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Maximally localized Wannier functions for describing a topological phase transition in stanene

J. D. Fuhr ,1 P. Roura-Bas,2 and A. A. Aligia2

1Instituto de Física del Sur, UNS-CONICET, Av. Alem 1253, Bahía Blanca, Argentina
2Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de Energía Atómica and CONICET, 8400 Bariloche, Argentina

(Received 24 September 2020; accepted 7 January 2021; published 19 January 2021)

Starting from first-principles calculations on pristine stanene and using maximally localized Wannier functions
(MLWFs), we analyze the different phases of the system when it is driven to a topological phase transition.
The transition is achieved by a continuous parameter represented by an external electric field Ez as a generic
inversion-symmetry-breaking term. We also compare the results with those of a multiorbital tight-binding (TB)
model for stanene, whose hopping integrals are determined by Slater-Koster parameters. The system is in a
topological (trivial) phase for Ez < Ec (Ez > Ec). We obtain that the critical field is Ec � 0.69 eV/Å for the more
realistic MLWF compared to Ec � 0.15 eV/Å in the TB model. This suggests a larger stability of the topological
phase of stanene when deposited on inert substrates.
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I. INTRODUCTION

Topological quantum matter has been the focus of intense
research over the last few decades. The seminal work by
Thouless et al. established the topological character of the
quantum Hall effect under an external magnetic field, showing
that the Hall conductance is quantized and proportional to
a Chern number [1]. Later Haldane showed that a similar
quantization can be obtained in a two-dimensional model with
alternating threading fluxes at the atomic level, breaking also
time-reversal symmetry [2]. In both systems, the time-reversal
symmetry is broken.

More recently, the research has been devoted to the search
for time-reversal-invariant topological systems. A theoretical
example was provided by the proposal of Kane and Mele [3],
introducing the quantum spin Hall effect (QSHE) in graphene,
an example of a new kind of materials, the two-dimensional
topological insulators (TIs) [4–7]. The novelty of these ma-
terials is that although they have a bulk band gap [due to the
spin-orbit coupling (SOC) in the graphene case], they support
conducting edge states.

Due to its small SOC gap, of the order of 11 mK [8],
graphene was found to be impractical for experiments as a TI.
Functionalizing graphene, like in the case of graphane, was
shown to increase the band gap but unfortunately, the system
also becomes a trivial insulator [9]. The first experimental
realization of a TI was found in the HgTe/CdTe quantum
wells [10–12]. This system has a larger SOC gap making the
QSHE accessible in experiments at cryogenic temperatures,
of the order of 10 K [9,11].

On the other hand, monolayer honeycomb structures simi-
lar to graphene but made of silicon (Si), germanium (Ge), and
tin (Sn) share several of its properties with graphene but differ
in a remarkable increase of the SOC [13]. Among this family,
stanene, the graphenelike structure formed by tin atoms, has
the largest SOC, opening a gap of the order of 0.1 eV [8,14].
QSHE has been predicted for stanene and due to the large

SOC its topological phase transition should be observed at
room temperature [9,15]. In addition to fundamental physics,
the study the QSHE in stanene has technological interest. It
constitutes a spin based electronic material with applications
in spintronics, mainly because of the possibility to control the
spin degrees of freedom in absence of magnetic field, and also
for the resulting spin current without dissipation [12].

A topological phase transition (TPT), from a topological
insulating phase to a trivial one, can be driven in these materi-
als in several different ways. Chemical functionalization and
external strain are frequently strategies to tune the SOC gap
[16–18].

A key ingredient of stanene, in contrast to the planar struc-
ture of graphene, is its buckling geometry, also present in
silicene and germanene, due to the mixing of sp2 and sp3

hybridizations. As a consequence, the two nonequivalent sites
of the honeycomb structure lie in two spatially separate planes
[9]. This opens the possibility of applying an external out-
of-plane electric field and/or the appearance of a staggered
sublattice potential induced by the substrate in the realistic
synthesis of stanene [19,20]. For instance, recently, stanene
has been synthesized on a Bi2Te3 surface [19], but its possi-
ble topological properties have not been shown so far. Other
possible substrates for supporting stanene are discussed in
Ref. [20]. The magnitude of the electric field serves as a
continuous parameter to drive the system into a TPT [8,14,15].

In graphene, the band-inversion mechanism at the � or
K points of the Brillouin zone, is responsible for the TPT.
As shown by the single-orbital toy model of Kane and Mele
[3], the TPT is achieved by means of an abrupt change (for
instance by using the external electric field) in the wave
function of one of the highest occupied levels at the K point
[3,21]. This point is discussed in more detail in Sec. III B. The
same model has been widely used, as an effective low-energy
one, when explaining the topological aspects of the two-
dimensional X -ene series (X = Si, Ge, Sn) [8,14,15,20,22].
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Unfortunately, such effective models miss the influence of
the complete outer shell orbitals of Sn, namely, 5s, 5px, 5py,
and 5pz, which become relevant due to the buckling structure
of stanene. In addition to the ab initio studies, more elaborate
multiorbital models have been analyzed in order to obtain the
effective SOC [23], the behavior of edge states [13], and to
obtain parameters for k̄ · p̄ approaches [24]. According to the
study of Xu et al. [9], the mechanism for the TPT in stanene is
band inversion at the K point, in agreement with the case of a
HgTe quantum well. However, the orbital composition of the
filled bands involved in the TPT was not analyzed in detail.
The present work is intended to fill this gap.

In this work, we analyze the composition of the filled bands
of stanene. Under the influence of an external electric field,
there is a TPT. By using different indicators of the topological
phase, we study the whole structure of the occupied bundle
involved in the topological phase. We compare the results ob-
tained from two models of the electronic structure of stanene:
(i) Wannier interpolation of density-functional-theory (DFT)
calculations; and (ii) multiorbital tight-binding parametrized
by Hattori et al. [13]. We find that while qualitatively the
results for the TPT coincide for both approaches, the predicted
values of the critical field differ. We argue that (i) is more
accurate.

The paper is organized as follows. In Sec. II we provide
details of the first-principles calculations as well as the tight-
binding models for stanene. In Sec. III, we discuss the band
structure as a function of the external electric field, in particu-
lar, the changes that take place at the TPT, and the topological
Z2 invariant used to characterize each phase. Section IV con-
tains a summary and discussion.

II. MODELS AND NUMERICAL METHODS

A. DFT and Wannier interpolation

DFT calculations were performed using the QUANTUM

ESPRESSO code [25]. We used the Perdew-Burke-Ernzerhof
functional [26]. The maximally localized Wannier functions
(MLWFs) were obtained using the WANNIER90 code [27].

In Fig. 1 we show the DFT relaxed structure of freestanding
stanene. It has a honeycomb structure with a lattice parameter
a = 4.6756 Å and a buckling, vertical spatial separation be-
tween the two nonequivalent sublattices, of �z = 0.86 Å.

From DFT calculations we obtain MLWFs. We used four
MLWFs for each Sn atom, resulting in 16 Wannier functions
per unit cell when spin is taken into account. Figure 2(a)
shows four of the obtained MLWFs, corresponding to one of
the spins and centered in one of the Sn atoms. We can see that
there are three sp2-like orbitals, pointing to each of the near-
est neighbors, and one pz-like orbital. Using these MLWFs
and the corresponding Hamiltonian for band interpolation we
obtained a perfect agreement with the DFT band structure [see
Fig. 2(b)].

B. Earlier tight-binding models

The minimal model that successfully incorporates the key
ingredients explaining the topological aspect of stanene is the
celebrated Kene-Mele (KM) model [3]. The model includes
only one orbital per site and therefore it is not a realistic

FIG. 1. Top: top and side view of the atomic structure of stanene
obtained from DFT calculations including relaxation. Bottom: Bril-
louin zone, special points, and basis vectors mentioned in the text.

description of the system in spite of its success to describe
qualitatively the TPT. Following Ref. [8], the Hamiltonian can
be written as

HKM =
∑

〈i j〉,τ
t1c†

iτ c jτ + iλso

3
√

3

∑

〈〈i j〉〉,ττ ′
νi jc

†
iτ sz

ττ ′c jτ

+V
∑

i,τ

μic
†
iτ ciτ , (1)

where c†
iτ creates an electron with spin τ at site i.

Originally proposed to realize the QSHE in graphene, the
model was also applied to study the low-energy physics of a
variety of graphenelike materials such as silicene, germanene,
and stanene [8]. The first term in Eq. (1) is a nearest-neighbor
hopping. The second term, the next-nearest-neighbor SOC,
acts as a Dirac mass term opening a nontrivial band gap, and
has a different sign at Dirac points K and K ′ of the Brillouin
zone (see Fig. 1). It can derive from a more general form as
in Eq. (4) below [23]. The coefficients νi j = ±1 depend on
the geometry of each particular term [8]. The last contribu-
tion represents an inversion-symmetry-breaking term where
μi = +1 (−1) if i is the A (B) site and can be viewed as
the staggered sublattice potential, V = Ez�z/2, arising from
an external electric field Ez, being �z = 0.86 Å the above-
mentioned spatial separation between the sublattices. The
material parameters for stanene in this effective model are
given by t1 = −0.76 eV and λso = 0.0644 eV [8,23].
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FIG. 2. (a) Maximally localized Wannier functions (MLWF)
centered in one of the Sn atoms. (b) Band structure of stanene
obtained with Wannier interpolation (dashed red) compared with
first-principles DFT results (black).

Searching for more realistic models describing quantita-
tively the bands of stanene, Fu et al. [22] simply added
a next-nearest-neighbor hopping to the single-orbital KM
Hamiltonian [3], HFu = HKM + ∑

〈〈i j〉〉,α t2c†
iαc jα . This exten-

sion was shown to improve the behavior of the edge states
when compared with ab initio calculations. Hopping energies
to second- and third-nearest neighbors were also considered
in Ref. [24]. These extensions of one-orbital models play a
minor role when the system is driven to a TPT.

In Ref. [13], Hattori et al. presented a multiorbital tight-
binding (TB) model for stanene based on α ∈ {s, px, py, pz}
orbitals for the outlying shell of Sn. The corresponding Hamil-
tonian is

H = H0 + Hso, (2)

where H0 contains the nearest-neighbor hopping term and the
on-site energies,

H0 =
∑

〈i j〉

∑

αβτ

(
tαβ
i j c†

iατ c jβτ + H.c.
) +

∑

iατ

εαc†
iατ ciατ , (3)

being τ ∈ {↑,↓} the spin degrees of freedom. The hoppings
integrals tαβ

i j between two nonequivalent sites of the honey-
comb lattice are determined by the Slater-Koster parameters
given in Ref. [28]: Vssσ = −2.6245 eV, Vspσ = 2.6504 eV,
Vppσ = 1.4926 eV, and Vppπ = −0.7877 eV. Moreover, a

FIG. 3. Band structure of stanene with the multiorbital tight
binding of Hattori et al. compared with ab initio DFT results. Black:
DFT results. Red: Multiorbital TB.

buckling angle θ = 107.1◦ is considered. The last term in
Eq. (3) corresponds to the on-site energies εα with parameters
εs = −9.00 eV and εp = −3.39 eV.

Hso corresponds to an atomic SOC and is given by

Hso = ξ0

2

∑

i

∑

ᾱβ̄γ̄

∑

τ,τ ′
εᾱβ̄γ̄ c†

iᾱτ

( − iσ̂ γ̄

ττ ′
)
ciβ̄τ ′, (4)

where ξ0 = 0.8 eV is the strength of the spin-orbit coupling.
Figure 3 shows the comparison of the band structure of

this multiorbital TB model with the DFT calculations. There
is good agreement in the low-energy region, in particular close
to the points K and K ′ in reciprocal space, but the results
deviate significantly when moving away from Fermi energy.
In particular, more bands appear near the � point at high
energies in the TB model.

The effect of an external electric field Ez can be taken into
account adding a term similar to the last term in Eq. (1),

HV = V
∑

i

μi

∑

ατ

c†
iατ ciατ , (5)

where μi = +1 (−1) if i is the A (B) site, and V = Ez �z/2.

III. ELECTRIC FIELD INDUCED TOPOLOGICAL
PHASE TRANSITION

As a consequence of the intrinsic buckling, an external
electric field Ez applied in the perpendicular direction to the
stanene layer, introduces a difference between the on-site
energy of the two sublattices which produces a breaking of
the space inversion symmetry. With increasing Ez the SOC
induced band gap Eg is reduced until a critical value Ez = Ec is
reached, where the gap closes. With a further increase of Ez the
band gap reopens, and the system changes from a topological
phase to a normal one. Before going to the analysis of the
topological phase transition, we search for the critical electric
field Ec for which the band gap closes. The value of the Z2

topological invariant characterizing each of the phases will be
discussed later.
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FIG. 4. Band gap as a function of applied electric field Ez, nor-
malized by the critical value Ec. Black circles: DFT calculations
(Ec = 0.690 eV/Å). Red down triangles: multiorbital TB model with
ξ0 = 0.8 eV (Ec = 0.149 eV/Å). Blue up triangles: multiorbital TB
model with ξ0 = 0.644 eV (Ec = 0.102 eV/Å).

A. Gap with applied electric field

In first-principles DFT calculations we have two options
for incorporating a finite electric field. A first approach could
be to use the “modern theory of polarization” to obtain the
polarization at finite electric fields through the Berry phase
[29,30]. However, this method is only valid for gapped sys-
tems and for electric fields Ez � Eg/a, where a is the lattice
parameter. In the present case, this condition will always fail
in a region of Ez around Ec where Eg = 0.

The other approach, which is used in the present work, is
to include a sawlike potential simulating the applied electric
field. This method has also problems for large Ez because the
sawlike potential introduces additional unoccupied electronic
states that approach the Fermi energy when increasing Ez. This
limits the maximum applied external field that can be calcu-
lated. Moreover, when these spurious states enter the energy
window used for MLWFs generation, the disentanglement
process becomes difficult, and we can no longer use Wannier
interpolation to obtain band energies. Nevertheless, using ap-
propriate parameters we can attain Ez > Ec, enough to study
the topological phase transition. We obtained a critical value
for the electric field of Ec = 0.690 eV/Å. Figure 4 shows in
black circles the resulting band gap Eg with increasing Ez.

In the minimal KM model, the critical value of the elec-
tric field for which the band gap closes is Ec = λso/�, where
� = (�z/2) is the buckle height [8,21]. Using the parameters
suitable for stanene, we arrive at a critical value of the external
electric field Ec ∼ 0.150 eV/Å. With the addition of next-
nearest-neighbor hopping, as in the model by Fu et al. [22],
both the band composition at the crossing-level point and the
critical value Ec remain the same as in the KM model.

With the multiorbital TB model of Sec. II B, we have calcu-
lated numerically the gap as a function of Ez. With the original
TB parameters (ξ0 = 0.8 eV), the initial (Ez = 0) band gap
is 111 meV, significantly larger than the present DFT result.
The band gap as a function of Ez is shown in Fig. 4 with
red down triangles, being the critical value Ez � 0.149 eV/Å,

essentially the same as the corresponding value in the KM
model. This fact is not surprising since the KM model has
been derived as a low-energy effective model of the multior-
bital TB model. [23]. Reducing the parameter ξ0 to a value
of 0.644 eV, the agreement with the DFT band gap improves,
as we show in Fig. 4 with blue up triangles, being now the
critical value Ec � 0.102 eV/Å.

We can see that the critical value Ec obtained from the
DFT calculation is much larger than the one obtained from
the different TB models. The method of DFT + Wannier
interpolation should be more accurate. In particular, the re-
arrangement of the charge density of the Wannier orbitals as a
consequence of the applied electric field cannot be taken into
account in the TB models.

We have also considered a possible lattice relaxation effect
induced by the electric field. For this, we performed calcula-
tions of stanene varying its lattice parameter. On one hand,
we found that the stress induced by a reasonable electric
field is low: an electric field of Ez = 0.6 eV/Å, close to Ec,
produces a deformation of only 0.1%. Moreover, Ec remains
practically unchanged with deformation, obtaining the same
Ec = 0.69 eV/Å for a deformation of 0.5%.

B. Composition of the bands at the TPT

The symmetry properties of the Hamiltonian at the Dirac
point, K , are useful to analyze the TPT. In the case of the
single-orbital Kane-Mele model given by Eq. (1), when eval-
uated at K , the Bloch Hamiltonian becomes diagonal in the
natural basis of Bloch functions for different spin orbitals.
Moreover, in the limiting cases of Ez = 0 and Ez → ∞, one
has HKM(−K ) = −HKM(K ) and HKM(−K ) = HKM(K ), re-
spectively. Therefore, in the language used to analyze the
topology of the bands [21], K belongs to the odd (even)
subspace in the former (latter) limiting case.

A property that takes specific integer numbers within each
subspace is the absolute value of the Pfaffian of the matrix
formed by the elements of the time-reversal operator between
occupied states, P(K ) = Pf[〈ui(K )|T |uj (K )〉]. The possible
values of these two integers are 0 and 1 within the odd and
even subspaces, respectively. |P(K )| retains its values beyond
the specific two limits mentioned until Ez = Ec. Particularly,
for the model in Eq. (1), we have |P(K )| = 0 for Ez < |Ec| and
|P(K )| = 1 otherwise. Therefore, P(K ) serves as a topological
number classifying each phase (0 for the topological phase
and 1 for the trivial one). Changes in P(K ) are accompanied
by a band inversion [3,21].

When the same ideas are applied to the multiorbital TB
model, we find that |P(K )| also changes abruptly at Ez = Ec,
but its values are no longer integer ones as can be seen in
Fig. 5, where we show the results obtained using all eight
occupied orbitals as well as the results using only the two
occupied orbitals of higher energy. This can be understood
from the fact that the spaces of wave functions coming from
the Bloch Hamiltonian in Eq. (2) cannot be classified in
general as being even and odd. An exception is the set of
time-reversal-invariant momenta k (� and M). They belong
to the even subspace for which |P(k)| = 1. Specifically for
the K point, the multiorbital model does not become diagonal
in the basis of Bloch functions for different spin orbitals,
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FIG. 5. Calculated values of the absolute value of the Pfaffian,
|P(K )|, for the multiorbital model given in Eq. (2) at the K point as a
function of Ez/Ec, being Ec the critical value of Ez that closes the gap.
Black line: using all eight occupied orbitals. Red dashed line: using
the last two occupied orbitals.

simply because (among other reasons) the spin-orbit coupling
enters as a constant nondiagonal contribution. In particular, K
does not belong for any value of Ez to the odd subspace and
therefore |P(K )| �= 0 as obtained in Fig. 5.

However, as in the one-orbital case, the band structure at
K also experiments a flipping of bands when passing through
the TPT. In this case, the eigenstates have a hybridized com-
position coming from different orbitals, as compared with
the single-band case of one pz orbital per site in low-energy
effective models. In Fig. 6 we analyze the band composition of
each eigenstate |un(K )〉, with n = 1, . . . , 16 before and after
TPT at K . In Fig. 6(a) we analyze the case of Ez < Ec. The
last two occupied states can be mainly described as |u7(K )〉 ∼
a|Bpz↑〉 + b|Bs↑〉 and |u8(K )〉 ∼ a′|Apz↓〉 + b′|As↓〉. On the
other hand, when the value of Ez increases above the critical

one, Ez > Ec as shown in Fig. 6(b), the occupied state |u8(K )〉
changes its weight to |u8(K )〉 ∼ a′|Bpz↓〉 + b′|Bs↓〉.

The main difference between both phases is in the com-
position of the |u8(K )〉 state, transferring its weight from the
A-like site to the B-like one. In the language of the Pfaf-
fian method mentioned above, this band inversion mechanism
abruptly changes the value of |P(K )|. Unfortunately, the val-
ues involved do not define a topological integer classifying
each phase.

By analogy with the Kane-Mele behavior of |P(K )|, we
expect that for Ez < Ec, the system is in a topological non-
trivial state. Conversely, when Ez > Ec, the phase has nothing
unusual being a trivial state [21,31]. This assumption will be
confirmed in the next section.

Summarizing this section, while the Pfaffian applied to the
present multiorbital system serves as an indicator separating
trivial and topological phases, as an be seen in Figs. 5 and 6,
the values of |P(K )| for each phase are nonintegers. Therefore
it is more convenient to use another procedure in order to get
a topological index. In the following section we will discuss a
Z2 invariant to classify the different phases of the system.

C. Z2 invariant and topological phase transition

Two-dimensional QSH states are characterized by a single
Z2 integer ν leading to two distinct states. They are ν = 1 in a
topological phase and ν = 0 in a trivial one.

In order to avoid the difficulties that arise for realistic
DFT and multiorbital TB models when fixing numerically the
gauge of the eigenvectors on half of the Brillouin zone, we fol-
low the expression of the Z2 invariant introduced by Yu et al.
in Ref. [32]. We write a reciprocal vector as k = k1b1 + k2b2,
with b1 and b2 the reciprocal basis vectors shown in Fig. 1.
The main idea is to look at the evolution of Wannier function
centers for effective one-dimensional systems of fixed com-
ponent k2 and running −1/2 � k1 � 1/2, a Wilson loop, in
the subspace of occupied states. For each k2, the projected
position operator can be diagonalized in the subspace of the

FIG. 6. Orbital weights for the whole set of eigenstates at the K point in the multiorbital TB model, |un(K )〉, with n = 1, . . . , 16.
(a) Ez < Ec, within the topological phase. (b) Ez > Ec, within the trivial phase.
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FIG. 7. Different phase factors θm(k2) (see text) as a function of k2 for (a) the multiorbital TB model; (b) DFT with Wannier interpolation.
Top panels: topological nontrivial phase with E = 0.023 eV/Å (E = 0.05 eV/Å) for the TB model (DFT). θm(k2) crosses the reference
θ0 = π/2 value (red dashed line) once, an odd number of times, and therefore Z2 = 1. Lower panels: trivial state with E = 0.23 eV/Å
(E = 1.00 eV/Å) for the TB model (DFT). θm(k2) crosses the reference line twice (none) in the TB model (DFT), an even number, and
therefore Z2 = 0.

bands included [32]. We denote as θm(k2) the phases of these
eigenvalues. Then, the k2 dependency of the phases θm(k2)
determine the topological integer. If the number of times the
curves θm(k2), for 0 � k2 � 1/2, cross a selected fixed phase,
θ0, is odd (even) then the state is a topological (trivial) one.

In Fig. 7(a) we show the curves θm(k2), obtained using
the multiorbital TB, as a function of k2 and for two values
of Ez: 0.023 eV/Å (<Ec) in the top panel and 0.23 eV/Å
(>Ec) in the lower one. It is clear that if θ0 = π/2 is cho-
sen, there is only one curve that crosses θ0 in the first case,
Ec = 0.023 eV/Å, and therefore Z2 = 1. The opposite result
is obtained for the second case, Ec = 0.23 eV/Å, where there
are two curves crossing θ leading to a trivial state, Z2 = 0.
Note that for k2 = 0 (k2 = 1/2) the Wilson loop includes
the time-reversal invariant point � (M) at which some levels
become degenerate and as a consequence two different θm(k2)
meet [32]. We also observe an abrupt change in some phases
when k2 = 1/3. In these cases, the Wilson loop passes through
the K point (b1 + b2)/3.

In order to get the Z2 index automatically from the curves
shown above, we have followed the trick given by Irsigler
et al. in Ref. [33]. To this end, the θm(k2) interval is divided
into three regions and the number of times θm(k2) crosses
each region is counted. If the total number of crossings is odd
(even), then Z2 = 1 (0) and the system is in the topological
(trivial) phase.

For obtaining the Z2 index from the DFT calculations, for
each value of applied electric field E we calculate a set of
MLWFs. Using the corresponding Wannier Hamiltonian, we
can obtain the Z2 index using the same method as with the
multiorbital TB model described above. Figure 7(b) shows
the corresponding θ (k2) vs k2 curves for two values of E :
0.05 eV/Å (<Ec) in the top panel and 1.00 eV/Å (>Ec) in
the lower one.

Figure 8 shows the resulting Z2 topological invariant as a
function of the external electric field E for stanene, modeled

with the multiorbital TB and with Wannier interpolation of
DFT bands. One can see that the value of the critical electric
field for the transition from the topological to the trivial phase
coincides with the value Ec for which the gap closes in each
model.

IV. SUMMARY AND DISCUSSION

We have studied the electronic structure of stanene, and
the topological phase transition as a function of an applied
electric field perpendicular to the plane of stanene, using two
methods: (i) Wannier interpolation of DFT calculations; and
(ii) multiorbital tight-binding parametrized by Hattori et al.
[13]. In both approaches we find that at the transition, there is
a change in the character of the bands at the K and K ′ points,
a closing and reopening on the gap, and a jump in the Z2

FIG. 8. Z2 topological invariant using Wannier interpolation
(black circles) and the multiorbital TB model (red dashed line). In
each case, the critical value Ec corresponds to the electric field where
the gap closes.
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invariant. However, the magnitude of the critical electric field
necessary to drive the system to the trivial phase is nearly four
times larger with method (i). We ascribe this difference to the
fact that method (i) takes into account the rearrangement of
charges at the atomic level missed in (ii).

In experimental realizations of stanene, a substrate is
present, which plays the role of an inversion-symmetry-
breaking perturbation as the electric field in our model. The
fact that the topological phase is robust under moderate
electric fields suggests that this phase might be present for
substrates with a weak interaction with stanene.

Our approach can be extended to systems of this kind, or
to functionalized stanene. It is interesting to note that ultralat
stanene has been deposited on Cu(111) [34]. A combination of
experimental and theoretical techniques show that the system
has an inversion of s and p bands and a gap induced by
spin-orbit coupling at the � point and also boundary states
characteristic of topological states. Unfortunately, in this case
the interaction between stanene and the substrate is too strong
for our theory to be applied. There is a strong hybridization of
the Sn pz orbitals with the substrate and as a consequence the
buckling of freestanding stanene disappears.

It would be interesting to find a nearly inert substrate where
stanene could remain in its freestanding nontrivial topologi-

cal phase. The determination of the topological features of a
stanene/substrate system is much more difficult than for free
stanene because in general, due to lattice mismatch, a super-
cell is necessary. As a consequence, in the method that we
used to calculate the topological invariant in the absence of in-
version symmetry (explained in Sec. III C), the number or dif-
ferent phases θm of the eigenvalues of the position operator in-
volved in the calculation of the topological invariant increases
considerably. For example, a stanene/MoS2 heterostructure
with low mismatch has been proposed [35,36], consisting of a
2 × 2 stanene supercell and a 3 × 3 MoS2 supercell. This su-
percell includes 8 Sn atoms, 9 Mo atoms, and 18 S atoms, each
one with their corresponding relevant spin orbitals: sp2 + pz

orbitals for Sn, d orbitals for Mo, and p orbitals for S. There-
fore, one would need 158 different θm to construct a figure
similar to Fig. 7 of the present paper. In any case, we hope
that our work stimulates further research on the subject.
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