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We analyze the linear thermoelectric transport properties of devices with three quantum dots in a star
configuration. A central quantum dot is tunnel-coupled to source and drain electrodes and to two additional
quantum dots. For a wide range of parameters, in the absence of an external magnetic field, the system is a
singular Fermi liquid with a nonanalytic behavior of the electric transport properties at low energies. The singular
behavior is associated with the development of a ferromagnetic or an underscreened Kondo effect, depending
on the parameter regime. A magnetic field drives the system into a regular Fermi liquid regime and leads to a
large peak (∼kB/|e|) in the spin thermopower as a function of the temperature, and to a ∼100% spin polarized
current for a wide range of parameters due to interference effects. We find a qualitatively equivalent behavior for
systems with a larger number of side-coupled quantum dots, with the maximum value of the spin thermopower
decreasing as the number of side-coupled quantum dots increases.
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I. INTRODUCTION

The use of the electron spin degree of freedom for
classical or quantum computing operations and for information
storage and transmission is what is usually called spintronics
[1,2]. The main advantages of spin based electronics are a
reduced dissipation and a faster operation speed [3]. A key
step towards the implementation of spintronic devices is the
ability to generate and inject spin currents in semiconductor
based components [1,2,4,5]. Spin currents can be injected
using ferromagnetic contacts or generated directly in the
nonmagnetic material by applying external magnetic fields.

There have been several proposals to generate spin po-
larized currents using quantum dots (QDs) built in semicon-
ducting heterostructures. These proposals generally involve
small QDs where a single electronic level is relevant for
the transport properties at low energies [6,7]. In the regime
where the electronic level is singly occupied, an external
magnetic field can polarize the spin of the electron in the
QD level producing a spin dependent transmittance through
it. To obtain a large spin polarization of the current, however,
large magnetic fields and a fine tuning of the level energy
are usually needed. The energy associated with the Zeeman
splitting needs to be of the order of the level hybridization
and the QD level to be near a resonance condition with the
Fermi energy of the electrodes. Other proposals in multiple
QD devices involve using interference effects to generate fully
spin polarized currents, applying an external magnetic field
such that there is a destructive interference for one of the spin
components leading to a vanishing transmittance [8–10].

The measurement of the thermoelectric effect in molecular
junctions [11] and the observation of the spin Seebeck effect
in magnetic conductors [12] spawned numerous studies on the
thermal generation of charge and spin currents in nanoscopic
devices [13–23]. The spin Seebeck effect could be used to
generate pure spin currents in molecular or QD devices, i.e.,
without having an associated charge current [21]. It was early
recognized that sharp features in the electronic density of
states near the Fermi energy can lead to an enhancement of
thermopower [24]. In QDs, the development of the Kondo

effect at temperatures below a characteristic scale TK generates
a narrow peak, the so-called Kondo peak or Abrikosov-Suhl
resonance, of width ∼kBTK at the Fermi energy in the spectral
density of the QD. The regular Kondo effect involves a spin
1/2-coupled antiferromagnetically to the conduction electron
band and leads to an Abrikosov-Suhl resonance centered near
the Fermi level (the shift is �kBTK ) with a low electron-
hole asymmetry and a small thermoelectric response at low
temperatures [16]. Other varieties of the Kondo effect with
a higher impurity symmetry, as the SU(4) case observed
in carbon nanotube junctions, lead to an Abrikosov-Suhl
resonance shifted by ∼kBTK above the Fermi energy and to
a large charge thermoelectric response [22,25]. To obtain a
large spin thermoelectric response in these Kondo systems,
however, a Zeeman splitting larger than the Kondo scale kBTK

is needed.
The underscreened Kondo effect, which has been observed

in molecular devices [26,27], and the ferromagnetic Kondo
effect have been predicted to occur in multiple quantum
dot devices [28–33]. An appealing property of these Kondo
systems is that they lead to a singular Fermi liquid behavior
[34–38] with a logarithmic dependence on the excitation
energy of the low-energy properties. In these devices, a spin
decouples asymptotically from the electron bath, at low
temperatures, and becomes easily polarizable with any finite
external magnetic field, leading to high magnetotransport and
spin thermoelectric responses [19,39,40].

We study the thermoelectric properties of a device with
three quantum dots in a star configuration which leads to a
realization of the underscreened Kondo effect for a spin S = 1
and to the ferromagnetic Kondo effect for a spin S = 1/2
[28–33]. We show that these devices can be used as spin filters
and to thermally generate spin polarized currents. We find that
in the ferromagnetic Kondo regime the singular properties
emerge at a scale much larger than in the underscreened
Kondo regime, making it more suitable for the experimental
observation of these effects.

The rest of the paper is organized as follows. In Sec. II,
we present the model and summarize previous results on the
low-energy properties of the system. In Sec. III, we present
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FIG. 1. Schematic representation of a three QD device in a star
configuration. The central QD which is labeled with 0 is tunnel-
coupled to two QDs and to left (L) and right (R) electrodes.

numerical results, using the full density matrix extension [41]
of Wilson’s numerical renormalization group (FDM-NRG)
[42,43], for the conductance, thermoelectric power, magneto-
conductance and spectral density as a function of temperature
and gate voltage. Finally, in Sec. IV, we summarize the main
results and present the conclusions.

II. MODEL

We analyze a model device with three QDs tunnel-coupled
in a star configuration (see Fig. 1). A central QD is coupled
to two QDs and to left and right electrodes. The device is
described by the following Hamiltonian [32]:

H =
2∑

�=0

⎛
⎝ ∑

σ=↑,↓
ε�σ n̂�σ + U�

2
n̂�↑n̂�↓

⎞
⎠

+
∑

σ

2∑
�=1

(t�d
†
�σ d0σ + H.c.)

+
∑

ν=L,R

∑
k,σ

(Vkνd
†
0σ cνkσ + H.c.)

+
∑
ν,k,σ

εkνc
†
νkσ cνkσ , (1)

where we consider a single electronic orbital on each QD1

with energy ε�σ , n̂�σ = d
†
�σ d�σ is the electron number operator

of the �th QD, U� is its charging energy, and σ is the electron
spin projection along the ẑ axis. An external magnetic field
Bẑ produces a Zeeman splitting of the level energy of each
orbital as ε�↑ = ε� − gμBB/2 and ε�↓ = ε� + gμBB/2. The
energies ε� = U� − Cg�Vg� can be experimentally controlled
via gate voltages Vg�. The first term in Eq. (1) describes the
electrostatic interaction on the QDs. The second term describes
the tunneling coupling between the central QD (� = 0) and
the two side-coupled QDs. The third term describes the
coupling between the central QD and the left (L) and right (R)
electrodes, which are modeled by two noninteracting Fermi
gases.

1For a small enough quantum dot, the linear transport properties are
governed by its lowest unoccupied or the highest occupied orbital.

The low-energy properties of this model, for N side-
coupled QDs, were analyzed for B = 0 in Ref. [32] in the
Kondo regime with single electron per QD. When the tunnel
coupling between the side-coupled QDs and the central QD
is much larger than the hybridization between the central
QD and the leads, the low-energy physics is governed by
a ferromagnetic Kondo Hamiltonian for a S = (N − 1)/2
impurity spin. In weak interdot coupling regime, a two stage
Kondo effect develops as the temperature is decreased. The
first stage is due to the Kondo screening of the spin on
the central QD by the leads, and the second one at lower
temperatures is an underscreened Kondo effect between a
local heavy Fermi liquid at the central QD and the spins on
the side-coupled QDs. The heavy quasiparticles at the central
QD can only partially screen the magnetic moment on the
side-coupled QDs leaving at low temperatures a residual spin
with a ferromagnetic coupling to the quasiparticles. As in
the case of ferromagnetic Kondo effect, the underscreened
Kondo effect presents singular liquid Fermi properties due to
a logarithmic decoupling at low energy of residual spin. For
simplicity, we consider below t� = t and U� = U . The main
conclusions, however, do not depend on the homogeneity of
the QDs’ couplings and charging energies.

III. TRANSPORT PROPERTIES

We analyze the transport properties in the linear response
regime for both the bias voltage �V = (μL − μR)/e and the
temperature difference �T = TL − TR between left and right
electrodes. The current for the spin projection σ can be written
as [16]

Iσ = Gσ�V + GσSσ�T, (2)

where the conductance Gσ and the Seebeck coefficient Sσ are
given by

Gσ = e2

h
I0σ , Sσ = −kB

|e|
I1σ

kBT I0σ

, (3)

with Inσ = ∫ ∞
−∞ ωn(− ∂f (ω)

∂ω
)Tσ (ω) dω . Here, Tσ (ω) describes

the tunneling of spin-σ electrons across the junction and
is given by Tσ (ω) = 4
L
R


L+
R
Aσ (ω) where Aσ (ω) is the spin

dependent spectral density of the central QD [44,45]. In the
above expression, 
α = π

∑
k |Vkα|2δ(εkα) is the contribution

to the width of the molecular energy levels introduced by
the coupling with lead α, and f (ω) is the Fermi function.
In what follows, we assume that 
L and 
R are equal and
energy independent,2 define the effective tunnel coupling
V = √

(
L + 
R)/πρ, where ρ = 1/(2D) is the local density
of states of the electrodes at the Fermi energy (εF = 0), and
choose half the bandwidth of the leads D as the unit of energy.
The total charge current is Ic = ∑

σ Iσ and we define the pure
spin current for Ic = 0 as

Is = Ss

�T

|e|R , (4)

2For a discussion about this assumptions, see, e.g., Ref. [16].
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FIG. 2. Conductance as function of the temperature for different
values of the tunnel coupling t . t/D takes the values 0.012, 0.014,
0.016, 0.018, 0.02, 0.025, 0.05, and 0.1. Other parameters are U =
0.4D, V = 0.2D, and ε� = −U/2. (Inset) Plot of G−1/2 as a function
of ln(kBT /T 0

K ) to make clear the singular behavior of the conductance
at low energies for t �= 0.

with

Ss = S↑ − S↓, (5)

the spin Seebeck coefficient and R = ∑
σ G−1

σ . In what fol-
lows, we present results for the transport properties calculating
Aσ (ω) using Wilson’s numerical renormalization group [43].

A. Conductance

We first analyze the behavior of the conductance as a
function of the temperature for different values of the interdot
hopping amplitude t . The system presents, as a function of t ,
a crossover from a ferromagnetic Kondo regime, for the larger
t values, to a two stage Kondo regime in the low-t range of
values.

Figure 2 presents the conductance through a three QD
device in the electron-hole symmetric situation (ε� = −U/2)
as a function of the temperature for different values of the
interdot hopping amplitude t . In the lower-t regime, there is a
increase of the conductance as the temperature is lowered and
it reaches a value G ∼ G0 = 2e2/h for T � T 0

K , where T 0
K is

the Kondo temperature for the central QD. At temperatures
below a characteristic temperature T0, the underscreened
Kondo effect sets in and the conductance decreases again
to G ∼ 0 for T � T0. As t is increased, T0 increases, and
the high-conductance plateau is suppressed. In the larger-t
regime, no high-conductance plateau is obtained and the
conductance decreases monotonously. In this case, the system
can be described by the ferromagnetic Kondo model. In the
whole range of values of t studied, the NRG results for the
low-temperature conductance present a singular behavior of
the form

G(T → 0) 
 G(T = 0) + bG

ln2(T/T0)
, (6)

where kBT0 is much larger than D in the ferromagnetic Kondo
regime and much smaller than D in the underscreened Kondo
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FIG. 3. Conductance G vs total occupation N of the QDs. (a)
Conductance for different couplings t . (Inset) Kondo coupling as a
function of δ for t = 0.2D. The arrow indicates the value of δ = δ� 

0.44U where JK vanishes. (b) Conductance for t = 0.04D at different
temperatures. kBT changes from 10−13D to 10−4D in steps of 1 in the
exponent. (Inset) N as a function of δ for t = 0.04D (solid line) and
t = 0.2D (dashed line). In (a) and (b), the expected zero-temperature
conductance for a singular Fermi liquid G0 sin2(πN /2 − π/2) (red
thick line) and a regular Fermi liquid G0 sin2(πN /2) (black thin line),
are presented.

regime [32]. For the parameters of Fig. 2, G(T = 0) = 0, while
assuming a regular Fermi liquid ground state G(T = 0) = G0

would be expected [46]:

GFL(T = 0) = G0

2

∑
σ

sin2(Nσπ ), (7)

where Nσ = 3/2 is the average occupancy per spin. A
qualitatively identical behavior is obtained for systems having
a larger number of side-coupled QDs, the main difference
being the value of T0 [32].

Figure 3 presents the low-temperature conductance as a
function of total occupation N , in the QD array, which is
changed by shifting the energy of one of the side-coupled QDs
by δ (ε0 = ε1 = −U/2 and ε2 = −U/2 + δ). For N = 3, the
system is in a singular Fermi liquid regime and the conductance
vanishes. As N is reduced, the conductance follows the
behavior that would be expected for a Fermi liquid with an
effective charge per spin projection sector in the QD array
reduced by π/2:

G(T → 0) = G0

∑
σ

sin2[(Nσ − 1/2)π ]. (8)

This can be interpreted as due to the asymptotic decoupling
at low energies of a spin 1/2 from the reservoir, reducing the
effective charge in the QD array. For values of t such that at
δ = 0 (N = 3) the system is in the ferromagnetic Kondo
regime, the zero-temperature conductance presents a disconti-
nuity as a function of N . A calculation of the Kondo coupling
between the QD array spin and the reservoirs shows that there
is a change in the sign of JK at the value of δ where the jump
in the conductance is observed. The inset of Fig. 3(a) shows
that the change in the sign of JK for t = 0.2D takes place at
δ = δ� 
 0.44U , which corresponds to a total occupation of
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FIG. 4. Charge Seebeck coefficient Sc in the ferromagnetic
Kondo regime (t = 0.2D) for B = 0. There is a change in the sign
of S near δ ∼ U/2 where the total occupation of the QDs changes
between ∼3 and ∼2. Other parameters as in Fig. 2.

N = 2.942 [see inset of the Fig. 3(b)] marked by the arrow
in the Fig. 3(a). As JK decreases in absolute value, the Kondo
temperature vanishes with an essential singularity behavior
and a Kosterlitz-Thouless transition for JK = 0 is obtained
where the system changes from being a singular Fermi liquid
to a regular Fermi liquid. This changes the zero-temperature
behavior of the conductance, which is described by Eq. (7)
for JK > 0 and by Eq. (8) for JK < 0. Close to the transition,
the temperature needs to be very low (lower than TK ) for
the conductance to attain its zero-temperature value. At finite
temperatures, the discontinuity in G(N ) is rounded as can be
seen in Fig. 3(b), although a strong gate voltage dependence of
the conductance remains close to the transition. For the lower
values of t analyzed, the system is in the underscreened
Kondo regime, the transition occurs close to N = 2.5 and
the conductance displays a cusp at low temperatures.

B. Thermopower

Figure 4 presents an intensity map of the charge Seebeck
coefficient as a function of the temperature and the energy
shift δ for a system which, for δ = 0, is in the ferromagnetic
Kondo regime (t = 0.2D). In the electron-hole symmetric
situation (δ = 0), electrons and holes contribute the same to
the Seebeck effect but with opposing signs leading to a zero
Seebeck coefficient in the full range of temperatures. A finite δ

breaks the electron-hole symmetry and leads to a finite charge
Seebeck coefficient which has a peak as a function of the
temperature at T ∼ 0.1
. For δ ∼ U/2 where the occupation
on the QD array changes between ∼3 and ∼2, there is a change
in the sign of Sc and a sharp feature in Sc remains even at the
lowest temperatures studied. For negative values of δ, the sign
of Sc is inverted Sc(−δ) = −Sc(δ) due to the electron-hole
replacement symmetry.

A Sommerfeld expansion at low temperatures for the
integrals of Eq. (3) leads to

Sσ (T ) = −kB

|e|
π2

3
kBT

1

Aσ (ω = 0,T )

∂Aσ (ω,T )

∂ω

∣∣∣∣
ω=0

, (9)

and a linear in T vanishing of the Seebeck coefficient is
expected for a Fermi liquid as T → 0. The spectral density
in this system in the singular Fermi liquid regime has, at low
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FIG. 5. (Top to bottom) Conductance, Seebeck coefficient Sc,
and Lorentz number, as a function of the temperature for a system
in the ferromagnetic Kondo regime t = 0.2 and δ = 0.23U . Other
parameters as in Fig. 2.

temperatures (T → 0), a behavior of the form [32]

Aσ (ω → 0) 
 b

ln2(|ω|/kBT0)
, (10)

and Eq. (9) is not applicable. The charge Seebeck coefficient
does vanish at low temperatures but slower than linear in T

due to logarithmic corrections. This can be observed in Fig. 5,
where the conductance and the Lorenz number also show a
logarithmic temperature dependence at low temperatures. This
singular behavior is cutoff by an external magnetic field that
drives the system into a Fermi liquid regime making Eq. (9)
with a linear behavior in T of Sc applicable.

C. Spin Seebeck effect and spin polarization

In the absence of an external magnetic field the system
preserves the spin symmetry, S↑ ≡ S↓, and the spin Seebeck
coefficient is zero. In the electron-hole symmetric situation
(δ = 0), A↑(ω) = A↓(−ω) [see Fig. 6(a)] and S↑ = −S↓
which leads to a finite Ss under a finite magnetic field B.
Figure 7(a) presents the spin Seebeck coefficient as a function
of the temperature and the energy shift δ. For δ < δ�, the
system is in a singular Fermi liquid regime and the spin is easily
polarized at low temperatures by an external magnetic field.
This leads to a strong electron-hole asymmetry for Aσ (ω) and
to a large Ss ∼ kB/|e| for kBT ∼ gμBB. For kBT � gμBB,
Fermi liquid theory is applicable and Ss is proportional to the
temperature.

For both δ ∼ 0.23U and δ ∼ U/2, Ss presents a large peak
and a sharp feature with a change of sign at low temperatures.
These features are associated with the vanishing of G↑ and G↓,
respectively, which leads to a spin polarization of the current
(∼100%). This can be observed in Fig. 7(b), which presents
the current polarization factor IP = G↑−G↓

G↑+G↓
as a function of

δ. |IP | attains its maximum values where the spin Seebeck
coefficient is maximum. For kBT � gμBB, the system is in a
Fermi liquid regime and Eq. (7) for the conductance is valid.
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FIG. 6. (a) Spectral density of the central QD at low ener-
gies for kBT = 0.3μBB = 3 × 10−6D in the ferromagnetic regime
(t = 0.2D) and δ = 0. For B = 0, the spectral density is electron-hole
symmetric and presents a singular behavior at low energies. (b) Same
as (a) for δ = 0.23U and kBT = 10−6D. (Inset) Spectral density in a
wide range of energies that includes the Hubbard peaks at ω ∼ ±U/2
and shows the spin polarization under an applied magnetic field.

The total occupation and the magnetization are changed by
the energy shift δ and the magnetic field, and we have N =
N↑ + N↓ = 3 − �N and M = N↑ − N↓ = 1 − �M , where
0 � �N � 1 for all δ � 0, and �M � 0 for 0 � δ � δ�

and �M < 0 for δ > δ�. From the total occupation and
magnetization, we get the spin occupation as

N↑ = 2 + (�M − �N )/2, (11)

N↓ = 1 − (�M + �N )/2. (12)

For δ = 0.23U , �M = �N and N↑ is an integer number
that result in G↑ = 0 [see Eq. (7)], while for δ ∼ U/2,

δ
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FIG. 7. (a) Spin Seebeck coefficient in the ferromagnetic Kondo
regime (t = 0.2D) and gμBB = 10−5D. There are two peaks
associated with with a maximum of S↑ at δ = 0.23U and a minimum
of S↓ at δ ∼ U/2. (b) Zero-temperature current polarization Ip as a
function of δ. There is a broad range of values of δ around δ ∼ 0.23U

and where the current is ∼100% polarized.
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FIG. 8. Spin Seebeck as function of the temperature and the
magnetic field at δ = 0 for (a) t = 0.02D and (b) t = 0.2D. The
magnetic field changes from 10−11D to 10−6D in steps of 1 in the
exponent.

�M = −�N , N↓ is an integer number and G↓ = 0. The
vanishing of the conductance for one of the spin projections
at low temperatures, is associated with the vanishing of the
spectral density (see Fig. 6).

Figure 8 presents the spin Seebeck coefficient as a function
of the temperature scaled by the applied magnetic field for
an electron-hole symmetric situation (δ = 0). We find a large
peak in Ss for kBT ∼ gμBB that loses strength when the
magnetic field increases in the underscreened Kondo regime
[see Fig. 8(a)], and holds with essentially the same strength
for the ferromagnetic Kondo regime [see Fig. 8(b)]. This is
due to the fact that in the underscreened Kondo regime the
energy scale kBT0, that determines the onset for the singular
behavior, is much lower than the bandwidth [32] and an
external magnetic field easily can drive the system out the
underscreened Kondo regime. In the ferromagnetic Kondo
regime, however, the energy scale kBT0 is much larger than
the bandwidth [32] and the onset of the singular behavior
occurs at a higher-energy scale (∼U ).

IV. SUMMARY AND CONCLUSIONS

We have analyzed the thermoelectric and magnetoelectric
properties of a three QDs device in a star configuration as
a function of temperature, magnetic field and gate voltage.
The system presents a high sensitivity to external fields,
associated with quantum phase transitions, that manifests on
the transport properties. The zero-temperature conductance as
a function of gate voltage presents a discontinuity that signals
a transition between singular and regular Fermi liquid regimes.
This quantum phase transition is produced by a change in the
sign of the Kondo coupling JK between a magnetic moment in
the QD array and the leads. For an antiferromagnetic coupling
JK > 0, the low-temperature properties of the system can be
described with Fermi liquid theory, and the zero-temperature
conductance is given by the QD array occupation through
Friedel’s sum rule. For a ferromagnetic coupling JK < 0 the
system in a singular Fermi liquid regime at low temperatures
and satisfies a modified sum rule where the total charge in
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the QD array is replaced by a reduced effective charge. The
effective charge can be obtained by subtracting the charge
associated with a magnetic moment on the QD array that
decouples asymptotically from the leads. The conductance,
thermopower, and Lorentz number present a logarithmic
behavior at low temperatures in the ferromagnetic Kondo
regime. An external magnetic field strongly polarizes the
asymptotically free magnetic moment and drives the system
into a Fermi liquid regime, producing a low-energy cutoff
for the logarithmic behavior of the transport properties. In
this regime, the magnetic field produces a large slope at low
energies in the spectral density of the central QD, with a sign
that depends on the spin projection along the external magnetic
field. Close to the electron-hole symmetric condition this leads
to a large spin Seebeck coefficient (∼kB/|e|) and to pure spin
currents for kBT ∼ gμBB in a wide range of magnetic fields.
A gate voltage can tune the system to produce spin polarized
currents due to the suppression of the current of one of the spin
projections caused by interference effects.

For a weak tunnel coupling between QDs, the system
presents a two-stage Kondo regime with an antiferromagnetic
Kondo effect for a spin 1/2 followed by a spin-1 underscreened
Kondo effect. In this case, the electronic properties of the
system also present a singular behavior but it is attained at
much lower temperatures.

We analyzed devices with more than three QDs (N > 2),
where N QDs are tunnel-coupled to the central QD, and
found a qualitatively identical behavior to the N = 2 case for
the thermoelectric and magnetoelectric properties. The main
quantitative differences are a reduced maximal spin Seebeck
coefficient and an enhanced energy scale kBT0 as the number
of side-coupled QDs N increases.
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