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Abstract.
We investigate the effect of broken time reversal symmetry in flux qubits driven by a

biharmonic magnetic flux signal with a phase lag. In the regime of large relaxation times,
we explicitly compute the transition rate between the ground and the excited state, accounting
for decoherence as a classical noise. Through a direct analogy between interference effects at the
avoided level crossing and scattering events in weakly disordered electronic mesoscopic systems,
the transition rate plays the role of an effective transmittance while the phase lag acts as a
time reversal control parameter. Clear signatures of both weak localization and conductance
fluctuations-like effects are predicted. Their behavior is studied as a function of the coherence
rate, and a comparison with recent experimental results is performed. Our study shows that
it is decoherence, and not the driving protocol, what limits the experimental detection of weak
localization effects.

1. Introduction
Flux qubits (FQ) can be considered as artificial atoms whose energy levels are sensitive to an
external magnetic flux. [1, 2] Its energy spectrum exhibits, as a function of the static magnetic
flux, a rich structure of avoided crossings that can be explored by driving the FQ with a strong ac
magnetic flux. This driving protocol -known as amplitude spectroscopy (AS) [3]- was successfully
applied to reconstruct the FQ energy level spectrum [4, 5] and to estimate the qubit coherence
times. [6] In the AS, the FQ is prepared in the ground state for a given value of the dc flux,
and evolves quasi adiabatically under the driving, until at the first avoided crossing the state
undergoes a transition and splits into a coherent superposition of transmitted and reflected
amplitudes. In this way, each avoided crossing acts as an effective beam splitter in where a
scattering event takes place. This analogy has been discussed in extent for FQ under weak
driving, when the lowest two energy levels are explored and a single avoided crossing is attained
by the amplitude of the ac flux.[3, 7]

Besides flux qubits, AS has been also employed in other systems, like charge qubits [12],
ultracold molecular gases [13] and single electron spins. [14]

In addition, other phenomena relevant to quantum control- like population inversion- [15] have
been tested with AS taking into account the coupling of the driven system to an environmental
bath. [16]

One of the most efficient ways to probe coherent effects is by the phase sensitivity of the
wave function to an external parameter that breaks time reversal symmetry. [18] In this way,
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fundamental effects like weak localization (WL) and universal conductance fluctuations (UCF)
have been tested in a wide variety of electronic mesoscopic system for decades. [19, 20, 21] UCF
describe the sample specific fluctuations of the quantum conductance due to the sensitivity
of the scattering configuration to a change in a parameter, like an external magnetic field or
the electron density.[19] The WL effect originates from the constructive interference of pairs
of time-reversed trajectories that survives disorder average. The enhanced return probability
results in a negative quantum correction to the classical conductance, characterized by a peak
in the resistance (dip in the conductance) at zero magnetic field. To suppress the WL effect,
a critical magnetic field Bc ∼ 1/(Dτφ) -being D the diffusion coefficient and τφ the dephasing
time- is required. This critical field washes out the constructive interference and thus the weak
localization correction. [20]

While a priori there is not an obvious connection between driven two level systems (TLS)
and the physics of disordered electronic systems, the analogy between transitions at the avoided
crossing and scattering events, suggests a way to study fluctuation effects in FQ. Along this
line Gustavsson and collaborators [7] investigated, using as a test system the lowest two levels
of a FQ driven by a biharmonic ac flux, fluctuations in the transition rate W , similar to UCF.
The driving was implemented by a biharmonic signal f(t) = A1 cos (ωt+ α) − A2 cos (2ωt) of
fundamental frequency ω = 2π/T , that could be turned asymmetric in time by means of a
phase lag α. In addition, as the driving period T ∼ 8 ns was comparable to the qubit dephasing
time T2 = 1/Γ2 ∼ 10 ns, coherence was preserved within one period, although multiphoton
resonances were not clearly resolved because the resonance width was comparable to the
resonances spacing.[9] In the experiments of Ref.[7] the energy relaxation time T1 = 1/Γ1 ∼ 20µs
was much longer than the driving period T . Under this regime population could build up in
the excited state as a function of time, decaying exponentially to the stationary state with a
characteristic rate Γ, which was estimated from experimental results by a fitting procedure.[7]
Although the restriction to the lowest two levels in the FQ constrains the mesoscopic analogy
to the few-scatterers limit, the scattering events could be modified by either tuning the external
dc flux or by changing the phase lag parameter α. In this way, the qubit could be driving up to
four times through a given avoided crossing in one period T , given rise to non trivial interference
patterns (see Fig. 1 (a)).

In this work we will show that, besides the detection of fluctuations analogous to UCF [7],
weak localization (WL) effects could also be experimentally observable for the biharmonic driving
protocol, in the regime of large coherence times, T2 � T .

2. FQ under biharmonic driving
2.1. Transition rate and decoherence effects
In this section we derive an explicit expression for the decay rate W for a TLS under biharmonic
driving in the presence of decoherence sources. The analysis is restricted to the lowest two levels
of the FQ, and disregards additional energy levels not explored in the experiment of Ref.[7].
We start by writing the two level hamiltonian H for a FQ subjected to a biharmonic driving
in the flux. In the TLS the diabatic states carry a persistent current ∓Ip and are coupled via
the tunneling matrix element Δ. [3, 4, 9] The detuning from the avoided crossing is defined as
ε = 2Ipf , with f the flux difference respect to half the superconducting flux quantum. [9] Under
the biharmonic driving we define ε(t) = �+A1 cos (ωt+ α)−A2 cos (2ωt).

Figure 1 sketches the energy level diagram of the TLS and the biharmonic drive waveform
chosen to traverse the avoided crossing four times in one period T . To account for decoherence
we follow the approach of Berns et. al. [9] and include classical diagonal noise, neglecting energy
relaxation processes (consistent with the experimental regime T � T2 � T1). For � = 1, the
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Figure 1. (color online) (a) Qubit energy diagram and biharmonic pulse for α = 0.4 (b)
Simulated transition rates W using modified Eq.(4) for qubit parameters Δ/h = 19MHz,
ω/(2π) = 125MHz, A1 = 3mΦ0, A2 = 1.65mΦ0 and α = 0 for Γ2 = 200MHz (black line) and
Γ2 = 20MHz (red line).

hamiltonian H reads

H = −h(t)

2
σ̂z −

Δ

2
σ̂x

where h(t) = ε(t)+ δε takes into account a classical fluctuating noise δε in the flux, and σ̂z, σ̂x
are Pauli matrices. After an unitary transformation, the hamiltonian can be written as

H̃ = −1

2

�
0 Δ
Δ∗ 0

�
,

where Δ(t) = Δe−iφ(t), and φ(t) =
� t
0 h(τ)dτ . In the fast driving regime, where the driving

frequency ω > Δ, the qubit population changes slowly on the time scale of T2. In this way the
time evolution operator can be expanded as

U(t, t0) = 1− i

� t

t0

H̃(τ)dτ +O(Δ2) ,

and the transition rate W between the ground and the excited state can be computed using
perturbation theory,

W = lim
δt→∞

|At,t� |2
δt

, At,t� =
1

2

� t

t�
Δ(τ)dτ . (1)

In order to evaluate W we must solve

W =
1

4

� t

t�

� t

t�
Δ(τ1)Δ

∗(τ2)dτ1dτ2 . (2)

We expand the oscillating exponentials in Bessel functions and average δφ(t) =
� t
0 δε(τ)dτ for a

white noise model �eiδφ(t)e−iδφ(t�)� = e−Γ2|t−t�|. In this way, we get after integration of Eq.(1)

W =
Δ2

2

�

nn�mm�
Jn(x1)Jn�(x1)Jm(x2)Jm�(x2) (3)
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ei(n−n�)αeiω(n−n�)te2iω(m−m�)t Γ2

(ε− nω − 2mω)2 + Γ2
2

,

where we define x1 = A1/ω and x2 = −A2/(2ω). In the secular approximation, we neglect the
fast oscillating terms, keeping only the ω(n− n�) + 2ω(m−m�) ≈ 0 terms, obtaining

W =
Δ2

2
Γ2

�

nn�mm�
λnn�mm�

cos ((n− n�)α)
(ε− nω − 2mω)2 + Γ2

2

, (4)

where λnn�mm� = Jn(x1)Jn�(x1)Jm(x2)Jm�(x2) δn−n�,2(m−m�). The last equation shows the
explicit dependence of the transition rate W on the phase lag α. In addition, as will be shown
in the next section, W will display strong fluctuations both with α and the dc flux detuning �.

2.2. Transition and decay rates. Computing fluctuations
In the scattering approach the transition rate W is identified with an effective transmission
amplitude -the essential ingredient to compute the electronic conductance within the Landauer
formalism. [11] In addition, to complete the analogy with electronic transport in disordered
mesoscopic systems, the parameter α plays the role of an effective magnetic (flux) field. In
Ref.[7], the experimentally accessible quantity is the decay rate Γ. From phenomenological rate
equations that describe the TLS dynamics, it is straightforward to show that Γ = 2W + 2Γ1.[9]
For large relaxation times T1, it is satisfied that Γ1 � W and then W ≈ Γ/2. Larger values of
Γ1 would require the explicit inclusion of relaxation processes in the analysis to avoid important
differences between W and the experimentally measured Γ. [22] In the following we will keep
our analysis consistent with the hypothesis W ≈ Γ/2 and in this way, Eq.(4) provides an explicit
expression to compute Γ. In Ref. [7], the specific value of the amplitudes ratio A2/A1 = 0.55
has been selected. In this way, the FQ has been driven up to four times through the avoided
crossing in one period T , giving three different interference phases (one phase for two successive
passages) and eight possible superposition states.

Figure 1 (b) shows the value of W obtained from Eq.(4) for the qubit parameters used in
Ref.[7], i.e. Δ/h = 19MHz, ω/(2π) = 125MHz, A1 = 3mΦ0 and A2 = 1.65mΦ0 (A2/A1 =
0.55). The experimentally reported values of T2exp = 10 − 20ns give Γ2exp = 50 − 100MHz.
We explicitly set the phase lag α = 0. W exhibits a clear pattern of oscillations as a function to
the static flux detuning �. These strong fluctuations are a manifestation of the sensitivity of the
total phase accumulated during one period of the driving with the value of �, as a consequence
of the strong asymmetry in the driven signal. When analyzing the behavior of W as a function
of the decoherence rate, we find that for small values of Γ2, the transition rate exhibits high and
sharp peaks that turn smoother and wider as the decoherence rate is increased. This behavior
is fully consistent with the transition from the non overlapping to the overlapping resonances
limit, also observed experimentally for the single harmonic driving protocols. [3, 4] In Fig. 2 we
plot W from Eq. (4) for the same parameters used in Fig 1 (b) but for α �= 0. We can appreciate
the results for α = 0.2 (left panel, Fig. 2 (a)) and α = 0.4 (right panel, Fig. 2 (b)), in both
cases the structure of the peaks described in Fig.1 (b) is also obtained. Indeed, the asymmetry
of the peaks as a function of the detuning � is clearly observed.

For the chosen amplitudes ratio and depending on � the wave form may drive the qubit
through the avoided crossing zero, two or four times per cycle, producing different phase
accumulations and interference conditions. In addition, the total phase accumulated- besides
its dependence on �- strongly depends on the biharmonic waveform, which is controlled by the
asymmetry parameter α. To explore these effects, in Fig 3 we construct a map of the transition
rate W as a function of the detuning and the phase lag. W exhibits in its interference patterns
strong fluctuations, both as function of � and α, in fully agreement with the fluctuations detected
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Figure 2. (color online) Simulated transition rates W using Eq.(4) for qubit parameters
Δ/h = 19MHz, ω/(2π) = 125MHz, A1 = 3mΦ0 and A2 = 1.65mΦ0 for Γ2 = 200MHz
(black line) and Γ2 = 20MHz (red line). (a) α = 0.2 and (b) α = 0.4.

Figure 3. (color online) Contour plot of transition rate W using Eq.(4) for qubit parameters
Δ/h = 19MHz, ω/(2π) = 125MHz, A1 = 3mΦ0 and A2 = 1.65mΦ0. (a)Γ2 = 200MHz and
(b)Γ2 = 20MHz.

experimentally in the FQ population interference patterns.[7] Another interesting feature is the
strong effect of the decoherence rate on the results, as we already mentioned. We can appreciate
important qualitative differences in the results for Γ2 = 200MHz (Fig. 3 (a)) and Γ2 = 20MHz
(Fig. 3 (b).

As we show below, even after averaging over different values of the dc flux, strong fluctuations
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are still visible in W as a function of α. In order to evaluate them, we can compute the average

�W � = 1
2εmax

� εmax

−εmax W dε and using Eq. (4) we can evaluate the integral, obtaining

�W � = Δ2

4εmax

�

nn�mm�
λnn�mm� cos ((n− n�)α) (5)

�
arctan

�
nω + 2mω + εmax

Γ2

�
− arctan

�
nω + 2mω − εmax

Γ2

��
.

In the same way we can compute

�W 2� = 1

2εmax

� εmax

−εmax

W 2 dε . (6)

Although < W 2 > does not have a simple analytic expression, its numerical calculation is
straightforward. In Fig 4 we plot both the average transition rate < W > and its fluctuations
σ =

√
< W 2 > − < W >2 for the experimental FQ parameters but for different values of

the decoherence rate Γ2. We can see that, for values of the decoherence rate similar to the
experimental ones Γ2 ∼ 20− 200MHz, �W � is almost independent of α and σ- characterized as
the UCF- presents a well defined peak at α = 0, in full agreement with Ref.[7].

The fingerprint of the WL effect should be a dip in < W > at α = 0 - a dip in the average
transmission probability- following the electronic transport analogy. In the experiments of Ref.[7]
this WL effect wast not observed. However, there is not an experimental constrain in the driving
protocol that precludes the observation of WL. As we show, it is the decoherence time T2 which
limits the width of the WL peak, and its experimental detection. From the theory of disordered
electronic systems [20] the value of the critical magnetic field needed to destroy the WL peak
is Bc ∼ 1/(Dτφ), being D the diffusion coefficient and τφ ∝ T2. In the present analysis, the
critical value αc needed to destroy the WL correction, should scale as αc ∼ 1/(T2). Thus it is
expected, that large decoherence times should be needed in order to experimentally detect the
whole WL peak with accessible values of αc. Consistent with this analysis, in fig. 4 we show that
for Γ2 = 6MHz there is a well defined dip present in �W � at α = 0. As a consequence, we can
conclude that for long decoherence time (T2 � 150ns) WL should emerge in the experiments.

3. Conclusions and perspectives
In this work we have tested fluctuation effects associated to broken time reversal symmetry in
FQ driven by a biharmonic ac magnetic flux. Employing a simplified model that accounts only
for decoherence, we computed the transition rate W which displays strong fluctuations as a
function of the dc flux detuning and the time reversal parameter α. The results presented are
derived under the assumptions that W � Γ2 = T2

−1 and T � T2 � T1, and in agreement with
the experimentally reported regime of Ref. [7]. However it is not difficult to attain experimental
regimes in which some of the above conditions are not satisfied. In particular, for small driving
frequencies or larger decoherence times, T2, important difference could emerge between the
transition rate W , Eq.(4), and the measured decay rate Γ. Besides conductance fluctuations-
like effects, we also show that WL effect could be detected for the biharmonic driving protocol.
However to observe this effect, the experiments should be performed in a more coherent regime,
in which larger values of T2 could be attained. By increasing the driving amplitude, more avoided
crossings of the FQ can be reached, enabling the computation of averages and fluctuations with
reasonable accuracy. This regime is experimentally attainable as the amplitude spectroscopy
experiments have been proven. In addition the extension of the calculations for a realistic model
that includes, besides decoherence, relaxation processes due to the interaction of the FQ with
the circuitry environment is also under study. [22]
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Figure 4. (color online) (a) Averaged transition rate < W > and (b) σ for qubit parameters
Δ/h = 19MHz, ω/(2π) = 125MHz, A1 = 3mΦ0 and A2 = 1.65mΦ0 calculated using Eq.(4),
(5) and (6) for Γ2 = 200MHz (black line), Γ2 = 20MHz (red line) and Γ2 = 6MHz (green
line). The averages were performed in the range −4mΦ0 to 4mΦ0.
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