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We describe the Majorana zero modes in topological hybrid superconductor-semiconductor wires with
spin-orbit coupling and magnetic field, in terms of generalized Bloch coordinates φ; θ; δ. When the spin-
orbit coupling and the magnetic field are perpendicular, φ and δ are universal in an appropriate coordinate
system. We show how to extract the angle θ from the behavior of the Josephson current-phase relation,
which enables tomography of the Majorana modes. Simple analytical expressions describe accurately the
numerical results.

DOI: 10.1103/PhysRevLett.125.256801

Topological superconductors host Majorana zero modes
(MZMs) localized at the edges of the system [1,2].
Detection and manipulation MZMs is motivated by their
potential use for implementing topological quantum com-
putation [3,4]. Quantum wires with spin-orbit coupling
(SOC), proximity-induced s-wave superconductivity, and a
magnetic field B⃗ having a component perpendicular to the
direction of the SOC [5,6], are one of the most prominent
systems. Several works investigated realizations of this
platform for topological superconductivity in wires of InAs
[7–12].
The existence of MZMs leads to signatures in the

behavior of the Josephson current-phase relation (CPR).
In the ac case, the periodicity as a function of the phase bias
ϕ is 4π for non-time-reversal invariant [1,13–36] and time-
reversal invariant [37–48] families, in contrast to the 2π one
of the ordinary superconductors.
In the topological superconducting phase of the quantum

wires proposed in Refs. [5,6], the zero modes have a
nontrivial spin texture [49–51]. In contrast to what might be
naively expected, the spin density from the exact solution
of the model Hamiltonian shows that the zero modes have
magnetization components perpendicular to B⃗ and the SOC
axis. Remarkably, for perpendicular B⃗ and SOC, the
components of the spin polarization perpendicular to B⃗
are also perpendicular to the SOC and have opposite signs
at the two ends of the wire [5,49].
We introduce a geometrical characterization of the

MZMs in terms of their generalized Bloch coordinates
(GBC), i.e., Bloch coordinates φ; θ associated with the spin
orientation and a phase δ. We show that, when B⃗ and the
SOC are perpendicular, there exists an easy coordinate
frame (ECF) where φ and δ are universal and can be exactly

calculated by symmetry arguments, up to a sign that can be
obtained from the solution in particular limits. We present a
low-energy effective Hamiltonian to describe the MZMs in
Josephson junctions and show that the angle θ can be
inferred from the behavior of the CPR in suitable junctions,
hence enabling a full tomography of these modes.
We consider a lattice version of the model for topological

superconducting wires introduced in Refs. [5,6],
with arbitrary orientations of B⃗ and SOC [52,53]. The
corresponding Hamiltonian is Hw ¼ H0 þHΔ, with

H0 ¼
X
l

c†lð−tσ0 − iλ⃗ · σ⃗Þclþ1 þ H:c:

−
X
l

c†lðB⃗ · σ⃗ þ μσ0Þcl;

HΔ ¼ Δ
X
l

c†l↑c
†
l↓ þ H:c:; ð1Þ

where l labels sites of a 1D lattice and cl ¼ ðcl↑; cl↓ÞT .
B⃗ ¼ Bn⃗B and λ⃗ ¼ λn⃗λ, with B; λ ≥ 0, are the magnetic field
and the SOC oriented along the spacial directions n⃗B
and n⃗λ, respectively. The components of the vector
σ⃗ ¼ ðσx; σy; σzÞ are the Pauli matrices and σ0 is the 2 ×
2 unitary matrix. This model has a topological phase
provided that n⃗λ and n⃗B are not parallel. The evaluation
of topological invariants [54,55] leads to the following
expressions for the boundaries:

j2jtj−rj< jμj< j2jtjþrj; Bjn⃗λ · n⃗Bj< jΔj<B; ð2Þ

with r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − Δ2

p
.

The MZMs of the Hamiltonian of Eq. (1) can be written
as ην ¼ γν

† þ γν, where ν ¼ L, R denotes the left and right
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end of the wires, respectively. We assume that the
spin of γ†ν is oriented along the Bloch vector
n⃗ν ¼ ðcos θν sinφν; cos θν cosφν; sin θνÞ. The angles θν
and φν in the Bloch sphere, as well as a phase δν—defined
mod ðπÞ—are the GBC, which fully characterize the MZM
through

γ†ν ¼ eiδν ½cosðθν=2Þc†ν↑ þ eiφν sinðθν=2Þc†ν↓�: ð3Þ

Here, c†νs are fermionic creation operators associated with
the basis of Hw, acting at the ends of the wire (usually
including a few sites). Importantly, not only the angles θν
and φν, but also δν depend on the choice of the reference
frame. The change in n⃗ν under a rotation of the coordinate
system is a routine exercise. The corresponding change of
δν leads to a function ξL;Rðn⃗L; n⃗RÞ,—see Eq. (S5) in
the SM [56]—which is a vector potential that depends
on n⃗ν but not on δν, generated by a twist between the spin
directions [57]. The quantity

δL;R ¼ δL − δR − ξL;Rðn⃗L; n⃗RÞ mod ðπÞ; ð4Þ

is invariant under rotations. Notice that the SU(2) invari-
ance of δL;R is expected since it appears in the evaluation of
expectation values of observables, in particular, the current
through the closing contact of a ring formed with the wire,
which is threaded by a magnetic flux. In addition, the scalar
product of the two unit vectors, n⃗L · n⃗R, is also an SU(2)
invariant.
We notice that when n⃗λ · y⃗ ¼ n⃗B · y⃗ ¼ 0, the

Hamiltonian is invariant under inversion (defined by
l ↔ N þ 1 − l, for a chain with N sites) and complex
conjugation, implying

δR ¼ −δL; θR ¼ θL ¼ θ; φR ¼ −φL: ð5Þ

The Hamiltonian is also invariant under inversion and
simultaneous change in the sign of λ. For n⃗λ · n⃗B ¼ 0 and
n⃗Bjjz⃗, the latter change of sign can be absorbed in a gauge
transformation c̃†l↑ ¼ ic†l↑, c̃†l↓ ¼ −ic†l↓. Therefore, the
MZM for ν ¼ R has the same form as the one for
ν ¼ L, replacing the operators c†lσ at the left end by
the c̃†lσ at the right. Hence, the GBC at the two ends are
related as

δR ¼ δL � π

2
; θR ¼ θL ¼ θ; φR ¼ φL þ π: ð6Þ

This means that the Bloch vectors of the MZMs have
components perpendicular to n⃗B with opposite signs at the
two edges, a conclusion that has been previously reached
after the explicit calculation of the wave function in
particular frames [49,51]. We conclude that this property
does not depend on the choice of the coordinate frame,
since the relative tilt of the spin orientations is invariant
under rotations. Furthermore, combining with the condition

of Eq. (5), we identify an ECF: n⃗Bjjz⃗ and n⃗λjjx⃗. In that
frame we have

δR¼−δL¼�π=4; φR¼−φL¼�π=2; θR¼θL¼θ: ð7Þ

To conclude the full characterization of the MZMs in this
frame, we still need to define the signs in Eq. (7) and find
the relation between θν and the parameters of the
Hamiltonian [Eq. (1)]. In what follows we present results
for the case B ≫ λ; jΔj, which by continuity leads to the
exact values of φν and δν in the full parameter space. In the
Supplemental Material (SM) [56], we show that they
coincide with the values for these parameters obtained
from the calculation of the continuum version of the model
in Ref. [5] in the limit of dominant SOC. The limit of
dominant magnetic field is intuitively related to Kitaev’s
model, although in the present case, the MZMs are not fully
polarized in the direction of B⃗, as explained before.
Our aim now is to explicitly calculate the GBC of the two

MZMs as functions of the Hamiltonian parameters
λ, Δ, B, μ when B dominates, in the ECF. To this end,
it is useful to rewrite the Hamiltonian Hw of the
wires in the basis that diagonalizes H0 in Eq. (1). We
introduce the unitary transformation in reciprocal
space dkþ ¼ ukck↑ þ vkck↓, dk− ¼ −vkck↑ þ ukck↓, being

uk; vk=sgnðλkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� B=rkÞ=2

p
, with rk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2k þ B2

q
,

and λk ¼ 2λ sin k. This leads to

Hw ¼
X

k;s¼þ;−
ðεk;sd†ksdks þ ΔT

k d
†
ksd

†
−ksÞ

þ
X
k

ΔS
kd

†
kþd

†
−k− þ H:c: ð8Þ

being εk;s ¼ ξk ∓ rk with ξk ¼ −2t cos k − μ. The pairing
interaction contains a triplet component with p-wave
symmetry ΔT

k ¼ −λkΔ=rk—notice that λk is an odd func-
tion of k—and a singlet one, ΔS

k ¼ BΔ=rk.
For B ≫ Δ ≫ λ, the transformed model can be solved

analytically with the method of Alase et al. [58–61] (see
SM [56], for details). For t;Δ > 0, and μ ¼ −B;Δ, the
results are

δL ¼ −δR ¼ π

4
; φL ¼ −φR ¼ −

π

2
;

θ∼
Δ

Bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB2 − t2Þ

p þO

�
λ

B

�
; n⃗B ¼ z⃗; n⃗λ ¼ x⃗:

ð9Þ
While Eq. (7) gives the values of δν and φν up to a sign,
Eq. (9) gives their exact values. Although the calculation
was done for dominant B⃗, this result is valid for continuity
in the whole topological phase with B; t;Δ; λ > 0; μ < 0.
The corresponding values for the opposite signs of these
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parameters can be deduced by means of symmetry argu-
ments [62].
It is important to highlight that the previous results and

appropriate SU(2) rotations permit us to obtain exactly δν
and φν in any coordinate system for any value of the
parameters of Eq. (1) with n⃗λ · n⃗B ¼ 0, while θ needs an
explicit calculation. Our goal now is to show that this angle
can be inferred from the behavior of the CPR in suitable
junctions.
To calculate the CPR we consider two wires w1 and w2

with different phases ϕ1;ϕ2 of the pairing potentials,
related as ϕ1 − ϕ2 ¼ ϕ and connected by a tunneling
term, as indicated in the sketches of Figs. 2 and 3.
Gauging out the dependence on ϕ in the operators of
the wires, the Hamiltonian for the full system reads
HðϕÞ ¼ Hw1 þHw2 þHcðϕÞ, where Hw1; Hw2 have the
same structure as in Eq. (1). The connecting term reads

HcðϕÞ ¼ tc
X
σ¼↑;↓

ðeiϕ=2c†1;σc2;σ þ H:c:Þ; ð10Þ

with 1 and 2 denoting, respectively, the site at the right and
left end of w1 and w2. We can calculate the current
numerically as described in the SM [56]. In the topological
phase, however, a simple description based on the coupling
of the MZMs accurately explains the Andreev spectrum
and the CPR. This is because, in a topological junction,
Andreev states are formed from the hybridization of the
MZMs [19,41,45].
In what follows we derive the low-energy effective

Hamiltonian Heff that describes the hybridization of the
MZMs. Importantly, we consider different magnetic-field
and SOC orientations in the two wires. Heff takes a
particularly simple form if the quantization axis is chosen
in the direction of the Bloch vector of one of the MZMs
next to the junction, which we choose to be n⃗2. In the basis
where n⃗2 ≡ z⃗0—see Fig. 1(a)—the spin down operators of
the sites nearest to the junction contribute only at high
energies, while the low-energy component is precisely the
contribution of the MZM. Concretely, we can substitute the
fermionic operators at the ends of the wires by their
projection on the MZMs,

c01↑ ≃
a1
2
eiδ

0
1 cos

�
θ01
2

�
η1; c02↑ ≃

a2
2
eiδ

0
2η2; ð11Þ

where θ01 is the angle between n⃗1 and n⃗2—see Fig. 1(b)—
and δ01; δ

0
2 are the corresponding phases. ai are real

numbers, a2i ≤ 1 being the weight of the MZM at the
corresponding site. Replacing in Eq. (10) we obtain

HeffðϕÞ ¼
tJðθ01Þ
2

sin

�
ϕ

2
þ δ02 − δ01

�
iη1η2; ð12Þ

tJðθ01Þ ¼ tca1a2 cos

�
θ01
2

�
; ð13Þ

which is solved by defining a fermion d ¼ ðη1 þ iη2Þ=2 [4],
leading to iη1η2 ¼ 2d†d − 1. The ground-state energy is

FIG. 1. (a) Reference frame with z⃗0 along n⃗2. (b) Bloch vectors
of the MZMs of the two wires. (c) Laboratory frame.

FIG. 2. CPR for n⃗B;j · n⃗λ;j ¼ 0, j ¼ 1, 2 and several values of
the angle βλ between n⃗λ;1 and n⃗λ;2. Solid lines: numerical results.
Symbols: Jeff calculated using Heff . Parameters are t ¼ 1, B ¼ 4,
λ ¼ 2, Δ ¼ 2, and μ ¼ −3.

FIG. 3. (a) Configurations of wires with a tilt βB in the
orientation of the magnetic field with n⃗B · n⃗λ ¼ 0. (b) Amplitude
of the CPR tJ vs βB for n⃗B · n⃗λ ¼ 0. (c) CPR for n⃗λ;1 ¼ n⃗λ;2,
n⃗B;2 · n⃗λ;2 ¼ 0, n⃗B;1 · n⃗λ;1 ¼ cos βλB and all vectors in the same
plane. Parameters as in Fig. 2.
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EeffðϕÞ ¼ −
1

2
jtJðθ01Þj

���� sin
�
ϕ0

2

�����; ð14Þ

where ϕ0 ¼ ϕþ 2ðδ02 − δ01Þ. The CPR is

JeffðϕÞ ¼
2e
ℏ
dEeffðϕÞ

dϕ

¼ −
ejtJðθ01Þj

2ℏ
cos

�
ϕ0

2

�
sgn

�
sin

�
ϕ0

2

��
: ð15Þ

Performing the rotation sketched in Fig. 1 (see SM [56] for
details), we can express this current in terms of the GBC of
the MZMs of w1 and w2 next to the junction in the
laboratory frame through

ϕ0 ¼ ϕþ 2ðδ2 − δ1 − ξ1;2Þ; ð16Þ

where δ1 and δ2 are the corresponding phases and

ξ1;2 ¼ arctan

�
sin ðφ1 − φ2Þ

cos ðφ1 − φ2Þ þ cotðθ1
2
Þ cotðθ2

2
Þ

	
: ð17Þ

The different angles are indicated in Fig. 1. We would like to
stress that all the quantities that determine the behavior of
the CPR are SU(2) invariant, as explicitly shown in the SM
[56]. In particular, θ01 does not depend on the reference frame
while δ2 − δ1 − ξ1;2 is an invariant akin to Eq. (4) and from
Eq. (16) we clearly see that this quantity plays the role of a
vector potential that modifies the magnetic flux.
The CPR of Eq. (15) has a jump at ϕ0 ¼ 0 as a

consequence of the crossing of levels with different fermion
parity. If parity is conserved, the typical 4π periodicity of
topological junctions is obtained. In the case of junctions of
wires with the same orientation of B⃗ and SOC and
n⃗B · n⃗λ ¼ 0, δ1 − δ2 ¼ �π, as given by Eq. (6), and the
jump occurs at ϕ ¼ π. However, in junctions of wires
having different orientations of n⃗B and n⃗λ or n⃗B · n⃗λ ≠ 0,
this jump may take place at other values of ϕ. In what
follows, we analyze junctions of wires with different
configurations of these vectors with the aim of using the
behavior of the CPR to extract information of the MZMs.
We consider now the same orientation of B⃗ in both wires,

but a tilt βλ in the orientation of the SOC, i.e.,
n⃗λ;1 · n⃗λ;2 ¼ cos βλ. This can be realized with a junction
where the wires are placed on the superconducting sub-
strate forming an angle βλ, as in the sketch of Fig. 2,
where we also indicate the ECF for w2 (n⃗Bjjz⃗ and n⃗λ;2jjx⃗).
We focus on Δ > 0, μ < 0, in which case Eqs. (9)
give δ2 and φ2, while δ1 and φ1 can be also derived
from these equations by performing a rotation of βλ
around z⃗. This leads to θ1 ¼ θ2 ¼ θ, φ1 − φ2 ¼ π − βλ
and δ1 ¼ δ2 þ ðπ þ βλÞ=2. Replacing in Eqs. (16) and (17)
we obtain

ϕ0 ¼ ϕ − π − βλ þ 2 arctan

�
sinðβλÞ

cosðβλÞ − cot2ðθ
2
Þ
	
: ð18Þ

Therefore, from the position of the jump in the current as a
function of the flux it is possible to extract the angle θ
between the Bloch vector of the MZMs with respect to n⃗B.
This completes the full description of the MZMs at both
sides of the junction. In Fig. 2, we show results calculated
with Heff , and by exact diagonalization of the full
Hamiltonian HðϕÞ (see Ref [56] for technical details).
Both calculations are in excellent agreement and also agree
with results reported in the limit of weak SOC in the
continuum model [63] and in the limit of large B [64].
We now focus on the case where the SOC is equally

oriented in the two wires, n⃗λ;1 ¼ n⃗λ;2 ¼ x⃗, while the
orientation of the magnetic field n⃗B;1 is tilted by an angle
βB with respect to n⃗B;2jjz⃗. We start with the case
n⃗λ;j · n⃗B;j ¼ 0, j ¼ 1, 2, which can be realized in the
two configurations sketched in Fig. 3. As before, for
Δ > 0, μ < 0, Eqs. (9) give us the values of δ2 and φ2.
On the other hand, the corresponding values of δ1 and φ1

can also be obtained from these equations by performing a
rotation of angle βB around x⃗. These are δ1 ¼ −π=4 and
φ1 ¼ ðπ=2Þsgn½sin ðθ2 − βBÞ� and θ1 ¼ θ2 − βB. Hence,
the CPR is given by Eq. (15) with ϕ0 ¼ ϕ − π.
Therefore, the shape of the function JðϕÞ is the same
for all values of βB, displaying a jump at ϕ ¼ π. However,
the magnitude of the current depends on the angles θ2 and
βB according to Eq. (13), with θ01 ¼ 2θ2 − βB. This is
illustrated in Fig. 3 and has a simple interpretation. For
βB ¼ 0, n⃗1 and n⃗2 have the same z component, θ1 ¼ θ2,
zero x component, and opposite y components [see Eqs. (6)
and (9)]. Rotating n⃗B;1 around the x axis, n⃗1 is moved
toward n⃗2 and both vectors coincide when βB ¼ 2θ2. This
angle corresponds to the maximum of tJðθ01Þ, hence, the
maximum of JðϕÞ at fixed ϕ. In addition, for fixed fermion
parity, the CPR is 4π periodic in βB, in agreement
with Ref. [20].
When B⃗1 is tilted in such a way that there is a finite

component along the direction of the SOC there is no
simple analytical expression relating the tilt in B⃗1 and the
orientation of the Bloch vector of the MZMs and we must
rely on the full expressions given by Eqs. (15)–(17). In
Fig. 3(c) we show the CPR for the case in which
n⃗λ;1 ¼ n⃗λ;2, n⃗B;2 · n⃗λ;2 ¼ 0, and n⃗B;1 is tilted keeping it
perpendicular to n⃗B;2 ∧ n⃗λ;2, and forming an angle βλB with
n⃗λ;1. Without tilting, JðϕÞ ¼ 0 as expected [65]. For other
cases, JðϕÞ presents jumps at ϕ ≠ π as in the case of wires
with SOC perpendicular to B but with a relative tilt,
analyzed in Fig. 2. It is found again an excellent agreement
between the description in terms of the effective
Hamiltonian HeffðϕÞ and the numerical solution of the
exact Hamiltonian (see SM [56] for details). For small βλB,
the topological phase is lost in w1 leaving its place to a
nontopological phase—see Eq. (2)—which is gapless for a
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wide parameter range. There, HeffðϕÞ is no longer useful
and the numerical solution of HðϕÞ is necessary, which
leads to a CPR, typical of ordinary superconductors,
with small amplitude, albeit preserving some peculiar
features of the topological phase, like Jð0Þ ≠ 0 [65], similar
to Ref. [66].
We have characterized the MZMs of topological super-

conducting wires with SOC and magnetic field in terms of
GBC ðφ; θ; δÞ. We have analytically calculated φ; δ for the
ECF where n⃗B ≡ z⃗ and n⃗λ ≡ x⃗. We have also derived the
transformation of these quantities under changes of the
reference frame. We used these results to derive exact
expressions for the CPR in wires having relative tilts in the
orientations of the SOC and magnetic fields. We showed
that for suitable configurations of the junctions, the CPR
provides the necessary information to fully reconstruct the
structure of the MZMs. These results may be useful in the
experimental implementation of quantum tomography of
MZMs. The dc regime could be reached, for instance, by
adiabatically switching on the magnetic field or by rotating
it from the gapless nontopological phase of nearly parallel
SOC and magnetic field. This is possible within the present
experimental state of the art of the hybrid superconducting-
semiconducting wires we have studied [12]. Interestingly,
this regime is free from the problem of the timescales
introduced by the poor equilibration of the MZMs which
affect readout processes of dynamical effects [67–69].
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