
PHYSICAL REVIEW B 93, 115139 (2016)

Replicas of the Kondo peak due to electron-vibration interaction in molecular transport properties
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The low temperature properties of single level molecular quantum dots including both electron-electron and
electron-vibration interactions, are theoretically investigated. The calculated differential conductance in the
Kondo regime exhibits not only the zero bias anomaly but also side peaks located at bias voltages which coincide
with multiples of the energy of vibronic mode V ∼ ��/e. We obtain that the evolution with temperature of the
two main satellite conductance peaks follows the corresponding one of the Kondo peak when �� � kBTK , TK

being the Kondo temperature, in agreement with recent transport measurements in molecular junctions. However,
we find that this is no longer valid when �� is of the order of a few times kBTK .
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I. INTRODUCTION

The Kondo effect, originally discovered in metals contain-
ing magnetic impurities [1,2], is also observed in transport
measurements through semiconducting [3–9] and molecular
[10–19] quantum dots (QDs) in which the QD acts as a single
magnetic impurity. While the semiconducting QDs are char-
acterized by the tunability of its parameters and have served
as platforms to study the one- and two-channel [3,5,7,20],
as well as the SU(4) Kondo effect [21], the molecular
QDs (MQDs) have allowed researchers to investigate, among
different phenomena, the underscreened Kondo effect for spin
S > 1/2 [14,15,18] and quantum phase transitions driven
by stretching [14,22] or gate voltage [15,18]. Remarkably,
MQDs incorporate the effect of phonons. Molecular vibration
signatures have been observed in conductance measurements
through a variety of molecules, such as H2 [23] and C140 [24].
Furthermore, experiments performed in the Kondo regime
have revealed the presence of satellite peaks at finite bias which
emerge together with the zero-bias anomaly in the differential
conductance as a consequence of the interplay between the
electron-vibration interaction and the many-body Kondo state
[14,25–29].

Recently, Rakhmilevitch et al. reported on transport mea-
surements through a copper-phthalocyanine (CuPc) molecule
connected to two silver contacts in a break-junction setup
[29]. Their work focuses on the evolution with temperature
of the side peaks observed in the differential conductance. The
authors find that the maximum conductance of the side peaks
increases when the temperature is lowered following the same
dependence as the zero-bias Kondo peak. Specifically (since
CuPc possess a spin-1/2 [29,30]) the intensity of both the
zero-bias anomaly and the satellite peaks can be fitted with
the same empirical expression for the temperature dependence
of the equilibrium conductance of a spin-1/2 impurity, G(T ),
which follows closely results obtained using the numerical
renormalization group

G(T ,V = 0) = Gs

[1 + (21/s − 1)(T/TK )2]s
, (1)

where s = 0.22 [3,31], Gs is the conductance at temperature
T = 0, and the Kondo temperature TK is the only adjustable
parameter. Outstandingly, the fitted Kondo scale for the

satellite peaks located at bias voltage eV ∼ ±�� ∼ ±21 meV,
agrees with the one obtained for the Kondo peak (21 K < TK <

25 K). This is an interesting result for two main reasons:
First, it is not evident that the empirical expression Eq. (1)
that correctly gives the universal temperature dependence of
the conductance without vibrational modes can be applied
when the Kondo phenomena is assisted by phonons. More
surprising is the fact that Eq. (1) still works out of equilibrium,
for fitting the conductance at finite bias voltages of the order
of |V | ∼ ��/e. While the satellite peaks have been studied
theoretically before [32,33], their dependence on temperature
has not been analyzed.

Motivated by the experiment of Rakhmilevitch et al., in
this paper we investigate theoretically the low-temperature
transport properties of a single level molecular quantum dot
including both electron-electron and electron-vibration inter-
actions. In agreement with the experimental results, we obtain
that the conductance of the two main satellite peaks follows the
same temperature evolution as the corresponding Kondo peak,
which means that these peaks are also a manifestation of the
Kondo effect, when �� � kBTK , which is in fact the regime
of the experiment. On the other hand, the statement is no
longer valid when both energy scales are similar, �� ≈ 3kBTK .
For �� � kBTK , the satellite peaks merge with the Kondo
peak [34].

II. MODEL AND FORMALISM

We model the MQD with the Anderson-Holstein Hamil-
tonian [32–38] in which a spin-1/2 doublet of energy Ed is
connected to two metallic reservoirs and also coupled to a
phonon mode of frequency �, through the electron-phonon
interaction λ. The Hamiltonian is

H = [Ed + λ(a† + a)]nd + Und↑nd↓ +
∑
νkσ

εν
k c

†
νkσ cνkσ

+
∑
νkσ

(
V ν

k d†
σ cνkσ + H.c.

) + �a†a, (2)

where nd = ∑
σ ndσ , ndσ = d†

σ dσ , d†
σ creates an electron with

spin σ at the relevant state of a molecule (or quantum dot), a†

creates the Holstein phonon mode, c
†
νkσ creates a conduction

electron at the left (ν = L) or right (ν = R) lead, and V ν
k

2469-9950/2016/93(11)/115139(6) 115139-1 ©2016 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.93.115139


P. ROURA-BAS, L. TOSI, AND A. A. ALIGIA PHYSICAL REVIEW B 93, 115139 (2016)

describe the hopping elements between the leads and the
molecular state. We take the limit of very large Coulomb
repulsion U → ∞.

We use the noncrossing approximation (NCA) in its
nonequilibrium extension [33,39]. The out of equilibrium
NCA approach has proved to be a very valuable technique
for calculating the differential conductance through a variety
of systems including two-level QD’s and C60 molecules
displaying a quantum phase transition [18,40,41], among
others. Furthermore, it is specially suitable for describing
satellite peaks away from the zero bias voltage [42–44] and
captures the universal behavior in the equilibrium conductance
given by Eq. (1) [45,46]. The application of the NCA to the
model and its limitations for large λ are described in detail in
Ref. [33].

The current through the molecule is calculated using the
exact expression [39,47]

I (V ) = 4πe

�

�L�R

�L + �R

∫
dωρ(ω)(f (ω −μL) − f (ω − μR)),

(3)

where �ν = 2π
∑

k |V ν
k |2δ(ω − εν

k ) (assumed independent of
energy) is the coupling of the molecule to the lead ν, f (ω) is the
Fermi distribution, and the spectral function of the molecule is
given by ρ(ω), which we calculate using the NCA. The right
and left chemical potentials μν of the metallic contacts are
proportional to the bias voltage. For simplicity we assume a
symmetric voltage drop μL = −μR = eV/2. The results are
not affected by this assumption.

The reduced intensity of the zero-bias peak in the experi-
ment suggests that there is a large asymmetry between the two
tunneling couplings �ν . This is usually the case in MQDs. We
choose �R ≈ 50�L (similar values do not affect our conclu-
sions). We note that for ratios of the couplings larger than 10
(i.e., highly asymmetric devices), the differential conductance
G = dI/dV at bias voltage |V | � kBTK/e reproduces the
equilibrium spectral density of the Kondo resonance [48].

While the value of the vibration frequency is well defined
by the position of the satellite peaks in the conductance
measurements (�� ∼ 21 meV), neither the value of the total
coupling �R + �L nor the energy position of the Kondo active
molecular level Ed are clearly determined. Therefore, we
analyzed several values of both energies to confirm that our
conclusions remain the same. The estimated value for the
electron-vibration interaction λ that corresponds to a breathing
mode of the CuPc molecule is found from ab initio calculations
to be near λ0 = 6 meV. Since the Kondo scale strongly depends
on the electron-phonon coupling [33], in the present work we
tested several values of λ, from 6 to 12 meV. We verified that
our analysis regarding the ratio kBTK/��, holds for the whole
set of λ’s studied.

III. THE MAIN KONDO PEAK

We start by a brief review of the temperature evolution
of the Kondo peak in Fig. 1(a) and the scaling law of the
zero-bias conductance with Eq. (1) in Fig. 1(b) in the absence
of the electron-phonon interaction. The asymmetry in G(V )
is due to the asymmetric �ν [48]. For the parameters of the
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FIG. 1. (a) Differential conductance as a function of bias voltage
for several temperatures T . Parameters in meV: �R + �L = 80, Ed =
−90, λ = 0. (b) Equilibrium conductance G(V = 0,T ) as a function
of temperature (squares) and the corresponding scaling using Eq. (1)
(dashed line) being TK = 43 ± 1 K. (c) FWHM of the zero bias
anomaly as a function of temperature (squares) and the fitting function
(see text) with α = 9.5 ± 0.5 and TK = 43 ± 1 K (dashed line).

figure, the Kondo scale resulting from the fit using Eq. (1),
TK = 43 ± 1 K, remarkably agrees with the corresponding
one in Fig. 1(c) extracted from a fitting of the full width
at half maximum (FWHM) of the zero-bias anomaly using
the expression [49,50] FWHM = 1

e

√
(αkBT )2 + (2kBTK )2,

being in this case TK = 43 ± 1 K, with α an extra fitting
parameter. This expression for the FWHM gives a value of
2kBTK/e at zero temperature and is expected to coincide
with the FWHM of the equilibrium spectral density for large
asymmetric devices in the Kondo limit [48]. We must warn
the reader that the Kondo scale determined from the width of
the spectral density can be 10% larger that the corresponding
one obtained from the temperature dependence of the conduc-
tance [51]. The scaling of G(V,T ) for small V and T and
also under an applied magnetic field has been investigated
experimentally and theoretically [7,8,16,45,52,53].

As we stated before, when the coupling to the vibration
mode of the molecule is taken into account, it is not obvious
that G(T/TK ) and FWHM(T ) are still described with the same
expressions. In Fig. 2(a) we show the differential conductance
as a function of the bias voltage for several temperatures and
λ = 12 meV. All the parameters are the same as in Fig. 1.
As the temperature decreases, the zero-bias peak emerges
together with lateral satellite peaks at voltages corresponding
to the energy of the vibration mode eV = ±�� = ±21 meV.
Other satellites peaks with reduced intensity at multiples of
the vibration energy should also be present [32,33], but they
are beyond the scope of this paper. The intensity of the two
main satellite conductance peaks increases with increasing λ

[32,33]. Figure 2(b) displays the zero-bias conductance as a
function of temperature and the corresponding scaling result
using Eq. (1). We obtained a Kondo temperature TK = 20 ±
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FIG. 2. (a) Differential conductance as a function of bias voltage
for several temperatures and � = 21 meV and λ = 12 meV. Other
parameters as in Fig. 1. (b) Equilibrium conductance G(V = 0,T )
as a function of temperature (squares) and the scaling result using
Eq. (1) (dashed line). (c) FWHM of the zero bias peak as a function
of temperature (squares) and the fitting result (dashed line).

1 K, which is markedly reduced due to the effect of the
electron-phonon coupling λ, but the decrease is smaller
than expected from a Franck-Condon factor. The nontrivial
reduction of TK with the electron-phonon coupling λ has been
discussed before [33,34,38]. We conclude that the only change
in the temperature evolution of the zero-bias Kondo peak is
given by the Kondo scale, but the universal behavior is not
affected. The high precision of the fitting, with a correlation
factor of 0.9995, indicates that for low enough temperatures
and energies (kBT 	 ��) the system behaves as a Fermi liquid
with renormalized parameters in which the phonon mode is not
active.

In Fig. 2(c) we show the FWHM of the zero bias anomaly as
a function of temperature and the corresponding scaling being
α = 9.9 ± 0.5 and TK = 22 ± 1 K. This independent analysis
supports the previous one obtained with the data from Fig. 2(b)
and interestingly, the adjustable parameter α differs only by
4% to the corresponding value without coupling to phonons
[Fig. 1(c)].

IV. THE SATELLITE PEAKS

In what follows we focus on the analysis of the evolution
with temperature of the two main satellite conductance peaks
shown in Fig. 2(a). In contrast to the left satellite, the maximum
of the right one is slightly renormalized to higher voltages
within the NCA. This might be due to the fact that the
NCA does not incorporate renormalization of the bare phonon
propagator, and it contributes in a different way for positive
and negative frequencies [33]. However, we have verified that
both side peaks follow identical temperature dependence [54].

In Fig. 3(a), the satellite conductance at bias voltages near
eV ∼ �

e
� is displayed after removing a linear offset for several
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FIG. 3. (a) Differential conductance as a function of bias voltage
for several temperatures. (b) Differential conductance G(V ∼ �

e
�,T )

as a function of temperature (squares) and the corresponding scaling
using Eq. (1) (dashed line). (c) FWHM (in meV) of the satellite peak at
V ∼ �

e
� as a function of temperature (squares) and the corresponding

scaling (dashed line).

temperatures [55]. From the maximum values, in Fig. 3(b) we
built the curve of G(V ∼ �

e
�,T ) as a function of temperature

and its fitting by using Eq. (1). As in the experiment of
Rakhmilevitch et al., the values of G(V ∼ �

e
�,T ) are very

well represented by the empirical law, being the adjustable
parameter TK = 21 ± 1 K in perfect agreement with the Kondo
temperature extracted from the central Kondo peak (20 K) [56].
Regarding the left satellite peak, we found TK = 24 ± 1 K. On
the other hand, we find that contrary to what happens for the
Kondo peak, the width of the satellite peaks is not related to the
Kondo temperature. Figure 3(c) shows the FWHM of the peak
at V ∼ ��/e as a function of temperature. The parameters
extracted from the fit differ with respect to those from the
central peak, being α = 6.1 ± 0.5 and a low-temperature
width 49 ± 5 K. The increase of the width is expected from the
occurrence of inelastic processes. A similar behavior is found
for the first satellite peak below the Fermi energy. We could
not confirm that the same behavior is valid for further satellite
peaks due to the lower intensity of the latter and technical
limitations of the NCA calculations.

Since the maxima of the conductance of the satellite peaks
have the same temperature dependence as the Kondo peak,
and are scaled with almost the same Kondo temperature,
we conclude that the side peaks are (broadened) replicas of
the Kondo peak. As we stated in the introduction, this is
not expected a priori and it would be desirable to have a
physical explanation for this. We have extended the variational
approach of the Anderson model for the impurity spectral
density below the Fermi level explained in Ref. [1] to
include phonons. Performing perturbations at lowest order in
the electron-phonon interaction λ, we find a replica at the
expected position with relative intensity (λ/��)2. Basically,
annihilation of the dot electron in the perturbed ground state
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FIG. 4. Top panel: Comparison of the normalized differential
conductance, G(V = 0)/Gs and G(V ∼ ��/e)/Gs , as a function
of kBT /�� for the data in Figs. 2 and 3, respectively. Lower
panel: same comparison as in the top panel for �� = 5 meV,
�R + �L = 80 meV, Ed = −40 meV, λ = 12 meV. The adjustable
parameter from Eq. (1) is 19 ± 1 K in the case of G(V = 0)/Gs and
30 ± 1 K for G(V ∼ ��/e)/Gs .

leads in part (with an amplitude λ/��) to the same excited
states as in the ordinary Anderson model except for the fact that
they contain a phonon and thus their energy is shifted by ��

(in leading order). This simple approach works qualitatively in
the regime �� � kBTK . However for �� ≈ kBTK , the energy
denominators in a more refined perturbative treatment might
be near �� ± TK and depending on the particular energy of
the perturbed Kondo states, the amplitudes might be different,
distorting the side peaks.

In order to test the above physical picture, we study a
different regime in which �� is of the order of kBTK . For
simplicity, we use a reduced value of the vibration frequency
�� = 5 meV, changing the other parameters in order to
analyze different values of the ratio ��/kBTK . The top panel
of Fig. 4 displays a comparison of the normalized differential
conductance, G(V = 0)/Gs and G(V ∼ ��/e)/Gs , as a
function of kBT /�� for the data in Figs. 2 and 3, respectively.
As we already discussed, in this particular regime for which
��/kBTK = 11, the evolution with temperature of the zero-

bias peak and the satellite conductance peaks is the same. On
the other hand, the lower panel shows that the temperature
evolution is no longer the same in the case of ��/kBTK = 3.
Here we have used �� = 5 meV, �R + �L = 80 meV, Ed =
−40 meV, and λ = 12 meV. For this choice of parameters the
energy scale obtained from Eq. (1) is found to be 19 ± 1 K
in the case of G(V = 0)/Gs and it still represents the Kondo
temperature. In fact, this value agrees with the corresponding
one obtained from the FWHM of the zero bias anomaly.
However, the adjustable parameter extracted from a fitting
of the temperature dependence of the inelastic peak at positive
voltage G(V ∼ ��/e)/Gs is found to be 30 ± 1 K, near twice
larger than TK . We have verified that this deviation is always
present when kBTK approaches �� varying �� from 5 to
21 meV and also Ed from −40 to −90 meV. We cannot reach
the range for which ��/kBTK ∼ 1 due to the fact that larger
values of TK drive the system towards a mixed valence regime
for which there is no universal behavior of the conductance. A
possible way to avoid this limitation would be to use unrealistic
small values of the electron-phonon interaction λ.

V. SUMMARY

In conclusion, we have verified theoretically that the
empirical expression for the temperature dependence of the
conductance given by Eq. (1) still works to extract the Kondo
scale in transport measurements through molecules with active
phonon modes for temperatures kBT < ��. It is also able to re-
produce the temperature dependence of the out-of-equilibrium
conductance peaks at finite bias voltages of the order of |V | ∼
��/e with the same energy scale when kBTK 	 ��. These
side peaks are however broader than the central Kondo peak
due to inelastic effects. In cases for which kBTK ∼ ��, while
the same expression is able to fit the temperature dependence of
of G(V = 0) and G(|V | ∼ ��/e) the resulting energy scales
do not coincide with each other, which is an indication of differ-
ent functional dependence. As a concluding remark, we want
to stress here that the ratio ��/kBTK could be very different
depending on the experimental system due to the particular
frequencies of the vibration modes of the tested molecule
and also due to the couplings of the molecule to the metallic
contacts.
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