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Heat current across a capacitively coupled double quantum dot

A. A. Aligia ,1,2,3,* D. Pérez Daroca ,4,3 Liliana Arrachea,5,3 and P. Roura-Bas1,3

1Centro Atómico Bariloche, Comisión Nacional de Energía Atómica, 8400 Bariloche, Argentina
2Instituto Balseiro, Comisión Nacional de Energía Atómica, 8400 Bariloche, Argentina

3Consejo Nacional de Investigaciones Científicas y Técnicas, 1025 CABA, Argentina
4Gerencia de Investigación y Aplicaciones, Comisión Nacional de Energía Atómica, 1650 San Martín, Buenos Aires, Argentina

5International Center for Advanced Studies, Escuela de Ciencia y Tecnología, Universidad Nacional de San Martín,
25 de Mayo y Francia, 1650 Buenos Aires, Argentina

(Received 27 September 2019; revised manuscript received 8 January 2020; accepted 8 January 2020;
published 14 February 2020)

We study the heat current through two capacitively coupled quantum dots coupled in series with two
conducting leads at different temperatures TL and TR in the spinless case (valid for a high applied magnetic
field). Our results are also valid for the heat current through a single quantum dot with strongly ferromagnetic
leads pointing in opposite directions (so that the electrons with given spin at the dot can jump only to one lead)
or through a quantum dot with two degenerate levels with destructive quantum interference and high magnetic
field. Although the charge current is always zero, the heat current is finite when the interdot Coulomb repulsion
U is taken into account due to many-body effects. We study the thermal conductance as a function of temperature
and the dependence of the thermal current with the couplings to the leads, TL − TR, energy levels of the dots and
U , including conditions for which an orbital Kondo regime takes place. When the energy levels of the dots are
different, the device has rectifying properties for the thermal current. We find that the ratio between the thermal
current resulting from a thermal bias TL > TR and the one from TL < TR is maximized for particular values of the
energy levels, one above and the other below the Fermi level.
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I. INTRODUCTION

In the last years, there has been a significant interest in
thermal transport in the quantum coherent regime of electron
systems. A prominent example is the experimental measure-
ment of the quantum of thermal conductance in the quantum
Hall regime [1]. In the most common scenario the thermal
transport comes along with charge transport, which is at
the heart of the basic Wiedemann-Franz law. The interplay
between electrical and thermal transport is also the key of
thermoelectricity, which is a very active avenue of research
[2–40].

Heat without charge transport is also related to interest-
ing effects, including energy harvesting with quantum dots
[41–43] and rectification [44,45]. The relevant mechanism
is the capacitive coupling of charge due to the Coulomb
interaction. Interestingly, the quantum of thermal conductance
per ballistic channel is

κ0 = π2k2
BT/(3h), (1)

and is independent of the statistics of the particles [46].
In general, Eq. (1) is an upper bound for the conductance.
Capacitive couplings in electron systems are expected to
achieve significantly lower values than this bound, since it
is very unlikely to realize a perfect ballistic regime in this
scenario [47]. A paradigmatic device to analyze the behavior
of the thermal transport mediated by the Coulomb interaction
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consists of two capacitively coupled quantum dots (QDs) in
contact to reservoirs L and R at different temperatures TL and
TR, as sketched in Fig. 1. The simplest situation corresponds
to single-level QDs of spinless electrons, which could be
realized in the presence of a magnetic field. The Coulomb
interaction is denoted by U . Electrons do not tunnel between
the two QDs. Hence, the thermal current is not accompanied
by any charge current. A physical picture for the thermal
transport in this device is given in Sec. II C. See also Ref. [44].

The model is equivalent to that of transport between two
levels with destructive interference under high magnetic fields
[48,49]. It is also equivalent to a spinfull model for one dot
in which electrons with spin up can only hop to the left lead
and electrons with spin down can only hop to the right lead
or vice versa. Such a configuration ca be realized for totally
polarized ferromagnetic leads with opposite orientation (angle
π between them) [11].

The system was previously studied by recourse to rate
equations, in the regime where the coupling between the QDs
and the reservoirs is negligible, compared to U as well as kBTL

and kBTR [42–44]. More recently, results were also presented
for arbitrary coupling to the reservoirs and small U and/or
high T [45]. There is another interesting regime in this system,
which consists in an orbital Kondo regime, taking place below
the characteristic temperature TK .

The Kondo effect is one of the most paradigmatic phe-
nomenon in strongly correlated condensed matter systems
[50]. Its simplest version is realized in a single spinfull QD,
which behaves as a quantum impurity when it is occupied by
a single electron. It is characterized by the emergence of a
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FIG. 1. Sketch of the system analyzed in this work in which
two capacitively quantum dots are attached to two conducting leads
of spinless electrons and at different temperatures and chemical
potentials. It also describes two additional models as explained in
the main text.

many-body singlet below TK , which is formed by the spin 1/2
localized at the impurity and the spin 1/2 of the conduction
electrons near the Fermi level. As a consequence the spectral
density of the impurity displays a resonance at the Fermi
energy. This explains the widely observed zero-bias anomaly
in charge transport through quantum dots with an odd number
of electrons [5,6,8,12,51–54]. The Kondo effect with spin S >

1/2 has also been observed [55–57]. The role of the impurity
spin can be replaced by other quantum degree of freedom that
distinguishes degenerate states, such as orbital momentum.
Orbital degeneracy leads to the orbital Kondo effect or to more
exotic Kondo effects, like the SU(4) one, when both orbital
and spin degeneracy coexist. Some examples are present in
nanoscopic systems [16,17,58–65]. Evidence of the orbital
Kondo effect has also been observed in magnetic systems in
which the spin degeneracy is broken [66–68].

In the case of the double-dot model of Fig. 1, the occu-
pancy of one dot or the other plays the role of the spin, and a
many-body state develops below TK . The study of the thermal
transport in this regime has not been addressed so far and one
of the aims of the present work is to cover this gap. Concretely,
we will focus on the regime of high temperature and analyze
the effect of finite coupling between QDs and the reservoirs, as
well as the low temperature regime below TK . In this regime,
it is not possible to calculate the heat current exactly. For this
reason, we rely on different approximations for systems out
of equilibrium within the present state of the art techniques,
which are described in Sec. III B. Most of the results pre-
sented for finite coupling to the reservoirs were obtained using
nonequilibrium perturbation theory up to second order in U ,
which is valid for small or moderate values of U [69,70]. For
infinite U , we use renormalized perturbation theory [20,71–
74] and the noncrossing approximation [75–77]. We carefully
analyze in each case their range of validity and critically
evaluate the accuracy of the predictions.

Another very interesting mechanism is thermal rectifica-
tion. This is the key for the realization of thermal diodes and
may be relevant for applications. Thermal rectification has
been recently studied in electron [7,44] and spin [34,78–80]
systems. When the on-site energy of the QDs are different
the device has important rectification properties. Exploring
different parameters, we find that inverting the temperature
gradient the magnitude of the thermal current is reduced by
more than an order of magnitude.

The paper is organized as follows. We present the basis of
the theoretical description in Sec. II A. In different subsections
we explain the model and its symmetry properties, a physical
picture for the thermal transport and the equations for the

current. The different methods used to calculate the heat
current and thermal conductance are described in Sec. III.
The results for a symmetric system (μL = μR =, EL = ER,
and �L = �R) are presented in Sec. IV. In Sec. V, we cal-
culate the rectification properties on the thermal current of an
asymmetric system. Section VI is devoted to the summary and
conclusions.

II. THEORETICAL DESCRIPTION

A. Model

The Hamiltonian for the system sketched in Fig. 1 reads

H =
∑

ν

Eνd†
ν dν + Ud†

LdLd†
RdR +

∑
kν

εkν c†
kν

ckν

+
∑
kνσ

(Vkν c†
kν

dν + H.c.), (2)

where ν = L, R refers to the left and right dots or leads. The
first term describes the energy of an electron in each dot,
the second term is the Coulomb repulsion between electrons
in different dots, the third term corresponds to a continuum
of extended states for each lead, and the last term is the
hybridization between electrons of each dot and the corre-
sponding lead. In general, both leads are at different chemical
potentials μν and temperatures Tν . For most of the results
presented here, we take μν = 0.

The couplings to the leads, assumed energy-independent,
are expressed in terms of the half width at half maximum of
the spectral density in the absence of the interaction

�ν = π
∑

k

|Vkν |2δ(ω − εkν ). (3)

Notice that this model is equivalent to a spinfull model, by
identifying L →↑ and R →↓ (or vice versa) and considering
fully polarized ferromagnetic leads with opposite orientation
of the magnetization [11]. In such case, electrons with a given
spin orientation can only tunnel to the lead polarized in the
same direction and not to the other, as in the case of the
Hamiltonian of Eq. (2). On the other hand, this model is also
equivalent to the two-level model with destructive interference
studied in Ref. [48] under high magnetic field. In this case, the
labels L, R correspond to two different degenerate levels of the
same dot and the continua that hybridizes with each of them.

B. Transformations of the Hamiltonian

For later use, we describe here some transformations that
map the Hamiltonian into itself with different parameters. Un-
less the parameters are left invariant by the transformations,
they are not symmetries of the Hamiltonian. We assume that
the details of the conduction bands are not important, and the
corresponding spectral densities can be assumed constant.
Then, the electron-hole transformation

d†
ν → dν, c†

kν
→ −ck′ν with εk′ν = −εkν, (4)

except for an unimportant additive constant, leads to an An-
derson model with the following transformed parameters:

E ′
ν = −Eν − U,

μ′
ν = −μν, (5)
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while U and �ν are unchanged. Clearly this is a symmetry
of the Hamiltonian in the so called symmetric case μν = 0,
Eν = −U/2.

Similarly one could perform this transformation for only
the left or right part of the Hamiltonian. In the latter case, the
transformation is

d†
R → dR, c†

kR → −ck′R. (6)

In this case, the transformed parameters become

U ′ = −U,

E ′
L = EL + U,

E ′
R = −ER,

μ′
R = −μR (7)

while the rest of the parameters remain unchanged.
In the symmetric case, this transformation maps the prob-

lem for Coulomb repulsion U to a model with and attractive
interaction −U .

C. Mechanism for thermal transport

Since electrons cannot hop between left and right QDs,
it is clear that the particle current is zero. It might seem
surprising that the heat current is nonzero under a finite
temperature difference 
T = TL − TR, in spite of the fact that
the exchange of particles is not possible. The aim of this
section is to provide an intuitive picture for the transport of
heat in the presence of interactions. We assume small �ν so
that states with well-defined number of particles at each dot
are relatively stable. Without loss of generality we can also
assume 
T > 0. Let us take EL = ER < μL = μR = 0 and
Eν + U > 0.

For �ν → 0, one of the possible ground states of the
system has occupancies (nL, nR) = (0, 1). Let us take this
state as the initial state for a cycle of transitions that transport
heat. For nonzero �L, if TL is high enough there is a finite
probability for an electron from the left lead to tunnel into
the left QD and perform the thermal cycle shown in Fig. 2. The
steps of the cycle are the following. (i) An electron from the
left lead occupy the left dot changing the state of the double
dot to (1,1) [(0,1) → (1,1)]. This costs energy U + EL which is
taken from the left lead. Next (ii) an electron from the right dot
hops to the right lead [(1,1) → (1,0)]. This relaxes the energy
U + ER which is then transferred to the right lead. Next (iii)
the electron from the left dot jumps to the corresponding lead
[(1,0) → (0,0)]. This requires an energy |EL| taken form the
left lead. Finally, (iv) an electron from the right lead occupy
the right dot closing the cycle [(0,0) → (0,1)] and transferring
the energy |ER| to the right lead. As a result of the cycle an
amount of energy U is transferred from the left to the right
lead.

The processes involved in each step of this cycle com-
pete against the reverse ones. The resulting thermal current
sketched in Fig. 2 actually depends on the probability per unit
time of these process and its proper evaluation requires an
explicit calculation. In addition, while this picture provides a
qualitative understanding for the general case, it is not enough
to describe the thermal transport in the Kondo regime in which

FIG. 2. Schematic picture for the transport of heat in the presence
of interactions. Although Eq. (2) is defined for spinless electrons, the
sketch considers also spin, in order to also represent the correspond-
ing configurations of the single-dot spinfull model with polarized
reservoirs discussed at the end of Sec. II A.

cotunneling events are important and does not explain what
happens in the U → ∞ limit.

Figure 2 is also useful to represent the fluctuations involved
in the Kondo effect. For the spinfull QD coupled to polarized
reservoirs mentioned at the end of Sec. II A and for the model
of Ref. [48] these processes correspond to spin and orbital
fluctuations, respectively. The sequence of the two steps (i)
and (ii) and its time-reversed sequence correspond to fluctu-
ations through the virtual state with double occupancy. Note
that a temperature difference 
T > 0 favors the sequence (i)-
(ii) with respect to the reciprocal one. Similarly, the process
(iii)-(iv) and the reciprocal one correspond to fluctuations
through the virtual empty double dot and the former is favored
by the temperature difference 
T > 0.

We must warn the reader that the above simple picture
uses eigenstates of the limit �ν → 0 and does not explain
the existence of a finite heat current for finite Eν in the limit
U → ∞ as discussed in Sec. IV B 3.

D. Equations for the currents

We consider TR = T and TL = T + 
T . The heat currents
JL

Q flowing from the left lead to the dot and JR
Q flowing from

the dot to the right lead are

Jν
Q = Jν

E − μνJν
N , (8)

where Jν
E are the energy currents. In the stationary state,

the charge and energy currents are uniform and should be
conserved: JL

N = JR
N and JL

E = JR
E . The heat current is not
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conserved under an applied voltage (μL �= μR) due to Joule
heating of the interacting part of the system [20]. For the
setups studied in this work, JL

N = JR
N = 0 because electrons

cannot hop between the two QDs. Hence, Jν
N = 0 and the heat

currents coincide with the energy currents.
In terms of nonequilibrium Green’s functions, the latter are

given by

Jν
E = ±2i�ν

h

∫
ωdω

[
2i fv (ω)ImGr

ν (ω) + G<
ν (ω)

]
, (9)

where upper (lower) sign corresponds to ν = L (R). The
retarded Gr

ν (ω) and lesser G<
ν (ω) Green’s functions

are, respectively, the Fourier transforms of Gr
ν (t − t ′) =

−i�(t − t ′)〈{cν (t ), c†
ν (t ′)}〉 and G<

ν (t − t ′) = i〈c†
ν (t ′)cν (t )〉,

while fν (ω) = {1 + exp[(ω − μν )/Tν]}−1 is the Fermi
function.

In the next sections (particularly when the approach used
conserves the heat current only approximately), we adopt the
following definition for the heat current JQ = ∑

ν Jν
E/2. For a

small temperature difference, such that 
T/T 
 1, the above
equation can be expanded in powers of this quantity. The
thermal conductance, is the coefficient associated to the linear
order in this expansion. It is defined as

κ (T ) = dJQ

d
T

∣∣∣∣

T =0

. (10)

For completeness, we present below the expressions for
the particle current flowing between the leads and the QDs
in terms of Green’s functions,

Jν
N = ±2i�ν

h

∫
dω

[
2i fν (ω)ImGr

ν (ω) + G<
ν (ω)

]
. (11)

In the next section, we will use the fact that Jν
N = 0, in order to

infer properties of the Green’s functions in the limit �ν → 0.

III. METHODS

We now briefly describe the methods to be used to calculate
the heat current in the different regimes of parameters.

A. Weak coupling to the reservoirs

This limit corresponds to �ν → 0. This regime is usually
addressed with rate equations [42–45]. Here, we present an
alternative derivation on the basis of Green’s functions and
conservation laws. Evaluation of Eq. (9) at the lowest order in
�ν implies calculating Gr,<

ν (ω) for the QDs uncoupled from
the reservoirs. This is usually referred to as the atomic limit,
and the Green’s functions can be calculated, for instance, from
equations of motion [70]. The result is

Gr
ν (ω) = 1 − nν̄

ω − Eν

+ nν̄

ω − Eν − U
,

G<
ν (ω) = 2π i[aνδ(ω − Eν ) + bνδ(ω − Eν − U )], (12)

where nν = 〈d†
ν dν〉 is the expectation value of the occupancy

of the dot ν and ν̄ = R (L) if ν = L (R). The functions aν

and bν are not simply determined by the energy population
of the reservoirs for �ν = 0. Within the equation of motion
technique it is necessary to include finite �ν and approxi-
mations in order to evaluate them. Another possibility is to

evaluate them from rate equations [42–44]. Here we proceed
as follows. We start by expressing the occupation of the QD
in terms of Green’s functions

nν = −i

2π

∫
dωG<

ν (ω) = aν + bν . (13)

The latter equation defines a relation between the occupation
and the unknowns aν and bν .

Replacing Eqs. (12) and (13) in Eqs. (11) and imposing
JL

N = JR
N = 0, we get the following set of two equations

nν = (1 − nν̄ ) fν (Eν ) + nν̄ fν (Eν + U ), (14)

from which nν can be determined. The result is

nν = fν (Eν ) − fν̄ (Eν̄ )Dν

1 − DLDR
,

Dν = fν (Eν ) − fν (Eν + U ). (15)

Using Eqs. (14) the energy currents can be written as

Jν
E = ±4π�νU

h
[nν̄ fν (Eν + U ) − bν]. (16)

Conservation of the energy current in the stationary state
JL

E = JR
E leads to an equation for �LbL + �RbR. At this point

we introduce the assumption bL = bR. This is justified from
the functional dependence of G<

ν (ω) on these parameters
[see Eqs. (12)] and Eq. (13). In fact, notice that bν is the
contribution to nν at the energy Eν + U , which implies that the
two dots are occupied. Hence, bν = 〈d†

LdLd†
RdR〉 for ν = L, R.

Therefore, using JL
E = JR

E and bL = bR, we obtain

(�L + �R)bν = �LnR fL(EL + U ) + �RnL fR(ER + U ).

(17)

Using Eqs. (15) and some algebra, we can verify that Eq. (17)
leads to the correct result at equilibrium. In fact, for μL =
μR = 0 and TL = TR = 1/β, we recover

bν = 〈d†
LdLd†

RdR〉 = nR fL(EL + U ) = nL fR(ER + U )

= e−β(EL+ER+U )

1 + e−βEL + e−βER + e−β(EL+ER+U )
. (18)

Replacing Eq. (17) in Eq. (16), we obtain the final expres-
sion for the heat current,

JQ = �QU [nR fL(EL + U ) − nL fR(ER + U )], (19)

with �Q = 4π�L�R/h(�L + �R). After some algebra, it can
be checked that this expression is invariant under the transfor-
mations defined by Eqs. (5) and (7), as expected.

For the symmetric case μν = 0, Eν = −U/2, we have nν =
1/2 and Eq. (19) reduces to

JQ = �Q

2
U [ fL(U/2) − fR(U/2)]. (20)

which coincides with the expression obtained by Yadalam and
Harbola [see the expression of C1 in Appendix A of Ref. [45],
note that in their notation �ν is two times our definition given
by Eq. (3)]. Interestingly, in this case, the symmetry Eq. (6)
implies that JQ is an even function of U .
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B. Moderate or strong coupling to the reservoirs

We briefly introduce the methods we use to solve the
problem for finite �ν , discussing the range of validity, as well
as the advantages and disadvantages. These are perturbation
theory (PT), renormalized perturbation theory (RPT) and non-
crossing approximation (NCA). All these methods are suitable
to address the Kondo regime.

1. Perturbation theory in U/� (PT)

For the Anderson model at equilibrium, with �L = �R =
�, PT in the Coulomb repulsion U has been a popular
method used for several years now [81,82], also applied to
nanoscopic systems at equilibrium as well as away from
equilibrium [69,70,83–87], and recently to superconducting
systems [88,89]. It consists in calculating the Green’s func-
tion with a self-energy evaluated up to second order in the
interaction U . As expected for a perturbative approach, it
is in principle valid for U/(π�) < 1. However comparison
with quantum Monte Carlo results indicate that the method
in equilibrium configurations is quantitatively valid in the
symmetric case EL = ER = −U/2, for U/(π�) as large as
2.42 [90].

Here we summarize the main expressions following the no-
tation of Ref. [70]. The retarded and lesser Green’s functions
read [

Gr
ν (ω)

]−1 = [
gr

ν (ω)
]−1 − r2

ν (ω),

G<
ν (ω) = ∣∣Gr

ν (ω)
∣∣2

(
g<

ν (ω)

|gr
ν (ω)|2 − <2

ν (ω)

)
. (21)

The latter depend on the noninteracting Green’s functions for
the QDs coupled to the reservoirs,[

gr
ν (ω)

]−1 = ω − εν + i�ν,

g<
ν (ω) = 2i|gr

ν (ω)|2�ν fν (ω), (22)

where εν are effective energies that contain the first-order
corrections in U . They vanish in the symmetric case μν =
0, Eν = −U/2. The second-order contributions to the self-
energies are

r2
ν (ω) = U 2

∫
dω1

2π

∫
dω2

2π

[
gr

ν (ω1)gr
ν̄ (ω2)g<

ν̄ (ω1 + ω2 − ω)

+ gr
ν (ω1)g<

ν̄ (ω2)g<
ν̄ (ω1 + ω2 − ω)

+ g<
ν (ω1)gr

ν̄ (ω2)g<
ν̄ (ω1 + ω2 − ω)

+g<
ν (ω1)g<

ν̄ (ω2)ga
ν̄ (ω1 + ω2 − ω)

]
, (23)

<2
ν (ω) = −U 2

∫
dω1

2π

∫
dω2

2π

g<
ν (ω1)g<

ν̄ (ω2)g>
ν̄ (ω1 + ω2 − ω), (24)

where ga
ν = ḡr

ν is the advanced noninteracting Green’s func-
tion. Some integrals can be calculated analytically as de-
scribed in Ref. [70].

One shortcoming of the approach is that it does not guar-
antee the conservation of the particle and energy currents.
This means that in general the approximation gives JL

N �= JR
N

and JL
E �= JR

E [see Eqs. (9) and (11)], contrary to what one
expects. In our case however JL

N = JR
N = 0 within numerical

precision, so that the particle current is conserved. Concerning
the energy current, the relative deviation

d = ∣∣JL
Q

/
JQ − 1

∣∣ = ∣∣JR
Q

/
JQ − 1

∣∣, (25)

is usually of the order of 2% or less, but reaches a value
near 14% at high temperatures and the largest values of U
considered with this method in Sec. IV (U = 7�). In the
calculations, we will define the range of validity of the method
as that corresponding to a small value of this deviation.

2. Renormalized perturbation theory (RPT)

For U � �, the approach mentioned above fails. How-
ever, for energy scales below TK one can use renormalized
perturbation theory (RPT). For energy scales of the order of
TK or larger, the method loses accuracy and a complementary
approach is needed.

The basic idea of RPT is to calculate the Green’s functions
of Eq. (21) with the second-order self-energy calculated with
renormalized parameters Ũ/(π�̃). The latter correspond to
fully dressed quasiparticles, taking as a basis the equilibrium
Fermi liquid picture.[91] The renormalized parameters can be
calculated exactly using Bethe ansatz, or with high accuracy
using numerical renormalization group [72,92]. The resulting
values of Ũ/(π�̃) are small, being usually below 1.1 even for
U → ∞ [72,73].

Our RPT procedure consists in using renormalized parame-
ters for EL = ER, U and � obtained at μL = μR = TL = TR =
0 by a numerical-renormalization-group calculation [72,73]
and incorporating perturbations up to second order in the
renormalized U (Ũ ). It has been shown explicitly that this
satisfies important Ward identities even away from equilib-
rium [20,73]. At equilibrium, the method provides results that
coincide with state-of-the art techniques for the dependence
of the electrical conductance with magnetic field [72] and
temperature [73].

As in the case of PT, the conservation laws are not guaran-
teed and the relative deviation defined in Eq. (25) is a control
parameter to define the validity of the results obtained with
this method.

3. Noncrossing approximation (NCA)

The NCA technique is one of the standard tools for cal-
culating these Green functions in the Kondo regime, where
the total occupancy of the interacting subsystem is near 1 and
with small charge fluctuations (the charge is well localized in
the dot or dots). It corresponds to evaluating the self-energy
for the nonequilibrium Green’s functions entering Eqs. (9)
and (11) via the summation of an infinite series of diagrams
(all those in which the propagators do not cross) in pertur-
bation theory in the couplings �ν [75–77]. The formalism is
explained in detail in Ref. [77] for a model which contains
the present one as a limiting case. The main limitation of the
approach is that if fails to reproduce Fermi-liquid properties
at equilibrium at temperatures well below the characteristic
Kondo temperature [75].

NCA has being successfully applied to the study of a va-
riety of systems such as C60 molecules displaying a quantum
phase transition [57,93], a nanoscale Si transistor [61], two-
level quantum dots [94], and the interplay between vibronic
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effects and the Kondo effect [48,95]. Recently it has also been
used to calculate heat transport [26,31,40]. In spite of this suc-
cess, the NCA has some limitations at very low temperatures
(below ∼0.1TK ). For example, it does not satisfy accurately
the Friedel sum rule at zero temperature [96]. In this sense,
it is complementary to RPT, which should be accurate for
TL, TR 
 TK .

In contrast to the previous methods, NCA conserves the
charge current, as shown explicitly in Ref. [77]. We find that
the NCA also conserves the energy current.

C. Evaluation of the Kondo temperature

In order to compare the results of different approximations,
it is convenient to represent the results taking the unit of
energy as the Kondo temperature TK which is the only relevant
energy scale at small temperatures. The evaluation of TK in
the Anderson impurity model on the basis of PT, RPT, and
NCA has been addressed in several works in the literature.
Because of some details of the different approximations (like
the high-energy cutoff for example), the TK differ, although
they are of the same order of magnitude.

Here, we follow Ref. [97], which is based on the analysis of
the electrical conductance as a function of temperature G(T )
of a similar physical system. In the model under investigation,
the electrical conductance vanishes, as already mentioned.
However, it is possible to define an Anderson impurity model,
equivalent to ours at equilibrium, with non-vanishing G(T ),
which has the same TK as the model of Eq. (2). Recalling
that the hybridization to the leads is given by �L = �R = �,
the equivalent spin-degenerate Anderson impurity model has
hybridization �/2 for each spin orientation and each lead (this
is actually the simplest Anderson model that describes the
conductance through a spin degenerate QD). At equilibrium,
the latter has the same spectral density and the same TK as our
two-dot model of Eq. (2). Hence, we can use the method of
Ref. [97] to calculate TK . In particular, we can extract TK from
the temperature dependence of the electrical conductance
G(T ). As explained in that reference, such a procedure is
more reliable than alternative methods, like fitting the spectral
density or the non-equilibrium electrical conductance G(Vb)
as a function of bias voltage Vb = (μL − μR)/e. For example,
different fitting procedures to fit the line shape of G(Vb) of the
same physical system differ by a factor two [97].

Concretely, we fitted a popular phenomenological expres-
sion for G(T ) for the parameters used in Sec. IV with U →
∞. The renormalized parameters for RPT were taken from
previous calculations [72,73]. The result is TK = 0.00441�

for the RPT and TK = 0.00796� for the NCA. In the sym-
metric cases with U = 7� and U = 4�, we have obtained
TK from the condition G(TK ) = G(T = 0)/2 with the result
TK = 0.191� for U = 7� and TK = 0.495� for U = 4�.

IV. RESULTS FOR A SYMMETRIC DEVICE

In this section, we analyze and compare results for the
thermal response of the system under investigation, calculated
with the different methods presented in the previous section.
All calculations in this Section were done for μL = μR = 0,
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(k
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Eq. (25)

FIG. 3. Thermal conductance as a function of the temperature for
the symmetric configuration EL = ER = −U/2 and different values
of U , calculated with PT (see Sec. III B 1). The dotted line indicates
the weak-coupling prediction Eq. (26) for U/� = 7. The thin line
corresponds to the quantum of thermal conductance [Eq. (1)]. (Inset)
Low-temperature part of the plots for U/� = 4, 7, with the temper-
ature expressed in units of TK . The limit U → ∞, calculated with
RPT is also shown by the dash-dot-dot line.

EL = ER = E , and �L = �R = �. In this case, the system has
reflection symmetry under a plane bisecting the device.

A. Thermal conductance

We start by analyzing the behavior of the thermal con-
ductance defined by Eq. (10). For weak coupling to the
reservoirs, and in the symmetric case Eν = −U/2, we can
expand Eq. (20) up to linear order in 
T and we get the
following result:

κ (T ) = �Q

4kB
eU/2kBT

[
U

T
fR(U/2)

]2

. (26)

This expression is exact in the limit � 
 kBT,U .
Results for strong-coupling to the reservoirs are shown

in Fig. 3. We consider �L = �R = �, μL = μR = 0. The
results of the figure are calculated with the perturbation
theory presented in Sec. III B 1. The values of the Coulomb
interaction U have been chosen within the range where the
method has been probed to be reliable for the description of
the electrical conductance [84]. We have also verified that,
for these values, the conservation of the energy current is
satisfied within and error of 14% at the most. For U/� = 7,
we also include the prediction of Eq. (26) (see plot in dotted
line in the main panel). The latter tends to coincide with the
results of PT in the high-temperature limit. In Fig. 3, we
also indicate the reference defined by the quantum of thermal
conductance κ0 [see Eq. (1)], which defines an upper bound
per transmission channel. At low temperatures, T 
 TK , we
find by a numerical fit of the results that κ ∼ T 4. For T ∼
0.5TK , the dependence on T evolves to linear. The slope of
κ for T < � becomes closer to the slope of κ0 as U in-
creases. At temperatures kBT ∼ � the conductance achieves a
maximum and then decreases exponentially for larger T . The
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FIG. 4. Low-temperature behavior of the thermal conductance
in the limit U → ∞ for EL = ER = −4�, as a function of T/TK ,
calculated with RPT (see Sec. III B 2) and NCA (see Sec. III B 3).
The straight line corresponds to the quantum bound [Eq. (1)]. (Inset)
Thermal conductance as a function of T calculated with NCA.

low-temperature regime can be further analyzed by represent-
ing the thermal conductance as a function of T/TK (see inset
of the Fig. 3). The method used to determine TK is discussed in
Sec. III C. The limiting case of U → ∞, calculated with RPT
(valid for T 
 TK ), is also shown. These results suggest a
universal behavior of κ , independent of U , deep in the Kondo
regime at small temperatures. Some deviations are however
noticeable for U = 4� for which charge fluctuations are very
important, and the system is not strictly in the Kondo regime
−Eν, Eν + U � �.

In Fig. 4, we present results for the thermal conductance
in the limit U → ∞ for temperatures below TK . We compare
the results obtained with NCA (see Sec. III B 3) and RPT
(Sec. III B 2). In this case, the parameters do not correspond
to the symmetric configuration. However, they correspond to
the Kondo regime −Eν, Eν + U � �.

NCA overestimates the thermal conductance at the lowest
temperatures, leading to a prediction higher than the upper
bound κ0. This method is known to fail the description of
the electrical conductance at very low T [75,97]. Here, we
see that it is also inadequate to predict the low-temperature
behavior of the thermal conductance. In the case of RPT,
the conservation of the energy current is satisfied to a good
degree for T � 0.4TK with d < 5% [see Eq. (25)]. This
suggests the validity of this method to calculate the thermal
conductance at low temperature. As in the symmetric case
shown in the inset of Fig. 3, the behavior is consistent with a
power law κ ∼ T 4. RPT overestimates the response at higher
temperatures, close to TK , where it is not expected to be
valid [20]. The fact that the RPT result for κ (T ) is above
the lower bound given by Eq. (1) for T = TK clearly shows
the breakdown of the approximation at this temperature. In
fact, for increasing temperature, the error in the conservation
of the current increases. Specifically, the relative deviation d
is below 1% for T < 0.23TK , increases to 7.7% for T = TK/2
and to nearly 17% for T = TK . Overall, the analysis of these
results suggests that deep in the Kondo regime, T 
 TK , RPT
is very likely to predict the correct behavior of κ (T ), while

0 1 2 3 4 5 6 7 8 9 10
Γ / T

0

0.0001

0.0002

0.0003

0.0004

0.0005

J Q
 /(k

B2 T R2 /h
)

FIG. 5. Thermal current as a function of dot-lead couplings For
TL = 2TR, U = kBTR/10 and EL = ER = −U/2.

for T > TK/2, the NCA results are more reliable. Therefore,
as in the case of the electric current [97], both approaches are
complementary. It is encouraging to see that in the transition
between the range of validity of both approaches, they give the
same order of magnitude of the thermal conductance when the
results are scaled by the corresponding TK .

The important physical outcome of this analysis is that we
find a significant enhancement of the thermal response deep
in the Kondo regime, in relation to the limit of weak coupling
to the reservoirs. Concretely, κ ∼ T 4, for T 
 TK and κ ∝ T
for T ∼ TK , with a proportionality constant smaller to the one
in the quantum bound of Eq. (1). This is in contrast with the
exponentially small thermal conductance at low temperatures
given by Eq. (26), in the case of very low coupling to the
reservoirs.

B. Far-from-equilibrium thermal response

The aim of the present section is to analyze the thermal
current when 
T = TL − TR > 0. As in the previous section,
we consider �L = �R = �, μL = μR = 0.

1. Dependence of thermal current on �ν

We start by presenting in Fig. 5 results for small U =
kBTR/10, where TR is the temperature of the coldest reser-
voir, in the symmetric configuration where EL = ER = −U/2.
These parameters correspond to the high-temperature regime
where the Kondo effect is not developed in equilibrium.
The evaluation have been done with perturbation theory as
explained in Sec. III B 1, which is accurate within the range
� � U . In the weak-coupling limit, with � < U the thermal
current is given by Eq. (19), which for the symmetric con-
figuration reduces to Eq. (20). In the description of PT, the
heat current increases linearly with � for small values of these
parameters as in Eq. (20). For larger �, the slope decreases
and JQ reaches a maximum for � ∼ 0.8TR. Then, it decreases
for larger �. For all values of � the relative deviation of the
method in the conservation of the energy current d is below
1%. Interestingly, the qualitative behavior of JQ calculated
with PT is very similar to the one presented in Ref. [45], on the
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FIG. 6. Thermal current as a function of TL = 
T for TR = 0,
EL = ER = −U/2, and several values of U . The dotted line corre-
sponds to Eq. (20) with U = 7�.

basis of a saddle point approximation within the path-integral
formalism.

2. Dependence of the thermal current on �T

We now take TR = 0 and analyze the dependence of JQ on
TL = 
T , using perturbation theory in U for the symmetric
case E = EL = ER = −U/2, as above. We consider several
values of U within the validity of PT. The results are shown
in Fig. 6. As in the previous section, we evaluate the limits of
this approach from the relative error in the conservation of the
energy current d . We have verified that it is negligible for very
small temperatures and moderate values of U , while it reaches
a value of 12.6 % for U = 7� and TL ∼ 2�, decreasing slowly
with further increase in TL.

For U = 7�, the system is in the Kondo regime (−E , E +
U � �) at low temperatures and at equilibrium. Correspond-
ingly, the spectral density has a well defined peak at the Fermi
energy (the Kondo peak) separated from the charge-transfer
peaks near E and E + U . For TL well below TK (we verify
this for TL < 0.04�), the heat current behaves as JQ ∼ (
T )4.
This remains true as long as the smaller temperature (TR in our
case) is also much smaller than TK . For large TR, JQ is linear
in 
T for small 
T .

As it is clear in Fig. 6, for all values of U , after the above
discussed power-law behavior for 
T → 0, the dependence
of thermal current on increasing 
T changes to approxi-
mately linear for 
T ∼ �, and when 
T reaches a few times
U JQ finally saturates to a constant value. For U, TR,
T � �,
the thermal current is described by Eq. (20). If in addition
TL, TR � U , the heat current in the weak-coupling limit be-
haves as

JQ � �QU

8

[
U

(
1

TR
− 1

TL

)
+ EL

TL
− ER

TR

]
, (27)

which in the limit of 
T � TR saturates to JQ ∼ �QU (U −
ER)/TR.

The result in the atomic limit described by Eq. (20), is
shown in dotted line in the inset for U = 7�. Note that the
saturation value of Eq. (20) for TR = 0 at high TL is �QU/4.
Therefore, the saturation value JQ/(�QU ) shown by the dotted
line in Fig. 6 is the same in the atomic limit for all values of
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FIG. 7. Thermal current as a function of 
T for U → ∞ and
E = −4�. Inset) Thermal current calculated with NCA for a wide
range of temperatures.

U . Clearly only for U � � the saturation value of JQ for large

T predicted by RPT approaches the corresponding value
in the atomic limit. For � = U , the saturation value of the
thermal current is nearly five times less than that predicted by
the atomic limit.

Another important difference with the atomic limit takes
place for small temperatures. Eq. (20) predicts an exponen-
tially small thermal current for TR, TL → 0. Instead, for finite
�, as in the case of the thermal conductance, when the two
reservoirs have temperatures TR, TL < TK , the thermal current
has a power-law behavior. As disussed above, JQ ∝ (
T )4 for
TR, TL 
 TK (within the Kondo regime), while JQ ∝ (
T ) if
either 
T > TK/2 or the temperature of the coldest lead TR >


T . Note that the latter case corresponds to the calculation of
the thermal conductance defined by Eq. (10).

3. The limit U → ∞
Here we choose parameters corresponding to the Kondo

regime (defined by −Eν, Eν + U � �) at equilibrium: EL =
ER = E = −4�, and U → ∞, and calculate the current using
RPT and NCA (see Secs. III B 2 and III B 3) as a function of

T , keeping TR = 0 (RPT) or a small fraction of the Kondo
temperature (NCA) so that the results are indistinguishable
from those of TR = 0 at equilibrium.

As in Sec. IV A, in order to compare the results of RPT
and NCA we scale the properties by the corresponding Kondo
temperature obtained previously [97], as explained in that
section.

The result for JQ as a function of 
T is shown in Fig. 7.
For small temperatures T < 0.2TK , the RPT result is more
reliable and shows a dependence JQ ∼ 
T 4. For T > TK , the
RPT breaks down. We show in the inset of Fig. 7 only results
calculated with NCA for a wide range of temperatures, includ-
ing the high-temperature regime T � TK . In the latter plot,
we observe that for high temperatures, the thermal current
saturates to a finite value. This behavior is the same observed
for finite U in the symmetric case (see Fig. 6). Notice that in
the limit of � → 0, Eq. (19) JQ → 0 for U → ∞. Instead, the
present results show that the thermal current at finite coupling

075417-8



HEAT CURRENT ACROSS A CAPACITIVELY COUPLED … PHYSICAL REVIEW B 101, 075417 (2020)

10 100 1000-E/Γ

0.0001

0.01

1
J Q

 /(Γ
2 /h

)

FIG. 8. Thermal current as a function of dot energies E for
kB
T = 50� and U → ∞ (solid line). The dashed line corresponds
to A/E 2 where A is a constant.

to the reservoirs is O(�2). Equation (19) does not account for
this contribution, since it corresponds to the linear order term
in � of the thermal current.

The above analysis has been done at a finite E , and one
might wonder if a finite current remains for U → ∞ keeping
E = −U/2 (symmetric case). Because of technical reasons,
we can not directly address this question with the methods
used in the present section. We can in any case gather some
intuition by calculating the dependence of the thermal current
with E within NCA at a high temperature T � TK . The result
is shown in Fig. 8. The current decreases with increasing
−E . We find that the dependence with the energy levels
of both dots (taken equal) is very near E−2 for E � 
T .
This result indicates that the thermal current vanishes for
U → ∞ in the symmetric case E = −U/2. The reason for
such a different behavior between the symmetric and non-
symmetric configuration is that in the former one, there is
a vanishing spectral weight at the Fermi energy. In fact, for
the far-from equilibrium situation analyzed here, the Kondo
peak that develops at equilibrium is completed melted and the
spectrum consists of the two Coulomb blockade peaks, which
for U → ∞ are at an infinitely high energy. Instead, for the
parameters of Fig. 7, there is some finite spectral weight at
energies EL = ER, which enable the thermal transport.

4. Dependence of thermal current on U

In Fig. 9, we show the thermal current as a function of
U calculated with PT in the symmetric configuration EL =
ER = −U/2, for different 
T = TL, keeping TR = 0. Since
the thermal current strongly depends on 
T for small 
T , the
values have been multiplied by a factor indicated in the figure
in order to represent them. In spite of the different magnitude,
the different curves show a similar dependence, with a U 2

behavior for small U . We restrict the range of values U to
those satisfying the criterion of validity of the perturbative
approach. At intermediate TL, (0.5� and �), the curves show
a maximum within the interval of U shown.

According to the limit of small � [Eqs. (19) and (20)],
one expects that for large 
T there is a maximum in the
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FIG. 9. Thermal current as a function of U for different 
T =
TL , TR = 0, and EL = ER = −U/2. Results have been multiplied by
a factor in some case, in order to present them in the same scale.

thermal current at an intermediate value of U . Since at high
temperatures, the effects of correlations are expected to be
less important, we have also calculated JQ for 
T = 10� as
a function of U for an interval, which includes large values
of U lying (at least in principle) beyond the validity of the
approach, and compare it with the result in the atomic limit
�ν → 0 [Eq. (20)]. The result is shown in Fig. 10. Taking into
account the limitations of both approximations, the results are
surprisingly similar. In particular both approaches lead to a
maximum in the thermal current for U ∼ 3
T . For small
U , the perturbative approach gives a quadratic dependence in
U . It is also quadratic in the atomic limit [Eq. (19)] for the
symmetric case Eν = −U/2 if in addition both TL, TR > 0 but
it is linear in U for other cases (Fig. 10 corresponds to the
symmetric case with TR = 0).

It is clear that in the atomic limit [Eq. (19) or (20) for
the symmetric case Eν = −U/2 plotted in dashed line in
Fig. 10], the heat current JQ vanishes for infinite Coulomb
repulsion U → ∞. While the perturbative result (full line in
Fig. 10) lies above the prediction of the analytic expression
in the atomic limit for large U , perturbation theory loses its
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FIG. 10. Same as Fig. 9 for 
T = TL = 10�. Dashed line corre-
sponds to Eq. (20).
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validity for large U and cannot solve the issue of whether JQ is
finite for U → ∞. However, the NCA result presented in the
previous section indicate that in the symmetric case (keeping
E = −U/2), JQ → 0 for U → ∞, as discussed previously.

Concerning negative values of U , in the symmetric case
Eν = −U/2, using the transformation Eq. (6) one concludes
that JQ(−U ) = JQ(U ). It is easy to check that Eq. (20) has
this property. We have verified that this is also the case for the
perturbative results.

V. RECTIFICATION

In the calculations presented before, we have considered
EL = ER, although the analytical results in the atomic limit
�ν → 0 [Eq. (19)] are valid for arbitrary Eν . One effect of
having different Eν is the loss of the Kondo effect, in a similar
way as the application of a magnetic field in the simplest
impurity Anderson model. Another effect is that the current
has a different magnitude when changing the sign of 
T .
This rectification effect might be important for applications
[7]. To keep our convention TL > TR, we analyze the effect
of reflecting the device through the plane that separates the
left and right parts, instead of inverting the temperature. The
result for the magnitude of the current is the same. Note that if
the system has reflection symmetry (EL = ER, �L = �R, and
μL = μR), the magnitude of the current should be unchanged
if 
T is inverted. Equation (19) satisfies this symmetry re-
quirement.

In this section, we keep μL = μR = 0. Importantly, if the
asymmetry is introduced only in the couplings (�L �= �R),
there is no rectification in the atomic limit, since both �ν

enter only the prefactor of Eq. (19). Instead, calculations with
the NCA show some rectification effect taking asymmetric
couplings but the effect is small and is not reported here.
Concerning PT, for small U the rectification properties are
too small, while for large U the error in the conservation of
the current increased rapidly and we consider that the results
were not reliable enough. Therefore, in what follows, we also
take also �L = �R and study the effect of different Eν in the
rectification, using Eq. (19) for �ν → 0 and the NCA for other
cases.

In Fig. 11, we show an example of this rectification effect
in the atomic limit. We have taken one level below and the
other one above the Fermi energy. We obtain that the magni-
tude of the heat current is larger, labeled as J+ in the figure,
when the level above the Fermi energy is next to the lead
with the lower temperature. The opposite direction is labeled
as J−. For this choice of parameters, the ratio between both
currents increases monotonically with 
T until 
T ∼ 10�

and then seems to saturate in a high value of the order of 160,
see inset of Fig. 11. We must warn, however, that such large
values of the ratio J+/J− are related to the exponentially small
occupancies in the limit �ν → 0. This effect disappears for
large �ν .

The rectification can be quantified by the ratio

R =
∣∣∣∣J+ − J−
J+ + J−

∣∣∣∣ (28)

being R = 1 the upper bound. In Fig. 12, we show the values
of R within the atomic limit as a function of both, EL and
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FIG. 11. Thermal currents given by Eq. (19) as a function of 
T
for TR = �, �L = �R = �, U = 20�, and full line EL = −14.3�,
ER = +5� (level nearest to the Fermi energy next to the cold lead),
dashed line EL = +5�, ER = −14.3� (level nearest to the Fermi
energy next to the hot lead).

ER for a selected value of 
T = 20� while keeping the other
parameters as in figure 11. Note that the choice of energy
levels in Fig. 11 corresponds to a region in which R ∼ 1.

There are two straight lines in Fig. 12 that correspond to
zero rectification. In one of them ER = EL, in which both
levels are degenerate, the ratio R vanishes due to reflection
symmetry, L ←→ R. The other line ER = −U − EL results as
a combination of reflection symmetry and the transformation
Eq. (6). In fact the equation for the transformed parameters
E ′

R = E ′
L, using Eq. (7) reduces to ER = −U − EL.

There is another line of nearly circular shape, in which R
vanishes which is not related with symmetry properties, inside
a region of small rectification (and therefore of marginal
interest). The region inside this line shrinks for increasing
temperature of the cold lead (TR in our case). Keeping the
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FIG. 12. Rectification coefficient given by Eq. (28) calculated in
the atomic limit as a function of both energy levels and 
T = 20�,
TR = �, and U = 20�.
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FIG. 13. (Top) Rectification coefficient calculated with NCA in
the U → ∞ limit as a function of both energy levels and 
T = 2.5�

and TR = �. (Bottom) Thermal currents as a function of 
T for TR =
0, �L = �R = �, U = ∞ and full line EL = −10�, ER = +1.5�

(level nearest to the Fermi energy next to the cold lead), dashed line
EL = +1.5�, ER = −10� (level nearest to the Fermi energy next to
the hot lead).

other parameters of Fig. 12 fixed, we find that this region
collapses to the point EL = ER = −U/2 for TR ∼ 1.5�.

Near the upper right corner of Fig. 12 the magnitude of the
heat current is larger, when the level above the Fermi energy is
next to the lead with the lower temperature, and there is a sign
change in J+ − J− when crossing the three lines mentioned
above.

In Fig. 13, we show the results for R obtained with the
NCA for infinite U . For regions of parameters where the
rectification is important, the largest magnitude of the thermal
current is obtained when the level nearest to the Fermi energy
is next to the cold lead. This is consistent with the results
for the atomic limit presented above. The behavior of R as a
function of both energy levels is quite similar to the one found
within the atomic limit. In the top panel of Fig. 13, the line
EL = ER with R = 0 is clearly visible and a piece of a curved
line with zero rectification also appears. Due to the infinite
value of the Coulomb repulsion, the line ER = −U − EL with
R = 0, is not accessible.

Furthermore, the individual currents in both directions,
J+ and J−, display a similar dependence with 
T as in the
previous case. See the bottom panel of Fig. 13. However, the

maximum ratio J+/J− is reduced from 160 to 16. This is due
to that fact that the exponentially small occupancies of some
states that take place for �ν → 0 are lost for finite �ν .

VI. SUMMARY AND DISCUSSION

We have studied the thermal current through a system of
two capacitively coupled quantum dots connected in series
with two conducting leads in the spinless case (corresponding
to a high applied magnetic field). The system is also equivalent
to a molecular quantum dot with two relevant levels con-
nected to the leads in such a way that there is perfect destruc-
tive interference in the spinless case, and to one spinfull dot
between two conducting leads fully spin polarized in opposite
directions. We expect that our main qualitative results are
valid when the spin is included in the former two cases.

An interesting feature of the system is that charge transport
is not possible, but heat transport is, due to the effect of the
Coulomb repulsion between the electrons in the dots, leading
to a strong violation of the Wiedemann-Franz law. A simple
picture of the effect of the Coulomb repulsion in the heat
transport is provided in Sec. II C.

The system has been studied previously in the regime of
high temperatures of both leads [44,45] (including also the
full counting statistics [45]). We extend those results in the
limit of small coupling to the leads for arbitrary values of
the other parameters. We analyze exhaustively the different
regimes of this system, considering all temperatures and cou-
plings between dots and reservoirs. In particular, the Kondo
regime in which there is one particle strongly localized in
the double dot, but fluctuating between both dots. For high
temperatures of the leads, our results agree in general with
the previous ones, confirming that the heat current displays a
non-monotonic behavior as a function of Coulomb repulsion
and/or coupling to the leads, with a maximum at intermediate
values.

For temperatures T well below the Kondo energy scale
TK , we obtain that the thermal conductance is proportional
T 4 and the heat current is proportional to 
T 4, where 
T
is the difference between the temperatures of both reservoirs.
In both cases the behavior changes to linear for T,
T >

TK . This implies an important enhancement of the thermal
response at low temperatures, in relation to the case where
the coupling between the quantum dots and the reservoirs is
very small, where the thermal response is exponentially small.
This property is relevant for the implementation of energy
harvesting mechanisms at low temperatures.

As a function of Coulomb repulsion U , for high 
T and
small temperature of the cold lead, the heat current has a
maximum for U ∼ 3
T and decreases with increasing U . For
infinite U , we find that the heat current is finite for all non-zero
values of 
T and finite values of the energy levels of the dots
Eν . Within the Kondo regime, this result can be understood in
the frame of renormalized perturbation theory: near the Fermi
energy, the main aspects of the physics can be described in
terms of dressed weakly interacting quasiparticles. Even if
the bare Coulomb repulsion U → ∞, the renormalized one
Ũ is small and comparable with the renormalized coupling to
the leads. Nevertheless, even at temperatures several orders
of magnitude larger than TK , for which the Kondo effect is
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destroyed, we obtain a nonzero heat current for infi-
nite Coulomb repulsion, if Eν remains finite. Instead, in
the symmetric case Eν = −U/2, the current vanishes for
U → ∞.

When the energy levels Eν or the coupling to the leads
�ν are different, the system loses its reflection parity through
the plane containing the mid point between the dots, and
therefore, one expects that the absolute value of the heat
current JQ is different for positive or negative temperature
difference 
T . This means that the device has some rectifying
properties. In the case in which only the thermal gradient
breaks inversion symmetry, one has JQ(−
T ) = −JQ(
T ),
our results suggest that the asymmetry in the couplings �L �=
�R modifies the amplitude of the current but has little effect
on the rectifying properties. Instead, when EL �= ER, a factor
larger than ten between the current flowing in opposite senses

can be obtained. Our results indicate that the rectification is
largest when one level is above and near the Fermi energy
and the other below the Fermi energy. The largest magnitude
of the thermal current is obtained when the former is next to
the cold lead. It is possible that this effect might be increased
adding more dots in series.
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