be related to the magnetic flux φ inside the loop surface S, ϕA − ϕB =
e
A(r) · dl = BS = φ, thus
~
 e 
2
2
T1→2 = |tA | + |tB | + 2 |tA ||tB | cos 2π φ ,
h
which is periodic in the flux quantum φ0 = he as found in experiments.
This very simple calculation illustrates the qualitative phenomena studied in the first part and also the key ingredients to take into account. First
of all, to compute the conductance, the transmission is needed [Landauer,
1970], which in turn means that the amplitudes of different paths have to
be computed. This can be done in terms of propagators or Green functions
in a very general way [Fisher and Lee, 1981]. For the computation of these
Green functions, the full information of the system comes into play. Second,
once the propagators are known (maybe within an approximation), there is


an external parameter such us the magnetic flux which controls a phase difference that tune the interference. There is, nevertheless, an important point
to remark. We are interested in systems which are interacting. In this case,
it is not possible to keep a one-electron picture and calculate the transport
properties as in the example.

Figure 2: Scheme of a triple-quantum dot array connected to two conducting leads. There
is a magnetic flux φ threading the system. The relevant parameters are the hopping between
the quantum dots t and the coupling from dots 1 and 3 to the leads tLD .

The triple-quantum dot system
As a motivation to the problem, instead of a ring-shaped array of sites, it can
be considered a system formed just by three quantum dots. There have been
experimental realizations of triangular arrays of quantum dots [Gaudreau
et al., 2012][Seo et al., 2013] like the one schematized in Fig. 2.
The conductance between left and right conducting leads can be obtained from the transmittance through this triple-quantum dot system. The
relevant parameters for each quantum dot are the energies of the localized
levels and the on-site Coulomb repulsion. As shown in the figure, there is a
hopping t between the dots which we take as our energy-unit (t = 0.23 meV)
and a matrix element coupling the sites 1 and 3 to the leads tLD . In addition,
there is a flux φ threading the triangle which can be taken into account by
an effective inter-dot hopping. The dots are also mutually interacting, i.e.
electron-electron repulsion is not negligible between them and the charge
state of one dot affects the others 1 . As discussed in Chapter 2, we have considered only one relevant level in each site and taken the parameters from
experiment. If the triple-quantum dot is asymmetric and the on-site energy
in site 2 is much smaller, this occupation is always favoured. We explored
this regime which has been proposed as a spin-filter [Delgado et al., 2008].
If there are three levels, there can be in principle six electrons in total. We
have considered the cases of one and two electrons. The eigenenergies as
a function of the magnetic flux are shown in the top panel of Fig. 3. In
the case there is only one electron in the triple-quantum dot (dashed red
line), it occupies the site 2 and its energy is only affected by the Zeeman
effect. Since the orientation of the magnetic field is arbitrary, this electron is
chose to have spin up. In the case of two electrons, there are many possible
states that can be classified according to the total spin. The ground state is a
1

This can lead to charge frustration in the triangle [Seo et al., 2013]
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energy-unit is the hopping t = 0.23 meV. (bottom) Conductance G in units of G0 = e2 /h
as a function of the magnetic flux in units of the flux quantum for several temperatures.

singlet (black line in the figure) and its energy oscillates with the magnetic
field. The important points for transport properties are the level crossings.
In these points, the ground states with one and two electrons become degenerate. The probability that an electron enters or leaves the triple-quantum
dot is maximum at these fields. This can be correlated with the peaks observed in the conductance shown in the bottom panel of Fig. 3 as a function
of the magnetic flux. In order to form the singlet, the electron that carries
the current is a spin-down electron. The current is spin-polarized and can be
switched between high-low states with magnetic field. This system behaves
as a spin-valve [Tosi and Aligia, 2011]. Close to the degeneracy points, it is
possible to describe the low-energy physics with an effective model. In this
model there is one spinless level whose energy is the difference between
the energies of the one- and two-electrons ground-states. This model gives
the correct description as long as the Zeeman splitting is large. If spin up
and down states are quasi-degenerate, this simple effective model has to be
abandoned.



Figure 4: Schematic representation of transport through an interacting system exhibiting
interference phenomena. The source (drain) lead is connected to site i (j). There are two
many-body states very close in energy which can be labelled as K1 and K2 according to
their symmetry. These are the states that can be occupied and which may accumulate a
different phase.

The Aligia model
In interacting systems, quantum interference may appear when two states
of N ± 1 electrons become degenerate with a state of N electrons. As illustrated in Fig. 4, the two many-body states can be labelled by K1 and K2
according to their symmetry. These are the states connecting sites i (source)
and j (drain). The occupation of either of these states is the many-body
equivalent to the election of the “paths” in the ring. It is clear that depending on the symmetry of the states and on the geometry of the connection,
it is possible to have a phase difference [Rincón et al., 2009]. As it was remarked in the triple-quantum dot case, the low-energy physics can be described with an effective model. In Chapter 3 we present our model to treat
interference in interacting systems: the Aligia model [Roura-Bas et al., 2011].
It is a key constituent of the theoretical contribution presented in this thesis.
A scheme of Our model is shown in Fig. 5. The energy difference between the ground state with N electrons and the two states with N ± 1
electrons are Ei (i = 1, 2). We consider N to be even, hence the energy
levels are doublets. The coupling of the many-body states with the leads
can be obtained from the overlap of the wavefunctions. In the model the
connection to left (L) and right (R) leads is taken into account with the couplings Viν , where ν = L, R. Three of the four couplings can be made real by
gauge transformations. There is one coupling that remains complex. The
phase φ in V2R = |V2R |eiφ represents the phase-difference in transport between the many-body states. The model describes the low-energy physics
close to the degeneracy points. It takes into account the addition of one extra electron (or hole). The addition of more electrons or holes is not taken
into account. In fact this may correspond to other ground-states and thus to
other crossings. In the model this means that the double occupancy of the
doublets is forbidden. It is like having an infinite Coulomb repulsion interand intra-levels. The model is itself interacting and hard to solve but allows



Figure 5: Schematic representation of the Aligia model to treat interference in interacting
systems. In the model there are two doublets with energies E1 and E2 which correspond to
the difference of the ground states of N and N ± 1 electrons which become degenerate. The
matrix elements of the coupling to the left (L) and right (R) leads are Vνi , with ν = L, R
and i = 1, 2. Three of the four couplings can be made real with gauge transformations.
There is one coupling that remains complex. The phase φ allows to take into account the
interference effects.

to describe interference phenomena and the interplay with electron-electron
correlations, in particular with the Kondo effect [Roura-Bas et al., 2011].
In order to solve the Aligia model we use a numerical approximation
called non-crossing approximation (NCA) [Coleman, 1984][Brickers et al.,
1987] which has been shown to be appropriate to solve the Anderson model
out of equilibrium [Wingreen and Meir, 1994]. I find that NCA is a very useful technique and therefore I have decided to include an extended derivation and some details in Apendices A, B and C, which I believe may be
helpful. The NCA has its advantages and disadvantages. One of the important disadvantages is that it does not satisfy the Fermi liquid properties
at very low temperatures. However it is an approximation which includes
contributions to all orders in perturbations in the hybridization and gives
the right Kondo temperature [Costi et al., 1995]. With respect to the advantages, first, in comparison to other techniques it is rather easy to extend
the approximation and work with two (or more) doublets. This is essential
for us. The computational cost of other more robust techniques such as the
numerical renormalization group (NRG) is very high. Second, one of the
great advantages is that the NCA can be extended to solve the problem out
of equilibrium. There is a general expression by Meir and Wingreen to calculate the transport properties in interacting systems [Meir and Wingreen,
1992]. As it is discussed in Chapter 1, the use of this formalism relays on the
calculation of Green functions out of equilibrium. In this sense, our results
are very general and close to experiments, we work at finite temperatures
and bias. In some cases, a calculation out of equilibrium is not necessary
since for small bias the transport properties can be obtained in linear response regime. However, in the particular case of our model the coupling
to the left and right leads is represented by hybridization matrices ΓL and
ΓR which excepting for the case of φ = 0, are not proportional. It is not
possible to use an effective hybridization and simplify the calculation of the
current. I believe that this is also an important contribution of this thesis.
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Figure 6: (a) Scheme of the interference model when there is only one doublet. It reduces
to the one-level Anderson model. (b) The energy of the doublet Ed is well below the Fermi
level of the conduction electrons F in the left and right leads. (c) Density of states of the
localized level at low temperatures as a function of the energy in equilibrium (black curve)
and for several bias voltages (dashed curves) up to Vbias = 0.5 (red curve). There is one
peak centred at ω = Ed = −4 which corresponds to the charge transfer peak. The width of
this peak is given by the hybridization with the conduction bands. This is the origin of the
finite lifetime of an electron in the localized level. This width in the absence of interactions
is called the resonant-level width ∆ = 1 and is the energy unit. There is another peak close
to ω = F = 0. This is the Kondo resonance. The width of this peak is related to the Kondo
temperature TK which is the relevant scale in the Kondo regime. The resonance splits out
of equilibrium. (d) Conductance in units of G0 = 2e2 /h as a function of temperature
scaled by TK . The continuous black line is obtained in linear response while the red squares
correspond to the calculation out of equilibrium. Our results are in agreement with the
numerical renormalization group ( dashed line) in several decades of temperature.

The one-doublet limit
A study of our model in some interesting limits is presented in Chapter 4.
As a starting point for the characterization of this model we turn off one of
the levels: V2L = V2R = 0 and study a symmetric condition |V1L | = |V1R | = V
(see the configuration in Fig. 6(a)). In this particular case all the couplings
can be made real and our model reduces to the well known one-level Anderson model [Anderson, 1961] for spin 1/2. This model was proposed by
Anderson to understand the effect of magnetic impurities in metals. In fact,
as shown in Fig. 6(b), when the energy of the doublet Ed is well below the


Fermi level, the localized state is always occupied. It can be occupied with
a spin-up or spin-down electron. In the case of magnetic impurities the orbitals are very localized and the Coulomb repulsion is large. This implies
that there is only one electron at the time in the impurity which remains
magnetic. In our model this is also the case, it is like a spin 1/2 in a sea
of conduction electrons. Since the doublet is hybridized with the conduction bands, there are processes in which an electron occupying the doublet
tunnel to the conduction band and another conduction electron jumps back
to occupy the empty state. These processes may be accompanied with flips
of the spin. As shown by Kondo [Kondo, 1964], these are the relevant processes which lead to a different behaviour at low temperatures. Below a
certain temperature, the Kondo temperature TK , the magnetism is screened
by the formation of a many-body singlet state which entangles conduction
and localized electrons. This is the Kondo effect [Hewson, 1997]. As shown
in Fig. 6(c), one of the signatures of the development of the Kondo effect is
an enhancement of the impurity density of states at low temperatures close
to the Fermi level F = 0 [Tosi et al., 2012b]. It can be observed in the figure
that there are two peaks in the density of states of the localized level. There
is one peak located at ω = Ed = −4 which corresponds to the charge transfer
peak. It would be the only one expected at high temperatures. The width of
the peak is related to the hybridization with the conduction band, in the absence of interactions it is called the resonant level width ∆, which we take as
our energy unit ∆ = 1. The other peak, which is closer to the Fermi energy
F = 0 is the Kondo resonance, whose width is related to TK . It can be observed that the resonance splits at finite bias. In Fig. 6(d) the conductance in
2
units of G0 = 2 eh is shown as function of temperature. The black line corresponds to a calculation in linear response and the red squares are the result
of the calculation out of equilibrium obtained from the differential conductance dI/dV at Vbias = 0 2 . The results are in very good agreement with those
from the numerical renormalization group (dashed line) in several decades
of temperature [Tosi et al., 2012b].
We started the characterization of our model studying the transport properties in a limit of one single spin-doublet coupled to left and right conducting leads. Our model reduces to the Anderson model for spin 1/2. This case
of double degeneracy has SU(2) symmetry, i.e. the full rotation symmetry
of a spin 1/2. This problems has been very well studied and it is possible
to compare our results on the Kondo physics with other robust techniques
such as NRG or the exact results from Bethe-Ansatz. Moreover there have
been a lot of experimental realizations of the Kondo effect in many different
systems such us semiconductor quantum dots [Goldhaber-Gordon et al.,
1998b][Goldhaber-Gordon et al., 1998a][Cronenwett et al., 1998] [van der
Wiel et al., 2000], carbon nanotubes [Nygård et al., 2000] and even molecules
[Park et al., 2002][Liang et al., 2002] given proof of its universality. The study
of this limit allows us to test the predictions for the transport properties in
2

The differential conductance is obtained by a numerical differentiation of the current
with respect to bias voltage


the Kondo regime [Ng and Lee, 1988][Glazman and Raikh, 1988][Meir et al.,
1993].

The SU(4)-symmetry limit
When both doublets play a role, a rich variety of regimes can be explored
with the model. In the particular case both doublets have the same energy
E1 = E2 (see Fig. 7(a)), a higher symmetry can be obtained if all the couplings are equal in amplitude |V1L | = |V2L | = |V2R | = |V1R | = V . The first
condition makes the four states |iσi to be degenerate. In the case of φ = π,
using the second condition it is possible to form a linear combination of the
doublets to show that the Hamiltonian of the model has SU(4)-symmetry.
In other words, with respect to the thermodynamic properties, this limit is
like having a spin 3/2 hybridized with a sea of conduction electrons. In
the context of our interference model, the realization of the SU(4) Kondo
effect is very interesting because the many-body state formed below TK
entangles conduction and localized electrons in spin and orbit degrees of
freedom. As a consequence the transport properties are distinctive in this
regime [Roura-Bas et al., 2011]. Moreover, there have been a lot of theoretical studies of the transport properties to be observed in the SU(4) case
[Borda et al., 2003] and several experimental realizations [Tettamanzi et al.,
2012][Jarillo-Herrero et al., 2005] which can be analysed.
As a result from the additional degeneracy not only spin-flip but also
orbital-flip processes are possible. This leads to an increase of the Kondo
temperature in several orders of magnitude. The density of states corresponding to the doublet with energy E1 (called doublet 1) is shown in Fig.
7(c) in the limit of SU(4) symmetry. It can be observed that the Kondo resonance is wider than in the SU(2) case and the maximum is displaced to
positive energies. The former is a reflex of the larger TK and the later is due
to the fact that the total occupancy, which is nearly one in the Kondo regime,
is equally shared by the four states |iσi leading to a partial occupation close
to hniσ i ∼ 0.25 [Tosi et al., 2012a].

From SU(4) to SU(2)
The SU(4)-symmetry is hard to realize experimentally. For example, if the
energies of the doublets are slightly different, the full four-fold degeneracy
is lost; or if the couplings are not the same. The SU(4)-symmetry is also lost
in our model if the phase is not π. It is therefore interesting to study the
effect of a symmetry breaking field on the properties of the model. We introduce an splitting δ = E2 − E1 (see Fig. 7(b)) which allows as to explore
the crossover between the two degenerate doublets with SU(4)-symmetry
for δ = 0 and one doublet with SU(2) symmetry in the limit of δ → ∞ [Tosi
et al., 2012a]. In Chapter 4 our results on the effect of the symmetry breaking field δ are discussed in equilibrium. As show in Fig. 7(d), the densities
of states of the doublets ρ1 (black line) and ρ2 (dashed red line) change dras-
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Figure 7: Scheme of our interference model (a) in a high-symmetry condition and φ = π
and (b) under the effect of a symmetry-breaking field that produces a splitting δ = E2 − E1 .
(c) Density of states corresponding to the doublet of energy E1 (called doublet 1) in the
SU(4) limit. The evolution with temperature is shown in the inset. In addition to the
charge transfer peak at ω = E1 = −4 there is a peak close to ω = 0 which corresponds
to the Kondo resonance. In this limit of higher symmetry, the degeneracy is four (two
degenerate doublets ) instead of two as in the one-level SU(2) case. With respect to the
thermodynamic properties, it is like having a spin 3/2. There is SU(4) symmetry. There are
more virtual processes that contribute to the Kondo effect in this limit of higher symmetry
than in the SU(2) case. The width of the resonance, related to the Kondo temperature TK
is orders of magnitude larger. The peak is also displaced to the right. (d) Evolution of the
density of states for the localized states with δ. The continuous black line (dashed red line)
corresponds to ρ1σ ( ρ2σ ). As δ increases the densitites of state become very different. In ρ1σ
there is a narrow Kondo resonance due to the remaining spin degeneracy and also a satellite
peak at ω = −δ. In ρ2σ , for large enough δ, there is only a peak at ω = δ. In the last panel
the dashed blue lines are intermediate values of δ.
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Figure 8: Evolution of the Kondo temperature TK with the symmetry-breaking field δ.
The dashed line correspond to an analytical expression we obtained using a variational
calculation. The squares are the values taken from the half-wide at half maximum of the
Kondo peak close to ω ∼ 0 in ρ1 .

tically with δ. As δ increases, the wide Kondo resonance in ρ1 turns into a
narrow Kondo peak centred at ω ∼ 0 corresponding to the remaining spin
degeneracy. The model reduces to a one-level SU(2) Anderson model for
δ → ∞. There is no vestige of the Kondo resonance in ρ2 . For finite δ also
satellite peaks appear. In ρ1 there is a peak at ω = −δ and in ρ2 a satellite
peak appears at ω = δ. These peaks, like the Kondo resonance, are also
produced by correlations.
It is very useful to follow the evolution of the Kondo temperature with
δ. The value of TK (δ) can be extracted from the half-width at half maximum (HWHM) of the Kondo peak close to ω ∼ 0 in the density of states
of the doublet 1, which has a fixed energy. This is shown in Fig. 8. For
δ = 0 the Hamiltonian has SU(4)-symmetry. The densities of states for both
doublets are the same and the width of the Kondo temperature TK (SU (4))
is large. As long as δ < TK (SU (4)) the densities of state are not strongly
modified although the symmetry is already broken. A similar behaviour
was observed in the case of one doublet in the presence of a magnetic field
which breaks spin degeneracy [Costi, 2000][Aligia and Salguero, 2004]. As
δ > TK (SU (4)), the Kondo temperature decreases orders of magnitude as
it should to be TK (SU (2)) in the limit of very large splitting. The dahsed
line in the figure corresponds to an analytical expression we obtained using
a variational calculation. Our expression interpolates between both limits
(SU(4)→one-level SU(2)) and is in good agreement with the values extracted
from the HWHM of the Kondo resonance in the density of states [Tosi et al.,
2012a].
Apart from electrical properties in the perspective of new devices, there
have been an increasing interest in the understanding of heat transfer in
nanoscopic systems. The heating is detrimental for any device to be useful.
One of the proposed solutions is to use the Seebeck effect to convert a temperature difference in a voltage. To this purpose, there is a current search
for material with large thermopower (or Seebeck coefficient). In nanoscopic


systems, the thermopower is related approximately to the derivative of the
density of states at the Fermi level [Costi, 2010]. We have noticed that since
the density of states in the SU(4) is displaced to the right (see Fig. 7(c)), the
slope at the Fermi level is large, resulting in an enhanced thermopower. We
have studied the thermoelectric properties in the crossover SU(4)→ SU(2)
[Roura-Bas et al., 2012b].
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Figure 9: Scheme of our the interference model with respect to the transport properties for
φ = π and equal couplings (a) with E2 = E1 and (b) under the effect of a symmetrybreaking field that produces a splitting δ = E2 − E1 . (c) Conductance (left axis), occupations hni i (right axis) and Kondo temperature TK (inset) as a function of the splitting
δ.

Interplay between quantum interference and Kondo effect
observed in transport properties
In the condition of δ = 0 the Hamiltonian of our model has SU(4)-symmetry.
Nevertheless, with respect to the transport properties it is very different
from a SU(4)-Anderson model. According to this model each of the degenerate states |iσi is coupled to its own pair of source-drain leads. As shown
in Fig. 9(a), in our model this is not the case since the SU(4) can be found
doing a linear combination of the doublets |1σi ± |2σi which couples to left


and right leads in a special way. In fact, in the limit of SU(4)-symmetry the
leads are effectively disconnected. The transport properties obtained with
our model are discussed in Chapter 5. The main result is condensed in Fig.
9(c) which shows the evolution of the conductance (left axis) and the occupations (right axis) with δ [Roura-Bas et al., 2011].
In the limit of δ = 0, the doublets are degenerate and our model has
SU(4)-symmetry. In this case of π-phase, the conductance is zero due to
the effect of total destructive interference. Moreover, the conductance is
SU (4)
strongly suppressed as δ < TK
; and the occupations are almost the same
for both doublets. As δ ∼ TK (SU (4)) the conductance starts to increase and
the occupations separate. As shown in Fig. 9(b), for finite δ our model reduces to a SU(4)-Anderson model with a symmetry-breaking field. In the
limit of infinite δ, a one-level SU(2) model is recovered. As soon as the occupations of the doublets are different, the effect of the destructive interference
is lost. The conductance increases to the unitary limit, 2e2 /h while hn1 i → 1
and hn2 i → 0. There are very interesting features which can be observed in
this crossover caused by the interplay between quantum interference and
electron-electron correlations in the Kondo regime. Among them, for finite
δ inelastic peaks appear in the differential conductance at finite bias voltage
Vbias = 2δ which correspond to the satellite peaks observed in the densities
of states. The presence of satellite peaks in the dI/dV has been observed
experimentally by Tettamanzi et al. in the crossover from SU(4) to SU(2)
symmetry by the application of a magnetic field (i.e. from orbital and spin
degeneracy to only remaining orbital degeneracy) [Tettamanzi et al., 2012].

The Benzene molecule
The transport through molecules has been a very active research area in the
last 20 years [Cuevas and Scheer, 2010]. After the early experiments using molecules to form molecular junctions [Reed et al., 1997], the advances
have involved both theory and experiments. On the theoretical side, it became evident the need for trustworthy calculations of the molecular electronic structure in the presence of the metallic electrodes to support the
measurements [Nitzan and Ratner, 2003]. On the experimental side, different techniques have been employed (e.g. mechanically controlled break
junction, electromigration, fabricated nanogaps, conducting AFM and STM)
to contact molecules to electrodes in a controlled way and to attain singlemolecules setups [Tao, 2006]. Moreover, in order to build a molecular transistor it is necessary to have an additional knob to gate the junctions. There
have been a lot of challenges to improve the fabrication of devices and the
ideas nowadays go beyond transport properties to take also advantage of
mechanical, optical and thermal properties [Aradhya and Venkataraman,
2013]. In particular, it has been reported recently in self-assembled monolayers [Guédon et al., 2012] and also in molecular junctions [Ballmann et al.,
2012] the presence of interference effects in the transport though molecules.
Moreover, a test of Kirchoff’s superposition law for electronics circuits has


been realized in molecules with two parallel identical backbones and proved
to fail dramatically due to the constructive quantum interference [Vazquez
et al., 2012]. These remarkable findings highlight the wave-nature of charge
carriers in molecules and the phase-coherence of these devices [Nichols and
Higgins, 2012]. There was an old proposal by Cardamone et al [Cardamone
et al., 2006][Stafford et al., 2007] to build a QuIET (Quantum Interference Effect Transistor) taking profit of the symmetry of the molecular orbitals and
the geometry of the connections in annulene-based devices. Our interference model is also inspired in these ideas and goes further considering the
localized character of these states which have shown that the Coulomb interaction may be important [Park et al., 2002][Liang et al., 2002][Kubatkin
et al., 2003][Roch et al., 2008][Parks et al., 2010]. Although there is not yet
a total control of the connections and the gating, science is moving forward
very quickly!
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Figure 10: (a) Scheme of the transport problem through a benzene molecule modelled with
the Aligia model. There are two many-body states (represented by the blue and red arrows
pointing in opposite directions) with the symmetry of the molecule very close in energy
(maybe degenerate by inversion symmetry). Depending on the geometry of the connection,
it is possible to have a phase difference φ in the transport trough these states. (b) Density
of states for the localized four-fold degenerate level considering E1 = E2 = Ed = −5,
equal couplings and φ = 2π/3. There is a peak close to the Fermi level which corresponds
to the Kondo resonance and two satellite peaks. The evolution with temperature shows that
the three peaks are caused by correlations. (c) Conductance as a function of temperature
calculated for Ed = −3, −4 − 5.

We have applied our model to study the transport properties of a ben-


zene molecule [Roura-Bas et al., 2012a]. The results are discussed in Chapter 6. In Fig. 10(a) there is an schematic representation of the molecule
connected to source and drain leads in one of the possible configurations
(meta-position). There are two relevant many-body states represented with
blue and red arrows pointing in opposite directions. These states can be
labelled according to their symmetry with a wave-vector | ± Ki and may
be degenerate. Depending on the geometry of the connection it is possible to have a phase-difference in transport through these states. We have
mapped this problem into our interference model and considered E1 = E2 ,
and equal couplings |V1L | = |V2L | = |V2R | = |V1R | = V . We have take taken
φ = 2π/3 which corresponds to the case represented in Fig. 10(a). The transport properties show an effect of partial destructive interference. Although
the doublets are degenerate and the couplings are the same, the phase produce a non-trivial effect. As it can be observed in Fig. 10(b), the density
of states of doublet 1 ρ1 has three peaks. One of the peaks is located at the
Fermi level ω ∼ 0 and corresponds to the Kondo resonance. The other two
peaks are located symmetrically at ±δ̃. In fact, the phase φ = 2π/3 introduce
a mixing between the doublets via the conduction electron which produces
an effective splitting δ̃. The satellite peaks are analogous to those that appear
when the SU(4) symmetry is broken by the action of a symmetry-breaking
field δ = δ̃ [Roura-Bas et al., 2011]. One important difference is that there is
weight of both satellites peaks in the densities of states of the two doublets.
The satellite peaks are also observed in the differential conductance and
should be also present in experiment. The effective splitting goes roughly
as ∼ V 2 /Ed . In Fig. 10(c) the conductance is shown as a function of the temperature scaled with TK for three values of Ed . As Ed increases, the effective
splitting reduces and as a consequence there is more destructive interference. The conductance saturates to a lower value. For Ed = −4 it is possible
to observe a bump close to T /TK ≈ 20 which corresponds to the effective
splitting. We recover in our calculation some finite-energy features which
may be missed by other techniques or if the calculation is not performed out
of equilibrium.

Orbital Kondo Spectroscopy
The orbital degrees of freedom are essential to the description of interference phenomena. In our effective model, they are taken into account with
the inclusion of two doublets. There was a recent experimental proposal by
the group of Godhaber-Gordon [Amasha et al., 2013] to use the orbital degree of freedom in a double-quantum dot (DQD) system as a pseudo-spin to
do the spectroscopy of the wavefunction when the Kondo effect develops.
In order to get the idea it is better to analyse first the case of one doublet
hybridized to a pair of source-drain leads. The localized level has an energy
Ed −EF with respect to the Fermi level EF and the total coupling to the leads
is Γ = ΓS + ΓD , where Γν is the hybridization matrix. It is more common
to refer the energies to the resonant-level width ∆ = Γ/2 which gives the


width of the charge-transfer peak in the density of states in the absence of
interactions. The energy cost for having two electrons in the level due to
the Coulomb repulsion is U . When the system is in the Kondo regime, i.e.
Ed − EF  ∆ and Ed + U − EF  ∆, the mean occupation of the level at
low temperatures is near one. The state can be occupied with an electron
with spin up or down, it is degenerate. In principle, there is an energy cost
necessary to take the electron from the localized level to the empty states of
the conduction bands. There are, nevertheless, virtual processes in which an
electron with spin up for example jumps to the conduction band and then
another electron occupies the hole left. It can happen that this electron has a
different spin, resulting in a flip of the spin. These processes of spin-flip are
the responsible for the formation of the Kondo state at low temperatures. In
this state conduction and localized electrons are entangled forming a spin
singlet. This Kondo wavefunction forms below the Kondo temperature TK ,
at which the electron-electron correlations become dominant. The state is
not magnetic any more. The question arise whether it is possible to probe
the structure of this many-body wavefunction. In a thought experiment, it
would be necessary to have spin-resolved leads. If the chemical potential
of the conduction electrons with spin up and down could be varied independently, it would be possible to analyse their contributions separately. In
particular, if a magnetic field is applied, the spin degeneracy is broken and
the Kondo effect is killed as soon as the Zeeman splitting is larger than the
Kondo temperature. In principle, it would be interesting to study the evolution of the weights of each spin component as the Kondo effect is destroyed.
An scheme of the proposal by Amasha et al. is presented in Fig. 11(a)
[Amasha et al., 2013]. The idea is to use two quantum dots which are
mutually interacting (capacitively coupled) and connected each to a pair
of source-drain leads. In the presence of mutual Coulomb repulsion, the
number of electrons in the quantum dots (N1 , N2 ) cannot be varied independently. Since the QDs are interacting, the well defined quantity is the
total number of electron N = N1 + N2 . Instead of having a chess-board
shape the stability diagram of (N1 , N2 ) as a function of the energies E1 , E2 of
the localized levels in each dot has honey-comb shape, with stable (N1 , N2 )
hexagons [van der Wiel et al., 2003]. In Fig. 11(b) a part of interest of the stability diagram is shown in the case the mutual repulsion U12 and the on-site
repulsion Ui are very large. There is a coexistence line where the configurations (1, 0) ↔ (0, 1) are equivalent. This means that from the point of view of
the energy, it is the same to have an electron in QD1 or in QD2. This orbital
degree of freedom plays the role of a pseudo-spin i. In addition to the spin
degeneracy, along the coexistence line the four |iσi states are degenerate. In
this condition if the total hybridizations are the same Γ1 = Γ2 the system
can be modelled with a SU(4)-Anderson model. The problem can be modelled as a localized level with four-fold degeneracy. The Coulomb repulsion
forbids to have more than one electron and the level remains “magnetic”.
In the Kondo regime, there are virtual processes involving the conduction
electrons which may be accompanied with spin or pseudo-spin flips. These



Figure 11: (a) Scheme of the double-quantum dot experiment. There are two capacitively
coupled quantum dots each connected to a pair of source-drain leads. The coupling from the
dots to the leads are Γνi , with ν = S, D and i = 1, 2. The total coupling Γi = ΓSi + ΓDi
is taken as our energy unit. The bias voltage applied to dot i is Vi . The inter-dot repulsive
interaction is U12 . We consider this to be very large as well as the on-site Coulomb repulsion
Ui . (b) Stability diagram showing the stable occupations (N1 , N2 ) as a function of the
on-site energies E1 and E2 . In the limit we solve the problem, the energy of having two
electrons in the system is very large, strictly infinite. We are interested in the regime where
the two possible configurations (1, 0) ↔ (0, 1) are equivalent. At this point E1 = E2 and
the orbital degree of freedom behaves as a pseudo-spin. In addition to the spin, this leads
to a four-fold degenerate localized level. If Γ1 = Γ2 the Hamiltonian has SU(4) symmetry.
The orbital degeneracy can be broken by tuning the relative energies. This can be thought
as a pseudo-Zeeman splitting, which we have take as δ = E2 − E1 . (c) Level scheme with
respect to the Fermi level (taken as zero) of the leads (dark blue for S1-D1 and light blue
for S2-D2). We work in the Kondo regime. When the bias voltage is applied it can drop
symmetrically µSi(Di) = +(−)Vi /2 or (d) asymmetrically, µSi = +Vi , µDi = 0.

processes lead to a more robust Kondo effect with respect to the SU(2) case,
with a larger Kondo temperature. The wavefunction at low temperatures
entangles the conduction and localized electrons in spin and pseudo-spin.
This is a Kondo effect with SU(4)-symmetry (or the SU(4) Kondo effect as
I will also call it). These orbital and spin correlations lead to very interesting transport properties [Borda et al., 2003]. There have been different experimental realizations of a system of two capacitively coupled QDs [Wilhelm et al., 2002][Pohjola et al., 2001][Holleitner et al., 2002][Hübel et al.,


2008] [Okazaki et al., 2011] emphasising the role of orbital correlations. The
advantage of the additional orbital degeneracy is that since the quantum
dots are coupled to independent reservoirs, pseudo-spin probes are available and the contribution of each QD can be measured separately. This is
the proposal to do the spectroscopy of the orbital Kondo effect by Amasha
et al. As show in Fig. 11(b), the relative energies of the levels in the QDs can
be tuned (red arrow) to break the orbital degeneracy. This is like a pseudoZeeman splitting δ. The evolution of the orbital contributions can also be
analysed as a function of δ.
I was very interested in the problem when I read the article. We had
been studying the SU(4) Kondo effect and the transition to a one-level SU(2)
Kondo effect in the context of our interference model. This experimental
realization was encouraging. I modified our model to include two pairs of
source-drain leads and the possibility to have four different chemical potentials (details in Appendix D). In Fig. 11(c) and (d) there is an energy
scheme showing the position of E1 and E2 with respect to the Fermi levels
of the leads and the way the bias voltage is applied. We performed a full
out-of-equilibrium calculation in this complicated interacting problem and
were able to find qualitative agreement with the experiments [Tosi et al.,
2013]. Moreover, we present a discussion of a point which we believe is
not clear in the experiment with respect to the conditions for spectroscopy.
These results are discussed in Chapter 7.
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Figure 12: Differential conductance G2 = dI2 /dV2 of QD2 as a function of voltages V1 , V2
in the case of SU(4) symmetry. There is an enhancement of the conductance for V1 , V2 ∼ 0
as a consequence of the Kondo effect. The conductance drops abruptly for V1 , V2 6= 0 except
in the line V2 = 0 due to the SU(2) Kondo effect. The black lines correspond to V1 = ±V2 .
Due to inelastic effects there is also an enhancement of the conductance along these lines.

The main results are shown in Figs. 12 and 13. The colour maps show
the differential conductances Gi = dIi /dVi of QDi as a function of V1 and
V2 . When the system is fully degenerate E1 = E2 (δ = 0), G1 = G2 and the
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Figure 13: (top panel) Differential conductance Gi = dIi /dVi of QDi as a function of voltages V1 , V2 in the case of a pseudo-Zeeman splitting δ = 0.5. The dashed lines correspond
to V1 = ±V2 ± 2δ. Very interesting transport properties can be observed as a consequence
of the crossed (orbital) correlations. The inelastic contributions to the conductance can be
understood as a modification of the densities of state out of equilibrium (a) ρ1 and (b) ρ2 .
The latter shown for different values of V2 and V1 = 0.

maps are the same after exchanging the axes (V1 ↔ V2 ). The map in Fig. 12
corresponds to this case of SU(4)-symmetry. There is an enhancement of the
conductance close to V1 , V2 ∼ 0 due to the development of the Kondo effect.
The conductance drops abruptly for V1 , V2 6= 0 (the width of the peak in the
dI/dV is of the order of the Kondo temperature). However, an enhanced
conductance can be observed in the line V2 = 0 due to the remaining spin
degeneracy which leads to a SU(2) Kondo effect. The black lines in the figure


correspond to V1 = ±V2 . Along these lines there are inelastic contributions
which increase the conductance. The origin of these finite-bias peaks is discussed in Chapter 7. They may be missed if the transport properties are
calculated using not carefully the equilibrium densities of states.
When orbital symmetry is broken by a pseudo-Zeeman splitting δ the
conductances of both dots are not equal. The maps of G1 and G2 are shown
in the top panel of 13 for δ = E2 − E1 = 0.5. The scenario is much more
complicated. The most interesting point is that as a consequence of the orbital correlations in the Kondo regime, there are crossed contributions to the
current through both QDs. There are inelastic contributions to the transport
as can be observed in the lines V1 = ±V2 ± 2δ. This can be understood as a
consequence of the modification of the densities of states out of equilibrium.
In Fig. 13(a) ρ1 and (b) ρ2 are shown for V1 = 0 and several values of V2 . This
point is important because in order to perform spectroscopy, the densities
of states ρi should not be affected by the bias.

Restoring an effective SU(4)-symmetry
From an experimental point of view it is very hard to realize SU(4)-symmetry.
In the case of the DQD system, the total hybridizations must be the same
Γ1 = Γ2 . If it is not the case, the SU(4) symmetry is lost. In spite of the
fact that both doublets are degenerate, if one of them is more coupled, it
becomes the only relevant at low temperatures. In Chapter 8 we show how
the SU(4) symmetry can be effectively restored by an appropriate tuning of
the energies E1 and E2 [Tosi et al., 2015]. We discuss recent experimental
results probing the physics of the SU(4) Kondo effect in a double-quantum
dot system [Keller et al., 2014].

Part II: Coupling to bosonic modes
In the second part of the thesis I present our results on the effect of electronphonon coupling in the transport properties of strongly correlated systems.
Our attention is focused mainly in molecules where there is a coupling
between electronic charge and vibrations which has been shown to affect
the transport properties [Park et al., 2000][Smit et al., 2002][Zhitenev et al.,
2002][Fernández-Torrente et al., 2008].
In molecules, the molecular orbitals play the role of the localized levels
which are important for transport. The Coulomb repulsion between electrons can be very large and molecular transistors have shown signatures of
Coulomb Blockade and Kondo effect (with TK ranging from 1-100 K) [Kubatkin et al., 2003][Park et al., 2002][Liang et al., 2002]. We are interested
particularly in molecules because they also present interference phenomena
[Guédon et al., 2012][Vazquez et al., 2012] and there is an open discussion
about the phonons as a source of decoherence [Ballmann et al., 2012]. Our
description of interference with our model is therefore not complete with-
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Figure 14: Electronic density of states at low temperatures in the presence of a vibration
mode of frequency ω0 = 1 for different electron-phonon couplings λ. (a) The energy of the
localized level is taken as Ẽd = Ẽd0 = Ed − λ2 /ω0 . Ed = 0.5 (b) The energy of the localized
level is Ẽd tuned to keep fixed the charge transfer peak. In the inset the Kondo temperature
is shown as a function of λ.

out an understanding of the effect that vibrations may have. We believe that
it is step forward since the theory used to discuss the role of phonons [Härtle et al., 2011] does not take into account electron-electron interaction. The
question we would like to answer is whether the electron-phonon coupling
affects transport properties in such a dramatic way that quantum interference is completely blurred or whether it survives. This question is difficult
to answer. The reason is that both, the description of interference and the
coupling of a vibrational mode in a system with strong interactions are by
themselves hard problems. We first studied the effect of phonons with only
one doublet [Roura-Bas et al., 2013]. The details of the model are given in
Chapter 9 and our results on the non-equilibrium transport properties in
the Kondo regime are presented in Chapter 10. Some preliminary results of
the effect of phonons in our interference model are presented in Chapter 11.
We have studied the transport properties of a molecule which can be
modelled with an Anderson-Holstein Hamiltonian. We have taken into account just a one doublet of energy Ed coupled with source and drain leads
with a total hybridization ∆ and considered just one vibrational mode of
frequency ω0 coupled to the total charge in the molecule with intensity λ. In
Fig. 14(a) the electronic density of states is shown in the Kondo regime at
low temperatures for several values of λ. The energy of the localized level in
absence of phonons is Ed = 0.5 in units of ω0 . The first effect of the phonons
is to renormalize this energy. If there were no mixing with the conduction
electrons, the renormalized energy would be Ẽd0 = Ed − λ2 /ω0 . When the
hybridization with the conducting leads is taken into account, this would
still be the correction expected for very large coupling λ. The densities of
states shown in the figure correspond to Ẽd0 = 0.5. The peak at ω ∼ Ẽd0 is


the charge transfer peak. As another effect of the phonons, there are replicas
of this peak at ω ∼ Ẽd0 − ω0 , and ω ∼ Ẽd0 − 2ω0 . At low temperatures the
Kondo effect develops and there is an enhancement of the electronic density
of states close to the Fermi level. The Kondo resonance close to ω ∼ 0 has
also replicas. The replicas are more intense for larger electron-phonon coupling. These replicas are more clear at negative frequency: ω ∼ −ω0 , −2ω0 .
In Chapter 10 we discuss the reasons that make as claim that the replicas at
positive frequency do also correspond to the Kondo peak. It is remarkable
that there are replicas of the Kondo resonance. This means that the manybody state which entangles conduction and localized electrons is coherently
replicated in a space with ±n phonons. There is a very recent experiment in
a Copper-phthalocyanine molecule were the differential conductance shows
a zero-bias peak which corresponds to the Kondo resonance and also replicas at symmetric bias ±V0 which are identified as replicas of the Kondo resonance due to a vibration mode of frequency V0 . The results are supported by
ab initio calculations. The intensities of the replicas of the Kondo resonance
seem to follow the same temperature dependence which corresponds to a
spin 1/2 in the Kondo regime [Rakhmilevitch et al., 2014]. We are currently
working to reproduce the experimental results.
As a response to the addition of charge in the molecule, the electrostatic
energy can be lowered by an stretching of the bonds, paying some elastic
energy. This is the way the vibrational mode is coupled to the total charge
(−e)hnd i. In the absence of hybridization, the electron-phonon coupling can
be eliminated by a shift in the equilibrium position of the oscillator accompanied with an energy shift −λ2 /ω0 . The phonon wavefunctions are centred
in different positions depending on nd . In the presence of hybridization, the
number of electrons is not well defined (it fluctuates). It is still possible to
eliminate the electron-phonon coupling with a Lang-Firsov transformation.
If the phonons are decoupled to obtain an effective electronic model, the
hybridization is exponentially renormalized. This is reasonable since it is
given by a matrix element between states with different nd and thus by the
overlap of phonon wavefunctions which are shifted one with respect to the
other. If the hybridization is exponentially reduced, this affects the energy
won by the processes with the conduction band. More important, this gives
an exponential reduction of the Kondo temperature with λ. This is not observed in more rigorous treatments [Hewson and Meyer, 2002]. We have
solved the problem with the non-crossing approximation (NCA) modifying the self-energies to include the coupling to the phonons. Both, the coupling to the conduction band and the electron-phonon coupling are treated
in equal footing in NCA (details in Appendix E).
In Fig. 14(b) the electronic density of states is shown for different values
of λ. In this case we have changed the bare Ed to keep fix the position of the
charge transfer peak Ẽd (λ) for each λ. We find that Ẽd (λ) is slightly larger
than −λ2 /ω0 . This is reasonable since for low electron-phonon coupling it
is convenient to have a smaller shift in the equilibrium position of the oscillator and favour the hybridization. As shown in the inset, the full-width at


half maximum of the Kondo resonance, related to the Kondo temperature,
depends smoothly on λ.[Roura-Bas et al., 2013]
This preliminary study was fundamental to understand the effect of the
phonons in the Kondo regime. The complete problem of having a vibrational mode in a system showing quantum interference is addressed at the
end, in Chapter 11. It is ongoing work.

Toward experiments in 2DEGs
At the beginning of my thesis the possibility of realizing experiments on
mesoscopic transport appeared. I dedicated a great amount of time and effort during this thesis to the realization of experiments in two-dimensional
electron gases (2DEGs). To catch up the fast developing experimental expertise in these systems is a formidable, if not impossible, task for a mean
Ph.D lifetime. However, I could get some advances in this direction off the
ground and there is an extra part destined to these very first steps.
Two-dimensional electron gases are an incredible playground for mesoscopic physics. The system studied in particular is the 2DEG formed at
the interface of a Si-doped GaAs-AlGaAs semiconductor heterostructure.
In this case, mobilities of the order of 106 have been achieved and a wide
range of carrier densities. The bidimensional character of the electron gas
makes it very suitable for the study of Quantum Hall Effect (QHE) (integer
and fractional) and the properties of edge-states. Moreover, by the deposition of metallic gates on top of the sample, and the application of negative
voltages, the depleting of some regions of the gas can be obtained and thus
different geometries can be patterned. In this way, the quantization of the
conductance was demonstrated as a probe of the presence of conduction
channels as responsible for transport properties. By adequately tailoring
the geometry, confined regions of electrons can be formed whose properties
resemble those from atoms. This artificial atoms or quantum dots exhibit
discrete energy levels and depending on the size, some effective Coulomb
repulsion which makes them interacting. Signatures of the Kondo effect and
Coulomb blockade have been measured in these systems. The combination
of several quantum dots to form arrays is a very complicated experimental
problem but is a possibility for an experimental realization of a mesoscopic
tunable system showing quantum interference.
On the way towards quantum dots arrays, there are a lot of previous
steps:
(i) Contacting the gas: The 2DEG is 100 nm below the surface. In order to
get current flowing though it, it is necessary to connect left and right
electron reservoirs. A good method for doing this is to form ohmic
contacts. The standard procedure is to pattern the contacts, then evaporate an alloy (Au,Ge,Ni) and make a reaction with temperature in a
fast thermal annealing (FTA) furnace. The starting point is a detailed
description of this process. In particular, the modification of the avail-
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Figure 15: Longitudinal and Hall resistance as a function of magnetic field for different
temperatures.

able Joule evaporator to allow for three materials co-evaporation and
the construction and testing of a home-made FTA.
(ii) Defining the mesa: The different parts of the gas have to be isolated
one from the other. Thus a mesa is fabricated. The mesa geometry is
defined by lithography and wet etching.
(iii) Gas characterization: The parameters characterizing the electron gas are
the carrier density n and the mobility µ. Both can be obtained by a Hall
measurement.
(iv) QHE: For intense magnetic fields, the energy spectrum changes dramatically because of the formation of Landau levels. They represent
the quantized orbits described by the electrons in the plane perpendicular to the field. Transport in the system is dominated by edge-states,
which are like skipping orbits at the edges of the sample. As shown in
Fig. 15 the longitudinal and transverse resistivity show very interesting behaviour as a function of the magnetic field. This is a signature of
the integer Quantum Hall effect. The results of the measurements for
different samples and at different temperatures are presented. In particular a non-trivial angle dependent feature in the Hall plateaus was
observed which is not yet fully understood but that could be given by
some inhomogeneity in the electron gas.
(vi) Gate patterning: The desired geometry for the electron path can be obtained by depleting with metallic gates. The gates are defined by electron beam lithography and then Al deposition. This procedure was
tested for a quantum point contact (QPC) configuration and some preliminary results are presented.
As it is clear, there is still a lot of work to be done.

Bibliographic Review

The subject of the present thesis is the study of transport properties of mesoscopic/nanoscopic systems where correlations arising from strong electronelectron interaction play a mayor role. Throughout the text the references
that are specific to each chapter are given. There are, nevertheless, some
of them that constitute a common background to all the work. These references give the appropriate working frame to situate our contributions and
also illustrate the motivation of our pursuit. The purpose of this bibliographic review is to name and comment briefly these relevant references. I
have made a selection of the articles and books which introduced me into
the subject, those which accompanied me along these years helping me to
understand experiments and theory and those which presented interesting
proposals and open questions. In other words, this is a personal bibliographic review.

Mesoscopic physics
The systems studied in this thesis are part of the growing research area of
mesoscopic physics. A very general introduction can be found in the book
by Imry [Imry, 1997]. The characteristic of these systems is the emergence of
a great variety of phenomena which have a quantum origin. The advances
in fabrication techniques and measurement capabilities have made possible to realize experimental system which exhibit a quantum behaviour in a
scale larger than one atom, up to several microns in some cases. Either by
a reduction of the typical dimensions of the system or by an increase of the
coherence length (cooling down to very low temperatures or fabricating a
very clean sample), these characteristic scales are made comparable and the
wave-nature of matter becomes apparent. Moreover, when the wavelength
of the particles in the system (the Fermi wavelength for electrons, or the
de Broglie wavelength in general) is comparable to the dimensions, there
are quantization effects due to confinement. It is even possible to have an
effective (lower) dimensionality.



Transport in mesoscopic systems
In particular, transport properties become strikingly altered in mesoscopic
systems. Starting from a discussion on the possible regimes attainable depending on the relation between the relevant scales, the book of Datta [Datta,
2003] is a good introduction to transport in mesoscopic systems. It is mostly
dedicated to the physics of two-dimensional electron gases (2DEGs). A lot
of experimental work has been done on the 2DEG formed in the interface of
a Si-doped AlGaAs/AlGa heterostructure, which is fairly introduced in the
book. In particular, the Quantum Hall Effect (QHE) [v. Klitzing et al., 1980]
and the quantization of conductance in quantum point contacts [van Wees
et al., 1988][Wharam et al., 1988] are discussed in terms of transverse modes.
The theory of transport presented is a one-particle picture based on a scattering description. As stated by van Houten and Beenakker, “the quantization of ballistic electron transport through a constriction demonstrates that
conduction is transmission” [van Houten and Beenakker, 1996]. The current carried by the transverse modes can be transmitted or reflected back so
each conductor can be characterized by a set of transmissions coefficients.
This follows the formalism of Landauer [Landauer, 1970] and the extension
of Büttiker [Büttiker, 1986] to the cases in which there are many terminals
in the system. These ideas are briefly presented in Chapter 1 with a particular emphasis in the connection between transmission coefficients and
Green functions. This is mostly based on a work by Fisher and Lee [Fisher
and Lee, 1981] where this connection is probed for a non-interacting system. The advantage of Green functions is that they are suitable to treat more
complicated systems, such as those where electron-electron interactions are
important. A very complete review of experimental and theoretical results
in semi-conductor-based systems can be found in the review by Beenakker
[Beenakker and van Houten, 1991]. The most relevant aspects regarding the
transport through ballistic and disordered conductors (including the quantization of the conductance, the effects of weak-localization and the dependence with magnetic field, the electron focusing and the interference effects)
are discussed in this review. The transport properties in mesoscopic systems
is also treated in the book of Ferry [Ferry and Goodnick, 1997] and the last
book of Datta [Datta, 2005] which generalizes the ideas from the scattering
formalism to a great variety of systems.
Among the mesoscopic systems exhibiting exciting quantum behaviours,
apart from semiconductors, a lot of work has been done on metallic systems
with tunnel junctions as building blocks. Using a very small metallic island,
it was shown that it was possible to control the number of electrons in the
system and to add them one-by-one [Esteve, 1992]. This clear observation of
the charge quantization is based on the phenomenon of Coulomb Blockade.
In the book edited by Gravert and Devoret [Grabert and Devoret, 1992] this
phenomenon is introduced in the context of metallic systems. There is a presentation of the experimental devices proposed to probe the discrete nature
of charge transfer: the Single Electron Box and the Single Electron Transis-


tor (SET). The charge in the metallic island is well defined because there is
an energy cost to add electrons to the system. This energy is the charging
energy EC which is due to the electron-electron repulsion and can be taken
into account effectively in terms of a capacitance CΣ as EC = e2 /2CΣ . For
very small islands, this energy is much larger than the thermal energy and
charge fluctuations are negligible if the tunnel barriers are enough opaque
(RT > h/e2 ). With the help of a gate voltage, the stable number of electrons
can be varied. The theory to describe the experiments is also discussed in
the book and it is based on the calculation of tunneling rates [Ingold and
Nazarov, 1992]. There is a nice and simple introduction to the SET oriented
to a wide community by Devoret [Devoret and Glattli, 1998]. The book from
Nazarov and Blanter [Nazarov and Blanter, 2009] is a very updated reference that includes both, metallic and semiconductor systems.
It is worthy to mention that one of the remarkable advantage of metallic
systems with respect to semiconductors is that it is much more easy to induce superconductivity. Using Josephson junctions as the key element, the
study of mesoscopic superconductivity has become a huge research area by
itself.

Quantum dots or Artificial atoms
The effect of electron-electron interaction was also observed in semiconductors. This is related to one of the most striking effects of confinement: the
possibility to emulate the behaviour of artificial atoms. In fact, the 2DEG
formed in semiconductor heterostructures constitute an excellent test-ground
for building artificial atoms and molecules with a great control of the parameters. Typically, the gas lays at 100 nm below the surface and using
electrostatic gates deposited on the top and applying negative voltages, it
is possible to tailor the potential seen by the electrons. Depending on the
Fermi level, some regions get depleted and it is possible in this way to pattern a sample in the electron gas with very small regions where the electrons
become confined. When the size of these regions is comparable to the Fermi
wavelength, the energy spectrum for the electrons becomes discrete, as in an
atom . These artificial atoms are also called quantum dots (QD). In contrast
to real atoms, QDs can be formed by a few or many (thousands) of electrons.
This depends on the size of the confined regions. If the QDs are small, it is
also possible to observe the effect of Coulomb Blockade. There is a charging energy that represents the energy cost to put two electrons in the same
energy level. There are three popular articles by Reed [Reed, 1993], Kastner [Kastner, 1993] and Kouwenhoven [Kouwenhoven and Marcus, 1998]
that introduce quantum dots. They mostly focus on semiconductor quantum dots which can be lateral (fabricated with electrostatic gates) or vertical
(fabricated by physical or chemical etching).
Several experiments have been performed on quantum dots to study
transport properties. The review article by Kouwenhoven [Kouwenhoven


et al., 1997] is an excellent portrait of the state of art in 1997. It presents a
great summary of experiments and theory in these systems with emphasis
in the effect of Coulomb Blockade. It is observed in transport properties as
a suppression of current for low bias voltage (and low temperatures). As in
metallic islands, the number of electrons in a quantum dot can be controlled
with electrostatic gates. Every time the energy difference to add an electron
matches the electro-chemical potential of the electrodes, there is an increase
in the current (current is non-linear) observed as a peak in the conductance
[Kastner, 1992][Kastner, 2000]. In this thesis, some of the main results concern QD’s. In the particular case of vertical quantum dots on semiconductors fabricated by etching, the electronic energy spectrum can be measured
in transport experiments in a regime of a few electrons [Kouwenhoven et al.,
2001]. The potential that confines the electrons is very symmetric and the
energy levels correspond very well with the expected orbits in a 2D-atom.
More spectacularly, the occupation of the levels occurs according to Hund’s
rules as a consequence of the large Coulomb repulsion. A rich and complicated evolution of the peaks in conductance with magnetic field has been
found.
The localized levels of the quantum dots can be occupied by the conduction electrons that tunnel from the source and drain leads. In turn, an
electron occupying a localized state can jump to the conducting leads. In
this sense, the localized levels are hybridized with the conduction electrons.
If the dots are made very small, the Coulomb repulsion becomes very large.
For an odd number of electrons in the QD the localized state becomes degenerate since it can be occupied by an electron with spin up or down.
From the point of view of the spin, this state behaves as a localized spin
interacting with the conduction electrons. Below a certain temperature, the
spin-spin correlations become dominant and lead to the development of a
many-body state which entangles localized and conduction electrons in a
singlet. This is called the Kondo effect. It was named after J. Kondo [Kondo,
1964] who studied the spin-spin contribution to the scattering between the
conduction electrons in a metal and the localized moment of a magnetic
impurity. He showed that there was a logarithmic anomaly at low temperatures due to the spin-flip terms that could explain the minimum in the
resistivity observed in some metals. There have been several experimental
realizations of the Kondo effect in semiconductor QDs [Goldhaber-Gordon
et al., 1998b][Goldhaber-Gordon et al., 1998a][Cronenwett et al., 1998] [Simmel et al., 1999][Schmid et al., 1999][van der Wiel et al., 2000]. In contrast
to magnetic impurities in a metal, in the case of nanoscopic systems there is
a great control of the parameters and it is possible to test different regimes,
verify scaling laws, sum rules and explore new proposals Zaffalon et al.
[2008][Grobis et al., 2008]. In the popular article by Kouwenhoven and Glazman [Kouwenhoven and Glazman, 2001] a nice introduction to the Kondo
effect in nanoscopic systems can be found. The effect is characterized by
very interesting transport properties like a zero-bias peak in the differential
conductance at low temperatures.


Moreover, quantum dots are not specific to semiconductors. Along the
years, many systems have been shown to behave as artificial atoms. The
idea of quantum dots is more general and applies to those systems which
present a discrete set of energy levels corresponding to the localized states
originated by the confinement of electrons. For example, the physics of
Coulomb Blockade and Kondo effect has been reported in transport through
organic molecules [Park et al., 2002][Liang et al., 2002] and carbonanotubes
[Nygård et al., 2000]. In the last ones, measurements have demonstrated
electron-hole symmetry [Jarillo-Herrero et al., 2004] and Klein tunnelling in
ultra-clean samples [Steele et al., 2009]. There have been realizations of the
Kondo effect in vertical quantum dots with a spin larger than 1/2 [Sasaki
et al., 2000] and probes of SU(4) Kondo effect [Sasaki et al., 2004]. The SU(4)
Kondo effect emerges in the presence of additional degeneracy which may
be orbital (valley). It has also been realised in a single-atom transistor made
with a Si nanowire [Tettamanzi et al., 2012]

The Kondo effect
A very nice and complete introduction to the Kondo physics can be found
in the book by Hewson [Hewson, 1997]. There is a bit of the history starting with from the early experiments in metals showing a minimum in the
resistivity at low temperatures, the models that were proposed to describe
the experimental results, the perturbative calculation up to third-order by
Kondo showing the logarithmic anomaly at low temperature and the ideas
of renormalization group by Anderson and Wilson. A lot of useful references are cited in the book. Although it is oriented to heavy-fermions systems, the key ingredients to understand the Kondo effect are very well explained. One of the most popular models to describe the Kondo problem
is due to Anderson [Anderson, 1961]. The Anderson model is also important to the work presented in this thesis. The model describes a localized
magnetic impurity in a sea of conduction electrons. The magnetic impurity is an atom with a very localized orbital (3d or 4f) that can be occupied
by the conduction electrons. An electron occupying the localized state can
jump to the conduction band and another electron can enter in the impurity.
This process of hybridization leads to a finite life-time of the localized state.
The important point considered by the model is that the electron-electron
repulsion is large and if the energy of the localized level is below the Fermi
level of the metal, the impurity remains magnetic at high temperatures. The
Coulomb repulsion renders the model to be hard to solve. There is a regime
in which the energy of the localized state is well below the Fermi level so it is
occupied. If the energy-cost of electron-electron repulsion is large enough,
the occupation of the localized state is nearly one. The degeneracy of the
state is 2J + 1. There are virtual process in which an electron with projection
m leaves the impurity and another electron with m0 occupies the localized
orbital. It was shown by Kondo that these processes were the responsible


for the logarithmic anomaly in the resistivity of metals at low temperatures
[Kondo, 1964]. In fact these processes of spin-flip m → m0 lead to a manybody state below a certain characteristic temperature TK that entangles conduction and localized electrons in a singlet. This is the Kondo effect. The
magnetism is screened and the state is a Fermi liquid with much heavier
quasi-particles (heavy-fermions).
This picture of spin-flips is equivalent to Kondo’s idea of scattering between the localized magnetic moment and the spins of the conduction electrons. Although this was an step forward in the understanding of the Kondo
effect, it was clear that the problem could not be solved perturbatively because of the logarithmic divergence at low temperatures. The reason is that
the relevant scale of the problem, the Kondo temperature, depends exponentially of the hybridization. This means that a perturbative series cut to
some order cannot recover the Kondo physics. To solve the Kondo problem, it was necessary to introduce the ideas of scaling and renormalization
group. The scaling laws for the Kondo problem were introduced by Anderson (the poor’s man scaling) [Anderson, 1970]. The almost exact solution
came with Wilson’s renormalization group [Wilson, 1975].
There are several methods proposed to solve the Anderson model (or
the impurity problem). Yafet and Varma [Yafet and Varma, 1985] were able
to estimate the Kondo temperature using a variational function, considering that the Kondo state as a singlet state formed by the conduction and
the localized electrons. There is a proposition by Coleman [Coleman, 1984]
based on the introduction of auxiliary particles and a diagrammatic approximation. In this thesis we solve the Anderson model numerically with the
non-crossing approximation (NCA)[Brickers et al., 1987][Kroha and Wölfle,
1998]. The departure point of NCA is the introduction of auxiliary particles as proposed by Coleman. It is based on a diagrammatic expansion in
the hybridization where diagram to all orders (disregarding the crossing
diagrams) are summed and condensed in a set of Dyson equations which
must be solved self-consistently. This is one of a the large-N approximations
[Brickers, 1987]. Among the solving methods, the results from the Numerical Renormalization Group (NRG) are considered almost exact and used to
test other techniques by comparison[Krishna-murthy et al., 1980a][Krishnamurthy et al., 1980b][Costi et al., 1994]. The Anderson model can be solved
analytically with the Bethe-Ansatz[Wiegmann, 1980][Kawayami and Okiji,
1981][Okiji and Kawakami, 1983].
The non-crossing approximation is a conserving approximation in the
sense of Baym [Baym and Kadanoff, 1961][Baym, 1962]. The Kondo temperature TK is well reproduced and it gives the right thermodynamic properties. However, it does not satisfy the Fermi liquid properties, for which
it cannot be employed below 0.1TK . A comparison with NRG has been reported by Costi [Costi et al., 1995] showing a good agreement in the range
where the NCA does not violate Friedel’s sum rule [Langreth, 1966]. In
this thesis, the NCA is used because it has several advantages with respect to other techniques. First, it is possible to extend NCA to treat out-


of-equilibrium problems. This is very important to study transport properties. In particular, finite-energy features are accessible within NCA which
may be missed by other techniques. Second, it is not difficult to extend the
NCA with more than one localized level (multi-orbital problems). This can
be very computationally expensive for other more robust techniques such
as NRG. Despite the fact that it is limited to higher temperatures, I consider
that the NCA is “closer to the experiments” (finite temperatures and bias
voltages) and that the results are reliable.

The Anderson model in transport
The realization of the single-electron transistor with semiconductor quantum dots probed the relevance of electron-electron interaction in small confined electron regions. Small quantum dots have a discrete set of localized
states and exhibit large Coulomb repulsion. The conductance shows a periodic peak structure as a function of gate voltage which is due to the effect
of Coulomb Blockade. The similarity between the localized states in the
small QD connected to source and drain leads and the magnetic impurity
in the metal suggested that a realization of the Kondo effect was possible
in a controlled nanoscopic circuit. The consequences of the Kondo effect in
transport were calculated by Glazman [Glazman and Raikh, 1988] and T.
K. Ng [Ng and Lee, 1988] independently using a resonant-tunnelling formalism. They predicted the signatures expected in experiment, which were
latter confirmed. In the early 90s, Meir and Wingreen used the formalism
of Green functions to solve the Anderson model at high temperatures and
explain the presence of the periodic structure of peaks in the conductance
as a function of gate voltage due to Coulomb Blockade is small QDs [Meir
and Wingreen, 1991]. They derived a general expression to calculate the
current through interacting regions. This expression, inspired in the Anderson model, is very general and allows to treat out-of-equilibrium situations at finite temperature in the presence of strong interactions. The formula reduces to Landuer expression for non-interacting systems [Meir and
Wingreen, 1992]. This expression and the connection to the scattering formalism are discussed in Chapter 1. As a very interesting application, Meir
and Wingreen analysed the development of the Kondo effect at low temperatures when there is an odd number of electrons in the QD [Meir et al., 1993]
and discussed the characteristics of the Anderson model out of equilibrium.
These predictions were also later verified, in particular the zero-bias peak
due to the splitting of the Kondo resonance caused by the different chemical
potentials of the leads. In order to solve the Anderson model and calculate
transport properties, the authors propose the non-crossing approximation.
The main reason is that it can be easily extended to solve the problem out of
equilibrium [Wingreen and Meir, 1994]. In this thesis we followed the same
idea and solved the Anderson model with the NCA.



Artificial molecules. QDs arrays and spin manipulation
Along the years, systems with more than one quantum dot have been explored, both theoretically and experimentally. The great control of the parameters allowed to form artificial molecules [Waugh et al., 1995] and even
artificial crystals [Kouwenhoven et al., 1990], with the possibility of changing local energies, inter-dot couplings and tunnel barriers. This has opened
the door to a vast universe of proposals (and experiments) which are based
on the control and manipulation of spin and charge.
-Two QDs, artificial molecules: Some relevant results of the transport properties of systems with two QDs can be found in the nice review by van der
Wiel [van der Wiel et al., 2003]. In this paper, the QDs are connected in series and the evolution of the stability diagram is studied as a function of
the coupling between the dots. It is shown that it is possible to start with
two well defined QDs to finish with a single larger dot for increasing coupling. A double-quantum dot system has also been used to demonstrate the
coupling of two Kondo impurities which form bonding and anti-bonding
states [Jeong et al., 2001]. This is a modest mesoscopic realization of the
RKKY interactions known to occur in Kondo lattices. The coherent manipulation of molecular states is also discussed by Holleitner et al. [Holleitner
et al., 2002][Holleitner et al., 2004], by Chen et al. [Chen et al., 2004] and by
Craig et al. [Craig et al., 2004] among others.
-Two QDs, charge qubits: If the two QDs are mutually interacting the number of electrons in each dot is not well defined. It is possible to attain a
regime where two configurations with same total number of electrons become degenerate. In this case, the system behaves as a charge qubit with
the states 1/0 mapped in the occupation of QD1/QD2. With microwaves
pulses the qubit can be manipulated [Frey et al., 2012].
-Two QDs, orbital correlations and Kondo effect: The study of the Kondo effect in systems formed by two capacitively coupled quantum dots is very
interesting because of the additional -orbital- degree of freedom. One of the
interesting regimes of a system corresponds to the coexistence line which
separates two charge configuration (1, 0) ↔ (0, 1), where (N1 , N2 ) indicates
the number of electrons in each dot. Along this line there is a four-fold degeneracy: in spin and pseudo-spin. The role of pseudo-spin correlations
was emphasised in the early work of Wilhelm et al. [Wilhelm et al., 2002].
It was shown that the Kondo effect at low temperatures was not like the
ordinary spin 1/2 case [Hübel et al., 2008]. This motivated further theoretical work to analyse the possibility of realizing a SU(4) Kondo effect in
a double quantum dot system. Borda et al. [Borda et al., 2003] proposed
that this could be used as a spin filter and in a recent experiment, a DQD
system was shown to be suitable to perform the spectroscopy of the Kondo
wavefunction [Amasha et al., 2013]. We have calculated the transport properties of this system out of equilibrium to discuss the experimental results
(see Chapter 7). Another interesting regime corresponds to the degeneracy


point between one- and two-electron states (1, 0) ↔ (1, 1) ↔ (2, 0) become
degenerate. This regime has been explored theoretically [Galpin et al., 2005]
and experimentally [Okazaki et al., 2011] and it is expected to show a quantum phase singlet-triplet transition depending on the parameters.
-Three QDs: Systems with three QD’s were also realized experimentally.
The stability map of the system was measured Gaudreau et al. [2006] and the
spin states were controlled coherently Gaudreau et al. [2012]. This system
was proposed as a spin-filter [Delgado et al., 2008]. I discuss this possibility in Chapter 2. Recently, the problem of charge frustration in a triple QD
system has been addressed [Seo et al., 2013] highlighting the role of interactions and the exciting possibility of understand frustration in a controlled
experiment.
-QDs arrays: The improvement of Scanning Tunnel Microscopy (STM)
allowed an incredible control of the position of atoms on surfaces and the
measurement of Kondo effect for different magnetic specimens [Jamneala
et al., 2001]. In particular, an incredible effect of quantum mirage was observed in a corral formed by Co atoms [Manoharan et al., 2000]. This manifests the possibility of building arrays of QDs to probe other effects like
interference.
-Spin manipulation in semiconductor QDs: When the quantum dots are
made small, the charging energy is large and in the case there is an odd
total number of electrons, there is an unpaired spin which can be thought
as a localized spin. The manipulation of the electronic spin states in quantum dots has been explored looking for promising information processing
systems [Engel et al., 2004]. Several experiments have been realized where
the possible control of spin states and the coherence is discussed. [Petta
et al., 2005][Hanson et al., 2007]. Regrettably, due to diverse decoherence
mechanisms the semiconductor spin-qubits cannot follow the race against
superconducting qubits based on Josephson junctions.

Quantum interference in transport
One of the benchmarks of mesoscopic transport is the presence of interference effects in transport properties. This is a clear manifestation of the
wave-nature of the carriers and the phase coherence. I have focused part of
the work of this thesis in the interference effects in the transport properties
through interacting systems. Our main contribution is a study of the interplay between quantum interference and Kondo effect (see Chapter 3). We
have proposed a model to account for interference effects and shown that in
some regime of high symmetry it is possible to have a total suppression of
the current.
Some of the first manifestations of quantum interference in mesoscopic
systems are discussed in the review of Beenakker [Beenakker and van Houten,
1991]. As an example, the Aharonov-Bohm effect [Aharonov and Bohm,
1959] was demonstrated in the transport through a metallic ring [Webb


et al., 1985][Chandrasekhar et al., 1985]. In the experiment the ring is threaded
by a magnetic field and there is a potential vector that enters in the wavefunction of the electrons as a phase. The electrons traverse the ring through
one of the arms (both are equivalent) and since the system is phase-coherent,
the information contained in the phase of the wavefunction is not lost. It is
possible to observe oscillations in the current as a function of the magnetic
field as a consequence of interference. The period of the oscillations is a
combination of universal constants: hc/e, the flux quantum. The role of
electron-electron correlations in mesoscopic rings was investigated by Jagla
and Balseiro and was shown to affect the periodicity of the conductance
oscillations changes due to charge and spin separation [Jagla and Balseiro,
1993]. More recently, the Aharonov-Casher [Aharonov and Casher, 1984] effect was demonstrated in a small arrays of mesoscopic semiconductor rings
[Bergsten et al., 2006].
The long mean free-path of electrons in semiconductor heterostructures
have made of these systems an excellent platform for interferometers [Imry,
1997]. In particular they have been used to test the coherence of transport
through resonant tunnelling by placing a quantum dot in one of the arms of
the interferometer [Kubatkin et al., 1998]. Moreover, in the Kondo regime,
this setup has been used to verify the phase of the transmission which was
predicted to be proportional to the mean number of electrons in the impurity according to Friedel’s sum rule [Y. Ji et al., 2000]. A lot of theoretical and experimental work has been done in this ’which-path’ interferometers. There are several theoretical studies of Aharonov-Bohm mesoscopic
interferometers with a quantum dot in one of the arms [Kang and Shin,
2000][Gerland et al., 2000][König and Gefen, 2001][Hofstetter et al., 2001]
which discuss the behaviour of the transmission phase, the period of oscillations in magnetic field and possible asymmetries in the current.
Other systems which are also proposed as candidates to show interference effects are arrays of QDs. These systems are more difficult to realize
experimentally. For example, Delgado et al. suggested to use the AharonovBohm effect in a symmetric triple quantum dot system to obtain a spinpolarized current [Delgado et al., 2008]. In the case studied by the authors,
the spin degeneracy is broken by the magnetic field and it is not necessary to
analise the Kondo effect. The effect of interactions in arrays of QDs was discussed by Lobos and Aligia in the Kondo regime [Lobos and Aligia, 2008].
The problem is more difficult in the presence of electron-electron interaction.
Inspired in the study of transport through annulene molecules [Rincón
et al., 2009], it can be observed that quantum interference in many-body
systems occurs when two states of N electrons become degenerate with a
state of N ± 1 electrons. The possible occupation of one state or the other
is equivalent to the election of the arm in the metallic ring or to the possible “paths” in a Feymannian description. Depending on the symmetry of
these states and on the geometry of the connection, a phase-difference may
appear which leads to interference phenomena. Taking this into account we


built an interference model which we call the Aligia model. This model is presented in Chapter 3. In particular, in the case N is odd, the many-body states
are doublets due to the spin degeneracy and in the limit of strong electronelectron repulsion, the electrons enter one at the time into the system and
it is possible study the interplay between quantum interference and Kondo
effect ( see Chapter 5). The model is suitable to describe transport properties in a great variety of systems. We have applied it to a benzene molecule
(see Chapter 6) which exhibits partial destructive interference connected in
the meta-position.

Transport through molecules. Interference and vibrations.
The way towards molecular electronics started not so long ago in the late
90’s [Reed et al., 1997]. The use of molecules as part of electronic devices
is a recent field of intense research activity which involves both experimental and theoretical challenges. A very good introduction to this field with
a lot of experiments and theory is the book by Cuevas and Scheer [Cuevas
and Scheer, 2010]. To quote on the relevance of the subject, there is a recent
review by Aradhya and Venkataraman which emphasises the advantage of
the mechanical, optical and also thermal properties of molecules to go beyond transport and build devices with no classical analogue [Aradhya and
Venkataraman, 2013].
On the experimental side, there are several techniques which have been
improved to contact molecules to metallic electrodes and probed transport
properties at the single-molecule scale. Using electro-migration for example, the Kondo effect was demonstrated in single-molecule transistors [Liang
et al., 2002] [Park et al., 2002]. In these experiments, the molecules are described as quantum dots. The localized states are the molecular orbitals
which are hybridized with the metallic electrodes. Using gate voltages, the
energies of these states can be varied and the current can be switched onoff. They show regions of suppressed current due to Coulomb Blockade and
for this reason in the literature these devices are referred as molecular transistors [Cornaglia et al., 2004]. The transport through molecules allows to
probe their electronic structure and the experimental results can be understood very well with the complement of ab-initio calculations [Nitzan and
Ratner, 2003][Solomon et al., 2010].
Other experiments in the single-molecule regime used an STM with a
gold tip to form gold-molecule-gold junctions repeatedly and study the
transport properties from the statistics. They analyse the exponential decay of the coupling as a function of the molecule length [Xu and Tao, 2003].
There was another proposal using two gold nanoparticles added to a thiol
molecule to contact it to a microfabricated nanogap [Dadosh et al., 2005]
and also an experiment where different redox states are probed in polymeric chains deposited on top of the electrodes of a field-effect transistor


[Kubatkin et al., 2003]. The authors also discuss the strong or weak coupling using polymeric chains of different lengths [Danilov et al., 2008]. A
systematic study of the coupling to the electrodes considering the overlap
of π-orbitals was performed by Venkataraman et al. [Venkataraman et al.,
2006] which find a cos2 (α) proportionality with the angle α between the orbitals. The state of art in 2006 with a lot of useful references is reviewed by
Tao [Tao, 2006].
Depending on the degree of localization and the coupling to the electrodes (or the substrate), molecules may present unpaired spins or even
more complicated cases with larger spin (S = 1). A quantum phase transition between a triplet and singlet state was demonstrated recently in a C60
[Roch et al., 2008] and also signature of the underscreened Kondo effect was
observed [Roch et al., 2009]. This was also studied in a Co-organic complex connected to a break junction which allowed to stretch the molecule
(breaking the symmetry seen by the Co atom) [Parks et al., 2010].
From the first measurements, the vibration modes of the molecules have
shown to play a role. As an example, an experiment with a fullerene molecule
connected to gold electrodes showed evidence of inelastic contributions to
the current due to the coupling to vibrations [Park et al., 2000]. The electronphonon coupling was used by Smit et al. to probe the transport through
an hidrogen molecule in a mechanically controllable break junction (MCJB)
[Smit et al., 2002]. The role of vibrations vibrations in small molecular junctions was also remarked by Zhitenev et al. who approached the singlemolecule with a junction fabricated on an STM tip with shadow-evaporation
[Zhitenev et al., 2002]. More recently, Kim et al. have performed inelasticelectron-tunnelling spectroscopy to characterize the vibration modes of a
molecule in a MCBJ formed in Au and Pt [Kim et al., 2011]; and Rakhmilevitch et al. have demonstrated the effect of phonons in the Kondo regime
[Rakhmilevitch et al., 2014].
Although the role of vibrations in the presence of strong correlations
have been extensively studied [König et al., 1996] [Hewson and Meyer,
2002] [Paaske and Flensberg, 2005] [Cornaglia et al., 2005] [Balseiro et al.,
2006], the experiment present evidence of the scaling properties of the replicas of the Kondo resonance. We have studied the effect of electron-phonon
coupling in the Kondo regime (see Chapter 10) and calculated the transport properties out of equilibrium. Previous calculations were based on the
equation of motion formalism for the Green functions [Monreal and MartinRodero, 2009][Monreal et al., 2010] or in a decoupling approximation for the
phonons [Yong et al., 2007][Yu et al., 2008]. These effective electronic models
lead to the wrong dependence of the Kondo temperature with the electronphonon coupling. We have studied this problem with the non-crossing
approximation treating the coupling to the phonons and the hybridization
with the conduction electrons in equal footing.
Our main interest is to understand the effect of electron-phonon coupling on interference phenomena. As it was discussed, our interference
model is inspired in annulene molecules. In fact, molecules have certain


symmetries inherited by the molecular orbitals and depending on the way
they are connected, it is possible to observe interference effects. A proposal
on this direction was done by Cardamone and Stafford [Cardamone et al.,
2006][Stafford et al., 2007]. They suggest the realization of a Quantum Interference effect transistor (QuIET). In contrast to our model, the authors
do not take into account strong Coulomb interaction. Although this sounds
still complicated to realize experimentally, there have been incredible recent advances. In a recent experiment Guédon et al. probed the existence
of destructive interference in the transport through molecules using monoand di-thiolated anthracene (AC-MT, AC-DT) and anthraquinone (AQ-MT,
AQ-DT) self-assembled monolayers [Guédon et al., 2012]. Despite of the
fact it is not a single-molecule experiment, the transmittance shows a deep
at the Fermi level for the AQ-MT and a conductance two orders of magnitude lower in the AQ-DT (compared to the AC-DT) as a consequence of
partial destructive interference. The authors support their results with an
ab-initio calculation of the electronic structure and the transmission using a
Landauer formalism. The authors claim that the cross-conjugated character
of AQ molecule is key to understand the presence of destructive interference [Valkenier et al., 2014]. Single-molecule experiments were performed
by Vazquez et al. who demonstrate the violation of classical Kirchoff’s superposition law for electronic circuits due to the presence of constructive
interference [Vazquez et al., 2012]. Ballmann et al. also report the presence of destructive interference in the transport through single molecules
which is inferred indirectly by the increase of conductance with increasing
temperature [Ballmann et al., 2012]. According to the authors, as temperature increases, the number of phonon becomes more important and also
decoherence. This leads to a loss of destructive interference and thus, to
an increase of the conductance. The theory presented in the paper is based
on a paper by Härtle [Härtle et al., 2011] which does not take into account
the electron-electron interactions. Therefore, we believe that the study of
the effect of phonons in the interference phenomena is nowadays a relevant
problem.

PART I
Interference effects in transport
properties

C HAPTER 1

Theoretical study of transport in
mesoscopic systems

1.1 Conductance from transmission
1.2 The language of Green functions
1.3 A general approach for the current
This chapter is dedicated to the introduction of the theoretical elements
that are necessary for the treatment of the problem of transport in mesoscopic systems. A great amount of work has been done to cover the wide
variety of phenomena that can be found. Moreover, different approaches
for the problem have shown to provide quite a good understanding of the
underlying physics and also prediction capabilities. It is the purpose of the
following introduction to remark some important concepts and results and
to stablish a connection between the description of transport properties in
terms of transmission coefficients, on one side and the language of Green
functions, on the other.
I have decided to avoid excessive and long demonstrations and rather
preferred to explain the concepts and ideas in detail. As a complement I
prepared a “surviving toolkit” that can be found in Appendix A.

1.1

Conductance from transmission

A matter of scales
In mesoscopic systems different transport regimes can be obtained depending on the relation between the scales that are relevant to the concrete problem that is analysed [Datta, 2003]. The typical scales to be considered are
i) the characteristic dimensions of the system: length L, width W ; ii) the
Fermi wavelength in the case of electrons λF or the de Broglie wavelength
in general, iii) the elastic and inelastic mean free paths le and lin , and iv) the
coherence length ξ. One could also include a thermal λT and a magnetic
length, such as the synchrotron radius rC . When the size of the system is
smaller than ξ, it is said to be coherent or phase-coherent. Within this limit,
the information contained in the phase of the wavefunction of the carriers is
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not lost through-out the system. The coherence length depends mainly on
the inelastic mean free path, because these are the type of processes which
lead to a loss of phase coherence. So the condition for coherence is normally
associated to that of L, W  lin . The condition of coherence is essential for
quantum interference. On the other side, the elastic mean free path is associated with the evolution of momentum. If L, W  le , transport is said to
be diffusive1 . If L, W  le , the conductor is said to be ballistic2 . When the
characteristic dimensions of the system become comparable to the wavelength of the carriers there are effects of quantization. Among other consequences, this can lead to an effective dimensionality, such us two- (e.g.
2DEGs), one- (e.g. nanowires) or even zero-D (e.g. quantum dots).
The other relevant scales are energy and time scales, which are of course
related to the previous ones. Regarding the energy scales, the typically considered ones are: the Fermi energy F , the energy supplied by the voltage
bias eVb , the temperature T , the Coulomb repulsion U and the Zeeman energy. The important time scales are given by the rates of the different processes: τe−1 (τφ−1 ) the rate of elastic (inelastic) scattering.
It is clear that there are many possible scenarios which lead to a great variety of transport phenomena [Imry, 1997][Ferry and Goodnick, 1997][Datta,
2005]. This work concentrates on coherent and ballistic conductors. For
the theoretical description of transport in these systems it is possible to develop a formalism based on conduction channels carrying the current. The
conductance of a mesoscopic conductor can be related to the characteristic
transmission of these type of electron-waveguides.

Figure 1.1: Two electron reservoirs at electro-chemical potentials µL and µR are connected
to a mesoscopic system which may be described in terms of transverse modes. The length of
the system is L and the width is W .

Electron Waveguides
Inside a ballistic conductor the momentum of the carrier is conserved during its passage from one electrode to the other. If the temperature is low
enough and the applied voltage bias is not big, the important current carrying states will be those whose momentum k is close to the Fermi momentum
1

In this case, lin can be calculated in terms of the diffusion coefficient p
D and the relaxation time τφ , which is the inverse of the rate of inelastic scattering: lin = Dτφ .
2
For a ballistic conductor, the inelastic mean free path can be calculated as the average
distance travelled by the carriers between two events of inelastic scattering, i.e. lin = vF τφ .



1. Theoretical study of transport in mesoscopic systems

kF . When the dimensions of the system are reduced, there is a direct effect
on the number of these states.
A particular case of interest, widely studied experimental and theoretically, is the two dimensional electron gas (2DEG) formed in semiconductor heterostructures [Beenakker and van Houten, 1991][Datta, 2003]. There
are a lot of details regarding 2DEGs, but for the present introduction it is
enough to consider them as an experimental system where the electron motion is confined to a plane. In this way, the sample is formed by patterning
this 2D system, for example, as a bar of length L and width W . Two metallic macroscopic electrodes are connected to the bar at left and right sides as
shown in Fig. 1.1. The question is what are the transport properties of this
system.
The Hamiltonian of the 2DEG in absence of magnetic field is almost that
of a free gas, i.e. a kinetic energy with an effective mass m. For the bar,
there is also a potential energy which takes into account of the confinement
within L and W . Setting the x-axis oriented as L, if W  L the confinement
potential V (y) is the most relevant and the Schrödinger equation reads
H(x, y)Ψ(x, y) = EΨ(x, y).
The wavefunction can be decomposed in plane waves eikx in the x-direction
and a set of solutions {χn (y)} in y-direction satisfying
H̃(y)χn (y) = en χ(y).
Thus, the wavefunction is Ψn (x, y) = χn (y)eikx with eigenenergy En =
~2 k2
+ en . As in a potential well there is a discrete energy spectrum. The
2m
quantized solutions in the y-direction are called transverse modes. Each of
these modes behave as a quasi-one dimensional channel. The typical energy
separation for these modes goes like 1/W 2 . Depending on W , the number
of current-carrying states can be varied.
In order to calculate the current though the system it is necessary to add
some hypothesis about the electrodes. The macroscopic metallic contacts
are considered as electron reservoirs where electrons thermalize and arrive
to equilibrium with the electro-chemical potential µν = F − eVν , where
ν = L (R) stands for left (right). At low temperature, when a small bias
voltage is applied making µL > µR , a current appears. The electrodes are
considered to be non-reflective, i.e. the electrons travelling from left to right
are thermalized with µL and enter in the right electrode without a probability of reflection. This is reasonable for large charge reservoirs. In turn, the
electrons travelling from right to left are thermalized with µR and enter into
the left electrode also without reflection. As shown in Fig. 1.2, the important transverse modes are those whose energies en are in between µL and
µR . In the simple case there is only one mode satisfying this condition, the
net current flowing from left to right is given by the product of the electric
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Figure 1.2: The electrons at the reservoirs are thermalized with their electro-chemical potentials. In the left (right) electrode, the electronic states are occupied up to µL (µR ). The
dispersion relation is shown in the bottom part as a function of kx . In the electrodes there
is a continuum of possible states since any ky is possible. In the mesoscopic conductor, the
2 k2
x
energies are En = ~2m
+ en . The parabolas are shifted because of the confinement. The
transverse modes which lay in between µL and µR can be occupied and are responsible for
carrying the current.

charge −e, the velocity vk and the density of carriers per unit length 3
I = IL − IR = 2

1X
[fL (k ) − fR (k )](−e)vk ,
L k

where the 2 accounts for the spin degeneracy and fL (k ) (fR (k )) is the Fermi
distribution function of the left (right) reservoir. Turning the sum into an
k
integral and taking into account that vk = ~1 d
,
dk
Z
−2e
I=
dE [fL (E) − fR (E)].
(1.1)
h
This is a consequence of the fact the channels are quasi one-dimensional.
The current is easy to compute at zero (or very low) temperature
I=

−2e
(µL − µR ),
h

(1.2)

and thus, the conductance of this single transverse mode can be found straight
forward
I
2e2
G=
=
.
VL − VR
h
2

This is the conductance quantum G0 = 2eh = [12.906 kΩ]−1 . It is clear that
since transverse modes behave as independent channels, they all contribute
3

The current is obtained integrating the current density Jx (y) in the width W . If Jx (y) =
Jx , then I is simply Jx multiplied by W , i.e. the current can be computed using the number
of carriers per unit length.
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with the same amount when µR < en < µL . If there are M of these states,
2e2
G=
M.
h
The quantization of the conductance in integer multiples of G0 was verified experimentally in 2DEG using quantum point contacts [Webb et al.,
1985][Wharam et al., 1988]. These are constrictions formed in the 2DEG
using electrostatic gates. Controlling the gate voltage, the width W of the
constriction can be reduced and at low temperature it can be observed how
the conductance drops in steps.

Connecting conductors via electron waveguides
This calculation of the current through the electron waveguides is valid only
for perfect conducting channels. A more general case (see Fig. 1.3) is to
consider a system formed by two reservoirs (µL , µR ), a central conductor
HC not necessary ballistic and two perfect electron waveguides or leads
(left and right leads) that connect them. This sets the bases of a very general
transport problem. Two very useful approaches are going to be presented,
indicating in which cases they are or not appropriate. They use a slightly
different language and at some point this introduction can be thought as a
small dictionary.

Figure 1.3: (top) Two electron reservoirs are connected to a central conductor via the leads
L1 and L2. The transport properties of the system depends on the microscopic details of
the central conductor. However, it is possible to find an expression for the current and the
conductance in terms of the transmission coefficients of the central conductor (see text).
(bottom) A part of the current travelled from left to right in a given mode of lead L1 is
transmitted to L2 with probability T and the other part is reflected back with probability
1−T.

The current through the whole structure is determined by the microscopic details of the central conductor. This can be circumvented if the
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problem is stated as a scattering problem [Imry, 1997]. In fact, the central conductor is treated as a potential barrier. It can be characterized by a
transmission coefficient T . As shown in Fig. 1.3, a part of the current coming from the left is reflected back with probability 1 − T . For one transverse
mode, the current in left lead (LL) is
ILL = I + − I − = I + − (1 − T )I + = T I + ,
thus, using Eq. (1.2)
−2e
T [µL − µR ].
h
Analogously, the current flowing to the left in the right lead gives IRL =
ILL (as it should be for current conservation). The resulting conductance is
given by
2e2
T.
G=
h
This is the conductance for one active transverse mode whose transmission
T is the value at the Fermi energy and is considered constant in the range
of the applied bias voltage. If M transverse modes are considered and an
average transmission T is the same for all of them, the conductance is given
by Landauer’s formula [Landauer, 1970]
ILL =

G=

2e2
MT .
h

(1.3)

The simplest generalization to channels with different transmissions is G =
P
2e2
n Tn . The set of transmission coefficients {Tn } characterize a mesoh
scopic conductor.

A multi-terminal configuration.
For the measurement of transport properties in mesoscopic systems it is necessary to include voltage probes. These connections have to be treated in
equal footing as the leads considered previously [Büttiker, 1986]. The multiterminal formalism has been used to interpret the quantization of Hall resistance and the absence of longitudinal resistance in the Quantum Hall effect
regime [v. Klitzing et al., 1980][Beenakker and van Houten, 1991] and to
demonstrate the validity of Onsager’s realtion between current and voltage
in the presence of magnetic field [Büttiker, 1986]. In a four-terminal configuration, if the current is injected from lead 1 to 2 and if voltage is measured
between lead 2 and 3, then R12,34 (B) = R34,12 (−B).
As shown in Fig. 1.4, the general case to be described is that of several
terminals each one coupling a reservoir µp with the conductor via lead p.
The calculation of the current in lead p goes as follows. Electrons coming
from lead q are thermalized with µq , so their distribution function is fq (E).
The current carried has an effect in lead p via the transmission Tq→p . This
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Figure 1.4: In mesoscopic systems the voltage probes are treated in equal footing, as leads
with transverse modes. They are communicated via the central structure.

transmission is the result of the sum of the individual transmissions connecting the Mp active transverse modes in lead p and Mq in lead q. Thus,
given Tm(q)→n(p) ,
XX
Tq→p (E) =
Tm(q)→n(p) (E),
(1.4)
n∈p m∈q

which can be energy dependent. By the same reasoning, the current coming
from p gets distributed into the other leads. Then
−2e
Ip =
h

Z
dE

X

[Tp→q (E)fp (E) − Tq→p (E)fq (E)].

(1.5)

q

This is a very general expression which includes the possibility of having
finite temperatures and bias. The key ingredients are the transmission coefficients. The problem is to determine these transmissions which are characteristic of the conductor not isolated but in the presence of the leads. In
the case there are just two (left and right) leads,
Z
−2e
dE [TL→R (E)fL (E) − TR→L (E)fR (E)] ,
(1.6)
IL =
h
which is the generalization of Eq. (1.1).

Some particular limits. Linear Response
The calculation of the current is a non-equilibrium problem. The presence
of applied bias voltages imply that the transmission coefficients have to be
computed with the
P modified electron distributions. From Eq. (1.5)eq it can
be obtained that q [Tp→q (E) − Tq→p (E)] = 0 at equilibrium, since fq (E) =
fpeq (E) = f eq (E) and current must be zero. This means that, for arbitrary p

1.1. Conductance from transmission



eq
eq
and q, Tp→q
(E) = Tq→p
(E) at equilibrium. Out of equilibrium this condition
cannot be assured, but is an usual assumption. In this case,
Z
X
−2e
Ip =
dE
(fp (E) − fq (E))Tp→q .
(1.7)
h
q

For small bias voltages, it is appropriate to work in a linear response
approximation. If there are small variations from equilibrium,
Z
X
−2e
0
δIp = Ip =
dE
[δTp→q (E)fpeq (E) − δTq→p (E)fqeq (E)]
h
q
eq
eq
+ [Tp→q
(E)δfp (E) − Tq→p
(E)δfq (E)],

where δfp ≈

∂fp
∂µp

eq

eq

(−eVp ) = − ∂f
(−eVp ). If the variation of the transmis∂E

sions can be neglected,
Ip0



Z
2e2 X
∂f eq
eq
=
dE −
Tp→q
(E)[Vp − Vq ],
h q
∂E

which can be expressed as
Ip0 =

X

Gq→p [Vp − Vq ],

(1.8)

q

in terms of the conductance
Gq→p

2e2
=
h

Z



∂f eq
eq
dE −
Tp→q
(E) .
∂E

(1.9)

This expression is widely used. It is the linear response conductance. In
fact the result is quite general and only depends on the calculation of the
transmission coefficients. In the case there are just two leads,


Z
∂f eq
2e2
dE −
T eq (E),
G=
h
∂E
and IL0 = G[VL − VR ].
In order to summarize, up to now it has been shown how to calculate
the current in mesoscopic system as the one in Fig. 1.4. There are several
leads, each one connected with a reservoir and to a central conductor which
is characterized by transmission coefficients linking the currents in the different leads. They describe the probability of the current to flow from one
lead to other. The calculation of the current through the system is based on
the determination of these coefficients. i) In a general case (multi-terminal,
finite bias voltage, finite temperature, non negligible non-equilibrium effects), transmission has to be calculated for the non-equilibrium problem
and then the current is obtained from Eq. (1.5). ii) When the transmission
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can be taken as in equilibrium, the condition Tp→q (E) = Tq→p (E) can be
used. iii) At small applied bias voltage, the current can be calculated using
Eq. (1.8) and conductance using Eq. (1.9). iv) At very low temperatures, the
derivative of the Fermi function can be replaced by a Dirac’s delta centred
2
eq
(F ), which coincides
at F . After integrating in Eq. (1.9), Gq→p = 2eh Tp→q
with the expression for the Landauer formula (Eq. (1.3)).

1.2

The language of Green functions

The problem of transport is now the calculation of the transmission coefficients. In terms of a scattering problem, these coefficients are related to the
elements of a matrix: the scattering matrix [Datta, 2003][Bruus and Flensberg, 2004].
A general wavefunction describing an electron in lead p is a linear combination of transverse modes
XX
ikx
−ikx
Ψp (x, y) =
χpn (y)[A+
+ A−
],
pn (k)e
pn (k)e
n

k>0

−
where A+
pn (k) (Apn (k)) is the amplitude for an electron in transverse mode n
of lead p travelling from the reservoir towards the conductor (from the conductor towards the reservoir) with momentum k. For an electron with energy
p E, the wavevector can be determined for each transverse mode ~kn =
2m(E − en ) and the wavefunction then reads
X
ikn x
−ikn x
χpn (y)[A+
+ A−
],
ΨpE (x, y) =
pn (E)e
pn (E)e
n

written in terms of energy coefficients. A different xp , yp coordinate system
may be associated to each lead. All the “in-coming” amplitudes A+
pn (E)
(from the point of view of the conductor) can be put together in a vector
+
a(E) = (· · · (A+
pn ) · · · (Aqm ) · · · ),

and the same can be done with the “out-coming” amplitudes,
−
b(E) = (· · · (A−
pn ) · · · (Aqm ) · · · ).

In-coming and out-coming amplitudes are related by the scattering matrix
b(E) = S(E) a(E).

(1.10)

As illustrated in Fig. 1.5, the injection of an electron in a lead can be considered as a perturbation in the system created at some point (x0 , y0 ). The
measurement of the effect of this perturbation at (x, y) after the scattering allows the determination of the elements of S. The problem can be analysed
in terms of Green functions. It is advantageous to introduce the language
of Green functions because it can be employed in very general situations. In
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Figure 1.5: (left) The injection of an electron in the system can be thought as the creation of
an excitation at a point r. The Green functions are used to know the effect of this excitation
at a point r0 . (right) In the presence of a conductor, the transmission coefficients can be
obtained from the Green functions.

what follows: (i) the first step is to define one-particle Green functions and
settle the language4 . (ii) The second task is to express the elements of the
scattering matrix in terms of Green functions. Finally, (iii) an expression for
the current and the conductance can be written using Green functions.

(i) Defining one-particle Green functions
For non interacting systems the one-particle Green function is an operator
defined as
Ĝ(E) = (E − Ĥ)−1 ,
(1.11)
where Ĥ is the Hamiltonian of the system5 . This definition can be understood in the following way,
(E − Ĥ)Ĝ(E) = I,
where introducing Gr;r0 (E) = hr|Ĝ(E)|r0 i with r = (x, y),
(E − H(r))Gr;r0 (E) = δ(r − r0 ).

(1.12)

This is very similar to the stationary Schrödinger equation but with a Dirac’s
delta inhomogeneity. The Green function measures the amplitude at r of an
electron with energy E injected at r0 .
4
Just a comment for the sake of clarity: (+) when the physical problem does not involve
interactions between particles (like Coulomb repulsion) it can be described in terms of oneparticle operators and one-particle Green functions. These Green functions can be related
to the differential operator which solves the stationary Schrödinger equation for a Dirac’s
delta inhomogeneity. (+) When there are interactions, there is a definition for general manybody Green functions. (+) Green functions can be defined at zero temperature or at finite
temperature. In the last case, they are called Matsubara or imaginary time Green functions. The formalism is slightly different because the usual expectation values have to be
replaced by the ensemble ones. (+) There is also an extension of the Green function formalism when the system is out of equilibrium. This is the Keldish formalism which involves
other Green functions. All of them appear in this thesis (see Appendix A). The necessary
details will be given opportunely.
5
The hat notation is kept here for clarity
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Figure 1.6: Convention employed to find the solution of the Green function for the isolated
lead.

The Eq. (1.12) can be solved very easily in the case of an isolated lead.
The delta separates the system in two regions (L and R) as shown in Fig.
1.6. If r 6= r0 , the solutions are
 R
P
ikn |x−x0 |
, for x > x0
GE (r, r0 ) = Pn χn (y)A+
n (E) e
−ikn |x−x0 |
−
for x < x0 ,
GLE (r, r0 ) =
n χn (y)An (E) e
−
where the coefficients A+
n (E) and An (E) can be found from the continuity
0
L
0
of the solution GR
E (x , y) = GE (x , y) and the discontinuity of the derivative

given by the delta

∂GR
E
∂x

(x0 ,y)

−

∂GL
E
∂x

(x0 ,y)

= δ(y − y 0 )2m/~2 . As a result, the

Green function for the isolated lead is
X −i
0
G0E (r, r0 ) =
χn (y)χ∗n (y 0 ) eikn |x−x | ,
~vn
n

(1.13)

where vn = ~kn /m is the velocity. This result is the retarded Green function
GrE (r, r0 ) since it represents a process of first creating the perturbation and
then measuring the amplitude. There is also an advanced Green function
GaE (r, r0 ) which corresponds to consider in-coming plane waves towards the
delta (A+ in region L and A− in R). They can be found directly changing the
energy E for E±iη in Eq. (1.11) or Eq. (1.12) and taking the limit η → 0+ . The
plus (minus) sign allows to recover the retarded (advanced) Green function.

(ii) The Green function and the scattering matrix
The problem is now to find the Green function for the complete system: the
leads and the central conductor. As shown in the right panel of Fig. 1.5, in
the case to be considered there are just two leads: left and right. An electron
is injected in the left lead at (x0L , yL0 ) = (0, yL0 ) and measured in lead ν at
(xν , yν ) = (0, yν ). If it were isolated, the Green function would correspond
to G0L;E given by Eq. (1.13) for an excitation created in (x0L , yL0 ). As is usual in
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scattering problems, it can be considered that “the detector” is placed away
from the scattering region and the asymptotic solutions can be used.
If the detector is placed in the left lead, there are two contributions to
the solution: one of them comes from the excitation itself, i.e. the amplitude
A− in the injection (see Fig. 1.6); and a second contribution that comes from
the reflected part. If the detector is placed at the right lead, the amplitude is
given by the transmitted part. Taking this into account,
X

−
GrL→ν;E (yν , yL0 ) =
δν,L A−
Ln (E) + Aνn (E) χn (yν ).
n∈L

The out-coming amplitudes A−
νn (E) are related to in-coming ones via the
scattering matrix (see Eq. (1.10) ), thus
"
#
X
X
GrL→ν;E (yν , yL0 ) =
δν,L A−
Snm A+
Ln (E) +
Lm (E) χn (yν ),
m∈ν

n∈L

and for the asymptotic solutions, the coefficients are known: A+
Ln (E) =
−i ∗
0
)
thus
(y
χ
A−
(E)
=
Ln
~vn n L
"
GrL→ν;E (yν , yL0 ) =

X
n∈L

#
X −i
−i
δν,L χ∗n (yL0 ) +
Snm χ∗m (yL0 ) χn (yν ).
~vn
~v
m
m∈ν

This is the one-particle Green function for the leads and the conductor. The
coefficients of the scattering matrix can be obtained using the orthogonality
of the transverse modes
Z
Z
0
Sr(L)→s(ν) = −δν,L + i~vs dyL dyν χs (yL0 )χ∗r (yν )GrL→ν;E (yν , yL0 ). (1.14)
This expression is important because it relates the calculation of the scattering matrix with the knowledge of the Green functions which come from
the solution of Eq. (1.12). In other words, the transport properties can be
determined calculating the Green functions [Fisher and Lee, 1981].

(iii) Transport properties in terms of Green functions
The transmissions Tp→q in Eq. (1.4) measure the probability for the current
flowing in lead p to go through lead q. They can be calculated from the
scattering matrix scaled to convert particle amplitude in current amplitude.
By defining S 0 as
r
vn 0
Sm(q)→n(p) =
S
,
(1.15)
vm m(q)→n(p)
the transmissions can be found as
XX
0
Tq→p (E) =
|Sm(q)→n(p)
(E)|2 .
n∈p m∈q

(1.16)
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Figure 1.7: With respect to one of the leads (in this case the left lead), the scattering matrix
can be separated in blocks, b = Sa. The electrons travelling toward (from) the conductor
are labelled with a (b). With respect to the left lead, the electrons moving from left to right
−
0
+
(from right to left) are labelled with + (−). Thus bb+ = rt rt0 ba− , with the reflection and
transmission coefficients r, r0 , t and t0 .

It can be shown that S 0 is unitary in order to satisfy current conservation.
It practice, if q 6= p (which is usually the case), the only elements of the
scattering matrix that are necessary are those relating in-coming amplitudes
A+ in lead q with out-coming amplitudes A− in lead p. In order to express
the transmission coefficients in a rather simple way I will change the notation a bit. Instead of different systems of reference, from the point of view
of one of the reservoirs (see Fig. 1.7):
a+ corresponds to the amplitudes of an electron going away from the
reservoir and
b− travelling toward the reservoir. While
a− corresponds to the amplitudes of an electron travelling toward the
reservoir in other lead and
b+ going away in other lead.
According to this, the scattering matrix can be separated in blocks
 + 
 −  
a
b
r t0
,
=
+
0
t r
b−
b
where from the point of view of the reservoir, all the coefficients that relate
amplitudes a+ with transmitted amplitude b+ form the block t. If p 6= q,
Tq→p (E) = T r(tt† )(E),

(1.17)

where the trace is over the transverse modes. This expression shows that
transport properties (see Eq. (1.5) and Eq. (1.9)) can be computed from the
t-matrix. Landauer’s expression from Eq. (1.7) results
Z
X
−2e
Ip =
dE
(fp (E) − fq (E))T r(tt† )(E),
(1.18)
h
q
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where t = tp→q .
Using Eq. (1.14) and the change Eq. (1.15) in Eq. (1.16), the elements of
the t-matrix can be expressed in terms of the Green functions
Tq→p (E) = T r(Γq Ĝr Γp Ĝa )(E) ,
where
hr0 |Γq (E)|ri =

X

(1.19)

χ∗m (yq0 )χm (yq )~vm .

m∈q

Therefore,
−2e
Ip =
h

Z
dE

X
(fp (E) − fq (E))T r(Γq Ĝr Γp Ĝa )(E),

(1.20)

q

is the current in terms of the advanced and retarded Green functions Ĝa , Ĝr
and the couplings Γ.
At this point the picture is complete. The current flowing between different reservoirs can be calculated in terms of the transmission probabilities.
These probabilities can be obtained from the elements of a matrix, the scattering matrix. This matrix in turn can be calculated using Green functions.
The key point is that, given the Hamiltonian of the system, the task is to find
the Green functions. In some cases, this means just to invert a matrix.

Important comments:
The problem of transport in mesoscopic systems can be described in terms
of a Hamiltonian H which includes current-carrying leads thermalized with
electron reservoirs connected to a central conductor HC . There are important remarks regarding: a) the validity of the expressions that have to be
calculated and b) which kind of processes can be taken into account.
a) The problem is to calculate the Green function given the Hamiltonian.
According to the definition in Eq. (1.11), and considering for example how
the solution was found for the isolated lead, it seems that the temperature
and the bias play no role at all. The observation is right. The problem that is
solved for the Green function is a zero-temperature-equilibrium-quantummechanics problem. The temperature and the bias appear in the Fermi distributions when the current is calculated. In this sense:
- The connection between the one-particle Green functions defined by
Eq. (1.11) and the transmissions is valid close to equilibrium.
- The effect of temperature and bias is taken into account only through
the Fermi distribution functions in the energy integrals.
b) Moreover, the system described by HC can be rather complex: a molecule,
a nanowire, a quantum-dot, for example. What is not at all obvious is how
would it be possible to include electron-electron or electron-phonon interaction within this formalism:
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- The definition for the Green functions given in Eq. (1.11) stands for
one-particle problems. Interactions between electrons and coupling
to other degrees of freedom cannot be treated within this formalism
without further modification. It is necessary to introduce a many-body
Green function or to approximate the problem (e.g. via a Mean-field
approximation) to an effective one-particle problem.
- It is not valid to treat time dependent phenomena.
- The connection between the scattering matrix and the Green function
as it was demonstrated is valid for non interacting systems.
In the following section, a general approach is presented where the problem of calculating transport properties is treated as a many-particles problem. The derivation follows the work of Meir and Wingreen [Meir and
Wingreen, 1992]. Similar expressions for the curretn and the conductance
are obtained and discussed.

1.3

A general approach for the current

Figure 1.8: General scheme for the transport problem. The system is formed by a central
conductor and two electron reservoirs that are coupled. The reservoirs are described as the
conduction bands in a metal. The have a well defined temperature and chemical potential.
The conduction electrons are in equilibrium with these reservoirs. Transport is possible
because electrons can go into the conductor, occupying the available states, or scape the
localized states of the central region into the conduction bands of the electrodes.

In order to calculate transport properties, the complete system can be
decomposed in different parts as illustrated in Fig. 1.8. The Hamiltonian for
this problem is
H = HL + HR + HC + HM IX ,
(1.21)
where Hν represents the left (ν = L) and right (ν = R) leads, HC is the
Hamiltonian describing the central conductor and HM IX represents the coupling between the three parts.
The idea is to treat this problem as a many-particle problem. An expression for the Hamiltonian can be given in terms of creation and destruction
operators. The leads connected to the reservoirs are described as the electrons in a metal with a non-interacting Hamiltonian
X
Hν =
k,ν,σ c†kνσ ckνσ ,
(1.22)
k,ν,σ
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where k,ν,σ = k,σ −µν . This would be the same as before for each transverse
mode. The operators c†kνσ (ckνσ ) represent the creation (destruction) of an
electron with momentum k and spin σ in the lead ν.
The central conductor can be described in terms of a complete and orthonormal set of operators {d†n , dn },

HC = HC {d†n }, {dn } ,
(1.23)
and may include interactions (i.e. two-body terms).
The Hamiltonian for the coupling is

X
HM IX =
Vkνnσ c†kνσ dn + H.c. ,

(1.24)

kσνn

where Vkνnσ is the tunnel matrix element of the electrons in the lead ν with
momentum k and spin σ to enter in the central conductor in the localized
state n.
Using Eqs. (1.22), (1.23) and (1.24), the Hamiltonian for the system is

X
 X
k,ν,σ c†kνσ ckνσ + HC {d†n }, {dn } +
Vkνnσ c†kνσ dn + H.c. . (1.25)
H=
k,ν,σ

kσνn

The current
The current flowing from left to right can be calculated from the continuity
equation
IL = −ehṄL i,
P
†
where NL = k,σ ckLσ ckLσ is the number of electrons in the left lead and
i
ṄL = − [NL , H] .
~
This assumes that the operators are in the Heisenberg picture. It easy to verify that [NL , HL ] = [NL , HR ] = [NL , HC ] = 0 and thus, the only contribution
to the commutator is
i
ṄL = − [NL , HM IX ]
~

i X
∗
= −
VkLnσ c†kLσ dn − VkLnσ
d†n ckLσ ,
~ k,σ,n
and therefore, the current reads

ie X 
∗
IL =
hd†n ckLσ i .
VkLnσ hc†kLσ dn i − VkLnσ
~ k,σ,n

(1.26)

It is expressed in terms of the expectation values: hc†kLσ dn i and hd†n ckLσ i.
Note the similarity with Eq. (1.5). Later, this will become more clear.
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Non-equilibrium Green functions
These expectation values are related to some special Green functions which
are suitable for non-equilibrium problems (see Sec. A.6 in Appendix A).
They are called the lesser Green functions and are defined as
†
0
0
G<
ij,σ (t, t ) = ihdjσ (t )diσ (t)i,

where the operators are in the Heisenberg picture and the h i must be understood as an average in the grand canonical ensemble. In the stationary
regime, the Green function only depends on the difference t−t0 . In this case,
by introducing
†
0
0
G<
n,kLσ (t − t ) = ihckLσ (t )dn (t)i,

G<
kLσ,n (t

0

−t) =

ihd†n (t0 )ckLσ (t)i,

(1.27)
(1.28)

the current of Eq. (1.26) can be expressed as
IL =


eX
∗
<
VkLnσ G<
n,kLσ (0) − VkLnσ GkLσ,n (0) .
~ k,σ,n

Applying a Fourier transform this expression becomes
Z

dω X
e
∗
<
VkLnσ G<
IL =
n,kLσ (ω) − VkLnσ GkLσ,n (ω) ,
~
2π k,σ,n

(1.29)

which is the current written in term of non-equilibrium Green functions.
The task is to determine these Green functions.

A drawing approach
A very useful expression for the current can be derived if the Green func<
tions G<
kLσ,n and Gn,kLσ are put in terms of the properties of the central conductor, the reservoirs and the coupling to the leads. To do that, the Hamiltonian is split as H = H0 + H1 where
X

H0 =
k,ν,σ c†kνσ ckνσ + HC {d†n }, {dn }
k,ν,σ

H1 =

X


Vkνnσ c†kνσ dn + H.c. ,

kσνn

and the idea is to use treat H1 as a perturbation. In absence of mixing, the
reservoirs and the central conductor described by H0 are disconnected. The
eigenstates and eigenenergies of the isolated system are considered known
6
The idea is to use perturbation theory to find out the effect of coupling
these parts with H1 .
6

Although this may not be necessarily the case for interacting systems.
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Instead of a formal derivation I will do the perturbative expansion in
terms of diagrams. The structure of the Green function (from Eq. (1.28))
hΨ|d†n (0) ← ckLσ (t)|Ψi,
can be interpreted as: take the state |Ψi of the full system H0 + H1 at time
t0 = t, destroy an electron with momentum k and spin σ in left lead and let
the remaining state evolves in time up to t0 = 0. Create an electron inside the
central conductor in the level n and project the result in the initial state. The
diagramatic representation of this Green function is shown in Fig. 1.9 and
makes more clear why in this context the Green functions are also referred
as propagators.

k

Figure 1.9: Diagrammatic
representation of the Green
function defined by Eq.
(1.28).

n
The calculation of these expectation values in the ensemble of the exact
states of the full Hamiltonian {|Ψi} is hard to compute because these states
are not known. If they were known, the problem would be straight forward.
The idea from perturbation theory is that this Green function can be calculated using the states of H0 . Instead of a direct propagation from t → 0,
the evolution occurs taking into account all the possible “scattering” events
at intermediate times t > t1 , · · · , tn > 0. These “scattering” processes are
given by H1 . The evolution between these events is determined by the nonperturbed Hamiltonian H0 . All the possible intermediate processes must be
taken into account.
This works in the following sense. If there is no scattering event, the
Green function is
hΨ0 |d†n (0) ← ckLσ (t)|Ψ0 i,
where |Ψ0 i is an eigenstate from H0 . This can be represented as in Fig. 1.10.

k

Figure 1.10: Diagrammatic representation of the
non-perturbed Green function.

n
The exact Green function can be calculated adding all the possibilities:
one scattering event, two scattering events, etc. as shown in Fig. 1.11.
The scattering events described by H1 are jumps from k → n and back
n → k. For example, an intermediate process at t1 may be
hΨ0 |d†n (0) ← dm (t1 )c†k0 νσ0 (t1 ) ← ckLσ (t)|Ψ0 i,

1. Theoretical study of transport in mesoscopic systems
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Figure 1.11: Diagrammatic representation of the perturba... tive expansion for the
Green function.

n

and there is a theorem by Wick [Wick, 1950] which states that if the operators are appropriately time-ordered, this expectation value is equivalent to
the product
hΨ0 |d†n (0) ← dm (t1 )|Ψ0 ihΨ0 |c†k0 νσ0 (t1 ) ← ckLσ (t)|Ψ0 i.
The advantage is that the expectation values:
hΨ0 |d†n (0)dm (t1 )|Ψ0 i and hΨ0 |c†k0 νσ0 (t1 )ckLσ (t)|Ψ0 i,
are the definitions of the non-perturbed Green functions for the central
conductor and the conduction electrons, respectively. In principle, they are
known. These non-perturbed Green functions are represented as arrows in
Fig. 1.12(a). The propagators for the central conductor hΨ0 |d†n (0)dm (t1 )|Ψ0 i
is represented with a continuous-line arrow and the conduction electron
propagator hΨ0 |c†k0 νσ0 (t1 )ckLσ (t)|Ψ0 i with a dashed-line arrow.

G0

G0

=

(a)

(b)

=

Figure 1.12: (a) Non-perturbed
Green functions for the conduction
electrons (dashed arrow) and the
central conductor (continuous arrow) in the context of the Hamiltonian of Eq. (1.25). (b) Diagrammatic representation of the
“scattering” event. An electron
is destroyed in the central conductor and created at the conduction
band. This is called a vertex and
is the base of the diagrammatic expansion. It correspond to the process described by HM IX in Eq.
(1.25). The vertex is accompanied
with a coupling constant Vk0 νσ0 ,n .

The “scattering” events considered can be represented as in Fig. 1.12(b).
It can be interpreted as an electron occupying an state in the central conductor that tunnels to the conduction band. This diagram is called a vertex and

1.3. A general approach for the current



is the base of the diagrammatic expansion. It represents the processes considered by H1 , in this case by HM IX in Eq. (1.25). This vertex is accompanied
with a coupling constant Vk0 νσ0 ,n .
The diagrammatic expansion for the Green function of Eq. (1.28) using
this vertex is shown in Fig. 1.13.
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=
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Figure 1.13: Diagrammatic expansion for the Green function of Eq. (1.28) represented
with a double wavy line.

It must be noticed that all the expectation values hΨ0 |d†n (0)ckLσ (t)|Ψ0 i,
calculated with eigenstates of H0 are zero since the leads and the conductor
are disconnected. There is a structure that repeats in the diagrammatic expansion. Using this fact, it is possible to express the perturbative series in a
more compact form as shown in Fig. 1.14.

n

k

=

n

mk

Figure 1.14: Dyson equation
for the Green function of Eq.
(1.28). The perturbed Green
k function for the conductor is
represented with a double continuous line.

In this expression, the expansion is hidden in the double-line propagator
which corresponds to the perturbed Green function of the conductor, i.e.
calculated with the states of H0 + H1 . It is the dressed propagator, i.e. the
propagator of the conductor calculated in the presence of the leads.
In summary, this diagrammatic expression means that the Green function that connects the leads and the central conductor can be calculated as
a product in frequency (a convolution in time) of the non-perturbed Green
function of the conduction electrons and the dressed Green function of the
central conductor. This is multiplied by a factor Vk0 νσ0 ,n since there is only
one vertex.
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Perturbations out of equilibrium
There is a very important point which is worthy to discuss. The Green functions that are needed are non-equilibrium Green functions. The extension of
perturbation theory is not straight forward. The reason is that out of equilibrium, the time ordering of the operators is not very well defined.
In equilibrium, perturbation theory relays on the fact the perturbed
states of the system (states |Ψi of H = H0 + H1 ) can be related to the nonperturbed states |Ψ0 i if the perturbations are turned on adiabatically [Mahan, 2000]. This adiabatic evolution assumes that at large previous times
→ −∞, the perturbations are off and the system is in a state |Ψ0 i. During
the time-evolution of this state to time t0 , the perturbations are switched-on
adiabatically and at the end, the state is an eigenstate of the full Hamiltonian
[Gellmann and Low, 1951]. This evolution is done with an operator called
S(t2 , t1 ),
hΨ|d†n (t)ckLσ (t0 )|Ψi = hΨ|d†n (t)ckLσ (t0 )S(t0 , −∞)|Ψ0 i.
In this expression, it is implicit that t0 is previous than t. The intermediate time evolution can be done with H0 using the interaction picture operators (see Sec. A.1 in Appendix A)
hΨ|d†n (t)ckLσ (t0 )|Ψi = hΨ|dˆ†n (t)S(t, t0 )ĉkLσ (t0 )S(t0 , −∞)|Ψ0 i.
If there is another evolution from t to very large times → ∞ in which the
perturbations are turned-off again, up to a phase, the final state also corresponds to |Ψ0 i,
hΨ|d†n (t)ckLσ (t0 )|Ψi =

hΨ0 |
S(+∞, t)dˆ†n (t)S(t, t0 )ĉkLσ (t0 )S(t0 , −∞)|Ψ0 i.
S(+∞, −∞)

If all the operators are appropriately ordered, which can be guaranteed using a time-ordering operator T ,
hΨ|d†n (t)ckLσ (t0 )|Ψi =

hΨ0 |T S(+∞, −∞)dˆ†n (t)ĉkLσ (t0 )|Ψ0 i
,
S(+∞, −∞)

and the Green function can be found using the series expansion for S (see
Sec. A.4).
In this context of transport (and out of equilibrium in general) the picture is completely different. If the perturbations are off at very large times
→ −∞, this means that the reservoirs and the central conductor are initially
disconnected. There is no current. When the perturbations are switched-on
adiabatically, since there is a chemical potential imbalance, a current stablish. This is an irreversible process. With the current flowing in the stationary regime, the initial state cannot be recovered with an evolution to t → ∞,
even if the perturbations are switched-off. There is a “direction in time”.
In order to circumvent this problem, the formalism is a little bit more
involved because the time evolution is done in a temporal contour (see Sec.

1.3. A general approach for the current
Figure 1.15: (top) Keldysh contour. The time evolution is done
following a curved path. From
−∞ → ∞ and then back. The
initial and final state are the
same. (bottom) Creation and
destruction operators act along
the contour. This leads to four
possible non-equilibrium Green
functions called time-ordered,
lesser, greater and anti-timeordered.
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A.6). This contour is shown in Fig. 1.15 and is called the Keldysh contour[Keldysh, 1964].
The evolution is done from −∞ → ∞ in the upper branch and then
back in the lower branch following a curved path. In this way, the action
of the operators can be clearly ordered in time using a special time-ordering
operator TC and the initial and final state are the same. This is the only state
of reference, which is well defined and corresponds to the situation before
connecting the reservoirs and the central conductor7
hΨ|d†n (t)ckLσ (t0 )|Ψi =

hΨ0 |TC SC (−∞, −∞)dˆ†n (t)ĉkLσ (t0 )|Ψ0 i
,
SC (−∞, −∞)

where SC (s1 , s2 ) is the S-matrix defined in the contour [Mahan, 2000]. As
shown in Fig. 1.15, there are several propagators that can be defined in the
contour. The lesser Green function is one of them.

The expression for the current
The diagrammatic expression shown in Fig. 1.14 can be written as
GkLσ,n ∼ Gn,m gkLσ ,
where Gn,m is the dressed Green function of the central conductor and gkLσ
is the non-perturbed Green function of the conduction electrons. The diagrams can be translated to the contour as shown in Fig. 1.16. The vertex can
be placed in the upper or in the lower branch of the contour and according to
this, the diagrammatic expression out of equilibrium is more complicated.
There is a very useful property due to Langreth [Langreth, 1967] regarding the lesser component of a product of operators
G< = (AB)< = Aa B < + A< B r ,
7

This allows to trace over known states and use Wick’s theorem
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Figure 1.16: Diagrammatic expansion for the lesser Green function of Eq. (1.28) in the
Keldysh contour.

where Aa,r are the advanced and retarded Green functions. This applies
directly to the diagram in Fig. 1.14,
<
a
<
<
r
G<
kLσ,n ∼ (Gn,m gkLσ ) = Gn,m gkLσ + Gn,m gkLσ ,
<
r
) is the non-perturbed lesser (retarded) Green function of
where gkLσ
(gkLσ
a
the conduction electrons in the reservoirs; while G<
n,m (Gn,m ) is the lesser
(advanced) dressed Green function of the central conductor. This a different
way to write an analytical expression for the diagrams in Fig. 1.16 (see Sec.
A.7 in Appendix A).
The other lesser Green function which is necessary to calculate the current can be obtained analogously,
<
a
<
<
r
G<
n,kLσ ∼ (gkLσ Gm,n ) = gkLσ Gm,n + gkLσ Gm,n .

These expressions can be inserted in Eq. (1.29) to find the current
Z

 r

e
dω X
∗
<
r
a
VkLnσ VkLmσ
gkLσ
Gn,m − Gan,m − G<
IL =
n,m [gkLσ − gkLσ ] .
~
2π k,σ,n,m
This expression looks complicated, but the information of the reservoirs
and the properties of the central conductor have been separated. The lesser
Green function is related to the occupation of a state and the advanced and
retarded Green functions are related to the density of states. For the conduction electrons the calculation has to be performed with H0 and the result
can be expressed in terms of the properties of the reservoirs:
<
(ω) = 2πifL (ω)δ(ω − k ),
gkLσ
r
a
(gkLσ − gkLσ ) (ω) = −2πiρkLσ (ω) = −2πiδ(ω − k ),

where fL (ω) is the Fermi distribution from the left reservoir. Taking into
∗
∗
account that VkLnσ VkLmσ
= VLnσ (ω)VLmσ
(ω)δ(ω − k ), the sum over k can be
performed to give the density of states per spin in the left lead, ρLσ , thus
Z
X



ei
∗
IL =
(ω)ρLσ (ω) fL (ω) Grn,m − Gan,m (ω) + G<
dω
VLnσ (ω)VLmσ
n,m (ω) .
~
σ,n,m
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Introducing the hybridization matrix Γν which characterizes the coupling between the lead ν and the central conductor,
∗
(ω)ρνσ (ω),
Γνn,m (ω) = 2πVνnσ (ω)Vνmσ

the current gives,
Z
X



ei
IL =
dω
ΓLn,m (ω) fL (ω) Grn,m − Gan,m (ω) + G<
n,m (ω) ,
h
n,m

(1.30)

(1.31)

which is a very important result. It is the expression to calculate the current
through an interacting region. The current is determined by the properties of the central conductor contained in the Green functions Gr,a,<
n,m , by the
properties of the reservoirs represented by the Fermi distribution functions
and by the coupling to the reservoirs via the matrix Γν . It is very important
that the Green functions of the central conductor are the dressed ones. They
have to be computed in the presence of the leads!
R
,
From the conservation of the current, IL = −IR and thus I = IL −I
2
Z
X 
 r

ei
a
dω
ΓLn,m (ω)fL (ω) − ΓR
(ω)f
(ω)
G
−
G
I =
R
n,m
n,m
n,m (ω)
2h
n,m

 <
+ ΓLn,m (ω) − ΓR
(1.32)
n,m (ω) Gn,m (ω) .

No current at equilibrium
If the electrochemical potentials are the same in left and right reservoir, µL =
µR = µeq there must be no current. It can be shown that if fL (ω) = fR (ω) =
feq (ω), G< = −feq (Gr − Ga ) and I = 0.

Proportional couplings
In many experimental systems, the couplings to the left and right reservoirs
(often called source and drain) are very similar 8 . If the couplings are proprtional, ΓL (ω) = αΓR (ω), the expression for the current can be greatly simplified. In fact, since I = IL = −IR , the identity I = xIL − (1 − x)IR holds
for arbitrary x. With the appropriate choice x = (1 + α)−1 ,
I = (1 + α)−1 [IL − αIR ] ,
therefore
I ∼

 r

ΓLn,m ΓR
n,m
a
(ω)
[f
(ω)
−
f
(ω)]
G
−
G
(ω),
L
R
n,m
n,m
ΓLn,m + ΓR
n,m
ΓL

ΓR

where introducing the effective coupling Γm,n = ΓLn,m+Γn,m
,
R
n,m
n,m
Z
ei
I =
dω [fL (ω) − fR (ω)] T r {Γ(ω) [Gr − Ga ] (ω)} .
h
8

but it is not always the case. See for example Chapter 3

(1.33)
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The trace is over the energy levels of the central conductor (including the
spin index).
This expression is very useful since now the explicit dependence on the
lesser Green function is gone. The retarded and advanced Green functions
are related to the density of states of the central conductor
ρm,n (ω) = −

Grm,n − Gam,n
,
2πi

thus
e2π
I =
h

Z
dω [fL (ω) − fR (ω)] T r {Γ(ω)ρ(ω)} .

(1.34)

Another simple expression can be derived for proportional couplings
and small applied bias voltages. In this case, the difference fL (ω) − fR (ω) ≈
∂f
− ∂ω
eVbias and
eq
e2 2πVbias
I ≈
h

Z



∂f
dω −
∂ω



T r {Γ(ω)ρeq (ω)} ,

(1.35)

eq

where ρeq (ω) is now the density of states in equilibrium. From this expression, the linear response conductance is


Z
∂f
e2
2π dω −
T r {Γ(ω)ρeq (ω)} .
(1.36)
G ≈
h
∂ω eq
In general, the conductance at zero bias has to be obtained from the differential conductance dI/dVbias at Vbias = 0.

Non-interacting conductors
As a last comment for this introduction, when the central conductor is not
interacting, it can be shown that the current expression (Eq. (1.32)) reduces
to Landauer’s formula (see Sec. A.8 for the details).
For a non-interacting Hamiltonian
X
HC =
En d†n dn .
n

In general, the Green function satisfies the Dyson equation
X
Gn,m = gn,m +
gn,m0 Σm0 ,m Gm,m ,
m,m0

where Σm0 ,m is the self-energy. In particular,
X r,a r,a
r,a
Gr,a
gn,m0 Σm0 ,m Gr,a
m,m ,
n,m = gn,m +
m,m0

1.3. A general approach for the current
=

+

+


+ ...

Figure 1.17: Diagrammatic expansion in the non-interacting case. There is only a coupling
to the conduction band. The diagrams represent process in which an electron jumps towards
the band and then back. The different orders correspond to the number of vertices.

and
G≶ = Gr Σ≶ Ga .
This last result is demonstrated in Sec. A.8. The self-energy can be calculated with perturbation theory. The non-interacting case is rather easy (see
Sec. A.3). The diagrammatic expansion is shown in Fig. 1.17.
The processes represented by the diagrams correspond to the possible
jumps for the electrons in the localized states of the conductor to the conduction band and back. The order of each contribution in the perturbative
expansion is given by the number of vertices. There are only diagrams with
a pair number of vertices, which are multiplied by a factor V 2n . As shown
in Fig. 1.18, it is possible to express the diagrammatic expansion in a the
form of a Dyson equation.

=

Figure 1.18: Dyson equation
in the non-interacting case.

+

From the translation of the diagrams it is possible to write the analytic
expression for the retarded and advanced self-energies
Rr,a
Σr,a
m0 ,m (ω) = Σm0 ,m ∓

iX ν
Γ 0 ,
2 ν mm

and for the lesser and greater self-energies
X
Σ<
Γνm0 ,m fν (ω),
m0 ,m (ω) = i
ν

Σ>
m0 ,m (ω)

= −i

X

Γνm0 ,m (1 − fν (ω)).

ν

In order to calculate the current, it is useful to note that since Gr − Ga =
G − G< ,
X
Gr − Ga = −i
Gr Γν Ga .
>

ν

Therefore, the current from Eq. (1.32) reads
Z
X
e
r L a
dω(fL (ω) − fR (ω))
ΓLn,m (ω)(Gr ΓR Ga )n,m + ΓR
I =
n,m (ω)(G Γ G )n,m ,
2h
n,m
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R
a,r
a,r
where for real couplings, ΓR
n,m = Γm,n and Gn,m = Gm,n , thus

e
I=
h

Z

dω(fL (ω) − fR (ω)) T r(Ga ΓR Gr ΓL ) ,

(1.37)

which is the same as Eq. (1.20).
Defining the transmission coefficient in term of the Green functions as
X 1/2 1/2
∗
tσ,σ0 =
˙ 2π
ρLσ ρRσ0 VLσ,n
Grn,m VRσ0 ,m ,
n,m

the current equation reduces to the Landauer expression (Eq. (1.18))
Z


e
I =
dω [fL (ω) − fR (ω)] T r tt† (ω) .
h

C HAPTER 2

A triple-quantum dot spin filter

2.1 Introduction
2.2 The TQD system
2.3 Experimental parameters
2.4 The possible states
2.5 The energy spectrum
2.6 The low-energy effective Hamiltonian
2.7 Transport properties
2.8 Discussion
The first results I present correspond to the transport properties of triplequantum dot system in the presence of a magnetic field. Based on a proposal
by Delgado et al. [2008], we have explored a configuration which leads to a
spin-polarized current [Tosi and Aligia, 2011]. The magnetic field breaks the
spin degeneracy and by an appropriate tuning of the on-site energies of the
dots it is possible to obtain spin-polarization. Using the magnetic field as a
knob, the conductance can be changed from high to low making the device
work as a spin-valve. This is an interesting application for spintronics (spin
based electronics).
Moreover, in order to describe the transport properties, we show that in
certain regime of parameters it is possible to make a mapping to an effective
Hamiltonian describing the relevant features at low energy. In this sense, I
believe this problem serves as a good introduction to understand our model
presented in Chapter 3 to treat interference in strongly correlated systems.

2.1

Introduction

A quantum dot (QD) is a structure where electrons are confined in such
a way that their energy spectrum becomes discrete. This main property
makes it a sort of artificial atom [Reed, 1993][Kastner, 1993][Kouwenhoven
and Marcus, 1998]. The transport properties of these artificial atoms formed
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in metallic islands [Grabert and Devoret, 1992] and semiconductors [Kouwenhoven et al., 1997] have been extensively studied experimentally and theoretically. The improvement of fabrication capabilities has made possible the
experimental study of systems formed by more than one QD. For example,
systems formed by two QDs have been used to study artificial molecules
where different regimes can be accessed controlling the mutual coupling
between the dots [Waugh et al., 1995][van der Wiel et al., 2003][Craig et al.,
2004][Holleitner et al., 2002][Jeong et al., 2001][Chen et al., 2004]. Also, arrays of three QDs have been fabricated to study the stability diagram [Gaudreau et al., 2006] and recently, the effects of charge frustration [Seo et al.,
2013].
One of the aspects of QDs that has been explored in the last years has
to do with spin [Engel et al., 2004]. Apart from the realization of Kondo
physics in QDs coupled to source and drain leads [Goldhaber-Gordon et al.,
1998b] [Cronenwett et al., 1998] [van der Wiel et al., 2000], there have been
several experiments looking for the manipulation of spin states in QDs with
the promising perspective of use them for quantum information [Petta et al.,
2005][Hanson et al., 2007]. The coherence of spin states in singly charged
QDs [Greilich et al., 2006a][Greilich et al., 2006b] and the quantum preparation of spin states [Atatüre et al., 2006][Berezovsky et al., 2008] have investigated using optics and more recently, the spin manipulation has been
demonstrated in a triple-quantum dot system [Gaudreau et al., 2012].

2.2

The TQD system

The system that was studied is formed by three quantum dots disposed in
a triangular array as shown in Fig. 2.1. This system can be realized experimentally using electrostatic gates on a two dimensional electron gas. It is
possible to pattern quantum dots of different sizes and to control the energies separately with high accuracy [Gaudreau et al., 2012].

Figure 2.1: Scheme of the triple quantum dot system with the relevant parameters: the
on-site energies Ei , the inter-dot hopping tij and the coupling between the leads and the
quantum dots tLD .

Each site of the system has an energy Ei and electrons can tunnel from
one site to the other with a rate tij /~. In addition, due to the finite size of

2.3. Experimental parameters



the dots, they act as capacitors punishing the multiple occupation with a
Coulombian energy cost Ui for the same site and Vij for neighbouring sites.
In the presence of a magnetic field B, there are two main effects. On one
side, there is a Zeeman correction to the energy that breaks spin degeneracy
± 12 g ∗ µB B. On the other side, the triangular area of the array A encloses a
flux BA which affects the orbital motion of the electrons. This can be taken
into account by a modification of the hoppings tij to include the accumulated phase given by the potential vector.
The Hamiltonian of the system is
HT QD =

X

Ei,σ d†iσ diσ +

i,σ

X

t̃ij d†iσ djσ +

i,j,σ
i6=j

X

Ui ni↓ ni↑ +

i

X

Vij ρi ρj , (2.1)

i,j
i6=j

where d†iσ (diσ ) are the creation (destruction) operators in sites i = 1, 2, 3,
niσ = d†iσ diσ is the number operator, and ρi = ni↓ + ni↑ . The site energies in
the presence of the external magnetic field B are Ei,σ = E0 + Ei − 12 g ∗ µB Bσ,
where E0 is controlled by the gate voltage, g ∗ is the gyromagnetic factor and
σ = ±1. The modified inter-site hopping is t̃ij = tij ei2πφij , where φij (-φji ) is
φ12 = φ23 = φ31 = − φ3 , with φ = AB
, the phase in units of the flux quantum
φ0
hc
φ0 = e .
Electrons arrive and leave the system through two leads connected to
sites 1 and 3, the left and right lead. They are described just by two semiinfinite chains in a tight-binding model
HL =

X
|i|=1,σ

c†iσ ciσ − tL

X


c†iσ ci+1σ + H.c. .

(2.2)

i,σ

The coupling between the leads and the triple quantum dot system is given
by


HM IX = −tLD c†−1σ d1σ + c†1σ d3σ + H.c. ,
(2.3)
where the tunnelling rate from the left and right lead is tLD .

2.3

Experimental parameters

All the relevant parameters for this problem can be put in units of the interdot hopping tid . A typical value is tid ∼ 0.23 meV. According to this, the
Coulombian energies were fixed to U = 50tid and V = 10tid . The hopping
in the chain was taken tL = 100tid . The energy of the dots can be tuned
with electrostatic gates (in general in a complicated interdependent way).
The energies of dots were taken as E1 = 0 and E2 = V − U . The value
of the gyromagnetic factor used was g ∗ = 0.44 and the distance between
the dots considered was d = 61.2 nm. With this value, the magnetic field is
B = Aφ ≈ 1.3 φφ0 [T] (in Tesla) and thus g ∗ µB B ≈ 0.14 φφ0 tid .

2. A triple-quantum dot spin filter



2.4

The possible states

We consider a range of parameters where each quantum dot has only one
localized energy level available. There are four possible states (empty, up
or down, doubly occupied) for each level. In principle, for the three dots
there are 43 = 64 states. Instead of treating this big problem, the case to
be analysed is the one with a total number of one or two electrons in the
system. For a one electron in total, there are 6 possible states and for two
6!
= 15 states.
electrons there are 2!4!

Figure 2.2: Relevant two-electron states for the asymmetric triple quantum dot system.

Moreover, in order to illustrate the spin filtering behaviour of this system
it is enough to consider an asymmetric triple quantum dot in which the
energy of site 2 is much lower so it is always favoured with respect to the
other sites. The relevant two-electron states (see Fig. 2.2) are those with
single occupancy of sites 2 and 1 or sites 2 and 3, and also the state with
the two electrons occupying site 2 (the remaining sites are empty). The oneelectron states are just the up and down spin projections of an electron in
site 2. These states can be represented as (n1 ,n2 ,n3 ), where ni is the number
of electrons in site i. The relevant 11 states are
A = (1, 1, 0) , B = (0, 1, 1) , C = (0, 2, 0) , D = (0, 1, 0) ,
since for A and B there are four spin configurations each (one that corresponds to a singlet and three to a triplet).
The possible states can be classified according to the total spin S 1 . The
one-electron states have S = 1/2. The two-electron states can be singlet
states with S = 0

1  † †
† †
|αi = √ d1↑ d2↓ − d1↓ d2↑ |0i,
2

1  † †
|βi = √ d2↑ d3↓ − d†2↓ d†3↑ |0i,
2
† †
|γi = d2↑ d2↓ |0i,
1

S−


P 1 †
P †
†
+
The spin operators are defined as Sz =
d
d
−
d
d
=
i 2
i di↑ di↓ and
i↑ i↑
i↓ i↓ , S
P †
=
i di↓ di↑ . The total spin S is given by the eigenvalue S(S + 1) of the operator

S 2 = Sx2 + Sy2 + Sz2 =

S+ S−
2

+

S− S+
2

+ Sz2
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or triplet states with S = 1
|S = 1, Sz = 1, ai = d†1↑ d†2↑ |0i,

1 
|S = 1, Sz = 0, ai = √ d†1↑ d†2↓ + d†1↓ d†2↑ |0i,
2
† †
|S = 1, Sz = −1, ai = d1↓ d2↓ |0i,
|S = 1, Sz = 1, bi = d†2↑ d†3↑ |0i,

1 
|S = 1, Sz = 0, bi = √ d†2↑ d†3↓ + d†2↓ d†3↑ |0i,
2
† †
|S = 1, Sz = −1, bi = d2↓ d3↓ |0i.

2.5

The energy spectrum

The classification of the possible states according to the total spin is very
useful since S 2 is a conserved quantity, i.e. S is a good quantum number.
The Hamiltonian from Eq. (2.1) splits in blocks. In the singlet space,
√
HT QD |αi = EA |αi + 2t̃21 |γi + t̃31 |βi,
√
HT QD |βi = EC |βi + 2t̃23 |γi + t̃13 |αi,
√
√
HT QD |γi = EB |γi + 2t̃32 |βi + 2t̃12 |αi,
where EA = (E1 +E2 +2E0 +V12 ), EC = (E3 +E2 +2E0 +V23 ) and EB = (2E2 +
2E0 + U ). If the sites 1 and 3 are equivalent, EA = EC . Introducing ϕ = 2πφ
3
for the explicit form of t̃ij and considering tij = tji = tid , the Hamiltonian
can be rewritten as a simpler matrix
√


EA
tid e−iϕ √ 2tid eiϕ
S=0
Hred
=  √ tid eiϕ
(2.4)
EA
2tid e−iϕ  ,
√
−iϕ
iϕ
2tid e
2tid e
EB
which can be diagonalized to give the lowest energy shown as a function of
the magnetic flux in Fig. 2.3 with a full black line. In the S = 0 space, the
energy is periodic in units of the flux quantum. In the figure it is also shown
the energy for the spin-up one-electron state with a dashed red line.
The triplet space is simpler to solve given the fact that Sz is also a good
quantum number. For each of the projections there is a 2 × 2 matrix


EA − g ∗ µB BSz
tid e−iϕ
S=1,Sz
Hred
=
,
(2.5)
tid eiϕ
EA − g ∗ µB BSz
which can be diagonalized to give the eigenenergies
Etrip = (EA − g ∗ µB BSz ) ± tid ,

(2.6)

where the lower energy is with the minus sign and for Sz = 1. This is
also shown in Fig. 2.3 with a dashed blue line. The energy of the triplet
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Figure 2.3: Energy spectrum as a function of the magnetic flux φ/phi0 . The full black
line corresponds to the low energy state in the singlet space, while the dashed red line is the
energy of the one-electron state and the dot blue line is the lowest energy state of the triplet
space. The interesting points are the crossing points where one and two-electron states
become degenerate. The triplet configuration is not relevant up to very high magnetic field.

state is much higher than the one-electron state and the singlet. These states
become relevant for higher magnetic fields, BA ∼ 10φ0 .
As shown in the figure, there are level crossings of the one-electron and
the two-electron ground-states. At the points where these states are degenerate, there is no energy cost for electrons to go in or out the system. As it is
discussed later, there is a maximum of transmission at these points.

2.6

The low energy effective Hamiltonian

The most interesting parameter region for the transport properties is close to
the degeneracy points. This can be tuned experimentally with gate voltages.
If the focus is set on the low-energy levels, it is possible to disregard the
other levels and consider an effective Hamiltonian. This effective model
describes just one fictitious quantum dot (QD) which can be empty or with
one spin-up electron (see Fig. 2.4).
Figure 2.4: Illustration of the mapping close to the
degeneracy points. The triple quantum dot is mapped
into a single fictitious quantum dot with only one energy level. The two relevant states: the state with two
electrons in a singlet configuration and the state with
one spin up electron are mapped into an empty energy
level and a spin up occupied level, respectively.

The ground state for two electrons |2gi is mapped into the vacuum state

2.7. Transport properties



|0i of the fictitious effective QD. Similarly, the ground state for one electron
|1gi is mapped into d˜† |0i. For simplicity, in the following derivation it is
assumed that |1gi has spin up (this is the case for B > 0). Otherwise spin
up and down should be interchanged below. Introducing hole operators
hj = eiϕj c†j↓ for the leads (with phases ϕj chosen in such a way that t̃LD
below is real and positive), the effective Hamiltonian takes the form

Hef f = tL

" −∞
X



h†i hi−1 + H.c. +

i=−1

+∞ 
X

h†i hi+1 + H.c.



#

i=1

+Ed d˜† d˜ − t̃LD (h†−1 d˜ + h†1 d˜ + H.c.),

(2.7)

where
Ed = E1g − E2g ,
t̃LD = tLD |h2g|d†1↓ |1gi|,

(2.8)

and Eng is the energy of |ngi. As illustrated in Fig. 2.5, the electrons that can
hop to the three-dot system, rendering |1gi into |2gi, have opposite spin as
|1gi. Thus the conduction for spin up is zero and the current is polarized
with spin down.

Figure 2.5: Current polarization: as discussed in the text, the electron that enters in the
triple quantum dot system must have opposite spin with respect to the electron occupying
site 2 in order to remain in the low energy state.

2.7

Transport properties

As shown in Fig. 2.6, the problem has been reduced to the model analysed
in Chapter 1, with the leads described by semi-infinite chains.
In the limit of linear response, valid when left and right couplings are
proportional, the conductance is given by

Z 
2πe2 X
∂f
Ge =
−
Γσ (ω)ρσd (ω)dω,
h σ
∂ω
where ρσd (ω) is the local density of states of the localized level in the effective
model, f (ω) is the Fermi functions and
Γσ (ω) =

Γ−1σ (ω)Γ1σ (ω)
,
Γ−1σ (ω) + Γ1σ (ω)

2. A triple-quantum dot spin filter



Figure 2.6: The leads that are connected to the effective fictitious quantum dot can be
described with a tight-binding model as semi-infinite chains.

is the effective coupling with Γiσ (ω) = 2π(t̃i )2 ρiσ (ω), and t̃1 = t̃−1 = t̃LD .
In this expression, ρiσ (ω) is the local density of states of the first site of the
semi-infinite chain
"

2 # 12
ω
1
1−
.
ρσ1 = ρσ−1 =
πtL
2tL
In this effective picture, there is a localized level hybridized with the conduction electrons from the leads. The effect of this hybridization is that the
localized level acquires
life-time.
width of the resonant energy
 The
P a2 finite
2
σ
σ
level is ∆σ (ω) = π i (t̃i ) ρi (ω) = πρ1 (t̃1 ) + (t̃−1 )2 . Thus,
2(t̃1 )2 (t̃−1 )2
∆σ (ω)
Γσ (ω) = 
,
2 ∆σ (ω) =
2
(t̃1 )2 + (t̃−1 )2
since t̃1 = t̃−1 .
In the linear response regime, this can be evaluated at the Fermi level
F = 0, thus
X Z  ∂f 
e2
−
Ge = π∆(0)
ρσd (ω)dω,
(2.9)
h
∂ω
σ
and the remaining task is to calculate the density of states of the localized
level. This can be done using the equation of motion for the Green function
[Tosi and Aligia, 2011] or by constructing a diagrammatic Dyson equation.
The result is
1

ρσd

4t̃2LD [4t2L − ω 2 ] 2
o,
= n
2
π (ω − Ed )ω − 4t̃2LD + (ω − Ed )2 [4t2L − ω 2 ]

(2.10)

and it is plot in Fig. 2.7 for different values of the hopping tL and fixing
Ed = 0, which corresponds to the degeneracy points.
)2
The resonant level width can be well approximated by ∆(0) ∼ 2 (tLD
tL
(∆(0) ∼ 0.1 tid ) for ω ∼ 0. This is why, for greater tL or smaller coupling tLD ,
the resonance becomes narrower.

2.8. Discussion
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Figure 2.7: Density of states ρσd as a function of energy for two values of the hopping tL .

From Eq. (2.9), it is clear that at low temperatures the conductance in the
linear response regime mimics the density of states. In Fig. 2.8, the conductance as a function of the magnetic flux is shown for different temperatures
and two different values of the coupling tLD .
For this effective model, there is only one spin contributing to the current. At zero temperature, the density of states can be evaluated at the Fermi
level,
1
,
(2.11)
ρσd (0) =
π∆(0)
2

thus, G(T = 0) = eh = G0 , i.e. half the conductance quantum.
Every time there is a level crossing as the flux is varied, Ed = 0 and
since the Fermi level is fixed also at zero, there is a maximum of the conductance. The conductance peaks are wider for bigger coupling and the value
is closer to the maximum near T = 0. Since the spin-up current is forbidden,
the result is a polarized spin-down current which can be set on or off with
magnetic flux. This is a tunable spin filter. If the magnetic field is reversed,
the current can be polarized with the opposite spin.
In Ref. [Tosi and Aligia, 2011] we have explored also the possibility of
having a spin-filter in the presence of spin-orbit interaction. This may be
relevant with the advances in the fabrication on two dimensional electron
gases on InAs.

2.8

Discussion

The effective model used here to calculate the transport properties is valid
once the Zeeman splitting of the one-electron level is greater than the level
width ∆(0). If this is not the case, both states are quasi-degenerate and this
approach is not valid. In fact, in this interacting system (there is a Coulombian repulsion between electrons) there are strong correlations when the
spin degeneracy is kept. This may lead to very interesting effects such as
the Kondo effect.

2. A triple-quantum dot spin filter
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Figure 2.8: Conductance as a function of magnetic flux φ/phi0 (a) for tLD = 2 and (b)
tLD = 4 for different temperatures; and (c) at very low temperatures for tLD = 4 (black)
and tLD = 2 (dashed red).

In the next chapter, a model is presented to treat an interacting system
where there are two relevant states for transport that are spin-degenerate
and very close in energy. This is, in the same sense as here, an effective
model. It can be very useful to describe the transport properties of complex
systems exhibiting interference effects. In addition, our model opens the
possibility to study the interplay between quantum interference and Kondo
effect in mesoscopic systems.

C HAPTER 3

A model for interference in
strongly correlated systems

3.1 Introduction
3.2 An effective model for interference
3.3 Transport properties
3.4 Finding the Green functions
3.5 Current conservation
In the picture presented in this thesis the description of transport properties in mesoscopic systems starts with the identification of the different ingredients. There are electron reservoirs which provide appropriately thermalized carriers with a well defined electro-chemical potential. These carriers travel through conducting leads which can be viewed as electron waveguides with available transverse modes. These leads can be described as the
bands in a metal or in a discretized version using a tight-binding model (like
the semi-infinite chains in Chapter 2). The leads connect the reservoirs to
a central conductor whose properties determine the main features in transport.
It is very important to notice that in a general system the geometry of
the connection between the central conductor and the leads plays a mayor
role. In the triple-quantum dot described in Chapter 2 for example, with the
particular configuration proposed it is possible to obtain a spin-polarized
current. To make this point more clear the central conductor can be an artificial structure formed by an array of quantum dots or a real molecule.
The source and drain leads connect to some of the sites (or atoms) of these
structures defining a certain geometry. The rate at which electrons tunnel
in/out depends essentially on the overlap between the wavefunction of the
localized state in the central conductor and that from the conduction state
in the leads.

3.1

Introduction

For the central conductor, the wavefunctions are in general many-body wavefunctions which can be very hard to calculate exactly and depend on the
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particular details (local energies, electron-electron interaction, even the presence of the leads itself). Nevertheless, we are interested in cases were there
is some symmetry of the structure (a triangular or ring-shaped array or
molecule, such as annulenes) which is inherited by this many-body-states.
The interesting point is to wonder what is the effect of the wavefunctions
symmetry on transport given the defined geometry of the connection.
In a simple picture, quantum interference in transport can be understood as a consequence of the different possible paths that electron can take
to go from the source to the drain, i.e. to travel between two connection
points. According to the symmetry of the system, each of the paths may
accumulate a different phase and the square modulus of the sum of the amplitudes gives rise to the interference. This means an increase or decrease of
the current.
In a complex conductor quantum interference phenomena can be understood in a similar way considering the symmetry of the wavefunctions
and the connection geometry. The idea is that the possible paths are now
the many-body states which can be occupied by conduction electrons that
tunnels into the conductor at a certain energy. These “many-body quantum paths” can be degenerate or very close in energy and have a symmetry that compatible with that of the structure. To fix the idea, it can be a
ring-shaped structure where the many-body states are labelled by the Bloch
wavevector | ± Ki which are compatible with translation symmetry in the
ring. The analogue of the amplitudes for each of these states are the tunnel
rates at source and drain leads. Since these depend on the overlap of the
many-body wavefunctions, interference phenomena may occur when there
are phase differences between these couplings.
In the problem studied in Chapter 2 I emphasised that there are points
in the energy spectrum of the conductor where the ground states with N
and N ± 1 electrons become degenerate. Close to these points the energy
cost for conduction electrons to go in and out the system is minimum and
transport is favourable. Therefore, the most interesting regimes regarding
transport properties are close to these points. In certain parameters range it
is possible to disregard other energy levels and retain the essential features
of transport with an effective Hamiltonian. This effective Hamiltonian is
appropriate to treat the low-energy physics.
In order to describe interference phenomena we consider a case where a
state with N electrons become almost degenerate with two states with N ± 1
electrons. We consider N to be even and propose an effective model for the
low-energy physics with two doublets which may have different couplings
to source and drain leads. In the most general case these couplings are complex numbers. By doing certain gauge transformations, three of them can be
taken real. There in one complex phase that accounts for the possible phase
difference among the “many-body paths”. The model is suitable to describe
interference effects in very general systems. In addition, since the degenerate localized states are doublets and we consider only one extra electron (or
hole) in the system (which is like an infinite Coulomb repulsion), the model

3.2. An effective model for interference



Figure 3.1: Scheme of the relevant parameters of our model to treat interference problem in
interacting mesoscopic systems. There are two doublets with energies E1 and E2 that are
coupled to left and right leads in such a way that one of the coupling coefficients is complex.
The phase φ is related to the symmetry of the states and to the geometry of the connection.
It can be though as the “phase difference” between the two paths.

can also describe the effects from strong correlations and it is possible to
study the interplay between quantum interference and the Kondo effect.

3.2

An effective model for interference

Our effective model, which we call the Aligia model is a generalized Anderson model. It retains the essential ingredients to account for interference
and also to describe the effect of strong Coulomb interaction in mesoscopic
systems.
As explained in the introduction, the model describes the low-energy
physics close to a degeneracy point where a state with N electrons becomes
degenerate with two states which differ in one electron (N ± 1). The even
N -electrons level is considered a singlet with energy Es and the N ± 1 states
are two doublets with energy Ei (i = 1, 2). This is shown in Fig. 3.1.
The effective Hamiltonian is
X
X
X

H = Es |0ih0| +
Ei |iσihiσ| +
νk c†νkσ cνkσ +
Vνi |iσih0|cνkσ + H.c. ,
iσ

νkσ

iνkσ

(3.1)
where the singlet |0i and the two doublets |iσi (i = 1, 2; σ =↑ or ↓) denote
the localized states, c†νkσ create conduction states in the left (ν = L) or right
(ν = R) lead, and Vνi describe the hopping elements between the leads and
both doublets, assumed independent of k.
It must be remembered that this effective model has to be connected with
the relevant parameters of the “real” system. By a gauge transformation,
three of the four Vνi can be made real and positive. If the system is a ring
with the leads ν connected at sites jν , the remaining effective hopping can
be chosen as VR2 = |VR2 |e−iφ , where φ = (jR −jL )(K2 −K1 ), and Ki is the wave
vector of |iσi. This is illustrated in Fig. 3.2. The magnitude of the hoppings
is given by
|Vνi | = |tν hiσ|d†jν σ |0i|,

3. A model for interference in strongly correlated systems



Figure 3.2: The many-body states are identified according to their symmetry with K1 and
K2 . The left and right electrodes are connected in such way that a phase difference may
appear in transport.

where tν is the hopping between site jν and the lead ν, and d†jσ creates an
electron (or a hole depending on the sign of the gate voltage) at site j.
This model describes the transport close to a point where an electron
can go in or out the system with a minimum energy cost occupying two
many-body states with some symmetry which makes their couplings to the
leads have different phases. That means that in the context of the effective
model there must be just one electron (or hole). This is a very important
remark since it means that the effective model is a generalized Anderson
model with infinite Coulomb repulsion. This forbids to have more than
one electron at the time in the system. This point must be taken into account because if more than one electron is involved in transport in some
regime1 , this effective model is not valid any more.

3.3

Transport properties

The Hamiltonian from Eq. (3.1) is a particular case of the general model
discussed in Chapter 1 to describe transport properties (see Eq. (1.21)). It is
more convenient to expressed the localized part as
HC =

X

Ei d†iσ diσ + Coulomb interaction,

i,σ

where without any loss of generality Es = 0. The general expression for the
current though interacting regions which can be employed for finite bias
voltage and temperature is given in terms of the non-equilibrium Green
1

This would be the case when the hybridization is of the order of the Coulomb repulsion

3.3. Transport properties



functions of the central conductor calculated in the presence of the leads
Z
 
ie
dω T r (ΓL fL (ω) − ΓR fR (ω))(Grd (ω) − Gad (ω))
I =
2h


+ T r (ΓL − ΓR )G<
(ω)
,
(3.2)
d
where fL (fR ) is the Fermi distribution function for the left (right) lead, Γν is
the hybridization matrix defined as
Γνij,σ (ω) = 2π

X

Vνi Vνj∗ δ(ω − k,ν,σ ),

k

and the Green functions are defined as
†
0
0
G<
dij,σ (t − t ) = +ihdjσ (t )diσ (t)i,
†
0
0
G>
dij,σ (t − t ) = −ihdiσ (t)djσ (t )i,

Grdij,σ (t − t0 ) = −iθ(t − t0 )h{diσ (t), d†jσ (t0 )}i,
Gadij,σ (t − t0 ) = +iθ(t0 − t)h{diσ (t), d†jσ (t0 )}i.
The calculation of these Green functions for an interacting system in the
presence of the coupling to the conduction electrons is a formidable task.
An addition complication is the fact that this calculation must be done out
of equilibrium for arbitrary finite bias. We calculate these Green functions
with a diagrammatic approximation called the non-crossing approximation
(NCA) and some important points are discussed next section.
It is worthy to notice that since the couplings Vνi are spin and momentum
independent,
Γνij,σ (ω) = 2πVνi Vνj∗

X
k

δ(ω − k,ν,σ ) =

π i j∗
V V ,
D ν ν

(3.3)

where the density of states for the conduction electron has been taken constant from −D to D, where D is half the band-width. Even if there is leftright symmetry in the coupling, |VLi | = |VRi | = |V i |, the complex phase
VR2 = V2 e−iφ makes the hybridization matrices




π
π
V12 V1 V2
V12
V1 V2 e−iφ
L
R
Γσ =
, Γσ =
,
V22
D V1 V2 V22
D V1 V2 eiφ
to be not proportional2 . It is not possible to make the lesser Green function disappear (see Sec. 1.3) and a linear response approach is not valid.
In this effective model, the transport properties have to be calculated with
the general expression of Eq. (3.2). The differential conductance can be obtained by the numerical differentiation of the current obtained at different
bias voltages.
2

R
ΓL
σ = λΓσ only if φ = 0
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Taking into account that Gr −Ga = G> −G< , the current can be expressed
just in terms of the lesser and greater Green functions
Z
 
ie
I =
dω T r (ΓL fL (ω) − ΓR fR (ω))G>
d (ω)
2h


+ T r (ΓL (1 − fL (ω)) − ΓR (1 − fR (ω)))G<
,
d (ω)
which is very useful for calculations.

3.4

Finding the Green functions

This is a rather technical point but of fundamental importance. In order to
find the lesser and greater Green functions it is necessary to figure out how
to calculate expectation values
†
0
0
G<
dij,σ (t − t ) = +ihdjσ (t )diσ (t)i,
†
0
0
G>
dij,σ (t − t ) = −ihdiσ (t)djσ (t )i,

for the Hamiltonian of Eq. (3.1) with infinite Coulomb repulsion and in the
presence of the leads. This can be done with the non-crossing approximation (NCA). The NCA is a diagrammatic approximation which includes diagrams to all orders in perturbations in the hybridization. The core of NCA
is a set of Dyson equations which have to be solved self-consistently. In
comparison to other numerical techniques (such as the numerical renormalization group (NRG)), this diagrammatic approximation can be extended to
treat many levels and is suitable for calculations out of equilibrium. The
NCA has been shown to describe very well the Kondo effect and to give the
right energy scale, the Kondo temperature TK . It can be used at low temperatures down to 0.1 TK and the accuracy improves with higher degeneracy.
It has been shown to coincide with NRG in several decades of temperature
and to give the right scaling properties out of equilibrium.
I believe that NCA is a very useful tool to calculate transport properties. We have performed several tests in different conditions and found very
good agreement with other techniques. In particular, the calculations that
became possible with NCA are certainly not accessible to other more robust
techniques. The reason is that most of them were conceived to solve the
Kondo problem for impurities in metals which is an equilibrium problem.
In the scenario of transport through quantum dots which can be modelled
with the Anderson model, the use of some of these techniques relays on the
validity of a linear response approach. In this case, the conductance can be
calculated with the equilibrium density of states of the impurity. For the
problems we have analysed, the NCA is really a good option, and we have
found that even finite-bias features that are well reproduced by the NCA
may be missed by other techniques.
I have decided to include the details of the approximation in the appendices at the end. In the Sec. A.5 of Appendix A there is simple but intuitive

3.4. Finding the Green functions



diagrammatic derivation of NCA equations. The technical details and analytic expressions are demonstrated in Appendix B. The extension of the
non-crossing approximation out of equilibrium is explained in Appendix
C. The extension of the NCA for the Aligia model is presented here.

Auxiliary-particles representation
The first step to construct the NCA is to introduce auxiliary particles that
represent the possible occupations of the central conductor. According to
the effective model, it is enough to consider the empty state |0i and four
states |iσi. This corresponds to the U → ∞ of the Anderson model (which
forbids double occupation). The auxiliary particles are introduced according to the identification

|0i → b† |vaci
†
|iσi → fiσ
|vaci
†
where fiσ
creates a pseudo-fermion and b† is the vacuum boson operator. In
†
this representation, the physical operator is d†iσ = fiσ
b and
X
†
HC =
Ei fiσ
fiσ .
iσ

The hybridization term is
HM IX =

X

Vνi c†kνσ b† fiσ


+ H.c. ,

kνiσ

and the operator of the total number of particles is
X †
Q = b† b +
fiσ fiσ ,
iσ

that is fixed to one Q = 1 in order to restrict the possible occupations to
the physical Hilbert space. This constraint is very important and can be
taken into account with a Lagrange multiplier, K = H + λQ. The NCA
is a diagrammatic technique that can be constructed from a perturbative
expansion in the coupling V . To do so, the Hamiltonian is separated as
K = K0 + K1 , with
X
†
K0 = HL + HR +
(Ei + λ)fiσ
fiσ + λb† b,
iσ

K1 =

X

Vνi c†kνσ b† fiσ


+ H.c. .

kνiσ

The physical Green function
The physical Green function can be expressed in the representation of auxiliary particles. Once this is done, the problem is the computation of the
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auxiliary particles Green function. Inserting the representation of the physical operator in the definition of the Green function,
0
G<
dij,σ (t − t )

=

0
G<
dij,σ (t − t )

N CA

†
ihfjσ
(t0 )b(t0 )b† (t)fiσ (t)i
†
ihfjσ
(t0 )fiσ (t)ihb(t0 )b† (t)i,

=

where the last factorization is valid within NCA. Introducing the auxiliary
particles Green functions
†
0
0
G<
ij,σ (t − t ) = +ihfjσ (t )fiσ (t)i,
†
0
0
G>
ij,σ (t − t ) = −ihfiσ (t)fjσ (t )i,

D< (t − t0 ) = −ihb† (t0 )b(t)i,
D> (t − t0 ) = −ihb(t)b† (t0 )i,
the physical Green functions read
0
G<
dij,σ (t − t )

N CA

=

0
> 0
iG<
ij,σ (t − t )D (t − t),

0
G>
ij,σ (t − t )

N CA

0
iD< (t0 − t)G>
ij,σ (t − t ).

=

<
>
<
The problem is now to calculate G>
ij,σ , Gij,σ , D and D . Once they are
found, the physical propagator can be found as a convolution

dω 0 <
G (ω 0 + ω)D> (ω 0 ),
2π ij,σ
Z
dω 0 >
>
G (ω 0 + ω)D< (ω 0 ).
Gdij,σ (ω) = i
2π ij,σ

G<
dij,σ (ω)

Z

= i

The self-consistent scheme in NCA
The calculation scheme in NCA is the following: At a given temperature
and bias
≶

1st- There is an initial guess of Gii,σ and D≶ . They are used to calculate the
≶
self-energies for the pseudo-fermion Σii,σ and for the boson Π≶ .
2nd- A transformation is performed to obtain the retarded and advanced
r,a
self-energies Σr,a
from the greater self-energies.
ii,σ and Π
3rd- The retarded and advanced Green functions for the auxiliary particles
r,a
Gr,a
ij,σ and D , can be obtained from the Dyson equations.
4th- Using the advanced and retarded Green functions together with the
≶
greater and lesser self-energies, Gij,σ can be recalculated to start the
process once again until there is convergence.

3.4. Finding the Green functions
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Figure 3.3: Self-energy correction to the pseudo-fermion (left) and slave boson (right)
within the non-crossing approximation.

1st- The lesser and greater self-energies
As it is explained in the Appendix C the out-of-equilibrium diagrammatic
expansion for the Green functions leads to the lesser self-energy diagrams
shown in Fig. 3.3. They correspond to the pseudo-fermion and slave boson
respectively.
The self-consistency of NCA comes from the fact that the dressed boson
Green function is necessary to calculate the pseudo-fermion self-energy and
also the dressed pseudo-fermion Green function enters in the slave-boson’s
self-energy. This is a key point: in the boson self-energy, the internal index
i for the level and σ for the spin are both summed so all the information
of the pseudo-fermions (and thus the possible occupations) are taken into
account. The slave-boson acts as an information carrier, a mediator particle
between the possible states. This is how the interference effects considered
in the model arise within NCA.
The analytic expressions for the self-energies are
Σ<
lm,σ (ω)

= i

X
kν

<

Z

Π (ω) = −i

∗
Vνl Vνm

Z

dω 0 <
g
(ω − ω 0 )D< (ω 0 ),
2π kk,νσ

dω 0 X
∗ >
0
Vνl Vνm
gkk,νσ (ω 0 − ω)G<
ml,σ (ω ).
2π kνσ,lm

The greater self-energies can be obtained exchanging <→>. One of the
characteristics of NCA is that there are no corrections to the conduction electrons. Hence, the greater and lesser Green functions that are necessary, are
the naked ones. These can be related to the properties of the reservoirs:
>
gkk,νσ
(ω) = −2πi(1 − fν (ω))δ(ω − kνσ )
<
gkk,νσ (ω) = 2πifν (ω)δ(ω − kνσ ).

Taking this into account and considering the definition of the hybridization
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matrix
= −

X

Π (ω) = −

X

Σ<
lm,σ (ω)

Γνlm,σ

dω 0
fν (ω − ω 0 )D< (ω 0 ),
2π

Z

ν
<

Γνlm,σ

Z

νσ,lm

dω 0
0
(1 − fν (ω 0 − ω))G<
ml,σ (ω ),
2π

dω 0
(1 − fν (ω − ω 0 ))D> (ω 0 ),
2π
kν
Z
X
dω 0
0
fν (ω 0 − ω)G>
Π> (ω) =
Γνlm,σ
ml,σ (ω ).
2π
kνσ,lm

Σ>
lm,σ (ω)

=

X

Γνlm,σ

Z

2nd- The retarded and advanced self-energies
It is possible to obtain the retarded
transformation as follows
Z
r
Σij,σ (ω) = i
Z
r
Π (ω) = i

and advanced self-energies doing a
0
dω 0 Σ>
ij,σ (ω )
,
2π ω − ω 0 + iη
dω 0 Π> (ω 0 )
,
2π ω − ω 0 + iη

where η → 0+ . This is based on the fact that due to the constraint Q = 1,
the greater contribution is the only one that matters (the lesser contribution
vanishes in the subspace of Q = 1).
3rd- Retarded and advanced Green functions
The retarded and advanced Green functions satisfy the matrix Dyson equation,
Gr,a = gr,a + gr,a Σr,a Gr,a ,
where working out explicitly this expression and using the non-perturbed
r
r
Green functions (g11,σ
)−1 = ω − E1 and (g22,σ
)−1 = ω − E2 ,
1
(ω − E2 − Σr22,σ ),
D
1 r
Gr12,σ =
(Σ ),
D 12,σ
1 r
Gr21,σ =
(Σ ),
D 21,σ
1
Gr22,σ =
(ω − E1 − Σr11,σ ),
D
where D = (ω − E1 − Σr11,σ )(ω − E2 − Σr22,σ ) − Σr12,σ Σr21,σ . The equation for
the advanced Green functions are the same changing r → a.
For the boson, it is more simple since there is no matrix structure,
Gr11,σ =

Dr,a (ω) =
where E0 = 0.

1
ω − E0 − Πr,a

,
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4th- The constitutive relations
The non-equilibrium lesser and greater Green functions satisfy the Dyson
equation
G< = g< + (gΣG)< ,
where the lesser component of the matrix product can be found explicitly
thanks to Langreth’s theorem,
G< = g< + g< Σa Ga + gr Σ< Ga + gr Σr G< .
It can be shown, that in the stationary regime, where all the information
about the occupation before connecting to the leads is lost 3 ,
G≶ = Gr Σ ≶ Ga ,
D≶ = Dr Π≶ Da ,
thus the loop is closed and can be iterated until there is convergence.

3.5

Current conservation

Here I present a demonstration the current established between the left
metallic contact and the central region IL is the same as the current flowing
from this region to the right metallic contact IR within NCA. For simplicity
we assume that there is no applied magnetic field. The demonstration can
be easily extended to the case of inequivalent spins. Adding both spins the
expressions of the currents are
IL
IR

Z
2ie
<
dω Tr{ΓL [fL (ω)G>
=
d (ω) + (1 − fL (ω))Gd (ω)]},
h
Z
−2ie
<
dω Tr{ΓL [fL (ω)G>
=
d (ω) + (1 − fL (ω))Gd (ω)],
h

(3.4)
(3.5)

where the physical Green functions can be replaced by their expressions in
terms of the Green functions for the auxiliary particles. Denoting G the 2×2
matrix with the pseudo fermion Green functions for a given spin,
IL

IR

3

h
i
dω 0
<
0
L >
0
dω
fL (ω)D (ω ) Tr Γ G (ω + ω)
2πQ
h
i
>
0
L <
0
+ (1 − fL (ω))D (ω ) Tr Γ G (ω + ω)
Z
Z
h
i
2e
dω 0
>
=
dω
fR (ω)D< (ω 0 ) Tr ΓR G (ω 0 + ω)
h
2πQ
h
i
<
+ (1 − fR (ω))D> (ω 0 ) Tr ΓR G (ω 0 + ω) .
2e
= −
h

Z

Z

See demonstration in Appendix C

(3.6)

(3.7)



3. A model for interference in strongly correlated systems

Using the expression for the boson self-energies, and after some algebra, the
difference between both expressions becomes
Z
dω 0 < 0 > 0
−e
[D (ω )Π (ω ) − D> (ω 0 )Π< (ω 0 )] ,
(3.8)
IL − IR =
h
Q
which is easily seen to vanish using D≶ = Dr Π≶ Da .

C HAPTER 4

Exploring the SU(2) and SU(4)
Kondo effect

4.1 The SU(2) Kondo effect.
4.2 The SU(4) Kondo effect.
4.3 SU(4) with a symmetry breaking field.
4.4 The variational derivation of the Kondo temperature.
Last chapter I introduced our effective model aimed to describe the transport properties of nanoscopic systems exhibiting interference effects. The
Aligia model is generalization of the Anderson model with two doublets
coupled to a pair of source-drain leads, where one of the couplings is complex. The phase takes into account the possible different symmetry of the
two many-body states described in this low-energy effective model and in
this sense is similar to the phase difference between the possible paths in a
Feynmannian description.
The Anderson model was originally introduced to describe a different
problem: the effect of magnetic impurities with localized d or f orbitals in a
metal [Anderson, 1961][Hewson and Meyer, 2002]. Despite its original purpose, this model has been very successful to describe transport problems
for systems where the confinement of electrons gives rise to discrete energy
levels [Meir and Wingreen, 1991][Meir et al., 1993]. In these systems the electrons in the leads are like the conduction electrons in the metal, the localized
levels are like the orbitals in the magnetic impurity and the Coulomb repulsion resulting from the finite size of the confined region is like the interaction
between the electrons trying to occupy the same orbital. The first effect of
the hybridization between the localized levels and the conduction electrons
is that the localized states acquire a finite life-time. The electrons may leave
the impurity towards the conduction band emptying the localized state. The
problem of a single level hybridized with a continuum of states is the problem of the resonant level discussed in Sec. A.3 of Appendix A. The inverse
of the life-time is the resonant level width ∆, given by ∆ = πρ0 V 2 , where V
is the coupling and ρ0 is the density of states of the conduction electrons at
the Fermi level.
There is a second most striking effect that has to do with the internal degrees of freedom of the localized level. In the case of a localized level which
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has spin degeneracy, when its energy Ed is well below the Fermi level EF
of the leads it can be occupied by an electron with spin up or down. If
the Coulomb repulsion U is strong enough, there is only one electron. This
regime in which EF − Ed  ∆ and Ed + U − EF  ∆, where hnd i ∼ 1
is the Kondo regime. Despite the energy cost, there are virtual process in
which the electron in the localized level tunnels to the conduction band and
another electron occupies the vacuum left and it can do so with a different
spin. As a result of this process the spin gets flipped. These spin-flip processes stablish correlations between the localized and conduction electrons.
At low temperatures, in virtue of all the possible spin-flip processes, the system gain energy by the formation of a many-body singlet state. This is the
Kondo effect. The state formed below a characteristic temperature called
the Kondo temperature TK entangles the conduction electrons (mostly those
with energies close to the Fermi level) and the localized electrons. Since the
state is half of the time up and half of the time down, the magnetism is
screened by the conduction electrons. As a consequence of the finite probability to find the localized electron in the Fermi level, the manifestation of
the Kondo effect is an increase in the density of states of the impurity at the
Fermi level. The peak observed is called the Kondo resonance. The width
of the resonance is related to TK .
In the transport properties of metals the effect of magnetic impurities is
to increase the resistivity below the Kondo temperature [Kondo, 1964]. The
correlation between localized and conduction electrons is a very effective
scattering mechanism below TK . On the other side, in nanoscopic systems
the increase of the local density of states has very interesting consequences
[Ng and Lee, 1988][Glazman and Raikh, 1988][Meir et al., 1993]. Since the
current is almost proportional to the density of states at low temperatures
and bias, the development of the Kondo resonance is observed as an increase of the conductance up to the ideal 2e2 /h limit. In the entangled state,
electrons close to the Fermi level in the source lead can make it through the
localized level to the drain lead even out of resonance by means of a virtual
spin-flip process. After the experimental realizations of the Kondo effect in
semiconductor quantum dots [Goldhaber-Gordon et al., 1998b] [GoldhaberGordon et al., 1998a] [Cronenwett et al., 1998] [van der Wiel et al., 2000],
Kouwenhoven and Glazman called the occurrence of this effect in mesoscopic transport “the revival of the Kondo effect”. And in fact it has been
observed in a lot of different systems.
Our model is a generalization of the Anderson model to include two
doublets. As discussed in Chapter 3 they represent in an effective way two
many-body localized levels with N ± 1 electrons which are almost degenerate to a singlet level with N electrons. The complex coupling of one of these
levels to the leads takes into account the possible phase difference in the
transport through both states and allows to describe interference phenomena. In this effective picture there is just one electron (or hole) at the time
in the system, which is like an infinite Coulomb repulsion in the Anderson
model. Thus, as a consequence of strong correlations our interference model
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is also suitable to account for the Kondo effect. Moreover, in addition to the
spin there is also an orbital degree of freedom: an electron can tunnel from
the leads with spin up or down and occupy level one or two. There are orbital and spin correlations which lead to an enhanced Kondo effect. In comparison with the Anderson model that describes a spin 1/2 (or a localized
doublet) hybridized space with the conduction electrons which has SU(2)symmetry 1 , when both doublets are degenerate, all the couplings have the
same modulus and the phase is π, our model has SU(4)-symmetry. In the
Kondo regime, the virtual processes entangle conduction and localized electrons with respect to the spin and the orbital degree of freedom [Borda et al.,
2003]. The role of orbital correlations has been explored in experiments of
two quantum dots [Wilhelm et al., 2002] [Pohjola et al., 2001] [Holleitner
et al., 2002] [Chen et al., 2004] [Okazaki et al., 2011] and there have been
realizations of the SU(4) Kondo effect in carbon nanotubes [Jarillo-Herrero
et al., 2005] and single atom transistors formed in Si nanowires [Tettamanzi
et al., 2012] and very recently also in semiconductor QDs [Keller et al., 2014].
In this chapter it is shown how both, SU(2) and SU(4) Kondo effects can
be explored within our model and the most relevant features of each case
are discussed. The results presented correspond to the equilibrium case.
The transport properties showing the interplay between Kondo effect and
quantum interference are presented in Chapter 5.

4.1

The SU(2) Kondo effect

Starting with the Aligia model shown in Fig. 3.1, I consider first the case
in which one of the doublets is decoupled from the conducting leads. As
shown in Fig. 4.1, the model described just one doublet with energy E1 = Ed
hybridized with the left and right leads.

Figure 4.1: Scheme of the Aligia model in the case one of the doublets is decoupled from the
leads.

Since the couplings are proportional in this limit, the linear response
transport is given essentially by the density of states evaluated at the Fermi
1

all the symmetry operations are represented by unitary 2×2 matrices with determinant
equal 1
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level. Before discussing transport properties, it is interesting to understand
the behaviour of the local density of states.
The effective Hamiltonian in this limit is
X
X
X

H SU (2) =
Ed d†σ dσ + U d†↑ d↑ d†↓ d↓ +
νk c†νkσ cνkσ +
Vν d†σ cνkσ + H.c. ,
σ

νkσ

νkσ

where d†σ is the creation operator for the localized state, c†νkσ create conduction states in the left (ν = L) or right (ν = R) lead, and Vν describe the hopping elements between the leads and the doublet, assumed independent of
k. We work in the limit of infinite Coulomb repulsion U .
As it is accustomed all the parameters are given in terms of the resonant level width ∆ which corresponds to the half width at half maximum
of the local density of states in absence of interactions. The localized level
hybridizes with a linear combination c†kLσ + c†kRσ of the conduction states in
the left and right leads (the difference decouples from the Hamiltonian). In
this case the resonant level width is ∆ = ∆L + ∆R = π(ρL0 VL2 + ρR0 VR2 ) = 1,
the energy unit. Here ρL0 (ρR0 ) is the density of states of the conduction
electrons in left (right) lead. We take Ed = −4, EF = 0 and the half bandwidth D = 10 (ρ0 = 1/2D) to be in the Kondo regime. The local density
of states at different temperatures can be calculated with the non-crossing
approximation (NCA) as indicated in Sec. 3.4. The result is shown in Fig.
4.2.
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Figure 4.2: Density of states corresponding to the localized level in the SU(2) limit. The
energy of the level Ed = −4 is well below the Fermi level. At this low temperature, T =
5.10−4 , the Kondo effect develops and there is a peak close to ω ∼ 0 in addition to the charge
transfer peak at ω = Ed . In the inset, a zoom of the Kondo resonance is shown for different
temperatures.

There are two peaks in the density of states. One of the peaks is located
at ω = Ed and corresponds to the energy to remove an electron from the localized level and put it at the Fermi level. If the level were isolated, the only
expected contribution to the density of states would be a Dirac’s delta at
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this energy. As a consequence of the mixing with the continuum of conduction states the peak acquires a width: an electron in the localized level has
a finite life-time since it can scape towards the leads. From the figure, the
half-width is 2∆. It can be observed in the inset (red dashed line) that the socalled charge transfer peak is the only contribution to the density of states
at high temperatures. As T decreases another peak appears in the density
of states close to ω = 0 = F . This is the Kondo resonance, a benchmark of
the Kondo effect.
The Kondo problem can be solved exactly using the Bethe Ansatz [Wiegmann, 1980][Kawayami and Okiji, 1981][Okiji and Kawakami, 1983] and
very accurately with the numerical renormalization group (NRG) [Wilson,
1975][Costi et al., 1994]. The renormalization process shows that there is
only one relevant scale: the Kondo temperature [Anderson, 1961][Haldane,
1978a]. The analytical expression for TK for the SU(N) Anderson model
(degeneracy N ) for infinite Coulomb repulsion is [Hewson, 1997]

TK = D

N∆
D

 N1
e

−π|Ed |
N∆

,

(4.1)

which depends exponentially on the energy of the localized level, on the hybridization and on the degeneracy. This is very important since the Kondo
effect cannot be studied perturbatively in the coupling V (as also occurs
with superconductivity). The NCA reproduces well the Kondo physics because it includes processes up to all orders in the coupling, i.e it is a nonperturbative diagrammatic expansion.
From this analytical expression, TKexact = 0.0083 for our parameters (N =
2, Ed = −4, ∆ = 1 and D = 10). This can be compared with the width
of the Kondo resonance. In fact, the half-width at half maximum gives
TKHW HM = 0.009, which is in very good agreement taking into account that
the definition of TK depends on the property which is studied. The different
definitions differ in a factor of the order of 1 [Tosi et al., 2012b].
Another important point regarding the Kondo effect is that once the
magnetic moment has been screened the ground state is a Fermi liquid.
Correspondingly, it satisfies certain laws and relations. Among them, the
Friedel’s sum rule states what must be the value of the density of states at
the Fermi level at T = 0 [Langreth, 1966]. For ∆ and ρ0 independent of
frequency, this rule reads
ρσ (F ) =

1
sin2 (πhnσ i),
π∆

(4.2)

where hnσ i is the mean occupation for spin σ. In the Kondo regime, hnσ i ∼
0.5 since the state is half of time up and half down. Thus, the limit ρσ (F )π∆σ ∼
1 must be satisfied according to Friedel’s sum rule. From the NCA result in
Fig.4.2, ρ(0) = 0.323, i.e ρ(F )π∆ = 1.014. One of the most extended criticism to the NCA is that it does not satisfy Friedel’s sum rule [Coleman, 1984]
[Brickers et al., 1987] [Kroha and Wölfle, 1998]. The violation of Friedel’s
sum rule occurs at very low temperatures [Costi et al., 1995]. The NCA gives
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the right result down to T = 0.1 TK . In this case, the result corresponds to
T = 0.06 TK . There is an overestimation of 2%.
In Fig. 4.3, the result for the density of states of the localized level is
shown for the same parameters but ∆ = 0.5.
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Figure 4.3: Local density of states in the SU(2) limit. As before, Ed = −4, but ∆ = 0.5
and T = 5.10−6 .

It can be observed that the Kondo resonance is much narrower. The
Kondo temperature depends exponentially on ∆, thus the reduction of the
hybridization to the half produces a strong weakening of the Kondo effect. This fact was an initial challenge for the experimental realization of the
Kondo effect in quantum dots. In order to have a large Coulomb repulsion
the dots have to be very small with electrons confined using large gate voltages. But as a consequence the tunnel barriers from source and drain result
very resistive which leads to a very low Kondo temperature, unreachable in
the lab.
For these parameters the Kondo temperature gives TKexact = 1.1 10−5 . The
curve in the figure corresponds to T = 0.45TK . From the resonance peak,
TKHW HM = 3.08 10−05 , which is of the right order of magnitude but three
times bigger. This is because the width of the Kondo resonance corresponds
to TK for low temperatures T → 0. The density of states at the Fermi level
ρ(0) = 0.32, i.e ρ(F )π∆ = 1.005. The overestimation is much smaller, just
0.5%.
With respect to the transport properties one of the common assumptions
is to consider that the density of states is not modified out of equilibrium.
If this assumption holds, transport properties can be obtained from information at equilibrium in a linear response approach. According to our calculation, this is true only for very small voltages. In Fig. 4.4 the out-ofequilibrium density of states is shown for different bias voltages. The energy of the localized level is Ed = −4 and ∆ = 1. It is considered that the
voltage drops symmetrically, µL = eVbias /2 and µR = −eVbias /2.
It can be observed in the figure that the Kondo peak splits out of equilibrium [Meir et al., 1993][Wingreen and Meir, 1994]. The conduction electrons
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Figure 4.4: Density of states of the localized level calculated out-of-equilibrium for different
bias voltages. The energy of the level is Ed = −4, the half-bandwidth is D = 10 and
T = 0.005 TK . The system is in the Kondo regime. The Kondo resonance splits since
the conductions electrons at left and right reservoirs are thermalized at different electrochemical potentials compatible with the voltage drop.

coming from left and right leads hybridize separately with the localized
level giving rise to two resonances. In the inset there is a zoom to the region
close to ω = F = 0. The resonances are located at ±eVbias /2, in agreement
with the chemical potentials. The charge transfer peak at ω = Ed is not
modified by the bias.
This analysis shows that the appropriate derivation of transport properties is to calculate the current using the non-equilibrium Green functions.
The differential conductance dI/dV can be found with a numerical derivation. The results obtained in this way for different temperatures are shown
in Fig. 4.5.
The curves have Lorentzian shape with a maximum at Vbias = 0. This
zero-bias anomaly in the differential conductance was observed in experiments as a signature of the Kondo effect [Goldhaber-Gordon et al., 1998a][Cronenwett
et al., 1998][van der Wiel et al., 2000]. It is worthy to note that the current enhancement occurs in a range of parameters in which transport is suppressed
by Coulomb Blockade. Since one electron is already occupying the localized
level and the energy cost for an additional electron is the large Coulomb repulsion U , the current is vanishing small. The increment of the conductance
below TK is a consequence of the many-body nature of the Kondo wavefunction which overcomes the blockage.
The width of zero-bias peak is related to the Kondo temperature at very
low temperatures [Nagaoka et al., 2002]. The voltage axis in the figure has
been appropriately scaled to emphasize this. The enhancement of the conductance is lost as soon eVb ∼ TK , i.e. as soon as the splitting of the Kondo
resonance is of the order of TK . It can be observed in the figure that the
maximum of the peak increases with temperature and reaches the ideal conductance 2e2 /h = 2 [Ng and Lee, 1988][Glazman and Raikh, 1988]. This is a
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Figure 4.5: Differential conductance dI/dV as a function of the bias voltage scaled with
the Kondo temperature V /TK calculated at different temperatures. Parameters: Ed = −4,
D = 10, ∆ = 1.

consequence of the Fermi liquid nature of the ground state. Since the value
of the density of states at the Fermi level is fixed by Friedel’s sum rule (Eq.
(4.2)) it can be shown 2 that this leads to e2 /h per spin in the case of symmetric source-drain coupling. In Fig. 4.6 the equilibrium conductance G
obtained evaluating dI/dV |V =0 is shown as a function of the temperature
scaled with TK with red squares. The scaling is important because since TK
is the only relevant scale in the Kondo regime, the trasport properties can
be described with universal functions [Wilson, 1975].
The results obtained can be compared with the conductance obtained
from linear response (full black line) which from Eq. (1.36) becomes


Z
e2
∂f
∆
e2
T r {Γ(ω)ρeq (ω)} ∼ (2π) 2 ρeq (0),
G = 2π dω −
h
∂ω eq
h
2
2

2

thus G ∼ 2eh (π∆)ρeq (0) which gives the unitary limit G = 2eh at zero temperature in agreement with Friedel’s sum rule. In many cases it is enough to
work with linear response and use the results calculated in equilibrium. It
can be observed that the the most general procedure gives the same results.
The empirical formula obtained with the NRG
GN RG (T ) =

G(0)
s,
[1 + (21/s − 1)(T /TK )2 ]

is also shown in the figure with dashed line. The value of s = 0.21 corresponds to spin 1/2. This expression has been shown a very good agreement
2

as in the example of the triple-quantum dot studied in Chapter 2
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Figure 4.6: Conductance as a function of T /TK obtained in the linear response regime
(black continuous line) and from the differential conductance evaluated at zero bias (red
dots). The parameters are: Ed = −4, D = 10. The empirical result for spin 1/2 obtained
with the NRG is also shown with a blue dashed line. Here, G0 = 2e2 /h. It can be observed
that the NCA result agrees very well with the NRG down to T = 0.1 TK . Below this
temperature, the NCA violates Friedel’s sum rule and overestimates the conductance

with experiments [Grobis et al., 2008]. The out-of-equilibrium result from
NCA coincides with the NRG result for many decades of temperature. Not
only the values are correct but also the functional dependence. The NCA reproduces the correct universal behaviour in the Kondo regime [Bas, 2010].
Below T = 0.1 TK , the violation of Friedel’s sum rule leads to a slight overestimation of the conductance.
It is also interesting to study the transport properties as the energy Ed of
the localized level is controlled with an electrostatic gate voltage Vg , eVg =
−Ed . Different regimes can be explored depending on the position of Ed
with respect to the Fermi level. The analysis at T = 0 would be the following: if the Ed is above the Fermi level, the mean occupation of the level is
zero and there is no conductance. Once the localized level is close to EF ,
Ed − EF ∼ ∆, the conductance starts to increase (the occupation fluctuates
between 0 and 1) until the value 2e2 /h is reached when the level is at resonance Ed = EF . As the localized level moves below the Fermi level the
occupation is close to unity so the level is always occupied and the conductance does not decrease because of the Kondo effect. In the case of finite
Coulomb repulsion U , there is a conductance plateau until Ed + U − EF ∼ ∆
where the occupation fluctuates again between one and two. The conductance decreases after the resonant condition Ed + U = 0 in which two electrons occupy the localized level [van der Wiel et al., 2000].
The zero-bias conductance G = dI/dV |V =0 as a function of Ed is show
in Fig. 4.7. The NCA result (blue squares) correspond to very low temperatures T = 1.5 10−4 . The dashed curves are the linear response results
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Figure 4.7: Conductance as a function of the gate voltage eVg = −Ed . The dashed curves
correspond to the linear response regime while the blue squares result from the differential
conductance evaluated at zero bias. In the inset the dI/dV vs Vbias curves are shown for
the different values of gate voltage.

for different temperatures and would be like in experiment in the sense
that there is a minimum temperature, not zero. As the localized level goes
deeper and deeper below the Fermi level, the TK drops exponentially fast
πEd
TK ∼ e 2∆ and at some point the “experimental” temperature T is larger
than the Kondo temperature, there is no Kondo effect and conductance
drops. In the limit of infinite Coulomb repulsion, at T = 0 the plateau never
“ends”. The NCA describes quite well the expected behaviour. It can be
observed in the inset of the figure how the value of the maximum in the
zero-bias peak remains close to 2e2 /h while the width of the peak, related to
TK , decreases strongly.

4.2

The SU(4) Kondo effect

I come back to our interference model as presented in Chapter 3 and analyse
the more symmetric case shown in Fig. 4.8.

Figure 4.8: Scheme of the relevant parameters of the model in the SU(4) limit. The four
levels (the two doublets) are degenerate and the couplings are the same in modulus. The
phase is π.

In this case, the two doublets are degenerate and the couplings are the
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Figure 4.9: The SU(4) effective Hamiltonian can be obtained when the doublets are degenerate and connected with the same coupling coefficients in the case of phase π. It is
possible to form two linear combinations of the doublets that hybridize one with the left lead
and the other one with the right lead. The thermodynamic properties at low temperatures
correspond to the SU(4) Kondo effect, but transport is very different.

same in modulus (deviations from this will be considered later). We have
considered the case of phase φ = π for which the model has SU(4) symmetry.
Making E1 = E2 = Ed , and V1 = V2 = V and taking φ = π the different
contributions to the Hamiltonian of Eq. (3.1) become
X †
HC = Ed
diσ diσ + Coulomb repulsion,
iσ

and
HM IX = V

X


c†kLσ d1σ + c†kLσ d2σ + c†kRσ d1σ − c†kRσ d2σ + H.c. .

kσ

The hybridization matrices are clearly not proportional




πV 2 1 1
πV 2
1 −1
L
R
Γσ =
, Γσ =
.
1 1
−1 1
D
D
Introducing the linear combinations
1
ασ† = √ (d†1σ + d†2σ ),
2

1
βσ† = √ (d†1σ − d†2σ ),
2

the Hamiltonian of the localized levels becomes
X

HC = Ed
ασ† ασ + βσ† βσ + Coulomb repulsion,
σ

and the hybridization,
HM IX =

√

2V

Xh

i
c†kLσ ασ + c†kRσ βσ + H.c. ,

kσ

thus, H = Hband + Hα + Hβ + Uαβ where
i
X
√ Xh †
†
ckLσ ασ + H.c. + Coulomb repulsion,
Hα = Ed
ασ ασ + 2V
σ

Hβ = Ed

X
σ

βσ† βσ +

√

kσ

2V

Xh
kσ

i
c†kRσ βσ + H.c. + Coulomb repulsion,
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and Uαβ is the mutual Coulomb repulsion. This Hamiltonian has SU(4) symmetry. The state ασ is hybridized with the left lead and the other state βσ
with the right lead. In equilibrium, the thermodynamic properties of this
Hamiltonian are equivalent to the SU(4) Anderson model but the transport
properties are completely different. As illustrated in Fig. 4.9 the π phase
makes that in the effective model, left and right leads are disconnected!
In order to understand this difference it is worthy to compare with the
Hamiltonian of the SU(4) Anderson model [Hewson, 1997]
H = Hband + Ed

4
X
m=1

d†m dm

U
+
2

4
X
m,m0 6=m

d†m dm d†m0 dm0

+V

Xh

c†km∈ν dm

i
+ H.c. ,

kmν

which describes the possible projections of the magnetic moment with index
m = 1, · · · , 4 and where there bands in the metal are also identified with
the index m. It is very important that
h in the SU(4) iAnderson applied to

transport, there are 4 bands c†km = √12 c†km∈L + c†km∈R coupled each to one
of the projections as illustrated in Fig. 4.10(a). In contrast, in the SU(4) limit
of our model two of the “projections” are coupled to the left lead (α up and
down) and the other two to the right lead (see Fig. 4.10(b)).

(a)

(b)
Figure 4.10: (a) Scheme of the SU(4) Anderson model for transport. Each of the doublets is
coupled with its own conduction band. (b) The connection to the leads in the limit of SU(4)
symmetry obtained as a special case of our interference model with φ = π, degenerate
doublets and equal couplings.

In the SU(4) Anderson model the resonant level width per channel is
πV 2
m
∆ ≡ ∆m = (∆m
L + ∆R ) = D , where the density of states for the conducting
1
m
. The hybridization is Γm = 2∆m , therefore Γm
leads is ρ0 = 2D
L = ΓR =
2
∆m = πVD . In our model, after the transformation in the states α(+) and
β(−) it can be observed that the resulting
effective Hamiltonian has SU(4)
√
0
symmetry with a coupling V = 2V . The hybridization per channel is
2
2
Γ±σ = 2 πVD , hence the resonant level width gives ∆±σ = Γ±σ /2 = πVD .
√
There is no coupling to left and right but the coupling is 2 times stronger.
In this SU(4) limit, the density of states calculated in equilibrium is shown
in Fig. 4.11. The energy of the doublets is Ed = −4 and the energy unit is
chosen as Γ±σ = 2∆ = 1.

4.2. The SU(4) Kondo effect
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Figure 4.11: Density of states of the localized doublet labelled with 1. The result correspond
to the SU(4) limit. The energy of the 4 degenerate states is Ed = −4, the half-bandwidth
is D = 10 and ∆ = 0.5. The temperature is T = 5.10−3 . It can be observed that there is
a wide Kondo resonance close to the Fermi level in addition to the charge transfer peak at
ω = Ed . The evolution of the Kondo peak with the temperature is shown in the inset.

The first point to notice is that in comparison with the SU(2) limit the
Kondo peak is wider (see Fig. 4.3). The increase of the degeneracy leads
to an enhancement of the Kondo effect. The correlations are much stronger
because there are many possible “spin-flip” processes (flipping the spin and
the orbital index). This can be checked immediately in the analytic expression of the Kondo temperature for the SU(N) Anderson model in Eq. (4.1)
where the degeneracy N goes in the exponent. This function is plotted in
Fig. 4.12. The change in the energy scale TK is of several orders of magnitude.
In the particular cases of interest,

TK (SU (2)) = D

TK (SU (4)) = D

2∆
D

 12

4∆
D

 14

e

−π|Ed |
2∆

,

e

−π|Ed |
4∆

.

For ∆ = 0.5 and Ed = −4, TK (SU (4)) = 0.0125. As in the SU(2) case the
width of the Kondo resonance in Fig. 4.11 is also related to TK at very low
temperatures. The Kondo temperature from the half-width at half maximum is TKHW HM = 0.013, which is in very good agreement with the analytical expression obtained with the Bethe Ansatz. With respect to the Kondo
temperature the result of the calculation corresponds to T = 0.38TK . The
non-crossing approximation is a 1/N -approximation and the accuracy increases with the degeneracy.
A second feature to notice is that the maximum in the density of states
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Figure 4.12: Kondo temperature TK for a SU(N) Anderson model obtained with Bethe
Ansatz as a function of N (see Eq. (4.1)) for Ed = −4, ∆ = 0.5 and D = 10.

in the SU(4)
P limit is displaced from ω = 0. Since the total mean occupation
hnd i = iσ hniσ i is approximately one in the Kondo regime, the occupation
of each state |iσi is ∼ 0.25. The maximum is displaced with respect to the
SU(2) case. An analyse of Friedel’s sum rule at zero temperature indicates
that the density of states for each projection at the Fermi level is ρm (0) =
1
1
sin2 (πhnm i) ≈ 2π∆
, which is the half of the value expected in the SU(2)
π∆m
m
limit. The comparison between the SU(2) and SU(4) cases for Ed = −4,
∆ = 0.5 and D = 10 for the same temperature respect to TK , T = 0.5 TK is
shown in Fig. 4.13.
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Figure 4.13: Densities of states for the SU(2) (full black line) and SU(4) case (full red line)
at the same temperature with respect to the Kondo temperature T = 0.5 TK as a function
of (a) ω and (b) ω/TK . Parameters: Ed = −4, ∆ = 0.5 and D = 10.
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SU(4) with a symmetry breaking field

The high symmetric SU(4) limit can be broken in several ways: slightly different couplings to levels 1 and 2, a phase distinct from π or an energy difference δ between the doublets. As it is discussed later in the thesis the
first two cases produce (in a non-trivial way) an effective energy splitting δ̃.
Correspondingly, it is worthy to analyse what is the effect of the symmetry
breaking field.

Figure 4.14: Scheme of the modification of the model in the SU(4) with the introduction of
a symmetry breaking field δ.

The relevant parameters of the effective model are illustrated in Fig. 4.14.
The localized part of the Hamiltonian becomes,
X †
X †
HC = E1
d1σ d1σ + (E1 + δ)
d2σ d2σ + Coulomb repulsion,
σ

σ

where E2 is written as E1 + δ and the hybridization can be written as
i
i
Xh †
Xh †
†
†
HM IX = V
(ckLσ + ckRσ )d1σ + H.c. + V
(ckLσ − ckRσ )d2σ + H.c. ,
kσ

kσ

since φ = π. By introducing the linear combinations
1
1
c†1kσ = √ (c†kLσ + c†kRσ ) c†2kσ = √ (c†kLσ − c†kRσ ),
2
2
the Hamiltonian becomes
X †
X †
H = Hbanda + E1
d1σ d1σ + (E1 + δ)
d2σ d2σ + Coulomb repulsion
+

√

σ
iσ
Xh †
†
2V
c1kσ d1σ + c2kσ d2σ + H.c. ,
kσ

which is an SU(4) Anderson model with an effective symmetry breaking
“field” that produces a splitting δ as shown in Fig. 4.15. (i) In the limit of
δ = 0, the SU(4) symmetry is restored. (ii) In the limit δ → ∞, the excited
doublet is very far in energy and hn2 i ≈ 0. There is only one relevant doublet
which has SU(2) symmetry.
The effect of this effective “field” can be observed in the densities of
states shown in Fig. 4.16 for different values of δ. The first important comment is that the densities of states that correspond to each of the doublet

4. Exploring the SU(2) and SU(4) Kondo effect



Figure 4.15: The conduction electrons at left and right leads can be combined to show
explicitly how the model is reduced to a SU(4) Anderson model with a symmetry breaking
field δ.
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Figure 4.16: Evolution of the densities of states of the localized levels with the splitting
δ. A zoom to the energies close to the Fermi level is shown in the left panel while an
extended range is shown in the right panel to include the charge transfer peak. The black
line corresponds to the doublet labelled with 1, whose energy is fixed to E1 = −4. For δ = 0
(top panels), both levels are degenerate and ρ1 = ρ2 . As degeneracy is broken, this is no
longer true. In the middle and bottom panels, the density of states of the second doublet is
also shown with dashed red line. Its energy is E2 = E1 + δ. For small δ (middle panels) ρ1
is displaced to the left and ρ2 to the right. The Kondo resonance in ρ1 is more narrow. The
charge transfer peak is also much smaller in ρ2 , which is reasonable since it is less populated.
In the bottom panels the displacement of the peak in ρ2 with δ = 0.015, 0.03 and 0.06 is
shown with dashed blue lines. These peaks are located at ω = δ. In ρ1 , the Kondo resonance
is even narrower and there is also a small satellite peak at ω = −δ. The charge transfer peak
is not present in ρ2 for large δ. All the curves correspond to T = 1.10−3 , ∆ = 0.5 and
D = 10.

ρ1 and ρ2 are in general different. They only coincide when there is SU(4)
symmetry.
The effect of increasing δ is like breaking SU(2) Kondo effect with a mag-
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netic field. In this sense, the effect of the symmetry breaking is not observed
immediately in the densities of states but on the contrary, for very small
δ, it looks like the SU(4) Kondo effect were present although for δ 6= 0 the
symmetry is already SU(2). As soon as the splitting is larger than the SU(4)
Kondo temperature, δ ∼ TK (SU (4)) = 8 10−3 , the effect become apparent.
For small δ, the Kondo resonance splits in two peaks. ρ1 and ρ2 start to
differentiate. For the fundamental doublet, the Kondo resonance moves to
the left and for the excited doublet, to the right. This is consistent with the
transition to the one-level SU(2) Kondo effect.
Another interesting consequence of the symmetry breaking process is
the occurrence of satellite peaks. The satellite peaks appear at ω = −δ in ρ1
and in ω = +δ in ρ2 . As the Kondo resonance, these peaks are a produced by
the possible processes that involve conduction electrons at the Fermi level
in co-tunnelling events. As the splitting is larger, the only contribution from
the excited doublet comes from these virtual processes. This picture can be
complemented with the evolution of the charge transfer peak shown in the
right panel of Fig. 4.16. The satellite peaks remain even for large δ as shown
in Fig. 4.17. The system for δ → ∞ is well in the one-level SU(2) limit.
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Figure 4.17: As a complement of Fig. 4.16, the densities of states of the localized levels
(black continuous line for ρ1 and dashed red line for ρ2 ) are shown for large δ.

In the transition from SU(4) to one-level SU(2) Kondo effect the relevant
scale of the problem, the Kondo temperature, varies orders of magnitude.
The evolution of TK as symmetry is broken can be obtained from the halfwidth of the Kondo peak close to the Fermi level. TK (δ) is shown in Fig.
4.18. Using a variational approach (see Sec. 4.4) it is possible to find an
expression that interpolates the Kondo temperature between δ = 0 → ∞.
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This analytic expression is also shown in the figure with dashed line. The
value has been multiplied by a factor 0.606. From the behaviour of TK it is
clear that the regime changes once the splitting δ ∼ TK (SU (4)).
0.1
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0.0001

1e-05
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0.0001

1

0.01
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Figure 4.18: Evolution of the Kondo temperature with the splitting δ = E2 − E1 . The
dashed red line corresponds to the analytic expression from Eq. 4.8 obtained with a variational approach. The points have been extracted from the half-width at half maximum of the
Kondo peak close to ω = 0 in ρ1 calculated approximately at T = 0.1TK . The parameters
are: ∆ = 0.5, E1 = −4 and D = 10.

This study of the equilibrium densities of states in the SU(4) limit and
in the presence of a symmetry breaking field is the base to understand the
transport properties presented in Chapter 5 where the interplay between
Kondo effect and quantum interference leads to very interesting behaviours.

4.4

The variational derivation of the Kondo temperature

The ground state in the Kondo regime is a complicated wavefunction formed
in part by the conduction electrons and in part by the localized electrons in
a singlet state [Yafet and Varma, 1985]. Taking this into account we propose
a wavefunction
X
|Ψi = A|F Si +
Bikσ d†iσ ckiσ |F Si,
(4.3)
ikσ

where |F Si = |F S1 i ⊗ |F S2 i is the tensor product of the Fermi seas, |F Si i =
Q
†
†
k<kF , k∈i ck,↑ ck,↓ |0i. The application of the Hamiltonian gives
H|Ψi = AE0 |F Si +

X

Bikσ (E0 + Ei − k )d†iσ ckiσ |F Si

ikσ

+ A

X
ikσ

∗
Vikσ
d†iσ ckiσ |F Si

+

X
ikσ

Bikσ Vikσ |F Si,

(4.4)
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where E0 is the total energy of the conduction electrons. The condition
H|Ψi = E|Ψi, leads to the equations
X
AE0 +
Bikσ Vikσ = EA
ikσ

X

Bikσ (E0 + Ei − k ) + A

ikσ

X

∗
= E
Vikσ

ikσ

X

Bikσ .

ikσ

From the second one,
Bikσ = −

∗
AVikσ
,
(E0 + Ei − k − E)

thus inserting this in the first equation
(E0 − E) −

X
ikσ

∗
Vikσ
Vikσ
= 0.
(E0 + Ei − k − E)

(4.5)

For momentum and spin independent couplings, and considering a constant density of states for the conduction electrons ρi0 , Eq. (4.5) reads
Z 0
X
d
i
2
= 0
(E0 − E) −
ρ0 |Vi |
−D (E0 + Ei −  − E)
iσ
X
E0 + Ei + D − E
⇒ (E0 − E) −
ρi0 |Vi |2 ln
= 0,
E0 + Ei − E
iσ
where D is half the bandwidth. Introducing the Kondo temperature as the
energy difference TK = (E0 + E1 ) − E, between the new ground state and
the energy of the isolated localized level plus the Fermi sea,
TK − E1 − 2ρ10 |V1 |2 ln

TK + D + δ
TK + D
− 2ρ20 |V2 |2 ln
TK
TK + δ

= 0, (4.6)

where E2 = E1 + δ. Since TK  D, |E1 |, and introducing the resonant level
width ∆i = πρi0 |Vi |2 ,
 
πE1
∆2
TK + δ
TK
= ln
+
ln
.
(4.7)
2∆1
D
∆1
D+δ
This Kondo temperature gives the right limit values, for δ = 0,


πE1
∆2
TK
= 1+
ln
,
2∆1
∆1
D


πE1
⇒ TK (δ = 0) = D exp
,
2(∆1 + ∆2 )
and for very large δ,
πE1
TK
= ln
⇒ TK (δ → ∞) = D exp
2∆1
D



πE1
2∆1


.
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If the couplings are the same,

πE1
2(∆1 )


πE1
2
⇒ TK + TK δ = D(D + δ) exp
2∆1
TK
D

TK + δ
= exp
D+δ

δ
⇒ TK = − +
2

s



δ2
+ D(D + δ) exp
4



πE1
2∆1


(4.8)

C HAPTER 5

The interplay between quantum
interference and Kondo effect

5.1 Total destructive interference in the SU(4) limit.
5.2 Peaks at finite bias.
5.3 Temperature dependence.
5.4 Concluding remarks.
In Chapter 2 the transport through a triple-quantum dot system was discussed in a particular configuration which leads to a spin polarized current.
I showed that in order to describe transport properties it was possible to
use an effective model for the low-energy physics close to the degeneracy
between the ground-states with one and two electrons. From an analysis
of the current through finite organic rings it can be observed that interference phenomena take place when many levels have the same occupancy
that are orbitally degenerate. In the case of annulene molecules these can be
the states characterized with the total wave vectors ±K compatible with the
ring symmetry which are degenerate due to reflection symmetry (in absence
of an external flux). With this idea in mind I introduced our model to describe interference phenomena in Chapter 3. The Aligia model is a generalized Anderson model which considers of a singlet with N electrons and two
doublets with N ± 1 electrons. Three of the couplings of the doublets to the
leads can be made real with appropriate gauge transformations but there
is one that remains complex. The phase φ of this coupling represents the
phase difference between the “many-body paths”. This means that the connection between source and drain can have a phase difference depending on
the doublet that is occupied. The model is very general and describes the
low-energy physics of interacting systems exhibiting interference phenomena. Our calculation is a substantial improvement to previous results on
the conductance through interacting systems with interfering effects, since
it introduces the relevant Kondo regime neglected in those studies as well
as finite temperature and non-equilibrium effects at finite bias voltages.
In Chapter 4 several limits of the model were considered. In particular
the limit of SU(4) symmetry which can be found when both doublets are
degenerate, making all the couplings equal and fixing φ = π. From the

 5. The interplay between quantum interference and Kondo effect
thermodynamic (equilibrium) point of view, the effective model is as the
SU(4) Anderson model with a renormalized hybridization. However, from
the point of view of transport the properties are completely different. In this
chapter the non-equilibrium transport properties of our interference model
are addressed in the regime of the SU(4) Kondo effect. As it is shown in the
following, the φ = π leads to complete destructive interference.

5.1

Total destructive interference in the SU(4) limit

What is the meaning of the π phase in this context? As in a standard interferometer, the electrons travel from source to drain through one of the arms
of the interferometer. If the phase accumulated by the electrons in each of
the paths differs by an odd multiple of π, there is a minimum in the probability to find electrons at the end point. If both arms are the same, i.e. if
the amplitude for the electrons taking one path or the other is the same, this
probability is strictly zero and the interference is said to be completely destructive. Analogously, the electron that enters the central conductor can
occupy either doublet 1 or 2 and can do so with spin up or down. If the
coupling to the doublets are the same and they are degenerate, both are
equivalent and have the same “amplitude” in the same sense as before. The
fact that the many-body states have a different symmetry gives rise to the
phase φ included in one of the couplings. For φ = π, the probability for
electrons to go from source to drain is zero and the interference is perfectly
destructive.
As discussed in Chapter 4, the effect of the phase can be understood
by doing a transformation in the Hamiltonian. The Aligia model effective
Hamiltonian is
X
X
νk c†νkσ cνkσ
H = Es |0ih0| +
Ei |iσihiσ| +
iσ

+

X

(Vνi |iσih0|cνkσ

νkσ

+ H.c.),

iνkσ

where the singlet |0i and the two doublets |iσi (i = 1, 2; σ =↑ or ↓) denote
the localized states, c†νkσ create conduction states in the left (ν = L) or right
(ν = R) lead, and Vνi describe the hopping elements between the leads and
both doublets. In the case under consideration, both doublets are related
by a symmetry operation in the absence of an applied magnetic flux (for
example reflection symmetry), thus |Vν1 | = |Vν2 |. When the doublets are
degenerate E2 = E1 and φ = π, the state
√
|Lσi = (|1σi + |2σi)/ 2
mixes only with the left and the state
√
|Rσi = (|1σi − |2σi)/ 2,

5.1. Total destructive interference in the SU(4) limit



mixes only with the right lead and therefore current cannot be transported
between the leads (see Fig. 4.9 in Chapter 4). This is a situation of perfect
destructive interference. The Hamiltonian has SU(4) symmetry. It describes
four degenerate
{|Lσi, |Rσi} coupled each to a different band with
√states
i
0
coupling V = 2|Vν |. The thermodynamic properties at low temperatures
correspond to the SU(4) Kondo effect but the transport properties are completely different from a SU(4) Anderson model.
The effect of the φ = π phase can be observed in Fig. 5.1. This figure
is the main result of this chapter and has a lot of condensed information.
It shows with blue dots the conductance G at zero bias as a function of the
energy difference between the doublets, E2 = E1 +δ. The conductance drops
abruptly to zero as δ → 0, i.e. as the doublets become degenerate and the
system enters in the SU(4) limit.
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Figure 5.1: Equilibrium conductance and T  TK (left scale) and occupation numbers
(right scale) as a function of the level splitting. Squares were obtained by numerical differentiation of the current and circles correspond to Eq. (5.2). Inset: Kondo temperature as a
function of δ. Squares (solid line) correspond to the NCA (analytical) result. Parameters
are ∆ = 0.5. D = 10, E1 = −4, E2 = E1 + δ.

(i) The first important comment is that in our model, the hybridization
matrices of the states |iσi with the left and right leads are not proportional
for φ 6= 0, and as a consequence tricks used to relate the conductance at
V = 0 with the local density of states cannot be used and the conductance
G = dI/dV has to be calculated by numerical differentiation of the current
even for V → 0, using a non equilibrium formalism.
For the numerical calculations, the density of states of the conduction
electrons in the leads ρ is assumed constant and extended between −D and
D. The unit of energy has been taken as Γ = 2∆ = 2πρ(V 0 )2 . Without loss of
generality, the singlet energy and the Fermi level are put to zero Es = F = 0,
and δ = E2 − E1 > 0. Our effective model focus on the Kondo regime, i.e.
Es − E1  ∆, for which the conductance is highest.
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(ii) Changing basis c†1kσ = (c†Lkσ + c†Rkσ )/ 2, c†2kσ = (c†Lkσ − c†Rkσ )/ 2, as
in Chapter 4, it can be observed that δ acts as a symmetry breaking field on
the SU(4) Anderson model, reducing the symmetry to SU(2). For δ → ∞,
the doublet with energy E2 can be neglected and the model reduces to the
usual one-level SU(2) Anderson model. Therefore, our model interpolates
between the SU(4) and one-level SU(2) Anderson model. In correspondence
to this symmetry breaking, the evolution of the occupation with δ for both
doublets is shown with triangles (pointing up for level 1 and pointing down
for level 2) in Fig. 5.1. The values of the occupation correspond to the right
axis in the figure. For small splitting, the doublets are quasi degenerate an
the occupation is almost the same, close to 0.48. This is consistent with the
Kondo regime: when the four-fold degenerate level is well below the Fermi
level, the total occupation is near one at low temperatures, which means
0.25 per spin and orbital index.
The SU(4) regime is not lost immediately. On the contrary, as long as the
splitting is smaller the SU(4) Kondo temperature TK , the levels are nearly
degenerate. This is very similar as the effect of a magnetic field in the SU(2)
case where spin degeneracy is lost and Kondo effect breaks down once the
Zeeman splitting exceeds TK . As shown in the figure, as δ ∼ TK (SU (4)) the
excited doublet starts to depopulate hn2 i → 0, the ground state occupation
increases hn1 i → 1 and the low temperature conductance also increases G →
2e2 /h.
(iii) In contrast to the SU(4) Anderson model where each projection m is
coupled to a different band, in our case the effect of the π phase is to make
interfere the channels and as soon as the system is in the SU(4) regime, the
conductance drops abruptly to zero. The interference is totally destructive.
(iv) The Kondo temperature TK depends exponentially on the degeneracy N , on the energy of the localized level and on the hybridization. As the
symmetry is broken from SU(4) to SU(2), TK varies orders of magnitude.
In this crossover, there is another relevant scale: δ. The dependence TK (δ)
was discussed in Chapter 4 and it is also shown in the inset in Fig. 5.1. The
white squares in the inset correspond to the half-width at half-maximum of
the Kondo resonance close to the Fermi level. The straight black line is an
analytical expression 1

TKV = (D + δ)D exp [πE1 /(2∆)] + δ 2 /4

1/2

− δ/2,

(5.1)

that describes with high degree of accuracy the behaviour of the Kondo
temperature, TK = f TKV , where f is a factor of the order of 1 (0.606 for
the parameters of Fig. 5.1). The analytic expression interpolates between
both one-level SU(N) limits, TKV = D exp [πE1 /(N ∆)] (N = 4 for δ = 0 and
N = 2 for δ → +∞). Roughly, TK (δ) remains constant at the SU(4) value
TK (0) (0.0138 for the parameters of the figure) as long as δ < TK (0), and
then decreases nearly exponentially (by almost two orders of magnitude for
δ = 1) before flattening at the one-level SU(2) value. As it is apparent in
1

Eq. 4.8 in Chapter 4 obtained with a variational approach
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Fig. 5.1, TK (0) is also the characteristic energy scale for the variation of the
conductance with δ, for T = V = 0. For δ one order of magnitude less than
TK (0), G0 is very small, while for δ  TK (0), G0 approaches the ideal value
for one SU(2) doublet, 2e2 /h.
Given the abrupt variation of the Kondo temperature, the result shown
in the figure corresponds to T = 0.05TK (δ). This means that for each field δ,
the system is at the same temperature with respect with the Kondo temperature.
(v) In the SU(N) Kondo regime, once the magnetism is screened, the
ground state is a Fermi liquid. At T = V = 0, the conductance G(T, V )
can be calculated from the scattering phase shifts in a Fermi liquid description. In turn, these phase shifts can be related to the expectation values
niσ = h|iσihiσ|i generalizing the Friedel sum rule to the SU(4) model with a
symmetry breaking field. For constant density of states of the leads
G0 = G(0, 0) =

e2 X 2
sin [π(n1σ − n2σ )] .
h σ

(5.2)

In Fig. 5.1 this generalized sum rule as a function of δ is shown with
blue circles. The result obtained by numerical differentiation of the current
calculated at very low temperatures is in very good agreement with this
Fermi liquid property. This gives confidence on the numerical procedure
and on the consistency of the NCA results for the current and occupation
numbers ni = 2niσ .

5.2

Peaks at finite bias

One of the effects of the symmetry breaking field δ is the presence of side
peaks in the differential conductance at bias satisfying eVb = ±δ. It was noticed in the analysis of Chapter 4 that as soon as δ ∼ TK (SU (4)), the Kondo
resonance in the density of states of the localized doublets ρi (ω) splits. As δ
increases the density of states of the lower-energy doublet ρ1 (ω) has a narrow Kondo peak close to ω = F = 0 and a satellite peak at ω = −δ. On the
other side, the density of states of the excited doublet ρ2 (ω) exhibits only
one peak at ω = +δ. The evolution of the densities of states with δ at low
temperatures is shown in Fig. 5.2(a) and (b). The satellite peaks are a consequence of correlations. There are virtual processes of electrons going from
one doublet to the conduction lead and then to the other doublet, and back,
which give rise to these satellite peaks.
They are observable in a transport experiment. As shown in Fig. 5.2(c),
the low temperature differential conductance shows finite bias peaks at eVb ∼
±δ. This is one of the advantages of the NCA. It is possible to reproduce inelastic transport features which are missed by other techniques or in a linear
response calculation. In the inset of Fig. 5.2(c) there is a zoom to the central
peak to show how the conductance is recovered from the total destructive
interference as δ increases.
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Figure 5.2: Evolution of the density of states of the localized levels (a)ρ1 and (b) ρ2 as the
symmetry is broken with the splitting δ = E2 − E1 . As δ increases, the Kondo resonance in
the density of states of the lower-energy doublet becomes narrower and there is also a peak
at ω = −δ. In the density of states of the excited doublet there is only a peak at ω = δ. (c)
Differential conductance dI/dV as a function of the bias voltage for different values of δ. It
is possible to observe the presence of peaks at finite bias corresponding to the satellite peaks in
the densities of states. In the inset there is a zoom to observe how the conductance increases
for larger splitting. (d) dI/dV vs bias voltage for different temperatures at δ = 0.06 and
δ = 0.0112 in the inset.
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The satellite peaks, as the Kondo resonance itself, are caused by correlations. In Fig. 5.2(d) the differential conductance for δ = 0.06 is shown
at different temperatures. The finite bias peaks have weaker dependence
with temperature in comparison with the Kondo resonance at Vb = 0, but
they disappear at high enough temperatures. For this value of δ, the effect
of destructive interference is less important and the saturation value of the
equilibrium conductance is close to G(Vb ≈ 0) ∼ [2e2 /h]. As shown in the inset of Fig. 5.2(d), the low temperature conductance reaches a smaller value
G(Vb ≈ 0) = 0.5[2e2 /h] for δ = 0.011. As it is discussed in the next section,
the temperature dependence is also different as δ > TK (SU (4)).

5.3

Temperature dependence

In this section the effect of the temperature on transport is addressed. The
Kondo temperature TK is the scale that quantifies the strength of the correlations in the Kondo regime. When the symmetry is broken, there is another
relevant scale: the splitting δ. As a function of the symmetry breaking field
δ, the Kondo temperature varies orders of magnitude. In the limit of δ = 0 or
δ = ∞, once scaled with the corresponding TK , the temperature dependence
of the transport properties can be described with universal expressions that
depend on the degeneracy. There are not universal expressions for the intermediate values of δ even if the scaling is performed with the corresponding
TK (δ).
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In Fig. 5.3 the evolution of the conductance G = dI/dV |0 with temper-
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ature is shown for two values of the level splitting δ. The ordinate axis
is normalized by G(0), the conductance as T → 0, and the abscissa by
TK∗ , the value of the temperature for which G(T ) = G(0)/2. As expected
TK∗ ∼ TK (δ). Both G(0) and TK∗ have a strong variation with δ. The results
corresponding to the SU(4) (δ = 0) and SU(2) (δ → ∞) limits are also shown.
The temperature dependence of the conductance with temperature is
very different in each of these limits. In particular, the effect of the correlations on the conductance seems to occur more abruptly in the SU(4) case.
In fact, for δ = 0.0035, G(0) is very small (G(0) = 0.08[2e2 /h]) due to the destructive interference but TK∗ is much larger. The enhancement of the Kondo
effect due to the larger degeneracy makes the conductance change very fast
as T ∼ TK . Values near G(0) are found in a larger range of temperatures
below the Kondo temperature.
On the other side, for δ = 0.06, closer to the SU(2) limit, G(T /TK∗ ) increases up to the G(0) = 0.97[2e2 /h] as temperature decreases but this occurs more slowly. The correlations are not so strong and the value saturation value G(0) is found at very low temperatures T ∼ 0.1TK . The bump
observed in the curve for δ = 0.06 is due to the contribution of the excited
doublet. In fact, in units of TK∗ , δ ∼ 20TK∗ , which corresponds with this extra level that becomes accessible with temperature. As it was discussed in
Chapter 4, there are satellite peaks even for large δ. The presence of this
feature is a proof of the non-universality.
In a realistic experiment there is a certain temperature T at which the
measurements are performed. This temperature can be lower or higher than
the Kondo temperature and according to this, correlation effects can be important or not and the same for quantum interference. This fact can lead to
very interesting and observable features.
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Figure 5.4: Differential conductance as a function of bias voltage at different temperatures
for δ = 0.0112. Other parameters as in Fig. 5.1.

In Fig. 5.4 the differential conductance dI/dVb vs Vb is shown for a particular splitting δ very close to TK = 0.011. This is slightly below TK (SU (4)).
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The splitting corresponds to an intermediate region between the SU(4) and
one-level SU(2) limits. For high temperatures T = 10TK , the differential
conductance is just a Lorentzian with a maximum at zero bias. This is just
an incipient Kondo effect. As the temperature is lowered, at some point
T = TK , and the conductance takes negative values for bias voltages above
δ ∼ TK . This negative differential conductance is a very interesting feature
that might be observed experimentally.
Our interpretation of this result is the following. Since δ ∼ TK , there is
only a partial effect of the interference at small bias voltages, and the lowest lying doublet plays a dominant role. However as the energy of the bias
voltage eV increases beyond the level splitting δ, both doublets contribute
with nearly equal weight to the current, but in opposite ways due to destructive interference. Therefore, the current starts to decrease as the effect
of the excited doublet increases for larger applied bias voltages.
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temperatures proportional to TK (δ). Other parameters as in Fig. 5.1.

Another effect of finite temperature is the presence of a dip in the current
as a function of the the level splitting. This is shown in Fig. 5.5, where the
current for a fixed voltage Vb = TK (SU (4)) is plot as function of δ. At a finite
temperature there is a non monotonic behaviour of the current due to two
competing effects. One would expect a monotonous increase of the current
with the level splitting as a consequence of the weakening of the destructive
interference. However, the Kondo temperature TK decreases strongly with
δ, and for a fixed bias voltage a reduction of TK implies a decrease in the
current. At low V and T = 0, for one level with SU(N) symmetry, G(V ) =
dI/dV has a peak of width of the order of 2TK /e. Therefore the current at
bias voltages which exceed a few TK /e is roughly proportional to TK . The
dip is more pronounced for lower temperatures.
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5.4

Concluding remarks

In this chapter the finite-temperature and non-equilibrium transport properties of our effective model have been addressed. The model contains two
doublets, which describe the low-energy physics of quantum interference in
nanoscopic systems. In the Kondo regime, dramatic changes in the values
of the conductance and its temperature dependence take place as the doublet level splitting is changed by some external parameter. For total destructive interference, the model interpolates between the SU(4) Anderson model
when the splitting of the two doublets is δ = 0, and the usual SU(2) model
for large δ. In the Kondo regime, while the characteristic temperature TK
increases significantly towards the SU(4) limit, both, the equilibrium conductance (gate voltage V = 0) and the total current at finite gate voltages
vanish due to destructive interference. For finite V the total current peaks
at finite δ due to the interplay between interference and Kondo effects and
when δ ∼ TK , the differential conductance becomes negative due to partial
destructive interference.
In summary, by considering the interplay between two relevant effects,
i.e. quantum interference and Kondo screening, we have shown the important consequences that this competition may have on transport properties
through a great variety of nanoscopic and molecular systems for which the
effective model is a realistic description.

C HAPTER 6

Transport through a benzene
molecule in the Kondo regime

6.1 Connecting the leads to the benzene molecule.
6.2 The current.
6.3 Partial destructive interference.
6.4 The analogy with the broken SU(4) symmetry in the φ = π limit.
6.5 Temperature dependence of the conductance.
6.6 The phase and the effective splitting.
6.7 Concluding remarks.
Our effective model to describe the transport properties in nanoscopic
systems showing interference effects is inspired in ring-shaped structures
such as organic molecules or arrays of quantum dots. In this chapter the
particular case of the benzene molecule is analysed.
As discussed in Chapter 3, the Aligia model is built starting from exact
eigenstates for a symmetric ring. It is a low-energy effective generalized Anderson Hamiltonian which contains two spin doublets with opposite momenta and a singlet for the neutral molecule. For benzene, the singlet (doublets) represent the ground state of the neutral (singly charged) molecule.
The key ingredient in our model is that one of the couplings cannot be made
real by a gauge transformation. The remaining phase depends on the symmetry of the states and on the geometry of the connection. It can be thought
as the phase difference between the possible “paths” for the electron to go
from source to drain.
The transport through the benzene molecule is studied in the Kondo
regime, with the molecule doped with one electron or a hole. This is an interesting regime because of the conductance enhancement as a consequence
of the Kondo effect and also because of the interplay between quantum interference and Kondo correlations. In Chapter 4 I presented our results
showing that the model was suitable to describe the Kondo effect in the
case of just one doublet hybridized with conducting leads (where the model
has SU(2) symmetry) and also the limit of SU(4) symmetry for degenerate
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Figure 6.1: Scheme of the relevant matrix elements at low energies.

doublets, with equal couplings and a phase π. The transport properties discussed in Chapter 5 demonstrate the very dramatic changes that occur as
the symmetry is broken from SU(4) to one-level SU(2). In particular, the
effect of the phase π with full degeneracy is to produce total destructive
interference: zero current and zero conductance in the SU(4) limit at low
temperatures.
The phase depends on the geometry of the connection and the symmetry
of the states, as explained in Chapter 3). In the benzene molecule the transport properties were calculated with the two conducting leads connected at
different positions. When the leads are connected in the para position (at
180 degrees), the model is equivalent to the ordinary impurity Anderson
model and its known properties are recovered. For other positions, there is
a partial destructive interference in the co-tunnelling processes involving
the two doublets.
The observable features in transport through a benzene molecule are discussed in this chapter. The partial destructive interference is rather a weak
effect to detect but there are finite energy features which appear in the differential conductance which may be well observed in experiment.

6.1

Connecting the leads to the benzene molecule

Our model can be thought as an effective description of a ring of n sites with
one orbital per site and symmetry Cnv (or Cn ), weakly coupled to two conducting leads, retaining for n even, the lowest singlet with n particles and
the two lowest doublets with n + 1 particles (electrons or holes depending
on the sign of the applied gate voltage Vg ) 1 . For benzene, n = 6 and the
transport is studied in a regime of Vg for which the doublets are favoured,
leading to Kondo effect.
Using a gauge transformation, three of the four hopping matrix elements
between the doublets and the leads can be made real. The phase of the
fourth one φ is in general different from zero and depends on the position
1

For n odd, the charge of doublets and singlets are interchanged
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of the leads and the wave vectors of the involved states.
The relevant matrix elements of our effective model are represented in
the right of Fig. 6.1. It is an illustration of the mapping of the many-body
problem to an effective description for the low-energy physics close to the
degeneracy between the states with n and n + 1 particles in the system. Our
effective model contains a singlet with total wave vector K0 (usually 0 or π)
and two doublets with wave vectors K1 and K2 , that represent the states of
lowest energy of two neighbouring configurations of a ring of n sites with
symmetry Cnv . In the case of benzene, they correspond to the singlet ground
state, invariant under rotations (K0 = 0) and two degenerate doublets with
total wave vectors ±K, which are the ground state of the molecule for one
added electron or hole, depending on the sign of the applied gate voltage.
The | ± Ki states are represented at the left of Fig. 6.1 with blue and red
arrows pointing in opposite senses.
For one added hole K = π/3, while for one added electron K = 2π/3.
The effective Hamiltonian is
X
X
νk c†νkσ cνkσ
H = Es |sihs| +
Ei |iσihiσ| +
iσ

+

X

(Viν |iσihs|cνkσ

νkσ

+ H.c.),

iνkσ

where the singlet |si and the two doublets |iσi (i = 1, 2; σ =↑ or ↓) denote
the localized states, c†νkσ create conduction states at the left (ν = L) or right
(ν = R) lead, and Viν describe the hopping elements between the leads and
both doublets, assumed independent of k.
As discussed in Chapter 3, this hopping element can be derived from
realistic calculations of the benzene molecule. It is given by
Viν = tν hiσ|c†jν σ |si,

(6.1)

where c†jσ creates an electron (or hole) with spin σ at the π orbital at site j (1
to n) of the molecule, jν denotes the site connected to the lead ν, and tν is
the hopping between this site and the lead ν.
Choosing adequately the phases of the gauge transformation |iσi →
eiϕi |iσi, both ViL can be made real and positive, and by reflection symmetry
V1L = V2L .
Using rotational symmetry, it is easy to see that
ViR = (tR /tL )ViL exp [−i(jR − jL )(Ki − K0 )] ,

(6.2)

where Ki is the wave vector of |iσi. The phase of V1R can be absorbed by
a gauge transformation in the cRkσ , rendering it real and positive. The remaining matrix element is V2R = V1R e−iφ , where φ = (jR − jL )(K2 − K1 ). This
result is general for a ring geometry.
For benzene K2 − K1 ≡ ±2π/3. As shown in Fig. 6.2, if the leads are
connected in the para position (jR − jL = 3), φ ≡ 0, while in the ortho (jR −
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(a)
(b)
Figure 6.2: Connection of the benzene molecule in (a) para- and (b) meta- position.

jL = 1) or meta (jR − jL = 2) positions, φ ≡ ±2π/3. Note that the sign of φ
does not affect our results.
For simplicity we shall assume |tR /tL | = 1 in the calculations presented
here. Then, the hopping of the leads to the relevant states of the benzene
molecule are V1L = V2L = V1R = V , V2R = V e−iφ , with φ = 0 for the para
position, and φ = ±2π/3 for the other two possibilities of connecting the
leads.
For φ = 0, the state
√
|Bσi = (|1σi − |2σi)/ 2
decouples from the leads and the transport properties of the system are the
same as those for a single level
√
|Aσi = (|1σi + |2σi)/ 2
√
connected to the leads, with hopping 2V , which is the well known SU(2)
limit.
As it is discussed next, for φ = 2π/3, the results are similar as if there
would be an energy splitting δ̃ between the doublets. They can be analysed
in analogy with the effect of a true splitting δ on the SU(4) limit (presented
in Chapters 4 and 5).

6.2

The current

The calculation of the current through the benzene molecule, described by
our effective model, must be performed with the general expression derived
in Chapter 1 and particularized in Chapter 4. This expression is appropriate
to calculate the current through a region with interacting electrons at finite
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temperature and bias. It is given mainly by the non-equilibrium Green functions of the localized levels
Z
ie
I = ±
dωTr[(ΓL fL (ω) − ΓR fR (ω))G>
d (ω)
h
+ (ΓL (1 − fL (ω)) − ΓR (1 − fR (ω)))G<
d (ω)],
where the + (-) sign correspond to the case in which the doublets have one
more electron (hole) than the singlet, fν (ω) = [exp[(ω − µν )/kT ] + 1]−1 where
>
µν is the electro-chemical potential of the lead ν, and Γν , G<
d and Gd are 2×2
matrices: the hybridization matrix, the lesser and greater Green functions.
In particular, taking the unperturbed density of conduction states per spin
ρ = 1/(2D) where 2D is the band width, and symmetric coupling to the
leads, the hybridization matrices are




πV 2
πV 2 1 1
1 eiφ
R
L
, Γ =
.
Γ =
1 1
e−iφ 1
D
D
Note that unless φ = 0, ΓL is not proportional to ΓR . As a consequence,
the trick used to relate the conductance at Vb = 0 with the spectral density
of states cannot be used. The conductance G = dI/dVb has to be obtained by
numerical differentiation of the current even for Vb → 0.
The traces appearing in the current equation have the form
≶

Tr(ΓR Gd ) =

πV 2 ≶
≶
≶
≶
[G11 + G22 + cos(φ)(G21 + G12 )
D
≶
≶
+isen(φ)(G21 − G12 ),

≶

and similarly for Tr(ΓL Gd ) replacing φ by 0. From the definition of the
≶
≶
≶
Green functions Ḡij (t) = -Gji (−t) and after Fourier transform Ḡij (ω) = ≶
≶
≶
≶
≶
Gji (ω). Then, Gii (ω) and G21 (ω)+G12 (ω) are pure imaginary, while G21 (ω)−
≶
G12 (ω) is real.
For the numerical calculations, the unit of energy is chosen as Γ = ΓLii +
2
ΓR
= 1, i = 1, 2. Also Γ is two times the resonant level width
ii = 4πρV
∆ = 0.5. The present study is focused in the regime of gate voltages such
that Es − Ei  ∆, for which correlations play a more important role, the
Kondo effect develops and the conductance is higher. The Fermi level of the
leads without applied bias voltage is put to zero and also the singlet energy,
F = Es = 0. It is considered that the voltage bias Vb drops symmetrically,
hence µL = eVb /2 and µR = −eVb /2.

6.3

Partial destructive interference

The main results for the properties of transport through a benzene molecule
are shown in Fig. 6.3. The differential conductance G = dI/dVb as a function of the bias voltage Vb , is shown for the two different non-equivalent



6. Transport through a benzene molecule in the Kondo regime
1

E1=E2=-3
T=0.05 TK

2

dI/dV(2e /h)

0.8
0.6
0.4
0.2

TK = 0.039
TK = 0.030

φ=0
φ = 2π/3

0
1

E1=E2=-4
T=0.05 TK

2

dI/dV(2e /h)

0.8
0.6
0.4
0.2

TK = 0.0084
TK = 0.0036

0
1

TK = 0.0018
TK = 0.00048

0.8
2

dI/dV(2e /h)

φ=0
φ = 2π/3

0.6

φ=0
φ = 2π/3

E1=E2=-5
T=0.05 TK

0.4
0.2
0
0.0001

0.001

0.01

eV

0.1

Figure 6.3: Differential conductance at low temperature through a benzene molecule as
a function of bias voltage for several values of the energy of the doublets, with the leads
connected in the para (red dashed line) and ortho or meta (full black line) positions.

connections of the leads: for the leads connected at 180 degrees (in the
para position), for which φ = 0, and for the lead at 60 or 120 degrees for
which φ = ±2π/3 (these are the ortho and metha positions). In the figure,
the conductance is shown only for positive voltages in a logarithmic scale.
The three different panels correspond to different positions of the doublets
E1 = E2 = Ed with respect to the Fermi level.
In all the panels, the dashed red curves correspond to the para position,
i.e. φ = 0. In this limit, there is one linear combination of the doublets which
decouples from the the leads and the problem is equivalent to the transport
through a single level with spin degeneracy. This limit was studied in Chapter 4, G shows a single peak centred near zero voltage and width of the order
of 2TK /e, where TK is the Kondo temperature. In the Kondo regime this is

6.3. Partial destructive interference



the only relevant scale. The value of TK can be accessed experimentally by
different means. In Chapter 4 and Chapter 5 it was shown that the halfwidth at half-maximum of the Kondo resonance in the density of states at
very low temperatures was a good estimate of the Kondo temperature. In
transport properties, it is possible to determine TK from the half-width of
the zero-bias peak in the differential conductance G(Vb ) for T = 0. It can
also be defined as the temperature at which G(T ) for Vb = 0 falls to half of
the maximum value G(T = 0). The values of TK from these definitions are
all of the same order. This is natural from the expected universal behaviour
of the (single level) Anderson model in the Kondo regime, in which only
one energy scale survives.
As shown in the Fig. 6.3, the peak for φ = 0 (dashed red curve) becomes
narrower as Ed is more negative. The Kondo temperature varies exponentially with the charge-transfer energy Ed and as a consequence, the width
of the central peak observed in the figure also decreases exponentially with
increasing |Ed |. For the sake of clarity in the comparisons, the calculations
in Fig. 6.3 correspond to T = 0.05TK , with TK determined from the half
width at half maximum of the density of states.
When the molecule is attached to the leads at 60 or 120 degrees, three
main changes occur in G(Vb ) in comparison to the φ = 0 case: i) the maximum of G(0) is lower, ii) the width of the central peak is narrower and scales
in a different way with Ed , and iii) two new peaks appear at finite Vb .
i) The fact that the conductance is reduced with respect to φ = 0 is due
to the effect of partial destructive interference between the current transmitted by the two doublets. In the para position, for which all the couplings
to the leads have the same sign (φ = 0), G(0) equals the quantum of conductance 2e2 /h for symmetric coupling to the leads. In the opposite case
(hypothetical for benzene) of φ = π, there is perfect destructive interference
and G vanishes. Transport through the benzene molecule connected in the
ortho or meta positions, correspond to an intermediate situation (φ = ±2π/3),
and therefore, an intermediate value of G(0) is expected.
ii) The non-diagonal Green functions that are not zero at φ = 2π/3 mix
the doublets. The effect of this mixing is the opening of an effective splitting
δ̃. It is like having two non-degenerate doublets. The narrowing of the conductance peak is a consequence of the reduction of the Kondo temperature
due to this effective splitting. As it is discussed later, the effective splitting
has a 1/|Ed | dependence (for Ed  ∆). This is the reason why the peak is
narrower for Ed = −5 in the Fig. 6.3. The TK is strongly reduced respect to
the φ = 0 at the same Ed . Moreover, the effective splitting δ̃ also modifies the
scaling of the Kondo temperature with the energy. It is very interesting to
notice that as the splitting is smaller, the value of the conductance at Vb = 0
is smaller and the effect of the partial destructive interference enhances.
iii) For asymmetric coupling to the leads, as it is usually the case in transport through molecules in devices built by electro-migration, G(0) decreases
strongly and it is not possible to distinguish between different positions
of the leads connected to the benzene molecule from the maximum value
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Figure 6.4: Differential conductance for φ = π and different values of the level splitting.

of G. Although there is a clear dependence with the energy of the localized
level via the effective splitting, the conductance decreases just slightly. The
most likely feature to distinguish among the different positions of the conducting leads which might be detected experimentally is the presence of the
side peaks in G(Vb ), which seem to depend weakly on the charge transfer
energy Ed , in contrast to the width of the central peak. These peaks represent possible transport processes at finite energy and are a consequence of
the opening of the effective splitting between the doublets.
As it is shown next, all these results can be understood under the light
of our previous study of the SU(4) Kondo effect with a symmetry breaking
field δ.

6.4

The analogy with the broken SU(4) symmetry
in the φ = π limit

The effect of the φ = ±2π/3 phase in transport properties can be understood
in comparison with the case of total destructive interference for φ = π. This
limit is not possible in benzene but it leads to an effective SU(4) symmetry
when the doublets are degenerate and the coupling to left and right leads
are equal. In last chapter the effect of a symmetry breaking field δ which
splits the doublets E2 = E1 + δ was considered. The differential conductance for φ = π with three different values of δ is shown in Fig. 6.4. The
bias scale is logarithmic to better appreciate the similarity. Clearly, G(Vb )
is qualitatively similar to the corresponding result for benzene with leads
connected in the ortho or meta positions.
The conductance, which vanishes in the SU(4) limit for δ = 0, is restored
by a finite δ and two peaks at eVb = ±δ appear. The effect of the splitting
is thus: i) an increase of the conductance which was suppressed due to destructive interference (G increases with δ as soon as δ > TK (SU (4))), ii) a
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Figure 6.5: (a) Equilibrium spectral density for the benzene doublets as a function of
frequency in the ortho and meta positions for different temperatures. (b) Total spectral
density at equilibrium as a function of frequency for the effective model with φ = π,
T = 0.05TK and different values of the level splitting.

narrowing of the conductance peak due to the reduction of the Kondo temperature. TK interpolates in between the SU(4) limit at δ = 0 and the onelevel SU(2) limit as δ → ∞. The latter is orders of magnitude smaller. iii)
There are finite energy process which are possible because of the splitting of
the doublets. This leads to finite bias peaks in the differential conductance
at eVb = ±δ.
This similarity suggest to interpret the results for benzene starting from
those for φ = π, δ = 0 and thinking the difference between the coupling
V2L for φ = ±2π/3 and φ = π as a perturbation. There is no direct coupling
between the doublets and thus the correction has to be at least second order
(go to the lead from doublet 1 and come back to doublet 2, and so). This
perturbation, in second order, introduces among other effects, an effective
mixing between the levels, proportional to V 2 /|Ed |, which leads to a splitting of the doublets. In fact, the position of the satellite peaks in Fig. 6.3
(ranging from 0.3 for Ed = −3 to 0.22 for Ed = −5) is roughly consistent
with a 1/|Ed | dependence.
Following the same reasoning, the comparison of the densities of states
helps to further test this interpretation of the results. In Fig. 6.5 the comparison between φ = 2π/3 and φ = π is shown for different values of δ . The
density of states of both doublets for benzene connected to the leads in ortho or meta positions is represented in Fig. 6.5(a) for different temperatures.
As T decreases below TK , not only a peak develops near the Fermi energy,
but also two side peaks (the most prominent for positive frequencies) are
clearly present. In Fig. 6.5(b) the total density of states (adding both levels)
is shown for φ = π at very low temperatures. In this case, the peak near to
the Fermi energy corresponds to the lowest doublet and the peak at energy
near δ corresponds to the highest doublet. In contrast, each peak in Fig.
6.5(a) is expected to come from some linear combination of both doublets.
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In spite of this difference, the similarity of the densities of states suggest a
common physical origin of the splitting of the peaks in the spectral density,
which in turn gives rise to the side peaks in G(Vb ) (although the densities of
states are modified with the applied bias voltage and the peaks are blurred).
In Chapters 4 and 5 the effect of a symmetry breaking field δ = E2 −E1 in
the SU(4) limit on the Kondo temperature was shown to strongly reduce it
until the one-level SU(2) limit as δ → +∞. The effect of δ on TK is small
when δ < TK (SU (4)), while for larger δ, TK decreases strongly. Therefore, the fact that the effective energy scale in the ortho and meta positions
is smaller than that in the para positions (compare the widths of the central
peaks in Fig. 6.3) can be interpreted as an effect of the effective level splitting
caused by a phase φ different from π. In other words, it seems that the position of the side peaks in G(Vb ) (or the densities of state) and the plateau in
G(T ) indicate an effective δ̃, which decreases the characteristic energy scale
TK .

6.5

Temperature dependence of the conductance

The importance of correlations in the Kondo regime can be missed in experiments due to the limit given by the accessible low temperatures. The
exponential dependence of the Kondo temperature with the physical parameters makes it very difficult to study some regimes or to “stay” within
the boundaries where a given effect is present. This is an extra motivation
to study the temperature dependence of the transport properties discussed
here. In Fig. 6.6 the evolution with temperature of the conductance G(T ) for
Vb = 0 is shown for three values of Ed in the case for the conducting leads
connected in the ortho or meta position, i.e. φ = ±2π/3. As explained, the
conductance G(T ) was obtained differentiating the current.
The most relevant scale in the Kondo regime is the Kondo temperature
TK . Despite of the fact that it is very different for each Ed , the scaling T /TK
allows to display all the curves together in the same scale. The Kondo tem-
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perature is obtained from the half width at half maximum of the equilibrium
density of states ρiσ (ω): TK is 3 × 10−2 , 3.6 × 10−3 and 4.8 × 10−4 for Ed =
-3, -4 and -5 respectively. Due to a limitation of the numerical technique, the
lowest temperature is 0.1 TK .
First, once scaled with the Kondo temperature, all the curves have nearly
the same functional dependence. They are close to the universal curve expected in the one-level SU(2) Kondo regime although here a second scale δ
is present. Second, the maximum of the conductance at low temperatures
is very similar for Ed = −3 and Ed = −4 and close to the ideal value 2e2 /h,
but it decreases for Ed = −5. In our interpretation, this is a consequence
of the reduction of the effective splitting δ̃ with |Ed | which increases the
destructive interference. Third, similarly to the effect of the bias, as temperature increases, finite-energy processes become active and contribute to
transport. In this case, the peaks at finite energy in the density of states at
low temperatures, which were between 0.3 for Ed = −3 to 0.22 for Ed = −5,
result in a structure in G(T ) at T /TK near 10, 70 and 400 for Ed = -3, -4 and
-5 respectively. While for Ed = −3 this structure is hidden in the main peak,
a kind of plateau is evident for the other values of Ed at the corresponding
positions, as shown in the inset of Fig. 6.6.

6.6

The phase and the effective splitting

In this section I present a simple calculation supporting our argument on
how the phase φ is related with an effective splitting between the doublets.
Taking into account just the orbital contribution, the hybridization is explicitly
X
HM IX =
(Viν |iihs|cνkσ + H.c.)
iνk

=


V1L |1ihL| + V1R |1ihR| + V2L |2ihL| + V2R |2ihR| + H.c. ,

where V1L = V2L = V1R = V , V2R = V e−iφ . If this coupling is taken into
account perturbatively up to second order in V , there is a correction to the
Hamiltonian given by the processes of going from |ii to the band (left or
right) and then back to |ii or to |j 6= ii. To this order,

 L 2

 L 2
(V1R )2
(V2 )
V2R V2R∗
(V1 )
+
|1ih1| −
−
|2ih2|
H1 = −
Ed
Ed
Ed
Ed
 L L

 L L

V1 V2
V1R V2R∗
V1 V2
V1R V2R
−
+
|1ih2| −
+
|2ih1|
Ed
Ed
Ed
Ed
2V 2
V 2 (1 + eiφ )
V 2 (1 + e−iφ )
2V 2
⇒ H1 = −
|1ih1| −
|2ih2| −
|1ih2| −
|2ih1|.
Ed
Ed
Ed
Ed
The non-diagonal part of the Hamiltonian
−


V2 
(1 + eiφ )|1ih2| + (1 + e−iφ )|2ih1| ,
Ed
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can be diagonalized noting that (1 + eiφ ) = 2 cos(φ/2)eiφ/2 , thus
−


V 2 2 cos(φ/2)  iφ/2
e |1ih2| + e−iφ/2 |2ih1| ,
Ed

where the eigenvalues are λ = ± V

2 2 cos(φ/2)

, with eigenvectors
√
|gi = [|1i + e−iφ/2 |2i]/ 2,
√
|ei = [|1i − e−iφ/2 |2i]/ 2.
Ed

The splitting originated by the phase is thus
δSW

4V 2 cos(φ/2)
.
=
Ed

(6.3)

h
i
D∆
In the case of φ = 0, ±2π/3, π, the splitting is δSW = 4, 2, 0 πE
. This
d
would give the ∼ 1/|Ed | dependence.
In the new base, the new effective coupling to left and right can be found.
The hybridization part that arises from the application of the Hamiltonian
to these eigenstates is

 √
H|gi → V (|Li + |Ri) + e−iφ/2 (|Li + eiφ |Ri) / 2,

 √
H|ei → V (|Li + |Ri) − e−iφ/2 (|Li + eiφ |Ri) / 2,
hence the resonant level widths corresponding to these levels are
∆gL
∆gR
∆eL
∆eR

=
=
=
=

πρ0 V 2 |1 + e−iφ/2 |2 /2,
πρ0 V 2 |1 + eiφ/2 |2 /2,
πρ0 V 2 |1 − e−iφ/2 |2 /2,
πρ0 V 2 |1 − eiφ/2 |2 /2,

thus
∆g = 4πρ0 V 2 cos2 (φ/4), ∆e = 4πρ0 V 2 sin2 (φ/4),
are the total effect of the coupling to left and right. This can be thought as
having effective couplings which are different for each level: Vg = 2V cos(φ/4),
and Ve = 2V sin(φ/4). In the case of φ = 0, ±2π/3, π, the effective couplings
are ∆g = 2, 3/4, 1/2 [∆] and ∆e = 0, 1/4, 1/2 [∆]. The meaning of this
√ is
very reasonable. For φ = 0, the excited eigenstate |ei = [|1i − |2i]/ 2 is
decoupled from √
the leads and transport occurs through an effective single
level [|1i + |2i]/ 2. √For φ = π, the splitting is zero and the eigenstates
|g/ei = [|1i ∓ i|2i]/ 2 are equally coupled. In the case of φ = ±2π/3
something intermediate happens.
√ There is a finite splitting and the eigen−iπ/3
states |g/ei = [|1i ± e
|2i]/ 2 are not equally coupled: ∆g = 3/4 [∆] and
∆e = 1/4 [∆].
The splitting can be derived differently considering Haldane’s scaling
theory [Haldane, 1978b]. According to Haldane’s result the fact that the
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coupling of the levels are not the same produces a different renormalization
and therefore an effective splitting
 
D
1
,
δHald = (∆g − ∆e ) ln
π
Ed
thus



2

δHald = 4ρ0 V cos(φ/2) ln
∆
π



D
Ed


(6.4)

,

i

. For φ = 0, ±2π/3, π, the resulting spliti
= 2, 1, 0 ∆
ln EDd . These results are compared in Fig. 6.7.
π
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Figure 6.7: Comparison between the splitting given by Eq. (6.3) and from Haldane’s theory
by Eq. (6.4) with the result from the position of the satellite peaks.

6.7

Concluding remarks

When the SU(4) limit for φ = π was presented and discussed in Chapter 4
and 5, it was pointed out that the high symmetric condition could be broken
by different means but the essential physics could be understood with the
same ideas. In our effective model, the SU(4) limit is achieved for degenerate doublets E1 = E2 , for equal couplings V1 = V2 at right and left, and for
φ = π. The main result is that in this limit total destructive interference is
found in transport properties. When the symmetry is broken by a splitting
of the doublets energies δ, the conductance is restored as δ > TK (SU (4)),
the Kondo temperature drops abruptly and two finite energy peaks appear
in the differential conductance at eVb ∼ ±δ.
In this chapter, the effective model was studied for φ = 0 and φ = ±2π/3.
In the first case, one of the linear combinations of the doublets decouples
from the leads and the transport properties are just the same as having one
doublet. There is no interference. In the second case, the is partial destructive interference, the Kondo temperature is reduced with the respect
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to φ = 0, and there are side peaks in the differential conductance. Our interpretation for the results is that starting from the φ = π condition, the
effect of φ = ±2π/3 is to mix the doublets introducing an effective splitting
δ̃ ∼ V 2 /|Ed |. As Ed is larger, the splitting is smaller and there is more destructive interference. The finite bias peaks would correspond to ±δ̃ and the
reduction of the Kondo temperature would be also caused by this splitting.
For our results to be valid, the coupling to the leads should be sufficiently small, so that excited states, not included in the effective Hamiltonian, do not play an important role. The effect of these states can be estimated for each particular case. Moreover, in this work, the effect of phonons
has been neglected. This can modify the effective parameters of the model
and also affect the interference phenomena.
The transport through a benzene molecule is a particular case of our
effective model to treat interference phenomena in interacting systems. In
this context our model can be thought as the effective Hamiltonian for transport through a symmetric ring with one orbital per site, including a singlet
and two degenerate doublets of a neighbouring configuration for the isolated ring. The resulting effective generalized Anderson Hamiltonian describes however more general situations.
Partial destructive interference occurs in general when two levels with
N particles are near to another one with N ± 1 electrons. Therefore, the
situation of one singlet and two doublets appears frequently. From the wave
vectors of these states, it is easy to calculate the phase φ of the effective
model following the lines of this chapter. Therefore, our formalism can be
used in a variety of physically relevant systems.

C HAPTER 7

Orbital Kondo Spectroscopy in a
Double Quantum Dot System

7.1 The double-quantum dot system.
[7.1.1] Preliminary introduction.
[7.1.2] The Hamiltonian.
[7.1.3] The current.
7.2 Non equilibrium transport properties.
[7.2.1] The SU(4) case.
[7.2.2] The effect of the psudo-splitting δ.
7.3 The densities of states out of equilibrium.
7.4 The STS configuration.
7.5 Conclusions.
The Kondo effect is one of the most studied phenomena in strongly
correlated condensed matter systems and is still a subject of great interest. Originally observed in systems of magnetic impurities in metals, the
Kondo effect has reappeared more recently in the context of semiconductor quantum-dot (QD) systems, with a single “impurity”. The Kondo effect is characterized by the emergence of a many-body singlet ground state
formed by the impurity spin and the conduction electrons in the Fermi sea.
The binding energy of this singlet is of the order of the characteristic temperature TK below which the effects of the “screening” of the impurity spin
manifest in different physical properties.
The many-body nature of the Kondo wavefunction is very hard to explore in the case of a localized level with spin degeneracy. The spin up
and down components of the wavefunction which entangle electrons in the
conduction band and localized electrons, cannot be measured separately,
at least in a clean and easy way. The key point is that it would be necessary to have spin resolved probes, to probe up and down contributions
independently. In a thought experiment, the application of a magnetic field
would allow to study the evolution of the contributions from each spin as
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the Kondo state is killed once the Zeeman splitting exceeds the Kondo temperature.
As it was proposed by Amasha et al. [2013], this problem can be circumvented if the system has additional orbital degeneracy. In the case of spin
plus orbital degeneracy, it is possible to achieve a Kondo effect with larger
Kondo temperature TK . From the experimental point of view, this can be
realized in a double quantum dot system with strong inter-dot repulsion. In
some regime of parameters, the energy necessary for adding an electron in
either dot becomes the same and in absence of magnetic field, the degeneracy is 4 and the system can be described with an SU(4) Anderson model.
It is important to notice that there are four possible occupation and four
different electron bands. This is because each of the dots is coupled to one
of the dots independently. The wavefunction in the SU(4) Kondo regime entangles spin up and down electrons localized in dots one and two with the
conduction electrons in the leads. In this context, the orbital structure of the
wavefunction can be studied since there are orbital-resolved probes. Moreover, it is possible to apply different chemical potentials in order to study
the non-equilibrium transport and the influence of one dot to the other in
the presence of correlations.
The symmetry breaking magnetic-field in the spin degenerate case can
be replaced in this system by a pseudo-magnetic field which is controlled
with electrostatic gates that can detune the energies of the levels out of the
orbital degeneracy point. The additional (orbital) degrees of freedom are
referred as pseudo-spins and this energy splitting is like a pseudo-Zeeman
splitting. The symmetry breaking leads to a transition between SU(4) to
one-level SU(2) Kondo effect (because of the remaining spin degeneracy).
The study of the Kondo effect in this transition allows for the analysis of
the structure of the wavefunction. The effect of the pseudo-spin splitting
can also be detected in transport properties since inelastic processes become
accessible and correlations lead to non trivial crossed contributions.
In the context of our interference model introduced in Chapter 3 the
SU(4) Kondo effect and also the transition from SU(4) to SU(2) under the
effect of a symmetry breaking field were analysed in Chapters 4 and 5. With
the appropriate modification, we studied the physics of the orbital Kondo
spectroscopy under the light of our previous results. This is the subject of
the present chapter.

7.1

The Double Quantum Dot System

The system that has been recently proved to be suitable to perform pseudospin spectroscopy of the Kondo state is formed by two capacitively coupled
quantum dots, each one connected to its own pair of conducting leads (see
Fig. 7.1). The pseudo-spin is defined by the orbital occupation of one or the
other dot and the spectroscopy can be done by controlling independently
the voltages of the four leads. The advantage of the semiconductor quantum

7.1. The Double Quantum Dot System



Figure 7.1: (a) Scheme of the experimental setup. (b) Occupation-diagram showing the
occupations of both quantum dots as a function of the on-site energies.

dots is the great control of the parameters. In particular, the occupation of
the quantum dots can be varied using gate voltages.
Before the discussion of the transport properties of this system, some
important concepts are presented in the following. They are useful to understand the different transport scenarios and to get an idea of which are
the relevant parameters.

7.1.1

Preliminary introduction

The electrostatic confinement of the electrons in the quantum dots gives rise
to a set of localized levels with energies ei (N ) which depend on the number
N of electrons. In order to describe transport properties it is more useful
to work with a scheme of addition energies, i.e. with the energies which
correspond to a new electron (or hole) added to the system e(N − 1) − e(N )
1
. This is very adequate when the Coulomb repulsion is not negligible. For
example, the first electron can be added paying an energy Ed and the next
one, an energy Ed + U , to reach the same level with different spin. Here U
is the energy cost of the electron-electron repulsion. In the left panel of Fig.
7.2, the addition energies in the case of one localized level (Ed and Ed + U )
are represented at different positions with respect to the Fermi level EF .
The advantage of the semiconductor quantum dots is that the position of
the addition energies with respect to the Fermi level can be controlled with
a gate voltage. This allows to explore different transport regimes.
In particular, there are interesting points for transport where the addition
energy matches the Fermi level of the conduction electrons of the leads 2 .
The physical meaning of this is that the energy cost to add an electron in the
system is zero with respect to the Fermi level, i.e. a conduction electron can
occupy (or leave) the localized states without paying extra energy. This is
the resonant condition.
1
2

At low temperatures it is enough to consider the ground state for N electrons
They are assumed both in equilibrium
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Figure 7.2: (left panel) Representation of the addition energies for the localized level at
different positions with respect to the Fermi level EF . The blue part of the rectangle represents the occupied states in the conduction band. Only one level of energy Ed is considered.
The addition of another electron requires an extra energy U which represents the Coulomb
repulsion. The different regimes (see text) are called: (i) empty orbital, (ii) and (iV) mixed
valence, (iii) Kondo regime and (v) full orbital. (right panel) Equilibrium conductance G
(left axis) and occupation (right axis) calculated in linear response regime with the onecrossing approximation (OCA) for different position of Ed . The OCA extends the NCA to
cases with finite U . G is in units of G0 = 2e2 /h, the Coulomb repulsion is fixed to U = 32
and the half-bandwidth D = 43. As explained in the text, the observed behaviour is consistent with the different regimes shown in the left panel. There are two peaks that correspond
to Ed = EF and Ed + U = EF where the occupation (dashed red line) changes from 0 to 1
and from 1 to 2, respectively.

In the right panel of Fig. 7.2, the conductance (left axis) and the occupation (right axis) calculated in the linear response regime are shown as a function of the energy Ed . The calculation has been done with the one-crossing
approximation (OCA) which extends appropriately the non-crossing approximation (NCA) to include a finite Coulomb repulsion U [Haule et al.,
2001] [Tosi et al., 2011]. In the figure, U = 30∆, EF = 0 and the conductance G is in units of G0 = 2e2 /h. The behaviour of the G can be understood
taking into account the different regimes shown in the left panel. When the
energy Ed is greater than EF , there is no available state connecting source
and drain. This is called empty orbital regime and is the case (i) in the left
panel. The occupation (dashed red line) and the conductance are almost
zero.
As soon as Ed ∼ EF , the conductance and the occupation start to grow.
There is a conductance peak, or a jump in the current. This can be stated
more precisely in terms of the resonant level width ∆ which quantifies the
intensity of the coupling between the localized levels and the conduction
bands. The charge starts to fluctuate in between 0 and 1 as soon as Ed −EF .
∆. This is called the mixed valence regime and is the case represented in ii.
It is interesting to note that there are not two electrons entering the system
at the same time. This is because of the energy cost U due to the Coulomb
repulsion. This effect is called Coulomb blockade and is important when
U  ∆.
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In the energy range EF − Ed  ∆ and Ed + U − EF  ∆, the occupation
is fixed to 1 (see the case (iii) in the left panel of the figure). This is the
Kondo regime. For lower gate voltages (case (iv)), EF − (Ed + U ) ≤ ∆ the
occupation fluctuates between 1 and 2. This is also a mixed valence regime.
There is another conductance peak at Ed + U = EF because of the addition
of another electron in the resonant condition. The level is finally occupied
with two electrons (case (v)) and the conductance drops to zero.

Figure 7.3: Representation of the virtual spin-flip processes in the Kondo regime. For the
sake of clarity the up and down conduction electron bands are shown separately. The blue
part correspond to the occupied states in the left and right leads. In the initial state, the
localized level is occupied with an electron of spin up. In the virtual process, the electron
jumps to the conduction band of spin up (close to the Fermi level) leaving a hole that can
be filled with another spin-up electron or with an electron from the conduction band of spin
down. The first case (resonant-level correction) leads to a renormalization of the energy
and a finite lifetime for the electron in the localized level. The second case, where there is
spin-flip, leads to the Kondo effect.

Among the different regimes, a very interesting behaviour is found in
the Kondo regime at low temperatures. In this regime, the total occupation
is near one. The localized level can be occupied with an electron with spin
up or down. There is an energy cost for the electrons to leave the localized
level. Nevertheless, there are virtual processes involving electrons in the
localized level and in the conduction band as illustrated in the Fig. 7.3. The
spin up and down conduction bands are shown separately to emphasize
the two-fold degeneracy. The blue rectangles represent the occupied states
in source and drain; the Fermi level is indicated with a dashed line. In
the initial state, the localized level is occupied with an spin-up electron.
In a virtual process, the electron jumps to the conduction band of spin up
leaving a hole. In the final state, another electron occupies the localized
level. The virtual process where the electrons that occupy the impurity have
the same spin as the initial state, lead to a finite lifetime of the localized level.
They are the responsible of the width of the level, i.e. the resonant level
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width. As shown in the the Fig. 7.3, an electron with spin down can occupy
the empty level. In this process there is a spin-flip. The processes with
spin-flip lead to correlations between spin-up and down electrons in the
localized level and in the conduction bands. This is the origin of the Kondo
effect. If all these possible virtual processes are taken into account, there
is an effective “screening” of the magnetic moment 1/2 represented by the
degenerate level and the ground state is a many-body singlet wavefunction
that entangles conduction and localized electrons. There is a characteristic
energy TK at which these correlations become dominant.
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Figure 7.4: Evolution of the density of states of a localized level in the Kondo regime. The
energy Ed = −2.85, U = 5.71 and D = 11.43. ∆ = 1 is the energy unit. The results
correspond to a calculation with finite-U NCA. At high temperatures (top left panel) there
are two peaks in the density of states which correspond to the addition energies Ed and
Ed + U (see left panel of Fig. 7.2). As temperature decreases, there is an enhancement of
the density of states at the Fermi level, EF = 0. This is a signature of the Kondo effect.
The electrons that participate in the many-body state are mainly those with energies close
to EF .

The conduction electrons that participate in the many-body Kondo state
are mainly those whose energies are close to the Fermi level. The signature
of the Kondo effect is an enhancement of the density of states of the localized level at the Fermi energy. This can be understood as a consequence of
the finite probability to find the localized electrons at the Fermi level. A sequence of “pictures” of the density of states as a function of temperature is
shown in Fig. 7.4. The result corresponds to a calculation with finite-U NCA
[Tosi et al., 2011]. The energy of the localized level is Ed = −2.85 and the
Coulomb repulsion U = 5.71. The energy unit is the resonant level width
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∆ = 1. The Fermi level is fixed to zero, EF = 0. At high temperatures (top
left panel) there are two wide peaks that correspond to the addition energies
ω = Ed and ω = Ed + U . As temperature decreases, there is an enhancement
of the density of states at ω = 0. This one of the signatures of the Kondo
effect.
This enhancement of the density of states of the localized level is observed in transport properties as an increase of the conductance at zero bias.
This is suggested in the illustration of Fig. 7.3. In the Kondo regime, electrons can go from source to drain via the virtual spin-flip processes. The
behaviour of the conductance shown in the right panel of Fig. 7.2 is different at lower temperatures (T < TK ) and a plateau appears in between both
peaks. At T = 0, the conductance would be constant and equal to 2e2 /h in
the region between the two conductance peaks.

Figure 7.5: Stability map for a double quantum dot system showing the occupation of
each dot (n1 ,n2 ) as a function of the gate voltages Vg1 and Vg2 . In (a), there is no crosstalk
between the dots and the variation of one of the gate voltages does not affect the other one. In
addition, the dots are independent (not interacting). In (b) there is a crosstalk indicated by
the tilt of the lines but also there is an inter-dot repulsion. This turns the rectangles of stable
occupations into hexagons. There are lines of coexistence which separate configuration with
the same total number of electrons.

These essential features are very useful to understand the double-quantum
dot system. Each of the dots has a discrete set of energy levels. If the quantum dots do not interact, i.e. if there is no mutual repulsion (and no inter-dot
tunnelling), the occupation of either dot can be considered separately. As
explained, these occupations can be controlled with gate voltages Vgi . Since
there are two quantum dots, it is possible to build a map of the stable occupations (N1 , N2 ) as a function of Vg1 and Vg2 . This is shown in Fig. 7.5. In (a)
the stable occupations are shown in the case of independent quantum dots
without crosstalk. The occupation map has a chessboard shape. At fixed
Vg2 , the occupation can be varied as (N1 , N2 ) → (N1 + 1, N2 ) → (N1 + 2, N2 )
and analogously, at fixed Vg1 , different conditions (N1 , N2 ) → (N1 , N2 +1) →
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(N1 , N2 + 2) can be found changing Vg2 . In general, the gate voltages do not
act independently. If there is some crosstalk, i.e. the variation of Vg1 affects
the energy of the second dot or vice versa, the lines in the stability map are
not horizontal nor vertical any more. The addition energies are in general
Ei = αi1 Vg1 + αi2 Vg2 .
Also, as shown in Fig. 7.5(b), it is possible to have an inter-dot Coulomb
repulsion (like for capacitively coupled quantum dots). This means that
when there is an electron in one of the dots, for example in dot 1, there
is an extra energy cost to pay U12 to also add an electron in dot 2. This
inter-dot repulsion changes the shape of the map into hexagons. In this
case, only the total number of electrons in the system N1 + N2 is a good
quantum number. There are coexistence lines in the map which separate
configurations with the same total number of electrons. In the coexistence
lines, two configurations are equivalent.
Every time there is an odd number of electrons in one of the dots it is
possible to have Kondo effect, depending on the coupling to the leads and
on the temperature. In addition, it is possible to have more symmetry if
the parameters are tuned to be in the coexistence line. In this case, there is
additional degeneracy because of the possible orbital configurations. This
condition is suitable to observe SU(4) Kondo effect. As shown in Fig. 7.1(b),
the physics discussed in this chapter corresponds to a regime close to this
point of orbital degeneracy.

7.1.2

The Hamiltonian

Our model for this double-quantum dot (DQD) problem close to SU(4) symmetry considers a singlet configuration mixed with two spin doublets |iσi
corresponding to one additional electron (or hole) in QD i. The Hamiltonian
for our model can be separated as H = HL + HR + HC + HM IX , where
Hν =

X

k,ν,i,σ c†kνiσ ckνiσ ,

k,ν,i,σ

describes the four metallic leads labelled with ν (left or right; also source or
drain) which are coupled to dot i. Within our model, the double quantum
dots in the central region are described with two doublets with energies Ei ,
i = 1, 2 and a infinite inter-dot and intra-dot electrostatic repulsion
HC =

X

Ei d†iσ diσ + Coulomb repulsion.

i,σ

This means that double occupation of each dot is forbidden (the energy cost
is too high) and also having having two electrons in the whole system is not
possible. As shown with a red arrow in Fig. 7.1(b), the symmetry is reduced
to SU(2) by a pseudo-Zeeman splitting δ = E2 − E1 , which raises the energy
of a particle in QD2 (E2 ) with respect to the corresponding one for QD1 (E1 ).
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The coupling between the leads and the dots is given by the hybridization Hamiltonian,


X
†
HM IX =
Vνi ckνiσ diσ + H.c. ,
kνiσ

where we take a momentum independent hybridization. The tunnel couplings of each QD to the source and drain leads are ΓSi and ΓDi respectively
and we take the unit of energy Γi = ΓSi + ΓDi = 1 unless otherwise stated 3 .
In real systems, Γ1 6= Γ2 and SU(4) symmetry is lost even for δ = 0.
However, as it is discussed in Chapter 8, by tuning appropriately δ, the
equilibrium spectral densities for both dots ρi (ω) can be made to coincide at
low temperatures. This indicates that the SU(4) symmetry is recovered as
an emergent (approximate) symmetry at low temperatures.

7.1.3

The current

The total current from this Hamiltonian
can be calculated adding the conP
tribution from both dots I = n In , with
Z
X


ei
[ΓSnσ (ω)fSn (ω) − ΓDnσ (ω)fDn (ω)] Grn,nσ − Gan,nσ (ω)
dω
In =
2h
σ
+ [ΓSnσ (ω) − ΓDnσ (ω)] G<
n,nσ (ω) .
where fSn (fDn ) is the Fermi function for the electrons in the source (drain)
∗
coupled to dot n, the hybridization matrix coefficients are Γνnσ (ω) = Dπ Vνn Vνn
,
with an approximate flat band of width 2D around the Fermi energy for
each lead. The Green functions involved in the computation of the current
are non-equilibrium ones defined in the Keldysh formalism (in stationary
conditions) as
†
0
0
G<
dij,σ (t − t ) = +ihdjσ (t )diσ (t)i,
†
0
0
G>
dij,σ (t − t ) = −ihdiσ (t)djσ (t )i,

Grdij,σ (t − t0 ) = −iθ(t − t0 )h{diσ (t), d†jσ (t0 )}i,
Gadij,σ (t − t0 ) = +iθ(t0 − t)h{diσ (t), d†jσ (t0 )}i.
Using the relation (Gr − Ga )(ω) = (G> − G< )(ω),
Z
ie
In =
dω [(ΓSn fSn (ω) − ΓDn fDn (ω))G>
nσ (ω)
h
+ (ΓSnσ (1 − fSn (ω)) − ΓDnσ (1 − fDn (ω)))G<
nσ (ω)] ,
and the factor 2 comes from the sum over spin.
These non-equilibrium Green functions are calculated using the noncrossing approximation (NCA). The details are presented in Appendix D.
2π

3
The
P

hybridization matrix is defined in general as
∗
V
k∈νn νn (ω)Vνm (ω)δ(ω − k ), where the index n, m include spin.

Γνn,νm (ω)

=
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(a)

(b)

Figure 7.6: Convention for the application of the bias voltages Vi . Both dots QD1 (left)
and QD2 (right) are represented together. (a) Symmetric voltage drop: each of the electrochemical potentials is modified with ±Vi /2. (b) Asymmetric voltage drop: all the voltage
drops in the source lead.

7.2
7.2.1

Non equilibrium transport properties
The SU(4) case

The starting point is the analysis of the transport properties in the most
symmetric SU(4) case. Since all the hybridizations are the same, a four-fold
degeneracy is found for δ = 0, i.e. E1 = E2 . As shown in the scheme of
Fig. 7.1, each of the quantum dots is connected to its own pair of source
and drain leads. It is usual to consider that for a given applied bias voltage
Vb , the voltage drops symmetrically. This means that the source and drain
electro-chemical potentials are modified in the same amount with ±Vb /2.
This convention is illustrated in Fig. 7.6(a). The energy levels of both QDs
are represented together separated by a big tunnel barrier indicating that
the inter-dot tunnelling is negligible. The voltage-drop depends on the contact resistance. In a semiconductor device, big asymmetries are not expected
and the symmetric case is more appropriate. If the source and drain contact
resistances are different (like in transport through molecules), the voltagedrop can be rather asymmetric where only one of the leads chemical potential is modified. This case is shown in Fig. 7.6(b). If the localized level is
more hybridized with the lead that remains in equilibrium, the application
of the bias voltage is like in a Scanning Tunnel Microscope (STM). The differential conductance is sensitive to the density of states. In the discussion
that follows a symmetric voltage-drop is considered. It is worthy to comment that in this case the current is an odd function of the bias voltage Vb
and the conductance is therefore even.
The parameters of the double quantum dot system are tuned to explore
the transport properties close to the four-fold degeneracy point shown in
Fig. 7.1(b). There is an odd total number of electrons (chosen to be 1 here).
The energies of both quantum dots are the same, E1 = E2 = −4. In equilibrium, the four leads have the same electro-chemical potential fixed to zero.
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Without loss of generality, the Fermi level is also put to zero, EF = 0. Each
of the dots mixes with a linear combination of source and drain conduction
states 4 . At low temperatures, the correlations between the localized electrons (which may have spin up or down; or may be at QD1 or QD2) and the
electrons in the leads give rise to an SU(4) Kondo effect 5 .
The Kondo state is a complicated many-body state which entangles conduction and localized electrons. The wavefunction has contribution from
both QDs. In the transport set-up, the chemical potentials of each dot can
be varied independently, Vi . This allows to probe the orbital character of
the wavefunction. In the one-level SU(2) Kondo effect, this is very hard to
achieve because of the difficulty that represents having spin-resolved voltage probes.
The differential conductance of QD1 G1 = dI1 /dV1 and QD2 G2 = dI2 /dV2
in the SU(4) symmetric case are shown in Fig. 7.7 as a function of V1 and V2 .
By SU(4) symmetry, G1 has the same form interchanging V1 and V2 . There
are four different behaviours to discuss: (i) For V1 = V2 = 0, there is a maximum of the conductance slightly below G0 = 2e2 /h due to the SU(4) Kondo
effect. (ii) The application of either V1 and V2 tends to make the conductance
decrease. The application of V1 (V2 ) has a stronger effect on decreasing G1
(G2 ) than V2 (V1 ). As in the usual SU(2) Kondo effect, Gi (Vi ) drops to half its
SU (4)
SU (4)
value for Vi = 0 at a bias voltage such that eVi ≈ TK
, where TK
is the
Kondo temperature for δ = 0. (iii) At V1 = 0 (V2 = 0), there is a remaining
SU(2) Kondo effect in G1 (G2 ), independently of V2 (V1 ). (iv) Non-trivial correlation effects between both QDs are apparent in the fact that Gi increases
on the lines V1 = ±V2 (black dashed lines). This particular point is related
to the evolution of the density of states ρ1 (ω) (ρ2 (ω)) as V2 (V1 ) is varied and
is discussed below.
(i) The main characteristic of the SU(4) case is that there are more possible virtual processes. Following the same idea presented in Fig. 7.3 for
SU(2) symmetry, the virtual processes in this context are illustrated in Fig.
7.8. There are four degenerate states |iσi, each coupled to its own conduction leads. The conduction bands connected to QD1 and QD2, with spin up
and down, are shown separate to emphasize this four-fold degeneracy. In
the initial state an electron occupies the QD1 with spin up. In the virtual
process, this electron jumps to the QD1-up conduction band, leaving a hole.
Another electron from any of the four bands may occupy this hole. In this
way, the |1 ↑i can flip to |1 ↓i in a spin-flip process, to |2 ↑i in a pseudo-spin
flip process or also to |2 ↓i with both, pseudo-spin and spin-flip. These correlations among the localized and conduction electrons originate the Kondo
effect.
In the Kondo regime, −Ed  ∆, the total number of electrons in the
system is fixed to one. Since there are four degenerate states, the occupation of each of them is slightly below 1/4 at low temperatures (because of
4

The other linear combination decouples from the Hamiltonian.
For finite on-site and inter-dot Coulomb repulsion Ui and U12 , the system can be described with a model with SU(4) symmetry only when U1 = U2 = U12 [Galpin et al., 2005]
5
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Figure 7.7: Differential conductance of QD1 and QD2 as a function of V1 and V2 for δ = 0,
E1 = E2 = −4 and T = 0.005. The dashed lines correspond to V1 = ±V2

the occupation of the singlet). According to Friedel’s sum rule, the density of states at the Fermi level tends to ρiσ (F ) = π∆1iσ sin2 (π/4) = 0.5 π∆1iσ .
The P
total conductance at zero bias
P and zero temperature would be G =
2
2
e /h iσ π∆iσ ρiσ (F ) = 0.5 e /h iσ . This means a total conductance of
G = 2e2 /h = G0 and a conductance of Gi = 0.5G0 per QD at very low
temperature. It is very interesting to notice that although there are four
states, the total conductance does not saturates at 4e2 /h due to the partial
occupation of these states.
(ii) The effect of the Vi bias is to reduce the conductance Gi abruptly. The
idea is that the conduction electrons that participate in the virtual processes
are now thermalized at two different chemical potentials. As discussed in
Chapter 4 the Kondo resonance splits in two peaks situated at ±V2 /2 and
the conductance drops. In certain sense, there is a Kondo effect with source
and drain separately and thus, no conductance enhancement at the Fermi
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Figure 7.8: Representation of the virtual processes in the SU(4) limit. The convention is
like in Fig. 7.3. There are four conduction bands corresponding to QD1 and QD2, with
their respective spin projections. The system is in equilibrium. In the initial state, an
electron with spin up is occupying QD1. In a virtual process, the electron jumps to the
QD1-up conduction band. The hole that is left can be occupied by an electron from any of
the leads. There are spin-flip processes in which the electron in the final state has a different
spin. There are pseudo-spin processes in which the electrons in the final state is QD2. It is
also possible to flip the spin and the pseudo-spin. All these processes lead to the correlations
that originate the SU(4) Kondo effect.

level. This is illustrated in Fig. 7.9. The virtual process are represented for
one of the QDs taking into account only spin degeneracy. In the initial state
an electron with spin up occupies the localized level. In a virtual process,
the electron can jump to the source (pink arrow) or to the drain lead (orange
arrow). In the final state, an electron with the same or opposite spin may
occupy the level. The energy must be conserved thus there is a separate mix
with source and drain. The conductance Gi (Vi ) drops to half its value for
SU (4)
SU (4)
Vi = 0 at a bias voltage such that eVi ≈ TK
, where TK
is the Kondo
temperature.
(iii) The effect of V2 (V1 ) on dI1 /dV 1 (dI2 /dV 2) is different than that of V1
(V2 ). The previous explanation helps to understand that the conductance
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Figure 7.9: Representation of the virtual processes for one of the QD in the Kondo regime
when a bias voltage Vb is applied. Only the spin degeneracy is considered in this case, for
one QD. In the initial state an electron with spin up occupies the localized level. In a virtual
process, the electron jumps to the source (pink arrow) or to the drain (orange arrow) lead. In
contrast to the equilibrium case, for Vb 6= 0 these two conduction bands are not equivalent.

enhancement of the SU(4) Kondo effect is lost because of the splitting in the
chemical potential of two of the leads connected to QD2 (QD1). However,
there is a remaining spin degeneracy and if the QD1 (QD2) is kept at equilibrium, there is zero-bias peak in the conductance G1 (G2 ) as a consequence
of the SU(2) Kondo effect. This is clearly observed in Fig. 7.7 in the V1 = 0
(V2 = 0) line. The virtual processes for V2 = 0 and arbitrary V1 are illustrated
in Fig. 7.10.
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Figure 7.10: Representation of the virtual processes in the SU(4) limit when there is a bias
voltage applied source-drain pair connected to QD1 while the other remains at equilibrium.
If in the initial state the electron is in QD1, the effect of the bias is to split the Kondo
resonance as represented in Fig. 7.9. On the contrary, if in the initial state the electron is in
QD2 (dashed-line box), the spin degeneracy leads to SU(2) Kondo effect and to a zero-bias
peak in the conductance through QD2. It is explicitly shown how the Kondo effect enables
electrons to go from source to drain.

(iv) It can be observed in Fig. 7.7 (dahsed lines) that the conductance
enhances in the lines V1 = ±V2 . This is a non-equilibrium inelastic effect.
An illustration of the virtual processes in this condition of bias voltages is
shown in Fig. 7.11. The starting state is the electron in QD1 with spin up.
In a virtual process the electron jumps to the QD1 source (pink arrow) or
drain (orange arrow) lead. When V1 = V2 it is possible to have contributions
from the conduction electrons in the leads connected to QD1 and also to
QD2. In the final state the electron may be well in QD2 (pseudo-spin flip)
with the same or opposite spin. The effect of QD1 (QD2) in the differential
conductance of QD2 (QD1) dI2 /dV2 (dI1 /dV1 ) is a consequence of the orbital
correlations. In this particular condition, although V1 and V2 are different
from zero, the conductance G2 (G1 ) has a contribution from the density of
states of QD1 (QD2). The density of states of one dot is modified by the bias
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Figure 7.11: Representation of the virtual processes in the Kondo regime with SU(4) symmetry under the application of bias voltages V1 and V2 = V1 . In contrast to the case
discussed in Fig. 7.10, when V1 = V2 it is possible to have contributions from the conduction electrons in the leads connected to QD1 and QD2. The coupling is still to source and
drain leads separately. It is a sort of SU(4) Kondo effect with electrons at µ = ±V1 /2.

in the other dot. These crossed correlations are very interesting and are a
consequence of the SU(4) symmetry.
The variation of the densities of states can be observed in Fig. 7.12. In the
figure, the density of states of QD1 is shown for two different conditions. In
(a) V1 = 0 and V2 changes from 0 to 0.3. It can be observed that ρ1 is modified
by the application of bias in dot 2 as a consequence of orbital correlations.
This can be compared with the map for G1 shown in Fig. 7.7 and understood
with the help of Fig. 7.10. In (b) the density of states is shown for V1 = V2
as V2 changes from 0 to 0.3. It can be observed that the density of states is
enhanced in the line V1 = ±V2 . This is reasonable according to the possible
processes shown in Fig. 7.11.
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Figure 7.12: Evolution of the density of states of QD1 (same parameters as Fig. 7.7) (a)
for V1 = 0 and (b) for V1 = V2 , with V2 changing from zero to 0.3.

7.2.2

The effect of the pseudo-spin splitting δ

In the double quantum dot system the parameters have been tuned in a special point where E1 = E2 and it is possible to have SU(4) Kondo effect at low
temperatures. Apart from spin, there is additional orbital degeneracy since
the configurations with one electron in QD1 or QD2 are equivalent. The
energies of the energy levels in each dot can be varied with gate voltages.
As shown in the stability diagram of Fig. 7.1(b), it is possible to move one
of the energies E2 with respect to the other, E1 . This is like having a symmetry breaking field which lifts the orbital degeneracy. With respect to this
pseudo-spin degree of freedom, the effect of the electrostatic gates can be
thought as a pseudo-Zeeman splitting. The SU(4) symmetry is lost.
The effect of a symmetry breaking field δ in the SU(4) Kondo effect was
discussed in Chapter 4 and 5. In the systems studied, the SU(4) symmetry
of two degenerate doublets was broken moving one of the energies E2 =
E1 + δ, leaving the other one fixed. With the variation of δ, the SU(4) limit
(δ = 0) and the one-level SU(2) limit (for δ → ∞) were explored. It was
shown that for not so large values, δ < TK (SU (4)), the rough features of
the SU(4) case are retained, although the symmetry is already broken. As
δ ∼ TK (SU (4)), the Kondo temperature drops abruptly (TK → TK (SU (2))
in the limit of very large δ), and the Kondo resonance in the density of states
of the lower-energy doublet ρ1 becomes narrower. In addition, for finite δ,
there are satellite peaks in the densities of states that are originated from
correlations. There is a peak at ω = −δ in rho1 and a peak at ω = +δ in the
density of states of the doublet with energy E2 , ρ2 . All these facts are very
useful to understand the transport properties.
In Fig. 7.13 the conductances G1 and G2 are shown as function of both
(V1 , V2 ) when a finite pseudo-Zeeman splitting δ is introduced. For the calculation, δ = E2 − E1 = 0.5 and E1 = −4. This implies that the orbital in
QD1 is the most populated at low temperatures. As it would be expected,
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Figure 7.13: Differential conductance of (a) QD1 and (b) QD2 as a function of V1 and
V2 for δ = E2 − E1 = 0.5, E1 = −4 and T = 0.001. The broad lines correspond to
eV1 = ±eV2 ± 2δ and the fine lines to Vi = ±2δ. According to our convention, E1 is
below E2 and thus, excepting for δ = 0, it is more populated at low temperatures. The
conductance of QD1, dI1 /dV1 , exhibits a zero-bias (V1 = 0) peak, independently of V2 .
The conductance enhancement is lost for V1 6= 0. The are two points were the conductance
reaches the maximum values which correspond to V1 = 0 and V2 = 2δ. These increment is
a non-equilibrium inelastic effect (see the text). The current thought QD1 is also enhanced
in the lines eV1 = ±eV2 ± 2δ, when |V1 |, |V2 | < 2δ. On the contrary, there is no current
through QD2 (dI2 /dV2 is almost zero) until |V1 |, |V2 | ≥ 2δ. For V1 > 2δ, there is a
zero-bias conductance peak at V2 = 0 and the conductance G2 is also enhanced in eV1 =
±eV2 ± 2δ.
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the conductances at each dot are very different. There are several interesting
points to notice:
(i) Since G1 corresponds to the dot with lower energy, there is still a contribution of the SU(2) Kondo effect. This is the origin of the enhancement
of conductance at V1 = 0, independently of V2 . The maximum value of G1
occurs for V1 = 0, when V2 = 2δ. On the contrary, G2 is vanishingly small
close to equilibrium. More precisely, it is almost zero in the region with
|V1 |, |V2 | < 2δ. It can be observed that as soon as V1 > 2δ, there is a zero-bias
conductance peak (V2 = 0) in G2 .
(ii) Another feature which is clear from Fig. 7.13 is the increase of the
conductance along the lines eV1 = ±eV2 ± 2δ. In G1 , this increase occurs
while |V1 |, |V2 | < 2δ. On the contrary, in G2 this happens out of this region. The origin of this enhancement can be understood from the onset of
cotunnelling events near these equalities.
The starting point is V1 = V2 = 0. The cotunnelling event in which the
electron that occupies QD1 jumps to its source (S1) or drain (D1) lead and
an electron from S2 or D2 jumps to QD2 is inhibited because of the energy
cost δ. However, as shown in Fig. 7.14, when e|V2 | reaches 2δ, an event of
this type becomes possible, in which as a net result an electron flows from
S2 to D2 or conversely depending on the sign of V2 , and another electron
moves from QD1 to QD2 with a possible spin flip. In a second event the
electron of QD2 jumps to its lead of less energy and an electron from S1
or D1 jumps to QD1, leaving the QDs in the same charge configuration as
initially. This results in an increase of the current flow I2 and thus to a peak
in the conductance G2 . On average I1 = 0. However, a small |V1 | breaks the
symmetry between S1 and D1 in the above events leading to a large G1 also.
As long as |V1 |, |V2 | < 2δ, there is no transport through QD2. The lines
eV1 = ±eV2 ± 2δ are particular conditions of conductance enhancement because thereupon there are more virtual processes available. The contribution of transport through QD2, increases the current through QD1.
The zero-bias peak in G2 can be understood with a similar reasoning for
non zero V1 . In contrast to G1 , there is a threshold. This contribution appears
for V2 = 0 as soon as V1 > 2δ. This is illustrated in Fig. 7.15. The energy
supplied to the electron in QD1 to jump to its drain lead is compensated
with an electron from S2 or D2 that jumps intro QD2. The occurrence of
these processes with possible spin-flip give rise to the SU(2) Kondo effect
and thus o the zero-bias peak in G2 .
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Figure 7.14: Representation of the virtual processes when there is a pseudo-Zeeman splitting δ. The leads connected to QD1 are at equilibrium, while a bias voltage V2 = 2δ is
applied in the leads connected to QD2. According to our convention, E1 is below E2 and
therefore, the probability of occupying QD1 is much more higher than QD2 at low temperatures. In the initial state, an electron with spin up occupies the localized level in QD1.
In a virtual process, the electron jumps to the QD1-up conduction leads. The QD1 can be
occupied once again by an electron with spin up or down. These processes are responsible
for the SU(2) Kondo effect and originate the peak in G1 for V1 = 0, independently of V2
(see Fig. 7.13). For arbitrary V2 < 2δ, there is no transport through QD2. When V2 = 2δ,
there are inelastic processes that involve the energy level in QD2. The energy supplied to
the electron in the initial state in QD1 to jump to the conduction band can be restored by
an electron that enters into QD2. This leads to an enhancement of both conductances. The
transport properties are determined by the correlations between QD1 and QD2.

7.2. Non equilibrium transport properties



Figure 7.15: Representation of the possible virtual processes in the case of V2 = 0 and
V1 = 2δ. In this case, it is possible to have a zero-bias peak in G2 caused by the SU(2)
Kondo effect.

(iii) The energy scale of the variation of G1 with V1 is again given by
the Kondo temperature TK , but this is smaller than in the SU(4) case. As it
was presented in Chapter 4 and 5, the binding energy of the singlet ground
state obtained from a simple variational calculation can be described by the
expression
q
TK (δ)
= 1 + δ̃/d + δ̃ 2 − δ̃,
TK (0)
δ
D
δ̃ =
,d=
,
2TK (0)
2TK (0)
SU (4)

where TK (0) = TK
and D is half the band width. The width of the Kondo
peak calculated within the NCA agrees remarkably well with this expression. As it can be observed in Fig. 7.13, for T < TK (δ) and V1 > TK (δ), G1 (V1 )
for V2 = 0 presents a structure with three peaks which has not been observed
experimentally yet and is characteristic of the SU(4) → SU(2) crossover.
Since TK (δ) varies over several orders of magnitude, an experimental observation of this fingerprint of the crossover is near the present experimental
possibilities.
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Figure 7.16: Differential conductance of (a)(c)(e)(g) QD1 and (b)(d)(f)(h) QD2 as a function of V1 and V2 for (a)(b) δ = 0, T = 5. 10−3 (TK (SU (4)) = 0.012) (c)(d) δ = 0.01,
T = 5. 10−3 (TK (0.01) = 8. 10−3 ) (e)(f) δ = 0.1, T = 1. 10−3 (TK (0.1) = 3. 10−3 ) and
(g)(h) δ = 0.5, T = 1. 10−3 (TK (0.5) = 3. 10−4 ). In all the calculations E1 = −4.
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The evolution of the maps with δ is shown in Fig. 7.16. They can be
interpreted with the ideas discussed for δ = 0.5. It can be observed that
for δ = 0.01 (Fig. 7.16(c) and (d)) which is slightly lower than TK (SU (4)) =
0.012, the system behaves as in the SU(4) limit.

7.3

The densities of states out of equilibrium

More insight into the structure of the non-equilibrium conductance is obtained from the densities of states ρi (ω) corresponding to the localized levels
|iσi in QD i.
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Figure 7.17: (a) Densities of state for both QD. (b) Gi as a function of its bias voltage Vi
keeping the other bias voltage at zero. Parameters as in Fig. 7.13: E1 = −4, δ = 0.5.

As it can be seen in Fig. 7.17(a), at equilibrium and low temperatures,
ρ1 (ω) has a Kondo peak at the Fermi energy (which is taken as the origin
of energies) of width ∼ TK (δ) and a peak near −δ, while ρ2 (ω) has only an
inelastic peak near energy δ. The width of both inelastic peaks is of the order
SU (4)
SU (4)
of TK
for small δ (but δ > TK
so that the inelastic peak is split from the
Kondo peak) and increases with increasing δ. This behaviour is reminiscent
of the evolution of the peaks of the ordinary SU(2) Kondo model under an
applied magnetic field.
These densities of states have to be compared with the conductances
shown in Fig. 7.17(b). These are G1 (V1 ) at V2 = 0 and vice versa. As it was
explained, this voltage configuration does not allow to measure directly
the equilibrium density of states. The equilibrium densities of state can
be investigated by orbital spectroscopy controlling the parameters so that
the configuration is similar to that used in scanning tunnelling spectroscopy
(STS).
Specifically if ΓSi  ΓDi , and only the potential at one of the drains VDi
is displaced from the Fermi level, then the dots are in equilibrium with the
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source leads and for T  TK (δ), Gi ∝ ρi (eVi ). Our calculations show that a
ratio ΓSi /ΓDi = 9 is enough to reach this STS regime (see Sec. 7.4).
This property was used to study the equilibrium spectral density and
to compare it with that resulting from a numerical renormaliztion group
(NRG) calculation for a case in which both spin and pseudo-spin Zeeman
terms were present. However, this destroys the Kondo effect and the twopeak structure like that shown in Fig. 7.17(a) remains unexplored. Due to
the limitations of resolution of NRG at finite energies our NCA results are a
useful complement at equilibrium and have the advantage that they can be
extended to the non equilibrium situation.
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Figure 7.18: Density of states of (a) QD1 and (b) QD2 as a function of frequency for
E1 = −3, δ = 1 and several bias voltages at source 2.

In contrast, in general and particularly for a symmetric voltage drop the
spectral densities change under application of bias voltages Vi . Assuming
as a first crude approximation that the ρi (ω) are fixed, it would be expected
that G1 (V1 ) has a peak at V1 = 0 corresponding to the Kondo peak in ρ1 (ω),
and two peaks at V1 = ±2δ/e corresponding to the inelastic peak of ρ1 (ω).
This is in fact what happens for V2 = 0 [see Fig. 7.17(b)] but not for V2 6= 0
[see Fig. 7.13(a)]. Similarly it would be expected only inelastic peaks at
V2 = ±2δ/e for G2 (V2 ), as it happens for V1 = 0 but not for V1 6= 0.
The differences with the expected behaviour for rigid bands when both
Vi 6= 0 are due to changes in the spectral weight with respect to the equilibrium situation. To illustrate these changes the non-equilibrium situation
represented in Fig. 4(d) of Amasha et al. [2013] is considered. In this case,
the coupling to the source leads is larger and the voltages are applied only
in one of these sources VSi , keeping the other three voltages at zero. Specifically Γi = 1 but use ΓS1 /ΓD1 = 3 and ΓS2 /ΓD2 = 12, as described in the
supplementary material of Amasha et al. [2013]. In addition, E1 = −3 and
δ = 1 were taken to correspond approximately to the experimental parameters. The evolution of ρ1 (ω) with VS2 is shown in Fig. 7.18 (a).
At equilibrium (VS2 = 0), the spectral density of QD1 has the two peaks
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mentioned above. The inelastic peak can be understood as a mixture of the
ground state for zero hopping with an excited state in which the electron on
QD1 is displaced to QD2 and an electron from S2 is displaced to D1. Both
states are connected in second order in the lead-QDs hopping. The excitation energy is δ and this mixture allows that creating a hole in QD1 with
energy δ has a finite probability, leading to a peak at −δ in ρ1 (ω). When the
chemical potential at S2 is increased, the excitation energy decreases and
the peak displaces towards the Fermi energy. When this potential reaches
δ, the inelastic peak merges with the elastic one and this leads to a peak in
G1 (V1 ) at V1 = 0, even at temperatures above TK (δ) for which the original
elastic peak disappears. This agrees with the result presented in Fig. 4(d) of
Amasha et al. [2013]. We obtain a qualitative agreement with experiment,
but the ratio of intensities is larger in our case. This might be due uncertainties in the ratio E1 /Γi or to fluctuations in δ introduced by decoherence
effects6 .
A similar reasoning as above can be followed for a symmetric voltage
drop and brings an alternative explanation of the increase in intensity along
the lines eV1 = ±eV2 ± 2δ displayed in Fig. 7.13.
In Fig. 7.18(b) it is shown how ρ2 (ω) changes with VS2 . In contrast to
ρ1 (ω), much of the spectral weight lies above the Fermi energy. Therefore its
magnitude is proportional to the amount of the singlet configuration without particles in the ground state, or in other words, to the degree of intermediate valence. We observe that ρ2 (ω) increases as VS2 approaches δ.

7.4

The STS configuration

In this section the results for the STS configuration are briefly discussed. We
have kept Γi = 1 but set ΓSi = 0.1 and ΓDi = 0.9. With the convention of
Fig. 7.6(b) for the application of bias, all the voltage drops on the source
lead and the drain is kept in equilibrium. The evolution of the conductance
maps Gi (V1 , V2 ) are shown in Fig. 7.19 for different values of δ.
The results are very different from what is shown in Fig. 7.16 for symmetric voltage drop and source-drain coupling. The first important comment is that the conductance Gi (Vi ) is only slightly affected by the other
voltage. This is more in agreement with the idea of spectroscopy. In the
SU(4) limit (Fig. 7.16(a) and (b)) and for δ = 0.01 < TK (SU (4)) (Fig. 7.16(c)
and (d)), G1 (G2 ) show just a peak close to V1 = 0 (V2 = 0), displaced to the
right as corresponds to the density of states in the SU(4) limit. For δ = 0.1
and δ = 0.5 the conductance maps reflect the symmetry breaking. As it can
be observed in Fig. 7.16(e) and (g), the conductance G1 shows two peaks.
The peak at V1 = 0 is due to the SU(2) Kondo effect produced by the remaining spin degeneracy. The other peak at V1 = −δ is the satellite peak
produced by orbital correlations. There is no peak at positive bias. These
results are like the ones presented in experiment [Amasha et al., 2013]. In
6

Amasha et al. private communication.
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Figure 7.19: Differential conductance of (a)(c)(e)(g) QD1 and (b)(d)(f)(h) QD2 as a function of V1 and V2 in the STS configuration for (a)(b) δ = 0, T = 5. 10−3 (TK (SU (4)) =
0.012) (c)(d) δ = 0.01, T = 5. 10−3 (TK (0.01) = 8. 10−3 ) (e)(f) δ = 0.1, T = 1. 10−3
(TK (0.1) = 3. 10−3 ) and (g)(h) δ = 0.5, T = 1. 10−3 (TK (0.5) = 3. 10−4 ). In all the
calculations E1 = −4, ΓSi = 0.1 and ΓDi = 0.9.
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turn, G2 shows only one peak at V2 = +δ (see Fig. 7.16(f) and (h)).
Some cuts of the conductance maps are presented in Fig. 7.20. It can be
clearly observed how this STS configuration gives differential conductances
which mimic the densities of states. The evolution with δ can be followed
very clearly: as the SU(4) is lost, the Kondo resonance becomes narrower
and displaces to zero bias. A peak at V1 = −δ (V2 = +δ) appears in G1 (G2 ).
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Figure 7.20: Selected cuts of the conductance maps in Fig. 7.19.
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7.5

Some conclusions

In summary, we have calculated the transport properties of a double-quantum
dot system using the Keldysh formalism and the NCA. We predict the values of the conductance through any of two capacitively coupled QDs as the
voltage through any of them is varied. We believe that our results are important to stimulate further experimental research along the lines of recent
pseudo-spin-resolved transport measurements [Amasha et al., 2013][Keller
et al., 2014]. In particular, the presence of three peaks in G1 (V1 ) for V2 = 0
(or two peaks in an STS configuration) with one of them at (V1 ) = 0 is characteristic of the SU(4) → SU(2) crossover. This has not been observed in
experiment yet. However, giving the large experimental possibilities of tuning the parameters and the particular sensitivity of TK (δ) with the pseudo
Zeeman splitting δ we believe that it can be observed in the near future in
this system.

C HAPTER 8

Restored SU(4)-symmetry in a
Double Quantum Dot system

8.1 From SU(4) to SU(2) by means of a pseudo-Zeeman splitting δ.
8.2 The effective splitting: the lost symmetry.
8.3 Restoring symmetry.
8.4 Conclusions.
This chapter can be considered a complement of Chapter 7. The problem under study is the transport through a double quantum dot system.
The system is built in a semiconductor heterostructure using electrostatic
gates. This is very advantageous since it is possible to have a great control
in the parameters of the system. In particular, the quantum dots are capacitively coupled, being mutually interacting, and are connected each one to
its own source and drain leads. The occupations of the dots can be varied
using gate voltages. The confinement in the dots is such that the charging
energy is quite large and when there is an odd number of electrons it is possible to have Kondo effect due to the spin degeneracy. Moreover, the fact
that the dots are interacting makes it not possible to change the occupations
independently. In the stability map of occupation (N1 , N2 ) as a function of
the gate voltages Vg1 and Vg2 , there are coexistence lines where the addition of an extra electron in either dot is equivalent. As presented in the last
Chapter, focus of this work is close to the point of coexistence where two
states with an odd total number of electrons become degenerate, for example (1, 0) ↔ (0, 1). The orbital index can be considered like a pseudo-spin.
The full spin plus pseudo-spin degeneracy leads to a stronger Kondo effect,
the SU(4) Kondo effect.
This system was proposed as an experimental tool to study the structure
of the Kondo state. Since the transport through each dot can be controlled
independently, these are directly pseudo-spin resolved probes with respect
to the Kondo state. Ideally this would allow for a direct spectroscopy of
the spectral densities, whose contributions can be measured as a function
of pseudo-Zeeman splitting which breaks SU(4) symmetry. Nevertheless,
it has been shown in last chapter that the equilibrium densities of states
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Figure 8.1: (a) Scheme of the experimental setup. There are two quantum dots, QD1 and
QD2, which are connected to independent source (S1, S2) and drain (D1, D2) leads. There
is an inter-dot Coulomb repulsion between the dots U12 which we consider to be very large.
(b) Diagram of stable occupÃ tion (N1 , N2 ) as a function of the on-site energies of the
levels at QD1 and QD2. These energies can be controlled with gate voltages. We tune the
parameters to be in a line of coexistence (beginning of red arrow), where two configurations
with the same total number of electrons are equivalent. We work with an odd total number
of electrons to achieve the Kondo regime. The red arrow labelled with δ = E2 − E1 indicates
our convention to the symmetry breaking. In (c) and (d) our convention for the application
of voltages to study transport properties is indicated.

are modified by the bias voltages in a complex way. Accordingly, the conductances G1 and G2 show an interesting scenario of correlation effects as a
function of the bias V1 and V2 .
In general, one of the problems for the experimental realization of the
SU(4) Kondo effect is that the couplings must satisfy ΓS1 + ΓD1 = ΓS2 +
ΓD2 , otherwise the SU(4) symmetry is then lost! In this chapter the effects
of an asymmetric coupling of the two pseudo-spins are discussed and it is
shown how by the appropriate tuning of the pseudo-Zeeman splitting and a
careful control of the temperature, it is possible to restore an effective SU(4)
symmetry.

8.1

From SU(4) to SU(2) by means of a pseudoZeeman splitting δ

The relevant parameters of our model for this system are shown in Fig. 8.1.
The following results correspond to the equilibrium case, i.e. µSi = µDi =
F = 0, fixing the Fermi level at zero. The total one-dot hybridization is

8.1. From SU(4) to SU(2) by means of a pseudo-Zeeman splitting δ 
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Figure 8.2: Density of states of the localized level in QD1 at low temperatures in the
SU(4) case. It corresponds to the state |1σi. The energy of the localized level is E1 = −4
and Γ1 = Γ2 = 1. In addition to the charge transfer peak at ω = E1 , there is a broad
Kondo resonance near ω = 0. A zoom to the energies close to the Fermi level, EF = 0, is
presented in the inset. The maximum of the Kondo resonance is displaced from the Fermi
level in agreement with Friedel’s sum rule.

taken as the energy unit Γi = ΓSi + ΓDi = 1. As shown in Fig. 8.1(b), the
model describes the system close to the degeneracy point where E1 = E2 . It
is possible to control the relative energy of the levels with electrostatic gates.
This is like a pseudo-magnetic field which introduces a pseudo-Zeeman
splitting δ = E2 − E1 , taken positive as in the figure.
The density of states ρi is shown in Fig. 8.2 in the full SU(4)-symmetry
condition. The figure corresponds to E1 = E2 = −4 and Γ1 = Γ2 = 1. As a
consequence of the increase of the degeneracy, the Kondo effect is stronger
than for the usual SU(2) case. The Kondo resonance, close to the Fermi level,
is wider. The Kondo temperature can be extracted from the half width at
half maximum of the peak, TK (SU (4)) = 0.012. The peak is displaced from
the center (in comparison with the SU(2) case where it tends to be centred at
zero) in some amount imposed by Friedel’s sum rule, i.e in order to satisfy
the condition of the value of the density of states at the Fermi level at zero
temperature (see discussion in Chapter 4). The orbital degeneracy can be
broken with a pseudo-Zeeman splitting δ. Taking E1 = −4 and E2 = E1 + δ,
it is possible to explore different regimes for different values of δ, from δ = 0
which corresponds to the SU(4) case to δ → ∞ where the SU(2) symmetry
remains. The crossover was discussed in Chapter 4 in the context of our
interference model which could be mapped into an SU(4) Anderson model
with a symmetry breaking field in the case of φ = π. As long as the splitting
is δ is smaller than the TK (SU (4)), the system is like in the SU(4) limit. As
soon as δ ∼ TK (SU (4)), the Kondo temperature starts to drop abruptly and
the densities of states become very different for each of the pseudo-spins.
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Figure 8.3: Evolution of the (a) Kondo temperature TK and (b) the conductances Gi with
the pseudo-Zeeman splitting delta.

The evolution of TK with δ is shown in Fig. 8.3(a). The variation is of orders of magnitude, from TK (SU (4)) = 0.012 to a very low value, TK (SU (2)) ∼
5 10−4 . This crossover is accompanied with a change in the occupations,
from n1 = n2 ≈ 0.5 in the SU(4) limit to n1 ≈ 1, and n2 ≈ 0 for very large
δ. Instead of the occupation, the equilibrium conductances Gi (as calculated
in linear response) are shown in Fig. 8.3(b). At very large δ, G1 → 2e2 /h,
while G2 → 0. As δ ∼ 0.01 ≈ TK (SU (4)), both conductances become almost
nearly equal G1 = G2 = 0.35. This value is a consequence of the violation of Friedel’s sum rule in the non-crossing approximation (NCA). It can
be shown that within NCA the density of states at T = 0 evaluated at the
Fermi level is
1
π2
CA
,
ρN
(0) =
m
2
(1 + N ) π∆
N CA(2)

2

N CA(4)

2

which gives ρm
(0) = π9 ρF(2) for the SU(2) case and ρm
(0) = 2π
ρF(4)
25
for the SU(4), where ρF(N ) is the density of states expected from Friedel’s
sum rule for degeneracy N 1 . This means 9.7% of overestimation in the SU(2)
limit and 21% of underestimation in the SU(4). The 79% of G0 /2 is 0.39
which would be expected at zero temperature 2 .
In the crossover from SU(4)→SU(2), there is a very interesting regime
for δ > TK (SU (4)) but not so large. In Fig. 8.4 the densities of states are
shown for δ = 0.5. This is the value of the pseudo-Zeeman splitting that
was considered in the last chapter to analyse the transport properties. In
comparison with the result presented in Fig. 8.2, it can be observed that
the density of states ρ1 for the doublet with fixed energy E1 = −4 (pseudospin i = 1) calculated at very low temperatures (Fig. 8.4(a)) shows a much
narrower Kondo peak, more centred at zero, which corresponds to the SU(2)
Kondo effect. There is also a satellite peak, a finite-energy peak at ω ∼
−0.5 = −δ. This peak has a width ∼ TK (SU (4)) and is also a consequence
of correlations. The density of states for the other pseudo-spin, ρ2 (inset of
Fig. 8.4(a)) does not show any other structure but a peak at ω ∼ +0.5 = +δ.
1
2

1
1
and ρF(4) = 2π∆
. See Chapter 4.
Here I have considered ρF(2) = π∆
I thank Pablo Roura-Bas for clarifying this point to me.
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Figure 8.4: Density of states of the localized level |iσi corresponding to QD1 and QD2 for
a pseudo-Zeeman splitting δ = 0.5 at T = 5.10−5 (top panel) and for several temperatures
(a),(b). Parameters: E1 = −4, Γ1 = Γ2 = 1, D = 10. At very low temperatures
(T < TK (SU (2))) there is a narrow Kondo resonance in ρ1 and also a satellite peak at
ω ∼ −δ. In ρ2 there is only a satellite peak at ω ∼ δ. The satellite peaks are caused by
orbital correlations and develop at higher temperatures, T ∼ 10TK (SU (4)).

The temperature dependence of the satellite peaks is different than that of
the SU(2) Kondo resonance. In Fig. 8.4(b) and (c) the temperature evolution
of the densities of states is presented down to T = 0.11, which is bigger
than TK (SU (2)). The satellite peaks develop at higher temperature. They
are produced by correlations related to a different scale, TK (SU (4)), which
is greater. We have observed a similar behaviour for different values of δ,
close to the crossover.

8.2

The effective splitting: the lost symmetry

The SU(4) symmetry is very sensitive to experimental imperfections. In fact,
if one of the dots is more coupled to the leads than the other, even if the energies are the same, the full symmetry is lost and the system shows only
SU(2) Kondo effect at low temperatures. This happens, as it is discussed in
what follows, because in the Kondo regime, if the dots are not equally coupled, their energies are renormalized differently in a renormalization-group
approach. As temperature is lowered, the more coupled level dominates the
physics.
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Figure 8.5: Densities of states for the localized levels |iσi at low temperatures in the point
of degeneracy E1 = E2 = −4 with different hybridizations: Γ1 = 1, Γ2 = 0.5 (black),
0.7 (red) and 0.9 (green). The continuous (dashed) line corresponds to ρ1 (ρ2 ). A zoom
to ω ∼ 0 is presented in the inset. The effect of the unequal couplings is analogous to the
presence of an effective splitting δ̃. This splitting is larger when the hybridizations are more
different.

To illustrate this, the effect of an asymmetric coupling in the densities of
states is shown in Fig. 8.5. In this case, E1 = E2 = −4 but Γ1 6= Γ2 . One of
the couplings is kept equal to unity Γ1 = 1 and Γ2 takes values 0.5, 0.7 and
0.9. According to these parameters, the pseudo-spin i = 1 is more coupled.
The resulting densities of states ρ1 and ρ2 are very similar to the case shown
in Fig.8.4 for δ = 0.5. There are satellite peaks at ω = −δ̃ in ρ1 and at ω = δ̃
in ρ2 . In ρ1 there is also a Kondo peak at the Fermi level which is closer to
what is found in the SU(4) limit as Γ2 → Γ1 .
The effect of having different couplings is like an effective splitting δ̃. This
effective splitting is greater for Γ1 = 1, Γ2 = 0.5 and gets smaller for Γ2 = 0.9.
If the renormalized energies are Ẽi , it is possible to define the effective splitting as Ẽ2 = Ẽ1 + δ̃. With these parameters, the resulting effective splittings
are 0.13, 0.08 and 0.03 for Γ2 =0.5, 0.7 and 0.9 respectively (black, red and
green curves in Fig. 8.6). These values have been obtained from the position
of the satellite peaks in the densities of states.
These values for δ̃ can be compared with a functional-renormalizationgroup calculation that generalizes that of Haldane for the SU(2) case. According to Haldane [Haldane, 1978b], the localized state can be empty with
energy e0 or occupied with ei . The energy Ed = ei − e0 . All these energies
correspond to the isolated level. If the coupling to the band is taken into account, when the conduction states near the top and the bottom of the band
are integrated out, there is a renormalization of these energies. This renor-
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line is the result from Eq. (8.1).

malization is caused by the possible processes of destroying an electron in
the localized level and creating it in the conduction band or vice versa. The
P 2Vi2
empty state lowers its energy with terms like i Ed +D
, where Vi is the hy2
bridization amplitude (∆i = Γi /2 = πρ0 Vi , for a constant density of states
ρ0 of the conduction electrons), the factor 2 comes from the spin up or down
contributions and −D is the bottom of the conduction band. The occupied
P Vi2
state lowers its energy with a term that goes like i D−E
. After renormald
ization an effective δ̃ is obtained which is given by


1
αD
δ̃ =
(Γ2 − Γ1 ) ln
,
(8.1)
2π
|Ed |
where α is quantity of order unity which we took α = 2. The values of
δ̃ from Eq. (8.1) are shown in Fig. 8.6 (dashed blue line). The black dots
correspond to the values extracted from the position of the satellite peaks in
the densities of states. It can be observed that the agreement is quite good.

8.3

Restoring symmetry

When the SU(4) symmetry is broken the question arises whether is it possible to restore it back. Given a finite δ or different hybridizations Γ1 6= Γ2 , the
symmetry is broken at the Hamiltonian level, thus at a very fundamental
level.
In fact, in spite of the broken SU(4) symmetry, our results suggest that
for a fixed temperature the symmetry can be restored in a effective way.
It must be clarified that the parameters can be tuned to recover the rough
features of the SU(4) symmetry but, this tuning depends on the property
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which is studied. In this sense, the correct statement is not that the system
has SU(4) symmetry; it is more appropriate the assertion that with respect to
the occupations or the conductances or to some property (as it is discussed
below) the system behaves as if the symmetry would be SU(4). This is what
we understand as an effective restoring of symmetry in this work.
The idea behind the symmetry restoring is to compensate the effective
splitting. In the case of different hybridizations Γ1 6= Γ2 , the symmetry can
be restored by the introduction of a negative true pseudo-Zeeman splitting
δ = −δ̃. If the energy of the level whose coupling is weaker is lowered, it is
possible to find a temperature at which the energy difference compensates
the effect of the renormalization caused by the different couplings. This
compensation can be checked for example in the occupations ni at low temperatures. The evolution of ni (T ) is shown in Fig. 8.7 for the three cases
analysed previously: Γ1 = 1, (a)Γ2 = 0.5, (b)0.7 and (c)0.9. The energy of the
localized level in QD1 is fixed to E1 = −4. The energy E2 is chosen lower
than E1 in a quantity δ̃. In Fig. 8.7(a) E2 = E1 − 0.13, (b) E2 = E1 − 0.08
and (c) E2 = E1 − 0.03. This corresponds to the effective splittings extracted
from the position of the satellite peaks in the densities of states.
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Figure 8.7: Occupations as a function of temperature for Γ1 = 1, Γ2 =(a)0.5, (b)0.7 and
(c)0.9. The energy of the localized level in QD1 (in black) is E1 = −4. The energy of the
other doublet (in red) which has smaller coupling is lowered in a quantity that corresponds
to the effective splitting: E2 = E1 − δ̃: (a)δ̃ = 0.13, (b)δ̃ = 0.08 and (c)δ̃ = 0.03. The case
E1 = E2 is shown for comparison (dashed lines).

It can be observed in Fig. 8.7 that as an effect of the compensation the
occupations n1 ∼ n2 in a big range of temperatures down to a temperature
Tef f where n1 (Tef f ) = n2 (Tef f ). Above Tef f , the doublet with lower energy
E2 is slightly more populated. At Tef f the occupations are the same, i.e both
states have the same weight. Below Tef f the doublet that is more hybridized
becomes the most populated. This change in the lowest-energy state is a
consequence of the hybridization with the conduction electrons. In spite
of the fact that it is possible to render the occupations the same, it is not
necessary true that the densities of states are the same. At T = 0, if n1 = n2 ,
ρ1 (0) = ρ2 (0) because of Friedel’s sum rule. As it discussed below, they
become very similar and give the same integral at Tef f . Nevertheless, the
Kondo resonance is not the same, they differ close to the Fermi level. This is
the reason why we claim just an effective restoring of the SU(4) symmetry.

8.3. Restoring symmetry
0.8

δ=-0.12



δ=0

δ=-0.13
δ=-0.1305

0.6
δ=-0.131

ni
0.4

δ=-0.1311

0.2 -5
10

-4

10

-3

-2

10

10

-1

10

0

10

T
Figure 8.8: Occupations ni as a function of temperature for several values of the pseudoZeeman splitting δ = E2 − E1 . The hybridizations are Γ1 = 1 and Γ2 = 0.5 like in Fig.
8.7(a). The black (red) line corresponds to the localized level in QD1 (QD2), i.e. the most
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The temperature Tef f depends on the splitting δ. The choice of δ close
to the effective splitting, δ = −δ̃, taken from the position of the satellite
peaks in the densities of states is a good initial guess. The restoring temperature Tef f can be varied orders of magnitude with the fine tuning of δ.
Different curves of ni (T ) are presented in Fig. 8.8 for several values of the
pseudo-Zeeman splitting δ (fixed a priori) in the case Γ1 = 1, Γ2 = 0.5.
For δ = 0, E1 = E2 and the localized state of QD1 (in black), which has a
larger hybridization, becomes the most populated. A similar behaviour is
found for intermediate values −0.13 < δ < 0. There is no population inversion until δ ≈ −δ̃. The temperature at which the occupations are the same
moves exponentially with the fine tuning around this value: in the figure, δ
is varied in between -0.13 and -0.131 and Tef f changes from 0.01 to 0.0001.
This temperature is very low and smaller than TK (SU (4)). In this range, the
level with E2 is slightly more populated that the other one down to Tef f . As
shown in right panel, for δ < −0.131, there is no population inversion and
the localized level in QD2 remains as the most populated in the whole temperature range. This analysis shows that the effective symmetry restoring
can be achieved moving the temperature at a fixed pseudo-Zemman splitting or by a tuning of the energies at a given temperature. In any case, this
tuning must be done carefully.
The effective symmetry restoring observed in the occupations n1 (Tef f ) =
n2 (Tef f ) is related to a modification of the densities of states. In Fig. 8.9, the
densities of states for both pseudo-spins are shown at the same temperature
T = 5.10−3 for different values of δ in the case Γ1 = 1 and Γ2 = 0.5 (i = 1 is
black and i = 2 is red). The curves are shifted with an artificial offset. In the
left panel of Fig. 8.9 a wide energy range is presented to include the charge
transfer peak at ω = −4. When the effective splitting is not compensated
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Figure 8.9: Evolution of the low-temperatures densities of states with δ. The localized
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(E1 = E2 ) the only contribution to ρ2 is the satellite peak at ω = δ̃. There is
no charge transfer peak in the density of states of the localized level in QD2
in spite of the fact that a priori they have the same energy. The effect of the
compensation shift δ is first observed close to the Fermi level (right panel).
The satellite peak in ρ2 displaces toward lower energies as δ is closer to −δ̃.
As it can be observed in left panel, for δ = −0.13, the weight of the charge
transfer peak is restored to ρ2 and both curves are very similar. Since these
results correspond to a fixed temperature T , it is possible to find a value of δ
at which T = Tef f . In the figure, for δ = −0.1305, ρ1 (ω = −4) ≈ ρ2 (ω = −4).
Once the effective splitting is compensated, the densities of states are also
very similar near the Fermi level. But, as stated previously it is not possible
to make them coincide in the whole temperature range.
In Fig. 8.10(b) and (c), a comparison between the densities of states is
shown at the temperature at which the occupations are the same with good
accuracy. This temperature is indicated with an arrow as Tocc in the figure
(a). It can be observed that although the densities of state are very similar,
they differ close to the Fermi level. The Kondo resonance of the doublet
with lower energy E2 = E1 − |δ| is higher.
Depending on the property that is studied, the tuning of the parameters
may be different to get the effective symmetry. This is illustrated in Fig. 8.11
where the densities of states are compared for different conditions. In Fig.
8.11(a), the parameters are tuned to make them coincide at the Fermi level,
ρ1 (0) = ρ2 (0). This condition render the densities of states very similar in the
whole energy range. The occupations are slightly different, n1 (T ) = 0.470
and n2 (T ) = 0.465 and the Kondo resonance of the doublet with energy
E2 = E1 − |δ| is higher. The maximum occurs nearly at the same position
and the shape of the resonance corresponds to the SU(4) Kondo effect although TK1 = 0.0098 and TK2 = 0.0091. In Fig. 8.11(b), the parameters
are chosen to get the same value of the maximum of the Kondo resonance
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ρmax
= ρmax
. When this condition is satisfied, the weight of the charge trans1
2
fer peak is very different for each doublet, the occupations are not similar
and the resonance in ρ2 is displaced to the right with respect to ρ1 .
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Concluding remarks

In this chapter we have explored the possibility to obtain an effective SU(4)
symmetry in a double-quantum dot system even if the coupling of the two
dots with the conducting leads are not the same. Although the symmetry
is broken, depending on the property that is studied, the parameters can
be tuned in such a way that the measurements correspond to an emergent
SU(4). This is relevant to understand recent experimental results [Keller
et al., 2014].

PART II
The effect of electron-phonon
coupling

C HAPTER 9

Coupling to a bosonic mode

9.1 The electron-phonon Hamiltonian.
9.2 An effective electronic model.
[9.2.1] Turning the hybridization off.
[9.2.2] The canonical transformation.
[9.2.3] Variational estimate of the effective level energy.
The second part of this thesis is dedicated to the study of the transport
properties of nanoscopic systems where there are other relevant degrees of
freedom in addition to the electronic ones. Among these systems, molecules
are a very representative example, exhibiting an important coupling between the electronic and the vibrational modes [Zhitenev et al., 2002] [Park
et al., 2000] [Fernández-Torrente et al., 2008] [Ballmann et al., 2012]. The
presence of a bosonic degree of freedom that couples to the electrons is a
general and interesting problem that can be found in many different scenarios. For example, the presence of an electromagnetic field (e. g. the modes
of a cavity) that couples to a quantum dot [Frey et al., 2012] or a description of decoherence in terms of a bath of oscillators coupled to the system
[Nazarov and Blanter, 2009].
In particular, our interest are the nanoscopic systems which are interacting, i.e. where electron-electron interactions are relevant and cannot be disregarded in a realistic description. This is the case of the systems that have
been described in the first part of this thesis. In these systems, there are regions where the electrons become confined forming a kind of artificial atom
with localized states and a discrete energy spectrum [Kouwenhoven and
Marcus, 1998]. There is a charging energy representing the energy cost that
implies having two electrons in the same level. Depending on the parameters, it it possible to find certain regimes where a very interesting behaviour
in transport properties can be observed as a consequence of the interactions
[Grabert and Devoret, 1992] [Kouwenhoven et al., 1997]. As an example,
there is a regime of Coulomb blockade where conductance goes to zero until the energy cost due to Coulomb repulsion is supplied, in order to put an
extra electron in the system [Kastner, 1992]. Another interesting regime is
the Kondo regime [Hewson, 1997]. For an odd number of electrons in the
system, in absence of magnetic field, the energy level is a doublet. If this
doublet is deep below the Fermi level and the Coulomb repulsion is large


enough, the ground state is degenerate since it can be occupied by an electron with spin up or down. There are virtual processes involving the conduction electrons that screen the magnetism below a certain temperature by
the formation of a many-body singlet state [Kouwenhoven and Glazman,
2001]. This is the Kondo effect which manifests as an enhancement in the
density of states of the localized levels close to the Fermi level. This is called
the Kondo resonance whose width is related to the Kondo temperature TK ,
which is the characteristic scale below which correlations become dominant.
The Kondo effect is observed in transport properties as an enhancement of
the conductance at zero bias [Ng and Lee, 1988] [Glazman and Raikh, 1988]
[Meir et al., 1993].
In the presence of a bosonic mode which couples to the electronic degrees of freedom, there are different effects to take into account [König et al.,
1996]. First of all, there is a renormalization of the relevant electronic parameters: the energies of the levels, the hybridization of the localized levels
with the conduction electron, even of the electron-electron interaction. This
renormalization of the parameters can change entirely the transport regime
and thus the transport properties. How this happens is very hard to predict.
In the case of an interacting system, the full problem can be really complicated and most things have to be investigated within some approximation
[Paaske and Flensberg, 2005] [Cornaglia et al., 2005] [Balseiro et al., 2006]
[Monreal and Martin-Rodero, 2009] [Hewson and Meyer, 2002]. Second,
the energy can be exchanged between electrons and bosons. The absorption (emission) of energy implied by the creation (destruction) of a boson
are available inelastic processes, which are observed in transport as finitevoltage features [Kim et al., 2011]. For example, an enhancement of the conductance at a bias voltage that corresponds to the energy of a bosonic mode.
Third, there is also an effect of the coupling of the bosonic modes with a
many-body electronic state such as the Kondo state. As a consequence of
this coupling, there is a renormalization of the scale at which the correlations become dominant, i.e. the TK . The dependence of the Kondo temperature with the intensity of the coupling to the bosonic mode is still under
debate [Hewson and Meyer, 2002]. In addition, the question arises whether
this virtual many-body state can be coherently replicated in a space with an
extra (or one less) boson [Roura-Bas et al., 2013] [Rakhmilevitch et al., 2014].
In this part of the thesis these questions are addressed and some partial
answers to this difficult problem are given. In this chapter, the formalism of
the problem is introduced and discussed. In particular, different approaches
for solving the problem and the renormalization of the parameters within
each of them are presented. In Chapter 10, the study of the non-equilibrium
transport through vibrating molecules is presented with special emphasis
in the Kondo regime.
There is another important reason that makes the study of the coupling
to bosonic modes relevant for transport properties. As it has been discussed
in the first part of this thesis, in some molecules and arrays of quantum dots
it is possible to observe interference effects [Guédon et al., 2012] [Vazquez

9. Coupling to a bosonic mode



et al., 2012] [Valkenier et al., 2014]. The coupling to phonons (or other
bosonic mode) has been shown to play an important role in the study of
interference phenomena [Härtle et al., 2011] [Ballmann et al., 2012]. The
question is whether interference is robust in the presence of a bosonic mode
or whether it is completely blurred. This question is partially addressed in
Chapter 11.

9.1

The electron-phonon Hamiltonian

The bosonic degrees of freedom to be considered are vibrational modes
which can be described with the Hamiltonian
Hbos =

X

~ωq (a†q aq + 1/2),

q

where a†q creates a boson in the mode q with energy ~ωq . This describes
Holstein phonons [Mahan, 2000]. The electronic degrees of freedom are described with the Anderson Hamiltonian
Helec = Ed nd + U nd↑ nd↓ +

X

νk c†νkσ cνkσ +

νkσ

X

(Vkν d†σ cνkσ + H.c.),

νkσ

P
where nd = σ ndσ , ndσ = d†σ dσ , d†σ (dσ ) creates (destroys) an electron with
spin σ at the localized state (e.g. of a molecule or quantum dot), Ed is the
energy of this level and U is the Coulomb repulsion energy. c†νkσ (cνkσ ) is
the operator for creation (destruction) of a conduction electron at the left
(ν = L) or right (ν = R) lead, and Vkν is the hopping element between the
leads and the localized state. For each energy Lk = R
k0 for which there are
states at the left and the right, only the linear combination VkL cLkσ + VkR0 cRk0 σ
hybridizes with the localized state. Thus, the model is effectively a onechannel Anderson model.
The coupling between electrons and bosons by means of the processes
of absorption and emission are taken into account in the Hamiltonian as
Helec-bos =

X

λq (a†q + aq )nd ,

(9.1)

q

where λq is the electron-boson coupling constant. This Hamiltonian couples the charge ∝ nd in the system with the xq coordinate of the oscillator.
In molecules for example, the addition of an electron produces an stretching of the molecule to minimize electrostatic interaction, when the extra
charge is removed, the elastic energy is relaxed and the molecule returns
to its equilibrium position (see Fig. 9.1). This is the coupling represented by
the Hamiltonian in Eq. (9.1).
In the case there are many localized energy levels, the total Hamiltonian

9.1. The electron-phonon Hamiltonian



Figure 9.1: Illustration of the coupling of the electronic charge and a stretching mode of the
molecule

reads
HN =

N
X

[Ei ni + Ui ni↑ ni↓ ] +

i

+

X

†
νi
k cνikσ cνikσ +

νkiσ

+

X

X

X Uij
ni↑ nj↓
2
ij, i6=j

(Vkνi d†iσ cνikσ + H.c.)

νikσ

~ωq (a†q aq + 1/2) +

q

XX
i

λiq (a†q + aq )ni ,

(9.2)

q

where there is an inter-level repulsion Uij and each level i is coupled to
a different band labelled also with i. This Hamiltonian corresponds to a
SU(N) Anderson-Holstein model (see Fig. 9.2(a)).

(c)

(b)

(a)

Figure 9.2: Representation of the different models: (a) many doublets hybridized each to
source-drain leads and coupled to vibration modes, (b) the Aligia model and (c) a single
localized level coupled to both conduction electrons and vibrations.

In the case of the Aligia model (see Chapter 3 and Fig. 9.2(b)) which
considers two doublets hybridized with a single pair of source-drain leads,
the Hamiltonian in the presence of phonons is
X
X
X
Ei d†iσ diσ + Coulomb repulsion
HAligia =
νk c†νkσ cνkσ +
Ωα a†α aα +
α

νkσ

+

X
iνkσ

(Vνi d†iσ cνkσ

+ H.c.) +

iσ

X
iασ

λiα (aα + a†α )d†iσ diσ .

(9.3)
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For the rest of this chapter and also next one, just one level Ed and one
mode with frequency ω0 are considered. This is illustrated in Fig. 9.2(c).
Taking ~ = 1 and dropping a constant energy term
X †
H = [Ed nd + U nd↑ nd↓ ] +
νk cνkσ cνkσ + ω0 a† a
νkσ

+

X

(Vkν d†σ cνkσ

+ H.c.) + λ(a† + a)nd .

(9.4)

νkσ

The localized states are coupled to two different degrees of freedom: on
one side, the conduction electrons via the hybridization Vkν ; on the other
side, the phonons via λ. The effect of the coupling to the band is to give
a finite lifetime to the localized states. The width acquired is the resonantlevel width ∆ = πρ0 V 2 , for momentum independent coupling Vkν = V and a
constant density of states ρ0 for the conduction electrons. This hybridization
lowers the energy of the system. Moreover, the coupling to the band leads to
the Kondo effect at low temperatures when Ed −F  ∆ and Ed +U −F  ∆
(F is the Fermi level). Even for λ = 0, this interacting problem is hard to
solve exactly. The coupling to the phonons induces a minimization of the
elastic energy. The electric charge acts on the vibrational mode as a force.
The minimization of the elastic energy is achieved by the displacement of
the equilibrium position of the oscillator. As it is shown next, this implies
a diminution of the hybridization (the hopping is reduced) and affects the
electronic properties of the system, in particular at low temperatures.
If both couplings are treated as perturbations, a possible procedure would
be to consider first the strongest coupling, solve that problem and then incorporate the other contribution. For strong phonon coupling, this would
mean to do some transformation and renormalise the parameters with the
phonons and then solve the remaining electronic problem. On the other
limit, this would mean to consider the coupling to the band first and then
correct with the presence of phonons. As it is discussed next section, these
approaches give some clue about the observed phenomena. However, some
of the results found are in disagreement with more sophisticated treatments[Hewson
and Meyer, 2002].
We have done a calculation treating both couplings in equal footing.
The results are presented in Chapter 10. The details about the treatment
of electron-phonon coupling within the non-crossing approximation (NCA)
are given in Sec. 9.3 and Appendix E. We consider that our results help to
better understand the complicated way in which the localized system minimizes the energy in the presence of both couplings.

9.2

An effective electronic model

In the absence of electron-phonon coupling (λ = 0), the model from Eq. (9.4)
reduces to the ordinary Anderson impurity model and its main properties
are well known. In particular, in the Kondo regime the characteristic lowenergy scale is given by the Kondo temperature TK ∼ exp [−1/(ρ0 J)], where
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ρ0 is the density of states of the conduction states for given spin, and for
U → ∞ (which corresponds to our NCA calculations) J = 2|VK |2 /(F − Ed )
for constant VK . Here F is the Fermi energy and K denotes k, ν. In this limit
of infinite Coulomb repulsion, the Kondo regime corresponds to F − Ed 
∆.
If the electrons could be decoupled from the phonons in some approximation, one might expect that an effective purely electronic model Heff of
the form of the ordinary Anderson impurity model, but with renormalized
parameters, Ẽd , ṼK , describes the electronich motion. This would lead
i to a
renormalized Kondo temperature T̃K ∼ exp −1/(2ρ|ṼK |2 /(F − Ẽd )) .
As it is discussed in the following, the dependence of TK with λ is hard
to predict. In some approximation, the renormalization of the parameters
in a effective electronic model leads to an exponential dependence of TK
with λ. According to our calculations the dependence is much weaker, not
exponential. But to analyse this it is necessary to define Ẽd in some way.
This is the subject of this section.

9.2.1

Turning the hybridization off

If the coupling to the band is turned off, VK = 0, the total number of electrons in the system nd is a good quantum number and the electron-phonon
interaction λ can be eliminated by a simple shift in the phonon operator
β † = a† − ĉ, where ĉ is an operator that depends on nd . This simply reflects
the fact that the equilibrium position of the normal-mode coordinate depends on the occupation. Given
H V =0 = [Ed nd + U nd↑ nd↓ ] + ω0 a† a + λ(a† + a)nd ,
the shift implies
ω0 a† a + λ(a† + a)nd = ω0 (β † + ĉ)(β + ĉ) + λ(β † + β + 2ĉ)nd
= ω0 (β † β + ĉ2 ) + ω0 ĉ(β † + β) + λ(β † + β)nd + 2λĉnd ,
which can be made diagonal by choosing
ĉ = −

λ
nd ,
ω0

(9.5)

therefore
ω0 a† a + λ(a† + a)nd = ω0 β † β −
2

λ2 2
n .
ω0 d

There is an energy shift ∆E = − (λnω0d ) . The value of ĉ is defined for each nd .
For nd = 1, the correction in the energy can be incorporated in Ed and for
nd = 2 also in U ,
λ2
λ2
E˜d0 = Ed − , Ũ = U − 2 .
(9.6)
ω0
ω0
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oscillator a

oscillator β

c
Figure 9.3: Representation of the effect of the electron-phonon coupling for VK = 0. When
the hybridization is zero, the number of electrons in the system nd is a good quantum
number. The electron-phonon coupling can be absorbed as a shift in the equilibrium position
of the oscillator. The oscillator a corresponds to nd = 0 and the oscillator b (β) to nd = 1.
The phonon wavefunctions of these oscillators are displaced one respect to the other in a
2
d)
quantity c = − ωλ0 . There is also an energy shift ∆E = − (λn
ω0 .

These are the renormalized parameters for VK = 0. The Hamiltonian with
these parameters is



λ
λ
V =0
0
†
H
= Ẽd nd + Ũ nd↑ nd↓ + ω0 a + nd
a + nd . (9.7)
ω0
ω0
For very large ω0 , the last term of Eq. (9.7) can be neglected and H V =0
reduces to a purely electronic model with effective parameters. In this antiadiabatic approximation, when the hybridization term is included, it becomes exponentially reduced, due to the fact that it mixes states with different nd , and the scalar product of the phonon wave functions with different
equilibrium positions leads to a factor ṼK /VK = exp[−(λ/ω0 )2 /2] (see Fig.
9.3).
In this anti-adiabatic limit with ω0 → ∞ the effective Hamiltonian becomes
X
Heff = Ẽd nd + Ũ nd↑ nd↓ +
K c†Kσ cKσ + (ṼK d†σ cKσ + H.c.), (9.8)
Kσ

with Ẽd = Ẽd0 . Due to the exponential reduction of the hybridization with
λ, the Kondo temperature also reduces exponentially. This behaviour is not
found in a more sophisticated analysis. The limit ω0 → ∞ is however not
realistic.

9.2.2

The canonical transformation

In the case of VK 6= 0, it is still possible to eliminate the electron-phonon coupling by means of a canonical transformation. Given the Hamiltonian H the
idea is to apply a transformation eS He−S to shift the equilibrium position of
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the oscillator (this is called a Lang-Firsov unitary transformation). For this
purpose, the transformation matrix is written in terms of the impulse operator (which acts as a translation operator)
S =

λ †
(a − a)nd .
ω0

The transformed operators can be found with help of the Baker-CampbellHausdorff formula,
S

e Ae

∞
X
[S, A]m
1
1
=
= A + [S, A] + [S, [S, A]] + [S, [S, [S, A]]] + · · ·
m!
2
6
m=0

−S

For the localized level operators,
S

e dσ e

−S

=

∞
X
[ ωλ0 (a† − a)nd , dσ ]m

m!

m=0

m
∞ 
X
λ †
[nd , dσ ]m
=
(a − a)
,
ω0
m!
m=0

where [nd , dσ ] = −dσ , thus
S

−S

e dσ e

m

∞
X
1
λ †
− λ (a† −a)
=
(a − a)
(−1)m dσ = e ω0
dσ .
m!
ω
0
m=0
λ

Analogously, eS d†σ e−S = e ω0
erators leads to
S

e ae

−S

=

(a† −a) †
dσ .

The transformation of the phonon op-

∞
X
[ ωλ0 (a† − a)nd , a]m

m!

m=0

∞
X
λ
[a† , a]m
λnd
=
( nd ) m
=a−
ω0
m!
ω0
m=0

d
as expected and eS a† e−S = a† − λn
. The conduction electrons are not afω0
fected by the transformation. To summarize, the transformed operators are
λ

λ

− (a† −a)
d˜σ = e ω0
dσ ,
λnd
ã† = a† −
,
ω0

(a† −a) †
d˜†σ = e ω0
dσ ,
λnd
ã = a −
.
ω0

The transformation applied to the Hamiltonian H0 + λH1 of Eq. (9.4)
gives


eS H0 e−S = Ed eS nd e−S + U eS nd↑ nd↓ e−S + ω0 eS a† ae−S
X †
X
+
νk cνkσ cνkσ +
(Vkν eS d†σ e−S cνkσ + H.c.),
νkσ

νkσ

eS λH1 e−S = λeS (a† + a)nd e−S ,
where the first part gives
S

e H0 e

−S




λnd
λnd
†
= [Ed nd + U nd↑ nd↓ ] + ω0 a −
a−
ω0
ω0
X †
X
+
νk cνkσ cνkσ +
(Vkν d˜†σ cνkσ + H.c.),
νkσ

νkσ
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and the second one

eS λH1 e−S = λ(eS a† e−S + eS ae−S )eS nd e−S = λnd (a† + a) − 2

λ2 n2d
.
ω0

The transformed Hamiltonian H̃ = eS (H0 + λH1 )e−S results
h
i
X †
X
H̃ = ẼdV nd + Ũ nd↑ nd↓ + ω0 a† a +
νk cνkσ cνkσ +
(VK d˜†σ cνkσ + H.c.),
νkσ

νkσ
2

2

where ẼdV = Ẽd0 = Ed − ωλ0 and Ũ = U − 2 ωλ0 . The electron-phonon interaction has been eliminated using a Lang-Firsov transformation but the
price to pay is that ṼK includes exponentials of phonon operators. To obtain an effective electronic model they are usually treated in a decoupling
approximation which as in the anti-adiabatic limit leads to an exponential
dependence of TK on λ for fixed Ẽd0 . This is not found in more elaborate
treatments [Hewson and Meyer, 2002].
In any case, if the anti-adiabatic limit, or a decoupling approximation
leading to a purely electronic Hamiltonian Heff has to be abandoned, it is
interesting to wonder if the renormalized level energy Ẽd is still given by
Ẽd0 [first Eq. (9.6)] in a more elaborate treatment. This equation comes as
a result of optimizing the energy neglecting the hybridization, leading to a
shift given by Eq. (9.5) in the equilibrium position of the oscillator. This
in turn leads to an exponential reduction of the hybridization. It would be
expected that for large hybridization, a smaller shift giving rise to a smaller
gain of elastic energy but a larger gain in hybridization energy to be more
convenient.
The effective energy can be defined as
Ẽd =

hg|P1 HP1 |gi hg|P0 HP0 |gi
−
,
hg|P1 |gi
hg|P0 |gi

(9.9)

where |gi is the ground state and Pn is a projector on the subspace with
nd = n. It is shown in the next section how Ẽd can be estimated using
a simple variational approximation, where the oscillator displacement ĉ is
replaced by a constant c obtained minimizing the ground-state energy.
According to our results, the phonon shift has in fact smaller magnitude
than λ/ω0 and there is a smaller shift of Ẽd than the corresponding to Eq.
(9.6) for zero hybridization. However, the variational approach is too simple
and we do not pretend this result to be quantitatively valid. Qualitative
aspects will be discussed in Chapter 10.

9.2.3

Variational estimate of the effective level energy

The renormalized energy level Ẽd can be estimated using a simple variational wavefunction
)
(
X
|ψσi = A |ψdσ i|0β i +
αK |ψKσ i|0a i ,
(9.10)
K
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where |ψdσ i = d†σ |F i, |ψKσ i = c†Kσ |F i, |F i is the filled Fermi see of conduction electrons, c†Kσ (K = νk) creates a conduction state above the Fermi
energy, and |0a i is the vacuum of phonons a (a|0a i = 0) while |0β i is the
vacuum of a displaced phonon defined by β † = a† − c, where c is a real variational parameter, like A and αK , which are determined by minimizing the
energy.
Note that this wave function in contrast to that proposed by Varma and
Yafet (VY)[Yafet and Varma, 1985], is not a singlet but a doublet. While the
VY choice leads to an energy gain of the order of the Kondo temperature,
which depends exponentially on the hybridization VK , and the correct spin
(S = 0) of the ground state, our doublet gains more energy, with a difference proportional to |VK |2 in the Kondo limit. In this limit, a comparison of
the local occupation hnd i = ∂E/∂Ed , where E is the total energy, with numerical renormalization group (NRG) results suggests that the energy gain
is qualitatively correct (about half the correct value) and much better than
that predicted by the slave-boson approximation in mean field level [RouraBas et al., 2012b].
P
Expanding |0β i = n cn (a† )n |0α i in a basis of occupations of the phonons
a, using the equation β|0β i = (a − c)|0β i = 0, it is easy to see that h0α |0β i =
exp(−c2 /2). Using this and minimizing hψσ|H|ψσi - E(hψσ|ψσi − 1) with
respect to A,
hψσ|H|ψσi
= EF + Ed + 2λc + ω0 c2
hψσ|ψσi
X
X
2
2
+ 2e−c /2
αK VK +
αK
(EF + K − E),

E =

K

(9.11)

K

where EF is the energy of |F i.
Minimization with respect to αK and c leads to
2

VK e−c /2
αK = −
,
EF + K − E
λ
P
c = −
.
2 /2
−c
ω0 − e
K αK VK

(9.12)

Using the first equation to eliminate αK , assuming for simplicity a constant VK = V , a constant density of conduction states ρ extending up to
F + D, and calling ∆ = πρ0 V 2 , the following system of equations are obtained
c = −

λ
,
ω0 + e−c2 γ()
2

 = 2λc + ω0 c2 − e−c γ(),

(9.13)

with the definitions  = E − EF − Ed , γ() = (∆/π) ln |1 − D/(Ed + )|.
After solving the system, using Eq. (9.9) and taking into account that in
the Kondo limit the significant αK are those with K very near F ,
Ẽd = hψdσ | h0β |H|0β i |ψdσ i − hψKσ | h0a |H|0a i |ψKσ i ,

(9.14)
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with K = KF on the Fermi shell. The result can be written as
Ẽd = Ed −


λ2
2c̃ − c̃2 ,
ω0

(9.15)

where c̃ = −ω0 c/λ is an adimensional number, with 0 ≤ c̃ ≤ 1. From the
first Eq. (9.13), it is clear that c̃ = 1 for VK = 0 as expected. In Chapter 10
the quantitative relevance of this correction is discussed.

9.3

The numerical solution within NCA

In order to treat the electron-phonon coupling and the interacting electronic
problem, we have extended the non-crossing approximation (NCA) as applied to the infinite U limit of the Anderson model, to include explicitly
the effect of the phonons. For the case of one doublet, comparison of NCA
with NRG results, shows that the NCA describes rather well the Kondo
physics [Costi et al., 1995]. The leading behaviour of the differential conductance for small voltage and temperature agrees with alternative Fermi liquid approaches, and the temperature dependence of the conductance practically coincides with the NRG result over several decades of temperature
[Bas, 2010]. A shortcoming of the NCA is that, at very low temperatures,
it introduces an artificial spike at the Fermi energy in the spectral density
when the ground state of the system without coupling to the leads is nondegenerate, although the thermodynamic properties continue to be well described. Therefore, the limitation of the method is that it is restricted to
temperatures above ∼ TK /20, where TK is the Kondo temperature. An advantage of the method is that it is a conserving approximation and gives
the right exponential dependence of TK on the energy of the localized state
Ed . While the NRG is more accurate at low energies, the NCA has a comparative advantage that it can be extended rather easily to non-equilibrium
situations. In addition it is able to capture features at high energies, such as
peaks in the spectral density out of the Fermi level, which might be broadened or lost in NRG calculations [Bas and Aligia, 2009].
The extension of the NCA to include the phonons is explained here briefly.
The details of the non-crossing approximation can be found in Sec. A.5 of
Appendix A and in Appendices B and C . The treatment of the phonons is
discussed in Appendix E. A slave boson b, and two slave fermions fσ are introduced. b† |0i represents the state without particles at the localized level1 ,
and the physical fermions are given by d†σ = fσ† b. These pseudo-particles
must satisfy the constraint
X
b† b +
fσ† fσ = Q,
(9.16)
σ

with Q = 1, which is enforced introducing a Lagrange multiplier Λ. A usual
trick is to take Λ → ∞ at the end, to make the projection on the physical
1

In the case of a molecule, it would correspond to a molecular level
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subspace Q = 1. The quantities of interest can be expressed in terms of the
lesser and greater Keldysh Green functions for the pseudo-particles, which
for stationary non-equilibrium processes are defined as
0
G<
σ (t − t )
<
D (t − t0 )
0
G>
σ (t − t )
>
D (t − t0 )

=
=
=
=

+ihfσ† (t0 )fσ (t)i,
−ihb† (t0 )b(t)i,
−ihfσ (t)fσ† (t0 )i,
−ihb(t)b† (t0 )i.

(9.17)

These Green functions correspond to the interacting (dressed) propagators.
In the present case, it is also necessary to add the Green functions of the
phonons:
A< (t − t0 ) = −iha† (t0 )a(t)i = −in(ω0 ) exp(−i(t − t0 )ω0 ),
A> (t − t0 ) = −iha(t)a† (t0 )i = −i(n(ω0 ) + 1) exp(−i(t − t0 )ω0 ).

(9.18)

In the last member, it has been used the result for non-interacting phonons,
where n(ω) = [exp(ω/kB T ) − 1]−1 is the Bose-Einstein distribution function.
This is because the diagram of order λ2 which corrects the non-interacting
result, contains two pseudo-fermion lines (see diagram for Σa in Fig. 9.4).
These diagrams vanish in the limit Λ → ∞ (as the corresponding one for
the self-energy of the conduction electrons). Therefore, the phonon Green
functions are not corrected within the NCA.
|0>
c

=

a
|k>

=

=

+

+
|N>

b

=

Figure 9.4: Self-energies obtained within the NCA for the electron-electron and electronphonon coupling. Full straight (wavy) lines correspond to fermion (boson) pseudo-particle
propagators. Dashed lines represent conduction electrons and curly lines phonons. The first
two diagrams vanish in the NCA treatment (see text). The diagram for the Hartree term is
in Fig. 1(c) of Ref. Martin-Rodero et al. [2008].

The retarded and advanced Green functions for the fermions are Grσ (t) =
<
a
r
<
>
θ(t)[G>
σ (t) − Gσ (t)], Gσ = Gσ + Gσ − Gσ , and similarly for the bosonic Green
functions.
Within the NCA, the self-energy diagrams
are calculated as in second orP
ν †
der in the boson-fermion interaction
νkσ (Vk fσ bcνkσ +H.c.) and the electronP †
†
phonon interaction λ(a + a) σ fσ fσ , but replacing the bare propagators by
the dressed ones, which are determined self-consistently. This is equivalent to a partial sum of diagrams to all orders in perturbation theory (all the
non-crossing ones).
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Most of the self-consistent integral equations take the same form as those
of the case λ = 0. In Fig. 9.4, the diagrams for the different self-energies
are shown. The only difference is that the lesser and greater self ener≶
gies for the pseudo-fermions include the electron-phonon corrections Σph,σ
given
P below, and the retarded self-energy contains the Hartree term EH =
−2 σ hfσ† fσ iλ2 /ω0 , which is independent of frequency. This term vanishes
for Λ → ∞.
The corrections of Σ≶ due to phonons are
Z
 ≶

iλ2
≶
0
0
≷
0
Σph,σ (ω) =
dω 0 G≶
(ω
+
ω
)
A
(−ω
)
+
A
(ω
)
.
(9.19)
σ
2π
Adding this to the contribution of the hybridization and using Eqs. (9.18),
the self-energies result
<
2
<
Σ<
σ (ω) = λ [n(ω0 )Gσ (ω − ω0 ) + (n(ω0 ) + 1)Gσ (ω + ω0 ))]
Z
X
dω 0
−
Γν
fν (ω − ω 0 )D< (ω 0 ),
2π
ν

(9.20)

and
2
>
>
Σ>
σ (ω) = λ [n(ω0 )Gσ (ω + ω0 ) + (n(ω0 ) + 1)Gσ (ω − ω0 ))]
Z
X
dω 0
(1 − fν (ω − ω 0 ))D> (ω 0 ),
+
Γν
2π
ν

(9.21)

where fν (ω) = [exp[(ω − µν )/kB T ] + 1]−1 , µν is the chemical potential of the
lead ν, and
X
|Vkν |2 δ(ω − νk ),
(9.22)
Γν (ω) = 2π
k

is the hybridization function assumed independent of ω.
With the exception of Eqs. (9.20) and (9.21), the rest of the formalism, including the equation of the current has the same form as for the case without
phonons, explained in detail in Chapter 1.

C HAPTER 10

Non-equilibrium transport
through magnetic vibrating
molecules

10.1 The density of states in the presence of phonons.
10.2 Dependence of TK with the electron-phonon coupling.
10.3 Non-equilibrium densities of states and conductance.
10.4 Discussion and conclusions.
In this chapter I present our results on the transport properties of vibrating molecules are presented. We have calculated the nonequilibrium
conductance through a molecule or a quantum dot in which the occupation of the relevant electronic level is coupled with intensity λ to a phonon
mode, and also to two conducting leads. As it has been introduced in Chapter 9, the system is described by the Anderson-Holstein Hamiltonian. The
problem is solved using the Keldysh formalism and the non-crossing approximation (NCA) for both, the electron-electron and the electron-phonon
interactions. This is very important since it allows to treat both couplings in
equal footing. We obtain a moderate decrease of the Kondo temperature TK
with λ for fixed renormalized energy of the localized level Ẽd . The meaning and value of this renormalized Ẽd are discussed. The density of states
of localized electrons shows in addition to the Kondo peak of width 2TK ,
replicas of this peak shifted by multiples of the phonon frequency ω0 . The
nonequilibrium conductance as a function of bias voltage Vb at small temperatures, also displays peaks at multiples of ω0 in addition to the central
dominant Kondo peak near Vb = 0.

10.1

The density of states in the presence of phonons

The details of the formalism and the definitions are given in Chapter 9 (see
Sec. 9.3). For the numerical calculations, a constant density of states per
spin ρ0 between −D and D is assumed for the leads. The frequency of the
phonon ω0 = 1 is taken as the unit of energy, and D = 10. The hybridization

10. Non-equilibrium transport through magnetic vibrating molecules
is ΓL = ΓR = ∆, where ∆ is the resonance level width, i.e. half the width at
half maximum of the density of states in the non-interacting case. Without
loss of generality, it is assumed F = 0, where F is the Fermi level of the
leads without applied bias voltage Vb . It is considered that for finite Vb ,
the voltage drop is symmetric, leading to chemical potentials of the leads
µL = eVb /2 and µR = −eVb /2. In Sec. 10.3, the nonequilibrium conductance
for a case with asymmetric voltage drop and hybridizations is discussed.
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Figure 10.1: Comparison of NCA and exact results for the electronic density of states per
spin as a function of frequency for Vkν = 0 and two values of λ. Other parameters are
ω0 = 1, Ed = −0.5, and T = 0. An imaginary part of magnitude 0.01 was added to
broaden the different peaks.

The first task is to test the NCA for the electron-phonon coupling. In
Fig. 10.1 the density of states of the localized level ρdσ (ω) is shown in the
particular case of zero hybridization Vkν = 0. The result for two values of the
electron-phonon interaction λ can be compared with the exact result. The
scale in the figure is logarithmic to render visible the second replica of the
main peak. As it was discussed in Chapter 9, for Vkν = 0, the occupation nd
is a good quantum number and the problem can be solved exactly shifting
the phonon operators a to β = a − ĉ, with ĉ depending on the occupation
[see Eq. (9.7)]. For nd = 1, the equilibrium position of the β oscillator is
displaced with respect to that of a. This shift is not explicit in the NCA and
it is not obvious that the correct physics is reproduced by the NCA for large
λ.
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Figure 10.2: Electronic density of states per spin as a function of frequency for (a) a high
temperature T = 0.1  TK and (b) a very low temperature T = 5.10−5 < TK . ω0 = 1,
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lines correspond to the position of the expected replicas.

In Fig. 10.1, the energy of the localized level has been fixed to Ed = −0.5.
It can be observed that there are only replicas at negative frequency. For
Ẽd < F = 0, and temperature T = 0, the occupation is nd = 1. In the limit of
infinite Coulomb repulsion U as we assume, electrons can only be destroyed
at the molecule. Taking into account the Lehmann’s representation of the
Green’s function, it is clear that this fact implies that the density of states
has components only at negative frequencies.
Another interesting point is that the main peak should be at ω = Ẽd , i.e.
centred at the renormalized energy. For Vkν = 0, Ẽd = Ẽd0 = Ed − λ2 /ω0 , and
its intensity is proportional to the square of the overlap between the ground
state of the phonon wave functions for nd = 0 (vacuum of phonon operator
a) and nd = 1 (vacuum of phonon operator β). There are more peaks shifted
at lower energies by nω0 with amplitude reduced by the overlap between
the phonon ground state |0β i for displaced phonons and the state |na i with
n undisplaced phonons. As seen in Fig. 10.1, the NCA reproduces very
well the intensity and position of the main peak. For large λ, the position
of this peak is slightly displaced from Ẽd . The shift λ2 /ω0 is overestimated
by about 5% for λ = 0.5ω0 . The replicas are shifted to lower energies by the
NCA, and their intensities are underestimated, but the NCA results remain
semiquantitatively valid.
For the rest of the chapter, the results correspond to VK 6= 0, i.e. turning
the hybridization on. It is important to point out that the electron-phonon
coupling and the hybridization to the conduction band are competing interactions. If the electron-phonon coupling is strong, the energy of the localized level and the equilibrium position of the oscillator are shifted and
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the hybridization is exponentially reduced due to the overlap between the
displaced phonon wavefunctions. In this sense, the energy won by the hybridization is smaller and the elastic energy gain is favoured. It would be
expected, that for larger hybridization, some intermediate situation results,
i.e. a smaller phonon shift and a larger hybridization energy gain.
Once the coupling to the conduction band is taken into account, several
changes appear in the density of states. It is shown in Fig. 10.2 for (a) high
and (b) low temperatures with respect to the Kondo temperature. At high
temperatures, there are several peaks in the density of states. If there were
no phonons, the only expected peak would be the one centred at Ẽd . For
the calculation shown in the figure, the coupling constant is λ = 0.7 and the
value of Ẽd0 = Ed − λ2 /ω0 = −0.5. The peak that results from the numerical
calculation is almost centred at this value, i.e. Ẽd ∼ Ẽd0 , which is reasonable
for large λ. The main effect of the hybridization of the localized level with
the conduction band is the finite lifetime acquired. This finite lifetime arises
from the possibility of an electron in the localized state to scape towards the
conduction band. This is the origin of the width 4∆ in the peak at Ẽd . It
can be observed in Fig. 10.2 the presence of replicas of this peak at negative
frequencies ω = Ẽd − ω0 , Ẽd − 2ω0 . These replicas are less intense and
harder to observe for larger n. The broadening of the peak corresponding to
the localized level as a consequence of the hybridization to the conduction
band is also observed in the replicas. This is similar to the result shown in
Fig. 10.1 with the peaks broadened by the hybridization.
As a difference with respect to the T = 0 condition replicas at positive
frequency ω = Ẽd + nω0 , would also be expected. Nevertheless, since these
replicas are produced by the destruction of a phonon in the charged oscillator, their intensity is proportional to the number of phonons
hnph (T )i ∼

1
eω0 /T

−1

= e−10 = 4. 10−5 ,

for T = 0.1ω0 which corresponds to Fig. 10.2(a) and even less for (b). This
is indicative that even at finite temperatures replicas at positive frequency
are not expected. The absence of a replica at ω = Ẽd + ω0 = 0.5 is consistent
with this observation. As we discuss next, the replicas at positive frequency
correspond to the Kondo resonance.
According to Lehmann’s representation, the density of states is given by
X
ρdσ (ω) =
|hn|dσ |mi|2 δ(ω − (Em − En )),
m,n

where |ni, |mi are eigenstates of the whole Hamiltonian. The level scheme
is not simple to show since the problem is interacting. Nevertheless, it is
very useful to picture the possible states as in Fig. 10.3 for VK = 0, with
K = ν, k. The occupation can be nd = 0, 1. For a given coupling λ, the
energy of the localized level is shifted to Ẽd . This energy corresponds to the
state with nd = 1. On the phonon side, if the localized state is |nd = 0i,
the oscillator is not displaced and the total state is |nd = 0i ⊗ |na i with
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Figure 10.3: Scheme of the eigenstates of the system for Vkν = 0.

energy na ω0 . If the localized state is occupied, the equilibrium position of
the oscillator is displaced and the total state is |nd = 1i ⊗ |nβ i with energy
Ẽd + nβ ω0 . The energy difference would be
Em − En = Ẽd + (nβ − na )ω0 .
As explained before, at zero temperature, one of the states is the ground
state |nd = 1i ⊗ |0β i, with the occupied localized level and zero phonons in
the displaced oscillator. The destruction operator acting on this state leads
to an empty localized state and an arbitrary number of a-phonons, |nd =
0i ⊗ |na i. That means that there are only replicas at negative frequencies
Em − En = Ẽd − na ω0 = −0.5 , −1.5 , −2.5 , · · · .
At finite temperature, it is also possible to have an arbitrary number of βphonons in the departure state. This implies that it is possible to have replicas at positive frequencies,
Em − En = Ẽd + (nβ − na )ω0 = · · · , 2.5 , 1.5 , 0.5 , −0.5 , −1.5 , −2.5 , · · · .
The absence of the replica at ω = 0.5 is a clear indication that the replicas at positive frequency would only be observed at much higher temperatures. This is in agreement with the equation of motion (EOM) results of Ref.
Monreal and Martin-Rodero [2009], who do not see replicas of the chargetransfer peak at positive frequencies.
As shown in Fig. 10.2(b), at low temperatures the Kondo effect develops
and the density of states has also the Kondo resonance close to ω = F =
0. In the case λ = 0, there would be just the narrow Kondo peak at the
Fermi level, and the broad charge-transfer peak near the energy Ed . It is very
interesting to notice that for λ 6= 0, the Kondo peak has also replicas with
lower intensity shifted to negative frequencies by the phonon energy ω0 .
The peaks at positive frequencies get modified at low temperatures taking
a sharper shape and a small kink is observed at ω = 1 which was absent
at high temperatures. I present some evidence below showing that they
correspond to replicas of the Kondo resonance.
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Figure 10.4: Electronic density of states per spin as a function of frequency for temperatures well below the Kondo temperature, ω0 = 1, ∆ = 0.2ω0 , Ẽd0 = −0.5 and several
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The effect of the electron-phonon coupling in the Kondo regime can be
analysed in the evolution of the density of states with the coupling λ shown
in Fig. 10.4. If the curves were calculated at the same Ed , the shift −λ2 /ω0
would be different for each coupling and the comparison meaningless (the
TK depends exponentially on the energy of the localized level). This is is
why all the curves correspond to the same Ẽd0 , which is very close to the
true (unknown) energy renormalization. Both, the Kondo and the charge
transfer peak, become narrower for increasing λ. The replicas are more clear
for large electron-phonon coupling and as it can be observed in the figure,
the replicas of the Kondo peak are very intense for negative frequencies but
almost negligible at positive frequencies. It is also apparent that the peaks
at positive frequency moves with λ.
The replicas of the Kondo peak are more subtle than the ones that correspond to the charge transfer peak. The Kondo peak is due to small charge
fluctuations near the Fermi level and has contributions at both positive (creation of an electron at the localized level d†σ ) and negative (annihilation) frequencies. From the Lehmann’s representation of the Green’s function, the
spectral density at ω = −ω0∗ , with ω0∗ near ω0 , at zero temperature, is given
by
X
ρdσ (−ω0∗ ) =
|he|dσ |gi|2 δ(ω0∗ − e ),
(10.1)
e

where the states here are eigenstates of the complete Hamiltonian with electrons and phonons. |gi is the ground state, and |ei are excited states with
excitation energy e (the difference between the energy of the state |ei and
the ground state energy Eg ).
We denote as |e0n i, the eigenstates for λ = 0 with n phonons added to the
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Figure 10.5: Scheme of the excitation spectrum for λ = 0 considering the contributions
that come from destruction on the ground state.

vacuum of the uncharged system (|0a i). |g00 i is the ground state for λ = 0
(see Fig. 10.5). Note that the electronic part of these states is independent
of n, the phonon part of the energy is just nω0 and he0n |dσ |gn0 i is independent
0
of n. We also call |eK
n i the states |en i with very small electronic excitation
energy and n phonons, which for n = 0 are responsible for the Kondo peak
when λ = 0.
For finite λ, the electron-phonon interaction mixes the states |e0n i and |gn0 i
(which are no longer eigenstates) with those with n ± 1 phonons. In particular, the ground state |gi which for λ = 0 is |g00 i acquires some component
of |g10 i (and smaller ones of |gn0 i). In turn, the states |ei, which for λ = 0 are
K
|eK
1 i (with energy near Eg + ω0 ) obtain some amount of |e0 i after turning
on λ. These new components of the eigenstates lead to contributions to the
matrix elements entering Eq. (10.1), which are similar to those of the Kondo
peak and increase linearly with λ/ω0 for small λ.
In addition, the states |e00 i with energy near Eg + ω0 which have a large
contribution to Eq. (10.1) for λ = 0 are expected to have a large mixing with
|eK
1 i for finite λ because they have nearly the same energy. Both effects contribute to “translate” the electronic structure of the Kondo effect contained
in |eK
n i to the spectral density at ω ≈ −nω0 .
An analogous reasoning can be followed for ρdσ (ω0∗ ) (positive frequencies) changing dσ by d†σ in Eq. (10.1). For ω > ω0 , we obtain broad structures
centred slightly above ω = nω0 at a position that depends on λ (see Fig.
10.4). An observation of the first one (n = 1), indicates a small jump with
increase in intensity at ω = ω0 and a smooth evolution of the intensity with
increasing ω.
The positions of the replicas would be expected at nω0 . The shift in position with respect to ω0 seems to be related with a loss of the energy gain
∆E [see Eq. (9.6)] in most of the excited states involved in the spectral de-
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Figure 10.6: Scheme of the excitation spectrum for λ = 0 considering the creation on the
ground state.

composition of d†σ |gi (see Fig. 10.6). It is important to notice that the excited
states |e0K i correspond to the displaced oscillator. The broadening of the
peak seems to be related in the uncertainty in the equilibrium position of
the oscillator since nd is not well defined.
The position of the peaks at positive frequency do not change with Ed as
it might be expected for a feature related with the charge transfer peak. This
is shown in Fig. 10.7(a). In the figure, λ is fixed and Ẽd0 takes the values −0.7
(in red) and −0.5 (in black). From the figure, it can also be observed that as
Ed decreases, the weight of this peak decreases. This is what is expected for
a Kondo peak, since its total weight is proportional to TK , which decreases
with decreasing Ed .
The evolution with temperature of the replicas at positive frequency (see
Fig. 10.7(b)) also suggests that they are related with the Kondo resonance,
which in contrast to the charge-transfer peak, decreases in intensity as the
temperature is increased. As it is known for the case with λ = 0, there
is a strong temperature dependence of the peak at the Fermi energy (the
Kondo peak) at temperatures of the order of the Kondo temperature TK .
We define TK as the half width at half maximum of the Kondo peak at zero
temperature. In the inset, a similar strong dependence of the satellite peaks
near ω = ω0 can be observed, suggesting that these peaks are replicas of
the low-energy Kondo screening of the local magnetic moment combined
with the effect of one virtual phonon. For example, while the intensity of
the charge transfer peak near Ẽd or its replica at Ẽd − ω0 hardly changes for
temperatures of the order of TK , the other peaks strongly lose intensity (for
ω ∼ 1.34ω0 ) or disappear (for ω ∼ 0, −ω0 , −2ω0 ) for T = 0.1 > TK ≈ 0.01ω0 .
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10.2

Dependence of TK with the electron-phonon
coupling.

In presence of the electron-phonon interaction λ, for a fixed renormalized
localized level Ẽd , TK is expected to decrease with increasing λ, due to the
renormalization of the hybridization V . However, an exponential decrease
(as predicted using simple decouplings of electrons and phonons) is not
expected [Hewson and Meyer, 2002].
In order to analyse this appropriately it is important to have a well defined Ẽd . In Fig. 10.8(a) the calculations for fixed Ẽd0 = Ed − λ2 /ω0 are
shown for different values of λ. The inset of the figure displays our results
for TK as function of λ for fixed Ẽd0 (more precisely, 2TK vs λ). As in Ref.
Monreal and Martin-Rodero [2009] we obtain a moderate decrease of TK as
the electron-phonon interaction λ increases. However, in our case we find a
plateau between 0.6 < λ/ω0 < 0.7, which at fist sight seems surprising. We
ascribe this effect to the fact that while Ẽd0 is constant, the real effective localized level Ẽd increases with λ in this interval and there is a compensation
of this effect (which tends to increase TK ) with the monotonic decrease of
TK with λ for fixed Ẽd .
One of the arguments is that the maximum of the charge transfer peak
near ω ≈ −0.4ω0 for λ = 0 in Fig. 10.8 moves to the right as λ increases. Note
that the usual upward shift in the renormalized localized level (∆/π)ln(D/∆)
calculated with poor man’s scaling [Haldane, 1978b] leads to a shift in the
opposite direction because the effective resonant level width decreases.
In Fig. 10.9(a) we show ∆Ed = Ẽd − Ẽd0 as a function of λ with Ed calculated variationally as discussed in Sec. 9.2.3. With respect to the parameters
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of Fig. 10.8, we have multiplied ∆ by a factor 2 because it leads approximately to the correct occupancy of the localized level when compared with
NRG results [Roura-Bas et al., 2012b]. Although the variational calculation
can provide only qualitative results, it can be observed that it predicts the
steepest increase of ∆Ed with λ near λ/ω0 = 0.5 and a saturation for larger
λ, which is consistent with the existence of the plateau in the inset of Fig.
10.8(a). Further evidence for a shift in ∆Ed as a cause of this plateau is provided by the dependence of the occupancy of the localized level with λ (calculated with NCA). This is displayed in Fig. 10.9(b) and shows a behaviour
which is reminiscent of that of ∆Ed with a maximum near λ/ω0 = 0.5.
As a final analysis of this situation, we have repeated several NCA calculations for each value of the electron-phonon interaction λ, shifting the
bare level Ed in such a way that the maximum of the charge-transfer peak
(near ω ≈ −0.4ω0 in Fig. 10.8(a) for λ = 0) lies at the same position, with an
error smaller than a fraction of TK . This procedure is very time consuming,
but since the NCA is much superior than the variational calculation, it ensures that we are working at constant effective renormalized localized level
Ẽd with reasonable accuracy. The results are displayed in Fig. 10.8(b). In
contrast to Fig. 10.8(a), it can be observed that the position of the chargetransfer peak remains constant, while it narrows as λ increases. Now we
obtain a nice monotonic decrease of TK with λ as expected. Also the occupancy of the localized level has a monotonic increase with λ from 0.79 for
λ = 0 to 0.87 for λ = 0.8.

10.3. Nonequilibrium spectral density and conductance
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10.3

Nonequilibrium spectral density and conductance

In this section the transport properties for the vibrating molecule modelled
with an Anderson-Holstein Hamiltonian are discussed. In this system, given
the fact that the couplings to left and right leads are proportional, for small
bias voltage, the transport properties are essentially determined by the electronic density of states. Therefore, all the analysis of Sec. 10.1 is very useful
to understand the differential conductance. In Fig. 10.10(a) the evolution of
ρdσ (ω) with applied bias voltage Vb is displayed. In addition to the known
splitting of the Kondo peak with Vb ,[Wingreen and Meir, 1994] the replica
of the Kondo peak near ω = −ω0 also splits, a fact which again supports the
notion that this satellite peak is related with the Kondo peak at the Fermi
energy. For ω ≈ 1.35ω0 , a splitting can as well be observed, but only for
bias voltage large enough so that eVb overcomes the intrinsic width of this
feature. The inset shows that the onset of this peak at ω = ω0 , is also split
by the bias voltage, and the splitting is clearly visible already for small bias
voltages, of the order of a few times TK /e.
The conductance G = dI/dVb , where I is the current as a function of a
applied bias voltage Vb , is shown in Fig. 10.10(b) for a temperature slightly
above the Kondo temperature and several values of the electron-phonon interaction. In addition to the Kondo peak at Vb = 0, and the charge-transfer
peak near Vb = ±Ẽd replicas of the Kondo peak with smaller intensity appear for eVb = ±2ω0 reflecting the inelastic processes in which a phonon is
created or destroyed. Since the curve is symmetric with respect to a change
of sign of the bias voltage [G(−Vb ) = G(Vb )] only positive values of Vb are
shown. In general, further peaks at eVb = ±2nω0 with n > 1 are expected, as
observed experimentally.[Zhitenev et al., 2002] These are difficult to capture
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within NCA due to the limitations of the numerical procedure at very low
temperatures.
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Figure 10.11: Conductance as a function of the applied bias voltage for asymmetric couplings and voltage drops (see text). Parameters are ω0 = 1, T = 0.02, Ẽd0 = −0.6, ∆ = 0.2
and λ = 0.7.

For experiments of transport through molecules, the couplings to the
leads Γν are very asymmetric in general. In Fig. 10.11 the nonequilibrium
conductance is shown for a case in which ΓL = 30ΓR (typical of experiments with C60 quantum dots Florens et al. [2011]), keeping ΓR + ΓL = 2∆,
and the voltage drop is inversely proportional to the corresponding Γν :
µL = (1/31)Vb , µR = (−30/31)Vb . In this case, the density of states at the
molecule for finite bias voltage Vb is similar to that in which the molecule
is at equilibrium with the lead for which the coupling is the largest, and

10.4. Discussion and conclusions



is not strongly modified by Vb . Since most of voltage drop falls between
the system and the other lead, the situation is similar to that in scanning
tunnelling microscopy (STM), in which the spectral density is little affected
by the less coupled lead (or STM tip) and the spectral density is reflected
in the differential conductance G(Vb ). Therefore, the resulting conductance
is qualitatively similar to the spectral density as a function of frequency,
shown before in Fig. 10.7(b).

10.4

Discussion and conclusions

In this fist stage we have calculated the density of states and the non-equilibrium
conductance of the Holstein-Anderson model, which describes a molecule
or a quantum dot with a singly occupied localized (magnetic) level and a
single relevant phonon mode with frequency ω0 coupled to the occupancy
of the localized level.
The density of states shows an interplay of the usual Kondo physics in
which the magnetic moment is screened by conduction electrons at low energies, and the vibrations. As a consequence of the latter, peaks appear in
the density of states at frequencies near multiple of ±ω0 , which reflect the
physics of both Kondo screening and the effect of vibrations. However, the
nature of these replicas of the Kondo effect, its exact position and width are
complicated to understand completely.
The characteristic energy scale TK decreases slightly (not in an exponential form) with increasing electron-phonon coupling λ for fixed effective
level energy Ẽd . We find that this effective level Ẽd is slightly larger than
Ẽd0 = Ed − λ2 /ω0 and this difference has important consequences for example, when the Kondo temperatures for different λ are compared.
The conductance through the system at small temperatures shows not
only a central peak at small applied bias voltages Vb due to the Kondo peak,
but also additional peaks that correspond to inelastic processes involving
creation and destruction of phonons.
We have limited our calculations to λ < 0.7. We do not expect the NCA
to be valid for large λ. For small λ the NCA is of course valid, because it
reduces to second-order perturbation theory in λ. For the extreme polaronic
regime λ  1 at equilibrium, other techniques should be used,[Cornaglia
et al., 2007] [Cornaglia et al., 2004] [Hewson and Meyer, 2002] [Monreal and
Martin-Rodero, 2009] like NRG. The nonequilibrium problem is more difficult and few alternative approaches exist, as discussed in the introduction.
After this analysis for one single doublet, next chapter I present our ongoing work on the Aligia model in the presence of phonons.

C HAPTER 11

Interference and phonons in
interacting systems

11.1 Electron-phonon coupling in the Aligia model.
11.2 The one-level SU(2) limit in the presence of phonons.
11.3 The SU(4) limit in the presence of phonons.
11.4 Partial conclusions.
This chapter is a possible summary of the work presented in this thesis.
It is still ongoing work. I present a study of the effect of phonons in an
interacting system showing interference phenomena.
Interference effects in the transport properties of nanoscopic systems can
be described with the Aligia model which I introduced in Chapter 3 and discussed some limits in equilibrium in Chapter 4 and out of equilibrium in
Chapter 5. The model considers two localized doublets with energies E1
and E2 which are coupled to a pair of left-right leads. Three of the couplings Vνi , with i = 1, 2 and ν = L, R can be made real. The remaining
phase φ can be related to the phase difference in the transport from left to
right between the two states and account for possible interference effects.
In the Kondo regime, when the energies of the doublets are well below the
Fermi level, our model allows to study the interplay between interference
and Kondo physics, which has not been included in other treatments [Härtle et al., 2011] but which has been shown to play a role [Park et al., 2002]
[Liang et al., 2002] [Roch et al., 2008] [Parks et al., 2010].
In the case of degenerate doublets E1 = E2 and equal couplings |VL1 | =
|VL2 | = |VR1 | = |VR2 | = V , the model has more symmetry. In the case of φ = π,
the symmetry is SU(4) and it is possible to study the SU(4) Kondo effect in
equilibrium [Tosi et al., 2012a]. The transport properties are very interesting
as a consequence of the phase π which leads to total destructive interference
[Roura-Bas et al., 2011]. Under the effect of the symmetry breaking field δ
which changes the energy of one of the doublets with respect to the other
E2 = E1 + δ the symmetry of the model is reduced from SU(4) to SU(2) and
the transport properties can be studied in the crossover from δ = 0 → ∞.
For finite δ, the Kondo temperature is strongly reduced from TK (SU (4)) and
there are satellite peaks in the density of states which correspond to possible

11.1. Electron-phonon coupling in the Aligia model



inelastic processes. We have also applied the model to study the transport
through a benzene molecule in the Kondo regime. If the leads are connected
in the para position (180 degrees) the phase is φ = 0 and the model reduces to
a single doublet with SU(2) symmetry. If they are connected in meta position
(120 degrees) the phase is 2π/3 and there is partial destructive interference.
The behaviour is similar to the case of SU(4) with a finite splitting δ̃. This
effective splitting is produced by the mixing of the doublets via the complex
phase (which introduces non diagonal couplings). We have observed side
peaks in the differential conductance which would be observable in experiment [Roura-Bas et al., 2012a].
In molecules the vibrations have been shown to affect transport properties [Zhitenev et al., 2002] [Kim et al., 2011] [Fernández-Torrente et al., 2008].
The question we would like to address is which is the effect of phonons in
interference phenomena. In molecules, interference has been probed experimentally [Guédon et al., 2012] [Vazquez et al., 2012] and phonons have been
shown indirectly to induce decoherence [Ballmann et al., 2012]. We analyse
the effect of phonons in our interference model.
The description of transport through an interacting system showing Kondo
effect in the presence of phonons is a hard problem by itself. We calculated the non-equilibrium transport properties of vibrating molecules in the
Kondo regime described by a single doublet coupled to left-right leads and
to only one relevant vibration mode [Roura-Bas et al., 2013]. I presented
those result in Chapter 10. The most important points found are the linear
dependence of the Kondo temperature TK with the electron-phonon coupling λ and the presence of replicas of the Kondo peak in the differential
conductance. This previous study is the base to understand the results of
this chapter in which phonons are included in our interference model.

11.1

Electron-phonon coupling in the Aligia model

In the most general case represented in Fig. 11.1, there can be several vibration modes coupled to the two doublets which are considered in our
interference model.

Figure 11.1: Representation of the Aligia model in the presence of phonons.

11. Interference and phonons in interacting systems



In this case, the Hamiltonian is
X
X
X
HAligia =
νk c†νkσ cνkσ +
Ωα a†α aα +
Ei d†iσ diσ + Coulomb repulsion
α

νkσ

+

X

(Vνi d†iσ cνkσ

+ H.c.) +

iσ

X

λiα (aα + a†α )d†iσ diσ ,

(11.1)

iασ

iνkσ

where c†νkσ (cνkσ ) is the creation (destruction) operator of a conduction electron with momentum k and spin σ in lead ν = L, R, d†iσ (diσ ) is the creation
(destruction) operator of an electron in the doublet i with energy Ei and Vνi
is the coupling coefficient of level i with lead ν. We work in the limit of
very large Coulomb repulsion in which no more than one electron in total
is permitted at the time. The operator a†α (aα ) is the creation (destruction)
operator for a phonon in mode α with frequency Ωα . The xα coordinate of
the vibration modes are coupled to the total charge in the localized level i
with intensity λiα .

(a)

(b)

Figure 11.2: (a) Representation of the Aligia model in the presence of phonons considering
just one mode and (b) in the case of φ = π.

According to the symmetry of the states, it is common to find one mode
that couples preferentially. We consider this case of one relevant mode of
frequency ω0 . In addition, we are interested in the case in which this vibration couples more with one of the levels creating a difference among them.
In this case, the model can be represented like in Fig. 11.2(a) and the Hamiltonian reads
X
X
H =
νk c†νkσ cνkσ + ω0 a† a +
Ei d†iσ diσ + Coulomb repulsion
iσ

νkσ

+

X

(Vνi d†iσ cνkσ

+ H.c.) +

iνkσ

X

λ(a + a† )d†1σ d1σ .

(11.2)

σ

We use the non-crossing approximation (NCA) to solve this Hamiltonian numerically and calculate the Green functions and the current using
Meir and Wingreen’s formula [Meir and Wingreen, 1992] 1 The treatment
of electron-phonon coupling within NCA is discussed in Appendix E and
the details of the NCA for the Kondo problem can be found in Sec. A.5 of
Appendices A and Appendices B and C.
1

Check Chapter 1 and Appendix A.
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I present in this chapter results that correspond to the equilibrium properties of the SU(4) limit in the presence of a vibration mode (see Fig. 11.2(b)).
This limit for the electronic part is found for E1 = E2 = Ed and VL1 = VR1 =
VL2 = |VR2 | = V with phase π. In order to compare, I have also included the
results for the limit of one-doublet which can be obtained making E2 very
large. The model has SU(2) symmetry in this limit and can be compared
with the results presented last chapter.

11.2

The one-level SU(2) limit in the presence of
phonons

For the calculations we have taken 2Γνii = 1 as our energy unit, where for
1
of the conduction electrons extended
a constant density of states ρ0 = 2D
ν
i
j ∗
between −D and D, Γij = 2πρ0 Vν (Vν ) . This means that ∆ ≡ Γνii = Dπ V 2 ,
with ∆ the resonant level width in the absence of interactions.
In the limit E2 → ∞ our interference model reduces to the one-level
SU(2) Anderson model. We have taken D = 10 and E1 = −4. The resulting
density of states in the absence of electron-phonon coupling λ = 0 is shown
in Fig. 11.3(a). At high temperatures (black curve) there is only one broad
peak centred at ω = Ed which corresponds to the charge-transfer peak. The
width of the peak is 4∆. At low temperatures T = 5. 10−6 , there is another
peak close to ω = F = 0 which corresponds to the Kondo resonance. The
half-width of the peak is related to the Kondo temperature TK (SU (2)) =
1.5 10−5 .
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Figure 11.3: Electronic density of states for the state |1σi in the limit of E2  E1 for (a)
λ = 0 and (b) λ2 = 0.4 at T = 5. 10−6 . Parameters: E1 = −4, 2∆ = 1, D = 10,
ω0 = 0.15.

When the phonons enter the game, the density of states is strongly mod-
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ified in the Kondo regime. The result for ω0 = 0.15 and λ2 = 0.4 is shown
in Fig. 11.3(b) at very low temperatures. It can be observed that maximum
of the charge transfer peak is shifted ∆Ed = Ẽd − Ed = −0.43 as a consequence of the electron-phonon coupling. Moreover, the Kondo resonance is
narrower and there are replicas at positive and negative integer multiples
of ω0 . The narrowing is a reflect of the decrease of the Kondo temperature
with λ and the replicas are originated by the creation and destruction of
phonons as discussed in Chapter 10. It is interesting to notice that here it is
very clear that the replicas correspond to the Kondo resonance thanks to the
separation of energy scales. This supports the arguments given last chapter.
The evolution of the densities of states with the electron-phonon coupling λ is shown in Fig. 11.4 for the same Ed = −4.
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Figure 11.4: Evolution of the (a) charge transfer peak and (b) the Kondo resonance in the
electronic density of states of the state |1σi with λ in the limit of E2  E1 . Parameters:
E1 = −4, Γ1 = Γ2 = 1, D = 10, T = 5. 10−6 . Inset of (a): position of the charge transfer
peak as a function of λ2 . Inset of (b) Evolution of the width of the Kondo peak with λ.

In Fig. 11.4(a), it can be observed how the charge transfer peak displaces
slightly to the lower energies as λ increases. The dependence is linear with
λ2 as shown in the inset. The evolution of the Kondo resonance is shown in
(b). The peak narrows with increasing λ and replicas appear at ±nω0 . It is
interesting that for these values of λ = 0.158, 0.224, 0.316, 0.447, 0.632 the
position of the replicas at positive frequency does not depend on λ, as was
observed in Chapter 10.
Using the shifts plotted in the inset of Fig. 11.4 (a), the effect of the
phonons can be separated from the intrinsic change in the Kondo temperature due to the change of Ed . In Fig. 11.5 the results for the same values
of λ are shown keeping Ẽd = −4. In (a) the charge transfer peak is clearly
fix at the same position (apart from small corrections) and in (b) the Kondo
resonance is wider for all the values of λ and the replicas are slightly more
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Figure 11.5: Evolution of the (a) charge transfer peak and (b) the Kondo resonance in
the electronic density of states of the state |1σi with λ making Ẽd = −4 (full lines) in
comparison with fixed Ed (dashed lines). Parameters: Ed = −4, E2  E1 , Γ1 = Γ2 = 1,
D = 10, T = 5. 10−6 . Inset of (a): zoom to the position of the charge transfer peak. Inset
of (b) Evolution of the width of the Kondo peak with λ.

intense. The remaining narrowing of the Kondo resonance with λ is exclusively due to electron-phonon coupling.

11.3

The SU(4) limit in the presence of phonons

In the SU(4) limit, E1 = E2 and φ = π. The two doublets are degenerate and
in addition to spin degeneracy, there is a total of four possible states |iσi
which are degenerate and equally populated at low temperatures. Since
there are more possible “spin-flip” processes, the Kondo effect is more robust in comparison to the SU(2) case. The density of states in the absence of
phonons is shown in Fig. 11.6(a). The result of the SU(2) limit (red dashed
lines) has also been included. The Kondo resonance is much wider in the
SU(4) case due to the higher Kondo temperature TK (SU (4)) = 0.012 and
the peak is not centred at the Fermi level but displaced to the right. This is
consistent with Friedel’s sum rule (which fixes half of the value found in the
SU(2) case at zero temperature) and has to due with the higher degeneracy
which leads to a partial mean occupation hniσ i ≈ 0.25 for each state. This is
consistent with the loss of spectral weight in the charge transfer peak.
Some results of the electron-phonon coupling can be predicted in the
light of the analysis of the previous section. If the coupling to the phonon
leads to a renormalization of the energy Ẽd due to a shift ∆Ed , it would
be expected that in the presence of phonons which couple to doublet 1, the
degeneracy will be lost. There is a finite splitting E2 = E1 + δ between
the doublets. The breaking of SU(4) symmetry by a field δ was discussed
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Figure 11.6: Electronic density of states for the state |1σi in the SU(4) limit for λ = 0 at
T = 5. 10−3 . Parameters: E1 = E2 = −4, 2∆ = 1, D = 10, ω0 = 0.15. The density of
states of the SU(2) limit at T = 5. 10−6 is also shown for comparison. The inset is a zoom
the the Kondo resonance.

in Chapter 4. For finite δ the Kondo temperature is strongly reduced (from
TK (SU (4)) for δ = 0 to TK (SU (2)) for δ → ∞) and there are satellite peaks in
the densities of states. In addition to the Kondo resonance, the lower energy
doublet 1 has a peak at ω = −δ which corresponds to inelastic processes
involving the conduction electrons and doublet 2. The excited doublet 2 has
only a peak at ω = +δ. If the phonons introduce a splitting ∆Ed , the first
effect would be to decrease TK and discriminate ρ1 and ρ2 - These densities
of states for λ2 = 0.4 at T = 5. 10−3 are shown in Fig. 11.7.
It can be observed in (a) that the charge transfer peak in ρ1 moves to
lower energies but is also more intense. The increase of spectral weight of
the doublet 1 is consistent with the loss of weight in the charge transfer
of ρ2 (see (b)). The displacement in energy is ∆Ed ∼ −0.57. Close to the
Fermi level, the Kondo resonance is only observed in ρ1 . The effect of the
electron-phonon coupling is to reduce the Kondo temperature and in fact,
the Kondo effect is almost lost at T = 5. 10−3 . This is reasonable since the
Kondo temperature in the SU(2) limit is orders of magnitude lower. The
structure of replicas is much more rich than in the SU(2) case. In ρ1 there are
replicas at ±nω0 . The intensities do not shown a monotonous behaviour: the
replicas at ω ∼ −0.3, −0.6 are more intense. The doublet 2 is not coupled to
phonons but due tu inelastic processes involving the conductions electrons
and doublet 1, there is a satellite peak in ρ2 at ω ∼ 0.35 and replicas at
ω ∼ 0.45, 0.6, 0.75.
In order to understand the effect of the phonons the evolution of the
densities of states with λ is shown in Fig. 11.8.
The charge transfer peaks displaces to lower energies for increasing λ.
The positions have a linear dependence with λ2 for large λ as shown in Fig.
11.9(a). The most interesting behaviour is observed close to the Fermi level
in Fig. 11.8(b). The Kondo temperature is reduced with λ and the Kondo
resonance tends to vanish at T = 5. 10−3 . There are little structures at ±nω0
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Figure 11.7: Electronic density of states for the state (a) |1σi and (b) |2σi in the SU(4)
limit for λ2 = 0.4 at T = 5. 10−3 . Parameters: E1 = E2 = −4, 2∆ = 1, D = 10,
ω0 = 0.15. The inset (a) displays a zoom to the Kondo peak and the lines correspond to
±nω0 , with n integer. In (b) the density of states for the state |1σi is shown with dashed
lines for comparison.

which in some cases are hard to distinguish other peaks. These more intense
peaks correspond to the satellite peaks because they move in energy with
λ. These peaks are a reflect of the energy difference between the doublets.
Even for small λ = 0.158, there is no weight in the charge transfer peak of ρ2
as shown in Fig. 11.8(c). Close to ω = 0, there is a strong satellite peak and
small replicas. The positions of the satellite peaks in ρ1 and ρ2 are shown in
Fig. 11.9(b) as a function of λ and λ2 .
The effect of phonons is as expected. More insight into the interplay
between Kondo and vibrations can be obtained for smaller values of λ. The
results are presented in Fig. 11.10 for λ2 ∈ [0, 0.025] and T = 5. 10−3 . As
λ decreases, the density of states looks more similar to the SU(4) case. This
holds for λ2 = 0.0001 − 0.001, which correspond to λ2 /ω0 = 0.0007 − 0.007.
For λ2 /ω0 > 0.012 = TK (SU (4)), the charge transfer peak gains (losses)
weight in ρ1 (ρ2 ).
As in the SU(2), it is convenient to study the effect of phonons for fixed
Ẽ1 . It is hard to predict a priori which is the appropriate renormalized energy. This hast to do with the fact that the electron-phonon coupling and the
hybridization with the conduction band are competing effects. On one side,
the hybridization with the conduction bands leads to a lower electronic energy. On the other side, with respect to the vibration mode it is convenient
to shift the equilibrium position of the oscillator to minimize the electrostatic repulsion. This displacement leads to a decrease in the hybridization.
Therefore, the value of Ẽ1 is given by the minimization of energy in a com-
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electron-phonon coupling λ in the SU(4) limit. Parameters: E1 = E2 = −4, Γ1 = Γ2 = 1,
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plicated way 2 . As a first guess, we have used the same shifts than in the
SU(2) case for each λ. The results are shown in Fig. 11.11. The results are
in the right direction but the SU(4) is not recovered. It must be noticed that
the procedure is similar to that in Chapter 8 since we are trying to recover
an effective SU(4) symmetry.

2

For more details on this discussion see Chapter 9 and 10
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11.4

Partial conclusions

There is still a lot of work to do. The equilibrium densities of states show
that the effect of the phonons is to break the degeneracy between the doublets. This would imply the absence of total destructive interference in the
case of phase φ = π. There is nevertheless an interesting possibility which
has to do with the tuning of the relative energies of the doublets. We still
doing some test to show that it is possible to have an emergent destructive
interference even in the presence of electron-phonon coupling.
There is a bright-side of phonons related to the rich peak structure close
to the Fermi level in the SU(4) case. In addition to the replicas of the Kondo
resonance at positive and negative frequencies, there are satellite peaks caused
by the inelastic processes involving the conduction electrons which “communicate” the doublets. This would be accessible in experiment and would
provide information on the vibration modes and the electronic structure.

Appendices

A PPENDIX A

The Surviving Toolkit

A.1 Green functions at zero temperature
A.2 Introducing Diagrams
A.3 The resonant level example
A.4 Green functions at finite temperature
A.5 The NCA example
A.6 Non-equilibrium Green functions
A.7 The current calculation example
A.8 The non-interacting limit: the connection to transmission.
Throughout the thesis there are a lot of references to Green functions,
perturbation theory, diagrammatic expansions, Dyson equations, etc. I have
included this chapter to complete the missing blocks. Most of the formal
definitions and some important equations are presented here in detail to
avoid great deviations in the central part of the text. I have decided to left
all this as an appendix to facilitate the reading of the thesis. I have also included some examples as a complement to each formal presentation. These
examples have been chosen because they serve as good illustration of the
use of the theoretical tools and also because they lead to useful results. I
believe that in this way this appendix may be adequate to a wider audience.
One of the particular examples presented is the non-crossing approximation
(NCA). This is a diagrammatic approximation which we have employed to
solve our interference model for strongly correlated systems. I present a
diagrammatic derivation of the NCA in Sec. A.5. The technical details are
given in App. B and the extension of the NCA out of equilibrium is discussed in App. C.
The theory of zero-temperature Green functions (Sec. A.1) can be found
in several many-body physics textbooks. I have followed mostly the books
by Mahan [Mahan, 2000], Fetter and Walecka [Fetter and Walecka, 2003] and
Bruus and Flensberg [Bruus and Flensberg, 2004]. The presentation of finitetemperature Green functions in Sec. A.4 is based on this latter. The theory of
perturbations out of equilibrium is also discussed in several books. I have
followed a book by Lifshitz [E. M. Lifshitz, 1981] and also Mahan’s. I have

A.1. Green functions at zero temperature



also followed a notes written by Alfredo Levy Yeyati [Yeyati, 2010] and a
paper by Jauho. The Keldysh formalism is introduced in Sec. A.6.

A.1

Green functions at zero temperature

The zero-temperature Green function is defined as
Gi,j (t, t0 ) = −ihT ci (t)c†j (t0 )i,

(A.1)

where T is the time-ordering operator, ci represents the destruction of a particle (fermion or boson) in state i and where h i is the expectation value in
the ground state of the Hamiltonian H. The operators are in the Heisenberg
picture. As it is normally the case, the eigenstates of the full Hamiltonian
are not known. Nevertheless, it can be separated as H = H0 + V , where H0
can be solved and V is treated as a perturbation. In the interaction picture
(denoted with a hat), the evolution operator
Û (t) = eiH0 t e−iHt ,
is introduced to change from Heisenberg to interaction eigenstates and operators
ψ̂(t) = eiH0 t e−iHt ψ(0),
ĉi (t) = eiH0 t ci e−iH0 t ,
which satisfy different evolution equations
∂
ψ̂(t) = −iV̂ ψ̂(t),
∂t
∂
ĉi (t) = −i[ĉi (t), H0 ].
∂t
In this picture, two interaction states at different times ψ̂(t) = Ŝ(t, t0 )ψ̂(t0 )
are connected by an S-matrix operator
0

0

Ŝ(t, t0 ) = Û (t)Û † (t0 ) = eiH0 t e−iH(t−t ) e−iH0 t .

(A.2)

This operator satisfies the differential equation ∂t Ŝ(t, t0 ) = −iV̂ (t)Ŝ(t, t0 )
with the initial condition Ŝ(t, t) = 1. The formal solution to this equation
is a series (t0 = 0)
Ŝ(t) =

Z
∞
X
(−i)n

t

Z
dt1 ...

t



dtn T V̂ (t1 )...V̂ (tn )

n!
0
0
 Z t

= T exp −i
dt1 V̂ (t1 ) ,
n=0

0

which gives the successive perturbative orders.

(A.3)
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An expression for the Green function
The interaction picture becomes really useful thanks to the Gell-Mann
and Low’s theorem [Gellmann and Low, 1951]. It is an important result
that relates the ground state of the unperturbed system to that of the full
Hamiltonian. The idea is to consider that at t → −∞ the perturbation is off
and the system is in the ground state ϕ0 . During the time-evolution of this
state the perturbation is turned on adiabatically. At time t, the exact ground
state is found
ψ̂(t) = Ŝ(t, −∞)ϕ0 (0).
Moreover, it can be considered that the as the evolution continues the perturbation is switched off and at t → ∞ the state of the system is once again
ϕ0 up to a phase factor
ϕ0 (0)eiL = Ŝ(+∞, t)ψ̂(t),
where eiL = hϕ0 |Ŝ(+∞, t)|ψ̂(t)i = hϕ0 |Ŝ(+∞, t)Ŝ(t, −∞)|ϕ0 i = hŜ(+∞, −∞)i0 .
The expression h i0 has to be understood as the expectation value in the nonperturbed ground state. The Green function can be calculated as
0

Gi,j (t, t ) = −i

A.2

hT Ŝ(+∞, −∞)ĉi (t)ĉ†j (t0 )i0
hŜ(+∞, −∞)i0

,

(A.4)

Introducing Diagrams

The Green function can be obtained to different orders using the series expansion of the S-matrix operator from Eq. (A.3) in Eq. (A.4). To zero order
the S-matrix operator is the identity, thus
G0i,j (t, t0 ) = −ihT ĉi (t)ĉ†j (t0 )i0 .

(A.5)

This is called the naked or unperturbed Green function (or propagator).
Since in the interaction picture the operators evolve in time with H0 , this
propagator can be calculated, i.e. is something known. Naked propagators
play an important role as building blocks for diagrams in perturbation theory. The propagator G0i,j (t, t0 ) can be represented diagrammatically as in Fig.
A.1: an arrow from t0 to t, from creation in state j to destruction in state i.

t

i

t’

j

Figure A.1: Diagrammatic representation of
the naked propagator G0i,j (t, t0 ).

The expansion of the S-matrix operator can be considered to an arbitrary
order, for example for n = 2, the expression to be calculated is something
like
Z
Z ∞
(−i)2 ∞
(2)
0
Gi,j (t, t ) ∼ −i
dt1
dt2 hT V̂ (t1 )V̂ (t2 )ĉi (t)ĉ†j (t0 )i0 ,
2!
−∞
−∞

A.2. Introducing Diagrams



with a denominator
(−i)2
denom ∼
2!

Z

∞

Z

∞

dt2 hT V̂ (t1 )V̂ (t2 )i0 .

dt1
−∞

−∞

There are two “external” times t and t0 and as many “internal” times: t1 ,
t2 as it corresponds to the order of the series. The series can be interpreted
diagrammatically as shown in Fig. A.2. The naked propagator suffers scattering processes in between t0 and t.
t

i

t2

Figure A.2: Diagrammatic representation
for a generic V of the second order in the series expansion of the propagator Gi,j (t, t0 ).
t1

t’

j

The perturbation V has to be written in terms of creation and destruction
operators. To make the following points more clear, a perturbation V̂ with
the form Uλ1 λ2 ĉ†λ1 ĉλ2 is considered. This can be also represented diagrammatically as in Fig. A.3. This is called a vertex.

Figure A.3: Diagrammatic representation of
a perturbation of the form Uλ1 λ2 ĉ†λ1 ĉλ2 . This
is a vertex.

The expectation values to be evaluated are
hT ĉi (t)ĉ†λ1 (t1 )ĉλ2 (t1 )ĉ†λ3 (t2 )ĉλ4 (t2 )ĉ†j (t0 )i0 ,
multiplied by a factor Uλ1 λ2 Uλ3 λ4 , which quantifies the relevance of this contribution to the perturbation series. It is order ∼ U 2 . The expectation values
of this type can be evaluated using Wick’s theorem [Wick, 1950]. According to this theorem, these expectation values can be calculated as a sum
of all possible “contractions”. A contraction is the expectation value of a
time-ordered pair of operators, a creation operator acting first and then the
destruction operator1 , except when they act at the same time. For this case
1

This is called normal-order
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taken as example there are three operators of each type, so six possible contractions
(a) hT ĉi (t)ĉ†λ1 (t1 )i0 hT ĉλ2 (t1 )ĉ†λ3 (t2 )i0 hT ĉλ4 (t2 )ĉ†j (t0 )i0
(b) hT ĉi (t)ĉ†λ3 (t2 )i0 hT ĉλ4 (t2 )ĉ†λ1 (t1 )i0 hT ĉλ2 (t1 )ĉ†j (t0 )i0
(c) hT ĉi (t)ĉ†λ1 (t1 )i0 hT ĉλ2 (t1 )ĉ†j (t0 )i0 hT ĉ†λ3 (t2 )ĉλ4 (t2 )i0
(d) hT ĉi (t)ĉ†j (t0 )i0 hT ĉ†λ1 (t1 )ĉλ2 (t1 )i0 hT ĉ†λ3 (t2 )ĉλ4 (t2 )i0
(e) hT ĉi (t)ĉ†λ3 (t2 )i0 hT ĉ†λ1 (t1 )ĉλ2 (t1 )i0 hT ĉλ4 (t2 )ĉ†j (t0 )i0
(f) hT ĉi (t)ĉ†j (t0 )i0 hT ĉλ2 (t1 )ĉ†λ3 (t2 )i0 hT ĉλ4 (t2 )ĉ†λ1 (t1 )i0
These contractions can be represented diagrammatically as in Fig. A.4.
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Figure A.4: Diagrammatic representation of the six possible contractions (a)-(f) in the
second order of the perturbative expansion for a perturbation of the form Uλ1 λ2 ĉ†λ1 ĉλ2 .

The perturbative expansion can be interpreted as a successive correction of the naked Green function connecting t0 → t with “scattering events”
at intermediate times. To every order, these processes can be represented
with diagrams, the Feynman diagrams. A contraction of operators acting
at different times can be identified with a naked Green function. From this
representation it is clear why it is also called a propagator. A contraction
of operators acting at the same time can be identified with a number operator. The diagrams are convolutions (products) in time (in frequency) of
non-perturbed propagators or number operators. The analytic expression
for the diagrams (b) and (c) is
h
(2)
(0)
(0)
(0)
Gi,j (t, t0 )(b)+(c) ∼ Uλ1 ,λ2 Uλ3 ,λ4 Gλi ,λ3 (t, t2 )Gλ4 ,λ1 (t2 , t1 )Gλ2 ,j (t1 , t0 )
i
(0)
(0)
+ Gλi ,λ1 (t, t1 )Gλ2 ,j (t1 , t0 )(−i)hT ĉλ4 (t2 )ĉ†λ3 (t2 )i0 ,
P
where a sum over the internal variables λ1 ,λ2 ,λ3 ,λ4 has to be computed and
R∞ R∞
also an integration −∞ −∞ dt1 dt2 .
Since there is an implicit sum over the internal degrees of freedom λi
and since the internal times t1 and t2 are integration variables, from the six
contributions, (a) and (b) represent the same process. The same is true for (c)
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and (e). There is a factor 2! from the permutation of internal time variables
that cancels the factor from the exponential series. The first two diagrams
are called connected diagrams and the others, (c)-(f) are disconnected diagrams. The perturbative expansion to second order for the numerator and
denominator of Eq. (A.4) is shown in Fig. A.5. I have omitted the labels.
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(b)
Figure A.5: Diagrammatic expansion to second order for (a) the numerator of the Green
function and (b) the S-matrix operator in the denominator of Eq. (A.4). Labels have been
omitted.

There is an interesting property that can be shown rearranging the diagrams. To do so, it is better to consider them in the frequency domain
which can be accessed by a Fourier transform. In this domain, the analytic
expression represented by each diagram is a product of propagators. The
rearrangement of the denominator is show in Fig. A.6.
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Figure A.6: Rearrangement of the diagrammatic expansion to second order for the numerator of the Green function of Eq. (A.4).

The perturbative expansion of the S-matrix operator can be recognized
from the common factors in brackets. These factors cancel out the denominator. This is called the cancellation of disconnected diagrams. The perturbation series can be done to an arbitrary order using Feynman’s diagrams.
For the diagrammatic expansion of the Green function only connected and
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topologically different diagrams have to be taken into account
Z ∞
Z ∞
X
0
n
dtn hT ĉi (t)V̂ (t1 ) · · · V̂ (tn )ĉ†j (t0 )i0 .
dt1 · · ·
Gi,j (t, t ) = −i
(−i)
−∞

−∞

n

(A.6)
The diagrammatic series up to second order is shown in Fig. A.7.
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Figure A.7: Diagrammatic expansion of the Green function to second order, considering only the connected and topologically different diagrams.

As it was remarked, in the frequency domain the time-convolution of
Green functions can be replaced by a product of propagators. In the case
Gi,j depends on t, t0 as (t − t0 ), the Fourier transform reads
Z
dω −iω(t−t0 )
0
Gi,j (t − t ) =
e
Gi,j (ω),
2π
Z
Gi,j (ω) =
dt eiωt Gi,j (t).
An expansion like the one of Fig. A.7 can be expressed as
G(ω) =
=
=
=
⇒ G(ω) =

G0 + G0 V G0 + G0 V G0 V G0 + · · ·
G0 [1 + V G0 + V G0 V G0 + · · · ]
G0 [1 + V (G0 + G0 V G0 + · · · )]
G0 [1 + V G]
G0 [1 − V G0 ]−1 ,

where the interaction represented by V is called the self-energy Σ. As
shown in Fig. A.8, these operations can be performed directly with the diagrams.
Formally,
G0i,j (ω)
Gi,j (ω) =
,
(A.7)
1 − Σi,j (ω)G0i,j (ω)
and the problem is the calculation of the self-energy. This expression is
called Dyson equation.

A.3

The resonant level example

As an example to the application of diagrammatic expansions I present here
the analysis of the problem of one localized level coupled to a bath of conduction electron. This is known as the resonant-level problem and is a limit
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Figure A.8: Diagrammatic derivation of the Dyson equation. The
double-line arrow represents the
dressed Green function.
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of the Anderson model for the impurity problem [Anderson, 1961] without
Coulomb repulsion. The full Hamiltonian is

X
X
X
HAU =0 =
k,σ c†kσ ckσ +
Ed d†σ dσ +
Vkσ c†kσ dσ + H.c. ,
σ

k,σ

kσ

where c†kσ (ckσ ) creates (destroys) a conduction electron with momentum k
and spin σ, d†σ (dσ ) is the creation (destruction) operator for electrons in the
localized level of energy Ed , and Vkσ is the hybridization. The Hamiltonian
can be separated as H0 + H1 , where
X
X
k,σ c†kσ ckσ +
Ed d†σ dσ ,
H0 =
σ

k,σ

describes the isolated electron bath and localized level; and

X
H1 =
Vkσ c†kσ dσ + H.c. ,

(A.8)

kσ

can be treated as a perturbation. It describes the processes in which electrons jump from the conduction band and occupying the localized level and
also the opposite.
Taking into account the definition in Eq. (A.1), there are three Green
functions to be calculated: i) one for the localized level
Gd (t, t0 ) = −ihT dσ (t)d†σ (t0 )i,
ii) one for the electron bath
Gk,k0 (t, t0 ) = −ihT ckσ (t)c†k0 σ (t0 )i,
and iii) two for the mix
Gk,d (t, t0 ) = −ihT ckσ (t)d†σ (t0 )i,
Gd,k (t, t0 ) = −ihT dσ (t)c†kσ (t0 )i.
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According to these definitions, the non-perturbed Green functions are
G0d (t, t0 ) = −ihT dˆσ (t)dˆ†σ (t0 )i0 ,
G0k,k0 (t, t0 ) = −ihT ĉkσ (t)ĉ†k0 σ (t0 )i0 ,
G0 (t, t0 ) = −ihT ĉ (t)dˆ† (t0 )i0 ,
k,d
G0d,k (t, t0 )

σ
†
−ihT dσ (t)ckσ (t0 )i.
kσ

=

The first two propagators are represented in Fig. A.9(a). The non-perturbed
Green functions for conduction (localized) electrons is represented with a
dashed-line (continuous line) arrow. The dressed propagators are represented with a double line arrow as shown in Fig. A.9(b).
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Figure A.9: Diagrammatic representation of the (a) naked and (b) dressed propagators for
localized and conduction electrons.

The naked Green function for the localized electrons
From H0 , the part that describes the localized level is Ed d†σ dσ , which is
diagonal. The eigenstates are {|0d i, | ↑d i, | ↓d i, | ↑↓d i} with eigenenergies
{0, Ed , Ed , 2Ed }. From the definition,
h
i
0
0
0 ˆ
† 0
0
† 0 ˆ
ˆ
ˆ
Gd (t, t ) = (−i) θ(t − t )hdσ (t)dσ (t )i0 − θ(t − t)hdσ (t )dσ (t)i0 ,
where the minus sign is a consequence of the fermionic character of the
operators. Taking into account that |i0 is the vacuum state |0d i, the only
contribution comes from the term with the creation operator acting first.
Writing explicitly the operators in the interaction picture
0

0

G0d (t, t0 ) = (−i)θ(t − t0 )heiH0 t dσ e−iH0 (t−t ) d†σ e−iH0 t i0
0
= (−i)θ(t − t0 )e−iEd (t−t ) .
This is the result for the non-perturbed Green function. The naked propagator depends only t − t0 and it is useful to find the result in the frequency
domain. It can be calculated by a Fourier transform using the spectral representation of the Heaviside function
Z
Z
Z
e−i(Ed −ω)t eist
1
0
−i(Ed −ω)t
ds
.
Gd (ω) = (−i) dt θ(t) e
= (−i) lim+ dt
η→0
2πi
s − iη
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The integral
Z
ds

e−i(Ed −ω−s)t
,
s − iη

can be solved using the techniques of complex variables.
Im

Im

Re

Re

(a)

(b)

Figure A.10: Possible integration contours for (a) t > 0 and (b) t < 0.

−i(E −ω−z)t

d
can be evaluated along a semiFor t > 0, the function h(z) = e z−iη
circular curve in the superior part of the complex plane (see Fig. A.10(a)).
From one side, the integral
I
h(z) dz = 2πi Res(h(z)),

where Res(h(z)) are the residues of h(z) inside the domain. There is one
simple pole at z0 = iη, therefore
I
h(z) dz = 2πi e−i(Ed −ω−iη)t .
From the other side, the integral along the contour has two contributions:
the integral along the curved part of the contour and the integral along the
real axis. The former can be made negligible by extending the radius of the
contour to infinite, the later coincides with the real integral that is needed.
Thus,
Z
e−i(Ed −ω−s)t
ds
= 2πi e−i(Ed −ω−iη)t ,
s − iη
for t > 0. For t < 0, the integration contour can be closed in the inferior part
of the complex plane (see Fig. A.10(b)). Since there are no poles, the integral
gives zero. In this way,
Z ∞
0
dt e−i(Ed −ω−iη)t
Gd (ω) = (−i) lim+
η→0

⇒

G0d (ω)

0

1
= lim+
.
η→0 ω + iη − Ed

(A.9)

This is the naked propagator for the localized level. This propagator has
the information of the effect of a perturbation after it is created, i.e. the part
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of the Green function that corresponds to t > 0. It is called the retarded
Green function. The other part is the advanced Green function. The retarded has been obtained replacing ω → ω + iη and making η → 0+. For the
advanced, it is necessary to change ω → ω − iη and then take the limit. That
is why I refer to the definition of Eq. (A.1) simply as the Green function.

The Green function for the conduction electrons
P
The part of the Hamiltonian that describes the conduction electrons is k,σ k,σ c†kσ ckσ ,
which is also in a diagonal form. The ground state is built from the oneelectron states |kσi = c†kσ |vaci, filling all the states up to the Fermi level
Q
F (which defines a Fermi momentum kF ), |F Si = k<kF c†k↑ c†k↓ |vaci. The
energies can be measured from the Fermi level ξk = k − F .
Starting from the definition of the Green function
h
i
G0k,k0 (t, t0 ) = (−i) θ(t − t0 )hĉkσ (t)ĉ†k0 σ (t0 )i0 − θ(t0 − t)hĉ†k0 σ (t0 )ĉkσ (t)i0 ,
and replacing the ground state for the Fermi sea |F Si (of energy E0 ) and
writing explicitly the operators in the interaction picture,
0

0

G0k,k0 (t, t0 ) = (−i)θ(t − t0 )eiE0 (t−t ) hF S|ckσ e−iH0 (t−t ) c†k0 σ |F Si
0

0

− (−i)θ(t0 − t)eiE0 (t −t) hF S|c†k0 σ e−iH0 (t −t) ckσ |F Si.
The creation of an electron in the Fermi sea is only possible is the state is
empty. The destruction is only possible if the state is occupied,
c†kσ |F Si = θ(ξk )c†kσ |F Si,
ckσ |F Si = (1 − θ(ξk ))ckσ |F Si.
Moreover, the state created has to be destroyed afterwards or the expectation value would lead zero (they would be orthogonal states). The same
stands for destruction. Thus,
0

0

G0k,k0 (t, t0 ) = (−i)θ(t − t0 )eiE0 (t−t ) δk,k0 θ(ξ)e−i(E0 +ξk )(t−t )
0

0

− (−i)θ(t0 − t)eiE0 (t −t) δk,k0 (1 − θ(ξk ))e−i(E0 −ξk )(t −t)
h
i
0
0
0
−iξk (t−t0 )
0
iξk (t0 −t)
⇒ Gk,k0 (t − t ) = (−i)δk,k0 θ(t − t )θ(ξk )e
− θ(t − t)(θ(−ξk ))e
.
This is the result for the naked Green function of the conduction electrons
in the temporal domain. The Fourier transform
Z


0
Gk,k0 (ω) = (−i)δk,k0 dt θ(t)θ(ξk )e−i(ξk −ω)t − θ(−t)θ(−ξk )e−i(ξk −ω)t ,
can be calculated adding an infinitesimal imaginary part ±iη (η → 0+ ) as
done for the localized-level Green function,


Z ∞
Z 0
0
−i(ξk −ω−iη)t
−i(ξk −ω+iη)t
Gk,k0 (ω) = (−i)δk,k0 θ(ξk )
dt e
− θ(−ξk )
dt e
0
−∞


θ(−ξk )
θ(ξk )
0
+
.
(A.10)
⇒ Gk,k0 (ω) = δk,k0
ω + iη − ξk ω − iη − ξk
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This is the result for the conduction electrons which includes electrons above
and holes below the Fermi level.

The naked propagators
Since H0 does not contain any term which mixes the localized level with the
electron bath, the set of naked propagators is
1
,
ω + iη − Ed


θ(ξk )
θ(−ξk )
0
Gk,k0 (ω) = δk,k0
+
,
ω + iη − ξk ω − iη − ξk
G0k,d (ω) = G0d,k (ω) = 0.
G0d (ω) =

The diagrammatic series
The Hamiltonian was separated as H = H0 + H1 , where H1 from Eq. (A.8)
is treated as a perturbation. It contains terms like Vkσ c†kσ dσ which describes
the jump of an electron from the localized level to the conduction bath and
∗ †
like Vkσ
dσ ckσ which describes the opposite process. These are the vertices of
this problem and are illustrated in Fig. A.11.
Figure A.11: Vertices for
the perturbation H1 in Eq.
(A.8). (a) An electron is
destroyed in the localized
level and created in the conduction band. (b) The opposite process.

(a)

(b)

The perturbed Green function can be calculated at any order by summing the connected and topologically different possible diagrams that can
be formed compatible with the vertices. For the Green function of the localized level Gd (ω), this is shown in Fig.A.12.
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Figure A.12: Diagrammatic expansion for the resonant-level problem.

From the form of the perturbation, there are only diagrams with an even
number of vertices. These diagrams are taken directly in the frequency domain, hence they can be read as a product of propagators. It is possible to
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Figure A.13: Factorization in the diagrammatic expansion for the resonant-level problem
to find the Dyson equation.

work with this expansion to arrive to the Dyson equation as shown in Fig.
A.13.
The analytic expression for the Dyson equation in Fig. A.13 is
X
∗
Gd (ω) = G0d (ω) +
G0d (ω)Vkσ G0k,k (ω)Vkσ
Gd (ω),
k

which can be written as
!
Gd (ω) = G0d (ω) + G0d (ω)

X

|Vkσ |2 G0k,k (ω) Gd (ω),

k

where the self-energy can be easily recognized
X
|Vkσ |2 G0k,k (ω),
Σ(ω) =

(A.11)

k

hence Gd (ω) = G0d (ω) + G0d (ω)Σ(ω)Gd (ω), and
Gd (ω) =

G0d (ω)
1
=
.
1 − G0d (ω)Σ(ω)
(G0d (ω))−1 − Σ(ω)

Using the result for the naked Green function in Eq. (A.9), the retarded
Green function is
1
Grd (ω) =
.
(A.12)
ω − Ed − Σr (ω)
The infinitesimal η has been omitted here because the imaginary part of
the self-energy takes care of the convergence. Using the expression from
Eq. (A.10) for the naked Green function of the conduction electrons in Eq.
(A.11), the retarded self-energy is
Σr (ω) =

X
k>kF

taking F = 0.

|Vkσ |2
,
ω + iη − k

(A.13)
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The local density of states
The density of states for the localized level can be calculated from the Green
function
1
(A.14)
ρd (ω) =
(Ga − Grd )(ω),
2πi d
where the advanced and retarded Green functions in most cases satisfy
−1 Ir
r
Ga∗
d (ω) = Gd (ω), thus ρd (ω) = π Gd (ω). The self-energy from Eq. (A.13)
can be separated into imaginary and real parts: Σr (ω) = ΣRr (ω) + iΣIr (ω).
According to this, the imaginary part of the Green function in Eq. (A.12)
reads
ΣIr (ω)
(ω)
=
GIr
.
(A.15)
d
(ω − Ed − ΣRr (ω))2 + (ΣIr (ω))2
Working explicitly on the self-energy from Eq. (A.13)
X
(ω − k ) − iη
,
Σr (ω) =
|Vkσ |2
2
2
(ω
−

k) + η
k>k
F

and taking the limit η → 0+ , the real part gives
ΣRr (ω) =

lim+

η→0

X

|Vkσ |2

k>kF

X |Vkσ |2
(ω − k )
=
℘
,
(ω − k )2 + η 2
(ω
−

k)
k>k
F

η
where ℘ is the principal value. Since limη→0+ x2 +η
2 = πδ(x), the imaginary
part is
X
X
−η
|Vkσ |2 δ(ω − k ).
=
−π
ΣIr (ω) = lim+
|Vkσ |2
2 + η2
η→0
(ω
−

)
k
k>k
k>k
F

F

Defining the Delta function
∆σ (ω) = −π

X

|Vkσ |2 δ(ω − k ),

(A.16)

k>kF

the result for the imaginary part of the Green function in Eq. (A.15) is
GIr
d (ω) =

−∆σ (ω)
,
(ω − Ẽd )2 + (∆σ (ω))2

and the local density of states at the localized level
ρd (ω) =

∆σ (ω)/π
,
(ω − Ẽd )2 + ∆2σ (ω)

(A.17)

where Ẽd = Ed + ΣRr (ω).
If the couplingP
Vkσ = V is momentum independent, ∆σ (ω) = πρbath (ω)V 2 ,
where ρbath (ω) = k>0 δ(ω − k ) is the density of states per spin of the conduction electrons. Taking its value at the Fermi level, ρbath (0) = ρ0 , ∆σ is
independent of the frequency and the local density of states is
ρd (ω) =

∆σ /π
.
(ω − Ẽd )2 + ∆2σ
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Figure A.14: Density of states in the resonant-level problem for several values of ∆. Ed is
fixed to zero.

The density of states is shown in in Fig. A.14 for several values of ∆. It
has a Lorentzian shape and a width 2∆σ . The hybridization of the localized
level with the electrons bath is quantified with the resonant-level width ∆.
In the limit of ∆ = 0, the density of states tends to a delta function which
corresponds to an isolated level. When the level is coupled to a bath of
conduction electrons, it acquires a finite lifetime since an electron occupying
this state can scape to the bath.

A.4

Green functions at finite temperature

There is a clever way to extend perturbation theory to finite temperature T .
This is mandatory in condensed matter systems where T 6= 0. The important change is that the expectation values have to be calculated in the presence of a temperature reservoir. And more general, also in the presence of a
chemical potential reservoir. This means that the expectation values have to
be performed in the grand canonical ensemble. To this purpose, it is necessary to introduce a density matrix. The Boltzmann factor eβH in the density
matrix, where β = 1/T in units of the Boltzmann constant, makes it rather
complicated to do a perturbative expansion since there are also terms eiHt
that come from the temporal evolution. Both exponentials can be treated
in equal footing by introducing an imaginary time τ = it and imaginary
frequencies iω. The Green functions defined in imaginary time are called
Matsubara’s Green functions. The retarded and advanced Green functions
can be recovered from these Matsubara’s Green function by a process of
analytical prolongation.
The finite-temperature Green function is defined as
Gi,j (τ, τ 0 ) = −hTτ ci (τ )c†j (τ 0 )i,
where the imaginary time-order operator Tτ is defined as
Tτ ci (τ )c†j (τ 0 ) = θ(τ − τ 0 )ci (τ )c†j (τ 0 ) ± θ(τ 0 − τ )c†j (τ 0 )ci (τ ),

(A.18)
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with + (−) is for bosonic (fermionic) operators. The operators are in the
Heisenberg picture and the expectation value is taken in the grand canonical
ensemble
h
i
T r e−βK Tτ (ci (τ )c†j (τ 0 ))
Gi,j (τ, τ 0 ) = −
.
T r [e−βK ]
The operator K is defined as K = H − µN , where H is the Hamiltonian and
N is the total number of particles; µ is the chemical potential. The trace has
to be taken in a complete base of states.
Some properties of Matsubara’s Green functions:
(i) These Green functions depend only on the difference τ − τ 0 ,
Gi,j (τ, τ 0 ) = Gi,j (τ − τ 0 ).
(ii) It can be shown that the convergence is guaranteed if −β < τ − τ 0 < β.
(iii) There is a “periodicity” that arises from the cyclic property of the trace,
Gi,j (τ + β) = ±Gi,j (τ ),
where + (−) is for bosons (fermions).
Taking into account the periodicity in the imaginary times it is possible
to introduce a Fourier transform
Z
nπ
1 β
dτ ei β τ Gi,j (τ ),
(A.19)
Gi,j (n) =
2 −β
∞
1 X −i nπ
e β τ Gi,j (n),
(A.20)
Gi,j (τ ) =
β n=−∞
domain. Using the properties this
to work in the imaginary frequencies i nπ
β
can be also simplified,
Z
Z β
nπ
1 0
1
i nπ
τ
Gi,j (n) =
dτ e β Gi,j (τ ) +
dτ ei β τ Gi,j (τ )
2 −β
2 0
Z β
Z
1 β i nπ
i nπ
τ
−inπ 1
β
= e
dτ e
Gi,j (τ − β) +
e β τ Gi,j (τ )
2 0
2 0
Z β
nπ
−inπ 1
= (1 ± e
)
dτ ei β τ Gi,j (τ ).
2 0
For fermions, the non zero contributions correspond to odd n and for bosons,
to even n. Thus
(
Z β
ωn = 2nπ
, bosons
β
iωn τ
Gi,j (iωn ) =
dτ e
Gi,j (τ ), with
(A.21)
(2n+1)π
ωn = β , fermions
0
The imaginary frequencies iωn can be classified as fermionic when ωn =
and bosonic when ωn = 2nπ
.
β

(2n+1)π
β
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I have chosen to present in the following two examples to illustrate the
calculation of the finite-temperature Green functions. The calculations correspond to the resonant-level problem discussed in Sec. A.3. These results
are very useful and are necessary in App. B for the derivation of the analytic
expressions of the non-crossing approximation.

Example: The finite-temperature Green function for the localized and conductions electrons
The Hamiltonian that describes the localized level is Ed d†σ dσ , which is diagonal. The eigenstates are |σi with eigenenergies Ed . From the definition,
h
i
G0σ (τ, τ 0 ) = − θ(τ − τ 0 )hdˆσ (τ )dˆ†σ (τ 0 )i0 − θ(τ 0 − τ )hdˆ†σ (τ 0 )dˆσ (τ )i0 ,
where the minus sign is a consequence of the fermionic character of the
operators. Writing explicitly the operators in the interaction picture
0

0

G0σ (τ, τ 0 ) = −θ(τ − τ 0 )heH0 τ dσ e−H0 (τ −τ ) d†σ e−H0 τ i0
0
0
+ θ(τ 0 − τ )heH0 τ d†σ e−H0 (τ −τ ) dσ eH0 τ i0 ,
and using the fact that
eH0 τ d†σ e−H0 τ = eEd τ d†σ ,

eH0 τ dσ e−H0 τ = e−Ed τ dσ ,

the expression reduces to
h
i
0
0
G0σ (τ, τ 0 ) = − θ(τ − τ 0 )e−Ed (τ −τ ) hdσ d†σ i0 − θ(τ 0 − τ )eEd (τ −τ ) hd†σ dσ i0
h
i
0
0
= − θ(τ − τ 0 )e−Ed (τ −τ ) (1 − f (Ed )) − θ(τ 0 − τ )eEd (τ −τ ) f (Ed ) ,
where f (E) = [eβ(E−EF ) + 1]−1 is the Fermi distribution function. This is the
result for the non-perturbed finite-temperature Green function. It can be
observed that the Green function depends only on τ − τ 0 , which was stated
as one of its properties. Performing a Fourier transform
G0σ (iωn )

Z

β

dτ eiωn τ G0σ (τ )

=
0

Z

β



dτ eiωn τ θ(τ )e−Ed τ (1 − f (Ed )) − θ(−τ )e−Ed τ f (Ed )
0
Z β
e(iωn −Ed )β − 1
,
= −(1 − f (Ed ))
dτ e(iωn −Ed )τ = −(1 − f (Ed ))
iωn − Ed
0

= −

but ωn = (2n + 1)π/β, thus e(iωn −Ed )β − 1 = ei(2n+1)π−Ed β − 1 = −e−Ed β − 1 =
−(1 − f (Ed ))−1 . Finally
G0σ (iωn ) =

1
,
iωn − Ed

(A.22)
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The part of the Hamiltonian that describes the conduction electrons is
P
k,σ c† c , which is also in a diagonal form. The ground state is |F Si =
Q k,σ † kσ† kσ
k<kF ck↑ ck↓ |vaci. The energies can be measured from the Fermi level ξk =
k − F .
Starting from the definition of the finite-temperature Green function
i
h
†
†
0
0
0
0
0
0
Gkσ (τ, τ ) = − θ(τ − τ )hĉkσ (τ )ĉkσ (τ )i0 − θ(τ − τ )hĉkσ (τ )ĉkσ (τ )i0 ,
where writing explicitly the operators in the interaction picture
0

0

G0σ (τ, τ 0 ) = −θ(τ − τ 0 )heH0 τ ckσ e−H0 (τ −τ ) c†kσ e−H0 τ i0
0

+ θ(τ 0 − τ )heH0 τ c†kσ e−H0 (τ

0 −τ )

ckσ eH0 τ i0 .

Using the property
eH0 τ c†kσ e−H0 τ = eξk τ c†kσ ,

eH0 τ ckσ e−H0 τ = e−ξk τ dσ ,

the expression reduces to
h
i
0
0
G0kσ (τ, τ 0 ) = − θ(τ − τ 0 )e−ξk (τ −τ ) hckσ c†kσ i0 − θ(τ 0 − τ )eξk (τ −τ ) hc†kσ ckσ i0
h
i
0
0
= − θ(τ − τ 0 )e−ξk (τ −τ ) (1 − f (ξk )) − θ(τ 0 − τ )eξk (τ −τ ) f (ξk ) .
This is the result for the non-perturbed finite-temperature Green function
for the conduction electrons. Performing a Fourier transform
Z β
e(iωn −ξk )τ − 1
0
,
dτ e(iωn −ξk )τ (1 − f (ξk )) = −(1 − f (ξk ))
Gkσ (iωn ) = −
iωn − ξk
0
but ωn = (2n + 1)π/β and as before
G0kσ (iωn ) =

1
,
iωn − ξk

(A.23)

The connection to advanced and retarded Green functions
In Sec. A.3 it was shown that the retarded and advanced Green functions
can be obtained from the time-ordered Green function defined in Eq. (A.1)
by transforming Fourier and changing ω → ω ± iη, with η → 0+ and the
sign plus (minus) corresponding to the retarded (advanced) Green functions. The retarded Green function for fermions is also be defined as
Gri,j (t, t0 ) = −iθ(t − t0 )h{ci (t), c†j (t0 )}i,

(A.24)

where {, } is the anti-commutator. In order to show how the retarded and
advanced Green functions can be recovered from the Matsubara’s Green
functions it is convenient to introduce the Lehmann representation. Considering the diagonal Green function
Gri (t, t0 ) = −ih{ci (t), c†i (t0 )}i,
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which can be written explicitly as
h
i
Gi (t, t0 ) = −iθ(t − t0 ) hci (t)c†i (t0 )i + hc†i (t0 )ci (t)i .
Each of these terms can be evaluated considering a full base {|ni} of eigenstates of H
1X
0
0
hn|e−βH eiHt ci e−iH(t−t ) c†i e−iHt |ni
hci (t)c†i (t0 )i =
Z n
1 X −βEn iEn (t−t0 )
0
=
e
e
hn|ci e−iH(t−t ) c†i |ni,
Z n
P
introducing the identity 1 = n |nihn|,
1 X −βEn iEn (t−t0 )
0
e
e
hn|ci e−iH(t−t ) |n0 ihn0 |c†i |ni
hci (t)c†i (t0 )i =
Z n,n0
1 X −βEn i(En −En0 )(t−t0 )
=
e
e
hn|ci |n0 ihn0 |c†i |ni.
Z n,n0
† 0
0
This expectation value can be called G>
i (t − t ) = −ihci (t)ci (t )i. In the frequency domain,
Z
(−i) X −βEn
>
iωt
e
δ(ω + En − En0 )hn|ci |n0 ihn0 |c†i |ni.
Gi (ω) = dtG>
=
i (t)e
Z n,n0

Analogously,
† 0
0
G<
i (t − t ) = ihci (t )ci (t)i =

i X −βEn i(En −En0 )(t0 −t)
e
e
hn|c†i |n0 ihn0 |ci |ni,
Z n,n0

and
G<
i (ω) =

i X −βEn
e
δ(ω − (En − En0 ))hn|c†i |n0 ihn0 |ci |ni.
Z n,n0

>
−βω
It can be shown that G<
.
i (ω) = −Gi (ω)e
The complete Green function is
0
< 0
Gri (t, t0 ) = θ(t − t0 ) [G>
i (t − t ) − Gi (t − t)]
h
−i X −βEn
0
=
e
θ(t − t0 ) ei(En −En0 )(t−t ) hn|ci |n0 ihn0 |c†i |ni
Z n,n0
i
0
+ ei(En −En0 )(t −t) hn|c†i |n0 ihn0 |ci |ni .

Taking the Fourier transform and adding the infinitesimal η → 0+ ,
Z ∞
r
Gi (ω) =
dt ei(ω+iη)t Gi (t)
0
"
#
† 0
0
0 †
0
X
1
hn|ci |n ihn |ci |ni
hn|ci |n ihn |ci |ni
e−βEn
+
.
=
Z n,n0
ω + iη + En − En0 ω + iη − En + En0
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Changing n → n0 in the last term, the Lehmann representation for the
retarder Green function is
"
#
0
0 †
X
1
hn|ci |n ihn |ci |ni
Gri (ω) =
(e−βEn + e−βEn0 ).
(A.25)
Z n,n0 ω + iη + En − En0
On the other side, the Matsubara’s Green function for τ > 0,
1 X −βEn (τ −τ 0 )En
0
e
e
hn|ci e−(τ −τ )H c†i |ni
Gi (τ > 0) = −
Z n
1 X −βEn (τ −τ 0 )(En −En0 )
= −
e
e
hn|ci |n0 ihn0 |c†i |ni,
Z n,n0
and the Fourier transform
Z
1 X −βEn β
dτ eiωn τ eτ (En −En0 ) hn|ci |n0 ihn0 |c†i |ni
e
Gi (iωn ) = −
Z n,n0
0
1 X −βEn iωn β (En −En0 )β
hn|ci |n0 ihn0 |c†i |ni
= −
− 1)
,
e
(e
e
Z n,n0
iωn + En − En0
but (eiωn β e(En −En0 )β − 1) = (−e(En −En0 )β − 1), thus
0
0 †
1 X −βEn0
−βEn hn|ci |n ihn |ci |ni
Gi (iωn ) =
(e
+e
)
.
Z n,n0
iωn + En − En0

(A.26)

It can be observed from Eq. (A.25) and Eq. (A.26) that the retarded Green
function can be obtained from the Matsubara Green function by making
Gri (ω) = Gi (iωn → ω + iη),

(A.27)

and the advanced, Gai (ω) = Gi (iωn → ω − iη). These replacements are valid
when the Green function is expressed in a rational form, taking care of the
analyticity in the upper (or lower) complex planes.
There is a very useful representation called spectral representation based
on the fact that introducing the spectral function
1 X −βEn0
(e
+ e−βEn )hn|ci |n0 ihn0 |c†i |niδ(x + En − En0 ),(A.28)
ρi (x) =
Z n,n0
the Green function can be obtained as
Z +∞
ρi (x)
Gi (iωn ) =
dx
.
iω − x
−∞
This is a particular case of a Hilbert transform,
Z +∞
ρi (x)
Gi (z) =
dx
,
z−x
−∞

(A.29)

(A.30)

where z ∈ C. The Matsubara Green function can be recovered as Gi =
Gi (iωn ) and the retarded Green function Gri = Gi (ω + iη).
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Perturbation theory at finite temperature
The eigenstates of the full Hamiltonian K may be very hard to obtain. The
operator K can be separated into K0 + K1 and K1 treated as a perturbation.
ˆ pictures the operators are
In the Heisenberg and interaction (with hat)
ci (τ ) = eKτ ci e−Kτ ,
cˆi (τ ) = eK0 τ ci e−K0 τ .
The S-matrix operator is given by
Û (τ, τ 0 ) = eτ K0 e−(τ −τ

0 )K

e−τ

0K
0

,

and satisfies the differential equation ∂τ Û (τ, τ 0 ) = −K̂1 (τ )Û (τ, τ 0 ) with the
initial condition Û (τ, τ ) = 1. In this way, the product that appears in the
Green function reads
0

ci (τ )c†j (τ 0 ) = eKτ ci e−K(τ −τ ) c†j e−Kτ

0
0

0

0

= eKτ e−K0 τ ĉi (τ )eK0 τ e−K(τ −τ ) e−K0 τ ĉ†j (τ 0 )eK0 τ e−Kτ

0

⇒ ci (τ )c†j (τ 0 ) = Û (0, τ )ĉi (τ )Û (τ, τ 0 )ĉ†j (τ 0 )Û (τ 0 , 0).
The Boltzmann factor can also be expressed in terms of the S-matrix,
Û (β, 0) = eβK0 e−βK ⇒ e−βK = e−βK0 Û (β, 0),
thus the Matsubara’s Green function from Eq. (A.18) can be rewritten as
h
i
1
Gi,j (τ − τ 0 ) = − T r e−βK0 Tτ Û (β, 0)ĉi (τ )ĉ†j (τ 0 )
Z
where
h Tτ insuresi that the operators act in the appropriate order and Z =
T r e−βK0 Û (β, 0) is the grand partition function.
the non-perturbed grand canonical partition function Z0 =
Introducing

T r e−βK0 ,
h
i
† 0
−βK0
h
i
Tr e
Tτ Û (β, 0)ĉi (τ )ĉj (τ )
T r e−βK0 Tτ Û (β, 0)ĉi (τ )ĉ†j (τ 0 ) = Z0
Z0
= Z0 hTτ Û (β, 0)ĉi (τ )ĉ†j (τ 0 )i0 ,
and Z = Z0 hÛ (β, 0)i0 . After this transformation into the interaction picture,
the advantage is that now h i0 means that the expectation value has to be
performed with the non-perturbed Hamiltonian K0 ; in particular, the trace
can be taken in the base of eigenstates of K0 .
The imaginary-time trick allows to derive to a very compact expression
for the Matsubara’s Green function
0

Gi,j (τ − τ ) = −

hTτ Û (β, 0)ĉi (τ )ĉ†j (τ 0 )i0
hÛ (β, 0)i0

.

(A.31)
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The formal solution for the finite temperature S-matrix operator is
0

U (τ, τ ) =

Z
∞
X
(−1)n

τ

Z
dτ1 ...

τ



dτn Tt au V̂ (τ1 )...V̂ (τn )

n!
τ0
τ0

 Z τ
dτ1 V̂ (τ1 ) .
= Tτ exp −
n=0

(A.32)

τ0

that can be used to calculate the Green function to an arbitrary order.
Matsubara’s Green functions are very useful. The perturbative expansion that leads to Feynman’s diagrams can be performed as in the case
T = 0. There are several details and interesting points about the construction of diagrams in imaginary time, the transformation to the imaginary
frequency domain and also the relation between Matsubara’s and retarded
and advanced Green functions. I have preferred to discuss these points in
a particular example: the diagrammatic expansion that leads to the noncrossing approximation (NCA).

A.5

The NCA example

The impurity problem
The non-crossing approximation (NCA) is a diagrammatic non-perturbative
solution to the impurity problem [Hewson, 1997]. In this problem, there is
a magnetic impurity with very localized orbitals that is inside a metal. The
impurity is hybridized with the conduction electrons from the metal, they
occupy the localized levels. The orbitals are very localized producing a large
Coulomb repulsion. The double occupation of an orbital is not convenient
and the impurity remains magnetic. At very low temperatures there is an
screening of the magnetism due to the formation of a many-body state that
entangles conduction and localized electrons. This is known as the Kondo
effect [Kondo, 1964].
The Hamiltonian proposed by Anderson (Anderson’s impurity model)
[Anderson, 1961] to treat the problem of a magnetic impurity (with very
localized d or f orbitals) surrounded by the electrons in a metal is
X
X
HAIM =
k,σ c†kσ ckσ +
Ed d†σ dσ , +U d†↑ d↑ d†↓ d↓
k,σ

+

X

σ


Vkσ c†kσ dσ + h.c. ,

(A.33)

kσ

which is like the resonant-level model with Coulomb repulsion U . The first
term of the Hamiltonian describes the electrons in the metal, c†kσ (ckσ ) creates (destroys) a conduction electron with momentum k and spin σ. In the
second term, d†σ (dσ ) is the creation (destruction) operator for electrons with
spin σ in the localized level of energy Ed . There is an energy-cost U to put
two electrons at the impurity due to the coulomb repulsion. The third term
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the hybridization Vkσ . It describes the processes in which electrons from the
metal occupy the impurity level or the opposite.

The representation in auxiliary particles
In order to find a solution to this model it is possible to use the non-crossing
approximation. Within this approximation the hybridization V is treated as
a perturbation. The non-perturbed Hamiltonian is not in a diagonal form.
This difficulty can be bypassed introducing auxiliary particles as suggested
by Coleman [Coleman, 1984]. For the impurity Hamiltonian
X
HI =
Ed d†σ dσ + U d†↑ d↑ d†↓ d↓ ,
σ

the possible occupations are illustrated in Fig. A.15. In the limit of very
strong Coulomb repulsion (U → ∞), it is enough to consider the base of
states {|0i, |σi}. .
Ed + U

Ed
(a)

(b)

(c)

Figure A.15: Relevant occupations of the impurity (a) empty (b) one electron with spin up
or down and (c) two electrons.

P
In this case, HI can be taken just as σ Ed d†σ dσ keeping the constraint
X
|σihσ| = 1.
|0ih0| +
σ

The vacuum state can be associated with a boson b and the occupied
impurity with a fermion fσ . The identification is

|0i → b† |vaci
|σi → fσ† |vaci,
where the operators fσ† and b† create the auxiliary particles and |vaci is a
new vacuum. With this identification, d†σ = |σih0| = fσ† b and
X
Q = b† b +
fσ† fσ = 1,
(A.34)
σ

which is the constraint that insures the infinite Coulomb repulsion. It can
be shown that since{dσ ,d†σ0 } = δσ,σ0 , the auxiliary particles operators satisfy
{fσ , fσ†0 } = δσσ0 and b, b† = 1.
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The Hamiltonian from Eq. (A.33) can be rewritten in terms of the auxiliary particles
H̃AIM =

X

k,σ c†kσ ckσ

+

X

Ed fσ† fσ

σ

k,σ

+

X

Vkσ c†kσ b† fσ


+ h.c. ,

kσ

where the hybridization term has now three operators: two for the auxiliaryparticles and one for a conduction electron. The constraint can be taken into
account using a Lagrange multiplier K = H̃AIM + λQ,
K=

X

k,σ c†kσ ckσ +


X
X
† †
†
†
(Ed +λ)fσ fσ +λ b b+
Vkσ ckσ b fσ + h.c. . (A.35)
σ

k,σ

kσ

This Hamiltonian can be separated as K = K0 + K1 , with
K0 =

X

K1 =

X

k,σ c†kσ ckσ +

X

(Ed + λ)fσ† fσ + λb† b,

σ

k,σ


Vkσ c†kσ b† fσ + h.c. ,

kσ

with K1 treated as a perturbation.

The Green functions for the auxiliary particles
From the definition of Eq. (A.18), the finite-temperature Green function for
the pseudo-fermion is
Gσ (τ ) = −hTτ fσ (τ )fσ† (0)i.
As in Eq. (A.31), this Green function can be calculated in the interaction
picture, using the average with the non-perturbed Hamiltonian K0 ,
Gσ (τ ) = −

hTτ Û (β, 0)fˆσ (τ )fˆσ† (0)i0
hÛ (β, 0)i0

(A.36)

.

From Eq. (A.32), the formal solution for the S-matrix operator is
U (τ ) =

Z
∞
X
(−1)n

τ

Z

τ



dτ1 ...
dτn Tτ K̂1 (τ1 )...K̂1 (τn )
n!
0
0
 Z τ

= Tτ exp −
dτ1 K̂1 (τ1 ) .



n=0

(A.37)

0

When this operator is considered to zero order, the result is the naked
Green function for the pseudo-fermion
G0σ (τ ) = −hTτ fˆσ (τ )fˆσ† (0)i0 ,

(A.38)
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Analogously, the definition for the Green function of the slave boson is
Gb (τ ) = −hTτ b(τ )b† (0)i = −

hTτ Û (β, 0)b̂(τ )b̂† (0)i0
hÛ (β, 0)i0

(A.39)

,

and the naked propagator for the boson is
G0b (τ ) = −hTt aub̂(τ )b̂† (0)i0 ,

(A.40)

Within NCA it can be shown that the conduction electron is not dressed
by the interactions, thus
G0kσ (τ ) = −hTτ ĉkσ (τ )ĉ†kσ (0)i0 ,

(A.41)

The dressed and naked Green functions are represented diagrammatically as shown in Fig. A.16.
Figure A.16: Diagrammatic representation of the Green functions for the auxiliary particles and the conduction electron. The naked Green function for the
slave boson (pseudo-fermion) is represented with a wavy (continuous) line
without (with) an arrow. The dressed
Green functions have a double line. The
Green functions for the conduction electrons are represented with a dashed-line
arrow.

G0 b =

Gb

G0

=

=

G

G0

=

=

These Green functions are the building blocks of the diagrammatic series. The other key ingredient are the vertices of the theory. They are represented in Fig. A.17. There are two possible processes described by K1 :
(i) a conduction electron that occupies the empty impurity (represented by
∗ †
Vkσ
fσ bckσ ). This is a process in which the conduction electron is destroyed
and also the vacuum boson while a pseudo-fermion is created. (ii) An electron that jumps from the impurity back to the conduction band (represented
by Vkσ c†kσ b† fσ ). In this process a pseudo-fermion is destroyed while a boson
and a conduction electron are created.

Diagrammatic expansion
The Green functions can be calculated performing a diagrammatic expansion. In the case of the pseudo-fermion, starting with the numerator of Eq.
(A.36)
NUM(τ ) = hTτ Û (β, 0)fˆσ (τ )fˆσ† (0)i0 ,
the successive perturbative orders are given by the S-matrix operator (see
Eq. (A.37)). At zero order, N U M (0) (τ ) = G0σ (τ ), i.e. the naked propagator.

A.5. The NCA example



(i)

(ii)

Figure A.17: Vertices of the perturbation K1 described in the text.

The next non-trivial order is n = 2,
NUM(2) (τ ) ∼ hTτ K̂1 (τ1 )K̂1 (τ2 )fˆσ (τ )fˆσ† (0)i0
i
D h
∼ Tτ ĉ†kσ (τ1 )b̂† (τ1 )fˆσ (τ1 ) + fˆσ† (τ1 )b̂(τ1 )ĉkσ (τ1 )
E
i
h
× ĉ†kσ (τ2 )b̂† (τ2 )fˆσ (τ2 ) + fˆσ† (τ2 )b̂(τ2 )ĉkσ (τ2 ) fˆσ (τ )fˆσ† (0) ,
0

where keeping the terms with the same number of creation and destruction
operators of each type and noting that the dumb variables cab be exchanged
to give just a factor 2! = 2,
D
E
†
(2)
†
†
†
ˆ
ˆ
ˆ
ˆ
NUM (τ ) ∼ Tτ ĉkσ (τ1 )b̂ (τ1 )fσ (τ1 )fσ (τ2 )b̂(τ2 )ĉkσ (τ2 )fσ (τ )fσ (0) .
0

Here τ1 and τ2 are intermediate imaginary times between 0 and τ . This
expectation value can be performed with the help of Wick’s theorem. All
the possible time-ordered contractions must be formed
∼ hTτ ĉkσ (τ2 )ĉ†kσ (τ1 )i0 hTτ b̂(τ2 )b̂† (τ1 )i0 ×
h
i
†
†
†
†
ˆ
ˆ
ˆ
ˆ
ˆ
ˆ
ˆ
ˆ
hTτ fσ (τ1 )fσ (τ2 )i0 hTτ fσ (τ )fσ (0)i0 + hTτ fσ (τ1 )fσ (0)i0 hTτ fσ (τ )fσ (τ2 )i0 .
These two contributions are represented in Fig. A.18 in the expansion
up to second order.

Figure A.18: Diagrammatic expansion of the numerator of Eq. (A.36) up to
second order.

1
2

NUM =

+

+

2

+

...

1

0

0

The contraction with the factor hfˆσ (τ )fˆσ† (0)i0 is associated with a disconnected diagram. Disconnected diagrams can be factorized and cancel out
the denominator of of Eq. (A.36) as illustrated in Fig. A.19. The denominator has only vacuum diagrams.
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1
2

Figure A.19: Diagrammatic expansion of the numerator and the denominator of Eq. (A.36) up to second order.
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Since the factor coming from internal integration variables cancel the
n! in the expression for the evolution operator and since disconnected diagrams cancel the denominator of Eq. (A.36), the diagrammatic series for the
Green function can be obtained considering only the connect and topologically different diagrams that can be constructed compatible with the vertices. Following the idea of Feynman, all the process that may occur to this
particle being created at 0 and measured at τ must be considered.
The procedure to build the diagrams within NCA is illustrated in Fig.
A.20. The procedure is the following:
(a) Given a number of vertices, draw in a line all the propagators from
auxiliary particles.
(b) Draw the propagators for conduction electrons at the side.
(c) For each number of vertex, draw all the topologically different diagrams compatible with the vertex form.
As an example, the diagrams obtained for n = 6 are shown in Fig.
A.20(d). It can be observed that in the last diagram there is a crossing of
propagators of the conduction electrons. Within the non-crossing approximation these diagrams are not taken into account. This is very important
because without crossing diagrams a resummation can be performed which
makes possible to arrive to a set of Dyson equations. The diagrammatic expansion for the pseudo-fermion and boson Green functions keeping just the
non-crossing diagrams is shown in Fig. A.21.
The advantage of disregarding the crossing diagrams will become evident in a moment. It can be observed in Fig. A.21 that there two types
of diagrams: there are diagrams which clearly look like some structure repeated. These diagrams that can be separated without cutting a propagator
are called reducible. On the contrary, the diagrams that cannot be split
without cutting a propagator are called irreducible. The diagrammatic expansion for the pseudo-fermion Green function in terms of irreducible diagrams is show in Fig.A.22(a).
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(a)

(b)



(c)

(d)
Figure A.20: (a)-(c) Procedure in NCA to construct the diagrams of the series. (d) Diagrams obtained in the order n = 6.
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Figure A.21: Diagrammatic expansion for the pseudo-fermion and boson Green functions
keeping just the non-crossing diagrams.

As shown in Fig.A.22(b), taking an appropriate common factor the expansion for the dressed boson Green function can be recognized (see Fig.
A.21). This is called a resummation. Within NCA, i.e. disregarding the
crossing diagrams, it is possible to sum up all the irreducible diagrams
to a single compact expression. The corresponding diagrams are shown
in Fig.A.22(c). The “bubble” formed by the conduction electron propagator and the dressed boson propagator is the irreducible self-energy within
NCA.
The advantage of separating the diagrams in reducible and irreducible is
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Figure A.22:
(a)
Diagrammatic
expansion for
the pseudofermion
in
terms of the
irreducible
diagrams. (b)
Factorization
of the series.
(c) Compact
form in terms
of the dressed
boson Green
function.
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NCA

=

+

irred
(c)
that now all the bubbles can be replaced by irreducible self-energies. These
bubbles include all orders in perturbations. This expansion is shown in Fig.
A.23(a). The structure of the expansion is now similar to the resonant-level
case (see Fig. A.12). As shown in Fig. A.23(b) taking an appropriate common factor, the dressed presudo-fermion propagator can be recovered. The
Green function for the pseudo-fermion can be calculated with a very compact diagrammatic expression. This is the Dyson equation within NCA. The
calculation involves the dressed boson propagator in the self-energy.
Working analogously with the diagrammatic expansion for the boson
Green function shown in Fig. A.21, a set of coupled Dyson equations can be
found. This is the NCA self-consistent system. It is shown in in Fig. A.24.
All the technical details of the non-crossing approximation are discussed
in App. B.

A.6

Non-equilibrium Green functions

The perturbation theory has to be re-examined out of equilibrium. As it was
discussed in Sec. A.1, once the Hamiltonian is separated as H = H0 + V ,
one of the key points to calculate expectation values is the possibility to
relate the exact ground state |ψ̂i with the non-perturbed ground state |ϕ0 i
by means of an adiabatic evolution with the S-matrix operator
|ψ̂(t)i = Ŝ(t, −∞)|ϕ0 (0)i.

A.6. Non-equilibrium Green functions

NCA

Figure A.23: (a)
Diagrammatic
expansion for the
pseudo-fermion
replacing
all
the bubbles by
irreducible selfenergies.
(b)
Factorization of
the series.
(c)
Dyson equation
within NCA.
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Figure A.24: Diagrammatic self-consist set
of Dyson equations within the NCA.

This is guaranteed by Gell-man and Low’s theorem. The idea is that the
perturbation is off at t → −∞ and the system is in the ground-state of H0 .
During the evolution in time, the perturbation is switched on adiabatically.
At time t the system is in the ground state of H.
In the other direction, if the temporal evolution is done from time t to
t → ∞ and the perturbation is switched off adiabatically, it is reasonable to
assume that the final state, up to a phase factor, is once again the ground
state of H0 , |ϕ0 (0)i
ϕ0 (0)eiL = Ŝ(+∞, t)ψ̂(t).
This cannot be guaranteed out of equilibrium. During the time the perturbation is switched on the system evolves from a transitory regime to a
stationary regime at time t. The evolution cannot be rewound. It is not possible to invert the time direction and observe the transitory “backwards”. It
is the main characteristic of a non-equilibrium problem, there is a direction
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for the time. This is a key point because there is no information about the
state of the system at very large times t → ∞.
In the context of transport problems, the system can be separated in three
parts: two electron reservoirs: source and drain (or left and right), which are
coupled to a central conductor. The transport properties are mainly determined by the central conductor. In this case, one possible treatment of the
problem is to divide the Hamiltonian as H = HC + HS/D + VM IX , where HC
describes the central conductor, HS/D the source and drain conducting leads
and VM IX describes the coupling of the parts. This last term is treated as a
perturbation. When a bias voltage is applied, the source and drain reservoirs have different electro-chemical potentials. Following the same idea as
in equilibrium, at t → −∞ the perturbation is off and therefore, the leads
and the central conductor are disconnected. There is no current flowing and
the system is in the ground state |ϕ0 (0)i. As the system evolves in time the
perturbation is switched-on adiabatically. This is a transitory regime. At
time t the system reaches a stationary regime and there is a current established between source and drain through the central conductor. It can be
considered that the system is in the ground-state of H, |ψ̂(t)i. To calculate
the expectation values it is necessary to say something about the state for
large times, as t → ∞. Out of equilibrium, this state cannot be related to
the non-perturbed ground state again. The current does not flow back to
recover the initial state (it is like a glass of water that falls on the table...).
The only thing that can be known for real is the state at t → −∞. It
would be necessary to calculate something like
0

Gi,j (t, t ) = −i

hT Ŝ(−∞, −∞)ĉi (t)ĉ†j (t0 )i0
hŜ(−∞, −∞)i0

,

but it is not clear at all what this expression really means. In particular, what
is the correct time ordering?.
There is a clever way to circumvent this problem proposed by Keldysh
[Keldysh, 1964]. The formalism is called the Keldysh formalism and the
advantage is that at the end it looks pretty much the same as the equilibrium case. The disadvantage is that there are more propagators and more
diagrams!.

The Keldysh contour
Since the only well defined reference state is at t → −∞, the evolution can
be made up to time t and then continued to +∞ with an S-matrix operator ŜC1 (+∞, −∞) and then back to −∞ with ŜC2 (−∞, +∞). The important
point to keep track of the time-ordering is that these evolutions are performed in a time contour, called the Keldysh contour. It is illustrated in Fig.
A.25. There are two branches, the upper branch C1 , ordered from −∞ → ∞
and the lower branch C2 ordered from +∞ → −∞.
The temporal points in the contour are called s. The temporal order is
given by following the tour of the contour. If s1 is is the upper branch and s2

A.6. Non-equilibrium Green functions



upper branch

Figure A.25: The
Keldysh contour.

−
−
−
lower branch

in the lower branch, s1 is always previous as s2 . The non-equilibrium Green
function can be defined as
Gi,j (s, s0 ) = −ihTC ci (s)c†j (s0 )i,

(A.42)

where TC is the time-order operator in the contour. The meaning of this
will be more clear in a moment. According to whether s and s0 are on the
upper or lower branch, there are four possible Green functions. They are
illustrated in Fig. A.26.
Figure
A.26:
The
possible
non-equilibrium
Green functions.

time−ordered

greater

−
+
−
lesser

anti−time−ordered

• If s, s0 ∈ C1 , the Green function is called time-order
GTi,j (t − t0 ) = −ihT ci (t)c†j (t0 )i,
where T is the standard time-order operator.
• If destruction occurs before creation, i.e. if s ∈ C1 and s0 ∈ C2 , the
Green function is called lesser
† 0
0
G<
i,j (t − t ) = ihcj (t )ci (t)i,

(A.43)

and there is no need of time ordering, t0 > t. There is sign-change due
to the permutation of the fermionic operators.
• If creation is before destruction, i.e. s ∈ C2 and s0 ∈ C1 , the Green
function is called greater
† 0
0
G>
i,j (t − t ) = −ihci (t)cj (t )i,

and here t > t0 is implicit.
• If s, s0 ∈ C2 , the Green function is called anti time-order
GT̃i,j (t − t0 ) = −ihT̃ ci (t)c†j (t0 )i,
where T̃ orders the operator making the greater times act first.

(A.44)
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Retarded and advanced Green functions
In addition to these four propagators, the retarded Green function is defined
as
Gri,j (t − t0 ) = −iθ(t − t0 )h{ci (t), c†j (t0 )}i,
where {, } is the anti-commutator. The advanced Green function is defined
as
Gai,j (t − t0 ) = iθ(t0 − t)h{ci (t), c†j (t0 )}i.
The six Green functions are not all independent. There are relations among
them. From the definition, is clear that
(G> − G< )(t − t0 ) = (GT − GT̃ )(t − t0 ),
and also,
Gr (t − t0 ) = (GT − G< )(t − t0 ),
Ga (t − t0 ) = (GT − G> )(t − t0 ),
thus
Gr (t − t0 ) = −θ(t − t0 )(G< − G> )(t − t0 ),
Ga (t − t0 ) = −θ(t0 − t)(G> − G< )(t − t0 ).
The retarded and advanced Green functions are connected to the lesser
and greater by means of the relation
(Gr − Ga )(t − t0 ) = (G> − G< )(t − t0 ),

(A.45)

which is very useful. It can be shown that only three propagators are independent.

Non-equilibrium perturbation theory
Once the time-ordering is well established in the Keldysh contour, the expectation value in the exact ground state can be related to the non-perturbed
ground state and thus, from Eq. (A.42)
0

Gi,j (s, s ) = −i

hTC ŜC (−∞, −∞)ĉi (s)ĉ†j (s0 )i0
hŜC (−∞, −∞)i0

,

(A.46)

where ŜC (−∞, −∞) is the contour S-matrix operator
Z
Z
X (−i)n Z
ŜC (−∞, −∞) =
ds1 ds2 . . . dsn TC V̂ (s1 ) . . . V̂ (sn ), (A.47)
n!
n
where the internal times s1 , · · · , sn live in the Keldysh contour. It very interesting to note that for each one of the possible propagators, there is a
contribution of the other ones.
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As an example, the lesser Green function can be expanded in a series
0
G<
i,j (t − t )

=i

X (−i)n Z
n

n!

Z
ds1

Z
ds2 . . .

dsn

hTC ĉ†j (t0 )V̂ (s1 ) . . . V̂ (sn )ĉi (t)i0
hŜC (−∞, −∞)i0

,

where it is implicit that t is in the upper branch (first destroy) and t0 in the
lower branch (then create), so t0 > t. The internal times live in the contour.
In the zero order,
<
gi,j
(t − t0 ) ≡ Gi,j (t − t0 ) = ihĉ†j (t0 )ĉi (t)i0 ,
<(0)

is the non-perturbed lesser Green function, labelled with lower-case letter g.
For the first order, analysing just the numerator
Z
<(1)
0
Gi,j (t − t ) ∼ i(−i) ds1 hTC ĉ†j (t0 )V̂ (s1 )ĉi (t)i0 ,
and even without an explicit form of V , it can noticed that s1 can be in the
upper or lower branch. As shown in the Fig. A.27, for this only vertex, there
are two possibilities.
Figure A.27: The possible diagrams in the expansion of the lesser Green
functions to first order in
perturbations with an arbitrary V . The internal time
can be in the (a) upper or
(b) lower branch of the contour.
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In order to advance a little bit further with the example, an explicit expression for the perturbation can be considered V = Vλ1 ,λ2 c†λ1 cλ2 , thus
Z
<(1)
0
Gi,j (t − t ) ∼ i(−i)Vλ1 ,λ2 ds1 hTC ĉ†j (t0 )ĉ†λ1 (s1 )ĉλ2 (s1 )ĉi (t)i0 .
This expectation value can be calculated using Wick’s theorem, i.e summing
all the possible contour time-ordered pairwise contractions. As before, all
the contractions with a factor hĉ†j (t0 )ĉi (t)i0 lead to disconnected diagrams
which cancel the denominator. Keeping just the connected diagrams, (a) if
s1 ∈ C1 , s1 → t1 , with t1 ∈ (−∞, ∞),
Z ∞
<(1a)
0
Gi,j (t − t ) ∼ i(−i)Vλ1 ,λ2
dt1 hĉ†j (t0 )ĉλ2 (t1 )i0 hT ĉi (t)ĉ†λ1 (t1 )i0 ,
−∞

where the non-perturbed time-ordered and lesser Green functions appear,
Z ∞
<(1a)
0
T
Gi,j (t − t ) ∼ Vλ1 ,λ2
dt1 gλ<2 ,j (t1 − t0 )gi,λ
(t − t1 ).
1
−∞

A. The Surviving Toolkit



As in equilibrium, the diagrammatic series can be constructed using the
non-perturbed propagators as building blocks.
(b) If s1 ∈ C2 , s1 → t1 , with t1 ∈ (∞, −∞)
<(1b)
Gi,j (t

Z

0

−∞

− t ) ∼ i(−i)Vλ1 ,λ2
∞

dt1 hT̃ ĉλ2 (t1 )ĉ†j (t0 )i0 hĉ†λ1 (t1 )ĉi (t)i0 ,

where the non-perturbed anti-time-ordered and lesser Green function can
be recognized
Z ∞
<(1b)
<
0
(t − t1 ).
dt1 gλT̃2 ,j (t1 − t0 )gi,λ
Gi,j (t − t ) ∼ −Vλ1 ,λ2
1
−∞

Here there is a sign-change to inverse the integration limits.
The important point is that for each vertex, there are two possible positions in the contour which leads in this case to two possible diagrams. The
first order for the lesser Green function gives,
Z
h
i
<(1)
0
T
<
0
<
T̃
0
Gi,j (t−t ) = Vλ1 ,λ2 dt1 gi,λ1 (t − t1 )gλ2 ,j (t1 − t ) − gi,λ1 (t − t1 )gλ2 ,j (t1 − t ) .
It is clear how the procedure continues. In the second order,
<(2)
Gi,j (t

(−i)2
−t)=i
2!
0

Z

Z
ds1

ds2 hTC ĉ†j (t0 )V̂ (s1 )V̂ (s2 )ĉi (t)i0 , (connected)

there are now two internal contour times s1 and s2 . Each one can be either
in the upper or in the lower branch, leading to 4 possibilities for the vertices.
The exchange of the internal times lead to equivalent diagrams. This factor
cancel the n! in the series expansion. The diagrammatic expansion of the
Green functions can be done considering only the connected and topologically different diagrams
Z
Z
X
<
0
n
Gi,j (t − t ) = i
(−i)
ds1 · · · dsn hTC ĉ†j (t0 )V̂ (s1 ) · · · V̂ (sn )ĉi (t)i0 .
n

(A.48)
The result in the second order are shown in Fig. A.28.
t

Figure A.28: The possible connected diagrams
in the expansion of the
lesser Green functions to
second order in perturbations. There four possibilities (a)-(d) for the internal
times along the contour.
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In Fig. A.28(a) s1 and s2 are both in the lower branch. The diagram is
formed by two anti-time ordered and a lesser Green function. In Fig. A.28(b)
s1 is in the lower branch and s2 is in the upper branch. The diagram is
formed by an anti-time-ordered, a lesser and a time-ordered Green function.
In Fig. A.28(c) s1 is in the upper branch and s2 in the lower branch. The
diagram is formed by a lesser, a greater and a time-ordered Green function.
Finally, in Fig. A.28(d) both internal times are in the upper branch and the
diagram in formed by a lesser and two time-ordered Green functions.
It is remarkable that all the propagator take part in the expansion. The
four contributions shown in Fig. A.28
<(2a)

(t − t0 ) ∼ hT̃ ĉλ2 (t1 )ĉ†j (t0 )i0 hT̃ ĉλ4 (t2 )ĉ†λ1 (t1 )i0 hĉ†λ3 (t2 )ĉi (t)i0 ,

<(2b)

(t − t0 ) ∼ hT̃ ĉλ2 (t1 )ĉ†j (t0 )i0 hĉ†λ1 (t1 )ĉλ4 (t2 )i0 hT ĉi (t)ĉ†λ3 (t2 )i0 ,

<(2c)

(t − t0 ) ∼ hĉ†j (t0 )ĉλ2 (t1 )i0 hĉλ4 (t2 )ĉ†λ1 (t1 )i0 hĉ†λ3 (t2 )ĉi (t)i0 ,

<(2d)

(t − t0 ) ∼ hĉ†j (t0 )ĉλ2 (t1 )i0 hT ĉλ4 (t2 )ĉ†λ1 (t1 )i0 hT ĉi (t)ĉ†λ3 (t2 )i0 .

Gi,j

Gi,j
Gi,j
Gi,j

can be written in terms of the non-perturbed Green functions
<(2a)

<
(t − t0 ) ∼ gλT̃2 ,j (t1 − t0 )gλT̃4 ,λ1 (t2 − t1 )gi,λ
(t − t2 ),
3

<(2b)

T
(t − t0 ) ∼ gλT̃2 ,j (t1 − t0 )gλ<4 ,λ1 (t2 − t1 )gi,λ
(t − t2 ),
3

<(2c)

<
(t − t0 ) ∼ gλ<2 ,j (t1 − t0 )gλ>4 ,λ1 (t2 − t1 )gi,λ
(t − t2 ),
3

<(2d)

T
(t − t0 ) ∼ gλ<2 ,j (t1 − t0 )gλT4 ,λ1 (t2 − t1 )gi,λ
(t − t2 ).
3

Gi,j

Gi,j
Gi,j
Gi,j

The non-equilibrium Dyson equation
There is an alternative to perform the expansion in a very compact and pictorial way. If the upper branch is called + and the lower branch is called −,
then
GT ≡ G++ ; G< ≡ G−+ ; G> ≡ G+− ; GT̃ ≡ G−− .
From the example, it is clear that the calculation of one of these propagators goes as

G−+ = g −+ + V g −− g −+ + g −+ g ++

+ V 2 g −− g −− g −+ + g −− g −+ g ++ + g −+ g +− g −+ + g −+ g ++ g ++
+ V 3 g −− g −− g −− g −+ + g −− g −− g −+ g ++ + g −− g −+ g +− g −+
+g −− g −+ g ++ g ++ + g −+ g +− g −− g −+ + g −+ g +− g −+ g ++

+g −+ g ++ g +− g −+ + g −+ g ++ g ++ g ++ + · · ·
where taking a common factor g −− and g −+ ,


G−+ = g −+ + g −− V g −+ + V g −− g −+ + g −+ g ++

+V 2 g −− g −− g −+ + g −− g −+ g ++ + g −+ g +− g −+ + g −+ g ++ g ++


g −+ V g ++ + V g +− g −+ + g ++ g ++

+V 2 g +− g −− g −+ + g +− g −+ g ++ + g ++ g +− g −+ + g ++ g ++ g ++ + · · ·
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the dressed propagators can be recovered
G−+ = g −+ + g −− V G−+ + g −+ V G++ .
This is the non-equilibrium Dyson equation. In contrast to the situation
in equilibrium, there are four propagators and the Dyson equation is like a
matrix. In a more general case, the Dyson equation for the perturbative
expansion can be expressed as
G−+ = g −+ + g −− Σ−− G−+ + g −− Σ−+ G++ + g −+ Σ+− G−+ + g −+ Σ++ G++




= g −+ + g −− Σ−− G−+ + Σ−+ G++ + g −+ Σ+− G−+ + Σ++ G++ ,
where Σ is the self-energy. Introducing the matrices
 ++

 ++

 ++ +− 
G
G+−
Σ
Σ+−
g
g
G=
, Σ=
, g=
,
G−+ G−−
Σ−+ Σ−−
g −+ g −−
the non-equilibrium Dyson equation reads
G = g + gΣG,

(A.49)

and a particular element, G−+ = g −+ + (gΣG)−+ .
In the example the self-energy is very simple, is a one-body self-energy
(one)
Σ
which has the matrix form Σ = V I, where I is the 2X2 identity matrix.

The Langreth theorem
The non-equilibrium Dyson equation can be expressed in the Keldysh contour,
Z
0
0
G(s, s ) = g(s, s ) + ds1 g(s, s1 )Σ(one) (s1 )G(s1 , s0 )
Z
Z
+
ds1 ds2 g(s, s1 )Σ(s1 , s2 )G(s2 , s0 ).
(A.50)
There is a very useful theorem by Langreth [Langreth, 1967] which allows
to treat these products in a simple way. The demonstration is simple but it
is not given here. The result can be taken as a recipe to translate a diagram
from the contour to the real time variables. For a matrix product D = ABC,
the theorem states that
D< = Ar B r C < + Ar B < C a + A< B a C a ,

(A.51)

in terms of the retarded and advanced Green functions. This has to be understood as
Z
Z
<
0
D (t, t ) = dt1 dt2 Ar (t, t1 )B r (t1 , t2 )C < (t2 , t0 ) + and so.
Also, from the theorem
Dr = Ar B r C r ,

(A.52)
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which has to be understood as
Z t
Z t
r
0
r
D (t, t ) =
dt1 A (t, t1 )
dt2 B r (t1 , t2 )C r (t2 , t),
t0

t1

thus the retarded and advanced Green functions satisfy standard Dyson
equations.

A.7

Calculating-the-current example

I have chosen to present the derivation of Meir and Wingreen’s formula
for the current in nanoscopic systems [Meir and Wingreen, 1992] as an example for the employment of all these non-equilibrium techniques. In the
context of transport problems, a general expression for the current which
is valid in the presence of interacting regions can be derived in terms of
non-equilibrium Green functions.

The Hamiltonian
In order to describe the transport properties, the system can be separated in
several parts: two electron reservoir (left and right or source and drain) and
a central conductor coupled to these reservoir via conducting leads. It can
be described with the Hamiltonian
H = HL + HR + HC + HM IX ,
where Hν represents the left (ν = L) and right ν = R leads, HC in the Hamiltonian describing the central conductor and HM IX represents the coupling
between the three parts. More explicitly,

X
 X
k,ν,σ c†kνσ ckνσ + HC {d†n }, {dn } +
Vkνnσ c†kνσ dn + H.c. ,
H =
k,ν,σ

kσνn

where k,ν,σ = k,σ − µν and the operators c†kνσ (ckνσ ) represent the creation
(destruction) of an electron with momentum k and spin σ in the lead ν. The
central conductor is described in terms of a complete and orthonormal set
of operators {d†n , dn }. Finally Vkνnσ is the coupling coefficient related to the
rate at which electron enter or leave the central conductor from or to the
leads.

The current
The current flowing from the left lead to the central conductor can be calculated as the rate of change of the total charge
IL = −ehṄL i,
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where NL =
and where

†
k,σ ckLσ ckLσ

P

is the total number of electrons in the reservoir

i
ṄL (t) = − [NL (t), H] .
~
It can be observed that [NL , HL ] = [NL , HR ] = [NL , Hcent ] = 0 and thus

i X
∗
d†n ckLσ .
ṄL = −
VkLnσ c†kLσ dn − VkLnσ
~ k,σ,n
Therefore, the left current is

ie X 
∗
IL =
hd†n ckLσ i ,
VkLnσ hc†kLσ dn i − VkLnσ
~ k,σ,n
that is given by the expectation values: hc†kLσ dn i and hd†n ckLσ i. From the
previous introduction of Sec. A.6, it can be recognized that these are two
lesser Green functions
†
0
0
G<
n,kLσ (t, t ) = ihckLσ (t )dn (t)i,
0
† 0
G<
kLσ,n (t, t ) = ihdn (t )ckLσ (t)i,

(A.53)

and the current reads
IL =


eX
∗
<
VkLnσ G<
n,kLσ (0) − VkLnσ GkLσ,n (0) .
~ k,σ,n

It is convenient to introduce the Fourier transform,
Z

dω X
e
∗
<
VkLnσ G<
IL =
n,kLσ (ω) − VkLnσ GkLσ,n (ω) .
~
2π k,σ,n

(A.54)

The calculation of transport properties is a non-equilibrium problem.
The coupling can be taken as a perturbation. In the absence of coupling,
the system is in a non-perturbed state where the reservoirs and the central
conductor are disconnected, There is no current although the the reservoirs
may have different electro-chemical potential. When the perturbations is
switched-on adiabatically, there is a transitory regime and finally an stationary current establish flowing from left to right through the central conductor. The current depends on the in-out rates to-from the central conductor.
These rates are given in terms of Green functions.
The Green functions from Eq. (A.53) can be expressed in terms of the
properties of the central conductor and the coupling to the leads. This is
done with the help of perturbation theory out of equilibrium.

The diagrammatic Dyson equation
The Hamiltonian can be separated as H = H0 + H1 , where
X

H0 =
k,ν,σ c†kνσ ckνσ + Hcent {d†n }, {dn }
k,ν,σ

H1 =

X
kσνn


Vkνnσ c†kνσ dn + H.c. ,
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and H1 is treated as a perturbation. The Green function
†
G<
kLσ,n (t) = ihdn (0)ckLσ (t)i,

can be calculated as in Eq. (A.48)
G<
kLσ,n (t)

= i

X

(−i)

n

Z

Z
ds1 · · ·

dsn hTC dˆ†n (0)Ĥ1 (s1 ) · · · Ĥ1 (sn )ckLσ (t)i0 ,

n

considering only connected and topologically different diagrams. Instead
of going forward with the calculation out of equilibrium, an equilibrium
Dyson equation can be derived and then translated to the Keldysh contour.
The diagrammatic expansion for the Green function is shown in Fig. A.29.
Figure A.29: Diagram- n
matic expansion as in equilibrium for the Green function G<
kLσ,n considereing
only connected and different diagrams.
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=
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k

+
k

+
+
n
+

k
m’’
k’’

k

...

The Green function G<
kLσ,n is represented with a double-line wavy line.
The naked Green function for the conduction electrons is represented with
a dashed-line arrow and for the central conductor with a continuous-line
arrow. The vertices can be built from the for of the perturbation in H1 . There
are two contributions: c†kνσ dn and d†n ckνσ which describe processes n → k and
k → n, i.e. from the central conductor to the leads and the opposite.
Since in H0 there is no coupling between the central conductor and the
leads, the non-perturbed Green function with the contraction hd†n (0)ckLσ (t)i0
is zero. Moreover, all the even orders are zero. It is possible to factorize the
diagrammatic expansion to end up with a compact expression as shown in
Fig. A.30. The dressed Green function can be calculated in terms of the
propagator of the conduction electrons and the dressed propagator of the
central conductor (double continuous line).
Figure A.30: Compact expression
for the equilibrium diagrammatic
expansion of G<
kLσ,n .

n

k

=

n

mk

k

The translation to the Keldysh contour can be performed taking into account that the vertex can be either in the upper or in the lower branch. This
leads to two different diagrams as shown in Fig. A.31.
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Figure A.31: Diagrammatic expression in the Keldysh contour.

The analytical expression
The analytic expression for the diagrams can be found considering in first
place the first order,
Z
X
<(1)
GkLσ,n (t) = i(−i)
Vk0 ν 0 mσ0 ds1 hTC dˆ†n (0)ĉ†k0 ν 0 σ0 (s1 )dˆm (s1 )ckLσ (t)i0 ,
k0 σ 0 ν 0 m

where, (a) if s1 ∈ C1 ,
<(1a)
GkLσ,n (t)

X

= i(−i)

Z
Vk0 ν 0 mσ0

dt1 hT̃ dˆm (t1 )dˆ†n (0)i0 hĉ†k0 ν 0 σ0 (t1 )ckLσ (t)i0 ,

k0 σ 0 ν 0 m

and (b) if s1 ∈ C2 ,
<(1b)
GkLσ,n (t)

= −i(−i)

X

Z
Vk0 ν 0 mσ0

dt1 hdˆ†n (0)dˆm (t1 )i0 hT ckLσ (t)ĉ†k0 ν 0 σ0 (t1 )i0 ,

k0 σ 0 ν 0 m

R −∞
R∞
where the minus comes from the change ∞ → − −∞ . These two contributions can be written in terms of non-perturbed Green functions,
Z
X
<(1)
GkLσ,n (t) =
Vk0 ν 0 mσ0 dt1
k0 σ 0 ν 0 m

h
i
T̃
<
<
T
gm,n
(t1 )gkLσ,k
0 ν 0 σ 0 (t − t1 ) − gm,n (t1 )gkLσ,k 0 ν 0 σ 0 (t − t1 ) ,
and simplified taking into account the the diagonal character of H0 ,
Z
h
i
X
<(1)
T̃
<
<
T
GkLσ,n (t) =
VkLmσ dt1 gm,n
(t1 )gkLσ
(t − t1 ) − gm,n
(t1 )gkLσ
(t − t1 ) .
m

The analytic expression for the diagrams in Fig. A.31 can be obtained
replacing the naked by the dressed Green function
Z
h
i
X
<
<
T
GkLσ,n (t) =
VkLmσ dt1 GT̃m,n (t1 )gkLσ
(t − t1 ) − G<
(t
)g
(t
−
t
)
.
1
m,n 1 kLσ
m

The Fourier transform gives
h
i
X
<
T
T̄
<
G<
(ω)
=
V
G
(ω)g
(ω)
−
G
(ω)g
(ω)
.
kLmσ
m,n
kLσ
m,n
kLσ,n
kLσ
m
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The other Green function that is needed to calculate the current in Eq. (A.56)
can be found in similar way
h
i
X
∗
<
T
T̄
<
G<
(ω)
=
V
g
(ω)G
(ω)
−
g
(ω)G
(ω)
.
kLmσ
n,m
kLσ
n,m
n,kLσ
kLσ
m

The time-ordered and anti time-ordered Green functions can be related
to the advanced and retarded Green functions by means of the properties
discussed in Sec. A.6 between the Keldysh propagators (Gr = GT − G< ,
Ga = G< − GT̄ and G> = Gr − Ga + G< ),
h
i
X
<
r
<
<
a
<
G<
(ω)
=
V
G
(ω)
[g
+
g
]
(ω)
−
[G
−
G
]
(ω)g
(ω)
kLmσ
m,n
kLσ,n
kLσ
kLσ
m,n
m

G<
n,kLσ (ω)

=

X

h
i
<
∗
gkLσ
(ω) [Gr + G< ]n,m (ω) − [g < − g a ]kLσ (ω)G<
(ω)
.
VkLmσ
n,m

m

At the end of the perturbative analysis, the Green functions from Eq.
(A.53) that are necessary for the calculation of the current are written in
terms of a propagator for the conduction electrons and a dressed propagator
for the central conductor. This propagator can be really hard to find in an
interacting problem. Putting back these Green functions into the current
expression of Eq. (A.56) and rearranging a bit
Z
 r


dω X
e
∗
<
r
a
VkLnσ VkLmσ
gkLσ
Gn,m − Gan,m − G<
IL =
[g
−
g
]
n,m kLσ
kLσ .
~
2π k,σ,n,m

The current: final expression
Further simplification in the formula for the current can be achieved taking
into account that the naked propagators for the conduction electrons are
related to the properties of the reservoirs:
<
gkLσ
(ω) = 2πi fL (ω)δ(ω − k ),
r
a
(gkLσ
− gkLσ
) (ω) = −2πi ρkLσ (ω),

where fL (ω) is the Fermi distribution of the left reservoir and ρkLσ (ω) =
δ(ω − k ) is the density of states per spin and momentum of the conduction
∗
∗
electrons. The coupling can be written as VkLnσ VkLmσ
= VLnσ (ω)VLmσ
(ω)δ(ω−
k ). Consider these facts, the current reads
Z
X



ei
∗
dω
2π(VLnσ VLmσ
ρLσ )(ω) fL Grn,m − Gan,m + G<
IL =
n,m (ω),
h
σ,n,m
which is basically the result obtained by Meir and Wingreen.
The coupling to the reservoir can be condensed in a function called the
hybridization matrix Γν . If the label n for the central conductor also includes the spin, nñσ, it can be defined as
∗
(ω)ρνσ (ω).
Γνn,m (ω) = 2πVνnσ (ω)Vνmσ

(A.55)
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In terms of this hybridization function, the current is
Z
X



ei
IL =
dω
ΓLn,m (ω) fL (ω) Grn,m − Gan,m (ω) + G<
n,m (ω) ,
h
n,m

(A.56)

which is a general expression to compute the current out of equilibrium,
with finite temperature and in interacting systems. Since the current is conR
, thus, finally
served, I = LL −I
2
Z
X 
 r

ei
a
I =
dω
ΓLn,m (ω)fL (ω) − ΓR
(ω)f
(ω)
G
−
G
R
n,m
n,m
n,m (ω)
2h
n,m

 <
+ ΓLn,m (ω) − ΓR
(A.57)
n,m (ω) Gn,m (ω) .
The current depends on the coupling between the central conductor and
the leads via the hybridization matrix Γνn,m . But the transport properties
are given mainly by the central conductor. The properties of this conductor
determine the retarded, advanced and lesser Green functions. The difference Grn,m − Gan,m is proportional to the density of states of the conductor
and G<
n,m is related to the occupation of the conductor. Depending on the
Hamiltonian HC , these Green functions have to be found in the presence of
the leads.

A.8

The current in a non-interacting conductor

As particular case, the current can be obtained for a non-interacting conductor. In this case,
X
X
k,ν,σ c†kνσ ckνσ +
En d†n dn ,
H0 =
n

k,ν,σ

where the operators d†n describe the energy levels En of the conductor. n indicates also the spin state. The problem is very similar to the resonant-level
discussed in Sec. A.3. The diagrams corresponding to the non-perturbed
propagator for the conduction electron and for the central conductor are
∗
shown in Fig. A.32. The vertices Vkνnσ c†kνσ dn and Vkνnσ
d†n ckνσ are also shown
in the figure.
In equilibrium, the diagrammatic expansion for the Green function Gn,m
is like in the resonant-level problem shown in Fig. A.12. The diagrammatic
Dyson equation is shown in Fig. A.33.
The analytic expression is
X
gn,m0 Σm0 ,m Gm,m ,
Gn,m = gn,m +
m,m0

where Σm0 ,m is the self-energy. According to Langreth’s theorem (see Sec.
A.6), the retarded and advanced Green function satisfy
X r,a r,a
r,a
Gr,a
gn,m0 Σm0 ,m Gr,a
n,m = gn,m +
m,m ,
m,m0
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n

(a)

(b)

Figure A.32: Diagrammatic representation of the (a) naked propagators and (b) the vertices.

=

+

Figure A.33: Dyson equation for the non-interacting problem.

P
<
<
and the lesser Green function G<
n,m = gn,m +
m,m0 (gn,m0 Σm0 ,m Gm,m ) , i.e.
X

<
<
a
a
r
<
a
r
r
<
G<
=
g
+
gn,m
0 Σm0 ,m Gm,m + gn,m0 Σm0 ,m Gm,m + gn,m0 Σm0 ,m Gm,m .
n,m
n,m
m,m0

In terms of matrix language (in the index m0 , m),
G< = g< + g< Σa Ga + gr Σ< Ga + gr Σr G< .
This expression can be rearranged by noting that after one iteration (replacing G< by g< + g< Σa Ga + gr Σ< Ga in the last term),
G< = g< + g< Σa Ga + gr Σ< Ga
+ gr Σr g< + gr Σr g< Σa Ga + gr Σr gr Σ< Ga + gr Σr gr Σr G<
= (1 + Σr gr )g< (1 + Σa Ga ) + (gr + gr Σr gr )Σ< Ga + gr Σr gr Σr G< ,
thus, inferring the result of the successive iterations
G< = (1 + Σr Gr )g< (1 + Σa Ga ) + Gr Σ< Ga .
It can be shown that if the non-perturbed state is non-interacting, in the
stationary state the term proportional to g< vanishes. The lesser component
can be expressed in a very compact form,
G< = Gr Σ< Ga ,

(A.58)

and the same holds for the greater Green function changing < → >.
In order to summarize, for the calculation of the current the retarded,
advanced and lesser Green are necessary. The problem has been reduced
to the calculation of three self-energies: the advanced, the retarded and the
lesser self-energies. The self-energy diagrams are shown in Fig. A.34.
The retarded and advanced self-energies can be obtained from
Σm0 ,m (ω) =

X Vkνm0 σ V ∗

kνmσ

kν

ω − k

,

A. The Surviving Toolkit



Figure A.34: (a) Retarded and
(b) lesser self-energy for the noninteracting problem.

(a)
(b)

changing ω → ω ± iη, and then making η → 0+ ,
X
X
1
∗
∗
Σr,a
∓ iπ
Vkνm0 σ Vkνmσ
Vkνm0 σ Vkνmσ
δ(ω − k ).
m0 ,m (ω) = ℘
ω − k
kν
kν
The real part of the self-energy ΣRr,a
m0 ,m renormalizes the energy of the level.
For momentum independent couplings
X
X
X
X
∗
∗
∗
Vkνm0 σ Vkνmσ
δ(ω−k ) =
Vνm0 σ Vνmσ
δ(ω−k ) =
Vνm0 σ Vνmσ
ρνσ (ω),
ν

kν

thus

k

Rr,a
Σr,a
m0 ,m (ω) = Σm0 ,m ∓ iπ

X

ν

∗
ρνσ (ω).
Vkνm0 σ Vkνmσ

ν

which can be put in terms of the hybridization matrix defined in Eq. (A.55),
iX ν
Rr,a
Γ 0 .
(A.59)
Σr,a
(ω)
=
Σ
∓
0
0
m ,m
m ,m
2 ν mm
The lesser self-energy can be calculated form the diagram in Fig. A.34(b).
The analytic expression is
X
∗
<
Vkνm0 σ Vkνmσ
gkνσ
(ω),
Σ<
(ω)
=
0
m ,m
kν

where

<
gkLσ
(ω)

= 2πi fL (ω)δ(ω − k ), thus
X
∗
Σ<
Vνm0 σ Vνmσ
fν (ω)ρν (ω).
m0 ,m (ω) = 2πi
ν

Introducing the hybridization matrix,
X
Σ<
Γνm0 ,m fν (ω).
m0 ,m (ω) = i

(A.60)

ν

The greater self-energy can be found in a similar way taking into account
>
(ω) = −2πi (1 − fL (ω))δ(ω − k ),
that gkLσ
X
Σ>
Γνm0 ,m (1 − fν (ω)).
(A.61)
m0 ,m (ω) = −i
ν

The advanced, retarded, lesser and greater self-energies have been calculated. Using the relation from Eq. (A.45), Gr − Ga = G> − G< and the
result from Eq. (A.58),
Gr − Ga = Gr (Σ> − Σ< )Ga
X
= −i
Gr Γν Ga .
ν

(A.62)
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This relation and the lesser self-energy from Eq. (A.60) can be introduced
in the expression from the current given in Eq. (A.57)
(
Z
X
X 

ei
(ω)f
(ω)
(−i)
(Gr Γν Ga )n,m
I =
dω
ΓLn,m (ω)fL (ω) − ΓR
R
n,m
2h
ν
n,m
)

 X
+ ΓLn,m (ω) − ΓR
fν (ω)(Gr Γν Ga )n,m ,
n,m (ω) (i)
ν

which leads to
Z
X
e
r L a
I =
dω
ΓLn,m (ω)fL (ω)(Gr ΓR Ga )n,m − ΓR
n,m (ω)fR (ω)(G Γ G )n,m
2h
n,m
r L a
− ΓLn,m (ω)fR (ω)(Gr ΓR Ga )n,m − ΓR
n,m (ω)fL (ω)(G Γ G )n,m ,

and just arranging a bit,
Z
X
e
r L a
I =
dω(fL − fR )(ω)
ΓLn,m (Gr ΓR Ga )n,m + ΓR
n,m (G Γ G )n,m (ω).
2h
n,m
R
a,r
a,r
For real couplings, ΓR
n,m = Γm,n and Gn,m = Gm,n , thus

e
I=
h

Z

dω(fL (ω) − fR (ω)) T r(Ga ΓR Gr ΓL ) .

Defining the transmission coefficient as
X 1/2 1/2
∗
tσ,σ0 =
˙ 2π
ρLσ ρRσ0 VLσ,n
Grn,m VRσ0 ,m ,

(A.63)

(A.64)

n,m

the current equation reduces to the Landauer expression
Z


e
dω [fL (ω) − fR (ω)] T r tt† (ω) .
I =
h

(A.65)

A PPENDIX B

The non-crossing approximation

In Sec. A.5 from App. A I presented a diagrammatic derivation of the noncrossing approximation (NCA). The derivation was treated as an example of
the employ of finite-temperature perturbation theory explained in Sec. A.4.
I left all the technical details in this separate appendix. Here the analytic
expressions are derived, the physical propagator is obtained from those of
auxiliary particles and the projection to the subspace of Q = 1 is discussed.

B.1

Hamiltonian and diagrammatic expressions

The NCA is an approximation to solve the Anderson impurity model. As
explained in Sec. A.5 the Hamiltonian of the model
X
X
Ed d†σ dσ , +U d†↑ d↑ d†↓ d↓
HAIM =
k,σ c†kσ ckσ +
σ

k,σ

+

X

Vkσ c†kσ dσ


+ H.c. ,

kσ

is rewritten in terms of auxiliary particles by means of the identification

|0i → b† |vaci
|σi → fσ† |vaci,
where fσ† is the pseudo-fermion operator and b† is the vacuum boson; |vaci
is a new vacuum. The constraint
X
Q = b† b +
fσ† fσ = 1,
σ

is introduced to insure the infinite Coulomb repulsion. In this limit, the
double occupation is forbidden and |0i, |σi are the relevant occupations.
This is taken into account using a Lagrange multiplier K = H + λQ. The
Hamiltonian is separated as K = K0 + K1 , with
X
X
K0 =
k,σ c†kσ ckσ +
(Ed + λ)fσ† fσ + λb† b,
k,σ

K1 =

X
kσ

σ


Vkσ c†kσ b† fσ + H.c. ,

B.2. Analytical expressions



where K1 is treated as a perturbation. The diagrammatic expansion for the
pseudo-fermion (double-continuous-line arrow) and boson (double-wavyline) Green functions leads to the self-consistent set of equations shown
in Fig. B.1. These are Dyson-type equations where the boson self-energy
depends on the dressed pseudo-fermion Green function and the pseudofermion Green function in turn depends on the dressed boson propagator.

=

+

=

+

Figure B.1: NCA diagrammatic equations
for the pseudo-fermion and boson Green functions.

I present now the details of the translation of these diagrams to have an
analytical expression. In the spectral domain, for the auxiliary particle a
(= b, σ), there is a Green function Gλa (ω). λ is there to remember the fact that
these Green functions are evaluated in the grand canonical ensemble with
an arbitrary number of particles. In Sec. B.4 the details of the projection into
the space with Q = 1 are discussed. The Dyson equation can be written as
Gλa (ω) =

1
,
ω − a − λ − Σλa (ω)

(B.1)

where b = 0, σ = Ed and Σλa is the self-energy for auxiliary particle a.

B.2

Analytical expressions

The analytic expressions for the diagrams in Fig. B.1 are derived in the
frequency domain.

The boson self-energy
The self-energy diagram for the boson is shown in Fig. B.2.
There are two propagators involved in this “bubble” diagram: the propagator of the conduction electron G0kσ and the dressed propagator of the
pseudo-fermion Gλσ . The translation can be done as follows:
1- The propagators are identified with the appropriate index: the pseudofermion with σ and the conduction electrons with kσ.
Gλσ ()G0kσ (),

B. The non-crossing approximation



Figure B.2: Boson self-energy. There are two propagators: the double-continuous-line (dashed-line) arrow corresponds to the dressed Green function of the
pseudo-fermion (to the naked Green function of the
conduction electrons); and two vertices.

b

=

∗
2- There is a Vkσ or Vkσ
for each vertex. Energy, momentum and spin
must be conserved at each vertex.

|Vkσ |2 Gλσ ()G0kσ (),
3- The self-energy is a function of iωn , this is fixed. If the conduction
electron has a part of the energy iνn , then the energy of the pseudofermion is also fixed by conservation (it has to be checked at the vertex
according to the direction of the propagators).
|Vkσ |2 Gλσ (iωn + iνn )G0kσ (iνn ),
4- There is a summation over all the internal degrees of freedom: k,iνn , σ
1 XXX
|Vkσ |2 Gλσ (iωn + iνn )G0kσ (iνn ),
β iν σ k
n

where

1
β

comes from the sum over imaginary frequencies in Eq. (A.20).

5- There is a factor (−1)m+F , where F is the number of fermionic loops
and m
is the half of the number of vertex for bosons,
is the number of internal bosonic propagators for fermions.
Thus,
Σλb (iωn ) =

1 XXX
|Vkσ |2 Gλσ (iωn + iνn )G0kσ (iνn ),
β iν σ k

(B.2)

n

There is a technique to do the summation over iνn . This is called a Matsubara sum. Taking into account that the naked propagator of the conduction electron is (see Eq. (A.23) and derivation in Sec. A.4)
G0kσ (iνn ) =

1
,
iνn − k

and using the spectral representation of the pseudo-fermion Green function
(see Eq. (A.29)),
Z +∞
ρλ (x)
λ
,
Gσ (iω) =
dx σ
iω − x
−∞

B.2. Analytical expressions



the analytic expression from the diagram can be written as,
Σλb (iωn ) =

X

|Vkσ |2

Z

+∞

dxρλσ (x)

−∞

kσ

1X
1
1
β iν iωn + iνn − x iνn − k

!
.

n

The expression in brackets
S=

1X
1
1
,
β iν iωn + iνn − x iνn − k
n

is a Matsubara’s sum in the fermionic frequency iνn . This sum can be done
in the complex plane. To this purpose the auxiliary function in the complex
variable z
f (z)
1
h(z) =
,
iωn + z − x z − k
is introduced, where f (z) = [eβz + 1]−1 is the Fermi-distribution function.
This function has poles when eβz = −1, i.e. for zn = (2n + 1)π/β. The function h(z) has also simple poles in zω = −iωn + x and zk = k . Excepting for
an infinite number of poles, h(z) is analytic in the complex plane. Therefore
I
X
dz h(z) = 0 = 2π
Resi (h(z)),
i

where the sum is over all the residues. The residues in the poles of the Fermi
functions can be calculates as
1
1
(z − zn )
lim βz
z→zn e
+ 1 iωn + z − x z − k
 
−1
1
1
=
,
β iωn + zn − x zn − k

lim h(z)(z − zn ) =

z→zn

while the other two residues are
1
1
= f (−iωn + x)
,
z→zω
zω − k
−iωn + x − k
1
1
lim h(z)(z − zk ) = f (zk )
= f (k )
.
z→zk
iωn + zk − x
iωn + k − x
lim h(z)(z − zω ) = f (zω )

Since the sum over all the residues is zero,
!
1X
1
1
f (−iωn + x)
f (k )
=
+
,
β z
iωn + zn − x zn − k
−iωn + x − k iωn + k − x
n

which is the sum that is needed recalling that zn = (2n + 1)π/β as it corresponds to a fermionic frequency. Thus
S =

f (x − iωn )
f (k )
+
,
x − iωn − k k + iωn − x
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is the result for the Matsubara’s sum. Using this in Eq. (B.2), and noting that
f (x − iωn ) = f (x) since ωn is a bosonic frequency,


Z +∞ X
f (x)
f (k )
λ
2 λ
dx
−
Σb (iωn ) =
|Vkσ | ρσ (x)
k + iωn − x k + iωn − x
−∞
kσ
where the second term vanishes in the limit λ → ∞, when the projection to
the physical Q = 1 space is performed (see Sec. B.4 for details). Recovering
back the Green function from the spectral representation,
X
Σλb (iωn ) =
|Vkσ |2 Gλσ (k + iωn )f (k ).
kσ

P
Introducing the Delta function, ∆σ (x) = π k |Vkσ |2 δ(x − k ),
Z
1X
λ
Σb (iωn ) =
dx ∆(x)f (x)Gλσ (x + iωn ) ,
π σ

(B.3)

that is the expression for the boson self-energy in NCA.

Pseudo-fermion self-energy
The pseudo-fermion self-energy bubble diagram is shown in Fig. B.3.
Figure B.3: Pseudo-fermion self-energy. There are two
propagators: the double-wavy-line (dashed-line arrow)
corresponds to the dressed Green function of the vacuum boson (to the naked Green function of the conduction electrons); and two vertices.

=

In the diagram there are two propagators: one that corresponds to the
conduction electrons G0kσ and one for the dressed boson Gλb . Following the
same procedure as before:
1- Indexing: Gλb ()G0kσ (),
2- Multiplication by the vertex coupling value |Vkσ |2 Gλb ()G0kσ (),
3- Assignation of the frequency arguments |Vkσ |2 Gλb (iωn − iνn )G0kσ (iνn ),
4- Sum over internal degrees of freedom:
1 XX
|Vkσ |2 Gλb (iωn − iνn )G0kσ (iνn ),
β iν k
n

5- Consideration of the factor (−1)m+F (= −1 in this case since there is an
internal bosonic propagator:
−1 X X
Σλσ (iωn ) =
|Vkσ |2 Gλb (iωn − iνn )G0kσ (iνn ).
β iν k
n

B.3. The physical Green function
Using the spectral representation of the Green function, Gλb (iω) =
Σλσ (iωn ) =

X
k

|Vkσ |2

Z

+∞

−∞


R +∞
−∞

ρb (x)
dx iω−x
,

!
X
1
1
1
dxρλb (x) −
(B.4)
,
β iν iωn − iνn − x iνn − k
n

and the Matsubara sum to be calculated is
1X
1
1
S=
,
β iν iνn − iωn + x iνn − k
n

in the fermionic frequency iνn . As done for the calculation of the boson
self-energy,
f (iωn − x)
f (k )
+
,
S=
k − iωn + x iωn − x − k
but now iωn is a fermionic frequency. Therefore, f (iωn −x) = 1+b(x), where
b(x) = [eβx − 1]−1 is the Bose-Einstein distribution function. The Matsubara
sum reads
S=

f (k )
b(x)
1
−
+
,
iωn − x − k iωn − k − x iωn − x − k

where the last term vanishes when the projection in performed. Inserting
this result in Eq. (B.4) and recovering back the Green function from the
spectral representation
X
|Vkσ |2 Gλb (iωn − x).
Σλσ (iωn ) =
k

Using the definition of the Delta function, the resulting self-energy for
the pseudo-fermion is
Z
1
λ
Σσ (iωn ) =
dx ∆(x)(1 − f (x))Gλb (iωn − x) .
(B.5)
π
It can be noted that in contrast to the self-energy for the boson in Eq.
(B.3), there is no sum over the spin here. The combination of Eq. (B.1) with
Eqs. (B.3) and (B.5) forms the self-consistent system of NCA.

B.3

The physical Green function

The non-crossing approximation is used to solve the Anderson model for
the impurity problem. The starting point of the approximation is the introduction of auxiliary particles. The Hamiltonian is rewritten in terms of auxiliary particles and the Green functions are obtained self-consistently from a
set of diagrammatic equations. However, it must be noticed that the physical properties do not depend directly on the auxiliary particles but on the
“physical” Green function
Gλdσ (τ ) = −hTτ dσ (τ )d†σ (0)i.

(B.6)
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This Green function can also be written in terms of the boson and the
pseudo-fermion
Gλdσ (τ ) = −hTτ b† (τ )fσ (τ )fσ† (0)b(0)i,

(B.7)

and calculated perturbatively as
Gλdσ (τ ) = −

hTτ Û (β, 0)b̂† (τ )fˆσ (τ )fˆσ† (0)b̂(0)i0
hÛ (β, 0)i0

(B.8)

.

The physical Green function is different from the other propagators calculated previously.
In the zero order,
λ(0)
Gdσ (τ ) = −hTτ b̂† (τ )fˆσ (τ )fˆσ† (0)b̂(0)i0 ,

and the application of Wick’s theorem leads to
λ(0)
Gdσ (τ ) = −hTτ b̂† (τ )b̂(0)i0 hTτ fˆσ (τ )fˆσ† (0)i0 .

The physical Green function carries the information of the boson and the
pseudo-fermion, it is a sort of convolution. It is represented in Fig. B.4. The
empty dots are not vertices but just the points of creation and destruction of
these auxiliary particles.
Figure B.4: Physical Green function calculated at zero order in terms of the auxiliary
particles.

0

There are no contributions with an odd number of vertices. In the following non trivial order, n = 2, there are several possibilities as shown in
Fig. B.5. The operators from Û (β, 0) can be:
(a) contracted with b̂† (τ ) and b̂(0),
(b) contracted with fˆσ† (τ ) and fˆσ (0),
(c) or one contracted with b̂† (τ ) and fˆσ† (τ ); and the other one with b̂(0) and
fˆσ (0).

Figure B.5: Possible diagrams for
the physical Green function in the
second order.

0

0

0

(a)

(b)

(c)

The successive orders applied as in the case (a) or (b) lead to the dressed
propagators for the auxiliary particles as shown in Fig. B.6.

B.3. The physical Green function
Figure B.6: Dressed physical Green function
calculated in terms of the auxiliary particles.



0

As shown in Fig. B.7(a) when several orders in perturbation are considered, it becomes clear that the diagram like (c) is part of a correction of the
propagator for the conduction electrons. As it has been already mentioned,
this correction vanishes when the projection to the space with Q = 1 is performed. The conduction electrons are not dressed within NCA. There other
possible diagrams like the one shown in Fig. B.7(b), which are crossing diagrams are disregarded. There are no crossing diagrams in NCA.
Figure B.7: (a) Correction of the
propagator for the conduction electrons. (b) Crossing-diagram.

0
0

(a)

(b)

The physical Green function, shown in Fig. B.6, is thus
N CA

Gλdσ (τ ) = −hTτ b† (τ )b(0)ihTτ fσ (τ )fσ† (0)i,

(B.9)

which shows explicitly that within NCA there are no correlations between
the boson and the pseudo-fermion.
Following the same procedure used to write the analytic expressions of
the self-energies, the translation of the diagram for the physical Green function is
1X λ
Gσ (iqn + iωn )Gλb (iqn ),
Gλdσ (iωn ) = −
β iq
n

where iωn is a fermionic frequency and qn is a bosonic frequency. Using the
spectral representation
!
Z
Z
X
−1
1
1
Gλdσ (iωn ) = dx dyρλσ (x)ρλb (y)
,
β iq iqn + iωn − x iqn − y
n

where the expression in brackets is the Matsubara sum to be calculated
!
−1 X
1
1
S=
.
β iq iqn + iωn − x iqn − y
n

Using an auxiliary function in the complex variable z, g(z) =
where b(x) is the Bose distribution function, it can be found
S=

−f (x)
b(y)
+
,
x − y − iωn y − x + iωn

b(z)
,
(iqn +iωn −x)(iqn −y)

B. The non-crossing approximation


thus

ρλb (y)
dy
= − dx
x − y − iωn
Z
Z
ρλσ (x)
+
dy ρλb (y)b(y) dx
y − x + iωn
Z
Z
λ
λ
λ
⇒ Gdσ (iωn ) = − dx f (x)ρσ (x)Gb (x − iωn ) + dy ρλb (y)b(y)Gλσ (y + iωn ),
Z

Gλdσ (iωn )

f (x)ρλσ (x)

Z

and finally,
Gλdσ (iωn )

B.4

Z
=



dx ρλb (x)b(x)Gλσ (x + iωn ) − f (x)ρλσ (x)Gλb (x − iωn ) , (B.10)

The projection into the space of Q = 1

Within NCA, the condition of infinite Coulomb repulsion is kept by imposing a constraint on the total number of auxiliary particles in the localized
level
X
fσ† fσ = 1.
Q = b† b +
σ

This constraint is taken into account with a Lagrange multiplier λ as K =
H + λQ. The only physically relevant quantities are those for which Q = 1.
The diagrammatic derivation of NCA equations has been done without any
restrictions in the number of particles, like in a case with zero chemical potential, where the number of particles is arbitrary. However, in some occasions the constraint was used to simplify the expressions. In a first instance,
during the derivation of the diagrammatic equations is Sec. A.5 it was mentioned that the propagator of the conduction electrons in not dressed within
NCA. This fact reduces the number of diagrams to be considered. It was
argued that the self-energy for the conduction electrons vanish when the
projection into the subspace with Q = 0 is done. In a second instance, in
the derivation of the analytic expressions for the self-energies in Sec. B.2
some contributions were disregarded with the same argument. All these
diagrams and contributions can be kept until the end of the calculations but
it is senseless because they represent processes which are not “physical”. I
present now a discussion on how the projection into the space of Q = 1 can
be performed.

The Abrikosov trick
An expectation value in the grand canonical ensemble (noted with G) is
hAiG =



1
T r e−βK A ,
ZG

B.4. The projection into the space of Q = 1





where ZG = T r e−βK is the grand partition function. Writing explicitly
K = H + λQ,




T r e−βH ζ Q A
T r e−βH e−βλQ A
=
,
hAiG =
T r [e−βH e−βλQ ]
T r [e−βH ζ Q ]
where ζ = e−βλ is the fugacity. The numerator and denominator can be both
differentiated with respect to the fugacity,




∂ζ T r e−βH ζ Q A
T r e−βH ζ Q AQ
hAQiG
=
=
.
−βH
Q
−βH
Q
∂ζ T r [e
ζ ]
T r [e
ζ Q]
hQiG
The expectation value of the numerator is
ZG hAQiG = e−βλ Z1 hAi1 + 2e−βλ2 Z2 hAi2 + · · · ,
where h iQ is the expectation value in the space with Q particles. The denominator is
ZG hQiG = e−βλ Z1 + 2e−βλ2 Z2 + · · · ,
thus
hAQiG
Z1 hAi1 + 2e−βλ Z2 hAi2 + · · ·
,
=
hQiG
Z1 + 2e−βλ Z2 + · · ·
and the projection to the space with Q = 1 can be performed taking λ → ∞
hAi =

hAQiG
.
λ→∞ hQiG
lim

This expression can be further simplified noting that the expectation value
hAiG is
ZG hAiG = Z0 hAi0 + e−βλ Z1 hAi1 + e−βλ2 Z2 hAi2 + · · · ,
and for the operators of interest hAi0 = 0. Therefore,
hAiG
,
λ→∞ hQiG

hAi = lim

and the physical properties can be obtained taking the limit λ → ∞ in the
expressions calculated in the Grand canonical ensemble, with an arbitrary
number of particles. In particular,
Gλdσ (τ )
,
λ→∞ hQiG

Gdσ (τ ) = lim

(B.11)

is the appropriate expression for the physical Green function. It depends on
the Green functions for the auxiliary particles. To calculate the limit, it must
be shown that the limit for these Green functions and also the limit of the
denominator are well defined.

B. The non-crossing approximation



The Lehmann representation
To probe the effect of the limit it is convenient to work with the Lehmann’s
representation introduced in Sec. A.4. For the auxiliary particle a,
Gλa (τ ) = −hTτ a(τ )a† (0)iG ,
which for τ > 0,


1
Gλa (τ > 0) = − T r e−βK eτ K ae−τ K a† ,
ZG
 −βK 
with ZG = T r e
. Introducing a base {|qi} of eigenstates of K with an
arbitrary number of particles,
−1 X −βλQq τ λ(Qq −Qq0 ) −βEq τ (Eq −Eq0 )
Gλa (τ > 0) =
e
e
e
e
hq|a|q 0 ihq 0 |a† |qi,
ZG q,q0
which in the frequency domain becomes
Gλa (iωn ) =

−1 X −βλQq −βEq e[iωn +λ(Qq −Qq0 )+(Eq −Eq0 )]β − 1
e
e
hq|a|q 0 ihq 0 |a† |qi.
ZG q,q0
iωn + λ(Qq − Qq0 ) + Eq − Eq0

Since iω can be bosonic or fermionic, eβiω = ±1, with + (−) for bosons
(fermions). Using this, the Lehmann representation of the Green function
is
1 X e−(λQq +Eq )β − (±)e−(λQq0 +Eq0 )β
hq|a|q 0 ihq 0 |a† |qi.
Gλa (iωn ) =
ZG q,q0 iωn + λ(Qq − Qq0 ) + Eq − Eq0

The limit λ → ∞ for the Green functions
The states |qi and |q 0 i in the Lehmann’s representation cannot differ in more
than one particle, thus
1 X e−(λQq +Eq )β − (±)e−(λQq +λ+Eq0 )β
Gλa (iωn ) =
|hq|a|q 0 i|2 δ(Qq0 − Qq − 1).
ZG q,q0
iωn − λ + Eq − Eq0
Shifting the energy scale iωn + λ, the only dependence on λ is in the
exponent,
1 X e−(λQq +Eq )β − (±)e−(λQq +λ+Eq0 )β
|hq|a|q 0 i|2 δ(Qq0 −Qq −1),
Gλa (iωn +λ) =
ZG q,q0
iωn + Eq − Eq0
and the limit is straight forward because the terms that survives are the
ones with Qq = 0. Calling |αi and |α0 i the states with Qq = 0 and Qq = 1
respectively,
1 X −βEα
1
e
|hα|a|α0 i|2 ,
lim Gλa (iωn + λ) =
λ→∞
Z0 α,α0
iωn + Eα − Eα0
where it was used also the fact that limλ→∞ ZG = Z0 . The limit exists and is
finite. The projected Green function can be defined as
Ga (iωn ) ≡ lim Gλa (iωn + λ).
λ→∞

(B.12)
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Analytic prolongation and density of states
As it was discussed in Sec. A.4, the retarded Green function can be recovered from the Matsubara Green function by replacing iωn → ω + iη with
η a positive infinitesimal Gra (ω) = limη→0+ Ga (ω + iη). In turn, the density
of states can be obtained taking the imaginary pat of the retarded Green
λ
GIr
function ρa (ω) = −1
a (ω), thus ρa (ω) is the imaginary part of
π
1 X
e−(λQq +Eq )β − (±)e−(λQq +λ+Eq0 )β
lim+
|hq|a|q 0 i|2 δ(Qq0 − Qq − 1),
ZG q,q0 η→0
ω + iη − λ + Eq − Eq0
which using the Sokhatsky-Weierstrass theorem
lim+

η→0

1
1
= ℘ − iπδ(ω),
ω + iη
ω

and shifting the frequency to ω + λ, the density of states ρλa (ω + λ) =
1 X −(λQq +Eq )β
− (±)e−(λQq +λ+Eq0 )β )δ(ω + Eq − Eq0 )|hq|a|q 0 i|2 δQq0 ,Qq +1 .
(e
ZG q,q0
Taking the limit λ → ∞
lim ρλa (ω + λ) =

λ→∞

1 X −βEα
e
δ(ω + Eα − Eα0 )|hα|a|α0 i|2 ,
Z0 α,α0

which is defined as the projected density of states
ρa (ω) ≡ lim ρλa (ω + λ).
λ→∞

(B.13)

The limit for the operator Q
The expectation value of the operator Q,
hQiG (τ ) = hb† (τ )b(τ )iG +

X
hfσ† (τ )fσ (τ )iG ,
σ

can be calculated taking into account that the Green functions when τ = τ 0
satisfy
Gλa (0) = −hTτ (a(τ )a† (τ )iG = ±ha† (τ )a(τ )iG ,
where + is for fermions and − for bosons. Therefore,
X
hQiG (τ ) = −Gλb (0) +
Gλσ (0).
σ

Instead of calculating Gλa (0), it is convenient to determine Gλa (η) with
η → 0. This Green function can be obtained anti-transforming from the
frequency domain,
1 X −iωn η λ
Gλa (η) =
e
Ga (iωn ),
β n

B. The non-crossing approximation



where using the spectral representation,
Gλa (η)

Z
=

dxρλa (x)

1 X e−iωn η
.
β n iωn − x

After performing the Matsubara sum S(x) = β1
η → 0,
Z
λ
Ga (0) = ± dxρλa (x)g(x),

P

e−iωn η
n iωn −x

and making

where the sign is + (−) and ga is the Fermi (Bose) distribution function for
fermions (bosons). Teh expectation value of the Q operator is thus
"
#
Z
X
hQiG =
dx ρλb (x)b(x) +
ρλσ (x)f (x) .
σ

In order to take the limit λ → ∞, the energies are shifted x → x + λ,
#
"
Z
λ
X ρλ (x + λ)
ρ
(x
+
λ)
σ
b
+
,
hQiG = e−βλ dx βx
βx + e−βλ
e − e−βλ
e
σ
and using the result from Eq. (B.13)
lim eβλ hQiG =

Z

λ→∞

"
dx e−βx ρb (x) +

#
X

ρσ (x) ,

(B.14)

σ

which is the partition function Z1 .

The limit for the physical propagator
In order to obtain the projected physical Green function it is convenient to
write Eq. (B.11) as
eβλ Gλ (iωn )
,
Gd (iωn ) = lim βλ d
λ→∞ e
hQiG
where from Eq. (B.10)
Z


λ
Gdσ (iωn ) =
dx ρλb (x)b(x)Gλσ (x + iωn ) − f (x)ρλσ (x)Gλb (x − iωn ) .
Multiplying by eβλ and shifting x → x + λ,

Z
1
βλ λ
e Gdσ (iωn ) =
dx βx
ρλ (x + λ)Gλσ (x + λ + iωn )
e − e−βλ b

1
λ
λ
− βx
ρ (x + λ)Gb (x + λ − iωn ) ,
e + e−βλ σ
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thus, using the results from Eq. (B.12) and Eq. (B.13), the limit λ → ∞ gives
Z
βλ λ
lim e Gdσ (iωn ) =
dxe−βx [ρb (x)Gσ (x + iωn ) − ρσ (x)Gb (x − iωn )] ,
λ→∞

and finally, combining with Eq. (B.14)
1
Gd (iωn ) =
Z1

Z

dxe−βx [ρb (x)Gσ (x + iωn ) − ρσ (x)Gb (x − iωn )] .

(B.15)

The physical density of state
Recovering the retarded Green function from Eq. (B.15),
Z
1
r
lim dxe−βx [ρb (x)Grσ (x + ω + iη) − ρσ (x)Grb (x − ω − iη)] ,
Gd (ω) =
Z1 η→0
and taking the imaginary part,
Z
−π
rI
Gd (ω) =
dxe−βx [ρb (x)ρσ (x + ω) − ρσ (x)ρb (x − ω)] ,
Z1

(B.16)

and
1
ρd (ω) =
Z1

Z

dxe−βx [ρb (x)ρσ (x + ω) − ρσ (x)ρb (x − ω)] .

(B.17)

A PPENDIX C

NCA out of equilibrium

In this appendix I present the details concerning the extension of the noncrossing approximation to treat non-equilibrium problems. As it is discussed in Sec. A.5 from App. A the NCA is an approximation conceived
to solve the Anderson model for the impurity problem. However, as it has
been pointed put by Meir and Wingreen [Meir and Wingreen, 1992], in some
cases the transport through an interacting region can be modelled using the
Anderson model. This is reasonable since in nanoscopic devices it is possible to have regions where electrons are very confined and behave as artificial
atoms, with localized levels and a discrete energy spectrum. If the regions
are small enough, the levels are very localized and the Coulomb repulsion
is relevant. In a certain regime, an electron occupying the localized level
with spin up or down plays the role of a single “impurity”. Like in a metal,
the impurity is hybridized since the conduction electrons from the source
and drain leads connected to the confined region can occupy the localized
states. In turn, a localized electron can jump back to the conducting leads.
The NCA is a very useful tool since it can be extended to solve the Anderson
model out of equilibrium [Wingreen and Meir, 1994].

C.1

Model

In the model for the transport problem, the system is divided as
H = HL + HR + HC + HM IX ,
where Hν is the Hamiltonian of the left (ν = L) or right (ν = R) leads, which
can be described like a metal
X
Hν =
k,ν,σ c†kνσ ckνσ ,
k,ν,σ

with different chemical potentials µν , thus k,ν,σ = k,σ −µν . HC is the Hamiltonian of the central conductor. It is described as a set of discrete energy levels, which is the case for very confined electronic systems such us quantum
dots in semiconductors and molecules. The Coulomb repulsion U measures
the energy cost to put two electrons in the same localized level. In the particular case of a single spin-degenerate energy level Ed
X
HC =
Ed d†σ dσ + U d†↑ d↑ d†↓ d↓ .
σ

C.2. Representation in terms of auxiliary particles



Last, HM IX is Hamiltonian for the mixing between the conduction and
localized electrons. It describes the processes in which electrons come into
or leave the central conductor from or towards the leads

X
HM IX =
Vkνσ c†kνσ dσ + H.c. .
kνσ

The complete Hamiltonian is
X
X
H =
k,ν,σ c†kνσ ckνσ +
Ed d†σ dσ + U d†↑ d↑ d†↓ d↓
σ

k,ν,σ

+

X


Vkνσ c†kνσ dσ + H.c. ,

(C.1)

kνσ

which reminds the Anderson impurity model. In fact, since the localized
electron couples only with a linear combination of conduction states, the
model is a SU(2) Anderson model.
The transport properties can be calculated with the general expression
for the current derived by Meir and Wingreen[Meir and Wingreen, 1992]
Z
 
ie
dω tr (ΓL fL (ω) − ΓR fR (ω))(Gr (ω) − Ga (ω))
I =
2h


+ tr (ΓL − ΓR )G< (ω) ,
where fL (fR ) is the Fermi distribution function P
from the left (right) reser∗
ν
δ(ω − kν ) and
voir, Γ is the hybridization matrix, Γν (ω) = 2π k Vkνσ Vkνσ
r,a,<
G
are the retarded, advanced and lesser Green functions. They are determined by the properties of the central conductor. In the context of the
Hamiltonian from Eq. (C.1), these Green functions are the result of solving
the interacting problem in the presence of the leads with different chemical
potentials.
Before stating with the details, as discussed in Sec. A.6 there are useful
relations between the propagators. Using the result from Eq. (A.45), Gr −
Ga = G> − G< , the current can be calculated just in terms of the lesser and
greater Green functions.

C.2

Representation in terms of auxiliary particles

In order to solve the Hamiltonian from Eq. (C.1), the possible occupations
of the energy level {|0i, |σi, | ↑↓i} are represented by new particles called
auxiliary particles. In the limit of infinite Coulomb repulsion the double
occupation is forbidden. The completeness relation is
X
|0ih0| +
|σihσ| = 1,
σ

and the auxiliary particles are introduced with the identification

|0i → b† |vaci
|σi → fσ† |vaci

C. NCA out of equilibrium



where fσ† is the creation operator for a pseudo-fermion (to differentiate it
from the true fermion) and b† represents the slave or vacuum boson. The
completeness relation can be insured introducing the operator
Q = b† b +

X

fσ† fσ ,

σ

and imposing the constraint Q = 1. The physical fermion d†σ = |σih0| can
be written in terms of auxiliary particles as d†σ = fσ† b. The occupation of the
localized level implies the destruction of the vacuum boson accompanied
with the creation of a pseudo-fermion.
The Hamiltonian can be also written in the representation of auxiliary
particles. Introducing the constraint with a Lagrange multiplier λ as K =
H + λQ, the Hamiltonian can be separated as K = K0 + K1 with
K0 = HL + HR +

X

(Ed + λ)fσ† fσ + λb† b,

σ

K1 =

X

Vkνσ c†kνσ b† fσ


+ H.c. .

(C.2)

kνσ

It is worthy noting that the Coulomb repulsion seems to be lost. In fact,
the restriction to the space of Q = 1 guarantees the effect of the infinite repulsion: there is only one auxiliary particle at the time (vacuum or pseudofermion) in the level.

C.3

The physical propagator in the representation
of auxiliary particles

From the definitions given in Eqs. (A.43) and (A.44), the lesser and greater
Green functions for the physical fermion are
0
† 0
G<
d,σ (t − t ) = ihdσ (t )dσ (t)i,

(C.3)

0
† 0
G>
d,σ (t − t ) = −ihdσ (t)dσ (t )i,

(C.4)

and the retarded and advanced Green functions are
Grd,σ (t − t0 ) = −iθ(t − t0 )h{dσ (t), d†σ (t0 )}i,
Gad,σ (t

0

0

− t ) = iθ(t −

t)h{dσ (t), d†σ (t0 )}i.

(C.5)
(C.6)

It has been considered that in the stationary regime these propagators
depend only on the difference of times, t − t0 . They can be written in terms
of the auxiliary particles. From the definition of the lesser propagator (Eq.
(C.3))
0
† 0
0 †
G<
d,σ (t − t ) = ihfσ (t )b(t )b (t)fσ (t)i,

C.4. NCA diagrammatic expansion



which as discussed in App. B within NCA factorizes as a product of the
expectation value for each auxiliary particle,
0
G<
d,σ (t − t )

N CA

ihfσ† (t0 )fσ (t)ihb(t0 )b† (t)i.

=

Introducing the lesser and greater Green functions for the pseudo-fermion
and the vacuum boson,
0
G<
σ (t − t )
0
G>
σ (t − t )
D< (t − t0 )
D> (t − t0 )

=
=
=
=

ihfσ† (t0 )fσ (t)i,
−ihfσ (t)fσ† (t0 )i,
−ihb† (t0 )b(t)i,
−ihb(t)b† (t0 )i,

(C.7)
(C.8)
(C.9)
(C.10)

the physical propagators within NCA can be calculated as
0
G<
d,σ (t − t )

N CA

=

0
> 0
iG<
σ (t − t )D (t − t),

(C.11)

0
G>
σ (t − t )

N CA

0
iD< (t0 − t)G>
σ (t − t ).

(C.12)

=

In the frequency domain,
dω 0 < 0
G (ω + ω)D> (ω 0 ),
2π σ
Z
dω 0 > 0
>
Gd,σ (ω) = i
Gσ (ω + ω)D< (ω 0 ).
2π

G<
d,σ (ω)

Z

= i

(C.13)
(C.14)

In order to solve the problem out of equilibrium and calculate the transport properties, it is necessary to find the physical lesser and greater Green
functions defined in Eqs. (C.3) and (C.4). They can be obtained from the
auxiliary particles via Eqs. (C.13) and (C.14). The problem is now to calcu<
>
<
late four propagators instead of two: G>
σ , Gσ , D and D .

C.4

NCA diagrammatic expansion

The building blocks
The Green functions for the auxiliary particles defined in Eqs. (C.7)-(C.10)
can be calculated in a perturbative expansion. The coupling between the
conduction conduction electron and the central conductor described by K1
(Eq. (C.2)) is treated as a perturbation. Considering the result of Eq. (A.48),
the lesser Green function for the pseudo-fermion can be calculated as
Z
Z
X
<
0
n
Gσ (t − t ) = i
(−i)
ds1 · · · dsn hTC fˆσ† (t0 )K̂1 (s1 ) · · · K̂1 (sn )fˆσ (t)i0 ,
n

where s1 · · · sn are time variables living in the Keldysh contour, TC is the
time-order operator in the contour and only the connected topologically
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ˆ notation is used for the
different diagrams have to be considered. The hat
operators in the interaction picture. The zero order gives the non-perturbed
lesser Green function
gσ< (t − t0 ) = ihfˆσ† (t0 )fˆσ (t)i0 ,
represented as a continuous-line arrow in Fig. C.1. In the lesser Green function it is implicit that the creation occurs after the destruction. The arrow
goes from the lower towards the upper branch of the Keldysh contour.
−
Figure C.1: Naked lesser propagator for the
pseudo-fermion.

+
−

The other non-perturbed propagators are
gσ> (t − t0 ) = −ihfˆσ (t)fˆσ† (t0 )i0
d< (t − t0 ) = −ihb̂† (t0 )b̂(t)i0 ,
d> (t − t0 ) = −ihb̂(t)b̂† (t0 )i0 ,
which are represented in Fig. C.2.
−

−

−

+
−

+
−

+
−

(a)

(b)

(c)

Figure C.2: Naked greater propagator for (a) the pseudo-fermion and (c) the boson. (b)
Naked lesser propagator for the boson.

For the greater propagators, the destruction occurs after the creation.
The direction if from the upper branch towards the lower branch. The propagator for the boson is represented with a wavy line. The other important
Green function is that for the conduction electrons
<
gkνσ
(t − t0 ) = ihĉ†kνσ (t0 )ĉkνσ (t)i0 ,
>
gkνσ
(t − t0 ) = −ihĉkνσ (t)ĉ†kνσ (t0 )i0 ,

which are represented in Fig. C.3 with dashed-lines arrows.
Figure C.3: Naked (a)lesser and
(b)greater propagator for the conduction electrons.

−

−
+

−

+
−

(a)

(b)

The naked propagators represented in Figs. C.1, C.2 and C.3 are the
building blocks for the diagrammatic expansion.
The link between these blocks is given by the vertices of the theory. From
∗
K1 , these are (i) Vkνσ c†kνσ b† fσ and (ii) Vkνσ
fσ† bckνσ . They are represented in Fig.
C.4.
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Figure C.4: Vertices of the perturbation K1
described in the text.
(i)

(ii)

The vertex (i) represents an electron that leaves the localized level destructing a pseudo-fermion and creating a vacuum boson together with the
creation of a conduction electron in the lead. (ii) describes the opposite, and
electron that is destroyed in the lead and created in the conductor, together
with the destruction of the vacuum boson.

Diagrammatic expansion to second order and further
The next non trivial order in perturbations is n = 2. There are two vertices
that can be in the upper or in the lower branch of the contour. This means
that there are 22 = 4 possibilities for the vertices. The diagrammatic expansion up to second order for the pseudo-fermion lesser Green function is
shown in Fig. C.5.
=

+

+

+

+

+ ...

Figure C.5: Diagrammatic expansion to second order for the lesser propagator of the
pseudo-fermion.

The diagrammatic expansion is similar to the case in equilibrium explained in Sec. A.5. The problem is now that all the possible diagrams
can now be in the upper or in the lower branch of the contour or shared in
both!. The structure is like
G< (ω) = g < (ω) + g < (ω)ΣT (ω)GT (ω) + g T̃ (ω)Σ< (ω)GT (ω)
+ g < (ω)Σ> (ω)G< (ω) + g T̃ (ω)ΣT̃ (ω)G< (ω),
where Σ is the self-energy. In this case, it is a “bubble” formed by the propagator of the boson and of the conduction electrons. If this self-energy is
replaced the irreducible self-energy, which is the sum over all the different
self-energy contributions, the result is the non-equilibrium Dyson equation.
It can be shown that within NCA, where all the diagrams with crossings of
propagators of conduction electron are not taken into account, it is possible
to do this resummation.
In order to illustrate how this resummation can be done, the expansion
is continued up to n = 4. There are four vertices and therefore 24 = 16 possible positions in the contour. Moreover, there are two topologically different diagrams that can be constructed according to the possible contractions
compatible with Wick’s theorem. These two diagrams are shown in Fig. C.6.
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Figure C.6: Possible connected diagrams
that can be constructed with four vertices.

The first diagram is reducible since it can be cut with a vertical line without cutting a propagator in the middle and the second one is irreducible.
The contribution in the n = 4 order can be separated as contributions to
ΣT , Σ< , Σ> and ΣT̃ . The general form of the perturbative expansions in the
Keldysh formalism was discussed in Sec. A.6 of App. A.
(- -) The contributions of n = 4 to the anti-time-ordered self-energy ΣT̃ (or
Σ−− ) are shown in Fig. C.7

Figure C.7: Contributions of n = 4 to ΣT̃ .

(-+) The contributions of n = 4 to the lesser self-energy Σ< (or Σ−+ ) are
shown in Fig. C.8

Figure C.8: Contributions of n = 4 to Σ< .
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(+-) The contribution of n = 4 to the greater self-energy Σ> (or Σ+− ) are
shown in Fig. C.9

Figure C.9: Contributions of n = 4 to Σ> .

(++) Finally, the contributions of n = 4 to the time-ordered self-energy ΣT
(or Σ++ ) are shown in Fig. C.10

Figure C.10: Contributions of n = 4 to ΣT .

There are 32 new diagrams in addition to the old four and the naked
propagators. In each of these expansions the reducible and irreducible contributions can be separated. The irreducible terms can be put all together
and factorized appropriately as shown in Fig. C.11 for the contributions to
the lesser self-energy.
+

+

+

+

+

...

+

+

+

+

+

...

Figure C.11: Factorization of the irreducible diagrams that contribute to the lesser selfenergy.

The expression in brackets is the dressed boson lesser propagator. This is
the NCA resummation. It is possible because the crossing diagrams are disregarded (which allows to take the propagator of the conduction electron as
a common factor). In the irreducible lesser self-energy shown in Fig. C.12 all
the irreducible diagrams to all orders in perturbations are considered. The
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Figure C.12: Correction of the lesser Green
function with the irreducible lesser selfenergy.

time-ordered, greater and anti-time-ordered irreducible self-energies can be
found analogously.
The irreducible self-energy bubbles can be inserted in the reducible diagrams. The resulting diagrammatic expansion for the lesser Green function
of the pseudo-fermion is show in Fig. C.13.
=

...

+

+

+

+

+

+

+

+

+

+

+

+

...

+

+

+

+

+

+

...

+

+

+

+

+

+

...

Figure C.13: Diagrammatic expansion for the lesser Green function of the pseudo-fermion.
All the self-energy bubbles in the reducible diagrams have been replaced by the corresponding irreducible self-energies.

With the appropriate factorization, this expansion can be greatly simplified and shown to take the form of a non-equilibrium Dyson equation. The
set of non-equilibrium NCA equations is presented in Fig. C.14.

=

=

+

+

+

+

+

+

+

+

Figure C.14: Out-of-equilibrium NCA Dyson equations.

The results for the pseudo-fermion and boson lesser Green functions
are put together in the figure since they form the core of the approximation. These equations have to be solved self-consistently. The NCA is a
non-perturbative approximation since it takes into account infinite orders
in perturbations.

C.5. Analytic expressions

C.5



Analytic expressions

It can be noticed that the lesser Green functions depends on the four selfenergies (time-ordered, lesser, greater and anti-time-ordered) which in turn,
depend on the four dressed Green functions. The problem seems quite complicated. This is the structure of the Dyson equation in the Keldysh formalism. However, it was shown in Sec. A.8, that the lesser component of the
Dyson equation can be calculated as (see Eq. (A.58))
G≶ = Gr Σ≶ Ga ,
D ≶ = D r Π≶ D a ,
hence it is only necessary to calculate the lesser and greater self-energies.
The retarded and advanced Green functions satisfy standard Dyson equations
1
,
ω − Ed − Σr,a
σ (ω)
1
,
Dr,a (ω) =
ω − E0 − Πr,a (ω)
Gr,a
σ (ω) =

and as it shown in the following, the retarded and advanced self-energies
can be obtained from the lesser and greater.

Pseudo-fermion lesser self-energy
The lesser self-energy for the pseudo fermion is shown in Fig. C.15.

Figure C.15:
fermion.

Lesser self-energy for the pseudo-

In order to derive the analytic expression for the self-energy, it is easier
to write the expression for the diagram obtained to second order and then
replace the naked propagator of the boson for the dressed one.
The lesser Green function of the pseudo-fermion to second order is
Z
Z
<(2)
0
2
ds1 ds2 hTC fˆσ† (t0 )K̂1 (s1 )K̂1 (s2 )fˆσ (t)i0 ,
Gσ (t − t ) = i(−i)
and writting explicitly the perturbation K1
Z
Z
X
<(2)
2
2
Gσ (t) = i(−i)
|Vν |
ds1 ds2 hTC fˆσ† (0)ĉ†kνσ (s1 )b̂† (s1 )fˆσ (s1 )
k k0 νσ
†
×fˆσ (s2 )b̂(s2 )ĉk0 νσ (s2 )fˆσ (t)i0 ,
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. For the lesser self-energy, s1 ∈ C2 (the lower branch) and s2 ∈ C1 . The
contour integrals can be turn into real time integrals
G<(2)
(t)
σ

“<”

= i(−i)

X

2

2

−∞

Z

|Vν |

+∞

dt1
+∞

νσkk0

Z

−∞

dt2 hTC fˆσ† (0)ĉ†kνσ (t1 )b̂† (t1 )fˆσ (t1 )

×fˆσ† (t2 )b̂(t2 )ĉk0 νσ (t2 )fˆσ (t)i0 ,
and according to Wick’s theorem, there is only one possible contraction that
leads to a connected diagram
Z
Z
X
“<”
2
2
<(2)
|Vν |
dt1 dt2 hĉ†kνσ (t1 )ĉk0 νσ (t2 )i0 hb̂† (t1 )b̂(t2 )i0
Gσ (t) = −i(−i)
νσkk0
hT̃ fˆσ (t1 )fˆσ† (0)i0 hT fˆσ (t)fˆσ† (t2 )i0 .

This can be written in terms of the non-perturbed propagators
Z
Z
X
“<”
<(2)
2
T̃
<
<
Gσ (t) = −i
|Vν |
dt1 dt2 gσT (t − t2 )gkk
0 ,νσ (t2 − t1 )d (t2 − t1 )gσ (t1 ),
νσkk0
<
<
and since gkk
0 ,νσ = gkνσ δk,k 0 ,

G<(2)
(t)
σ

“<”

= −i

X

2

Z

|Vν |

Z

<
dt2 gσT (t − t2 )gkνσ
(t2 − t1 )d< (t2 − t1 )gσT̃ (t1 ).

dt1

νσk

Thus, in second order
G<(2)
(t)
σ

Z

“<”

= −

Z

dt2 gσT (t − t2 )Σ<(2) (t2 − t1 )gσT̃ (t1 ).

dt1

with the self-energy
Σ<(2)
(t2 − t1 ) = i
σ

X

<
|Vν |2 gkνσ
(t2 − t1 )d< (t2 − t1 ),

kν

which is the translation of the bubble self-energy diagram. The irreducible
diagram can be obtained replacing the non-perturbed boson propagator by
the dressed one
X
N CA
<
(t2 − t1 )D< (t2 − t1 ).
Σ<
= i
|Vν |2 gkνσ
σ (t2 − t1 )
kν

In the frequency domain,
Σ<
σ (ω)

=i

X
kν

2

|Vν |

Z

dω 0 <
g (ω − ω 0 )D< (ω 0 ) .
2π kνσ

The greater self-energy can be obtained changing <→>.

(C.15)
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Figure C.16: Lesser self-energy for the boson.

Boson self-energy
The diagram for the boson self-energy is shown in Fig. C.16.
The analytic expression can be found analogously,
X
N CA
>
Π< (t1 − t2 ) = −i
|Vν |2 gkk,νσ
(t1 − t2 )G<
σ (t2 − t1 ),
kνσ

and the Fourier transform
Z
dω 0 X
>
0
<
|Vν |2 gkk,νσ
(ω 0 − ω)G<
Π (ω) = −i
σ (ω ) .
2π kνσ

C.6

(C.16)

Retarded and advanced Green functions

The retarded and advanced Green functions can be obtained from the lesser
and greater with help of the relations between propagators
Gr (t) = −θ(t)(G< (t) − G> (t)),
Ga (t) = −θ(−t)(G> (t) − G< (t)).
The most important contribution comes from the greater Green functions
since for the lesser, there is first a destruction operator acting on the ground
state. Thus
Gr (t) = +θ(t)G> (t),
Ga (t) = −θ(−t)G> (t),
which can be transformed to the frequency domain
Z
r
dtθ(t)G> (t)eiωt .
G (ω) =
Using the spectral representation of the Heaviside function, θ(t) = i
1
where θ(ω 0 ) = ω0 +iη
with η → 0+ ,
Z
dω 0 G> (ω 0 )
r
G (ω) = i
,
2π ω − ω 0 + iη

R

0
dω 0
θ(ω 0 )e−iω t ,
2π

(C.17)

and for the advanced 1
Z

a

G (ω) = i
1

Here it has been used θ(−t) = −i

R

dω 0 G> (ω 0 )
.
2π ω − ω 0 − iη

dω 0
0 −iω 0 t
,
2π θ(ω )e

where θ(ω 0 ) =

(C.18)
1
ω 0 −iη

with η → 0+
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It can be verified Ga (ω + iη) = Gr (ω − iη)
Analogously, for the boson
Z
dω 0 D> (ω 0 )
r
D (ω) = i
,
2π ω − ω 0 + iη

(C.19)

and for the self-energies
0
dω 0 Σ>
σ (ω )
,
2π ω − ω 0 + iη
Z
dω 0 Π> (ω 0 )
r
Π (ω) = i
.
2π ω − ω 0 + iη

Σrσ (ω)

Z

= i

(C.20)
(C.21)

A PPENDIX D

Details of the calculation for the
orbital Kondo spectroscopy

This appendix is a complement to Chapters 7 and 8. We have modelled
the transport through a double-quantum dot system with an SU(4) Anderson model. Since each of the dots is connected to its own pair of sourcedrain leads, we have modified our calculation scheme to allow for four different chemical potentials. We solve the model with the extension of the
non-crossing approximation (NCA) out of equilibrium. The diagrammatic
equations of NCA in equilibrium are derived in Sec. A.5 of App. A. They
correspond to the SU(2) Anderson model, i.e. only one level with spin degeneracy is considered. We work in a limit of very large (infinite) Coulomb
repulsion in which the double occupation of the level is forbidden. The
NCA equations have to be solved self-consistently. The details of the approximation are discussed in App. B. Although the NCA is not the most
robust numerical technique to solve the impurity problem (in comparison
with the numerical renormalization group (NRG) for example), one of the
advantages of NCA is that it can be extended very easily out of equilibrium.
Since it is a diagrammatic approximation, it is possible to obtain the set of
NCA equations out of equilibrium using the Keldysh formalism. It is like
a translation of the diagrams to the Keldysh contour. This is discussed in
App. C. Taking this as a departure point, I present in Sec. D.1 the modifications that are necessary in the double-quantum dot problem. In addition, in
Sec. D.2 there is a proof of the conservation of the current within NCA.

D.1

Numerical calculation within non-crossing approximation

Model
An scheme of the double-quantum dot system is shown in Fig. D.1.
Our model for this double quantum dot (QD) problem close to SU(4)
symmetry considers a singlet configuration mixed with two spin doublets
|iσi corresponding to one additional electron (or hole) in QD i. The Hamil-
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Figure D.1: Scheme of the doublequantum dot (DQD) system.

tonian for our model can be separated as H = HL + HR + HC + HM IX , where
Hν =

X

k,ν,i,σ c†kνiσ ckνiσ ,

k,ν,i,σ

describes the four metallic leads labelled with ν (left or right; also source or
drain) which are coupled to dot i. Within our model, the double quantum
dots in the central region are described with two doublets with energies Ei ,
i = 1, 2 and an infinite inter-dot and intra-dot electrostatic repulsion
HC =

X

Ei d†iσ diσ + Coulomb repulsion.

i,σ

In this limit, it is not possible to have more than one electron in total. The
coupling between the leads and the dots is described with the hybridization
Hamiltonian,


X
†
HM IX =
Vνi ckνiσ diσ + H.c. ,
kνiσ

where we take momentum independent tunnel matrix elements Vνi . The
couplings of each QD to the source and drain leads are ΓSi and ΓDi respectively, where Γνi = 2π|Vνi |2 ρνi and ρνi is the density of states of the conduction electrons in lead νi considered constant.

The current
The current through each quantum dot In can be calculated with the general
expression derived in Sec. A.7
Z
X


ei
dω
[ΓSn (ω)fSn (ω) − ΓDn (ω)fDn (ω)] Grdn,nσ − Gadn,nσ (ω)
In =
2h
σ
+ [ΓSn (ω) − ΓDn (ω)] G<
dn,nσ (ω) .

(D.1)

where fSn (fDn ) is the Fermi function for the electrons in the source (drain)
lead coupled to dot n. The total
P current can be found just adding the contributions from both QDs, I = n In . The Keldysh Green functions involved
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in the calculation are defined (in stationary conditions) as
†
0
0
G<
dij,σ (t − t ) = +ihdjσ (t )diσ (t)i,
0
G>
dij,σ (t − t ) =

Grdij,σ (t − t0 ) =
Gadij,σ (t − t0 ) =

−ihdiσ (t)d†jσ (t0 )i,
−iθ(t − t0 )h{diσ (t), d†jσ (t0 )}i,
+iθ(t0 − t)h{diσ (t), d†jσ (t0 )}i.

(D.2)
(D.3)
(D.4)
(D.5)

Representation in auxiliary particles
In the limit considered here of infinite coulomb repulsion, the possible occupations are the singlet state represented as a vacuum |0i and the doublets
P |iσi. The completeness relation can be expressed as Q = |0ih0| +
iσ |iσihiσ| = 1. This states can be represented by auxiliary particles by
the identification

|0i → b† |vaci
†
|iσi → fiσ
|vaci
†
where fiσ
is the pseudo-fermion creation operator and b† creates an slaveboson. In contrast to the SU(2) case analysed in App. B, there are two
pseudo-fermions. The creation and destruction operators for the physical
†
b.
fermion can be written in terms of auxiliary particles as d†iσ = fiσ
The Hamiltonian can be also rewritten in terms of auxiliary particles.
The infinite Coulomb repulsion can be taken into account imposing the constraint Q = 1. This in included in the Hamiltonian with a Lagrange multiplier, K = H + λQ. Separating the Hamiltonian as K = K0 + K1 ,
X
†
K0 = HL + HR +
(Ei + λ)fiσ
fiσ + λb† b,
(D.6)
iσ

K1 =

X


Vνi c†kνiσ b† fiσ + H.c. ,

(D.7)

kνiσ

where K1 is treated as a perturbation.

Representaiton of the Green functions
The lesser and greater Green functions defined in Eqs. (D.2) and (D.3) can
be calculated in terms of the Green functions of auxiliary particles. Within
NCA, the physical Green functions can be calculated as
0
G<
dij,σ (t − t )

N CA

=

†
ihfjσ
(t0 )fiσ (t)ihb(t0 )b† (t)i,

because there are no correlations between the slave boson and the pseudofermion. Introducing the definitions
†
0
0
G<
ij,σ (t − t ) = +ihfjσ (t )fiσ (t)i,

(D.8)

†
0
0
G>
ij,σ (t − t ) = −ihfiσ (t)fjσ (t )i,

(D.9)

D< (t − t0 ) = −ihb† (t0 )b(t)i,
D> (t − t0 ) = −ihb(t)b† (t0 )i,

(D.10)
(D.11)
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the physical Green functions can be expressed as a convolution of the propagators of the auxiliary particles
Z
dω 0 <
<
G (ω 0 + ω)D> (ω 0 ),
(D.12)
Gdij,σ (ω) = i
2πQ ij,σ
Z
dω 0 >
>
(D.13)
Gdij,σ (ω) = i
G (ω 0 + ω)D< (ω 0 ).
2πQ ij,σ
The operator Q comes from the projection process into the space of Q = 1.
The numerical solution of the problem consists in the determination of G>
ij,σ ,
<
>
<
Gij,σ , D and D .

Diagrammatic expansion and analytic expressions
The non-equilibrium Green functions for the auxiliary particle can be obtained self-consistently within NCA. The lesser contribution to the nonequilibrium Dyson equation is shown in Fig. D.2.
V

=

+

+

...

Figure D.2: Lesser contribution
to the non-equilibrium Dyson equations within NCA.

V*
V

=

+

+

...

V*

As discussed in Sec. C.5 from App. C, it is possible to show that the
lesser (greater) component of the Dyson equation depends only on the lesser
(greater) self-energy
G≶ = Gr Σ≶ Ga ,
D≶ = Dr Π≶ Da .

(D.14)
(D.15)

The analytic expressions for the self-energies can be obtained from the
bubble diagrams in Fig. D.2
Z
X
dω 0
<
Σn,σ (ω) = −
Γνn
fνn (ω − ω 0 )D< (ω 0 ),
(D.16)
2π
ν
Z
X
dω 0
<
0
Π (ω) = −2
Γνn
(1 − fνn (ω 0 − ω))G<
(D.17)
nn,σ (ω ),
2π
νn
Z
X
dω 0
>
Σn,σ (ω) =
Γνn
(1 − fνn (ω − ω 0 ))D> (ω 0 ),
(D.18)
2π
ν
Z
X
dω 0
>
0
Π (ω) = 2
Γνn
fνn (ω 0 − ω)G>
(D.19)
nn,σ (ω ).
2π
νn

D.2. Current Conservation



The retarded and advanced self-energies can be calculated from the greater
self-energies by a Krammers-Kronning transformation
0
dω 0 Σ>
n,σ (ω )
,
2π ω − ω 0 ± iη
Z
dω 0 Π> (ω 0 )
r,a
Π (ω) = i
,
2π ω − ω 0 ± iη

Σr,a
n,σ (ω)

Z

= i

(D.20)
(D.21)

where the sign + (−) is for the retarded (advanced) self-energy. The retarded
and advanced Green functions satisfy standard Dyson equations
r,a
−1
Gr,a
nn,σ (ω) = (ω − En − λ − Σnn,σ ) ,
r,a

r,a −1

D (ω) = (ω − λ − Π ) .

(D.22)
(D.23)

Numerical procedure
≶

An initial guess is proposed for the propagators Gn and D≶ . The lesser and
greater self-energies can be calculated using the expressions in Eqs. (D.16)
- (D.19). With these self-energies, the retarded and advanced ones can be
calculated by the transformation in Eqs. (D.20) and (D.21). From the Dyson
equations in Eqs. (D.22) and (D.23), the advanced and retarded Green functions can also be computed. Using these Green functions together with the
lesser and greater self-energies, the initial propagators can be re-calculated
with Eqs. (D.14) and (D.15), called constitutive relations. This process has
to iterated until convergence.

D.2

Current Conservation

I present a demonstration of the conservation of the current through each
quantum dot within NCA.
The first step is to use the property Gr − Ga = G> − G< in in Eq. (D.1)
to have an expression for the current only in terms of the lesser and greater
Green functions
Z

ei
dω [ΓSn (ω)fSn (ω) − ΓDn (ω)fDn (ω)] G>
In =
dn,nσ
h
− [(fSn (ω) − 1)ΓSn (ω) − (fDn (ω) − 1)ΓDn (ω)] G<
dn,nσ (ω) .
Here the sum over spin has been performed to give a factor 2. This expression was build as In = (ISn − IDn )/2 assuming IDn = −ISn . To probe this, is
equivalent to probe ISn + IDn = 0. The sum of both contributions is
Z

2ei
dω [ΓSn (ω)fSn (ω)+ΓDn (ω)fDn (ω)] G>
ISn + IDn =
dn,nσ
h
− [(fSn (ω) − 1)ΓSn (ω)+(fDn (ω) − 1)ΓDn (ω)] G<
dn,nσ (ω) .
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The second step is to replace the physical Green functions by the representation in terms of auxiliary particles ( Eqs. (D.12) and (D.13)),
(
Z
Z
dω 0 X
−2e
0
<
0
Γνn fνn (ω)G>
ISn + IDn =
dω
nn,σ (ω + ω)D (ω )
h
2πQ
ν
)
X
0
>
0
+
Γνn (1 − fνn (ω))G<
nn,σ (ω + ω)D (ω ) .
ν

The next step is to change one of integration variables ω → ω = ω 00 − ω 0
and rearrange
( Z
!
Z
−2e
dω 00
dω 0 X
00
ISn + IDn =
Γνn fνn (ω 00 − ω 0 )D< (ω 0 ) G>
nn,σ (ω )
h
Q
2π ν
!
)
Z
dω 0 X
00
+
Γνn (1 − fνn (ω 00 − ω 0 ))D> (ω 0 ) G<
nn,σ (ω ) .
2π ν
The expressions in brackets are the self-energies defined in Eqs. (D.16) and
(D.18), thus
Z
 >
 <
dω 00 
−2e
00
00
>
00
00
−Σ<
ISn + IDn =
n,σ (ω ) Gnn,σ (ω ) + Σn,σ (ω ) Gnn,σ (ω ) .
h
Q
The last step is to use the constitutive relations given in Eq. (D.14)
Z
−2e
dω 00  < r
a
>
r
<
r
00
−Σn,σ Gnn,σ Σ>
ISn + IDn =
n,σ Gnn,σ + Σn,σ Gnn,σ Σn,σ Gnn,σ (ω ),
h
Q
which is zero. The current through each QD is conserved within NCA.

A PPENDIX E

Numerical solution of
electron-phonon coupling with
NCA

This appendix is a complement to Chapters 9-11. The subject of these chapters is the effect of the electron-phonon coupling in the transport properties.
This is relevant in the description of transport through molecules, where the
addition (or subtraction) of electric charge may generate the stretching (or
contraction) of the bonds to minimize the electrostatic energy. This leads to
a coupling between the charge in the molecule and the vibrational modes.
As an ultimate goal, we want to study the effects of phonons in the interference phenomena. To this extent we have modified the Aligia model to treat
interference in interacting systems to include the electron-phonon coupling.
In a certain limit, the model reduces to the Anderson-Holstein model. We
use the non-crossing approximation (NCA) to solve the interacting problem
in the presence of phonons.
I present here the details concerning the numerical solution. In Sec. E.1
the modification of the interference model with the electron-phonon coupling is introduced. The diagrammatic expressions of NCA are derived
in Sec. E.2. At the end of this section there is a proof of the fact that the
phonons are not dressed in the non-crossing approximation. In Sec. E.3 the
analytic expressions for the self-energies involving the phonon propagator
are derived. The expressions in the particular case of the SU(2) AndersonHolstein model are presented in Sec. E.4.

E.1

The model

The Aligia model is described in Chapter 3. The model considers two spin
doublets which are both coupled to a pair of left-right conducting leads. The
Hamiltonian is
X
X
X
HAligia =
νk c†νkσ cνkσ +
Ei d†iσ diσ +
(Vνi d†iσ cνkσ + H.c.)
iσ

νkσ

+

X
i

U d†i↑ di↑ d†i↓ di↓

iνkσ

+ inter-level Coulomb repulsion,
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where d†iσ (diσ ) creates (destroys) an electron in the localized state i = 1, 2
with spin σ, c†νkσ creates a conduction electron in the left (ν = L) or right
(ν = R) lead with momentum k and spin σ, and Vνi is the tunnel matrix
element between the lead ν and the doublet i, assumed independent of k. By
gauge transformations, three of the four Vνi can be made real and positive.
The remaining effective hopping can be chosen as VR2 = |VR2 |e−iφ , where φ
is a phase that depends on symmetry of the states and the geometry of the
connection. The double occupation of the each doublet is penalized with
U due to the Coulomb repulsion and there is also an repulsive interaction
between the levels. We have solved this Hamiltonian in the limit of very
large intra- and inter-dot Coulomb repulsion. This forbids to have a total
number of electrons larger than one in the localized levels.
The vibration modes of the molecule are described with the Hamiltonian
X
Hph =
Ωα a†α aα ,
α

where aα and a†α are the destruction and creation operators for the vibration
mode α of frequency Ωα .
The electron-phonon coupling is described as a force shifting the equilibrium position of the oscillator proportional to the electronic charge and
in turn to the occupation niσ = d†iσ diσ . The Hamiltonian is
X
He−ph =
λiα (aα + a†α )d†iσ diσ ,
iασ

where λiα is the coupling constant between level i and mode α.
The complete Hamiltonian is an extended Holstein-Anderson Hamiltonian,
X
X
X
νk c†νkσ cνkσ +
Ωα a†α aα +
Ei d†iσ diσ + Coulomb repulsion
H =
α

νkσ

+

X
iνkσ

E.2

(Vνi d†iσ cνkσ

+ H.c.) +

iσ

X

λiα (aα + a†α )d†iσ diσ .

(E.1)

iασ

The non-crossing approximation

Representation in terms of auxiliary particles
Within the non-crossing approximation the singlet and the doublets {|Si, |iσi}
are represented by auxiliary particles. With the identification

|0i → b† |vaci
,
†
|iσi → fiσ
|vaci
the singlet in represented by a slave boson b† and the doublets by two pseudo†
fermions fiσ
. The total number of particles in the localized levels is
X †
Q = b† b +
fiσ fiσ ,
iσ

E.2. The non-crossing approximation



and the condition Q = 1 is imposed to guarantee the infinite Coulomb repulsion. Taking this into account with a Lagrange multiplier λ in the Hamiltonian, K = H + ΛQ. It can be written in the representation of auxiliary
particles and separated as K = K0 + K1 where
X
X
†
K0 = HL + HR +
(Ei + Λ)fiσ
fiσ + Λb† b +
Ωα a†α aα ,
(E.2)
iσ

K1 =

X

Vνi c†kνσ b† fiσ

α
 X
†
+ H.c. +
λiα (aα + a†α )fiσ
fiσ ,

(E.3)

iασ

kνiσ

where K1 is treated as a perturbation. There are two contributions to K1 : one
is the coupling to the conduction electrons and the other is the coupling to
the phonons. Within NCA both couplings are treated in equal footing.

Diagrammatic expressions
The non-crossing approximation is a non-perturvative diagrammatic approximation where processes of all orders in perturbations are considered.
Disregarding the diagrams which have crossings of propagators of conduction electrons, a resummation in the diagrammatic expansion is possible.
The dressed Green functions can be obtained solving a set of self-consistent
Dyson equations, the NCA equations.
From the Hamiltonian K1 in Eq. (E.3), the vertices of the perturbation
can be built. They are shown in Fig. E.1.

(i)

(ii)

(iii)

(iv)

Figure E.1: Vertices for the perturbative expansion taken from K1 described in the text.

The process (i) ((ii)) represent the destruction (creation) of an electron in
the level i in the molecule and the simultaneous creation (destruction) of
a conduction electron and a slave boson. The propagator of the localized
(conduction) electrons is represented with a continuous-line (dashed-line)
arrow while the propagator of the slave boson is represented with a wavy
line. The process (iii) and (iv) are the ones involving the the vibration mode.
The phonon propagator is represented with an helix. In (iii) ((iv)) a phonon
is created (absorbed).
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I present here a different derivation of the NCA self-energies based on
the construction of functionals. According to Baym and Kadanof, the selfenergy expressions can be found by differentiating the functionals with respect to the appropriate Green function. The functionals can be built from
the vertices shown in Fig. E.1. There are two functionals as shown in Fig.
E.2.

(b)

(a)

Figure E.2: Functionals built from K1 . They represent the coupling to (a) the conduction
electrons and (b) the phonons.

The functional Fe [Giσ , Gb , Gkσ ] shown in Fig. E.2(a) is the standard NCA
functional for the electronic degrees of freedom and the one shown in (b),
Fph [Giσ , Gjσ , Gα ], is the new one describing the coupling with the phonons.
The self-energies can be obtained by differentiation, Gx = δF/δGx . They are
shown in Fig. E.3.

c

=
=

b

a

+

=

+

=

Figure E.3: Self-energies obtained by differentiation of the functionals.

From these self-energies, it can be shown that the self-energy for the conduction electrons Σc and for the phonons Σa are zero within NCA. This occurs because they are corrections in which two auxiliary particles occupy
the levels at the same time. This is forbidden by the constraint Q = 1. As
discussed in Sec. B.4, when the limit Λ → ∞ is taken to project on the physica space with Q = 1, these self-energies vanish. The conduction electrons
and the phonons are not dressed within the non-crossing approximation.
The proof is given here for Σa .

Demonstration Σa = 0
The translation of the diagrams to obtain the analytic expressions can be
done following some simple rules:

E.2. The non-crossing approximation



1- Label the propagators. The pseudo-fermion has the label i, σ, the conduction electron kσ and the phonon α.
2- Assign the corresponding value of coupling to the vertex: Vjν or λiα .
Physical quantities (energy, momentum, spin) must be conserved in
each vertex.
3- Assign the energies taking into account that the self-energy diagrams
have an energy input iωn . It is easier to assign the energy iνn to one of
the propagators and define the other energies by conservation.
4- Sum over the internal degrees of freedom: k, iνn , σ, remembering the
factor β1 corresponding to each Matsubara sum.
5- Multiply by (−1)m+F , where F is the number of fermionic loops in the
diagram and m is
the half of the number of vertex, for bosonic self-energies,
the number of internal bosonic propagators, for fermionic selfenergies.
The phonon self-energy ΣΛa (iωn ) = ΣΛα (iωn ) is bosonic and includes two
pseudo-fermion propagators Gλiσ . The superscript Λ is to remember that
the calculation is done in the Grand canonical ensemble, with an arbitrary
number of particles. According to the rules stated above
ΣΛα (iωn ) =

1 XX 2 Λ
λ G (iωn + iνn )GΛiσ (iνn ),
β iν iσ iα iσ
n

where using the spectral representation
ΣΛα (iωn ) =

X

λ2iα

Z

Z
dy

dx ρΛiσ (x)ρΛiσ (y)

iσ

1
1
1X
β iν iωn + iνn − x iνn − y

!

n

The expression in brackets is a Matsubara sum
S=

1X
1
1
,
β iν iωn + iνn − x iνn − y
n

in the fermionic frequency iνn . The result is
S =

f (x)
f (y)
+
,
x − iωn − y y + iωn − x

where f (x) is the Fermi distribution function. Therefore


Z
Z
X
ρΛiσ (y)
ρΛiσ (y)
Λ
Λ
2
λiα dx ρiσ (x)f (x) dy
+
,
Σα (iωn ) =
x
−
iω
−
y
x
+
iω
−
y
n
n
iσ

.
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where the Green functions can be recovered back,
Z
X


Λ
2
Σα (iωn ) =
λiα dxρΛiσ (x)f (x) GΛiσ (x − iωn ) + GΛσ (x + iωn ) .
iσ

As explained in Sec. B.4, the projection to the space with Q = 1 is done
first shifting the x → x + Λ,
Z
X


Λ
2
Σα (iωn ) =
λiα dxρΛiσ (x + λ)f (x + λ) GΛiσ (x + Λ − iωn ) + GΛσ (x + Λ + iωn ) ,
iσ

and then taking the limit Λ → ∞. According to Eqs. (B.12) and (B.13),
limΛ→∞ GΛiσ (x + Λ) = Giσ (x), and limΛ→∞ ρΛiσ (x + Λ) = ρiσ (x).
For the Fermi function, f (x + Λ) = e−βΛ [eβx + e−βΛ ]−1 , thus

lim

Λ→∞

ΣΛα (iωn )

−βΛ

= lim e
Λ→∞

X

λ2iα

Z



dxe−βx ρiσ (x) GΛiσ (x − iωn ) + GΛσ (x + iωn ) ,

iσ

which gives Σα (iωn ) = 0. The phonon is not renormalized in NCA and
Gα (iωn ) = [iωn − Ωα ]−1 .

E.3

Analytic expression for the new self-energies

Following the same rules stated before, it is possible to write the analytic
expressions for the phonon contributions to the pseudo-fermion self-energy.
n

ph
i

=

n

n

n

n

+

n

n

n

n
n

Figure E.4: Phonon contribution to the pseudo-fermion self-energy.

The diagrams shown in Fig. E.4 include a phonon propagator GΛα and a
pseudo-fermion propagator GΛiσ . First, the propagators are labelled and the
coupling constant of the vertex is included,
λ2iα GΛα ()GΛiσ (),
Second, the frequencies are assigned as in the figure


λ2iα GΛα (iνn ) GΛiσ (iωn − iνn ) + GΛiσ (iωn + iνn ) .
Since it is a fermionic self-energy, there are no fermionic loops and there
is just one bosonic propagator, (−1)m+F = −1. Making a sum over the

E.4. Special case: One-mode-one-level



internal degrees of freedom: the Matsubara frequency iν and the vibration
mode index,


−1 X X 2 Λ
λiα Gα (iνn ) GΛiσ (iωn − iνn ) + GΛiσ (iωn + iνn ) .
ΣΛiσ (iωn ) =
β iν α
n

Writing explicitly the phonon propagator,

 Λ
−1 X X 2
1
ΣΛiσ (iωn ) =
λiα
Giσ (iωn − iνn ) + GΛiσ (iωn + iνn ) ,
β iν α
iνn − Ωα
n

and using the spectral representation ΣΛiσ (iωn ) =


Z
1
−1 X X λ2iα
1
Λ
=
+
,
dx ρiσ (x)
β iν α iνn − Ωα
iωn − iνn − x iωn + iνn − x
n

which can be written as
Λ,ph
Σiσ (iωn )

=

X

λ2iα

Z

dx ρΛiσ (x) S,

α

in terms of the Matsubara sum


1
−1 X
1
1
1
+
.
S=
β iν iνn − Ωα iωn − iνn − x iνn − Ωα iωn + iνn − x
n

The result of the sum in the bosonic frequency iνn is
b(Ωα )
b(Ωα )
f (−x)
f (x)
+
+
+
,
−Ωα + iωn − x Ωα + iωn − x iωn − x − Ωα iωn − x + Ωα
where b(z) = [eβz − 1]−1 is the Bose-Einstein distribution. Using the fact that
f (−x) = 1 − f (x),
S=

b(Ωα )
−f (x)
f (x)
b(Ωα ) + 1
+
+
+
.
−Ωα + iωn − x Ωα + iωn − x iωn − x − Ωα iωn − x + Ωα
The last two terms which depend on the Fermi function vanish in the limit
Λ → ∞. The self-energy is


Z
X
b(Ωα ) + 1
b(Ωα )
Λ,ph
2
Λ
Σiσ (iωn ) =
λiα dx ρiσ (x)
+
,
−Ωα + iωn − x Ωα + iωn − x
α
S=

where the Green functions can be recovered from the spectral representation
and the limit Λ → ∞ can be taken thus
X
ph
Σiσ (iωn ) =
λ2iα [(b(Ωα ) + 1)Giσ (iωn − Ωα ) + b(Ωα )Giσ (iωn + Ωα )] , (E.4)
α

E.4

Special case: One-mode-one-level

In the case when only the coupling of one single vibration mode to one
localized level i = 1 is relevant, λiα = λδi1 δα0 . In this case,
ph

Σ1σ (iωn ) = λ2 [(b(Ω0 ) + 1)G1σ (iωn − Ω0 ) + b(Ω0 )G1σ (iωn + Ω0 )] .

(E.5)

It can be observed that this new self-energy mixes the spaces with ±n
phonons. That is the origin of the replicas.
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