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TEOŔIA DE LA

MATERIA CONDENSADA
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Fisk, D. J. Garćıa, A. P. Reyes, P. L. Kuhns, R. R. Urbano, C. Giles, P. G. Pagliuso, Physical
properties and magnetic structure of the intermetallic CeCuBi2 compound, Physical
Review B 90, 235120 (2014). 221

33 M. A. Romero, A. A. Aligia, J. G. Sereni, G. Nieva, Interpretation of experimental results
on Kondo systems with crystal field, Journal of Physics: Condensed Matter 26, 025602
(2014). 228

34 L. E. F. Foa Torres, P. M. Perez-Piskunow, C. A. Balseiro, G. Usaj, Multiterminal Conduc-
tance of a Floquet Topological Insulator, Physical Review Letters 113, 266801 (2014). 237

35 P. Roura-Bas, S. Di Napoli, A. A. Aligia, Overscreened Kondo physics in four-fold sym-
metric Au systems doped with Co, Journal of Physics: Conference Series 480, 012013
(2014). 242
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Critical behavior of spin and chiral degrees of freedom in three-dimensional disordered
XY models studied by the nonequilibrium aging method
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The critical behavior of the gauge-glass and the XY spin-glass models in three dimensions is studied by
analyzing their nonequilibrium aging dynamics. A new numerical method, which relies on the calculation of
the two-time correlation and integrated response functions, is used to determine both the critical temperature
and the nonequilibrium scaling exponents, both for spin and chiral degrees of freedom. First, the ferromagnetic
XY model is studied to validate this nonequilibirum aging method (NAM) since for this nondisordered system
we can compare with known results obtained with standard equilibrium and nonequilibrium techniques. When
applied to the case of the gauge-glass model, we show that the NAM allows us to obtain precise and reliable
values of its critical quantities, improving previous estimates. The XY spin-glass model with both Gaussian
and bimodal bond distributions is analyzed in more detail. The spin and the chiral two-time correlation and
integrated response functions are calculated in our simulations. The results obtained mainly for Gaussian and,
to a lesser extent, for bimodal interactions support the existence of a spin-chiral decoupling scenario, where
the chiral order occurs at a finite temperature while the spin degrees of freedom order at very low or zero
temperature.

DOI: 10.1103/PhysRevB.89.024408 PACS number(s): 75.10.Nr, 64.60.Ht, 68.35.Rh, 74.25.−q

I. INTRODUCTION

Critical phenomena in disordered and frustrated systems
such as spin glasses are one of the hardest problems in the
statistical mechanics theory. Extensive numerical simulations
of the three-dimensional (3D) Ising spin-glass model [1,2],
for example, have confirmed that this system undergoes a
transition at a finite critical temperature, but the nature of this
phase transition is still under discussion. More controversial
is the case of those models with XY -type spins. While early
studies of 3D XY spin glasses indicated the existence of a
transition at very low or zero temperature [3,4], subsequent
numerical simulations reveal other possible scenarios.

In 3D XY spin-glass models, two kinds of symmetries
can be broken because the Hamiltonian is invariant under
both the usual continuous “spin” O(2) symmetry associated
to a global rotation, and the “chiral” symmetry associated
to the reflection of XY spins about an arbitrary direction.
Following the seminal work of Villain [5], some works have
shown the possibility that the spin order and the chiral order
occur at different critical temperatures, which is known as
the “spin-chiral decoupling” scenario [6–8]. Nevertheless,
other numerical simulation studies suggest the existence of
a single finite critical temperature at which both symmetries
are simultaneously broken [9–15]. Recently, an even more
complex scenario has been proposed, in which the lower
critical dimension of the model could be close or equal to
three, and then the finite-temperature phase transition should
be removed by fluctuations [16]. In this case, only a marginal
behavior for low temperature and large sizes should be
expected. For a recent review, interested readers can refer to
[17].

In all these studies, extensive equilibrium and nonequilib-
rium simulations were performed to solve this intricate subject.

The lack of a consensus is probably due to the hardness of
the problem. Recently, a new nonequilibrium aging method
(NAM) was proposed to analyze such situations [18]. Cal-
culating the correlation and the integrated response functions
for different temperatures and waiting times, it is possible to
determine both the critical temperature and the nonequilibrium
scaling exponents. Using this very sensitive technique, it has
been possible to corroborate that the universality class of the
equilibrium phase transition in 3D Ising spin glasses does not
depend on the exact form of the bond distribution [19].

With the aid of the nonequilibrium aging method proposed
in [18], in this work we study the equilibrium critical behavior
of three different 3D XY systems: the classical ferromagnetic
XY model, the gauge-glass model [20], and, in more detail,
the XY spin-glass model with both Gaussian and bimodal
bond distributions. The first two systems of this class are
mainly analyzed to show that the NAM numerical technique
is useful to locate the critical point of either an ordered
or a disordered model with XY -type spins. Nevertheless,
for the gauge-glass model, we report precise values of both
the critical temperature and the nonequilibrium exponents,
improving previous estimates. On the other hand, for the XY

spin-glass models, our results strongly support the existence
of a spin-chiral decoupling scenario where the chiral order
occurs at finite temperature while the spins order at very low
or zero temperature.

The paper is organized as follows. In Sec. II, we present
the nonequilibrium aging method and the simulation scheme.
Then, in Sec. III, we analyze the classical ferromagnetic XY

and the gauge-glass models. Section IV is devoted to the study
of the XY spin-glass system with both Gaussian and bimodal
distributions of bonds. Finally, in Sec. V we discuss our
results.

1098-0121/2014/89(2)/024408(15) 024408-1 ©2014 American Physical Society

6
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II. NONEQUILIBRIUM AGING METHOD AND
SIMULATION SCHEME

Numerical nonequilibrium relaxation methods are fre-
quently used to analyze equilibrium phase transitions [21].
The simplest protocol consists in preparing the system at
time t = 0, in a fully ordered state and then the dynamics is
simulated with a standard Monte Carlo algorithm. The critical
temperature Tc is estimated as the temperature at which, in the
asymptotic regime, the order parameter follows a power-law
dependence in time. This method is appropriate to study a
wide variety of systems since the slow dynamics present in
disordered and frustrated systems favors the application of
such nonequilibrium technique. However, due mainly to the
fact that different observables seem to decay by a power
law in a relatively wide interval of temperatures, it is not
possible to determine an accurate value of Tc with these
methods. Additional scaling analysis of the order parameter or
susceptibility has been used to improve the resolution of these
methods [22–24]. In addition, recently it has been proposed a
new technique based on the divergence of the relaxation time
approaching the critical point [25].

The nonequilibrium aging method (NAM) proposed in
[18] is a general technique that allows us to overcome these
difficulties. First, a typical protocol is used which consists
on a quench at t = 0 from a disordered state (T → ∞) to
a low temperature T . From this initial condition, the system
is simulated by a Model A dynamics [26,27], in this case
a standard Glauber dynamics. Then, a given autocorrelation
function C(t,tw) and its associated integrated autoresponse
function �(t,tw) (or merely the correlation and the integrated
response functions), which depend on both the waiting time
tw when the measurement begins and a given time t > tw are
calculated for different temperatures and different values of
tw. Later, for each set of curves of a given T , a data collapse
analysis is performed based on the following scaling relations
for the correlation function:

C(t,tw) = tw
−bfC(t/tw), (1)

and for the integrated response function

�(t,tw) = tw
−af�(t/tw), (2)

where b and a are two nonequilibrium exponents, and fC/�

are two different scaling functions [28,29]. Relations (1) and
(2) are expected to be correct only at the critical point with
b = a and for tw � t − tw [30,31]. The best data collapse,
and therefore the best candidate values for b and a at a given
T , is obtained by minimizing the sum of squared differences
between all pairs of curves within a given range of times (see
details in the following). Then, to identify Tc, simply we chose
the temperature for which the condition b = a is fulfilled. Note
that, for temperatures above or below Tc, the method provides
only pseudoexponents because other scaling relations, or a
separation of the correlation and the response functions in their
corresponding stationary and aging terms [32], are required.
Throughout this work, we will use the NAM to determine the
critical temperature and the nonequilibrium exponents for the
different XY models.

For systems of N XY -type spins, the spin correlation
function is defined as

C(t,tw) = 1

N

��
N�

i=1

Si(t) · Si(tw)

�

0

�

= 1

N

��
N�

i=1

cos [θi(t) − θi(tw)]

�

0

�
, (3)

where the sum runs over the sites of the lattice, Si =
(cos θi , sin θi) are classical two-dimensional spins of unit
length, θi are angular variables, �· · · �0 indicates an average
over different thermal histories (different initial configurations
and realizations of the thermal noise), and [. . .] represents an
average over different disordered samples. On the other hand,
adding to the Hamiltonian of the system H a perturbation of
the form

Hp = −
N�

i=1

hi · Si , (4)

where hi is a local external field, and switching on this
perturbation only for times t < tw, it is possible to calculate a
(reduced) spin-integrated (thermoremanent) response function
as [28]

ρ(t,tw) = T

N

�
N�

i=1

∂�cos θi(t)�h
∂hx,i

����
h=0

+ ∂�sin θi(t)�h
∂hy,i

����
h=0

�
,

(5)

where now �· · · �h indicates an average over thermal histories
of the perturbed system.

At thermodynamic equilibrium, both the correlation (3)
and the integrated response (4) depend on τ = t − tw and are
related through the fluctuation-dissipation theorem (FDT)

ρ(t − tw) = C(t − tw). (6)

For a nonequilibrium process, however, the FDT is not
fulfilled. Nevertheless, it has been proposed that a generalized
quasi-fluctuation-dissipation theorem (QFDT) [33] of the form

∂ρ(t,tw)

∂tw
= X(t,tw)

∂C(t,tw)

∂tw
, (7)

where X(t,tw) is the fluctuation-dissipation ratio, must be
obeyed by any physical model. For short times (τ � tw), a
system is in the quasiequilibrium regime (X ≈ 1) and therefore
a parametric plot of ρ versus C should show a straight line of
slope 1. On the other hand, for long times (tw � τ ) we can
write [28]

ρ(t,tw) = X∞C(t,tw), (8)

where

X∞ = lim
tw→∞

lim
t→∞

X(t,tw). (9)

In a critical quench, it is expected that the spin correlation (3)
and the spin-integrated response (5) follow, respectively, the
scaling relations (1) and (2).

024408-2
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For the XY spin-glass systems, we can also define the local
chirality of each square plaquette α by [7]

κα = 1

2
√

2

�

(i,j )∈α

sgn(Jij ) sin(θi − θj ), (10)

where the sum runs over the four bonds of strength Jij

surrounding the plaquette α in a clockwise direction. Then,
the chiral correlation can be written as

Cκ (t,tw) = 1

3N

���

α

κα(t)κα(tw)

�

0

�
. (11)

Here, the sum is taken over all the 3N plaquettes. To calculate
a response function, we need to add to the Hamiltonian a
different perturbation

Hpκ = −
�

α

fακα, (12)

where fα is a fictitious external field which couples to
the chirality κα . Then, the corresponding (reduced) chiral
integrated (thermoremanent) response function is given by

ρκ (t,tw) = T

3N

��

α

∂�κα�f
∂fα

����
f =0

�
. (13)

In this equation, �· · · �f indicates an average over thermal
histories when the system is perturbed by (12). At equilibrium,
the FDT relation is satisfied

ρκ (t − tw) = Cκ (t − tw), (14)

but far away from this condition, it is expected that in the
quasiequilibrium regime the FDT still works while for long
times (tw � τ ) a QFDT holds,

ρκ (t,tw) = X
κ∞Cκ (t,tw). (15)

As before, in a critical quench the chiral functions (11) and
(13) should follow, respectively, the scaling relations (1) and
(2). To avoid confusion, we will denominate the corresponding
nonequilibrium exponents as bκ and aκ , reserving b and a for
the spin functions (3) and (5).

In this work, instead of performing additional simulations
with applied fields of small strength, the integrated response
functions (5) and (13) were calculated for infinitesimal
perturbations using the algorithm proposed in [34,35]. This
technique permits us to determine the two correlation functions
and the two response functions in a single simulation of the
unperturbed system. Thus, we can obtain reliable values of
both exponents b and a (or bκ and aκ ), making possible
the realization of this nonequilibrium aging method. Further
details of this algorithm are given in the Appendix.

For the Monte Carlo simulation, we have used a standard
scheme, where local changes in the phases θi → θ �

i are
accepted with a probability given by the Glauber rate

ω(θi → θ �
i ) = exp (−β�H)

1 + exp (−β�H)
. (16)

Here, β is the inverse temperature and �H is the energy
difference corresponding to the proposed phase change.
Typically, in equilibrium simulations, the acceptance window
for θ �

i is chosen less than 2π and dependent on temperature

in order to optimize the updating procedure. Since we are
interested in studying a nonequilibrium process, for local phase
changes we will use the full 2π acceptance angle window for
the new phases θ �

i , following the criterion used in [36,37].
This is done in order to avoid the possibility that a limited
acceptance angle might introduce an artificial temperature
dependence in the relaxation. In all cases, cubic lattices of
linear size L = 50 with full periodic boundary conditions were
simulated and the disorder average was performed over 104

different samples for each temperature (for the ferromagnetic
XY model, a nondisordered system, we have carried out 104

independent thermal histories).

III. XY MODELS WITH SPIN SYMMETRY BREAKING

In this section, we study the critical behavior of the classical
ferromagnetic XY and the gauge-glass models. These systems
are known to have a single phase transition where the spin
U(1) symmetry is broken. We first study the well-known
3D ferromagnetic XY model in order to validate the NAM,
showing that this technique works well in a nondisordered
system, allowing us to obtain a good estimate of the dynamical
exponent z. Afterwards, we study the disordered gauge-glass
model, showing that the NAM can give a precise estimate of
its critical temperature and dynamical coefficients.

A. Ferromagnetic XY model

In order to validate the NAM, we study the critical behavior
of the 3D ferromagnetic XY model. The Hamiltonian of this
system is given by

HXY = −
�

(i,j )

Si · Sj , (17)

where the sum runs over all nearest-neighbor pairs (i,j ) on a
cubic lattice of N = L3 spins. In terms of the angular variables
θi , the Hamiltonian can be written as

HXY = −
�

(i,j )

cos(θi − θj ). (18)

The critical behavior of this model is well known. From
high-precision Monte Carlo simulations it has been possible
to estimate the critical temperature Tc = 2.20167(10) [38] and
the critical exponent η = 0.0381(2) [39]. There are also some
less accurate estimates of the critical dynamic exponent as
being zc ≈ 2 [40], obtained using relaxation dynamics with
periodic boundary conditions (the result was found to depend
on the boundary condition in the work cited above).

We start verifying that the behavior described by Eqs. (1)
and (2) for a critical point is followed by this model
at the known critical temperature Tc = 2.20167(10) [38].
Figures 1(a) and 1(b) show, respectively, the data collapse of
the spin correlation (taken as tbwC) and the spin-integrated
response functions (taken as tawρ) for waiting times tw =
25, 50, 100, 200, 400, and 800 at T = 2.20167 ≈ Tc, plotted
as function of the variable x = τ/tw = t/tw − 1. For each set,
to obtain a good data collapse it is necessary to minimize the
sum of squared differences between all pairs of curves within
a range [x0,xm], with xm the maximum value of x calculated.
The starting x0 is chosen as large as possible so that the scaling

024408-3
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FIG. 1. (Color online) Ferromagnetic XY model. Panels (a) and
(b) show, respectively, the data collapse with b = a = 0.521 of the
spin correlation and the spin-integrated response at T = 2.20167 for
different tw as indicated. Insets show the corresponding curves as
function of t/tw . (c) FDT plot. Inset shows the plot of ρ/C vs tb

wC

and the value of X∞ ≈ 0.43.

region (x � 1) can be reached, but at the same time not so large
as to have an interval of length xm − x0 with enough data points
to have a significant statistics. Furthermore, data collapses with
a varying number n of curves with different waiting times tw
are attempted. The number n means to have considered in
the data collapse the n largest values of tw available (ranging
from n = 6 for tw = 25,50,100,200,400,800 to n = 2 for
tw = 400,800). Small n gives more weight to the large-tw data
but at the expense of poorer statistics for the data collapse.
Varying x0 and n we obtain several pairs of exponents b and a.
We then compare the b and a obtained using different x0 and
n, taking the ones with the smallest x0 and the the largest n,
such that when increasing x0 or decreasing n from this point,
the exponent values do not change appreciably.

To obtain the data collapses shown in Figs. 1(a) and 1(b), it
was enough to choose x0 = 0.5 and to take the tw curves with
tw = 100–800 (i.e., n = 4). Then, with the minimum squares
method, the exponent values b = 0.5225 and a = 0.5195 were
obtained. At the critical temperature Tc, we should have a = b,
and indeed the values of a and b obtained are very close.
Since we are considering the data at a temperature equal to the
best known estimate of Tc, we use a common mean value of
c = (b + a)/2 = 0.521 to collapse simultaneously the sets of
curves shown in Figs. 1(a) and 1(b). In Fig. 1(c), we show the
corresponding “FDT plot,” where tawρ versus tbwC are plotted.
As mentioned in the previous section, for times such that τ �
tw, the system is in the quasiequilibrium regime and X ≈ 1.
This behavior is observed in Fig. 1(c) where for large values
of C and ρ, the slope in the FDT plot tends to 1. On the other
hand, for times τ � tw the QFDT holds and the slope near to
the origin is equal to X∞. From (8) and (9), we see that

X∞ = lim
tw→∞

lim
t→∞

ρ

C
. (19)

The inset in Fig. 1(c) shows that this ratio tends to X∞ ≈ 0.43.
This same value was obtained in [41] where the nonequilibrium
dynamics of the XY model was extensively studied.

Now, we follow in its full extent the procedure of the NAM
described in Sec. II, analyzing the behavior of correlations and
response functions in a range of temperatures. We simulate
the system for six temperatures between T = 2.1 and 2.25,
and waiting times tw = 25,50,100,200,400, and 800. Figure 2
shows the exponents b and a versus T , obtained fitting Eqs. (1)
and (2) using the same parameters as above: x0 = 0.5 and
curves with tw = 100–800 (n = 4). We see that the a(T ) data
and the b(T ) data cross at approximately the above used Tc,
where the condition b = a should be fulfilled. This confirms
that the NAM introduced in Sec. II is reliable. Moreover, if
the data collapse were performed for larger ranges of x, for
example starting from x0 = 0, a good value of the critical
temperature but bad values for the exponents b and a are
obtained.

Alternatively, one can quantify the goodness of the power-
law collapses by calculating the sum of squared differences
between all pairs of curves �2 [18]. A plot of this quantity
as a function of T has a a well-defined minimum at Tc

since, as showed above, the correlation and the integrated
response functions display a power-law behavior in a very
narrow range of T around Tc. A very similar behavior was
shown in the Fig. 1(d) in Ref. [18] for the two-dimensional
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FIG. 2. (Color online) The values of the exponents b and a vs T ,
obtained with the NAM for the ferromagnetic XY model.

ferromagnetic Ising model. In disordered systems (as the
cases that will be discussed in the following sections), the
dynamical correlation and response functions can be fitted
with reasonably good power-law decays within a relatively
wide interval of temperatures and studying quantities such as
�2 is not useful in practice. On the other hand, the coincidence
of b = a is a stronger requirement than a minimum in �2,
giving a better evidence for the existence of a critical point,
which we find more useful in disordered systems.

Next, to calculate suitable error bars for the critical
temperature and the common exponent c, which is a reasonable
estimate of the nonequilibrium critical exponent b (or a), we
consider the dispersion of the coordinate values of the crossing
point calculated for different “acceptable” data collapses
(those for which the parameter x0 is greater than but close
to 0.5). In this way, we obtain the estimates Tc = 2.20(1) and
b = 0.52(1). Note that this critical temperature is compatible
with the more precise value Tc = 2.20167(10) [38]. The
exponent b can be related with the critical dynamical exponent
zc from the relation [28]

b = (d − 2 + η)

zc

. (20)

Using the known result η = 0.0381(2), and the calculated b,
we obtain zc = 2.00(2), which is in good agreement with the
numerical results of Ref. [40] and with epsilon expansion
calculations of zc for model A dynamics [26,27] that give
zc = 2.022 for this model.

Our analysis of the ferromagnetic XY model corroborates
that the NAM works well. However, as a procedure to obtain
the critical temperature Tc, this method is not competitive when
compared to the standard equilibrium and nonequilibrium
techniques [21] for nondisordered systems since the error
bars in Tc calculated here are comparatively very large.
Nevertheless, as we shall see in the next section, the NAM will
allow us to calculate reliable values of the critical quantities
for disordered systems.
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T = 0.45

n

c

x  = 0.5
x  = 1.0
x  = 2.0
x  = 6.0

FIG. 3. (Color online) The values of the exponents b and a vs T ,
obtained for the GG model. The parameters used were x0 = 1 and
the range tw = 800–6400 (n = 4) as indicated. The inset shows the
dependence of the exponent c with the quantity n, for different values
of x0 at T = 0.45.

B. Gauge-glass model

The 3D gauge-glass (GG) model [20,42,43] is a paradig-
matic model for the vortex glass phase transition in supercon-
ductors [44,45]. Its Hamiltonian is given by

HGG = −
�

(i,j )

cos(θi − θj − Aij ) (21)

expression that is similar to the ferromagnetic Hamiltonian
(17), but with additional quenched random variables Ai,j

which are drawn from a uniform distribution in the [0,2π ]
interval under the constraint Aij = −Aji . We simulate the GG
system for seven temperatures between T = 0.42 and 0.48,
and waiting times tw = 50, 100, 200, 400, 800, 1600, 3200,
and 6400.

Figure 3 shows the curves of b and a versus T , which were
obtained by choosing x0 = 1 and the range tw = 800–6400
(n = 4). We see that that the condition b = a is fulfilled as
a contact point of the a(T ) curve with the b(T ) curve at
T ≈ 0.45. This is different from the previous case where
the condition b(Tc) = a(Tc) was found as a crossing point
of the two curves. This seems to be a common feature of
disordered systems: a similar behavior was observed in the
Ising spin glasses, where the exponent curves do not cross
but coincide at a contact point at Tc [18]. Analyzing different
values of x0 between 0.5 and 6, and different ranges of tw up
to tw = 800–6400 (i.e., from n = 8 to 4), we obtain a very
stable contact point close to 0.45 and for this reason we regard
this temperature as the critical one Tc = 0.450(3). As before, to
calculate a suitable error bar, we have considered the dispersion
of the contact point for different “acceptable” data collapses.

Unlike the behavior observed for the ferromagnetic model,
we find that the contact point tends to move towards lower
values of b and a, when we plot curves a(T ),b(T ) obtained
from fits with increasing x0 or by removing progressively the
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curves with smaller tw (decreasing n). This is shown in the
inset of Fig. 3 where we plot c = (a + b)/2 at T = 0.45 for
different values of x0 and n. Then, even when we find clear
evidence that there is a critical point (the condition b = a is
fulfilled in each of these cases), the value of the exponent
b = a is not fully converged for the time scales considered.
To obtain a value for this exponent, we consider that the best
estimate corresponds to the fits that are more weighted at the
largest time scales t and tw; i.e., the limit value of c when
increasing x0 and decreasing n. With this methodology, we
estimate c = 0.070(4) from the data plotted in the inset of
Fig. 3.

Figures 4(a) and 4(b) show the curves of the spin correlation
and the spin-integrated response, where a value of b = a =
0.07 was used to collapse simultaneously both sets of curves.
In addition, Fig. 4(c) shows the corresponding FDT plot. As
before, we observe that for short times the system is in the
quasiequilibrium regime and X ≈ 1, but for long times the
FDT is violated and the slope near to the origin is equal to
X∞ ≈ 0.095.

The 3D GG model has been widely studied by numerical
techniques. In an early equilibrium simulation study, Reger
et al. [42] found Tc = 0.45(5) and later, using the most
efficient exchange Monte Carlo algorithm, Olson and Young
[46] estimated Tc = 0.47(3). More recently, using a variety of
numerical methods, Katzgraber and Campbell [36] obtained
Tc = 0.46(1), the same value reported by Alba and Vicari
[47] from Monte Carlo simulations and finite-size scaling
analyses. Note that our estimation of the critical temperature
Tc = 0.450(3) is compatible with these values and is a bit more
precise.

On the other hand, our estimation of the nonequilibrium
exponent c = 0.070(4) is close to but slightly larger than the
value of b reported by us in a previous work [48] b = 0.06(1).
However, in [48] the b exponent was calculated differently by
fitting the correlation function for short times with a power
law, a method very imprecise. Finally, in this work we have
determined that X∞ ≈ 0.095, but in Ref. [48] was reported a
larger value of X∞ ≈ 0.12. This difference is clearly attributed
to the improved statistics in this work: in the cited reference,
averages were carried out over only 60 samples, while here
104 different realizations of disorder were used for each
temperature.

IV. XY SPIN-GLASS MODELS

The 3D XY spin-glass model is a paradigmatic model for
disorder and frustrated magnetic materials with an easy-plane-
type anisotropy [49–55]. Another experimental realization of
this system are granular cuprate superconductors consisting
of a network of sub-micron-size superconducting grains
randomly connected through π -Josephson junctions [56–60].

The Hamiltonian of the 3D XY spin-glass model is

HXY glass = −
�

(i,j )

Jij cos(θi − θj ), (22)

where as before the sum runs over all nearest-neighbor pairs
(i,j ) on a cubic lattice. The quenched random bonds Ji,j are
drawn from a distribution with mean zero and variance one.
We present a detailed analysis with both Gaussian and bimodal

FIG. 4. (Color online) GG model. Panels (a) and (b) show, re-
spectively, the data collapse with b = a = 0.07 of the spin correlation
and the spin-integrated response at T = 0.45 for different tw as
indicated. Both insets show the corresponding curves as function
of t/tw . (c) FDT plot. Inset shows the plot of ρ/C vs tb

wC and the
estimated value of X∞ ≈ 0.095.
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FIG. 5. (Color online) The curves of the exponents b and a vs T ,
obtained for the XYG model. As indicated, a range of tw = 200–1600
and different values of x0 were used. Straight arrows indicate how the
curves change with increasing x0. The inset shows the dependence of
the exponents b and a with n, for different values of x0 at T = 0.3.

±J bond distributions. For clarity, we name XYG and XYB

the XY spin-glass models with a Gaussian and bimodal ±J

(with J = 1) bond distributions, respectively. Spin and chiral
observables (correlation and integrated response functions) are
calculated for several temperatures in a wide range, and for
waiting times tw = 50, 100, 200, 400, 800, and 1600.

As mentioned in the Introduction, different scenarios have
been proposed to explain the critical behavior of the 3D XY

spin-glass model. As an attempt to clarify this controversy, we
first study the XYG model analyzing the spin correlation and
integrated response functions, and the same chiral quantities.
Next, a similar analysis is performed for the XYB model.

A. XY spin-glass model with Gaussian bond distribution

For the XYG model, we have studied a temperature range
between T = 0.2 and 0.4. Figure 5 shows several sets of curves
of the exponents b and a corresponding to the spin degrees of
freedom as a function of T . The curves shown were obtained
fitting with different values of x0 and with the waiting times
tw = 200–1600 (n = 4). We clearly see in the plot that b(T ) �=
a(T ), implying the absence of a critical point for the spin
degrees of freedom. Data fitted using different ranges of x

(by changing x0) show an important dispersion in the values
obtained for b(T ) and a(T ), as is displayed in Fig. 5. Such a
dispersion with x0 means that the assumed power-law fit of
Eqs. (1) and (2) is not actually followed in these cases.

However, we see that at T = 0.3 the dispersion of the
pseudoexponents with x0 is minimal and both the curves
b(T ,x0) and the curves a(T ,x0) have a crossing point in terms
of x0 at this temperature. This effect is more clear for the
correlation exponent b, implying that a power-law scaling
relation (1) is nearly followed in this case. In the inset of Fig. 5,
we analyze in detail the dependence of the pseudoexponents

FIG. 6. (Color online) XYG model. Panels (a) and (b) show,
respectively, the data collapse of the spin correlation and the spin-
integrated response functions at T = 0.3 for different tw as indicated.
Collapses were obtained using b = 0.073 and a = −0.028. Both
insets show the corresponding curves as function of t/tw .

with x0 and with different ranges of tw (parameter n) at
T = 0.3. We see that b is nearly independent of x0 and weakly
dependent on n. Extrapolating to the smallest n, we determine
that it tends to b = 0.073(3). In the case of the pseudoexponent
a, we see that it has more fluctuations with x0 and that it
depends more strongly on n, extrapolating to a negative value
of a = −0.028(5).

In agreement with this previous analysis, Figs. 6(a) and
6(b) show good data collapses of the correlation and the
integrated response functions for, respectively, b = 0.073 and
a = −0.028. However, we need to use a negative value for a to
obtain the scaling of Eq. (2). If all waiting times are considered
(n = 6), the inset in Fig. 5 shows that a ≈ 0. Note in the inset
of Fig. 6(b) that the curves of the response function do not
depend appreciably on tw. Even when the behavior of b at this
temperature implies a power-law dependence of the two-times
correlation function as given by Eq. (1), the fact that clearly
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FIG. 7. (Color online) The curves of the exponents bκ and aκ

vs T , obtained for the XYG model. As indicated, a range of
tw = 400–1600 and different values of x0 were used. Straight arrow
indicates how the curves change with increasing x0.

b �= a means that, according to our method, this temperature
can not be regarded as a critical one.

We now turn to analyze the chiral quantities for the XYG

model. Figure 7 shows several sets of curves of bκ and aκ

versus T , which were obtained by choosing different values of
x0 and the ranges tw = 400–1600 (n = 3). In this case, we see
that there is a contact point of the two sets of curves around at
T = 0.37 where bκ ≈ aκ showing the existence of a possible
critical point. However, we note that in this case the curves
of aκ show important fluctuations with x0 at T = 0.37. The
situation becomes more clear when we consider the exponent
values for different sets of tw, as shown in Figs. 8(a) and 8(b)
for, respectively, T = 0.36 and 0.37. Extrapolating, we see that
for long waiting times, the condition bκ = aκ can be fulfilled
at a temperature close to T = 0.37. This implies that a phase
transition involving the chiral degrees of freedom occurs at
Tc = 0.37(1), with a common nonequilibrium exponent cκ =
0.19(1). To further confirm this finding, in Figs. 9(a) and 9(b),
we show the curves of the chiral correlation and the chiral-
integrated response at T = 0.37, where a value of bκ = aκ =
0.19 was used to collapse simultaneously both sets of curves.
In addition, Fig. 9(c) shows the corresponding FDT plot and
how for long times the FDT is violated with X∞ ≈ 0.14. Note
that this is not the best way to collapse the whole data set: in
particular, in Fig. 9(b), we should have used aκ = 0.12, which
is the corresponding exponent value for n = 6 [see Fig. 8(b)].
Instead, we have used a common value obtained extrapolating
to smallest n. This allows us to accomplish a collapsed FDT
plot. If data for longer waiting times were possible to obtain,
we expect that the collapse in Fig. 9(b) could be improved.

On the other hand, the correlation and integrated response
functions of the spin degrees of freedom have large fluctuations
in both pseudoexponent curves around T = 0.37 in Fig. 5.
Figures 10(a) and 10(b) show an attempt to collapse the corre-
lation and the integrated response functions at this temperature
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FIG. 8. (Color online) XYG model. The dependence of the ex-
ponents bκ and aκ with n for different values of x0 as indicated, at
(a) T = 0.36 and (b) T = 0.37.

using, respectively, b = 0.137 and a = 0.035 (two different
values obtained for n = 4 and x0 = 1). Analyzing the insets,
which show zooms of both figures, we observe that the curves
with different tw cross and then it is not possible to achieve a
better data collapse by choosing another set of exponent values.
In fact, according to Fig. 5, the best data collapses for different
values of x0 result in very different pairs of values of b and a.
Conversely, at T = 0.3, where the a and b pseudoexponents
of the spin degrees of freedom have minimum fluctuations, we
see in Fig. 7 that aκ and bκ have fluctuations in their value when
varying x0. Also, for this temperature, abnormal collapses
(where both sets of curves cross for any pair of exponent
values) are obtained for both the chiral correlation and the
chiral-integrated response functions. All these analyses show
that the spin and chiral degrees of freedom behave differently
in the XYG, at least in what regards their nonequilibrium
dynamics.

B. XY spin-glass model with bimodal bond distribution

We carried out for the XYB model a similar analysis
as before, but now for temperatures between T = 0.25 and
0.54. We begin analyzing the spin quantities. Figure 11 shows
several sets of curves of b and a versus T , which were
obtained by choosing different values of x0 and the ranges
tw = 200–1600. Again, we do not observe a temperature where
the condition b = a is fulfilled, but there is a point for the
curves of b (and a) at T = 0.35 where their fluctuations with
x0 is minimal. The inset in Fig. 11 shows that, by extrapolating
to the smallest n, two very different values of b = 0.064(2) and
a = −0.028(3) are obtained.

Since b �= a, the temperature T = 0.35 can not be re-
garded as corresponding to a critical point. Figures 12(a)
and 12(b) show the best data collapses of the correlation
and the integrated response functions at T = 0.35 obtained
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FIG. 9. (Color online) XYG model. Panels (a) and (b) show,
respectively, the data collapse with bκ = aκ = 0.19 of the chiral
correlation and the chiral-integrated response at T = 0.37 for
different tw as indicated. Both insets show the corresponding curves
as function of t/tw . (c) FDT plot. Inset shows the plot of ρ/C vs tb

wC

and the estimated value of X∞ ≈ 0.14.

FIG. 10. (Color online) XYG model. Panels (a) and (b) show,
respectively, the data collapse of the spin correlation and the
spin-integrated response at T = 0.37 for different tw as indicated.
Collapses were obtained using b = 0.137 and a = 0.035. The insets
show zooms of both set of curves.

using, respectively, b = 0.064 and a = −0.028 < 0. The same
behavior as found before for the XYG model at T = 0.3 [see
Figs. 6(a) and 6(b)]. Then, we also conclude that for the XYB

model there is not a critical point for the spin degrees of
freedom within the range of temperatures studied.

Next, we present the results obtained for the chiral quanti-
ties. Figure 13 shows several sets of curves of bκ and aκ versus
T , which were obtained by choosing different values of x0 and
the ranges tw = 400–1600 (n = 3). We do not see, as in the
previous case of the XYG, a point where bκ ≈ aκ . However,
in the range 0.45 < T < 0.48, the curves of bκ have small
fluctuations with x0 and curves with different x0 intersect at a
temperature within this range. The corresponding curves for aκ

also intersect for different x0 in this region but with important
fluctuations. We analyze in detail the behavior of the obtained
pseudoexponent values for different sets of tw, as shown in
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FIG. 11. (Color online) The same plot as Fig. 5 but for the XYB

model.

Figs. 14(a)–14(d), for temperatures between T = 0.45 and
0.48. From these data, we conclude that the calculation of the
pseudoexponents needs larger tw to fully converge in this range
of temperatures. Comparing the behavior at different T , it is
possible to infer that the condition bκ = aκ could be fulfilled at
a temperature close to T = 0.47. Extrapolating for the smallest
n, we estimate that possibly there is a critical point for the chiral
degrees of freedom at Tc = 0.47(1) with cκ = 0.18(2). Even
when the evidence for the existence of a critical point is very
weak as compared with the same case in the XYG, we note
that the obtained chiral nonequilibrium exponents cκ agree
within the error bars for both spin-glass models. Figures 15(a)
and 15(b) show the curves of the chiral correlation and the
chiral-integrated response at T = 0.47, where a value of
bκ = aκ = 0.18 was used to collapse simultaneously both sets
of curves. Figure 15(c) shows the corresponding FDT plot and
the violation of FDT with X∞ ≈ 0.14.

On the other hand, in Fig. 11 we observe at T = 0.47 large
fluctuations in the pseudoexponent curves for the spin degrees
of freedom. For this temperature, the spin correlation and
the spin response functions present abnormal data collapses
similar to that shown previously for the XYG model in
Figs. 10(a) and 10(b). In addition, at the temperature T = 0.35,
where the pseudoexponents b(T ) and a(T ) have minimum
fluctuations, the corresponding curves bκ (T ) and aκ (T ) are
very dependent on x0 and also abnormal data collapses are
obtained when attempted in this case. As before for the XYG

model, we conclude that spin and chiral degrees of freedom
show different behavior in their nonequilibrium dynamics.

V. DISCUSSION AND CONCLUSIONS

In this work, we have studied the equilibrium critical
behavior of different three-dimensional XY models by using
a standard Monte Carlo scheme and a simple nonequilibrium
method [18]. This technique relies on the calculation of the
correlation and the integrated response functions at different

FIG. 12. (Color online) The same plot as Fig. 6 but for the XYB

model at T = 0.35 with b = 0.064 and a = −0.028.

temperatures and waiting times. Performing a data-collapse
analysis based on the scaling relations (1) and (2), it is possible
to determine the critical temperature and the nonequilibrium
scaling exponents.

First, we studied the well-known 3D ferromagnetic XY

model to validate the nonequilibrium method when models
with XY -type spins are simulated. The results show that the
numerical technique works well in such nondisordered systems
but, as expected, this is not competitive when compared
to the standard equilibrium and nonequilibrium methods to
obtain Tc. In spite of this, we are able to obtain a good
estimate of the critical dynamical exponent zc, that improves
previous reported calculations. We also studied the disordered
3D gauge-glass model. As discussed above, we determined
a critical temperature of Tc = 0.450(3) which is in good
agreement with the values reported in the literature but more
precise. The nonequilibrium exponent c = 0.070(4), however,
is a little larger than the value of b = 0.06(1) reported by us
in a previous work [48] using a more imprecise method (see
above).
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FIG. 13. (Color online) The same plot as Fig. 7 but for the XYB

model.

We have performed a more comprehensive study of the
3D XYG and XYB spin-glass models. We find that the
spin and chiral degrees of freedom behave very differently
in their relaxation dynamics in a wide range of temperatures.
When comparing their corresponding correlation and response
functions, we find that spin and chiralities show different
behaviors at different temperatures. Regarding the spin degrees
of freedom, for the two spin-glass models (XYG and XYB)
and in a wide range of temperatures, we find no evidence for
the existence of a critical point. Nevertheless, at T = 0.3 for
the XYG model and at T = 0.35 for the XYB model, where
b �= a, the spin correlation and the spin-integrated response
functions show good data collapses to a power-law dependence
(but, we remark, the corresponding chiral quantities do not
show power-law dependencies at that T ). Regarding the chiral
degrees of freedom, for the XYG model we determined that
there is a critical point at Tc = 0.37(1) with the common
nonequilibrium exponent cκ = 0.19(1). However, in the case
of the XYB model, the evidence for a chiral critical point is
very weak, and curves with longer waiting times are necessary
to clarify this issue (as it is evident from Fig. 13). We infer
from our data the possibility of a critical point at Tc = 0.47(1)
with cκ = 0.18(2). Nevertheless, assuming that this estimated
Tc is correct, we should note that the exponent values of cκ

agree within the error bars in both models, suggesting that the
universality class does not depend on the bond distribution
form.

As we discussed in the Introduction, some simulation
studies found evidence in favor of a single finite critical
temperature at which both symmetries simultaneously are
broken. Specifically for the 3D XYG model, from equilibrium
simulations and by analyzing the spin and the chiral correla-
tions lengths, Lee and Young [13] found that this occurs at
Tc = 0.34(2) with the correlation exponent ν = 1.2(2). Also,
by studying the dynamical behavior of resistivity, Granato
[11] reports Tc = 0.335(15), zc = 4.5(3), and ν = 1.2(2), but
found that the data are consistent with a phase transition in the
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FIG. 14. (Color online) The same plot as Fig. 8 but for the XYB

model at (a) T = 0.45, (b) T = 0.46, (c) T = 0.47, and (d) T = 0.48.

range Tc ∼ 0.25–0.35. More recently, Chen [15] has obtained
similar parameters Tc = 0.33(2), zc = 4.0(1), and ν = 1.4(1)
by large-scale simulations performed with a resistive shunted-
junction dynamics. On the other hand, for the 3D XYB

model Granato [12] reports Tc = 0.39(2), zc = 4.4(3), and
ν = 1.2(2), but again found that the data are consistent with a
phase transition in the range Tc ∼ 0.3–0.45. In this context, we
remark that our findings for both spin-glass models indicate
higher values of the critical temperatures (beyond, of course,
of the different scenario found by us).

Within this same single-transition picture, Yamamoto et al.
[14] using a nonequilibrium method report for the 3D XYB

model that both transitions occur simultaneously within a short
range of temperatures Tc ∼ 0.45–0.47, and that the critical
dynamic exponent is zc ≈ 6 and the exponent η is close
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FIG. 15. (Color online) The same plots as Figs. 9 but for the XYB

model at T = 0.47 and bκ = aκ = 0.18.

to zero. In this case, the critical temperature is very close
to the value obtained by us. Meanwhile, Pixley and Young
[16] have proposed a more complex scenario in which the

lower critical dimension could be close or equal to three,
and then the finite-temperature phase transition should be
removed by fluctuations. They report, however, that for the
3D XYG model, the crossing temperature for the spin and
the chiral correlations lengths moves towards T � 0.3 when
lattices of size up to L = 24 are considered. Note that near
this temperature, we found good data collapses of power-law
scalings for dynamical correlation and response functions, but
since b �= a in this case, we do not associate this temperature
to a critical point.

The possibility of a spin-chiral decoupling scenario has
been suggested in the literature mainly in the framework of
equilibrium simulations. In chronological order, Kawamura
and Li [7] found that the chiral critical temperature for the
3D XYB model is Tc ≈ 0.39, zc = 7.40(10), ν = 1.2(2), and
η = 0.15(20). On the other hand, very recently, Obuchi and
Kawamura [8] carried out large-scale Monte Carlo simulations
of the 3D XYG model. There, they report two sets of critical
parameters: for the spin-glass transition Tc = 0.275+0.013

−0.052,
ν = 1.22+0.26

−0.06, and η = −0.54+0.24
−0.52, and for the chiral-glass

transition Tc = 0.313+0.013
−0.018, ν = 1.36+0.15

−0.37, and η = 0.26+0.29
−0.26.

Note that although our findings agree in some sense with
these works because we found strong evidence in favor of
a decoupling scenario, the critical temperatures reported by us
are very different.

Another possible scenario is that there is no phase transition
for neither the spin nor the chiral degrees of freedom (as
recently discussed by Pixley and Young [16]) while, as
found here, spins and chiralities relax slowly with different
dynamical behaviors at different temperatures. This may
explain the several discrepancies found in the literature both
regarding the coupling/decoupling issue as well as the value
of the critical temperatures since differences in equilibration
algorithms, system sizes, and/or data analysis may lead to
different conclusions in such a case. However, our results
for the waiting times and system size (L = 50) considered
support, at least for the XYG model, the existence of a chiral
critical point at a finite temperature while the spins order at
very low or zero temperature.

Finally, we remark the importance and simplicity of the
method that we have used in this work. In a nonequilibrium
simulation, many quantities (including the correlation and the
integrated response functions) display power-law decays in a
range of temperatures close to the critical one. For disordered
and frustrated systems, this range is very wide and then the
standard methods fail to determine correctly the value of Tc

[18]. Here, the sensitivity of the nonequilibrium aging method
is improved by requiring b = a, a condition which is expected
to be fulfilled in a normal continuous-phase transition [30,31].
This makes the method useful for studying a broad range of
systems with very slow dynamics.
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APPENDIX

Following Refs. [34,35,61], here we show how to calculate
the integrated response to an infinitesimal external field. For a
lattice site i, let us consider an arbitrary local scalar observable
Ai . In a Monte Carlo dynamics (discrete-time Markov chain),
the mean value of this quantity at time t is given by

�Ai(t)�0 =
�

k

Ak
i (t)Qk

0(t � → t)P
�
Ck

t � ,t
�� , (A1)

where the sum runs over all possible trajectories k which
occur between times t � and t , Qk

0(t � → t) is the probability
of these trajectories in the unperturbed dynamics, Ck

t � is the
configuration of the system at time t � for each trajectory,
Ak

i (t) is the value of the observable at time t in trajectory
k, and P (Ck

t � ,t
�) is the probability of that at time t � the

system is in the configuration Ck
t � (note that here the capital

letter C does not represent the correlation function, but the
configuration of the system). If at time s a trial configuration
qk

s is attempted (Ck
s → qk

s ) with acceptance rate ωk
s , then for

the trajectory k the transition probability in the unperturbed
system W0(Ck

s → Ck
s+1) is

W0
�
Ck

s → Ck
s+1

�
= δCk

s+1,q
k
s
ωk

s + δCk
s+1,C

k
s

�
1 − ωk

s

�
, (A2)

where δ is the delta Kronecker function. In terms of (A2), the
probability Qk

0 can be written as

Qk
0(t � → t) =

t−1�

s=t �
W0

�
Ck

s → Ck
s+1

�
. (A3)

On the other hand, if a local perturbation (coupled to the
observable Ai) of strength hi is on between times t1 and t2,
then the mean value of Ai will be

�Ai(t)�h =
�

k

Ak
i (t)Qk

0(t � → t1)Qk
h(t1 → t2)

×Qk
0(t2 → t)P

�
Ck

t � ,t
�� , (A4)

where now

Qk
h(t1 → t2) =

t2−1�

s=t1

Wh

�
Ck

s → Ck
s+1

�
, (A5)

and Wh(Ck
s → Ck

s+1) is the probability of transition in the
perturbed simulation. To calculate the integrated response, we
need to derive the mean value in (A4) with respect to hi :

∂�Ai(t)�h
∂hi

=
�

k

Ak
i (t)Qk

0(t � → t1)
∂Qk

h(t1 → t2)

∂hi

×Qk
0(t2 → t)P

�
Ck

t � ,t
�� , (A6)

where

∂Qk
h(t1 → t2)

∂hi

= Qk
h(t1 → t2)

t2−1�

s=t1

∂ ln
�
Wh

�
Ck

s → Ck
s+1

��

∂hi

.

(A7)

In the limit hi → 0, we define the function

Rk
i (t1 → t2) =

t2−1�

s=t1

∂ ln
�
Wh

�
Ck

s → Ck
s+1

��

∂hi

����
h=0

, (A8)

and therefore (A6) can be written as

∂�Ai(t)�h
∂hi

����
h=0

=
�

k

Ak
i (t)Rk

i (t1 → t2)Qk
0(t � → t)P

�
Ck

t � ,t
��

= �Ai(t)Ri(t1 → t2)�0. (A9)

Particularly for a thermoremanent process, one chooses t � =
t1 = 0 and t2 = tw. Finally, the reduced integrated response
for an N -site system can be calculated by

ρA(t,tw) = T

N

N�

i=1

∂�Ai(t)�h
∂hi

����
h=0

= T

N

N�

i=1

�Ai(t)Ri (0 → tw)�0. (A10)

Note that for a single spin dynamics, the derivative with
respect to hi in (A8) is nonzero only when, in the transition
Ck

s → Ck
s+1, the configurational change involves the site i. It is

important to stress that the mean values in (A10) are calculated
in an unperturbed simulation.

Thus, by adding to the Hamiltonian the perturbation term
(4), it is easy to show that the reduced integrated response (5)
can be calculated by means of the expression

ρ(t,tw) = T

N

N�

i=1

�cos [θi(t)] Rx,i (0 → tw)�0

+ �sin [θi(t)] Ry,i (0 → tw)�0, (A11)

where

Rk
x/y,i (0 → tw) =

tw−1�

s=0

∂ ln
�
Wh

�
Ck

s → Ck
s+1

��

∂hx/y,i

����
h=0

. (A12)

In the Monte Carlo simulation, when a local change �θi is
attempted, the initial and final phases are, respectively, φ1 =
θ k
i (s) and φ2 = θ k

i (s) + �θi . If the change is accepted with the
Glauber rate (16), then the sth terms in (A12) are

∂ ln [Wh]

∂hx,i

����
h=0

= β [cos (φ2) − cos (φ1)] (1 − ω) (A13)

and

∂ ln [Wh]

∂hy,i

����
h=0

= β [sin (φ2) − sin (φ1)] (1 − ω). (A14)

On the other hand, if the change is rejected, θ k
i (s + 1) = θ k

i (s)
and the corresponding terms are

∂ ln [Wh]

∂hx,i

����
h=0

= β [cos (φ1) − cos (φ2)] ω (A15)

and

∂ ln [Wh]

∂hy,i

����
h=0

= β [sin (φ1) − sin (φ2)] ω. (A16)
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In a similar way, by adding to the Hamiltonian the
perturbation term (12), the reduced chiral-integrated response
(13) can be calculated by means of

ρκ (t,tw) = T

3N

�

α

�κα(t)Rα (0 → tw)�0, (A17)

where

Rα (0 → tw) =
tw−1�

s=0

∂ ln
�
Wf

�
Ck

s → Ck
s+1

��

∂fα

����
f =0

. (A18)

Again, for a chirality change of �κα the initial and final
chiralities are, respectively, κ1 = κk

α(s) and κ2 = κk
α(s) + �κα .

If the change is accepted, then the sth term in (A18) is

∂ ln
�
Wf

�
Ck

s → Ck
s+1

��

∂fα

����
f =0

= �κα(1 − ω), (A19)

but if the change is rejected, κk
α(s + 1) = κk

α(s) and the
corresponding term is

∂ ln
�
Wf

�
Ck

s → Ck
s+1

��

∂fα

����
f =0

= −�καω. (A20)
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Nonvolatile Multilevel Resistive Switching Memory
Cell: A Transition Metal Oxide-Based Circuit

P. Stoliar, P. Levy, M. J. Sánchez, A. G. Leyva, C. A. Albornoz, F. Gomez-Marlasca, A. Zanini,
C. Toro Salazar, N. Ghenzi, and M. J. Rozenberg

Abstract—We study the resistive switching (RS) mechanism as a
way to obtain multilevel cell (MLC) memory devices. In an MLC,
more than 1 b of information can be stored in each cell. Here,
we identify one of the main conceptual difficulties that prevented
the implementation of RS-based MLCs. We present a method to
overcome these difficulties and to implement a 6-b MLC device
with a manganite-based RS device. This is done by precisely
setting the remnant resistance of the RS device to an arbitrary
value. Our MLC system demonstrates that transition metal oxide
nonvolatile memory devices may compete with currently available
MLCs.

Index Terms—Multilevel cell (MLC), nonvolatile memory, resis-
tive random access memory (ReRAM), resistive switching (RS).

I. INTRODUCTION

DURING the last decade, the development of nonvolatile
electronic memory devices based on the resistive switch-

ing (RS) effect in transition metal oxides made a great deal
of progress, becoming one of the promising candidates to
substitute for the standard technologies in the near future. RS
refers to the reversible change of the resistance of nanometer-
sized media by the application of electrical pulses [1]–[6].
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Fig. 1. Experimental results. A random memory level sequence that is stored
in the 6-b MLC is shown. The plot presents the memory states during 50 read-
ings (at 10 Hz) for each stored value. For a 6-b MLC, the working memory
range is divided into 64 levels (as indicated in the inset).

Although the application for multilevel cell (MLC) memory
devices was immediately envisioned after the discovery of the
reversible RS effect in transition metal oxides [7]–[11], reports
so far chiefly focused on single-level cell (SLC) devices [1],
[3]. Unlike SLC memory devices, which can only store 1 b per
cell, MLC memory devices may store multiple bits in a single
cell [12]. MLCs of up to 4 b (16 levels) are currently available
based in both the standard Flash [13] and phase-change [14]
technologies.

In an n-bit RS-based MLC memory, one has to encode
2n memory levels as distinct resistance states. Thus, the 2n

memory states can be identified with each of the consecutive
and adjacent resistance “bins” of width �R = Ri+1 − Ri,
with i = 1, 2, . . . , 2n. To store the ith memory state, the device
has to be SET to the corresponding bin, i.e., Ri < R < Ri+1.
The requirement of nonvolatility implies that the value should
remain within that bin even after the input is disconnected or the
memory state is read out. In Fig. 1, we plot the data of a random
sequence of stored memory states in our implementation of
a 64-level (6-b) MLC. For convenience, resistance levels are
translated into voltage levels by a fixed bias current.

The central component of the MLC is an RS device of a
resistance R, whose magnitude can be changed by the applica-
tion of a current pulse Ipulse. The resistance change depends on
Ipulse through a highly nontrivial function f ; �R = f (Ipulse).
Function f is usually unknown; however, an important general
requirement for the nonvolatile memory applications using
RS is that f = 0 for currents below a given threshold. This
allows for sensing (i.e., reading out) a stored memory state,
i.e., the so-called remnant resistance Rrem, injecting a bias
current |I0| < |Ith| without modifying the stored information.
Thus, Rrem ≡ R(I0), |I0| < |Ith|. A two-level memory can
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be simply implemented by strongly pulsing an RS device
with opposite polarities and by sensing the corresponding high
and low R states with a weak bias current. However, the
previous observation of a current threshold has an important
consequence for the implementation of MLC memory devices.
In fact, in order to implement an MLC, one should be able
to tune the value of Rrem to any desired value. The better
the control on this tuning, the better the ability to define the
bins, and a larger number of bits could be coded in the MLC.
In principle, a perfect knowledge of function f should allow
for this, but in practice the function is not known. However,
any reasonable form of f would allow tuning of any arbitrary
memory state by applying a sequence of pulses of decreasing
intensity, following a simple “zero-finding” algorithm, as in
a standard control circuit. Nevertheless, the requirement of a
threshold current makes it difficult to perform fine tuning, as
small corrections beneath |Ith| have no effect. In practice, the
dead zone that is introduced by relatively large values of |Ith|
prevents a straightforward implementation of an RS device as
MLC memory devices with a large number of levels. In the
following, we will demonstrate how this conceptual problem
can be overcome and we exhibit the implementation of a
64-level MLC.

II. IMPLEMENTATION

We adopt a manganite-based RS device, which is made
by depositing silver contacts on a sintered pellet of
La0.325Pr0.3Ca0.375MnO3 (LPCMO) [15]. An RS-device is de-
fined between the pulsed Ag/LPCMO and a second nonpulsed
contact. A third electrode (earth) is required in a minimal three-
contact configuration setup.

A requirement for our MLC is that the RS device should
operate in the bipolar RS mode [1]–[3], i.e., depending on
the pulse polarity, the remnant resistance either increases or
decreases.

It is now well established that the mechanism behind the
bipolar RS is the redistribution of oxygen vacancies within the
nanometer-scaled region of the sample that is in contact with
the electrodes [2]. In the case of the LPCMO, the oxygen
vacancies significantly increase their resistivity because the
electrical transport relies on the double-exchange mechanism
that is mediated by the oxygen atoms [16].

Pulsing an electrical current through the contact will produce
a large electric field at the interface due to the high resistivity
of the Ag/LPCMO Schottky barrier. If the pulse is strong
enough, it will enable the migration oxygen ions across the
barrier, modifying the concentration of vacancies and, hence,
changing the interface resistance. The ionic migration always
remains near the interface and does not penetrate deep into
the bulk, since the much larger conductivity there prevents the
development of high electric fields. Thus, the RS effect remains
confined to a nanometer-sized region near the interface, as
schematically depicted in Fig. 2.

We now introduce the practical implementation of the
RS-based MLC that produced the results shown in Fig. 1.
We used an Ag/LPCMO interface and off-the-shelf electronic
components. The block diagram of the concept is presented
in Fig. 3 and the schematics and technical details are in-
cluded in the Appendix. We envision an implementation of an

Fig. 2. (Left) Three-contact setup of the RS device. (Right) Schematic repre-
sentation of the physical mechanism of resistive switching in Ag/LPCMO. The
current pulses progressively change the profile of the oxygen vacancies within
a nanometer-sized region that is in proximity to the Ag contacts. We define the
positive pulses as those flowing from the electrode toward the LPCMO.

Fig. 3. Block diagram of the implementation. The switch commutes the
system between a READ state, in which the resistance of the RS device is sensed
with I0, and a WRITE state, in which current pulses are applied in order to
cancel the difference between VIN and VOUT. When WR is deactivated, Ipulse

is forced to zero.

RS-based MLC memory chip where the storage core is a set
of several RS units with a single common control circuit. The
common control would set each of the individual RS units one
at a time, resembling the concept of the refresh logic circuit
in the dynamic random access memory devices. In this brief,
we demonstrate the implementation of the control circuit with
a single RS memory unit.

A key to our MLC implementation is the adoption of a
discrete-time algorithm that overcomes the problems discussed
earlier [17], and we describe this next. The required memory
state Ri is coded in terms of a VIN, whereas VOUT indicates the
actual stored value (see Fig. 3). The system iteratively applies
the pulses Ipulse of a strength that is an estimate of the required
value to set the target state VIN, eventually converging to it. This
discrete-time feedback loop continuously cycles between two
stages, i.e., the “probe” and “correct” stages. In the probe stage,
the switch connects the RS device to the current source I0, in
order to sense the remnant resistance. In the correct stage, the
switch connects the RS device to a pulse generator that applies
the corrective pulse Ipulse of a strength that is obtained from the
difference between the delayed VOUT and target value VIN as

Ipulse[k] = KP e[k] + KI

k∑

i=0

e[i] (1)
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Fig. 4. Discrete-time model. In each cycle, the input signal R(z) is compared
with the output signal C(z) after being delayed, generating error signal E(z).
Based on this signal, the estimator generates the corrective pulses Ipulse(z).

where error signal e[k]=VOUT[k−1]−VIN[k] is the change that
is required in the output voltage and Ipulse[k]=Ipulse(kf−1

CLK),
with fCLK as the frequency of the system clock and k is an
integer. KP and KI are the generic proportional and integral
constants, respectively, with an (A/V ) unit, where A and V are
the electric current and voltage units, respectively. The first term
of the equation represents a proportional estimator. The second
term prevents the system from getting stuck in a condition in
which |Ipulse| < |Ith|. In fact, for a low e[k], a pulse of strength
KP e[k − 1] would lie below the threshold, thus not producing
any further change in the state of the system. The magnitude
of the second term linearly increases in time, thus making
Ipulse eventually overcome the threshold and correct the output
voltage in the desired direction.

Notice that although this approach resembles a standard
proportional–integral (PI) control loop with a dead zone, there
are substantial differences. First, the remnant resistance reading
and the correcting pulse application occur at different times.
This requires the addition of the continuously commuting
switch. Second, we also needed the introduction of a delay,
which is implemented as a sample and hold (S&H) circuit,
as required for the feedback path. These differences and the
strong nonlinearity in f makes the stability analysis of this
approach (which also depends on specific values of KP and
KI ) a significant issue, which we describe in the following.

III. STABILITY ANALYSIS

A. Discrete-Time Model

The study of the stability of the system is based on the
discrete-time model that is presented in Fig. 4. In the z-domain,
(1) becomes

Ipulse(z) = E(z)

(
KP +

KI

1 − z−1

)
. (2)

The resulting Rrem after these corrective pulses is probed
by connecting the RS device to the bias current source I0,
obtaining output signal c[k] (C(z) in the z-domain). In the
next cycle, it will be compared with reference input r[k + 1],
generating error signal e[k + 1]. This fact implies the one-cycle
delay z−1.

Central to the present proposal is the following, which is a
discrete-time model for the RS-device:

Rrem[k] = R0 + R1

k∑

j=−∞
NL (Ipulse[j]) (3)

where R0 and R1, having resistance units, are an offset and a
proportionality factor, respectively. NL is a nonlinear function
that has to be defined on the basis of the general behavior

of an RS device operating in bipolar mode. In this model,
Rrem is calculated by integrating the writing pulses after being
weighted by the NL function. In this way, we model the
possible change of the device resistance after the kth pulse as
�Rrem[k] = Rrem[k] − Rrem[k − 1] = R1NL(Ipulse[k]).

A concrete implementation of NL is presented in

NL[k]=

⎧
⎨
⎩

(Ipulse[k]+Ith) 1
A , Ipulse[k]<−Ith

0, −Ith <Ipulse[k]<Ith

(Ipulse[k]−Ith) u1, Ipulse[k]>Ith.
(4)

The unit of u1 is (1/A). When a negative signal exceeds
threshold Ipulse[k] < −Ith, Rrem decreases as a linear function
of Ipulse[k], with a slope of 1(Ω/A). For a positive signal that
is greater than Ith, Rrem increases with a slope of u1Ω. For the
sake of the stability analysis, (3) is simplified as

c[k] = V
k∑

j=−∞
NL (Ipulse[j]) . (5)

In this way, the analysis is not considering any instability
when sensing Rrem with I0. Indeed, our actual implementa-
tion did not present any critical issue at this level (see the
Appendix). From now on, a unit-step sequence is considered
as an input signal [18]. The steady-state error for the system
with KI = 0 (just proportional control) and u1 = 1A−1 is
es = limk→∞ e[k] = Ith/KP . Then, the steady-state response
is cs = 1 − (Ith/KP ). In fact, Fig. 5(a) shows that the system
converges to the required set point only for Ith = 0. The system
arrives to this condition because, when |e[k]| ≤ (Ith/KP ), the
excitation of the RS device is |I[k]| ≤ Ith, i.e., lower than
the minimum current that is required to produce a change in
Rrem. A proportional control that enters into this condition
remains there indefinitely. The integral term in (2) that turns the
system into a PI control avoids the problem; when continuously
integrated, e[k] makes Ipulse[k] eventually overcome threshold
|Ith|. [See Fig. 5(b) and (c).]

B. Analysis Without NL

We begin by considering the simplified situation in which
the stability is analyzed by removing the nonlinearities that
are introduced by NL[k] (u1 = 1A−1, and Ith = 0). The
transfer function of the system is (C(z))/(R(z)) = (KP +
KI − KP z−1)/(1 + (KP + KI − 2) z−1 + (1 − KP ) z−2).
For KI = 0.25 (A/V ) (the typical value), the system is
critically damped when KP = 0.75 (A/V ) and it remains
stable for KP < 1.875 (A/V ). Increasing KI moves the
location of the poles following |z| = 1, arriving to z = −1
when KI = 4 (A/V ), in which the system becomes unstable
for any KP [see Fig. 5(m)].

C. Analysis With NL

Although the introduction of nonlinearities in (4) does not
allow for the analytical study of the system, as in the previous
section, its response might be numerically simulated. In fact,
simulations were performed in the k-space by solving (5)
after substituting Ipulse[k] [see (1)] and NL[k] [see (4)]. For
the computation of e[k], we assigned VOUT[k] = c[k] and the
unitary step function at the input (i.e., VIN[k ≥ 0] = 1 V).
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Fig. 5. Simulated output c[k] of the system upon a unitary-step input for (a) proportional control and (b) PI control loop. (c) Excitation Ipulse[k] applied to the
RS device model that corresponds to (b). c[k] does not change when |Ipulse[k]| ≤ 0.1 A. u1 = 1A−1 in all these plots. (d)–(l) present the different conditions
for nonzero KP (indicated in the panels) and KI = 0.25. (m) Root locus for the system without NL. KI and KP are indicated in (A/V ) units, and Ith is
indicated in amperes.

Fig. 5(d)–(f) shows this simulated response of the system for
three sets {KP , KI}, corresponding to the representative posi-
tion of the poles of the equivalent system without nonlinearities.

Fig. 5(g)–(i) shows the effect of introducing threshold Ith �=
0 for the same set {KP , KI}. The system response is qualita-
tively the same with the addition of periods, in which c[k] is
“frozen” because |Ipulse[k]| ≤ Ith, whereas the integral term
is growing. Fig. 5(j)–(l) shows the effect of further introducing
asymmetry into the nonlinear function u1 �= 1A−1. The effect
that this nonlinearity introduces when u1 < 1A−1 is equivalent
to reducing the gain of the system for Ipulse[k] > 0 [see (4)].
In fact, Fig. 5(j) shows a clear difference between the system
speed when c[k] is increasing compared with the speed when
c[k] is decreasing. The case for u1 > 1A−1 is equivalent to a
case in which u1 → u−1

1 and KP → KP u−1
1 .

Simulations also show a change in the stability limit, as
reported in

In summary, the simulations show that the system stability
is not compromised after the introduction of nonlinearities,
although in some conditions the system might require a con-
siderably higher number of cycles to stabilize.

IV. RESULTS

Two tests were conducted to evaluate the performance of the
MLC memory. Experimental results for the memory retention
test are presented in Fig. 6. We emphasize that the relatively
slow operation speed of our MLC memory would be dramati-
cally improved with device miniaturization and integration. For
simplicity, we sampled a random subset of 16 out of 64 different
voltages that are uniformly distributed along the operative range
[see Fig. 6(a)]. Each WRITE (WR) and READ (RD) cycle had
a duration of 13 s. In the first 5 s, the WR signal was active
and a memory value was SET. After a memory value was SET,
we observed a small relaxation of VOUT, with a time constant

Fig. 6. Retentivity of the LPCMO-based MLC. (a) VOUT is continuously
sampled at ten readings per second. During the readings indicated by the red
bars, the signal WR was active; the output value accurately follows the sequence
of input values that is randomly chosen on the grid. During the readings
indicated by the blue bars, no pulses were applied to the RS device, resulting
in a drift. (b) Histogram of the last read value of the memory in each cycle
(i.e., the last value of the blue sections). The horizontal bars denote the ΔR
intervals corresponding to the 16-level, 32-level, and 64-level devices. The
location of the bars are chosen to minimize the error probability (i.e., the area
of the histogram outside the interval).

of τ ∼1.6 s. The value of VOUT essentially remained stable
afterward. Thus, for the sake of performing a large number of
measurements, we only monitored the memory retentivity dur-
ing the five time constants (i.e., 8 s) that immediately followed
the SET. Within that period, the WR signal was inactive, and
the memory state that is stored in VOUT was probed every 0.1 s
(i.e., the memory was read out 80 times).

In Fig. 6(b), we present the histogram of the distribution of
observed errors in the reading of a given stored memory value.
The observed values correspond to the remnant resistance of
the memory cell after reading it 80 times at a rate of 10 Hz,
following the SET. The histogram is constructed from a se-
quence of 460 memory state recordings.

The finite dispersion of the histogram is the main limita-
tion for implementing a high number of memory levels. To
easily visualize the retentivity performance of the memory for
increasing the number of levels, we indicate the resistance
interval ΔR (= ΔV/I0) that corresponds to having a 16, 32,
and 64 MLC memory (i.e., 4, 5, and 6 b, respectively) with
horizontal bars. The probability of error in storing a memory
state corresponds to the area of the histogram that lies outside
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Fig. 7. Simplified circuit of the proposed implementation with its correspond-
ing timing diagram. In this proof-of-concept implementation, fCLK = 33 Hz,
tBIAS = 1.7 ms, tRD = 0.25 ms, and tWR = 120 μs.

the resistance interval that is normalized to the total area. With
a confidence level of 95%, the probability that the MLC fails to
retain a stored state is 0.21 ± 0.05, for a 64-level system (6-b
MLC). This error probability rapidly improves as the number
of levels is decreased, being < 0.012 for a 16-level MLC.

The previous data on the performance of the memory can
also be expressed in terms of bit error rates (BERs). In our
MLC, we find that a BER ≤ 0.006 for the 16-level system, a
BER ≤ 0.07 for the 32-level system, and a BER ≤ 0.1 for the
64-level system. The lower error probabilities for bits than for
levels reflect the fact that, typically, the error corresponds to the
memory level drifting to an immediate neighbor level (which
often shares a large number of bits).

V. CONCLUSION

In conclusion, we have introduced a feedback algorithm to
precisely set the remnant resistance of an RS device to an
arbitrary desired value within the device working range. This
overcomes the conceptual problem of fine tuning a resistance
value in nonvolatile RS devices for MLC applications due to
the presence of a threshold current behavior. The feedback
configuration is intrinsically time discrete, since it is based on
READ/WRITE sequences. The overhead in the writing time that
is introduced in this feedback system may be a limitation for
its utilization as a primary memory in a computer system, but it
can easily compete with the actual speed of current mass stor-
age devices (Flash memory devices). The applicability of the
concept in implementing an n-bit MLC memory was success-
fully demonstrated for n = 4, 5, and 6, with an LPCMO-based
circuit, which clearly illustrates the critical tradeoff between the
BER, the number of memory levels, and the (power and area)
overhead of the control circuitry.

APPENDIX

SCHEMATIC AND TECHNICAL DETAILS OF THE CIRCUIT

Fig. 7 shows a simplified circuit of our implementation.
The “estimator” circuit (see Figs. 3 and 4) is implemented by
IC100D, IC101A, and the high-current buffer A3 (and associ-
ated components). It compares the output of the S&H against
the input signal divided by 2 and then computes the PI function.
KP and KI are set using of P101 and P100, respectively.

During the correct state, corrective pulses are applied to the
RS devices (the LPCMO) by closing S1 during tWR = 120 μs.
C102 and R109 introduce a time constant of ∼13 μs, reducing
the rise time of the pulses in order to avoid overshoots. In
the probe state, IC103B closes first, and tRD = 0.25 ms after,
IC103A closes. Moreover, S4 clamps the inverting input of A3
to ∼V+. The timing of the circuit is generated by a timing cir-
cuit based on the master clock CLK (see Fig. 7). Current I0 ≈
((V+)/(R113‖R109)) ≈ 120 μA flows through the LPCMO
(V+ = 7.5 V, V− = −7.5 V). The voltage drop at the switch-
ing interface of the RS device (ranging from 20 to 50 mV)
is amplified by the instrumentation amplifier A1 (gain = 21),
eventually setting the voltage at the output of the S&H. Both
the interfaces of the RS device behave complementary to each
other (i.e., when one interface reduces its resistance, the other
increases [2]) and then the total drop across the device is
∼70 mV and is quite insensitive to the state and, therefore, I0.
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We analyze the electronic properties of adatom-doped graphene in the low-impurity-concentration regime.
We focus on the Anderson localized regime and calculate the localization length ξ as a function of the
electron doping and an external magnetic field. The impurity states hybridize with carbon’s pz states and
form a partially filled band close to the Dirac point. Near the impurity band center, the chiral symmetry
of the system’s effective Hamiltonian is partially preserved, which leads to a large enhancement of ξ . The
sensitivity of transport properties, namely, Mott’s variable range hopping scale T0, to an external magnetic
field perpendicular to the graphene sheet leads to a colossal magnetoresistance effect, as observed in recent
experiments.
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The peculiar electronic structure of graphene, with chiral
quasiparticles behaving as massless Dirac fermions, gives
rise to a number of remarkable and counterintuitive phe-
nomena [1] that manifest in both pristine and disordered
graphene [2]. In disordered systems, electron localization
depends on dimensionality and on the nature of disorder [2,3].
Due to the particular symmetries of graphene and the way
different types of disorder break these symmetries, the prob-
lem of electron localization requires revisiting some of the
basic and conceptual issues [4,5]. Much has been done in
recent years in this direction and it is now clear that in
the absence of short-range disorder Dirac fermions elude
Anderson localization because the system belongs to the
symplectic universality class. Short-range disorder due to
defects at the atomic scale generates intervalley mixing and
breaks the symplectic symmetry. Within this scenario, the
symmetry of functionalized graphene belongs to the orthog-
onal universality class and, like in other more conventional
two-dimensional (2D) systems, Anderson localization might
occur. However, properties at zero energy, the Dirac point (DP),
are peculiar with adatoms and vacancies leading to different
behavior [5–7].

It is well known that the localization properties of 2D
materials can be studied by applying a perpendicular (out-of-
plane) magnetic field that suppress the quantum interference
effects responsible for the electron localization [8]. The
magnetic field can also introduce orbital effects for large
fields [9–11]. In the case of graphene, one might then expect
an anomalous behavior of the localization [12–15] or the
transport properties [16] since the Landau levels (LLs) present
an unusual spectrum with the zeroth LL (0LL) pinned to the
DP and a large energy splitting between LLs.

In practice, short-range disorder can be controlled by
chemical functionalization, hydrogenation [17,18] and fluo-
rination [16] being among the most studied cases, although
adsorption of transition-metal atoms, oxygen, and molecules
has also been considered [19,20]. Most of these defects, either
adatoms or vacancies, generate resonant states close to the
DP [21] and with the appropriate concentration may lead to
strong-localization regimes at low energies [14,22].

Here we analyze the problem of electron localization in
graphene with diluted impurities, both in the absence and in

the presence of a magnetic field, using a model suitable for the
description of adatoms, which are represented by a single level
of energy ε0 hybridized to the carbon’s pz states [21,23,24].
Our results show that (i) the localization length presents a
maximum near, but not at, the DP, which is reminiscent
of the anomalous behavior expected at the DP for ε0 = 0
impurities [5,6,14,22], and (ii) the magnetic field leads to a
large increase of the localization length in a magnitude that
is consistent with the magnetoresistance found in fluorinated
graphene [16].

The Hamiltonian of the system is given by H = H0 +
HF + Hhyb. The first term describes the graphene sheet H0 =
−�

�i,j�(tij c
†
i cj + H.c.), where c

†
i creates an electron on site

i of the honeycomb lattice; we neglect the Zeeman coupling
and drop the spin index in what follows. The orbital effect
is included through the Peierls substitution for the hopping
matrix element tij = te−iϕij , with t = 2.8 eV and ϕij a gauge-

dependent phase ϕij = 2π
φ0

� Ri

Rj
A · d�, where φ0 is the flux

quantum, A is the vector potential, and Ri is the coordinate
of site i. We consider impurities that are adsorbed on top of
carbon atoms and are described by HF = ��

l ε0 f
†
l fl , where

f
†
l creates an electron on the impurity orbital of the atom at

site l and the primed sum runs over the indices of carbon atoms
having an impurity on top. The last term of the Hamiltonian
describes the hybridization of the impurity and the graphene
orbitals Hhyb = V

��
l f

†
l cl + H.c. We consider systems with

a low concentration ni of impurities, typically ni � 10−3, and
take V = 2t .

We define the impurity Gr
ij = ��fi,f

†
j �� and the graphene

Gr
ij = ��ci,c

†
j �� retarded propagators. The average local den-

sity of states (LDOS) at a carbon site is then given by

ρc(ω) = − 1

π

�
ImGr

ii

�
avg, (1)

where �· · · �avg indicates the configurational average over the
impurities. A similar expression gives the impurity LDOS
ρf (ω). The total average density of states per atom is given
by ρ(ω) = [ρc(ω) + niρ

f (ω)]/(1 + ni). To calculate ρ(ω) we
use the Chebyshev polynomials method, which is very well
suited to deal with realistic impurity concentrations [25–27].
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FIG. 1. (Color online) (a) Average local density of states near
the DP for increasing values of the impurity level energy ε0/t =
0,0.025,0.05,0.1 (the inset shows a zoom out for ε0 = 0.05). A peak
in the density of states forms near the renormalized energy ε̄0. The
impurity concentration is ni = 1/1800. (b) Spatial dependence of
�ln |Gr

ij (ω)|2�avg inside the impurity band for ε0 = 0. The solid lines
are fits to Eq. (2) (taking α = 1) for two cases, ω = 0.002t and 0.012t .
The localization length extracted from all these curves is shown in (c)
for ε0/t = 0 (•),0.025 (�), 0.05 (�), and 0.1 (�). Lines are guides
to the eye. The arrows show the position of ε̄0. (d) Same as in (c)
but including the cases of ε0/t = 0.005 (×) and 0.01 (∗) and using a
logarithmic scale for ω.

Figure 1(a) shows the LDOS in the absence of a magnetic field
B = 0 for a system of ∼3 × 107 C atoms with ni ∼ 5 × 10−4

and for different values of ε0. A new peak emerges in the
LDOS [21,23,27,28], which is located near the renormalized
energy ε̄0 = ε0 + Re�(ε̄0), where �(ω) is the single-impurity
self-energy [29,30]. For the impurity parameters used in this
work, the renormalized energy is an order of magnitude lower
than the bare energy (ε̄0 � ε0). For ε0 = 0, the peak lies at
the DP (ω = 0) as the electron-hole symmetry is preserved.
In what follows we will refer to the states associated with the
peak in the LDOS as the impurity band, although it is important
to emphasize that the corresponding eigenstates involve both
impurity and C atoms, being in general a superposition of many
single-impurity states [21,24,30] As we now show, these states
are localized and, consequently, when the chemical potential
lies within this band the system is insulating. Assuming that
each adatom has originally a single electron in the relevant
atomic level, the chemical potential for ungated graphene
satisfies this condition for the impurity parameters considered
below.

To estimate the localization length ξ (ω) we evaluate the
two-point correlation function |Gr

ij (ω)|2, where Gr
ij is the

retarded propagator from site i to site j . In the localized
regime this quantity decreases exponentially when the distance
Rij between sites increases. For large Rij (Rij � ξ ), the
configurational average of its logarithm is well described by
the expression [10]

�
ln

��Gr
ij (ω)

��2�
avg = β − 2Rij/ξ (ω) − α ln Rij . (2)

We define the impurity propagator matrix G with matrix
elements Gr

ij (ω). Using this notation, the equation of motion
(or Dyson equation) reads

[(ω + i0+ − ε0)I − V 2 g̃]G = I, (3)

where I is the unit matrix and g̃ is a matrix whose elements are
the propagators of pristine graphene gr

ij between impurity sites
(then t̃ij = V 2gr

ij represents an effective coupling between im-
purities). For ni � 1, the average distance between impurities
is much larger than the lattice parameter and the propagators
gr

ij can be approximated by the corresponding analytical
expressions in the continuum limit [31]. We define a cluster of
N impurities, typically N ∼7000, located at random positions
inside a disk of radius ∼ (a0/2)

√
N/niπ , where a0 is the

C-C distance, and invert the matrix (ω + i0+ − ε0)I − V 2 g̃ to
obtain G. In terms of these quantities, G [in matrix notation,
with elements Gr

ij (ω)] is given by

G = g+V 2 gGg. (4)

Note that G is not restricted to the impurity sites, so Eq. (4) in-
volves the pristine matrix propagator g that connects arbitrary
C sites. We use a realistic concentration ni = 1/1800 [16],
which leads to an average interimpurity distance �i ∼ 50a0.
Figure 1(b) shows �ln |Gr

ij (ω)|2�avg vs Rij for ε0 = 0 and
different values of ω. The solid lines are fits using Eq. (2) (for
fixed α = 1) from where the localization length is obtained.
As expected, identical results for ξ (ω) are obtained using Gr

ij .
Figure 1(c) shows ξ (ω) for different values of the impurity

energy ε0. In the special particle-hole symmetric case (ε0 = 0,
circles) the localization length increases away from the DP
roughly as ω2. For the very low impurity concentration
considered it is necessary to reach energies smaller than
∼10−3t to observe the expected increase of ξ (ω) near the
DP due to the chiral symmetry of the problem [5,6,14,22]. In
fact, Fig. 1(d) suggest that ξ (ω) increases logarithmically as
ω → 0 [32]. Near the edge of the impurity band [ω ∼ 0.02t ;
see Fig. 1(a)] and above, we do not obtain a clear exponential
behavior, suggesting that at these energies a weak-localization
regime sets in, as observed in Ref. [16].

For ε0 �= 0, we find that strong localization only exist inside
the impurity band; so again, outside it (i.e., for an empty or
a completely filled impurity band), only weak-localization
effects are expected. Our results show that ξ (ω) presents a
strong nonmonotonic behavior inside the impurity band: It
shows a local maximum close to ε̄0 [indicated by an arrow in
Fig. 1(c)] and a minimum slightly above the energy where ρ(ω)
has its maximum (notice that the latter occurs for ω > ε̄0). We
interpret this effect as governed by the same physics that leads
to a reduced localization in the presence of chiral symmetry
(as occurs in the ε0 = 0 case) [5,6]. This is so because the
effective Hamiltonian defined by [G(ω ∼ ε̄0)]−1 has the chiral
symmetry partially preserved. To see this it is important to note
that |t̃AB | � |t̃AA| since |gr

AB(R ∼ �i)| � |gr
AA(R ∼ �i)| at

low energies, which leads to an off-diagonal block structure of
[G(ω ∼ ε̄0)]−1 in the A-B basis for the impurities. Figure 1(d)
shows that the peak of ξ (ω) continuously evolves towards the
DP as ε0 is reduced, supporting this view.

In the strong-localization regime, the resistance R(T ) is
expected to show the Motts variable range hopping behavior
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FIG. 2. (Color online) Activation temperature T0 as a function of
the Fermi energy εF for B = 0 and the same parameters as in Fig. 1(c).

of a 2D system, i.e., R(T ) ∝ exp[(T0/T )1/3], where T0 is a
characteristic activation temperature given by

T0 = γ

kBTρ(εF)ξ 2(εF)
, (5)

with γ a numerical constant from percolation theory (γ ≈
14) and εF the Fermi energy. We emphasize that the states
involved in the variable range hopping processes correspond
to the localized eigenstates of the full Hamiltonian described
above and not to the power-law decaying single-impurity states
as assumed in [33]. Figure 2 shows T0 as a function of energy
for different values of ε0. In all cases the maximum value of T0

is slightly shifted from the minimum value of ξ . Notice that,
with these parameters, T0 attains a maximum value of ∼300 K,
which is close to the one observed in Ref. [16].

Let us now discuss the effect of a perpendicular magnetic
field B. In this case, the resistance is expected first to decrease,
as a result of an increase of the localization length [8], and show
a crossover to a different regime when B is large enough so that
the magnetic length �B = √

�c/eB is of the order of �i and the
shrinking of the wave function precludes the coupling between
impurities |gr

ij (Rij > �B)| ∼ 0. We analyze the regime �B �
�i using the same methods as above to calculate both ρ and ξ

in the presence of B �= 0.
Figures 3(a) and 3(b) present ρ(ω) for two cases, ε0 = 0

and ε0 = 0.05t , respectively, and three values of the magnetic
field: B = 0, 6, and 12 T. In both cases the emergence of
LLs is apparent in the figure, as expected. Note, however, the
difference in the broadening of the LLs at the two sides of the
impurity band in the case ε0 �= 0; this asymmetry increases
with increasing |ε0|. More interestingly, the 0LL is split by
the impurities [13,15], manifested by the shoulders that ρ(ω)
develops near the edge of the impurity band with increasing
values of B. This results from the coupling of the impurity’s
orbitals and the 0LL states located near each impurity site.

Figures 3(c) and 3(d) show the energy dependence of the
localization length at different external magnetic fields for
the parameters of Figs. 3(a) and 3(b), respectively. The inset in
Fig. 3(c) shows the spatial decay of �ln |Gr

ij |2�avg for increasing
values of B from where the increase of the localization length
is clear [15]. This increment is quantified in Fig. 3(c), where
we show a comparison of ξ (ω) for different values of B. The
values of ξ (ω) were obtained by fitting the numerical data
with Eq. (2), leaving now α as a free parameter. Our results
show that ξ increases with B in the whole range of energies
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FIG. 3. (Color online) Average density of states for B = 0, 6,
and 12 T (dotted, dashed, and solid lines, respectively) and (a)
ε0 = 0 and (b) ε0 = 0.05t . Note the splitting of the zeroth Landau
level. (c) Plot of ξ (ω) for the values of B shown in (a); the inset
shows the spatial dependence of �ln |Gr

ij |2�avg for ω/t = 5 × 10−3

and increasing values of B. The solid lines are fits to Eq. (2) for
B = 0 and 20 T. (d) Plot of ξ (ω) for two of the cases (B = 0 and 6 T)
shown in (b).

inside the impurity band. We note that the increase in ξ can be
rather dramatic, in particular close to ε̄0, where ξ reaches its
maximum value inside the impurity band.

The increase of the localization length with magnetic field
for ω/t = 2 × 10−3, 5 × 10−3, and 8 × 10−3 is shown in
Fig. 4(a) for fields up to 15 T (�B ∼ �i). Here ξ (B) increases
by a factor ∼3 in this range of B. As mentioned above,
this increment is expected in general due to the breaking of
time-reversal symmetry and the consequent suppression of the
interference effects that lead to localization; the magnitude of
the increment on 2D systems is not universal, unlike the 1D
case [8].

In the graphene case in particular, there is also a rather pecu-
liar orbital effect that, as we numerically verified, contributes
to the delocalization effect, but it is difficult to disentangle
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FIG. 4. (Color online) (a) Localization length as a function of
the magnetic field for the electron-hole symmetric case (ε0 =
0) for ω/t = 2 × 10−3 (◦), 5 × 10−3 (•), and 8 × 10−3 (�).
(b) Characteristic activation temperature T0 for the same energies.
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from the previous phase factor effect. Namely, the impurity
states are always very close in energy to the 0LL, which is
pinned to the DP. Therefore, at low impurity densities, a rather
modest magnetic field is sufficient to have �ωc larger than
the impurity bandwidth. In such a case, the properties of the
system are mostly determined by the pristine Green’s function
corresponding to the 0LL states, which has the particular
property of not mixing different sublattices. Consequently, the
network of effectively coupled impurities is changed with B
as t̃ij is substantially different for sites on the same or different
sublattices.

The increment of ξ (B) leads to a decrease of T0 as shown in
Fig. 4(b). It is important to point out that our results correspond
to a fixed value of ω, while the experimentally relevant scenario
requires one to tune εF in order to keep the electron density
constant. For the parameters of Fig. 4, this corresponds to an
interpolation between the curves of, say, ω/t = 5 × 10−3 and
8 × 10−3 as we increase the field from 0 to 8–10 T; the fact
the εF slightly increases with B is related to the splitting of
the 0LL that transfers some spectral weight from the DP to
higher energies. Once this correction is taken into account, the

change of T0 with magnetic field is in quantitative agreement
with the experimental data of Ref. [16].

In summary, we have shown that the peculiar localization
properties induced by adatoms on graphene manifest not only
in electron-hole symmetric systems (ε0 = 0) but also in the
general case near the center of the impurity band (ω ∼ ε̄0). In
addition, we found that these properties change in the presence
of a magnetic field in a manner that is in quantitative agreement
with existent experimental data. Since our model does not
include any spin-related effect (adatom-induced magnetism or
spin-orbit coupling), we conclude that the magnetoresistance
data alone (in the strongly localized regime) do not provide
enough evidence to support that spin-flip processes play a
mayor role [16,34,35] and further studies are necessary to
settle this issue.
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Electric and magnetic field manipulation and storage of charge-tunable excitons
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The excitonic spectrum of radially polarized semiconductor rings has been analyzed theoretically, in the
presence of an in-plane electric field and a perpendicular magnetic field. Based on the numerically exact solution,
a regime has been found where the exciton behaves as a single carrier or quasiparticle, with an effective and
tunable electric charge determined by the ring geometry. A protocol is proposed for the storage of excitons
without destroying them, consisting in converting them from “bright” to “dark,” by performing a sequence of
well-defined steps. Accurate analytical approximations are provided for each of the exciton regimens found:
quasifree, locked, and broken.
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I. INTRODUCTION

Nanoscale semiconductor structures have been the subject
of numerous theoretical and experimental investigations in
the last few years. The effects of quantum confinement
in these nanosystems strongly modify their electronic and
optical properties, offering exciting possibilities for tech-
nological applications. Among these, a particular class of
structures with annular geometry called nanorings is being
intensively investigated after the experimental observation
of the Aharonov-Bohm effect [1] (ABE) in small metallic
rings [2–5]. With the developments in nanofabrication, the
formation of different types of semiconductor nanorings is
now possible [6]. Most of the experimental work is based
on self-assembled nanorings made of InAs quantum dots
capped with a thin GaAs layer subjected to a short (but
crucial) annealing, but also lithographic techniques have also
been used for the fabrication of InGaAs nanorings [7]. The
self-assembling of non-III-V semiconductor nanorings of SiGe
has been achieved too [8]. The tendency toward enlargement
of the semiconductor nanoring family in the nearest future is
quite clear by now.

This gives us the exciting opportunity to observe new
quantum interference phenomena in magneto-optical exper-
iments [7,9]. Several theoretical papers have reported studies
about the influence of the different geometric-confinement
parameters and of the presence of impurities on the spectrum
in a semiconductor quantum ring in a magnetic field [10–13].
The effects of an external electric field on the Bohm-Aharonov
oscillations in the energy spectrum of single carriers in
quantum rings have been also reported [14]. Most of the
experimental work has been performed on charged excitons
in nanorings [7,9,15,16] and a little on neutral excitons in
type-II quantum dots [17]. The possibility of observation of
the so-called “optical” ABE for neutral excitons has been an
interesting and controversial subject in recent years [18–21]. It
has been predicted that the polarization of a neutral exciton in
a quantum ring may give rise to a magnetic interference effect
such that the ground state of the exciton acquires a nonzero
angular momentum for increasing magnetic field [22–25]. The
finite polarization of an exciton can be realized by asymmetries

in the confinement potentials of the electrons and holes or by
means of a uniform electric field applied in the ring plane [26].

This work analyzes the effects induced by an in-plane
electric field on the excitonic spectrum of semiconductor
quantum rings. We adopt the effective-mass theory and
consider radial polarized quantum rings [27] in which the
excitonic Hamiltonian is written under the assumptions that
the electron and hole coordinates along the ring-axis direction
may be “frozen” at the same in-plane value, and that the radial
displacements of the electron and hole may be frozen at differ-
ent radial coordinates. The electron-hole Coulomb attraction
is treated rigorously, through numerical diagonalization of
the full exciton Hamiltonian in the basis of noninteracting
electron-hole pairs. The electric field breaks the azimuthal
symmetry and mixes the eigenfunctions with different angular
momenta. We write the two-dimensional excitonic wave
functions as linear combinations of the eigenfunctions of
the orbital total angular momentum operator. We have found
before [28] that Aharonov-Bohm oscillations are discernible
in the exciton ground-state energy of small rings; this is
the weak-interacting kinetic-energy-dominated regime (or
extended regime) [29]. In the limit of large rings, the system is
driven in the Coulomb-dominated strongly interacting regime
(or localized regime), where the exciton is basically a neutral
and compact object, with small sensitivity to the magnetic
field. In the presence of a radial (in-plane) electric field, which
is the case addressed in this work, a new energy scale appears,
and the large-size ring limit is dominated by the electric
field. This can be understood easily from the way in which
the relevant magnitudes scale with ring size (∼R): kinetic
energy scales as R−2, the Coulomb interaction as R−1, and
the electric field as R. In the localized regime, the electric
field destroys the Aharonov-Bohm oscillations of the ground
state. In addition to analytical results well inside each one of
the different regimens, we present numerical results, mainly
related to the electric-field-induced rupture of the exciton
bound state. Based on the numerically exact solution, we
have identified three different regimens for the exciton, for
increasing values of the electric field: (a) quasifree excitons;
(b) locked excitons; and (c) electron-hole-pair or broken
excitons. We also propose possible protocols for the dynamical
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storage of excitons without destroying them, consisting in
converting them from “bright” to “dark,” by a suitable
combination of electric and magnetic fields. This may have
some impact on the context of trapping light for later use.

II. THE MODEL AND METHOD OF SOLUTION

The effective-mass Hamiltonian for an electron-hole
double-nanoring structure, subject to both an external mag-
netic field perpendicular to the ring plane and an in-plane
electric field, can be simplified under some assumptions. In
the first place, the electron and hole coordinates along the z

direction may be frozen at the same in-plane value ze = zh =
0. This is consistent with the fact that for all the semiconductor
quantum rings produced by today’s semiconductor growth
techniques, the confinement along the z direction (usually
given by a compositional barrier between two different closely
lattice-matched semiconductors) is much stronger than the
in-plane confinement. This gives rise to a strong quantization
along z. In the second place, the radial displacements of
the electron and hole may also be frozen at different radial
coordinates Re and Rh respectively. This is related to the facts
that the effective self-consistent potentials, for the electron
and the hole, have in general different radial positions for their
respective minima [30,31], and that the quantization in the
radial direction is stronger than in the azimuthal direction for
both of them. Therefore, the excitonic Hamiltonian is (e > 0)
[23]

Hexc(θe,θh) = H (0)
exc(θe,θh) + Uc(�θ ) + HF (θe,θh), (1)

where

H (0)
exc(θe,θh) = �2

2Ie

�
−i

∂

∂θe

+ φe

φ0

�2

+ �2

2Ih

�
i

∂

∂θh

+ φh

φ0

�2

,

(2)

Uc(�θ ) = − e2

�

�
R2

e + R2
h

1√
1 − r cos(�θ )

, (3)

and

HF (θe,θh) = −eF (Re cos θe − Rh cos θh). (4)

Also, the excitonic eigenfunctions of Hexc(θe,θh) are denoted
as ϕi(θe,θh), with i corresponding to the exciton quantum num-
bers; the corresponding eigenvalues are denoted by Ei(B,F ).
In addition, in the above equations, (Re,θe) and (Rh,θh) are
the radial and angular electron and hole polar coordinates,
respectively; �θ = θe − θh. m∗

e and m∗
h are the electron and

hole effective masses, and Ix = m∗
xR

2
x , with x = e,h, are

the moments of inertia. φx = πR2
xB are the magnetic fluxes

threading the electron and hole rings, and φ0 = ch/e is the flux
quantum. Uc(�θ ) describes the Coulomb attraction between
the electron and the hole, with � the dielectric constant of the
semiconductor ring material, and r = 2ReRh/(R2

e + R2
h). This

parameter r determines the shape of the Coulomb interaction.
For r → 0 (Rh � Re) the Coulomb potential as a function of
�θ is nearly flat, while for r → 1 (Rh � Re), the potential
has a pronounced minimum at �θ = 0. For suitable values of
Re and Rh it generates a strong excitonic state [28]. Here we
study the effects of the in-plane electric field F on that exciton,

the effect of the electric field being represented by the term
HF (θe,θh).

Alternatively, and using the generalized angular “center
of mass” (c.m.) coordinate θ0 = (Ieθe + Ihθh)/I , I = Ie + Ih,
the exciton Hamiltonian of Eq. (1) may be conveniently
reexpressed as

Hexc(θ0,�θ ) = Hc.m.(θ0) + Hint(�θ ) + HF (θ0,�θ ), (5)

where

Hc.m.(θ0) = �2

2I

�
−i

∂

∂θ0
+ φc.m.

φ0

�2

, (6)

Hint(�θ ) = �2

2Iint

�
−i

∂

∂(�θ )
+ φint

φ0

�2

+ Uc(�θ ), (7)

and

HF (θ0,�θ )

= eF

�
cos θ0

�
Rh cos

�
Ie�θ

I

�
− Re cos

�
Ih�θ

I

��

+ sin θ0

�
Re sin

�
Ih�θ

I

�
+ Rh sin

�
Ie�θ

I

���
. (8)

Here, φc.m. = πB(R2
e − R2

h), Iint = IeIh/I , and φint =
πIintB/μ, with μ = m∗

em
∗
h/(m∗

e + m∗
h). In the absence of

any electric field, the contribution HF (θ0,�θ ) vanishes, and
an exact decoupling of the translational (θ0) and relative
(�θ ) coordinates is achieved. In that case, the exciton wave
function may be rigorously expressed as the product of a
c.m. and relative coordinate wave function, eigenfunctions
of Hc.m.(θ0) and Hint(�θ ), respectively. Each eigenfunction
can be characterized with a single quantum number: the total
angular quantum number L = le + lh for the eigenfunctions of
Hc.m.(θ0), and an internal quantum number n for the eigenfunc-
tions of Hint(�θ ). Since the zero-electric-field Hamiltonian is
the sum of two uncoupled terms, the eigenvalues are given by

EL,n(B) = �2

2I

�
L + φc.m.

φ0

�2

+ εL,n(B) , (9)

with εL,n(B) being the eigenvalues of Hint(�θ ). If the electric
field is not zero, HF (θ0,�θ ) couples the c.m. and relative
coordinates, and the (L,n) quantum numbers are replaced by a
single one “i”, which just distinguishes the different solutions
of Eq. (5). Even in that case, however, Eq. (5) is a useful
starting point for the analysis of the numerical results to be
show below, particularly in the weak electric-field limit.

We have used the following numerical strategies for obtain-
ing numerically exact results: [28] full diagonalization and/or
recursive Lanczos method, in the non-interacting electron-hole
pairs basis generated by the eigenstates of H (0)

exc(θe,θh),

ψ0
le,lh

(θe,θh) = 1

(2π )
eileθe eilhθh , (10)
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with θx = [0,2π], and with energy

E0
le,lh

(B) = �2

2Ie

(le + φe)2 + �2

2Ih

(lh − φh)2. (11)

Here, le and lh(=0, ± 1, ± 2, . . .) are the electron and hole
angular momentum quantum numbers, respectively.

In brief, while the exciton Hamiltonian as given in Eq. (1) is
useful for introducing the model and is the form we use for the
numerical calculations, the form as given in Eq. (5) is more
suitable for the development of approximations to the exact
numerical results, as shown below.

III. RESULTS

All the numerical results to be discussed below are
presented in effective GaAs units, corresponding to the
following choice of material parameters: m∗

e = 0.067m0,
m∗

h = 0.268m0, and � = 12.5, with m0 being the bare-electron
mass. The effective Bohr radius for the electron (a∗

0 ) is then
equal to 98.7 Å, and the associated effective Rydberg (Ry∗) is
equal to 5.83 meV. Values of eF are given in units of Ry∗/a∗

0 �
0.059 meV/Å. Regarding the geometrical parameters defining
the size of the double ring, we have chosen a configuration
with Re < Rh: Re = 300 Å, Rh = 330 Å. For this double-ring
size, the parameter r in Eq. (3) equals 0.995. We know from
Ref. [28] that in this case the F = 0 ground-state exciton
is a strongly bounded exciton, meaning essentially that the
eigenvalue εL,n(B) in Eq. (9) becomes L and magnetic field
independent.

We have identified three possible characteristic regimens
for a radially polarized exciton, depending on the intensity of
the applied in-plane electric field. They are shown schemati-
cally in Fig. 1, and termed the quasifree exciton (I), the locked
exciton (II), and the broken exciton or electron-hole pair (III),
for increasing electric field strength. The characteristic values
of the electron and hole angular coordinates in each of the three
configurations are also indicated in the bottom panel (right) of
Fig. 1, and as resulting from the numerical calculations in
Fig. 2. Figure 2(a), corresponding to a zero electric field and
trapped magnetic flux, shows the signatures of a quasifree
exciton: θe � θh [for optimizing the Coulomb attractive term
Uc(�θ ) with �θ � 0], but all values for θe � θh between 0
and 2π occur with equal probability. By increasing the electric
field, the probability associated with the locked configuration
θe � θh � π increases its value [Figs. 2(b) and 2(c)], since the
system tries now to optimize both the Coulomb attraction and
the electrostatic energy. On further increase of the electric
field, the system becomes partially quasifree and partially
broken [Fig. 2(d)], and finally in the high-electric-field limit
the system fully adopts the broken configuration, since in this
limit the physics is dominated by the electrostatic contribution
−eF (Re + Rh) to the total energy of the system. The three
regimens are displayed in Fig. 3, where the lowest-lying
exciton energy levels are plotted as functions of the electric
field, for φc.m. = 0, and for a particular realization of the
structured ring. The full lines correspond to the numerical
(exact) results, while the dotted and dashed lines correspond
to different approximations, to be explained below. Note that
except for the ground state, the levels are organized in doublets,
progressively split by increasing the electric field. At F = 0,

(I) quasi-free exciton

(III) broken exciton

(I)  θe ≈ θh : [ 0, 2π ]

(II)   θe ≈ θh ≈ π

(III)   θe ≈ 0 ,  θh ≈ π

B

F

ReRh

θe ≈ θh : [ 0, 2π ]

θe ≈ θh ≈ π

θe ≈ 0 ,  θh ≈ π

B

F

ReRh

(II) locked exciton

FIG. 1. Schematic view of the three possible regimens for the
charge-tunable exciton; empty (filled) small circle represents the hole
(electron). The strength of the applied electric field is such that FI <

FII < FIII, at fixed values of B, Re, and Rh. The electric field F is
along the positive direction of the x axis, the magnetic field B points
along the positive direction of the z axis, and Rh > Re.

the total angular quantum number L is well defined. In this way,
the ground state belongs to the exciton which has L = 0 at F =
0, the next doublet evolves from the L = ±1 zero-electric-field
exciton, and so on. Naturally, all doublets are degenerate at
F = 0. The dashed line with a large slope, proportional to
−eF (Re + Rh), essentially distinguishes the quasifree and
locked configurations (region at the left of the high-slope

(a) (b)

(d) (e)

(c)

FIG. 2. (Color online) Exciton ground-state probability distribu-
tion |ϕ0(θe,θh)|2 in the (θe,θh) domain. Values of eF are given
in Ry∗/a∗

0 effective units. (a) eF = 0, φc.m./φ0 = 0; (b) eF =
0.02, φc.m./φ0 = 0; (c) eF = 0.25, φc.m./φ0 = 0.42; (d) eF = 0.54,
φc.m./φ0 = 0.21; (e) eF = 0.60, φc.m./φ0 = 0.525. The three dis-
cussed regimens (a), (c), and (e) can be clearly seen, as well as
the transition points (b) and (d). For cases (d) and (e), note that the
configurations θe ≈ 0, θh ≈ π and θe ≈ 2π , θh ≈ π are equivalent,
due to the ring geometry.
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FIG. 3. (Color online) Lowest-lying exciton energy levels versus
applied electric field, at φc.m. = 0 (B = 0); Re = 300 Å, Rh = 330 Å.
Full lines correspond to the numerically exact results, dotted lines
are the solutions of the quasiparticle approximation [Eq. (13)], and
dashed lines correspond to the locked and broken approximations (see
the text). The flat-level region corresponds to the quasifree exciton
regime, the low-slope [∼−eF (Rh − Re)] levels to the locked exciton
states, and the high-slope [∼−eF (Re + Rh)] ones to the broken
exciton states. Note that the exact results (full lines) never cross
among them; see Fig. 5(d) for an enhanced view of the avoided
crossings.

dashed line) from the broken exciton regime (region at the
right of the high-slope dashed line). In other words, �θ ∼ 0 in
the left region, while �θ ∼ π in the right region. In addition,
in the left region, one can distinguish between excitonic levels
moving approximately linearly with the electric field [slope
∼−eF (Rh − Re)], and others showing a weak dependence
on F . As shown below, the former correspond to the locked
exciton regime, the latter to the quasifree regime. We will
discuss now the main physical features of each of them,
guided by numerically (exact) results and accurate analytical
approximations.

A. Regime I, quasifree exciton

This is the weak-electric-field limit, where the contribution
HF (θ0,�θ ) in Eq. (5) may be considered as a small perturba-
tion to the other two. In this regime, the c.m. coordinate runs
over all possible values between 0 and 2π , while the relative
coordinate �θ is restricted to taking small values (that is,
|�θ | � 2π), in order to optimize the electron-hole Coulomb
attraction Uc(�θ ) [32]. This suggest that in this regime one is
allowed to take the �θ → 0 limit of Eq. (8), obtaining

HF (θ0,�θ → 0) ≈ eF

�
(Rh − Re) cos θ0

+
�

ReIh + RhIe

I

�
(sin θ0) �θ + O(�θ2)

�
. (12)

At leading order in �θ (�θ0), an effective decoupling of the
c.m. and relative coordinates is achieved, which allow us to
approximate the full Hamiltonian in Eq. (5) by the following

quasiparticle (qp) one:

H qp
exc(θ0,�θ ) = H qp

c.m.(θ0) + Hint(�θ ), (13)

with

H qp
c.m.(θ0) = �2

2I

�
− i

∂

∂θ0
+ φc.m.

φ0

�2

+ eF (Rh − Re) cos θ0,

(14)
and Hint(�θ ) defined in Eq. (7). In the limit of vanishing
or small electric field, Eq. (13) has the following analytical
estimate:

EI
L,n(B,F → 0) = �2

2I

�
L + φc.m.

φ0

�2

+ εn, (15)

with

εn = − e2/�

Re + Rh

− α2�2

8Iint

�
1 − 2n +

�
1 + 8IintV0

α2�2

�1/2�2

.

(16)
Here,

V0 = e2

�

�
1

|Re − Rh|
− 1

Re + Rh

�
> 0, (17)

and α = 5.458, n = 1,2, . . . . [28]. Equation (15) is an ap-
proximation to Eq. (9), valid in the limit where the exciton is
strongly bounded, meaning that the “binding energy” εL,n(B)
is essentially independent of L and B. The approximation
amounts to replacing εL,n(B) by εn, with the corresponding
expression for the latter in Eq. (16) being derived in the Ap-
pendix of Ref. [28] (see [33]). In this regime, the negative of the
binding energy in Eq. (15) is much greater than the first term,
related to the kinetic energy of the c.m. motion. Evaluating for
φc.m. = 0 and n = 1, we obtain EI

0,1 � − 3.21Ry∗, EI
±1,1 �

− 3.19Ry∗, EI
±2,1 � − 3.14Ry∗, and EI

±3,1 � − 3.043Ry∗, in
excellent agreement with the numerically exact values (full
lines) displayed in Fig. 3, in the limit of small electric field.

The effective c.m. Hamiltonian H
qp

c.m.(θ0) may in turn be
expressed in the following suggestive way:

H qp
c.m.(θ0) = �2

2I

�
i

∂

∂θ0
+ φ∗

c.m.

φ∗
0

�2

+ e∗FR∗ cos θ0, (18)

where e∗ = e(Rh − Re)/(Rh + Re), R∗ = Rh + Re, φ∗
0 =

ch/e∗, and φ∗
c.m. = πBR∗2. Accordingly, H

qp
c.m.(θ0) can be

considered as corresponding to a quasiparticle of effective
electrical charge e∗, orbiting in a ring of effective radius R∗.
The size, and even the sign, of the charge e∗ may be changed
at will by changing the geometrical parameters Rh and Re.
The solutions of H

qp
exc(θ0,�θ ) are the dotted lines of Fig. 3.

As expected, they are a good approximation to the exact
results in the bounded exciton region, but fails in the broken or
electron-pair region, where the assumption of a bound exciton
with �θ ∼ 0 is not valid. Actually, the (approximate) point of
departure between the exact and approximate solutions signals
the qualitative breakdown of the small-oscillation assumption
for �θ .

B. Regime II, locked exciton

This regime is characterized by the fact that the bounded
exciton (�θ � 0) becomes essentially localized around
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θ0 � π . The electric field is strong enough to localize the c.m.
degree of freedom, losing some kinetic energy but gaining
the dipolar electrostatic energy of the bounded exciton, of
the order of −eF (Rh − Re) (see below). Expanding Eq. (14)
around θ0 � π we obtain

H II
c.m.(θ̄0) = −eF (Rh − Re) + �2

2I

φ2
c.m.

φ2
0

− i�2φc.m.

Iφ0

∂

∂θ̄0

− �2

2I

∂2

∂θ̄0
2 + eF (Rh − Re)

2
θ̄0

2
, (19)

with θ̄0 = θ0 − π . Considering that the first two terms on the
right-hand side (RHS) of the equation above are just constants
and that the last two in the second line define an effective
one-dimensional harmonic oscillator for the dynamics of the
c.m. motion, one obtains an approximate expression for the
eigenvalues for this regime as

EII
m,n(B,F ) � −eF (Rh − Re) + �2

2I

φ2
c.m.

φ2
0

+ �ωeh

�
m + 1

2

�
+ εn (20)

with ωeh = √
eF (Rh − Re)/I , and εn(<0) is the same exciton

“binding energy” as in Eq. (15). The assumption behind this
analytical estimate is that in this regime the exciton, although
localized, still is strongly bounded. Within this harmonic
approximation for the c.m. motion, the contribution from
the third term in Eq. (19) (linear in φc.m.) is just zero if
evaluated in a perturbative way, since it corresponds to the
matrix element of different parity states. The low-slope dashed
line in Fig. 3 corresponds to the approximation in Eq. (20)
for the energy of the ground-state exciton (m = 0, n = 1) in
the locked regime. Excited exciton energies may be obtained
from Eq. (20) for increasing values of m, keeping n fixed at its
lowest value n = 1. This results in a set of low-slope lines (not
shown), that follows closely the quasiparticle dashed lines.
By taking the difference EII

m+1,n(B,F ) − EII
m,n(B,F ) = �ωeh,

one obtains that �ωeh/Ry∗ � 0.07 for eF/(Ry∗/a∗
0 ) = 0.4, in

good agreement with the spacing between two consecutive
exciton energy levels in Fig. 3, for this particular value of the
electric field.

For Re > Rh, the equilibrium position of the locked exciton
is around θe � θh � θ0 � 0; the same results are obtained by
expanding now about θ0 � 0, but with the e ↔ h change.

C. Regime III, broken exciton

In this regime, roughly expected for eF (Rh + Re) > − ε1,
the hole is locked around θh � π and the electron at θe � 0.
The electric field is strong enough to disrupt the bound exciton.
For the approximate analysis of this regime, it is convenient to
start from Eq. (1), rewritten as

Hexc(θe,θh) = He(θe) + Hh(θh) + Uc(�θ ), (21)

with

Hx(θx) = �2

2Ix

�
−i

∂

∂θx

+ ηx

φx

φ0

�2

− qxFRx cos θx, (22)

with qe = e, qh = −e and ηe = +1, ηh = −1. In the broken
exciton regime, both Hamiltonians He(θe) and Hh(θh) may be
expanded around their respective equilibrium positions. For
instance,

H III
e (θe) = −eFRe + �2

2Ie

φ2
e

φ2
0

− i�2φe

Ieφ0

∂

∂θe

− �2

2Ie

∂2

∂θ2
e

+ eFRe

2
θ2
e . (23)

Since this Hamiltonian (and the one associated with the hole) is
quite similar to the one in Eq. (19), one can proceed in a similar
manner, obtaining the following approximate expression for
the energy of the broken exciton:

EIII
ne,nh

(B,F ) � −eFR∗ + �ωe

�
1

2
+ ne

�
+ �ωh

�
1

2
+ nh

�

+ �2φ2
e

2Ieφ
2
0

+ �2φ2
h

2Ihφ
2
0

+ Uc(π ), (24)

where ωx = √
eFRx/Ix , and Uc(π ) = −e2/(�R∗) is the resid-

ual e-h Coulomb interaction. The high-slope dashed line in
Fig. 3 corresponds to the approximation in Eq. (24) for the
energy of the ground-state exciton (ne = nh = 0) in the broken
regime. Clearly, excited energy states in this regime may
be obtained by allowing higher values for ne and nh; this
will result in a set of high-slope lines (not shown). For the
polarized ring considered here, ωe/ωh � 2, and accordingly
more “holelike” modes will be occupied than “electronlike”
modes (ne � nh). From the condition eF (Rh + Re) ∼ − ε1,
one obtains an estimate of the strength of the electric field
needed to disrupt the bounded exciton: taking ε1 � EI

0,1 �
−3.21Ry∗, one obtains that eF/(Ry∗/a∗

0 ) ∼ 0.5 for this
threshold electric field, once again in good agreement with
the results in Fig. 3.

D. Discussion

We show in Fig. 4 the excitonic energy levels as the trapped
flux φc.m. changes, for increasing values of the electric field.
Figure 4(a) corresponds to the zero-electric-field situation;
in this case, the exciton energy levels are given by Eq. (9).
All levels plotted in Fig. 4(a) belong to the n = 0 exciton,
and for L = 0,±1, ±2, ±3. Having different (well-defined)
quantum numbers, the energy levels cross at each intersection.
The optical activity of the L = 0 state is denoted by the
shadowed area about it [34]. To characterize the excitonic
states as bright (optically active) or dark (optically inert),
we evaluate the oscillator strength (OS), i.e., the angular
overlap of the electron and the hole in a given exciton
eigenstate [35],

Si ∝
����
� 2π

0
dθ ϕi(θe = θ,θh = θ )

����
2

. (25)

Note that, in our chosen zero-electric-field basis of Eq. (10),
only states with le + lh = 0 contribute to the OS. Thus, at zero
transverse electric field F , only the L = 0 exciton is bright.
At finite values of F the azimuthal symmetry of the system
is broken, and L is no longer a good quantum number. The
new exciton eigenfunctions can be considered as a mixing of
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(a)

(c)

(b)

FIG. 4. (Color online) Exciton energy levels vs trapped magnetic
flux, at fixed values of eF . The spectra are approximately periodic
in the trapped flux; this is not a property of the full system
but of the bounded excitonic states. (a) eF = 0; only the L = 0
exciton is optically active. (b) eF = 0.02Ry∗/a∗

0 ; the crossing levels
become anticrossings, and this property allows for the experimental
manipulation of the exciton state. (c) eF = 0.15Ry∗/a∗

0 ; the low-
energy flat (i.e., flux-independent) levels correspond to locked exciton
states, and optical activity appears in many of them, depending on the
precise value of φc.m., allowing also for resonant induced transitions
between them.

the old ones, and then the projection of them on the old L = 0
eigenfunction gives their OS [34]. A multiplicative factor must
be included (in principle) in the definition of the OS in Eq. (25),
to account for the finite radial overlap of the electron and hole
wave functions, which we have not considered explicitly in this
work. A detailed analysis of this issue for a possible realization
of e-h quantum rings in volcanolike InGaAs heterostructures
has been performed in Ref. [36].

Figures 4(b) and 4(c) correspond to increasing values of the
electric field: the system loses the azimuthal symmetry along
the z axis and the pair (L,n) is replaced by a single quantum
number. Levels now repel each other, and a gap appears at
each crossing of the F = 0 case. Gaps are barely discernible
in Fig. 4(b) (except for the lowest one at φc.m. = ±0.5φ0),
but they are quite prominent in Fig. 4(c). The reason why the
electric field is much less effective in opening gaps at crossing
points at higher energies is quite simple: considering that the
electric field acts as a perturbation on the zero-field eigenstates,
one finds that it mixes only zero-field eigenstates with L’s
differing by unity (that is, L with L ± 1). Then, for example,
the gap at φc.m. = +(−)0.5φ0 appears at the crossing of the
L = 0 and L = −1 (+1) parabolas, which are directly mixed
by the electric field, resulting in a gap linear in the electric field.
All other gaps in the displayed spectra are of higher order in

(a)

(c)

(d)

(b)

FIG. 5. (Color online) Exciton energy levels versus applied elec-
tric field, at fixed values of the center-of-mass trapped flux φc.m.:
(a) φc.m. = 0; (b) φc.m. � 0.21 φ0; (c) φc.m. = 0.5 φ0. Re = 300 Å,
Rh = 330 Å. Color scale for the strength factor as in Fig. 4.
(d), showing the avoided crossings, corresponds to an enhanced view
of the rectangular sector in (c) enclosed by straight dashed lines.

F , since they correspond to crossing of parabolas differing
by more than unity in their L values. Under the assumption
of weak electric fields, higher orders in F are equivalent to
smaller gaps. Note that the assumption of weak electric field
may be made always valid, by moving to higher energies in
the excitonic spectra.

Figure 5 displays how the excitonic energy levels depend
on the applied electric field, for different values of φc.m.. Fig-
ure 5(c), corresponding to φc.m. = 0.5φ0, exhibits a different
organization in doublets, as compared with the φc.m. = 0 case.
In particular, the ground-state doublet corresponds to the L =
0,−1 zero-electric-field states, which are directly mixed by it,
resulting in an anticrossing gap which opens linearly in eF . In
Fig. 5(d) we provide an enhanced view of a few anticrossing
points of the exciton energy spectrum, making clear the point
that as soon as F �= 0, all the degeneracies present at the
intersecting parabolas in Fig. 4(a) are strictly removed, and
then the energy levels in Fig. 5 (as in Fig. 3) never cross among
them, as stated above. Another interesting point to be addressed
here is the fact that if one follows adiabatically the first excited
exciton energy level, for increasing values of the electric field
it passes through the following sequence of configurations:
quasifree → locked (m = 1,n = 1) → broken (ne = nh = 0)
→ locked (m = 0,n = 1) → broken (ne = 0,nh = 1). For the
ground-state exciton, the only possible sequence is quasifree
→ locked (m = 0,n = 1) → broken (ne = nh = 0), but for
higher excited excitons several changes of configurations
are possible, starting always from the quasifree one, and
jumping then back and forth between the locked and broken
configurations. Noting that the locked m = 0,n = 1
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FIG. 6. (Color online) Schematic view in Ei,φc.m. space of the
suggested protocols for the dynamical storage of photoinduced
excitons. Dashed lines correspond to exciton energies for eF = 0,
EL,n(B), while full lines are for eF = 0.05Ry∗/a∗

0 , Ei(B,F ). The
labels L = 0,±1, ±2, are associated with the zero-field exciton
levels. The shaded regions correspond to the bright states. Using
the electric field as a switch, i.e., converting crossing points to
anticrossing ones, the exciton can navigate the Hilbert space [38].
Possible storage protocols are described in the text.

ground-state configuration is always bright, this provides a
possible way to manipulate excitons, converting them from
dark to bright by application of suitable (strong) electric fields.
We suggest in what follows another manipulation strategy,
based on the application of smaller electric fields (i.e., without
breaking the exciton).

It seems quite possible that the main application of these
systems will be related to the feasibility of storing excitons,
in either isolated ring configurations or ring ensembles. This
storage is achieved by switching the ring ensemble from
an optically active state (bright) to an optically passive one
(dark). Simple mechanisms involving magnetic or electrical
fields have been previously proposed. One such mechanism
is suggested in Ref. [37]. It involves the use of an in-plane
electric field for a single-radius (Re = Rh) ring. Their dark
situation corresponds to the destruction of the exciton, with the
electron and the hole localized in opposite sides of the ring (our
broken exciton regimen III). In fact, as the authors of Ref. [37]
discuss, the critical electrical field strength is comparable to
the electron-hole interaction strength, i.e., our exciton rupture
field, given by the equation eF (Re + Rh) ∼ − ε1. The internal
structure of the rings analyzed in this article (variable Re

and Rh), which generates a non-neutral exciton, allows it to
be manipulated via both electric and magnetic fields without
destroying the exciton. In Fig. 6 we show the exciton spectra
both for zero electric field (broken lines) and with a small field
(eF = 0.05Ry∗/a∗

0 ). The shaded regions correspond to the
bright exciton states. A protocol to store the exciton without
breaking it can be easily designed, using the fact that the
electric field changes the crossing points of the spectra into
anticrossing ones. A tentative protocol might be as follows.
Step 1: at eF = 0, φc.m. is increased from 0 to above 0.5φ0,

i.e., the exciton is moved (see Fig. 6) from point 1 to point 2.
Step 2: the electric field is switched on, converting the crossing
point at φc.m. = 0.5φ0 into an anticrossing one. Step 3: φc.m.

is decreased towards zero, moving the exciton from point 2 to
point 3, a dark state. The protocol above assumes an adiabatic
movement of the exciton, i.e., a slow rate of variation of the
fields. It is also possible to maintain a fixed electric field,
and use a diabatic evolution to arrive at point 2, and then an
adiabatic one to move the system to point 3.

A cyclic protocol, suitable for an array of radially polarized
rings [27], is also possible, as follows. Step 1: φc.m. is increased
from −0.05φ0 to 0.55φ0, with a small electric field applied.
The ground-state exciton, if present (i.e., photoexcited), moves
from point 1 to point 2b in Fig. 6 following the full line.
Step 2: the electric field is turned off and φc.m. is reversed
to −0.05φ0. Repeat cyclically. If after step 1 the exciton
was at 2b, after step 2 it will move from 2b to 4, following
now the dashed line. Once there, in the first step of the next
cycle it will move from 4 to 5b, and so on. The net result is
that the exciton becomes trapped in the high-energy region
of the available spectra, and is essentially dark. If a ring of
the ensemble fails to catch an exciton, or if it decays before
arriving at point 2b, the ring is ready to catch one in the next
cycle. In this way, under photoexcitation, each ring of the
array will be filled with one exciton, albeit stored in different
levels of the spectra. In practice, the “climbing” movement
of the exciton along the energy spectra has a limit, since
the gaps at the anticrossing points become increasingly small
for ascending energies, and the switching strategy fails. For
example, in going from point 4 to point 5b, if the gap is
small, the exciton may follow with some probability a diabatic
trajectory and arrive instead at point 5. Once the exciton is on
the wrong track, the same cycles move it back to point 1, where
it is optically active again. Therefore, this cyclic protocol
can be used to introduce a tunable delay in the incoming
photons.

Some conditions must be fulfilled for this protocol to be
realized in practice. For example, the temperature should be
such that at least the two first gaps at φc.m. = 0,0.5φ0 should be
larger than kBT . Considering that the gap at φc.m. = 0 is about
10−3Ry∗ = 5.83 × 10−3 meV, this results in the constraint
T � 0.05 K [39] Since this temperature is much smaller than
the Debye temperature of GaAs (∼345 K) [40], one can expect
that exciton decay via interactions with the phonon bath will
be small. Also, the electric field strength in Fig. 6 is about
300 V/cm, much smaller than the fields formed at the depletion
layer of n-p semiconductor junctions (∼103–105 V/cm).

IV. CONCLUSIONS

We have studied theoretically the excitonic spectrum of
radially polarized semiconductor nanorings, in the presence
of an in-plane uniform electric field and a perpendicular
magnetic field. Based on the numerically exact solution, we
have identified three different regimens for the exciton, for
increasing values of the electric field: (a) quasifree excitons;
(b) locked excitons; and (c) electron-hole pairs or broken
excitons. Accurate analytical approximations are provided
for each one of the three regimens. In the first regime,
corresponding to weak electric fields, the exciton behaves
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as a single charged particle, with an effective electric charge
determined by the nanoring geometrical parameters. Protocols
are suggested for the dynamical storage of excitons without
destroying them, by a combination of magnetic and electric
fields, and by following a sequence of well-defined steps. This
may have some impact in the context of trapping light for later
use.
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We define the violation fraction ν as the cumulative fraction of time that the entropy change is negative
during single realizations of processes in phase space. This quantity depends on both the number of degrees of
freedom N and the duration of the time interval τ . In the large-τ and large-N limit we show that, for ergodic
and microreversible systems, the mean value of ν scales as �ν(N,τ )� ∼ (τN

1
1+α )−1. The exponent α is positive

and generally depends on the protocol for the external driving forces, being α = 1 for a constant drive. As an
example, we study a nontrivial model where the fluctuations of the entropy production are non-Gaussian: an
elastic line driven at a constant rate by an anharmonic trap. In this case we show that the scaling of �ν� with
N and τ agrees with our result. Finally, we discuss how this scaling law may break down in the vicinity of a
continuous phase transition.

DOI: 10.1103/PhysRevE.89.022116 PACS number(s): 05.70.Ln, 05.40.−a

I. INTRODUCTION

The energy changes associated to processes occurring in
mesoscopic objects exhibit a stochastic nature due to the
effect of fluctuations. This implies that for single trajectories in
phase space, thermodynamic observables like work, heat, and
entropy changes are random quantities. This fact constitutes
the basis for stochastic thermodynamics [1]. In this context,
the stochastic entropy produced during a certain protocol can
be negative for certain rare trajectories, a fact that is in apparent
contradiction with the second law of thermodynamics. Fluc-
tuation theorems [2–7] state that those trajectories where the
entropy production is negative occur with an exponentially
small weight in comparison to the trajectories where the
entropy production is positive,

P (S)

P T (−S)
= exp(S), (1)

where T represents a transformation like time reversal, or
the transformation to a dual dynamics, or their composition
(see Refs. [8–10] for a simple definition of the dual dynam-
ics), and S represents a trajectory-dependent thermodynamic
quantity, as work, heat, or more generally different forms of
trajectory-dependent entropy production, with the symmetry
ST = −S. These relations, initially proved for deterministic
and stochastic Markovian systems, have also been extended to
the case of non-Markovian dynamics [11–17]. Furthermore,
they have been widely tested in experiments [18–23].

Equation (1) is commonly denominated a detailed fluctu-
ation theorem (DFT). From it, the relation �exp(−S)� = 1,
also known as an integral fluctuation theorem (IFT), can be
obtained. From the IFT and Jensen’s inequality, the second
law of thermodynamics is obtained as �S� � 0, independently
of the protocol and the duration of the process. Very large
systems, where N ∼ 1023, naturally suppress fluctuations
since the mean value of S grows as N for large N , while
fluctuations grow as

√
N , a fact that we know from the

most elementary courses of statistical mechanics. In this case

*reinaldomeister@gmail.com

�S� ≈ S, which means that for any realization of any process
one has S � 0. However, in small mesoscopic systems,
fluctuations are large and realizations are possible such that
S < 0 for time intervals that are not too large. Using some
abuse of language (see, for instance, Ref. [18]), we can
name these intervals local violations of the second law of
thermodynamics, where “local” means at a single trajectory
level.

We remark that the aforementioned local violations do not
represent true violations of the second law of thermodynamics,
which is, perhaps, the most solid law of nature. The entropy
production remains always non-negative in average, however,
it is interesting to characterize the statistics of the total time of
occurrence of these events. In particular, if we consider a time
interval [0,τ ], we will be interested in calculating the total
fraction of time ν where the stochastic entropy production is
negative, which we name the violation fraction.

In Fig. 1 we sketch the evolution of the entropy change as a
function of time for a stochastic trajectory of a small system.
The shadowed regions are the violation sectors (where S < 0),
and the cumulative duration of these regions divided by the
total time τ defines the fraction ν.

This study is important in those cases where one only
needs to consider a small number of realizations of a given
process at the mesoscopic level. The entropy production
is a self-averaging quantity, which implies that for single
realizations in macroscopic systems one is already observing
the averaged entropy production. That is why, in spite of
the fact that the second law of thermodynamics forbids the
spontaneous emergence of order from disorder in isolated
systems only on average, we meet this limitation at every
single realization of the given process. This is clearly not the
picture at the mesoscopic scale, where this constraint is relaxed
at single trajectories, and order can sometimes emerge from
disorder.

Additionally our theory may be relevant in some other
practical situations. For example, it is known that the efficiency
of any thermal machine is bounded by virtue of the second law
of thermodynamics. However, if one optimizes the external
protocols and accommodates the values of τ and N such that
the average violation fraction exhibits its larger possible value,
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Time

S

τ

Δt1 Δt2

Δt3

ν = Δt1+Δt2+Δt3
τ

FIG. 1. A sketch of the evolution of the stochastic entropy change
for a particular trajectory in phase space of a mesoscopic system. The
violation fraction ν is defined as the relative duration of the violation
sectors (where S < 0) with respect to the total time τ .

our motor will operate in a scenario where the occurrence
of entropy-consuming trajectories is especially propitious, a
fact that could enhance the efficiency of the machine. This
possibility will be considered in more detail in future works.

Before proceeding, we would like to advance our main
result. For the generic kind of systems we will consider
in this work, the mean violation fraction exhibits, at large
times, the simple behavior �ν(N,τ )� ∼ A(N )/τ , where A(N )
is a model-dependent function of N , which vanishes in
the thermodynamic limit as A(N ) ∼ A∞/N

1
1+α , with A∞

a nonuniversal, model-dependent constant, and α > 0, an
exponent which depends on the particular form of the protocol.

The rest of the paper is organized as follows. In the next
section we pose our problem and introduce the main concepts
we need to tackle it. In Sec. III we prove our main result. Later
we study the illustrative case of a linear chain of harmonic
oscillators driven at a constant rate by an anharmonic trap
in Sec. IV. We briefly discuss how the strong fluctuations
around a continuous phase transition may lead to a failure of
the derived scaling law in Sec. V. Finally, we present some
conclusions and future projections of this work in Sec. VI.

II. GENERALITIES

In order to characterize the local violations of the second
law of thermodynamics associated with generic processes
occurring in mesoscopic systems, we have to study the zero-
crossings properties of the stochastic entropy production S(t).
An important quantity is the residence time, which is defined
as the amount of time, up to time τ , that a given stochastic
process X(t) spends in the semispace X(t) < 0 [or X(t) > 0].
The probability density function (PDF) for this quantity is
closely related to the persistence, e.g., the probability that the
process does not cross the line X = 0 up to time τ [24], which
has been studied in many different contexts. For example, in
Ref. [24] it has been used to characterize the ordering dynamics
of the Ising model [where the process X(t) is the global or
local magnetization], while in Ref. [25] it has been used to
characterize the zero-crossings properties of a diffusing field
starting from random initial conditions [X(t) is the value of the
diffusing field at a fixed point in space, as a function of time].

Generally speaking, the computation of the full PDF of
the residence time for a given stochastic process is a difficult
task, even when the process is Markovian. In our case, we

choose X to be a stochastic entropy production (see definitions
below), which is generally non-Markovian even if the system
performs Markov dynamics. Since an exact determination of
the full PDF for arbitrary protocols and energy landscapes is
out of order, we focus on deriving some general results for the
first moment of this PDF, the average violation fraction. This
means that the results presented here are expected to be robust
upon variations in the Hamiltonian of the system, as long as
these changes do not affect the main assumptions we use in
our derivation, which we now discuss.

We consider ergodic, microreversible, and extensive sys-
tems driven by a set of external, well-controlled parameters
[which we denote by λ(t)]. We point out that ergodicity and
microreversibility (the latter for the closed system composed
by the system under study and its environment) are minimal
conditions for fluctuation relations to hold. On the other hand,
in order to guarantee the extensivity of the thermodynamic
observables, it is reasonable to assume that the interactions
among the different particles in the system are short-ranged.

For constant protocols, the system is able to reach a
unique steady state characterized by the PDF ps(x; λ) =
exp[−φ(x; λ)], where x denotes a configuration in the phase
space. x may be a single variable, a vector, or a field as
well. We discuss equilibrium and nonequilibrium steady states
(NESSs) on the same footing. Furthermore, we assume that the
system is initially prepared in the steady state corresponding
to λ(0) = λ0, and for simplicity we assume that the system is
connected to a single thermal bath. A more general analysis,
considering several reservoirs, will be published elsewhere.
We introduce the process S(t) as follows:

S(t) =
� t

0
dt �λ̇(t �)∂λφ(x(t �); λ(t �)), (2)

which depends on the particular trajectory of the system in
the phase space during its evolution. The time instant t should
be considered as an arbitrary point inside the interval [0,τ ],
where the violation fraction will be measured. We also remark
that τ can be chosen arbitrarily.

For equilibrium steady states, S(t) is the total entropy
change, proportional to the dissipated work [7] βWd =
βW − β�F , where W is the thermodynamic work introduced
by Jarzynski [6], whereas F is the free energy and β the
inverse temperature. To see this, note that for a system with
Hamiltonian H(x; λ), the thermodynamic work reads [6]

W(t) =
� t

0
dt �λ̇(t �)∂λH(x(t �); λ(t �)). (3)

On the other hand, we have that φ(x; λ) = βH(x; λ) −
βF (β,λ); thus, Eq. (2) reads in this case

S = β

� t

0
dt �λ̇(t �)∂λ{H[x(t �); λ(t �)) − F (β,λ(t �)]}

≡ βW − β�F. (4)

For NESSs, S(t) corresponds to the dissipation function of
Hatano and Sasa [26], which is the correct choice in order to
extend the second law of thermodynamics to NESSs.

Having clarified the context and the main assumptions we
will need in what follows, we proceed now to derive our main
result in the next section.
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III. SCALING LAW FOR THE MEAN
VIOLATION FRACTION

Let us consider an ergodic, extensive, and microreversible
system initially prepared in its steady state corresponding to
a value of the control parameters λ(0) = λ0. We should note
first that these conditions imply that the system satisfies the
IFT Ref. [6] for equilibrium states or Ref. [26] for NESSs) at
any time t :

�exp(−S)� =
�

dSP (S,t) exp(−S) = 1. (5)

From Eq. (5) and Jensen’s inequality, − ln x � 1 − x for
x > 0, we see that the second law of thermodynamics holds
in the strict sense, �S� � 0. On the other hand, the mean
entropy production rate, �Ṡ(t)�, should also be non-negative.
Thus, �S(t)� is nondecreasing by virtue of the second law of
thermodynamics.

Let us formally introduce the violation fraction as

ν(τ,N )
def= 1

τ

� τ

0
dt�[−S(t,N)], (6)

where �(•) is the Heaviside step function. Then the mean
value of this fraction is given by

�ν(τ,N )� = 1

τ

� τ

0
dtR(t,N ), (7)

where R(t,N ) = Prob[S(t,N) < 0]. Quite generally, we may
write R(t,N ) = (1/2) exp[−�(t,N )], with �(t,N ) a nonde-
creasing function of time such that �(0,N ) = 0.

Note that � should be nondecreasing since in the ther-
modynamic limit the entropy production per particle con-
verges to its mean in density: s(t,N ) = S(t,N )/N → μS(t) =
�S(t,N )�/N , or equivalently, NP (Ns,t,N ) → δ(μS(t) − s).
Given that μS � 0 and μ̇S � 0 by virtue of the second
law of thermodynamics, the probability of finding negative
values of S must decrease with time. On the other hand, this
function satisfies �(0,N) = 0 since, given the definition of the
entropy production, Eq. (2), we have that P (S,0,N) = δ(S),
so that R(0,N ) =

� 0
−∞ δ(S) dS ≡ 1/2. An important point the

reader should note is that, if
� ∞

0 R(t,N ) dt < ∞, the average
violation fraction vanishes for τ → ∞ as

�ν(τ,N )� = A(N )

τ
, (8)

where

A(N ) =
� ∞

0
R(t,N ) dt = 1

2

� ∞

0
exp[−�(t,N )] dt. (9)

Typical noncritical systems with short-ranged interactions
are characterized by relatively small fluctuations in the
thermodynamic limit. Note that for any stochastic realization
of the process S(t) we can write S(t) = �S(t)� + δS(t),
with δS = S − �S�. The previous statement, formally written,
expresses a fact we have already discussed in the introduction,
say, �S� ∼ N , while

�
2�δS2� ∼

√
N . Given that �S� is

nondecreasing as a function of time, there is a finite time
scale τc(N ) so that for times τ > τc the local violations of
the second law of thermodynamics are not likely to occur.
This time scale can be roughly determined by the relation

�S(τc,N )� =
�

2�δS2(τc,N )�. Then the cumulative violation
time

� ∞
0 R(t,N ) dt ∝ τc(N ) < ∞.

It is, however, important to note that critical systems or
systems where the interactions are long-ranged may lead to
infinite values of the given integral since fluctuations are strong
in those cases. This fact may induce nontrivial power laws for
the relaxation of the average violation fraction at large times.

We proceed now by noting that at any finite time instant
t �= 0, one should have

lim
N→∞

�(t,N ) = ∞. (10)

This property is very intuitive. In the thermodynamic limit the
entropy production converges in density to its positive mean,
as we have said before. Then every process occurring in any
macroscopic system produce positive entropy, which implies
that the probability of the occurrence of local violations of the
second law vanishes in the thermodynamic limit.

As a consequence of Eq. (10), for large N the integral
in Eq. (9) is dominated by the expansion of � around t = 0,
where the absolute minimum, �(0,N ) = 0, is reached. In other
words, in the thermodynamic limit the scaling with N of the
mean violation fraction is determined by the behavior of �

at short times. Our arguments hold generally, given that the
correlation volume of the system is finite, i.e., that the system
is far from a critical point. If it were not the case, any finite N

should be regarded as small irrespectively of how large it is.
In that case, the asymptotics of ν will no longer be dominated
by the short times, a fact that we discuss in Sec. V.

Before proceeding, we discuss the illustrative case where
the PDF of the entropy production is Gaussian. In this context
we have

P (S,t,N ) = 1√
2π�S(t,N )

exp

�
− [S − mS(t,N )]2

2�S(t,N )

�
,

(11)

with �S = �δS2� and mS = �S�. An important identity that
comes out within this framework is �S = 2mS , which can be
easily seen by substituting Eq. (11) in Eq. (5). Then we may
write for R(t,N ):

R(t,N ) =
� 0

−∞
P (S,t,N ) dS = 1

2
Erfc

�
1

2

�
mS(t,N )

�
, (12)

which allows us to identify the function �(t,N) exactly:

�(t,N ) = − ln Erfc

�
1

2

�
mS(t,N )

�
. (13)

In this case we have that �(t,N ) depends on t and N implicitly
via mS(t,N ). In particular, given that mS(0,N ) = 0, we have

�(t,N ) =
�

mS(t,N )

π
+ O[mS(t,N )], (14)

around t = 0. Inspired by this result for the Gaussian case, we
will assume that at least at short times one can generally write
for arbitrary systems:

�(t,N ) ≈ �[mS(t,N )], (15)

with �(0) = 0. This assumption is at least plausible, since mS

and � are nondecreasing functions of time which vanish at t =
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0. In fact, given the relation between the monotonicity of both
functions, one can write exactly �(t,N ) = �(mS(t,N ),N ).
Then our assumption means that we consider the explicit
dependence on N as subleading.

Our ansatz for � at short times, Eq. (15), is simply an
intuitive guess. We do not have a formal proof for it. Given
that this ansatz is exact for Gaussian systems, the results we
are about to derive hold exactly in that case. However, it is
not evident at a first glance that this guess also provide good
results when the fluctuations of the entropy production are
non-Gaussian. Although we do not expect it to be considered
as a formal proof, in Sec. IV we discuss a nontrivial model with
non-Gaussian fluctuations, obtaining a very good agreement
with our predictions.

Now we follow by noting that (d/dt)mS(t,N )|t=0 = 0. This
relation can be obtained by taking the derivative with respect
to t in both sides of Eq. (2), taking the average, and considering
that the system, at t = 0, is prepared in its steady state:

d

dt
mS(t,N )

����
t=0

= λ̇(0)�∂λ0φ(x(0); λ0)�

= λ̇(0)
�

∂λ0φ(x; λ0)ps(x; λ0) dx

= λ̇(0)
�

∂λ0φ(x; λ0) exp[−φ(x; λ0)] dx

= −λ̇(0)∂λ0

�
exp[−φ(x; λ0)] dx

= −λ̇(0)∂λ0

�
ps(x; λ0) dx

≡ 0. (16)

The previous result implies that at short times the entropy
production can be written, to the first nonvanishing order, as
mS(t,N ) = Nθ t1+α , with α > 0, and θ > 0 by virtue of the
second law of thermodynamics. On the other hand, we made
explicit the fact that mS is extensive by writing a factor N .
With this, our ansatz writes at short times:

�(t,N ) ≈ �(Nt1+α), (17)

Although we will prove it formally in Sec. V, we would
like to point out that in the present framework one expects that
for a constant drive α = 1. We can appeal to our intuition to
understand this statement. Note that P (S,t = 0,N ) = δ(S).
Then one may think that for t � 0 one can approximate
P (S,t,N ) by a Gaussian distribution, since mS is small and
P (S,t ∼ 0,N) is very narrow around mS . With this in mind,
one has that mS ≈ (1/2)�S at short times, a consequence
of the fluctuation theorem, Eq. (5). Note that, by definition,
�S involves a double integral with respect to time where
the term λ̇2 = const. is multiplied by a correlation function,
which is nonzero when evaluated for equal time arguments.
Thus, �S can be written at short times as �S(t) ≈ Bt2,
B being a constant, which means that mS ∼ t2 and α = 1.
The formal proof we give in Sec. V uses the generalized
fluctuation-dissipation relation.

The Gaussian approximation at very short times must be
valid for large N . The non-Gaussian structure of P (S,t,N )
takes some time to show up, and for large N , given the

central limit theorem, one expects this time to be large since
the Gaussian fluctuations around the mean dominate, while
the large deviations from the mean, which are not well
described by the central limit theorem, are extremely rare.
An interesting point to be investigated is to what extent the
Gaussian approximation around mS is enough to describe the
full behavior of �ν� at any time, given that N is large. It is also
interesting to investigate how large should N be in that case.

Let us now continue with our derivation. Substituting (17)
in (9), we obtain

A(N ) ∼ 1

2

� ∞

0
exp[−�(Nt1+α)] dt = �(α)

N
1

1+α

, (18)

with

�(α) = 1

2(1 + α)

� ∞

0
exp[−�(u)]u− α

1+α du. (19)

Note that we have introduced the change of variables u =
Nt1+α for the evaluation of the integral in Eq. (18). Now,
putting it all together, we can write

�ν(τ,N )� ∼ A∞

τN
1

1+α

, (20)

as we previously announced, with A∞ ∝ �(α). We proceed
now to test our general result by means of the numerical study
of a nontrivial model system.

IV. AN ELASTIC LINE DRAGGED BY AN
ANHARMONIC TRAP

We now proceed to test our results by studying a simple,
yet illustrative system. As discussed in the previous section,
our main result, Eq. (20), holds exactly for systems where
the stochastic entropy production is a Gaussian process. For
that reason, we must consider a non-Gaussian model system
in order to validate the generality of our approach. When
the entropy production is Gaussian, one can easily consider
the corrections to (20) up to any arbitrary order for finite
τ and N , since the function �(t,N ) is known exactly, as
given by Eq. (13). For generic non-Gaussian models, as the
one considered in this section, �(t,N ) is hard to determine
analytically, so it is extremely hard to compute finite-time and
finite-N corrections to (20). For that reason, we focus in this
section only on the validation of our main result, since the
determination of the referred corrections does not provide, in
our opinion, relevant and clear enough information to pay the
cost of performing the tedious calculations involved.

We study a discrete line consisting of particles interacting
via a short-ranged elastic potential and coupled to an anhar-
monic trap centered at λ. We will consider as the external
protocol the control of λ(t). The Hamiltonian of this system is
given by

H =
N�

i=1

(ui+1 − ui)
2 + k0

2

N�

i=1

(ui − λ)2 + k1

4

N�

i=1

(ui − λ)4,

(21)

where ui are the elastic displacements of the particles, and
k0 and k1 are positive constants denoting the strength of
the parabolic and quartic couplings to the nonlinear spring
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(relative to the elastic constant of the chain). We assume
periodic boundary conditions (PBCs).

Given that this system exhibits equilibrium steady states,
the entropy production is in this case given by Eq. (4). On the
other hand, it is simple to see that for the present system the
free energy does not depend on λ, and thus one has S = βW .
For the work, we can write

W =
�

i

� t

0
dt �λ̇(t �)[k0φi(t

�) + k1φ
3
i (t �)], (22)

with φi(t) = λ(t) − ui(t), a result which follows from Eqs. (3)
and (21). We ask the reader to note that the work, as given
by Eq. (22), is a non-Gaussian process. On the other hand, we
point out that, assuming simple relaxational dynamics for our
model system, and performing the shift φi(t) = λ(t) − ui(t)
in the dynamical equations, we obtain a time-dependent
Ginzburg-Landau equation (TDGLE) for a magnet in the
paramagnetic phase (T > Tc) in the presence of a time-
dependent magnetic field:

φ̇i(t) = ∇2
i φi(t) − k0φi(t) − k1φ

3
i (t) + λ̇(t) + ξi(t), (23)

where ∇2
i φi(t) = φi+1(t) + φi−1(t) − 2φi(t) is the discrete

Laplacian, and ξi(t) is a thermal noise with zero mean and
variance �ξi(t)ξj (t �)� = 2T δijδ(t − t �).

We consider a constant drive, in which case α = 1 is
expected in Eq. (20). Taking λ(t) = bt , Eq. (23) reduces to a
TDGLE in the presence of a constant magnetic field b. Starting
from a flat configuration, φi = 0 for each i, we allow the line
to evolve until it thermalizes with the heat bath, keeping λ = 0
fixed. After that, we start to move the trap at a constant speed,
which means that we suddenly turn on b in (23). The violation
fraction is then periodically sampled as a function of time.

If we introduce the scaling variable ε = τ
√

N , we should
have, for large τ and N , that �ν(τ,N )� = G(ε) ∼ ε−1. In Fig. 2
we plot the numerical solution of Eq. (23) for different system
sizes. It can be seen that for large N we obtain the expected
scaling form for the violation fraction. In particular, the curve
with N = 210 particles fits very well to our theoretical line at
large times.
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Scaling form of the mean violation fraction
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FIG. 2. (Color online) Scaling form of �ν(τ,N )� in the elastic
system as a function of ε = τ

√
N . For large N , the law given by

Eq. (20) with α = 1 is verified.

V. FAILURE AROUND A CONTINUOUS
PHASE TRANSITION

We now discuss that the obtained scaling law may fail
in the vicinity of a critical point. First, let us note that
for any protocol λ(t) = λ0 + δλ(t) we can write at short
times

�∂λφ(x(t),λ(t))� ≈ �∂λφ(x(t),λ0)� + δλ(t)
�
∂2
λφ(x(t),λ0)

�
ss,

(24)

where the double-s subscript means that the average is taken in
the steady-state corresponding to λ = λ0. On the other hand, to
the same order, the normalization condition for the steady-state
PDF leads to the relation

�
∂2
λφ(x(t),λ0)

�
ss = Cr (0), (25)

where the correlation function Cr is given by

Cr (t − s) = �∂λφ(x(t),λ0)∂λφ(x(s),λ0)�ss. (26)

Indeed, we have that the stationary PDF satisfies, for each λ,
the normalization condition:�

exp[−φ(x; λ)] dx = 1. (27)

Additionally, up to the second order in δλ = λ − λ0, we have

exp[−φ(x; λ)] = exp[−φ(x; λ0)]

�
1 − δλ∂λφ(x; λ0)

+1

2
δλ2[∂λφ(x; λ0)]2 − 1

2
δλ2∂2

λφ(x; λ0)

+O(δλ3)

�
. (28)

Substituing (28) in (27), and using Eq. (16) in order to drop
the linear term in δλ, we immediately obtain (25).

We now continue by noting that, using the generalized
fluctuation-dissipation relation (see, for instance, Ref. [27]),
one can write

�∂λφ(x(t),λ0)� =
� t

0
dsχ (t − s)δλ(s), (29)

with χ (t − s) = ∂tCr (t − s). With all this, using (2), we have
at short times

ṁS(t) ≈ δλ̇(t)

�� t

0
dsχ (t − s)δλ(s) + δλ(t)Cr (0)

�
. (30)

At this point, we would like to show formally that for a
constant drive one must expect α = 1 in Eq. (20). In that case
one has δλ(t) = bt , and we get

ṁS(t) ≈ b2

�� t

0
dsχ (t − s)s + tCr (0)

�
, (31)

leading to the result m̈S(0) = b2Cr (0). Thus, at short times
mS(t) ≈ (1/2)Cr (0)b2t2, which means that α = 1, as we
claimed before. On the other hand, far from a critical point, one
has that Cr (0) ∼ N , and the entropy production is extensive,
as expected.

We continue now by assuming that our system has linear
size L = N1/d , with L large but finite, and that we are in
the vicinity of a phase transition. This could be achieved, for
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example, by tuning the temperature of the thermal bath to
be equal to the critical temperature of the thermodynamic
system, Tc(∞) (for which N ∼ 1023). The finite system
does not exhibit critical behavior, but given that T = Tc(∞),
the system starts to be critical as we increase the value
of N .

To continue, let us also assume that the correlation and
response functions are associated to an order parameter. The
scaling form of the response function depends, for an infnite
system, on the correlation length; however, if the system is
finite the correlation length saturates to L, and one has to
perform a finite-size scaling. In this case the response function
in the frequency domain acquires the following scaling form
[28]:

χ̃ (ω) = L2−ηF (ωLz) = N
2−η

d F1(ωNz/d ), (32)

where F (x) and F1(x) are scaling functions, z is the dynamic
exponent, d is the spatial dimension, and η corresponds to
anomalous dimension exponent. From the previous analysis
one sees that

m̈S(0) = b2Cr (0) = b2
� ∞

−∞

dω

2iπω
χ̃ (ω), (33)

which leads to m̈S(0) = BN
2−η

d , where the constant B =
b2

� ∞
−∞

dx
2iπx

F1(x). Then we should have, if the general
arguments we have developed before apply, that in the
vicinity of a critical point the mean violation fraction
behaves as

�ν(τ,N )� ∼ 1

τN
2−η

2d

. (34)

The previous result is already different from the general
law given by Eq. (20) with α = 1, as should correspond to
this case of constant drive, since (2 − η)/d �= 1 in general.
Furthermore, it could even suggest that in this case the analysis
leading to (20) is incorrect because, as said previously, any
finite N is small if the correlation volume of the system is
infinite. In this case the fluctuations are so important that
the asymptotics of �ν� is not dominated only by the short
times. This fact could also affect the scaling form in the
time variable; i.e., our theory breaks down since the typical
relaxation time of the system diverges in the thermodynamic
limit, which may render the value of the integral

� ∞
0 R(t,N ) dt

infinite.
An interesting case study is, for instance, the mean-field

Ising model in two dimensions. Although it is not a realistic
model, in that case one has (2 − η)/d = 1 exactly since η =
0. Thus, it represents a suitable model system to investigate
whether the scaling law we have derived here continues to
be valid. This analysis should be, by it self, the subject of a
separate work.

VI. CONCLUSIONS

We have introduced and studied the violation fraction as the
total fraction of time that the entropy change during a trajectory
in phase space of a mesoscopic system is negative. We have
focused on the mean value of this quantity, which scales, in the
large-τ -large-N limits, as �ν(N,τ )� ∼ (τN

1
1+α )−1, with α > 0

fixed by the time dependence of the external protocol. Our
results are robust and independent of the specific details of
the energy landscape and the dynamics, as long as the system
remains ergodic, microreversible, and extensive. We have also
justified that in the vicinity of a critical point, this scaling form
should break down.

Our study is, at this point, still incomplete. First, we have
limited our derivation to the case of a system prepared in its
steady state and connected to a single heat bath. In this context,
we have studied the Hatano-Sasa dissipation function, which
is only a particular form of entropy production. On the other
hand, we have characterized only the first moment of the PDF
of the violation fraction. The problem is indeed interesting,
since it may help to understand, for example, how these
small fractions of time that a nanomachine spends consuming
entropy affect its efficiency. Furthermore, some interesting
questions and open problems emerge naturally from this
study. For example, one may wonder if the violation fraction
behaves nontrivially in the vicinity of a critical point. Does
this quantity exhibit singularities in that case? If in the vicinity
of a continuous phase transition the violation fraction grows
and, correspondingly, the occurrence of entropy-consuming
trajectories is enhanced, then could we use this fact to improve
the performance of thermal machines? In our opinion, it is
worth to try to answer these questions.

Additionally it would be interesting to define and study the
violation fraction in terms of the entropy production rate as a
complement to this study in terms of the entropy change. An
open challenge is to derive a symmetry for the full PDF of
the violation fraction in a more general context, relaxing the
necessity of special initial conditions, allowing the system to
be connected to several baths and considering arbitrary forms
of entropy production, and not only the one considered here.
Some of these issues are the subject of a separate paper [29].
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Abstract – The movement of a purely elastic interface driven on a disordered energy potential
is characterized by a depinning transition: when the pulling force σ is larger than some critical
value σ1 the system is in a flowing regime and moves at a finite velocity. On the other hand,
if σ < σ1 the interface remains pinned and its velocity is zero. We show that in the case of a
one-dimensional interface, the inclusion of viscoelastic relaxation produces the appearance of an
intervening regime between the pinned and the flowing phases in a well-defined stress interval
σ0 < σ < σ1, in which the interface evolves through a sequence of avalanches that give rise to
a creep process. As σ → σ+

0 the creep velocity vanishes as a power law. As σ → σ−

1 the creep
velocity increases as a power law due to the increase of the typical size of the avalanches. The
present observations may serve to improve the understanding of fatigue failure mechanisms.

Copyright c� EPLA, 2014

Introduction. – An elastic interface driven through
a disordered energy landscape is a generic model for
many different physical systems, as domain walls in fer-
romagnetic materials [1–3], wetting fronts on a rough
substrate [4,5], seismic fault dynamics [6–8], and crack
propagation [9]. Two generic ways of driving the inter-
face are typically considered. When the interface is forced
to move at a small, constant average velocity, the dy-
namical evolution proceeds through abrupt events called
avalanches. When the elastic interface is driven at con-
stant external stress instead, the dynamics is characterized
by a depinning transition [10]: Below some critical applied
stress σ1 the interface remains pinned, and the configura-
tion is stationary. Above this threshold, the system does
not reach an equilibrium configuration, and the dynamics
proceeds continuously in time, in a flowing regime with a
finite velocity. This velocity critically vanishes as the ap-
plied stress is reduced towards σ1. Within the context of
fracture, the depinning transition is seen as the onset of
crack propagation at a finite velocity, producing the failure
of the material.

The configurations of the system for σ < σ1 correspond
to metastable minima of the total energy. The existence of
these static pinned configurations relies on the absence of
thermal activation mechanisms. If temperature is differ-
ent from zero the energy barriers to escape the metastable
minima are eventually surmounted, and the system can

creep at a finite velocity [11–13]. The velocities generated
by the creep process are much smaller than those of the
flowing regime, so the value σ1 still signals the transition
between a low velocity creep regime and a large velocity
flow regime. In the presence of thermally activated pro-
cesses, the velocity of the interface strictly vanishes only
when σ → 0.

Experimentally, the creep regime may cause fatigue
failure [9,14]1 and is a concern in the performance of me-
chanical components. It may induce failure after a pro-
longed time of service at applied loads well below the
nominal fracture strength. This behavior is captured in
some phenomenological laws, as for instance the Basquin
law [15], that states that the lifetime of a component is
proportional to some negative power of the applied load.
The phenomenology of static fatigue failure typically in-
volves additional features that are not appropriately cap-
tured by the thermal creep mechanism alone. In many
cases a fatigue limit exists, such that there is no pro-
gression of the damage at all if the applied load is be-
low this limit [14]. Theoretical explanations of this fact
have relied upon the existence of healing mechanisms in

1We refer exclusively here to static fatigue failure, that occurs
due to a long time application of a constant load. It must not be
confused with cyclic fatigue processes, in which the failure occurs
due to the interplay of oscillating loads and plastic effects in the
material.
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the material [16–18], that compete with creep, generating
a fatigue limit at a finite applied load.

In this paper we investigate theoretically an alternative
mechanism to thermal creep that can produce the slow
advance of an interface on a disordered media, then giv-
ing insight into the possible mechanisms of fatigue failure
under constant applied loads. The model assumes the ex-
istence of viscoelastic effects in the material. In this case
even if temperature is set to zero, we find that the interface
advances at a finite (but small) velocity in a well-defined
range of the applied stress σ, namely σ0 < σ < σ1. Below
σ0 there is no advance at all, then this value represents
the fatigue limit of the material. The dynamics close to
the fatigue limit can be described as a kind of contact pro-
cess [19]. The advance of the interface in this viscoelastic
creep regime occurs through a sequence of avalanches, that
become progressively larger as σ → σ1, where the creep
regime crosses over to the flow regime. This crossover be-
comes a sharp transition in the limit in which the temporal
scale of the viscoelastic relaxation is much larger than the
scale in which individual avalanches develop. In this last
case the average size of the creep avalanches diverges as
σ → σ1.

The paper is organized as follows. In the second section
we define in detail the viscoelastic model used, and give
details of the numerical simulation technique. Results are
presented in the third section, whereas discussions and
conclusions are contained in the last section.

Model and simulation technique. – As it was al-
ready indicated, the growing of a crack on a material un-
der load, can be described by treating the one dimensional
crack front as an elastic interface that is driven through
a disordered pinning potential, representing the material
imperfections at a microscopic scale (see the discussion
around fig. 34 in [9]). An appropriate model that captures
the essence of this phenomenon is the one-dimensional
quenched Edwards Wilkinson (qEW) model [20] that is
schematically represented in fig. 1(a). The equations that
govern the evolution of the variables hi (representing the
coordinates of the interface) are

η∂thi = Fi + fdis
i (hi) + k1Δhi. (1)

This is an overdamped dynamics for the variables hi,
which are defined on a sequence of discrete sites. Δ indi-
cates the discrete Laplacian, f dis

i (which is negative) rep-
resents the pinning forces at different sites, and Fi is the
driving force on the interface. Note that the elastic inter-
actions in actual cracks are long ranged. The local form
used here (the Laplacian term) is justified on the basis of
its simplicity, and must be considered as a first approxi-
matioin to a more realistic modeling.

In constant force driving, the value of Fi is constant, and
independent of i, and represents the stress applied onto the
system, namely Fi ≡ σ. This is the case in which a criti-
cal stress σ1 exists that separates a pinned regime from a
flowing, depinned regime. In constant velocity driving Fi

Fig. 1: (a) Sketch of the discrete quenched Edwards-Wilkinson
model. (b) The viscoelastic version discussed here. Fi are the
driving forces. Fi ≡ σ in constant force driving, and Fi ≡

k0(V t − hi) in constant velocity driving. (c) Sketch of one of
the sites in the discrete pinning potential used, from which
the pinning forces are obtained: f dis

i (hi) = −dW dis
i /dhi. The

positions of the narrow pinning wells and their strengths are
randomly distributed (see parameters in text).

is chosen to be of the form Fi = k0(V t − hi), represent-
ing a driving at constant velocity V through springs of
stiffness k0. The average stress in the system in this case
is given by σ = k0(V t − hi). Constant velocity driving
corresponds to the application of a constant strain rate in
the fracture context. In the limit of V → 0, the dynam-
ics in the constant velocity case consists of a sequence of
avalanches, that have a typical duration that is propor-
tional to η. We will take formally η → 0, and in this
sense, the avalanches will be considered as instantaneous.
Constant velocity driving is connected with constant force
driving in the limit k0 → 0. In fact, in constant velocity
driving the values of Fi for all i tend to σ1 as k0 → 0 (see
below).

We work in the case of a discrete pinning potential in
which fdis

i (hi) is different from zero only in some discrete
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set of values of hi, that represent the positions of pinning
centers (fig. 1(c)). This is convenient for the numerical im-
plementation, but the results obtained are independent of
this choice. Pinning centers are uncorrelated for different
positions i. Each pinning center is characterized by the
force that is necessary to apply in order to extract a par-
ticle from it. These values are noted f th

i , and are drawn
from a Gaussian distribution with zero mean and unitary
variance. The location of the pinning centers along the h
direction is random, with a mean separation z0 = 0.1.

A viscoelastic version of the qEW model was introduced
in the constant force set up and studied in mean field ap-
proximation by Marchetti et al. [21]. Here we use the
version presented in [22]. The model takes into account
the possibility of relaxation effects in the material, by re-
placing the k1 springs by linear viscoelastic elements, as
depicted in fig. 1(b). The equations of this model in the
constant force setup are given by

η∂thi = fdis
i (hi) + krΔhi + Di + σ, (2)

where σ is the externally applied constant force, and the
additional term Di represents the forces onto hi exerted by
branches containing the kc spring. Di obeys the equation

ηu∂tDi + kcDi = ηukc(Δ∂th)i. (3)

Equation (3) describes the relaxation of the force through
the kc branches, due to existence of the dashpot elements,
characterized by the viscosity constant ηu. The value of
ηu sets a new time scale in the system given by ηu/kc. We
work in the case in which this time scale is much larger
than the typical timescale of individual avalanches, namely
ηu ≫ η. This implies that the solutions to (2), (3) can be
obtained through the following protocol. Given some con-
figuration hi of the interface, Di relax in time according
to

Di(t) = Di(t0) exp (−kct/ηu), (4)

which is the solution to eq. (2) when h’s are kept constant
(as it is the case since the pinning centers are discrete).
This relaxation is followed until the force onto some hi

reaches its threshold value, namely Di + krΔhi +σ = f th
i .

At this point, an avalanche starts at position i, producing
the advance of hi to the next potential well hi ← hi + z
(where z is taken from an exponential distribution with
mean z0 = 0.1), and a corresponding rearrangement of Di

according to

Di ← Di − 2kcz, (5)

Dj ← Dj + kcz, (6)

where j are the two neighbor sites to i, and the value
of f th

i is renewed from its probability distribution. All
successive unstable sites are treated in the same way until
there are no more unstable sites. Note that due to the
time separation condition ηu ≫ η we do not need to care
about eq. (4) during the avalanche. Once the avalanche

Fig. 2: (Colour on-line) The average stress σ as a function of
k0 in constant velocity driving simulations, for the qEW model
(squares, k1 = 1), and the viscoelastic qEW model (circles,
kr = 0.1, kc = 0.9) in one dimension. The bars indicate the
value of the dispersion of σ, which is observed to tend to zero
as k0 → 0. Dotted lines are power law fittings of the form
σ(k0) = σ(0) − αkγ

0 . The best fitted values of σ(0) in the two
cases are σ0 = 1.415, and σ1 = 1.493.

is exhausted, we continue relaxing Di according to eq. (4)
until the next instability.

This scheme is used to study the dynamics of the system
for any value of the applied stress σ. All the simulations
presented below were made in a system of 214 sites, using
periodic boundary conditions. This size is much larger
than the largest size of the avalanches observed.

Results. – In [22], the properties of the viscoelastic
qEW model were studied both in the mean field limit,
and in two spatial dimensions, in the constant velocity
driving case. Here we concentrate on the one-dimensional
case, that we have found behaves very differently to the
higher-dimensional cases discussed in [22] (the reason of
this difference is briefly discussed in the conclusions). As a
preliminary result, we show in fig. 2 results for the average
stress and its fluctuation across the surface in constant
(vanishingly small) velocity driving through a spring of
value k0 (see footnote 2).

Results are shown for a viscoelastic qEW model with
kr = 0.1, kc = 0.9, and for a reference qEW model, with
k1 = kr +kc = 1. We see that in the two cases, the fluctu-
ations of σ across the whole interface (represented as bars
in fig. 2) tend to zero as k0 → 0, indicating a convergence
to a constant force driving scenario in both cases in this
limit. A fundamental fact of the one-dimensional model is
that the limiting value σ0 for the viscoelastic qEW model
is lower than the value σ1 for the standard qEW model.

On the basis of the these results we will now describe
the behavior of the viscoelastic model in the constant force
set up. If σ is sufficiently large, there is not any stationary
solution to eq. (2). This means that the system evolves by
a single avalanche that lasts forever. The dynamics of this

2The numerical algorithm in this case is a slight generalization
of the one presented in the previous section. Details can be seen
in [22].
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Fig. 3: Velocity as a function of stress in the creep regime. The
vertical dotted lines indicate the values of σ0 and σ1 from the
fits in the previous figure.

avalanche develops in a time scale of the order of η. In our
time units in which η → 0, we will consider this velocity as
diverging, v → ∞. As this dynamics is much more rapid
than the viscoelastic one, the dashpots remain blocked
during the evolution. This means that in this regime the
model behaves as a standard qEW model with an effective
elastic constant k1 of value k1 = kr + kc. The value σ1 in
fig. 2 is precisely the depinning stress of this elastic model,
so this regime occurs for all σ > σ1. In the opposite limit of
small σ, namely σ < σ0, the interface reaches a stationary
configuration in which it remains pinned, and its velocity
is zero.

The intermediate regime σ0 < σ < σ1 is the viscoelas-
tic creep regime in which we are mostly interested here.
We present in fig. 3 the results of numerical simulations
in which a constant σ is applied, and the average velocity
of the interface is measured. The vanishing of the veloc-
ity as σ → σ0 is clearly observed in this plot. In the
range σ0 < σ < σ1 the velocity of the interface remains
finite (and proportional to η−1

u ), indicating that the in-
terface does not reach any globally stable configuration.
As σ → σ1 we observe a divergence in the velocity. This
divergence actually signals the transition from a velocity
that is order η−1

u for σ < σ1, to one of the order of η−1 for
σ > σ1. We are interested in characterizing in more detail
this intermediate creep regime of the dynamics.

The advance of the interface for σ0 < σ < σ1 occurs
through abrupt avalanches, that are instantaneous for our
choice η → 0. During avalanches the stretching of the
dashpots remain fixed. Immediately after an avalanche,
the dashpots are unrelaxed, an tend to equilibrium in a
time scale of the order of η−1

u . This relaxation triggers
eventually new avalanches that maintain the interface in
motion forever. This is the mechanism that generates a ve-
locity of the order of ηu, in the creep regime σ0 < σ < σ1.

Each avalanche can be characterized by the spatial co-
ordinate i at which it starts, its time of occurrence t and
its size S, that is defined as the sum of the displacements
of all sites that participate in it. An important quantity to
consider is the size distribution of avalanches N(S), such
that N(S)dS is the number of avalanches in the interval

Fig. 4: (Colour on-line) Velocity (squares) as a function
of stress and its decomposition as the ratio of an average
avalanche size S and an inter-avalanche time t0. The two
plots highlight the power law dependencies for σ → σ0(a)
and σ → σ1(b). In (a) the expected result of the velocity
as σ → σ0 for a directed percolation process is indicated by
the dashed line. In (b), the dashed line shows the expected
behavior of S as σ → σ1 from the results of a qEW model with
k1 = kr + kc = 1. The values of σ0 and σ1 here are those
obtained from fig. 2.

[S, S + dS] per unit of time and unit of length in the sys-
tem. The velocity of the interface can be written in terms
of N(S) as

v =

�
SN(S)dS. (7)

It is convenient to introduce an average time t0 be-
tween avalanches (per unit of system length), such that
t0 = (

�
N(S)dS)−1. We can then write v as v = S/t0

where S ≡

�
SN(S)dS/

�
N(S)dS is the average size of

avalanches. In fig. 4 we plot the results for t0 and S from
the numerical simulations. As we see, a divergence of S
controls the divergence of velocity for σ → σ1, whereas a
divergence of t0 controls the vanishing of v for σ → σ0.

The size distribution of avalanches for different values
of σ is presented in fig. 5. We observe the development of
a critical distribution as σ → σ1, with a decaying expo-
nent τ ≃ 1.11, which is similar to that corresponding to
the qEW model. The scaling of the curves as σ → σ1 is
rather well described by the qEW values also (fig. 5, in-
set). An examination of the epicenters of the avalanches in
the present case, reveals that they are not temporally nor
spatially correlated. This seems reasonable in this regime:
if one large avalanche is triggered, relaxation may produce
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Fig. 5: (Colour on-line) The size distribution of avalanches in
the creep regime, for different values of σ, as indicated. The
inset shows the scaling of the curves using the known exponents
of the qEW model.

Fig. 6: (Colour on-line) Size distribution of avalanches in the
viscoelastic qEW model in the creep regime, compared with the
distribution of avalanches in the standard qEW model driven at
constant force, in which the avalanches are randomly triggered
(pairs of curves at different σ have been vertically displaced for
clarity). The distributions in the two cases tend to coincide as
σ → σ1 ≃ 1.493.

a subsequent avalanche essentially in any point affected by
the first one, not necessarily close to the epicenter of the
first one. This makes plausible that the size distribution
obtained coincides with that of the normal qEW model:
the avalanches in the limit σ → σ1 are equivalent to those
of a normal qEW model with constant force driving, in
the case in which avalanches are triggered in random po-
sitions of the system. In fact, a direct comparison of the
two cases (fig. 6) confirms this equivalence.

Exploiting this equivalence, we can analyze further the
results in fig. 4(b). For the qEW model, the divergence
of S as σ → σ1 is given by (see the standard definitions
of the exponents in [23]) S ∼ S2−τ

max ∼ (σ1 − σ)ν(2−τ)(1+ζ).
Using the known values of the exponents for the qEW
model we obtain S ∼ (σ1 − σ)2.7. This dependence of
S on σ → σ1 controls the divergence of v, as the time
between avalanches t0 becomes constant in this limit. In
fig. 4(b) we can see in fact that the behavior of the creep
velocity is compatible with this analysis.

When σ is reduced towards σ0, the mean size of
avalanches remains finite, as fig. 4(a) shows. This implies

Fig. 7: Epicenters of the events across the system as a func-
tion of time, for σ = 1.4152. The characteristics of a contact
process, in which new events are activated by previous nearby
ones, is apparent.

that spatial correlations between consecutive avalanches
must be observed, as the relaxation of the dashpots can
only trigger new avalanches in the close vicinity of regions
affected by a previous one. In addition, the vanishing of
the creep velocity as σ → σ0 implies a divergence of the
average inter-avalanche time t0. It is interesting to look
at the spatial distribution of avalanches to see how this
happens. We thus run a simulation for σ close to σ0, and
once a stationary creep situation is achieved, plot the lo-
cation of the epicenters of every event in the system, as a
function of time. The result, presented in fig. 7, reveals
a striking spatial structure. Those parts of the system
that are active at some particular time, continue to trigger
avalanches in neighboring places, at a non-singular rate.
There are also large spatial and temporal regions that are
free of avalanches. As σ is reduced, it is observed that the
parts of the system that remain active are more sparse,
making the average inter-avalanche time increase.

These findings clarify the way in which creep velocity
vanishes as σ0 is approached. The structure in fig. 7 re-
veals the existence of a contact process [19], in which a
given avalanche can activate posterior ones within a time
interval of the order of ηu, and no further away than
the maximum extension of avalanches (which is limited
to about 200 lattice sites for the parameters used here).
Although we do not have any other strong evidence, we
want to stress the visual similarity of the spatial structure
of the epicenter’s location in fig. 7 and the structure of a
directed percolation process in the active phase (see [19]).
If the limit σ → σ0 is in fact in the directed percolation
universality class, the velocity of the interface (which is
proportional to the density of events in fig. 7) must fol-
low a law v ∼ (σ − σ0)

β , with β ≃ 0.277. Our results
are not inconsistent with this dependence (see fig. 4(a)),
but further analysis is necessary to put it on more solid
grounds.

Discussion and conclusions. – In this paper we
have analyzed the possibility to describe a fatigue crack
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growth situation at constant applied load by modeling
the advance of the crack edge through a viscoelastic qEW
model. In the absence of any thermally activated effects,
we have seen that three clearly separated regimes appear
as a function of the applied load: no crack advance if
σ < σ0, unstable crack advance (that describes rapid
breaking of the system) if σ > σ1, and a creep regime
if σ0 < σ < σ1, where the crack velocity is controlled by a
viscosity coefficient ηu.

We have analyzed in detail the dynamics of the model in
the creep regime. Our model displays naturally a fatigue
limit σ0 below which the advance of the crack is completely
halted. As the stress is diminished towards the fatigue
limit σ0, the velocity vanishes as a power law. We have
interpreted this behavior in terms of a contact process in
which one avalanche can give rise to successive ones within
a limited spatial range, and in a typical time controlled by
ηu. As σ → σ1 the velocity diverges (in the scale of ηu) as
a power law, until the unstable crack growth regime sets
in for σ > σ1.

The results presented were obtained for the case of a
one-dimensional interface. Although this is the situation
of interest to model the crack growth within a solid, it
is interesting to ask why the two- or larger-dimensional
model does not display the same behavior. The immedi-
ate answer is that the curves equivalent to those in fig. 2
show that σ0 > σ1 in higher dimensions, thus the regime
σ0 < σ < σ1 simply does not exist. The reason of this
difference, that will be elaborated elsewhere, is qualita-
tively the following. Relaxation can be seen as the ad-
justment of the rest lenght of the spring that are in series
with the dashpots. In two dimensions or higher, this ad-
justment generates a configuration of the system that is
more strongly pinned than in the absence of relaxation,
thus making the value of σ0 larger than σ1. In one di-
mension instead, the change of rest lenght of the springs
does not produce a more strongly pinned configuration.
In the end, this implies that σ1 is larger than σ0 in one
dimension.

Compared with the thermal creep case [13], the most
striking difference of the model studied here is the exis-
tence of a fatigue limit, corresponding to a stress below
which the time to failure of the system is truly infinite.
This behavior, which has been observed experimentally in
different materials [14] has been explained before relying in
ad hoc healing mechanisms [16–18]. Our model provides
an alternative possible explanation for this phenomenon
that appears exclusively because of the microscopic dy-
namics of the model. The presented mechanism of visco-
elastic creep may thus serve to improve our understanding
of failure mechanisms of solids under constant stress.
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We report on the emergence of laser-induced chiral edge states in graphene ribbons. Insights on the nature of
these Floquet states is provided by an analytical solution which is complemented with numerical simulations of
the transport properties. Guided by these results we show that graphene can be used for realizing nonequilibrium
topological states with striking tunability: while the laser intensity can be used to control their velocity and decay
length, changing the laser polarization switches their propagation direction.

DOI: 10.1103/PhysRevB.89.121401 PACS number(s): 73.22.Pr, 72.80.Vp, 73.20.At, 78.67.−n

Introduction. Topological insulators (TI) [1,2] are an exotic
family of materials [3] where a bulk gap is bridged by edge
states which propagate even in the presence of disorder,
thereby providing a potentially outstanding platform for
quantum computation [4,5] or spintronics [6], among many
other applications [2]. Graphene [7–9], on the other hand,
has emerged as a novel material with record electronic [10],
thermal [11], mechanical, and optical properties [12–15].
Endowing graphene with protected edge states would unite
the best of both materials.

Since graphene is a zero gap semiconductor a very first step
is the creation of a bulk band gap. Predictions indicate that a
circularly polarized laser can do this task [16–20]—this was
verified by a recent experiment at the surface of a TI [21].
Although laser induced band gaps appear both at the Dirac
point [22,23] and away from it, the most promising ones are the
latter [24], also called dynamical gaps [25], which occur at half
the photon energy (��) above/below the Dirac point and can
be reached within an experimentally relevant set of parameters
[19] (n ∼ 2.5 × 1011 cm−2 for �� = 100 meV, λ ∼ 10 μm).
Once the bulk gap opens, one should look for Floquet edge
states (FES). Such intriguing states were proposed in [26–28]
and realized recently in photonic crystals [29], but experiments
were not reported in condensed matter so far. Crafting FES
within dynamical gaps in graphene would extend the realm of
Floquet topological insulators (FTI) [26,30] and lead to a new
playground for optoelectronics [12,31].

Here we show how chiral edge states emerge at the
dynamical band gaps in graphene. To such end we use Floquet
theory (FT) and combine numerics with an explicit analytical
solution for the edge states. Our analysis reveals that these
states decay exponentially towards the bulk with a decay length
that depends only on the ratio of the field’s frequency and its
intensity. More importantly, these FES turn out to be chiral,
i.e., all the states on each edge of the sample propagate in the
same direction, like in one-way streets. Additional simulations
of charge transport confirm the edge states’ robustness against
disorder, highlighting their chirality.

Model for irradiated graphene and Floquet theory. To start
with let us introduce our model Hamiltonian for irradiated
graphene. By using Weyl’s gauge the electromagnetic field

*Corresponding author: lfoa@famaf.unc.edu.ar

(incident perpendicular to the graphene sheet) is modeled
through a vector potential A(t) = Re{A0e

i�t }. We take A0 =
A0(x̂ + i ŷ) that yields a circularly polarized field. The inter-
action with the laser is modeled through the Hamiltonian

Ĥ(t) = vF σ ·
�

p + e

c
A(t)

�
, (1)

where vF � 106 m/s denotes the Fermi velocity and σ =
(σx,σy) the Pauli matrices describing the pseudospin degree
of freedom—the real spin does not play a role here.

Given the time periodicity of the Hamiltonian, we resort
to FT [32,33]. The main advantage is that it provides a
nonperturbative solution, as required in our case. The solutions
of the time-dependent Schrödinger equation are of the form
ψα(r,t) = exp(−iεαt/�)φα(r,t), where φα(t) has the same
time periodicity as the Hamiltonian, φα(t + T ) = φα(t) with
T = 2π/�, and is the solution of ĤF φα(t) = εαφα(t), where
ĤF = Ĥ − i� ∂

∂t
is the Floquet Hamiltonian and εα determine

the quasienergy spectrum. This is essentially an eigenvalue
problem in the space R ⊗ T , where R is the usual Hilbert
space and T is the space of periodic functions with period
T [spanned by the set of orthonormal functions exp(im�t),
where m is an integer that labels the Floquet replicas]. Written
in this basis, ĤF is a time-independent infinite matrix where
only the replicas with �m = ±1 are coupled by the radiation
field. The solutions can be obtained by truncating the Floquet
basis, keeping only the replicas with |m| � Nmax and choosing
Nmax so that desired magnitudes converge. Then one can
compute the average density of states, the dc conductance,
and all physical quantities of interest [32,34]. Whereas the
Dirac Hamiltonian (1) is suitable for analytic calculations at
low energies, in some cases, as for transport calculations,
numerically solving the more complete tight-binding model
is more convenient [19]. Here we use both methods.

Unveiling the emergence of a Floquet topological phase.
Thanks to graphene’s peculiar electronic structure, a laser can
induce a resonant coupling between electronic states for any
frequency in the range of interest (�� � 150 meV). Indeed,
there is always a state below the Dirac point that can be
coupled to a corresponding state above the Dirac point with
the excess energy being released or absorbed by the laser field.
When looked at from the viewpoint of FT, these two states are
degenerate (belonging to different replicas) and are split by the
laser field. This leads to the possibility of creating a bulk band

1098-0121/2014/89(12)/121401(5) 121401-1 ©2014 American Physical Society
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FIG. 1. (Color online) (a) Scheme of the setup: a laser of fre-
quency � illuminates a section of an eventually disordered graphene
ribbon. The circular polarization is shown to induce chiral edge states
(b)–(d). Typical evolution of the quasienergy dispersion as the system
width W is increased [(b) W = 21.3 nm, (c) W = 42.6 nm, and
(d) W = 426 nm] obtained from a numerical solution of (1). The
laser frequency in this plot is �� = 0.2γ0 and Nmax = 2. The color
indicates the weight contributing to the average density of states. Note
that there is also a minigap [24] at the Dirac point which was studied
in [22,23] but which is negligible for this parameter range. Enhancing
this feature would require a much higher frequency and a laser power
6–7 orders of magnitude larger [22] than in this proposal.

gap through a laser excitation as described in [16], reaching
experimentally accessible magnitudes in the midinfrared range
[19] (as recently observed [21]). In the following we explicitly
show that these bulk band gaps are accompanied by chiral FES
[35].

Figures 1(b)–1(d) show the quasienergy dispersion of
zigzag ribbons, described with Hamiltonian (1), in the presence
of a circularly polarized laser. Among the many states in
the Floquet spectrum only those with a weight on a given
channel, say the m = 0 channel, determine the gap in the
time-averaged density of states. This weight is shown in color
scale in Figs. 1(b)–1(d). As the ribbon width increases one can
follow the emergence of states bridging the bulk band gap.

Figures 2(a) and 2(b) show that these states are localized on
the edges of the graphene ribbon and, more importantly, that
each band (shown with red and blue colors) corresponds to
states localized on opposite edges of the sample. Besides the
exponential decay towards the bulk, they also present an oscil-
latory component as seen in Fig. 2. In contrast to the usual edge
states found in zigzag nanoribbons [10,36,37], these FES are
away from the Dirac point and are topologically protected as
we discuss below. They are present for any ribbon termination
(we checked this numerically for a few cases, not shown).

While Figs. 1(b)–1(d) were calculated for a single Dirac
cone, Figs. 2(a) and 2(b) confirm that each Dirac cone (at K

and K �) supports similar states. The states propagating along a
given border have the same sign of ∂εα/∂k whether they come
from around K or K �. Therefore, on each edge they propagate
in the same direction.

Analytical solution for the FES in graphene. What drives
the transition in Figs. 1(b)–1(d), and what is the nature of the
emerging states? To rationalize this behavior we solve for the
eigenstates of the Floquet Hamiltonian for zigzag ribbons in
the limit of low laser power and large ribbon width and obtain
explicit analytic solutions for the FES. The details will be
presented elsewhere; we now give the main results.

Since radiation does not couple the two inequivalent
Dirac points (K and K �), we can solve for each of them
separately. By restricting to the subspaces with m = 0 and
m = 1, the dominant channels near the dynamical gap, the
eigenstates of the Floquet equation HF � = ε� near, say,
K involve the four-component wave function �(r) =
{u1A(r),u1B(r),u0A(r),u0B(r)}; here 0 and 1 stand for the
Floquet channel index and A and B for the inequivalent

(    )

 (       )

(a)

(    )

 (       )

(b) (c)

(
)

( 
   

)

K K'

FIG. 2. (Color online) Quasienergy dispersion versus k in the neighborhood of the K [(a) inset] and K � [(b) inset] points. The weight on
the m = 0 Floquet channel is shown in color scale from white (zero) to black (one). The FES bridging the gap at ��/2 which have a weight
close to 0.5 are highlighted with red and blue. The spatial distribution of the probability density for those states at each valley (for the A sites)
is shown in color scale in the respective main frames. Panel (c) shows a cut along the map shown in (a) for εα = 0.15γ0, this time including
type A and B sites (squares and circles) as well as the result from the analytical calculation (dashed and solid lines). The results correspond to
circularly polarized light with �� = 0.3γ0 and η = 0.05 and a zigzag graphene ribbon with W = 213 nm.
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lattice sites—the full time dependent solution is ψ(r,t) =
exp(−iεt/�)φ(r,t) = exp(−iεt/�)

�
m,i exp(im�t)umi(r).

The boundary conditions imply that the wave function has
to vanish at the sample edges umB(x = 0) = 0 and umA(x =
W ) = 0. As we look for solutions localized on the edges of
the sample we do not need to impose both conditions simul-
taneously in the wide sample limit (defined below) but only
one of them. We find that the components of these eigenstates
have the simple form umi(r) = C eikyyeqxSmi(x)—here C is a
normalization constant and Smi(x) a trigonometric function.
Therefore, the solutions are propagating along the ribbon
direction (y) and decay as they penetrate into the sample.

The quasienergy dispersion of the edge states near the center
of the dynamical gap can be approximated by

ε

��
≈ (1 + 2η2)

2(1 + η2)
± η

2(1 + η2)

ky

k0
, (2)

where the adimensional parameter η = evF A0/c�� is a
measure of the strength of the electron-photon coupling
and �vF k0 = ��/2—the gap is defined by |ε − ��/2| �
��η/2

�
1 + η2. The expressions for the eigenstates become

simpler at the center of the dynamical gap (ε = ��/2). In this
case, the solutions vanishing at umB(x = 0) = 0 are

�K,−(r) = e−iy/2ξe−x/2ξ

�
1

2ξLy

{− cos k0x

+ 2η sin k0x,i sin k0x,i cos k0x,− sin k0x}, (3)

while the ones vanishing at the opposite edge umA(x = W ) =
0 have the form

�K,+(r) = e−iy/2ξex̃/2ξ

�
1

2ξLy

×{i sin k0x̃,− cos k0x̃, sin k0x̃,− cos k0x̃

− 2η sin k0x̃}. (4)

Here x̃ = x − W and Ly is the length of the sample. The
oscillation frequency set by the parameter k0 depends on the
laser frequency and on the graphene’s Fermi velocity. For a
midinfrared laser with �� ∼ 100 meV, this leads to an spatial
modulation with period of ∼2 nm.

Strikingly, the decay rate is governed by the length scale
ξ = ��/eE0, which is independent of graphene’s microscopic
parameters, being of the order of 50 nm for a laser of
5 mW/μm2—here E0 = �A0/c is the amplitude of the
radiation field. This result is consistent with the fact that
ξ ∼ �vF /�, where � ∼ evF A0/c is the size of the bulk
quasienergy gap.

We notice that the edge states require a ribbon width W � ξ

to develop; otherwise, they couple to each other and split [as in
Figs. 1(b) and 1(c)]. Figure 2(c) shows the excellent agreement
between the numerical results (squares and circles) and the
analytical solution (dashed and solid lines).

It follows from Eq. (2) that the average velocity of the edge
states along the ribbon’s edge is given by

vES = ± η

1 + η2
vF , (5)

where the plus (minus) sign corresponds to Eq. (3) [Eq. (4)]
[38]. Thus the FES (of the K cone) located at the opposite
sides of the sample have opposite velocities.

Interestingly enough, similar results are obtained from the
analytical solutions corresponding to the K � point as can be
anticipated from Figs. 2(a) and 2(b) (inset). The important
result is that the edge states coming from both Dirac cones
propagate in the same direction on a given side of the sample.
That is, these FES are chiral and topologically protected and
they are expected to exhibit a Hall response [16,39]. Since the
propagation direction is set by the circularly polarized laser,
it can be reversed by changing from, say, left to right handed
polarization and so will do the Hall response.

The presence of two chiral modes is also supported by the
calculation of the Chern numbers associated with HF keeping
the m = 0,1 replicas [35]. Including other replicas introduces

FIG. 3. (Color online) Spatial distribution of the total transmis-
sion probabilities between point probes located sites s1 on layer L

and s2 on layer R. These layers are located 63 nm from each other
and are marked with dashed lines in the insets. s1 is taken as the
second atom counting from the left [panels (a), (c), and (e)] or from
the right [panels (b), (d), and (f)] and are marked with a red dot on
the insets. The x coordinate of s2 on layer R is the horizontal axis
in these plots (acc is the carbon-carbon distance). The transmission
probabilities Ts1→s2 and Ts2→s1 are shown as blue and red points,
respectively, and are normalized to their maximum value. Panels (a)
and (b) are for a pristine sample (106 nm wide) irradiated with circular
polarization (�� = γ0, η = 3/16) and with a Fermi energy close to
the center of the dynamical gap (ε = 0.497 × ��). The black dashed
lines are exponentials with a decay rate of 1/ξ , as indicated by the
analytical solution. In panels (c) and (d) random vacancies at 0.1%
are introduced between layers L and R, while in (e) and (f) a strip
2 nm wide and 15.7 nm long was cut from the right side of the sample.
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additional edge modes (increasing the value of the Chern
invariant) but those, having a negligible weight on the m = 0
subspace, do not contribute to the dc properties. For elliptical
polarization, the results remain qualitatively the same.

Chirality and robustness against disorder. We have pre-
sented both an analytical solution and numerical results
confirming the emergence of FES within the dynamical gaps
in graphene. But can we numerically test the chirality of these
states? For that we use a setup involving transport through local
probes: we include weakly coupled probes to two different
sites of the irradiated sample (s1,s2) separated by a distance
d along the y direction and compute the total transmission
probability between those points [34,39] (see Supplemental
Material [40]). If the states are chiral we expect a strong
directional asymmetry between the transmission probability
from left to right Ts1→s2 and vice versa Ts2→s1 —blue and
red curves, respectively, in Fig. 3. Panels 3(a) and 3(b), that
correspond to pristine graphene, show that there is a marked
directional asymmetry in the propagation of the Floquet states,
a hallmark of their chiral nature.

Panels 3(c) and 3(d) test the robustness against vacancies
included at random in between layers L and R with a density
of 0.1%. Although the defects produce a small amount of edge
to edge scattering, the states remain chiral to a high extent.
The same disorder configuration leads to about 40% of the
electrons to be backscattered in the absence of radiation. In
Figs. 3(e) and 3(f) a strip 2 nm wide and 15.7 nm long was
cut from the right side of the sample in between L and R

as shown in the insets. Once more, the spatial distribution
of the transmission is not being compromised. This supports
the conclusion that FES behave as one-way channels where
transport is robust against defects.

Final remarks. We have shown how chiral FES emerge
inside the dynamical gaps created by the same laser field in
graphene. Our analytical expressions for the FES demonstrate
that the decay length of these peculiar states is governed only
by the applied circularly polarized laser. Further simulations
confirm their chirality and highlight their robustness to
structural disorder.

Our results indicate that a realization of such topological
phase is, though experimentally challenging, feasible in
graphene. For a CO2 laser with λ ∼ 9.3 μm (�� ∼ 133 meV),
at temperatures of about 4 K a bulk band gap in excess of
kBT can be achieved for a laser power of about 5 mW/μm2.
Furthermore, for a midinfrared laser the energy shift required
to reach the dynamical gaps is in the order of 50–70 meV,
a value that can be reached with a standard gate applied to
the sample (n ∼ 3 × 1011 cm−2). Our results may point a way
towards novel devices with great tunability and robustness
against disorder.
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L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318,
766 (2007).

[4] J. E. Moore, Nature (London) 464, 194 (2010).
[5] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das

Sarma, Rev. Mod. Phys. 80, 1083 (2008).
[6] I. Zutic, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323

(2004).
[7] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I.

Katsnelson, I. V. Grigorieva, S. V. Dubonos, and A. A. Firsov,
Nature (London) 438, 197 (2005).

[8] Y. Zhang, Y.-W. Tan, H. L. Stormer, and P. Kim, Nature (London)
438, 201 (2005).

[9] A. K. Geim, Science 324, 1530 (2009).
[10] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov,

and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).
[11] A. A. Balandin, S. Ghosh, W. Bao, I. Calizo, D. Teweldebrhan,

F. Miao, and C. N. Lau, Nano Lett. 8, 902 (2008).
[12] F. Bonaccorso, Z. Sun, T. Hasan, and A. C. Ferrari, Nat Photon.

4, 611 (2010).
[13] F. Xia, T. Mueller, Y.-m. Lin, A. Valdes-Garcia, and P. Avouris,

Nat. Nano 4, 839 (2009).
[14] L. Ren, Q. Zhang, J. Yao, Z. Sun, R. Kaneko, Z. Yan, S. Nanot,

Z. Jin, I. Kawayama, M. Tonouchi, J. M. Tour, and J. Kono,
Nano Lett. 12, 3711 (2012).

[15] K. J. Tielrooij, J. C. W. Song, S. A. Jensen, A. Centeno,
A. Pesquera, A. Zurutuza Elorza, M. Bonn, L. S. Levitov, and
F. H. L. Koppens, Nat. Phys. 9, 248 (2013).

[16] T. Oka and H. Aoki, Phys. Rev. B 79, 081406 (2009).
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Nonequilibrium self-energies, Ng approach, and heat current of a nanodevice for small bias
voltage and temperature
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Using nonequilibrium renormalized perturbation theory to second order in the renormalized Coulomb
repulsion, we calculate the lesser �< and and greater �> self-energies of the impurity Anderson model, which
describes the current through a quantum dot, in the general asymmetric case. While in general a numerical
integration is required to evaluate the perturbative result, we derive an analytical approximation for small
frequency ω, bias voltage V , and temperature T , which is exact to total second order in these quantities. The
approximation is valid when the corresponding energies �ω, eV , and kBT are small compared to kBTK , where
TK is the Kondo temperature. The result of the numerical integration is compared with the analytical one and
with Ng approximation, in which �< and �> are assumed proportional to the retarded self-energy �r times an
average Fermi function. While it fails at T = 0 for �|ω| � eV , we find that the Ng approximation is excellent
for kBT > eV/2 and improves for asymmetric coupling to the leads. Even at T = 0, the effect of the Ng
approximation on the total occupation at the dot is very small. The dependence on ω and V are discussed in
comparison with a Ward identity that is fulfilled by the three approaches. We also calculate the heat currents
between the dot and any of the leads at finite bias voltage. One of the heat currents changes sign with the applied
bias voltage at finite temperature.

DOI: 10.1103/PhysRevB.89.125405 PACS number(s): 72.15.Qm, 73.21.La, 75.20.Hr

I. INTRODUCTION

Progress in nanotechnology has led to the confinement
of electrons into small regions, where the electron-electron
interactions become increasingly important. Therefore the
interpretation of transport experiments at finite bias voltage
V , for example, different variants of the Kondo effect in
transport through quantum dots (QDs) [1–8], requires the
theoretical treatment of the effects of both, nonequilibrium
physics and strong correlations. This problem is very hard
and at present only approximate treatments are used that have
different limitations [9–11].

For nonequilibrium problems, perturbation theory is per-
formed on the Keldysh contour, in which the time evolves
from t0 → −∞ in which the system is in a well defined state
and the perturbation is absent, to t → +∞ in one branch and
returns to the initial state at t0 on the other branch of the contour.
Thus the position in the contour is not only given by the time,
but also by a branch index. See, for example, Ref. [12] from
which we borrow the notation. As a consequence, there are
four different one-particle Green functions depending on the
branch index of the creation and annihilation operators. They
can be classified as retarded, advanced, lesser and greater (Gr ,
Ga , G<, and G>, respectively). Similarly, the Dyson equation
leads to four self-energies �r , �a , �<, and �> [9,12].

In general, it is more difficult to approximate the lesser
and greater quantities than the retarded ones. Ng proposed an
approximation in which the lesser and greater self-energies
�< and �> are proportional to average distribution functions
[f̃ (ω) and f̃ (ω) − 1, respectively, see Sec. IV] with the
same proportionality factor [13]. A consistency equation
[Eq. (11)] imposes that this factor is the imaginary part of the
retarded self-energy �r . Therefore this approximation permits

*aligia@cab.cnea.gov.ar

to reduce the problem to the calculation of retarded quantities
only. The Ng approximation has been used in many different
subjects, like Andreev tunneling through strongly interacting
QDs [14], spin-polarized transport [15–17], first-principles
calculations of correlated transport through nanojunctions
[18], thermopower [19], decoherence effects [20] and scaling
[21] in transport through QDs, magnetotransport in graphene
[22], asymmetric effects of the magnetic field in an Aharonov-
Bohm interferometer [23], and shot noise in QDs irradiated
with microwave fields [24]. Therefore it is of interest to test
this approximation and establish its range of validity. In a
recent paper [25], is was claimed that Ng approximation
(Sec. IV) is exact at low energies. In a Comment to this work,
we have argued that it is not the case [26]. In their Reply
[27], the authors claim that our analytical result for �< for
zero temperature derived previously does not satisfy a Ward
identity, but a direct calculation shows that it does [28,29].
This will be shown for all temperatures in Sec. III A 2.

One of the approaches used to study the impurity Anderson
model (IAM) out of equilibrium is Keldysh perturbation theory
in the Coulomb repulsion U [9,30–33]. However, it is restricted
to small values of U . Instead, in renormalized perturbation
theory (RPT) [34], the renormalized repulsion �U is always
small allowing for a perturbation expansion even if U → ∞.
A calculation of �r to second order in �U leads to the exact
result to total second order in frequency ω, bias voltage V , and
temperature T in terms of thermodynamic quantities, or the
renormalized parameters, which can be obtained from exact
Bethe ansatz [36] or numerical-renormalization-group (NRG)
[37,38] calculations at equilibrium. This �r has been used to
obtain the exact form of the conductance through a quantum
dot to total second order in V and T for the electron-hole
symmetric (EHS) IAM with symmetric voltage drops and
coupling to the leads [36]. These results are valid for eV

and kBT small compared to kBTK , where TK is the Kondo
temperature. Motivated by recent experiments searching for
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universal scaling relations for the conductance [4,39], further
developments were made [21,40–43], but concentrated mainly
on the EHS case.

Besides, thermal properties of quantum dots have been
studied before [19,44–48], but concentrated mainly on the
linear response regime of vanishing voltage and temperature
gradient.

In this work, we calculate the lesser and greater self-
energies of the IAM in the general (not EHS) case, for different
(symmetric and asymmetric) coupling to the leads, using RPT
to second order in �U . The result is compared with the Ng
approximation for different temperatures. We derive an exact
analytical expression for small ω, V , and T (to total second
order), useful when the corresponding energies �ω, eV , and
kBT are small compared to kBTK . We also calculate the heat
currents between the dot and any of the leads at finite bias
voltage and the same temperature for both leads. At T = 0,
an exact analytical expression is provided to third order in
eV/(kBTK ). For finite temperature, a nonmonotonic behavior
of one of the currents is obtained as a function of V .

The paper is organized as follows. In Sec. II, we describe
the system and the IAM used to represent it. In Sec. III,
we review briefly the formalism of the RPT and obtain the
analytical expressions for �< and �> for small energies. In
Sec. IV, we describe the Ng approximation. Section V contains
a discussion on the conservation of the current. In Sec. VI, the
results for �<(ω) calculated with RPT to second order in
the renormalized Coulomb repulsion are compared with the
Ng approximation and the analytical expression at different
voltages and temperatures. In Sec. VII, we show how the
bias voltage originate heat currents. Section VIII contains a
summary and discussion.

II. MODEL

We use the IAM, to describe a semiconductor QD or a
single molecule attached to two conducting leads, with a bias
voltage V applied between these leads. The Hamiltonian can
be split into a noninteracting part H0 and a perturbation H � as
[9,49]

H = H0 + H �,

H0 =
�

kνσ

εkν c
†
kνσ ckνσ +

�

σ

εσ
eff ndσ

(1)
+

�

kνσ

(Vkν c
†
kνσdσ + H.c.),

H � =
�

σ

�
Ed − σμBB − εσ

eff

�
ndσ + U nd↑nd↓,

where ndσ = d†
σ dσ , and ν = L,R refers to the left and

right leads, respectively. In general, εσ
eff is determined self-

consistently, except for the electron-hole symmetric (EHS)
case (Ed = μ − U/2) with magnetic field B = 0, for which
εσ

eff = μ [9,31], where μ is the Fermi level, which we set as
zero in the following.

We write the chemical potentials of both leads in the form

μL = αLeV , μR = −αReV, (2)

where αL + αR = 1. Similarly, the couplings to the leads
assumed independent of frequency are expressed in terms of
the total resonant level width � = �L + �R as (we take � = 1
in what follows)

�ν = π
�

k

|Vkν |2δ(ω − εkν) = βν�. (3)

III. RENORMALIZED PERTURBATION THEORY

The basic idea of RPT is to reorganize the perturbation
expansion in terms of fully dressed quasiparticles in a Fermi
liquid picture [34]. The parameters of the original model are
renormalized and their values can be calculated exactly from
Bethe ansatz results, or accurately using NRG. One of the
main advantages is that the renormalized expansion parameter
�U/(π��) is small. In the EHS case �U/(π��) � 1, being 1 in the
extreme Kondo regime (U = −2Ed → ∞) [34,36]. Within
RPT, the low-frequency part of Gr

dσ (ω) is approximated as [34]

Gr
dσ (ω) � z

ω −�εσ
eff + i�� − ��r

σ (ω)
, (4)

where �� = z� is the renormalized resonant level width, z is
the quasiparticle weight, �εσ

eff is the renormalized level energy
and ��r

σ (ω) is the renormalized retarded self-energy (with
��r

σ (0) = ∂��r
σ (ω)/∂ω = 0 at V = ω = 0). �� is of the order

of kBTK , where TK is the Kondo temperature.
The spectral density of d electrons is ρσ (ω) =

−ImGr
dσ (ω)/π . The free quasiparticle spectral density of d

electrons is given by

�ρσ
0 (ω) =

��/π
�
ω −�εσ

eff

�2 + ��2
. (5)

Both densities at the Fermi energy can be related to the
occupancy by the Friedel sum rule [49,50]

π�ρσ (0) = π���ρσ
0 (0) = sin2(π�ndσ �), (6)

which allows one to relate the effective dot level with its
occupancy

�εσ
eff = �� cot(π�ndσ �). (7)

The lesser Green’s function can be written in the form [9,43]

G<
dσ (ω) =

��Gr
dσ (ω)

��2

z
(2i��f̃ (ω) − ��<

σ (ω)), (8)

where

f̃ (ω) =
�

ν

βνf (ω − μν) (9)

is a weighted average of the Fermi functions f (ω) =
1/(eω/kBT + 1) at the two leads, and ��<

σ (ω) is the renormalized
lesser self-energy.

The greater quantities can be obtained from the retarded
and lesser ones using the relations [12]

G< − G> = Ga − Gr = −2iImGr (ω), (10)

�< − �> = �a − �r = 2iIm�r (ω), (11)

where we have used that in the frequency domain, the advanced
quantities Ga(ω), �a(ω) are the complex conjugates of the
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corresponding retarded ones. In the following, we assume that
B = 0 and the leads are paramagnetic, so that the subscript
σ can be dropped, and �ndσ � = n/2, where n is the total
occupancy at the QD.

The linear term in the specific heat and the impurity
contribution to the magnetic susceptibility at zero temperature
are given by [34]

γC = 2π2k2
B�ρ0(0)/3, (12)

χ = (gμB)2�ρ0(0)(1 + �U�ρ0(0))/2, (13)

These equations can be inverted to obtain the effective
parameters from an accurate knowledge of thermodynamic
quantities. For example, from Eqs. (6), (7), and (12),

�� = 2πk2
B

3γC

sin2(πn/2), (14)

and the renormalized interaction is obtained through the
Wilson ratio

R = χ

γC

1

3

�
2πkB

gμB

�2

= 1 + �U�ρ0(0). (15)

A. Renormalized lesser and greater self-energies

The renormalized self-energies are calculated as in ordinary
perturbation theory in the Keldysh formalism using the low-
energy approximation for the unperturbed Green functions
[34–36]. To order �U 2, the renormalized lesser and greater
self-energies can be written as [9]

��<(ω) = z�<(ω)

= −2π i�U 2
�

d�1d�2�ρ0(�1)�ρ0(�2)�ρ0(�1 + �2 − ω)

× f̃ (�1)f̃ (�2)[1 − f̃ (�1 + �2 − ω)], (16)

��>(ω) = 2π i�U 2
�

d�1d�2�ρ0(�1)�ρ0(�2)�ρ0(�1 + �2 − ω)

× [1 − f̃ (�1)][1 − f̃ (�2)]f̃ (�1 + �2 − ω). (17)

1. Analytical approximation for small energies

In this section, we calculate the lesser and greater self-
energies assuming that the energies ω, eV , and kBT are small
in comparison with ��, which in turn is of the order of kBTK

[34]. Specifically, to evaluate the self-energies to total second
order in ω, V , and T , it suffices to replace the quasiparticle
spectral density �ρ0(�) by its value at the Fermi energy (order 0
in an expansion in ω), because the two integrations in Eqs. (16)
and (17) already introduce terms of second order, due to the
effect of the Fermi functions in restricting the intervals of �i for
which the integrand has non negligible values. For the same
reason, terms of higher order in �U lead to terms of higher order
in ω, V , or T . Therefore the result below is exact to second
order. Note that besides the evaluation to second order in �U ,
the only additional approximation is neglecting the energy
dependence of �ρ0(�). The Fermi functions are treated exactly
and are not expanded [29].

Using Eq. (9), one sees that

f̃ (x) + f̃ (−x) = f (x) + f (−x) = 1, (18)

which together with Eq. (9) allows to write the approximation
of Eq. (16) for small arguments as

��<
2 (ω,V ,T ) = −2ip

�

νξκ

βνβξβκ

�
d�1d�2f (�1 − μν)

× f (�2 − μξ )f (ω + μκ − �1 − �2), (19)

where the factor

p = π [�ρ0(0)]3 �U 2 = (R − 1)2 sin2(πn/2)
��

= 3(R − 1)2γC

2πk2
B

= 2π (R − 1)2χ

R(gμB)2
, (20)

can be expressed in terms of the linear term in the specific heat
and the magnetic susceptibility at T = 0.

The integrals in Eq. (19) are evaluated analytically as
described in Appendix. The result can be written in the form

��<
2 = −ip

�

j

cjf (aj )
�
a2

j + (πkBT )2
�
,

c1 = β2
LβR, a1 = ω − (1 + αL)eV,

c2 = β3
L + 2βLβ2

R, a2 = ω − αLeV, (21)

c3 = β3
R + 2β2

LβR, a3 = ω + αReV,

c4 = βLβ2
R, a4 = ω + (1 + αR)eV .

Particular cases of this low-energy expansion were derived
before [30,43]. Using Eqs. (17)–(19), and (9), one sees that
to total second order in ω, V , and T , the greater self-energy
becomes simply

��>
2 (ω,V ,T ) = −�̃<

2 (−ω,−V,T ). (22)

It is interesting to note that to the same order, calculating
the imaginary part of ��r from the difference Eq. (11), using
Eqs. (18), (21), and (22), the Fermi functions disappear and
collecting the different terms one recovers the very simple
result [36]

Im��r
2 = −p

2
[ω2 − 2γωeV + δ(eV )2 + (πkBT )2], (23)

γ = αLβL − αRβR, (24)

δ = γ 2 + 3βLβR. (25)

2. Ward identities

The different self-energies should satisfy the Ward identi-
ties [35,36]

∂�̃η(ω)

∂eV

����
V =0

= −γ

�
∂�̃η(ω)

∂ω
+ ∂�̃η(ω)

∂Ed

�
, (26)

where the superscript η denotes >, <, r , or a, and γ is given
by Eq. (24). These identities come simply from the properties
of the Fermi functions f (ω − μν) and evaluation at V = 0
renders both of them equal after derivation [see Eq. (2)]. They
are satisfied at any order in perturbation theory.
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Direct differentiation of the analytical expression (21) gives

∂i�̃<
2 (ω)

∂ω

����
V =0

= p
ω

1 + ex

�
2 − x

1 + e−x

�
,

x = ω

kBT
(27)

∂�̃<
2 (ω)

∂eV

����
V =0

= −γ
∂�̃<

2 (ω)

∂ω
. (28)

∂�̃<
2 /∂Ed can be neglected since it only modifies �ρ0(0) and

therefore leads to a contribution of higher order. Thus �̃<
2

satisfies the Ward identity (26) to linear order in ω and ωx.
These results will be discussed further in Sec. VI C. The T →
0 limit is well defined and the Ward identity is also satisfied
by �̃<

2 (ω) at T = 0 in spite of the claim in Ref. [27] that it is
not the case [28,29]. It is trivial to see that Im�̃r

2 [Eq. (23)]
also satisfies Eq. (26) and from Eq. (11), �̃>

2 satisfies the Ward
identity too.

IV. NG APPROXIMATION

The Ng approximation can be written as

��<
Ng(ω) = 2if̃ (ω)Im��r (ω), (29)

where f̃ (ω) is defined by Eq. (9). Using Eq. (8), it can be
written in the equivalent form

G<
Ng(ω) = −2if̃ (ω)ImGr (ω). (30)

Using Eqs. (10) and (11), also the greater quantities become
proportional to the retarded ones:

��>
Ng(ω) = −2i[1 − f̃ (ω)]Im��r (ω), (31)

G>
Ng(ω) = 2i[1 − f̃ (ω)]ImGr (ω). (32)

These equations are exact in the noninteracting case (U =
0) and also at equilibrium (V = 0) [13]. In addition using the
results of RPT up to �U 2 for ��r (ω), it can be shown that at
T = 0, the perturbative result ��<(ω) and the corresponding
Ng approximation ��<

Ng(ω) coincide for ω < -(1 + αR)eV and
ω > (1 + αL)eV . However, if the expression Eq. (23) for
Im��r (ω) at small energies is replaced in Eq. (29), an analytical

expression for ��<
Ng(ω) is obtained which is obviously different

from the exact result for small ω, V , and T , Eq. (21). The
quantitative differences will be discussed in Sec. VI.

V. CONSERVATION OF THE CURRENT

Using the Keldysh formalism [51,52], the current flowing
between the left lead and the dot can be written as

IL = 4ie�L

h

�
dω

�
2if (ω − μL)ImGr

d (ω) + G<
d (ω)

�
, (33)

while the current flowing between the dot and the right lead is

IR = −4ie�R

h

�
dω

�
2if (ω − μR)ImGr

d (ω) + G<
d (ω)

�
.

(34)

Conservation of the current requires IL = IR = I .

Using Eqs. (4) and (8), the difference can be written in the
form

IL − IR = −4e��
h

�
dω

����
Gr

d (ω)

z

����
2

× [2f̃ (ω)Im��r (ω) + i�̃<(ω)]. (35)

Using Eqs. (21) and (23), it is easy to see that to total
third order in eV/�� and kBT /�� this expression vanishes.
Thus RPT conserves the current to this order. Instead, if Ng
approximation Eq. (29) is used, IL − IR vanishes identically
and the current is conserved to all orders.

VI. LESSER SELF-ENERGY TO SECOND ORDER IN �U
In this section, we present results for �̃<(ω) calculated

with RPT to second order in �U by numerical integration. The
expression used is equivalent to Eq. (16) but we have used a
different approach explained in the Appendix of Ref. [9], in
which one integral is evaluated analytically. This result �̃<(ω)
is superior to the analytical one �̃<

2 (ω) [Eq. (21)] because
no additional approximations (constant quasiparticle density)
were made. Both coincide to total second order in ω, V , and
T . Therefore the difference is due to higher order terms in
�̃<(ω).

For the calculation of the current, we also need the real part
of the renormalized retarded self-energy �̃r (ω), which is also
calculated as in Ref. [9] with the constant and linear terms in
ω for V = T = 0 subtracted [34,43].

We have chosen a total occupation n = 2�ndσ � = 3/4 (out
of the EHS case). From Eq. (7), this implies�εσ

eff = (
√

2 − 1)��.
We have taken �U/(π��) = 1 for simplicity [53]. This quotient
enters as a constant factor [�U/(π��)]2 in �̃<(ω) but modifies
the values of the current discussed below. Preliminary NRG
results indicate that for Ed = −2� and U → +∞, one has
n = 3/4 and renormalized parameters z = ��/� = 0.115 and
�U/(π��) = 1.136 [54].

We assume here a symmetric voltage drop αL = αR =
1/2.This is motivated by the fact that even for molecular
quantum dots with high asymmetric coupling to the leads
(βL � βR or βL � βR), the shape of the diamonds with the
regions of high conductivity as a function of bias voltage V

and gate voltage Vg indicates a rather symmetric voltage drop.
Instead, we consider different ratios of βL/βR .

A. Symmetric coupling to the leads

In Fig. 1, we show ��<(ω) for βL = βR and different values
of V at zero temperature. In the equilibrium case V = 0 (not
shown), it is known that ��<(ω) = 2if (ω)Im��r (ω), ��r (ω) ∼
ω2 for small ω [Eq. (23)] and therefore, i��<(ω) is a decreasing
function of ω for negative ω and zero for positive ω at T = 0.
The expression Eq. (21) indicates that the effect of a small
voltage is to split this result into four similar expressions, two
shifted to smaller ω and two to higher ω. The net effect is
to increase i��<(ω), but it continues to be a monotonically
decreasing function.

The comparison between the numerical result ��<(ω) and
the analytical one ��<

2 (ω) [Eq. (21)] to total second order
in ω and V is good for |ω| < 0.2��, suggesting that higher
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FIG. 1. (Color online) Full lines: renormalized lesser self-energy
as a function of frequency for βL = βR , T = 0, and several bias
voltages. From bottom to top eV = 0.1, 0.2, and 0.3. Dotted line:
analytical result at small energies [Eq. (21)]. �� = 1 is taken as the
unit of energy.

order terms are small in this interval. Instead, for −ω < 0.2��,
��<

2 (ω) overestimates ��<(ω).
We have also calculated the currents between the left

lead and the dot IL and between the dot and the right lead
IR for eV � 0.4��. The relative error |IL − IR|/I , where
I = (IL + IR)/2, is less than 2.2 × 10−4 for the values of eV

studied. An excellent fit of the difference between currents
in this interval is IL − IR = (2e/h)[−0.00311(eV/��)4 −
0.007 77(eV/��)5] [53]. This confirms the analysis of the
previous section that the current is conserved to order V 3

by RPT. In the same interval, the current can be fitted by
I = (2e/h)[0.8531(eV/��) − 0.1754(eV/��)3] . The linear
term agrees with the expected conductance from Friedel
sum rule, proportional to sin2(π�ndσ �) = (2 +

√
2)/4 ≈

0.8536.
The effect of temperature on i��<(ω) is shown Fig. 2 and

the result is compared with the analytical expression for small
ω, V , and T [Eq. (21)] and the Ng approximation [Eq. (29)].
While as shown above, the former expression ��<

2 (ω) works
well at T = 0, the Ng approximation ��<

Ng(ω) fails in the
region of small frequencies, below eV . In particular, it has
jumps at both chemical potentials μν due to the factor f̃ (ω)
[Eq. (9)] in Eq. (29) and it increases in some interval at positive
frequencies in contrast to the overall decreasing behavior of
i��<(ω). However, the Ng approximation improves rapidly
with increasing temperature. For kBT = eV/4, i��<

Ng(ω) lies

a little bit below (above) i��<(ω) for ω near to the smaller
(greater) chemical potential. For kBT = eV/2, ��<

Ng(ω) is al-

ready a good approximation for ��<(ω) in the whole frequency
range. Instead, the analytical expression ��<

2 (ω) overestimates
��<(ω) for kBT � eV/2, particularly at negative frequencies,
indicating that terms in temperature of higher order than
T 2 become important. Concerning the conservation of the
current, |IL − IR|/I remains below 0.001 for eV = 0.2�� and
kBT � �� .

FIG. 2. (Color online) Full lines: renormalized lesser self-energy
as a function of frequency for βL = βR , eV = 0.2, and several
temperatures. From bottom to top kBT = 0, 0.05, 0.1, and 0.2. Dashed
line: Ng approximation [Eq. (29)]. Dotted line: analytical result at
small energies [Eq. (21)].

B. Larger coupling to the lead of higher chemical potential

In this section, we study the case βL = 9βR . As seen in
Fig. 3, increasing the coupling with the left lead, for which
the chemical potential μL = αLeV > 0 has the main effect
of shifting i��<(ω) to higher frequencies. Since i��<(ω) is
a decreasing function of ω, this shift implies higher values
i��<(ω) for fixed ω. This can be understood from the analytical
expression Eq. (21) in which the terms with coefficients
c1 and c2 increase in magnitude. For βL → 1 (βR → 0),
only c2 survives and all self-energies reduce to those of a
QD at equilibrium with the left lead, Im��r (ω) behaves as
(ω − μL)2 for small ω and V at T = 0 [see Eq. (23)], the Ng
approximation becomes exact and f̃ (ω) = f (ω − μL). While
this limit is still not reached for βL = 9βR , one expects a
smaller ratio |IL − IR|/I and a better comparison with the Ng
approximation. However, while the currents decrease, the ratio
|IL − IR|/I is of the same order of magnitude as before, for

FIG. 3. (Color online) Same as Fig. 1 for βL = 9βR .
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FIG. 4. (Color online) Same as Fig. 2 for βL = 9βR .

the range of voltages studied. The same happens for the case
βL = βR/9 discussed in Sec. VI C.

The evolution of ��<(ω) with temperature is shown in Fig. 4
and compared with Ng and analytical approximations. At zero
temperature, ��<

Ng(ω) has qualitatively similar shortcomings
as for symmetric coupling to the leads, with jumps at both
μν , but quantitatively the agreement is better, as expected. At
finite temperature, in this case, already for kBT = eV/4, the
Ng approximation reproduces very well ��<(ω). For higher
temperatures, the agreement improves, while the analytical
approximation ��<

2 becomes worse.

C. Larger coupling to the lead of lower chemical potential

In this section, we consider the opposite case as in Sec. VI B
and take βL = βR/9. In this case, the system is nearer to the
situation in which the dot is at equilibrium with the right lead
and similar considerations as in the previous section apply. In
Fig. 5, we display ��<(ω) for several values of V . While for
small ω, i��<(ω) increases with V , the behavior changes for

FIG. 5. (Color online) Renormalized lesser self-energy as a func-
tion of frequency for βL = βR/9, T = 0 and several bias voltages
indicated inside the figure.

FIG. 6. (Color online) Same as Fig. 2 for βL = βR/9.

−ω > eV and i��<(ω) decreases with increasing V . This can
be understood from the Ward identity [Eqs. (28) and (24) for
small ω and V ]. While the identity is strictly valid for V = 0,
one expects it to be qualitatively valid for small eV compared
to |ω|. Since ∂i�̃<

2 /∂ω|V =0 is negative for negative ω and also
γ is negative for large βR , one expects a decrease of i��<(ω)
with increasing V for eV � −ω, as observed in Fig. 5.

The effect of temperature on i��<(ω) is shown in Fig. 6. The
deviations at zero temperature between the Ng approximation
and the correct result to order �U 2 are larger than in the
previous case, particularly for ω near μR (−0.1�� in the figure).
However, the comparison improves rapidly with increasing
temperature, and ��<

Ng(ω) turns out to be a good approximation
for kBT � eV/4.

VII. THERMAL CURRENT INDUCED BY THE VOLTAGE

In this section, we discuss the heat currents JL flowing from
the left lead to the dot and JR flowing from the dot to the right
lead. From the thermodynamic equation dQ = dE − μN , it
is clear that

Jν = JE
ν − μνJ

N
ν , (36)

where JE
ν are the energy currents and JN

ν are the corresponding
particle currents.

For a model with nearest-neighbor hopping only, an energy
density can be defined and using the continuity equation the
energy current can be defined [55]. Alternatively, following
the definition given by Boese and Fazio [44] and using the
formalism of Meir and Wingreen [52]. one arrives at the same
expressions, similar to Eqs. (33) and (34),

JE
ν = ±4i�L

h

�
ωdω

�
2if (ω − μν)ImGr

d (ω) + G<
d (ω)

�
,

(37)

where upper (lower) sign corresponds to ν = L(R). These
expressions were obtained previously by Dong and Lei [19],
who calculated the thermopower of a quantum dot in the linear
response regime (V → 0 and vanishing temperature gradient)
using Ng ansatz for G<

d (ω).
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The energy current is conserved: JE
L = JE

R . Following a
similar reasoning as in Sec. V, it is easily seen that this
condition is satisfied to total fourth order in in eV/�� and
kBT /�� by the RPT expressions and exactly by the Ng
approximation. Adding the first Eq. (37) for times �L plus
the second times �R and using JE

L = JE
R , an expression for

the energy current is obtained in which G<
d (ω) is eliminated.

The same trick has been used for the electric currents [52],
which are the particle currents times the elementary charge:
Iν = eJN

ν . Using this and Eqs. (33) and (34), one obtains

Jν = 8πβLβR�

h

�
(ω − μν)dωρ(ω)[fL(ω) − fR(ω)]. (38)

Note that the heat current is not conserved. The difference JR −
JL = (μL − μR)Iv/e = IvV is precisely the Joule heating at
the quantum dot.

At zero temperature, the exact heat currents to order
(eV/��)3 can be obtained using Eq. (6) and [43]:

ρ(ω)

ρ(0)
� 1 + sin(πn)

�
ω − γ (R − 1)eV

��

�
. (39)

The result is

Jν � 8βLβR

h
(eV )2 sin2(πn/2)

�
αL − αR

2
+ eV sin(πn)

��

×
�
α3

L + α3
R

3
− γ (R − 1)(αL − αR)

2

�

∓αν

�
1 + eV sin(πn)

��

�
αL − αR

2
− γ (R − 1)

���
.

(40)

The leading term gives JR = −JL = G(0)V 2/2, where
G(0) = 8βLβR sin2(πn/2)e2/h is the conductance at V = 0
[43]. Thus, for small V , the heat flow to each lead is the same
independently of the particular voltage drops and coupling to
the leads.

An analysis of the heat current in the general nonequi-
librium case, with different temperatures of the two leads,
would require to perform numerically three integrations in
frequency. This is highly demanding. Here, we study the
effect of temperature on the heat current assuming that it is
the same for both leads. We have taken �U/(π��) = 1.136.
This value was obtained from recent NRG calculations for
Ed = −2� and U → +∞, which also lead to n = 0.75 and
z = ��/� = 0.115 [54]. The result for JL for symmetric
coupling to the leads and voltage drops αν = βν = 1/2 is
shown in Fig. 7. While for T = 0, JL is negative, as expected
from the leading quadratic term in Eq. (40), the temperature
leads to a positive linear term in V (for both heat currents
Jν), which dominates the current for small V . This positive
contribution is expected in linear response, and is consistent
with the negative Seebeck coefficient S for temperatures below
the Kondo temperature reported previously at equilibrium for
n < 1 (S is proportional to minus the energy current) [46,48].
As a consequence, for finite temperatures, JL changes sign as
a function of the applied bias voltage. For occupation n > 1, S
is positive and JR changes sign from negative to positive with
increasing bias voltage.

FIG. 7. (Color online) Thermal current between the left lead and
the quantum dot in units of ��2/h for several temperatures. �� = 1 is
the unit of energy. Parameters in the text.

VIII. SUMMARY AND DISCUSSION

Using renormalized perturbation theory (RPT) to second
order in the renormalized Coulomb repulsion �U , we have
calculated the lesser self-energy ��<(ω)/z for the impurity
Anderson model, which describes transport through quantum
dots, in the general case (without electron-hole symmetry,
asymmetric voltage drops and different coupling to the
conducting leads). The greater self-energy can be calculated
from the difference with the imaginary part of the retarded
self-energy [Eq. (11)]. Using an additional approximation,
valid for small �ω/��, eV/�� and kBT /��, where ��/kB is
of the order of the Kondo temperature TK , we have derived
exact analytical expressions to to total second order in ω, V ,
and T for the lesser and greater self-energies. To this end, it
is enough to calculate the self-energies to order �U 2, because
higher-order terms contribute to higher order in ω, V , T . The
result is given in terms of renormalized parameters, which in
turn can be determined directly from NRG [37,38] or from
thermodynamic quantities at equilibrium, for which accurate
(NRG) [56] or exact (Bethe ansatz) [57–60] techniques can be
applied.

The resulting ��<(ω) (obtained by numerical integration
of the diagrammatic expression) is calculated for several
values of V and T and different coupling to the leads and
compared with the analytical expression and, in particular,
to the Ng approximation [Eq. (29)] widely used in different
contexts [15–24]. While the Ng approximation is inaccurate
and presents artificial jumps at T = 0 for |ω| � eV , it turns
out to be a good approximation in the whole frequency
range for kBT � eV/2 for symmetric coupling to the leads
or kBT � eV/4 for the asymmetric cases studied here.

We have also shown that RPT conserves the current to terms
of order (eV/��)3 and discussed the dependence of ��<(ω) on
bias voltage V in terms of Ward identities satisfied by the
analytical approximation.

The analytical results for small energies �ω, eV , and kBT

compared with the quasiparticle level width �� [Eqs. (21) to
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(23)] can be used to test other approximations for this tough
problem, involving strong correlations out of equilibrium.

The RPT approach to order �U 2 that we have followed
becomes invalid for eV > ��. In particular, it cannot describe
the splitting of the Kondo peak in the spectral density obtained
with the noncrossing approximation [61,62], and observed
experimentally in a three-terminal quantum ring [63]. This
might be corrected by the inclusion of terms up to fourth order
[32].

Concerning physical observables, probably the most stud-
ied one in the last years is the nonequilibrium electric conduc-
tance through nanodevices. In the case of single-level quantum
dots for which the impurity Anderson model can be applied, the
lesser and greater quantities can be eliminated from the expres-
sions of the conductance using conservation of the current [52].
The same happens for the energy current and as a consequence
also for the heat current, as shown in Sec. VII. The lesser (or
greater) self-energy plays however a role in this conservation,
see Sec. V. For problems with two levels in which the couplings
to both leads are not proportional, such an elimination is not
possible and the lesser or greater Green functions enter in the
expression for the conductance. An example is the conductance
through a benzene molecule connected to the leads in the meta
or ortho positions, for which two degenerate levels should
be considered (and they couple with different phases to both
leads) [64]. Other similar systems are molecules with nearly
degenerate even and odd states [65], aromatic molecules or
rings of quantum dots [66], or two quantum dots connected
with different couplings to two leads [67]. In these systems,
quantum interference plays an essential role. The case of
complete destructive interference is described by an SU(4)
Anderson model [68], very similar as the one that describes car-
bon nanotubes [69–71], silicon nanowires [48,72], and more
recently a double quantum dot with strong interdot capacitive
coupling, and each QD tunnel-coupled to its own pair of leads,
for certain parameters [7,8,73–75]. The only difference is that
the relevant levels are connected to the leads with different
phases and therefore the conductance is different. Recently
RPT with parameters derived from NRG was applied to this
problem for equilibrium quantities. This approach can be ex-
tended to study the interference phenomena out of equilibrium.

Another observable, directly related to the lesser Green
function is the occupation at the dot, which is given by �ndσ � =
−i

�
dωG<

dσ (ω)/(2π ) [9]. RPT is not adequate to calculate this
integral because it involves energies far from the Fermi level
[34,43]. However, since the difference between ��<(ω) and
the corresponding Ng approximation is restricted to energies
smaller that eV (see Sec. IV), we can calculate the effect
of this approximation on n = 2�ndσ � using Eq. (8). We find
that for the region of parameters that we have studied, the
difference �n = n − nNg is very small, of the order of 10−4z.
This is due to a large compensation of the regions of positive
and negative ��>

Ng(ω) − ��<(ω). In fact using Eqs. (8), (29),

and (35), one realizes that �n is proportional to IL − IR and
therefore (from the results of Sec. V) it is of order z(eV/��)4.

Nevertheless, one expects that the shortcomings of the
Ng approach would appear in dynamic properties at low
frequencies, for which time derivatives enter the conservation
laws and the left and right electric and energy currents become
different.

We have calculated the effect of the applied bias voltage V

on the heat currents between any of the leads and the quantum
dot. Due to the Joule heating, these currents exits even at zero
temperature for V �= 0. We provide exact expressions to order
(eV/��)3 at T = 0 [Eq. 40]. At finite temperature, the current
between the dot and one of the leads changes sign as a function
of V .
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APPENDIX: EVALUATION OF THE INTEGRALS
ENTERING THE RENORMALIZED LESSER

SELF-ENERGY FOR SMALL ENERGIES

The integrals entering Eq. (19) for �̃<(ω) have the form

X(ω) =
�

d�2f (�2 − μ2)Y (ω,�2), (A1)

Y (ω,�2) =
�

d�1f (�1 − μ1)f (ω + μ3 − �1 − �2). (A2)

Using

f (x)f (y) = f (−y) − f (x)

exp
�

x+y

kBT

�
− 1

, (A3)

for the integrand of Eq. (A2) with x = �1 − μ1, y = ω +
μ3 − �1 − �2, since ζ = x + y is independent of �1, Y (ω,�2)
becomes proportional to the integral of a difference of Fermi
functions. Using

�
dx [f (x − ζ ) − f (x)] = ζ, (A4)

one obtains that Y (ω,�2) can be written in terms of the Bose
function b(ω):

Y (ω,�2) = ζb(ζ ),

b(ζ ) = 1

exp
�

ζ

kBT

�
− 1

(A5)

ζ = ω + μ3 − μ1 − �2.

With the change of variable v = �2 − μ2, replacing Eq. (A5)
in Eq. (A1), one has

X(ω) =
�

dv(a − v)f (v)b(a − v),

(A6)
a = ω + μ3 − μ1 − μ2.

Using

f (v)b(a − v) = −f (a) [f (v) + b(−a + v)] , (A7)

one can write

X(ω) = f (a)X̃(ω), (A8)

X̃(ω) = −
�

dv(a − v) [f (v) + b(−a + v)]

= X̃1(ω) + X̃2(ω), (A9)
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with

X̃1(ω) =
�

dv(v − a) [f (v) − f (v − a)] , (A10)

X̃2(ω) =
�

ydy [f (y) + b(y)] = (kBT )2
�

dx
x

sinh(x)

= π2

2
(kBT )2. (A11)

Above, the changes of variable y = v − a, x = y/(kBT ) were
used.

Using instead y = v − a/2, X̃1 becomes

X̃1(ω) =
�

ydy [f (y + a/2) − f (y − a/2)]

−
�

dv [f (v) − f (v − a)] a/2. (A12)

The first integral vanishes, since the integrand is odd [as can be
checked using Eq. (18)]. Using Eq. (A4), the second integral
gives X̃1(ω) = a2/2. Replacing this and Eq. (A11) in Eq. (A8),
we finally obtain

X(ω) = f (a)

2
[a2 + (πkBT )2]. (A13)
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We describe the evolution of the SU(4) Kondo effect as the number of magnetic centers increases from
one impurity to the two-dimensional (2D) lattice. We derive a Hubbard-Anderson model which describes a
2D array of atoms or molecules with twofold orbital degeneracy, acting as magnetic impurities and interacting
with a metallic host. We calculate the differential conductance, observed typically in experiments of scanning
tunneling spectroscopy, for different arrangements of impurities on a metallic surface: a single impurity, a
periodic square lattice, and several sites of a rectangular cluster. Our results point towards the crucial importance
of the orbital degeneracy and agree well with recent experiments in different systems of iron(II) phtalocyanine
molecules deposited on top of Au(111) [N. Tsukahara et al., Phys. Rev. Lett. 106, 187201 (2011)], indicating an
experimental realization of an artificial 2D SU(4) Kondo-lattice system.

DOI: 10.1103/PhysRevB.89.121406 PACS number(s): 75.20.Hr, 71.10.−w, 72.15.Qm

The Kondo effect is one of the most paradigmatic phe-
nomena in strongly correlated condensed matter systems [1].
It is characterized by the emergence of a many-body singlet
ground state formed by the impurity spin and the conduction
electrons in the Fermi sea, which form a screening “cloud”
around the impurity. Originally observed in dilute magnetic
alloys [1], the Kondo effect has reappeared more recently in
the context of semiconductor quantum-dot systems [2,3], and
in systems of magnetic adatoms (e.g., Co or Mn) deposited on
clean metallic surfaces, where the effect has been clearly ob-
served experimentally as a narrow Fano-Kondo antiresonance
(FKA) in the differential conductance in scanning tunneling
spectroscopy (STS) [4–6].

While most of the experimental realizations of the Kondo
effect correspond to spin 1/2 and SU(2) symmetry, more
exotic Kondo effects are possible in nanoscopic systems [7]. In
particular, an SU(4) Kondo effect can occur when an additional
pseudospin 1/2 orbital degree of freedom appears due to
robust orbital degeneracy. In practice, however, the stringent
conditions to preserve orbital degeneracy limit the observation
of the SU(4) Kondo effect to few cases, such as C nanotubes
[8–10], and Si fin-type field effect transistors [11] where there
is a valley degeneracy [12]. Recently, Minamitani et al. [13]
have shown that the Kondo effect observed in isolated iron(II)
phtalocyanine (FePc) molecules deposited on top of clean
Au(111) (in the most usual on-top configuration) [14] is a new
realization of the SU(4) case. In the on-top configuration, the
degeneracy between partially filled 3dxz and 3dyz orbitals of
Fe is preserved by the Au(111) substrate, leading to a strong
FKA in the STS signal. Interestingly, Tsukahara et al. [15]
showed that at sufficiently high densities, the FePc molecules
on Au(111) self-organize into a two-dimensional (2D) square
lattice, paving the way to study artificially engineered Kondo
lattices by scanning tunneling microscopy (STM). At present,
a large class of organic-Kondo adsorbates are being studied

*alobos@umd.edu

by STM techniques due to their potential applications as elec-
tronic [16,17] and/or molecular spintronics [18–20] devices,
and therefore it is important to understand their electronic
properties. Recent ab initio calculations have demonstrated
the crucial role of the interaction between the organometallic
molecule and the substrate for designing spintronic devices
[21]. In this context, the effect of the orbital degrees of freedom
in artificially engineered Kondo lattice systems remains to be
explored, and to the best of our knowledge the extension of
the SU(4) impurity model to the lattice has not been studied
so far.

Motivated by these recent developments, in this Rapid
Communication, we theoretically study the evolution of the
SU(4) Kondo effect, from the single impurity to the 2D Kondo-
lattice limit. Guided by general symmetry principles, we
derive an effective SU(4) Hubbard-Anderson model describing
coupled magnetic impurities with an additional orbital degree
of freedom, forming clusters on the metallic substrate. While
our results are generic, and in principle applicable to other
organometallic Kondo systems, in what follows we specify our
results for the case of Ref. [15], as we believe this to be
the first realization of an artificial 2D SU(4) Kondo lattice.
We calculate the STS differential conductance dI/dV (as
observed experimentally), and analyze the line shapes upon
variation of the size and connectivity of the cluster. Our results
show good agreement with experiment and are important for
the correct physical interpretation of the data. In particular,
we show that the most prominent feature of the experiment
(i.e., the splitting of the FKA in the case of high coordination
number [15]) is a consequence of the orbital degeneracy
[22]. As explained below, this opens up new and exciting
possibilities, such as the existence of new phases with orbitally
ordered ground states [23,24].

Model. We derive an effective minimal Hubbard-Anderson
model for the 2D lattice of FePc molecules. For the case of an
isolated molecule [see Fig. 1(a)], the effective SU(4) Anderson
model has been derived previously [13]. The low-energy
physics is described by two degenerate molecular orbitals of

1098-0121/2014/89(12)/121406(5) 121406-1 ©2014 American Physical Society
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FIG. 1. (Color online) (a) Representation of aFePc molecule. The
region shaded in green is the FeN4 substructure which is kept in the
theoretical model. (b) System of FeN4 molecules forming a cluster.

xz and yz symmetry, which have most of their weight on
the corresponding 3d orbitals of the Fe atom. To extend this
impurity model to the lattice, we add the hopping between
nearest-neighbor (NN) molecules, leading to a model similar to
the one used to describe a trimer of Co atoms on Au(111) [25].
However, in the present case, the orbital degeneracy and the
symmetry of the molecular orbitals introduce peculiar features.
On general symmetry grounds, one expects that the effective
hopping between any two NN molecular orbitals will depend
on the direction of the hopping. In particular, we assume that
the effective hopping between NN 3d Fe orbitals can occur
either by direct overlap of the organic ligands, or via the
Au substrate. In the first case, the coupling can be thought
as occurring via the pz orbitals of the neighboring N atoms.
Defining the x and y directions as those pointing from the Fe
atom to the organic ligands in the molecule, as in Fig. 1, the Fe
3dνz hybridizes only with the pz orbitals of the N atoms in the
ν direction (ν = x or y), and the hopping with other orbitals
vanishes by symmetry. The presence of the substrate modifies
these arguments [26], but the crucial directional dependence
of the effective hopping is a robust feature that remains.

The effective model is H = Hmol + Hc + Hmix, where Hmol

describes the molecular states and the hopping between them,
Hc the conduction states, and Hmix the coupling between them.
To illustrate the derivation of Hmol, we have calculated the
effective hopping between molecular orbitals in a lattice of
hypothetical FeN4 molecules (i.e., the central part of FePc)
as shown in Fig. 1. For each molecule, the relevant molecular
states are

|x̃rij ,σ � =
�
αd̃x

rij ,σ
+ β

�
p̃

(r)
rij ,σ − p̃

(l)
rij ,σ

��†|0�,

|ỹrij ,σ � =
�
αd̃

y
rij ,σ + β

�
p̃

(t)
rij ,σ − p̃

(b)
rij ,σ

��†|0�. (1)

Here, d̃ν
rij ,σ

is the destruction operator for electrons with spin σ

in the 3dνz orbital of Fe at cluster with position rij = ia1 + ja2

[with a1,a2 the Bravais lattice vectors defined in Fig. 1(b)],
and p̃

(η)
rij ,σ is the destruction operator in the 2pz orbital of the

N atom located at position η = {r,l,t,b} within the molecule
(respectively, right, left, top, and bottom, with respect to the
central Fe atom in the molecule).

It is easy to calculate the effective hopping between
molecular states, in a tight-binding description, assuming a
hopping t � between NN N atoms [see dotted lines in Fig. 1(b)]
[26]. The magnitude of this hopping is either t = |β|2 t � or

zero. To simplify the model, one can “rotate” the molecular
orbitals defining a new basis set {|xrij ,σ �,|yrij ,σ �} such that
�xrij ,σ |H |yrlm,σ � = 0, for all rij ,rlm, therefore conserving the
orbital index ν = (x,y) in the hopping process. It is more
convenient for us to work in the hole representation. Calling
hν

rij ,σ
the operators which destroy a hole (create an electron)

in the molecular state |νrij ,σ � in the new basis [26], we arrive
at the effective 2D Hubbard model:

Hmol =
N�

ij

�
−

�

σ,ν

�
t2h

ν†
rij ,σ

hν
rij ±aν ,σ

+ t1h
ν̄†
rij ,σ

hν̄
rij ±aν ,σ

�

+Ehnrij
+ U

2
nrij

(nrij
− 1)

�
, (2)

where the effective hopping amplitudes t1 and t2 connect
NN hν orbitals located at rij and rij ± aν , with the compact
notation (ax = a1, ay = a2), and (x̄ = y, ȳ = x). Eh and
nrij

= �
σν nν

rij ,σ
, with nν

rij ,σ
= h

ν†
rij ,σhν

rij ,σ
are, respectively,

the energy and number of holes. The last term in Eq. (2)
accounts for the local Hubbard repulsion between holes at site
rij . Note that Hamiltonian (2) is explicitly SU(4) invariant. For
the simplified system of FeN4 molecules we obtain t1 = 0.618t

and t2 = −1.618t . In the case of an effective hopping mediated
by conduction states in the substrate we obtain the same
qualitative features: It is highly anisotropic and conserves the
orbital index [26].

To consider the coupling to the metallic substrate, we
assume that the distance between the Hubbard sites is R �
1/kF , with kF the Fermi momentum of the metallic substrate
[26]. This approximation is not generic, but this limit is
well verified in experimental molecular Kondo systems, and
permits one to neglect indirect correlations among Hubbard
sites mediated by the metal [such as Ruderman-Kittel-Kasuya-
Yosida (RKKY) interactions or coherent Kondo correlations
arising from the overlap of Kondo screening clouds] [25,27–
32]. In such a limit, the 2D metal can be effectively described
by a collection of uncorrelated “fermionic baths”, each one
coupled to each Hubbard site rij [31,32]. Therefore, we de-
scribe the metallic substrate as Hc = �

ijξσν �ξc
ν†
rij ,ξ,σ cν

rij ,ξ,σ ,
where crij ,ξ,σ is the annihilation operator of a conduction
hole with spin σ and quantum number ξ at position rij .
The coupling to the molecules is described by Hmix =
V

�
ijξσν(hν†

rij ,σ cν
rij ,ξ,σ + H.c.) [26].

We note that H is an SU(4) invariant [26] many-body
Hamiltonian which cannot be solved exactly. Assuming the
limit of strong repulsion U → ∞, we can neglect configu-
rations with two or more holes in a molecular orbital, and
consider only local charge fluctuations between the subspaces
with n = 0,1 holes. This limit can be implemented in the
slave-boson representation [33] hν

rij ,σ
= b

†
rij

f ν
rij ,σ

, where brij
is

a bosonic variable describing the nh = 0 state (both molecular
levels occupied with both spins) and f ν

rij ,σ
is a renormalized

hole operator. These operators must be constrained by the
relation b

†
rij

brij
+ �

σ,ν f
ν†
rij ,σ f ν

rij ,σ
= 1. This representation of

SU(N )-invariant Kondo impurities is particularly useful for
N → ∞, where the saddle-point slave-boson mean field
approximation (SBMFA) for the bosonic degrees of freedom
brij

= b
†
rij

= �brij
� = z becomes exact [33]. After the SBMFA
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(obtained by replacing hν
rij ,σ

→ zf ν
rij ,σ

) H becomes exactly
solvable, and we set N = 4 [26]. Physically, the SBMFA
describes noninteracting Fermi quasiparticles with renormal-
ized mass m∗

e/me ≈ 1/z2 and quasiparticle weight z2 near the
Fermi level [33], providing a correct description of the Kondo
lattice near the Fermi-liquid fixed point.

In STM experiments, the relevant observable is the differen-
tial conductance dI/dV , which in the limit of weak tunneling
coupling between the STM tip and the system becomes
proportional to the spectral density dI/dV ∼ ρt (−eV ), where
the minus sign is needed to pass from hole to electron
representation, and t represents a mixed operator tνrij ,σ

=�
ξ cν

rij ,ξ,σ + qhν
rij ,σ

(with q the Fano parameter), reflecting
the interference between molecule and substrate states as
sensed by the STM tip [27,34,35]. We calculate the density
of t states as ρt (ω) = − 1

π

�
σ,ν Im[Gtt

rij ,ν,σ (ω + i0+)], with
Gtt

rij ,ν,σ (ω + i0+) the retarded local Green’s function of the
operator tνrij ,σ

.
Results. We assume a constant density of conduction states

ρ = 0.137/eV per spin, extending from −W to W = 3.65 eV.
These values are similar to those that provide a good fit of the
observed line shape for a Co impurity on Cu(111) [34]. The
energy of the molecular states (in the hole representation) Eh

was taken near to −0.1 eV, according to ab initio calculations
which find spectral density of Fe 3dxz and 3dyz states 0.1
eV above the Fermi energy [13]. We also keep the ratio of
hoppings t2/t1 = −3, similar to the values obtained above for
the simplified system (good fits are also obtained for other
values). t1, V , and q are taken as fitting parameters. We define
� = πρV 2.

In Fig. 2 we display our fits of the observed dI/dV . From
the ab initio calculations [13] one can estimate U = 1.6 eV,
which turns out to be much larger than the value � ≈ 0.01 eV
that results from the fit of the isolated molecule. It is also much
larger than ti . Therefore, the limit U → ∞ is well justified.
Figure 2 shows good agreement between our theoretical results

FIG. 2. Differential conductance as a function of voltage for an
isolated molecule (open circles and dashed line) and the 2D lattice
(solid circles and full line). Circles correspond to experiment [15]
and lines to theory with � = 10.12 meV. For one molecule Eh =
−112 meV, and q = −0.025. For the lattice Eh = −128 meV, t1 = 7
meV, t2 = 3t1, and q = −0.006.

and the experiment, in accordance with previous results on
single Co impurities on Cu(111) [34]. However, in contrast
to that case, here the experimental curves had to be slightly
shifted 0.55 mV to the left to make both curves coincide. This
might be related to experimental uncertainties [36].

The situation is more difficult for the case of the lattice,
because of the double-dip structure of the observed FKA.
We have kept the same � obtained from the fit of the single
molecule, but we had to slightly increase the magnitude of
Eh to |Eh| = 0.128 eV in order to obtain better fits. This
is well justified by the fact that the molecular states, and in
particular the Fe 3d orbitals, increase their occupancy when
the molecule is adsorbed on the Au surface [13], and the
single-electron levels are expected to increase their energy
due to interatomic Coulomb repulsion. In addition, we had to
slightly modify the value of q to q = −0.006, a fact that might
be related to the different experimental conditions in which the
single molecule and lattice dI/dV spectra were obtained in
Ref. [15]. As shown in Fig. 2, our theory is able to provide
semiquantitative agreement with the experiment. In particular,
note that the shape of the experimental curve near V = 0 is
well reproduced. As before, we have shifted the experimental
curve to the left by 1.1 mV.

The double-dip structure is a consequence of correlation
effects combined with the van Hove singularities (VHS) in
the spectral density of Hmol, directly related to the different
|t1| �= |t2| in Eq. (2) (see Ref. [37]). In the SBMFA, the
splitting of the VHS is given by � = 4z2||t1| − |t2||, where the
quasiparticle weight z2 introduces a band-narrowing effect due
to correlations. In the case of Fig. 2 (solid lines), the minimum
of the ground state energy is obtained for z2 ≈ 0.045, which
results in a splitting of � ≈ 2.5 meV, consistent with the
experimentally observed one. This value of z2 points to a strong
renormalization effect near the Fermi surface, with a mass en-
hancement m∗

e/me ≈ 20. Correlations are therefore essential
to explain the magnitude and the position of the observed
feature. The anisotropy of an individual molecular orbital
[in spite of the orbital-spin SU(4) and space C4v symmetries
[38]] is the key for this splitting. The hybridization with the
conduction states broadens the VHS but the splitting persists.

The dI/dV has been measured at different sites of a finite
cluster, to study the effects of coordination on the observed
spectra [15]. In order to compare with experiment, we have
applied our theory to a finite cluster of 5 × 4 molecules, as
shown in Fig. 3 (see Ref. [39]). Some of the curves display
an oscillatory behavior, which are likely to disappear for a
more realistic calculation [39] or in the presence of disorder or
inhomogeneities (not considered here). In any case, the results
provide definite conclusions: The differential conductance at
the corners (sites of coordination number Z = 2) do not show a
splitting, while those with Z = 4 do show two dips in the FKA.
The sites with Z = 3 display an intermediate and variable
behavior which depends on the specific site. These results also
agree with the experimental trends [15].

Summary and discussion. Motivated by recent experiments
[13–15], we have derived a Hubbard-Anderson model describ-
ing a square lattice of magnetic atoms or molecules with
orbital degeneracy on top of a metallic surface. Extension
to other lattices is straightforward. While the model has the
C4v symmetry of the square lattice, the individual molecular
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FIG. 3. (Color online) Differential conductance as a function of
voltage for several sites of a 5 × 4 cluster. The figures have been
displaced vertically for clarity.

orbitals are coupled via an anisotropic hopping which leads
to two strongly renormalized VHS in the density of states
of 3d electrons. The hybridization to the substrate broadens
these VHS, but these features persist and dominate the density
of states observed by the STM tip, therefore displaying two
dips in the dI/dV around V = 0. We conclude that these
VHS are the main explanation of the experimentally observed
splitting in the FKA. Our results explain the observed behavior
in systems of FePc molecules on Au(111), for an isolated
molecule, the lattice, and the evolution between them in a
consistent way.

Our work has its own interest beyond FePc molecules. A
study of a similar 2D model without coupling to the substrate,

suggests a ferromagnetic (FM) orbital ordering and antiferro-
magnetic (AFM) spin ordering at T = 0 for small Hund’s rule
exchange [24]. The nearest-neighbor AFM interactions are of
the order of 4t2

2 /U ≈ 10 K or 4t2
1 /U ≈ 1 K, depending on

direction [see Eq. (10) of Ref. [24]], which are of the order
of the Kondo temperature TK ≈ 4.7 K estimated from the half
width at half maximum of the FKA. In addition, while the
RKKY interaction I is unlikely to explain the splitting of the
FKA, it might also introduce interesting competing effects
[22,26]. For our specific system, a preliminary calculation
based on the Stoner criterion shows that magnetic order would
occur for |I | > 16.1 K. While fluctuations in 2D destroy
long-range magnetic order at finite temperature, this opens
up the intriguing possibility of observing quantum critical
behavior at low enough temperatures in 2D molecular Kondo
systems. Indeed, the existence of orbitally ordered phases [24]
and dissipative quantum phase transitions [31,32] have been
suggested in related systems. Recently, long-range FM order
was observed for a 2D layer of organic molecules absorbed on
graphene [20]. In transition-metal phtalocyanines the coupling
to the substrate is very sensitive to the particular transition-
metal atom [21]. We also expect a strong dependence on
the substrate, as, for example, replacing Au by Ag or Cu.
Therefore new physics is likely to appear in the near future,
and our theory (or some modification of it) is expected to bring
valuable insight.
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We analyze the transport properties of a double quantum dot device in the side-coupled configuration. A small
quantum dot (QD), having a single relevant electronic level, is coupled to source and drain electrodes. A larger
QD, whose multilevel nature is considered, is tunnel-coupled to the small QD. A Fermi-liquid analysis shows that
the low-temperature conductance of the device is determined by the total electronic occupation of the double QD.
When the small dot is in the Kondo regime, an even number of electrons in the large dot leads to a conductance
that reaches the unitary limit, while for an odd number of electrons a two-stage Kondo effect is observed and
the conductance is strongly suppressed. The Kondo temperature of the second-stage Kondo effect is strongly
affected by the multilevel structure of the large QD. For increasing level spacing, a crossover from a large Kondo
temperature regime to a small Kondo temperature regime is obtained when the level spacing becomes of the
order of the large Kondo temperature.

DOI: 10.1103/PhysRevB.89.115110 PACS number(s): 72.10.Fk, 73.23.−b, 73.63.−b

I. INTRODUCTION

Double quantum dots (DQDs) laterally defined in semicon-
ductor heterostructures are highly tunable electronic devices
whose energy-level spacings and charging energies can be
determined by setting the size and geometry of each dot,
and their coupling can be tuned using metallic gates [1–6].
The great tunability of the DQD parameters, as the interdot
coupling, opens the possibility of applications in both clas-
sical and quantum computing [7–11], and allows a detailed
analysis of the interplay between interference and correlation
phenomena [12–15]. The properties of these devices can
be probed through transport measurements using metallic
electrodes. When one QD having an odd number of electrons
and a single relevant electronic level is tunnel coupled to
metallic source-drain electrodes, the electric conductance
increases below a characteristic temperature TK which signals
the buildup of Kondo correlations. The Kondo effect is
associated to the screening of the QDs magnetic moment
by the Fermi sea of the metallic electrodes. In the so-called
side-coupled configuration (see Fig. 1), where only one of
the QDs is coupled to the electrodes, the interdot coupling
can compete with the Kondo effect leading to a rich variety
of correlated regimes. Namely, two-stage Kondo physics for
a small side-coupled QD having a single relevant electronic
level [13,15], and a two-channel Kondo effect for a large
side-coupled QD [12]. A device with an intermediate size
of the side-coupled dot has been predicted to be a realization
of the Kondo box problem [16–25]. The properties of this
type of device have received considerable theoretical and
experimental attention. However, most theoretical studies have
focused on simplified models considering a single interacting
level on each dot [13,14,26–29], a continuum of levels of
the side-coupled dot [30,31], or no interactions on the large
dot [32].

Recent experimental results for a DQD device in the
side-coupled configuration [33] show a change in the level
structure of the DQD as a function of the interdot tunneling
coupling. In a spectroscopic regime, where the hybridization

between the small QD and the leads is smaller than the thermal
energy, the Coulomb blockade diamonds change their structure
as a function of the interdot tunneling coupling signaling a
change in the underlying electronic structure associated to the
multilevel nature of the QDs.

In this paper we analyze the transport properties of a
DQD device in the side-coupled configuration. We include
multiple levels in the side-coupled dot and intra- and interdot
Coulomb interactions which are properly taken into account.
We obtain an exact relation between the zero-temperature
conductance and the charge in the DQD device (assuming
energy independent lead-dot couplings) which generalizes
Friedel’s sum rule for the double-dot device. We analyze the
different strongly correlated electron regimes that occur at
finite temperatures using Wilson’s numerical renormalization
group (NRG) and characterize the electronic transport through
the device.

In the weak-coupling regime (for temperatures higher than
the coupling to the leads) we use a perturbative approach,
starting from the exact eigenstates for the system of two dots
isolated from the leads. In the strong-coupling regime, we
also use a slave-boson mean-field approximation to help the
interpretation of the NRG results. We show that the usual
even-odd asymmetry in the Coulomb blockade valleys, due
to the Kondo effect, can be completely altered in the large
interdot hopping regime.

The effect of increasing the interdot hopping on the
conductance is very different for different occupations. In
the strong-coupling regime, we show that there is a subtle
competition between the level spacing in the large quantum dot
and the effective Kondo coupling between both dots, leading
to a crossover at a very small energy scale related with a
second-stage Kondo effect.

The rest of this paper is organized as follows. In Sec. II
we describe the model and basic formulas for the transport
calculations. In Sec. III we present the conductance and the
DQD occupation in the regime of weak coupling between
the electrodes and the DQD for the experimental parameters
of Ref. [33]. In Sec. IV we present exact results for the
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FIG. 1. (Color online) Schematic representation of the double
quantum dot device in the side-coupled configuration. QD d is
coupled to left (L) and right (R) metallic electrodes. The orbitals
of QD D are coupled to QD d through a tunneling barrier.

zero-temperature conductance. In Sec. V we present numerical
results for the conductance in the Kondo regime. In Sec. VI
we calculate the conductance and the magnetic susceptibility
for a model with two and three quasidegenerate levels in the
side-coupled QD. We also analyze an effective model in the
slave-boson mean-field approximation.

II. MODEL

The double quantum dot device is described by the
following Hamiltonian:

H = HC + Ht + He + HV + Hel . (1)

Here HC describes the electrostatic interaction in the constant
interaction approximation [34],

HC =
�

�=d,D

U�

2
(N̂� − N�)2 + UdD(N̂D − ND)(N̂d − Nd ),

(2)

where N̂d = �
σ d

†
dσ ddσ is the occupation of the small dot (QD

d), N̂D = �
σ,α d

†
Dασ dDασ is the occupation of the large dot

(QD D), N� = Cg�Vg�/U�, Cg� is the capacitance of dot � with
its corresponding gate electrode, U� is the charging energy, and
UdD is given by the QDs mutual capacitance [2, 4, 5,6].

Ht =
�

σ,α

tαdD(d†
dσdDασ + H.c.) (3)

describes the tunneling coupling between the different orbitals
on the side-coupled QD D and the smaller QD d having a
single relevant electronic level. To describe the energy-level
splitting on QD D we include a single electron energy term:

He =
�

σ,α

�̃Dαd
†
Dασ dDασ . (4)

Finally,

HV =
�

ν=L,R

�

k,σ

Vkν[c†
νkσddσ + H.c.] (5)

describes the coupling between QD d and the left (L) and
right (R) electrodes, which are modeled by two noninteracting

Fermi gases:

Hel =
�

ν,k,σ

�kc
†
νkσ cνkσ . (6)

The conductance through the system is given by [3,35,36]

G = e2

�
�R�L

�R + �L

�

σ

�
d�

�
−∂f (�)

∂�

�
Adσ (�). (7)

Here Ad (�) is the spectral density of the small QD and we have
assumed proportional (�L ∝ �R) and energy-independent dot-
lead hybridization functions:

�L(R) = 2πρL(R)(EF)V ∗
L(R)(EF)VL(R)(EF), (8)

where EF = 0 is the Fermi energy of the electrodes, ρL(R)(�)
is the electronic density of states of the left (right) electrode,
and VL(R)(�) equals VkL(R) for � = �k .

In the zero-temperature limit, − ∂f (�)
∂�

→ δ(�), and the
conductance is proportional to the spectral density at the
Fermi level

�
σ Adσ (0). As we show in Sec. IV assuming a

Fermi-liquid ground state, Adσ (0) can be written as a function
of the total electronic occupation of the DQD.

In the regime of weak lead QD couplings or high tempera-
tures � = �L + �R � kBT , we can calculate the conductance
through the system, to lowest order in �/kBT , replacing in
Eq. (7) the exact spectral density Adσ (�) of the isolated DQD:

Adσ (�) = 1

Z

�

i,j

(e−βEi + e−βEj )|��j |d†
dσ |�i�|2

× δ[� − (Ej − Ei)], (9)

where |�i� and Ei are the exact eigenfunctions and eigenener-
gies of the DQD, and Z = �

i e
−βEi is the partition function.

Replacing this in Eq. (7),

G = e2

�
�

kBT

�

i,j

(Pi + Pj )f (Ei − Ej )f (Ej − Ei)

×
�

n

|��j |d†
dσ |�i�|2, (10)

where Pi = e−βEi /Z.
The spectral function of the DQD can be calculated

nonperturbatively as a function of the temperature using
Wilson’s numerical renormalization group (NRG) [37–39].
This allows a calculation of the conductance in the full range
of temperatures with a high precision.

III. PERTURBATIVE RESULTS IN THE
WEAK-COUPLING REGIME

In this section we analyze the conductance through the
DQD in a regime of weak coupling to the electrodes in
which the thermal energy kBT is larger than the hybridization
energy �. In this regime, � can be treated perturbatively and
the electrodes serve as a spectroscopic probe of the DQD
in transport measurements. Conductance maps are generated
sweeping the gate voltages of each QD (parametrized here by
Nd and ND) which modify the total charge on the DQD and
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the distribution of charge between the QDs. For a DQD in
the spectroscopic regime, a hexagonal structure is expected
in the conductance maps with conductance peaks occurring
at gate voltages such that there is a charge degeneracy on
the DQD which allows charge fluctuations between the DQD
and the leads [34]. For the side-coupled configuration, the
conductance is only sensitive to charge fluctuations on QD
d which is connected to the electrodes. As it can be inferred
from Eq. (10), to obtain a large conductance, at least two
levels of the DQD differing in their charge by one electron
need to be quasidegenerate (|Ei − Ej | � kBT so that the
product of Fermi functions is not exponentially suppressed).
Furthermore, the electron must be fluctuating thermally in and
out of QD d (in order for the matrix element |��j |d†

dσ |�i�|2
to be sizable).

In what follows we focus our analysis on a DQD model
having three levels on the side-coupled QD with level energies
�̃D1 = −δ, �̃D2 = 0, and �̃D3 = δ. This simplified model
presents, in the weak-coupling regime, many of the features
observed in systems having a larger number of levels on
the side-coupled QD (see Ref. [33]). To further simplify
the discussion of the results, we consider tαdD to be level
independent and drop the level index α.

We calculate conductance maps of the DQD in the spectro-
scopic regime using Eq. (10). The Hamiltonian of the isolated
DQD is diagonalized to obtain its eigenvectors and eigenvalues
for each value of Nd and ND . In Figs. 2–4 we present the results
for a set of parameters obtained from the experiment of Baines
et al. [33], and different values of the interdot tunnel coupling
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FIG. 2. (Color online) Left panel: Conductance map for a dou-
ble quantum dot device in the side-coupled configuration. The
interdot coupling is tdD = 0.01 meV. Other parameters are UD =
0.25 meV, Ud = 0.7 meV, UdD = 0.1 meV, δ = 0.02 meV, and
kBT = 0.01 meV. Right panel: Total charge of an isolated DQD
for the same parameters and gate voltages as the conductance map
in the left panel. The lines indicate a change by one electron in the
charge of the ground state of isolated DQD. The DQD is empty at the
lower left corner of the figure and is occupied with eight electrons
at the upper right corner. The approximate occupation of each QD is
indicated between parentheses as (�N̂d�,�N̂D�).
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FIG. 3. (Color online) Left panel: Conductance map for tdD =
0.04 meV. Right panel: the lines indicate a charge degeneracy on the
isolated DQD, the charge in the DQD changes by 1 at each line and
increases from 0 at the lower left corner to 8 at the upper right corner.
Other parameters are as in Fig. 2.

tdD . In the regime of weak interdot coupling (tdD < δ), there
is little mixing of the states between QDs (except when there
is a degeneracy of the energy levels of the two QDs) and
the charge on each QD is generally well defined. Due to the
topology of the device, a peak in the conductance is expected
at the lines of charge degeneracy in QD d, which is the one
coupled to the electrodes. This is observed in the left panel
of Fig. 2 where segments of high conductance are obtained
at the charge degeneracy lines of the DQD which coincide
with those of QD d. As can be seen in the right panel of
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FIG. 4. (Color online) Left panel: Conductance map for tdD =
0.08 meV. Right panel: the lines indicate the charge degeneracy points
of the DQD, the charge in the DQD changes by 1 at each line and
increases from 0 at the lower left corner to 8 at the upper right
corner. The approximate occupation of each QD is indicated between
parentheses in different regions of the map. Other parameters are as
in Fig. 2.
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Fig. 2, these segments of high conductance are associated to a
change in the charge of QD d. In this figure, the approximate
occupation of each QD at the different regions of the map is
indicated between parentheses (�N̂d�,�N̂D�). The charging of
the large dot is accompanied by much weaker peaks in the
conductance due to a small mixing between the states of the
two QDs.

For an intermediate interdot coupling (tdD ∼ δ; see Fig. 3),
the DQD states are in a molecular regime where the charge on
each dot is not well defined as all states of the DQD involve
a large orbital mixing between the QDs. This is reflected
in the conductance map that presents maxima at the charge
degeneracy points of the DQD where the total charge in the
DQD changes (as indicated in the right panel of the figure).
The QDs lose their identity and behave as a single QD with an
effective charging energy and coupling to the leads.

For larger values of the interdot coupling tdD > δ the system
gradually enters a regime in which some of the wave functions
present a strong mixing between the QDs and others are mostly
localized on one of the QDs [33]. For our simplified model with
a single level on QD d and three levels on the side-coupled
QD, one energy level is associated to a bonding state between
the level on QD d and a symmetric combination of levels on
QD D, and another level is associated to the corresponding
antibonding state. These states have approximately 1/2 of
the weight on each QD. The two remaining states of the
DQD have most of their weight on the side-coupled QD. This
particular electronic structure of the DQD is reflected on the
conductance of the device as can be observed in Fig. 4. The
highest conductance peaks are obtained when the bonding
(ground state) and antibonding (highest energy) states change
their occupation and much lower peaks are obtained when the
two states mainly localized on QD D get charged.

This peculiar structure of the wave functions in the regime
of strong interdot tunnel coupling can be easily understood in
the noninteracting limit or the high capacitance limit where
UD = Ud = UdD; see Ref. [33]. It appears in the general case
considering more levels on each QD. In the latter case, some
states of the DQD are strongly hybridized between the two
QDs, being a combination of several orbitals from each QD.
The remaining states of the DQD are mostly localized on QD
d or in QD D. The value of the hopping tdD at which the
crossover takes place depends on the level spacing δ and on
the relative value of the intradot (Ud , UD) and interdot (UdD)
Coulomb interactions. For UD = Ud = UdD the interaction
energy given by Eq. (2) depends only on the total number of
electrons on the DQD and is independent of the structure of the
electronic wave functions. For UD,Ud > UdD , states strongly
hybridized between the two QDs have a larger interaction
energy than those having a well defined number of electrons
on each QD.

In the next sections, we analyze the low-temperature
conductance in the different tunnel coupling regimes. As
we will show in the next section, the conductance maps in
the zero-temperature limit are only determined by the total
occupation N of the DQD and a parameter that measures
the asymmetry of the coupling of the small QD to the left
and right electrodes. This allows a direct estimation of the
zero-temperature conductance from the charging diagrams
presented in the right panels of Figs. 2–4.

IV. EXACT RESULTS AT ZERO TEMPERATURE

Assuming that the ground state of the system is a Fermi
liquid, we show in the Appendix that the zero-temperature
spectral density of QD d is given at the Fermi energy by

Adσ (0) = 2

π�
sin2(πNσ ), (11)

where

Nσ = − 1

π
ImTr

� 0

−∞
Gσ (ω)dω (12)

is the total charge per spin on the DQD and Gσ (ω) is the
local zero-temperature Green’s function of the DQD (see
Appendix). Replacing Eq. (11) in Eq. (7) we obtain

G(T = 0) = �α
�

σ

e2

h
sin2(πNσ ), (13)

where �α = 4�L�R

(�L+�R )2 .
For a symmetric coupling of the small QD to the left

and right electrodes (�L = �R) we have �α = 1 and the zero-
temperature conductance reaches the quantum of conductance
when the number of electrons N in the DQD is odd (N↑ =
N↓ = N/2). Conversely, for an even number of electrons in the
DQD the conductance vanishes. This important result indicates
that the maximum amplitude of the conductance is given only
by the asymmetry of the coupling to the left and right leads,
and the remaining dependence on the parameters, including
charging energies, level energies, and tunnel couplings, enters
only through the value of the occupation in the DQD. For fixed
�α, all sets of parameters that lead to a given occupation in the
DQD will lead to the same value for the conductance at zero
temperature.

The conductance maps analyzed in the previous section are
expected to be completely modified in the zero-temperature
limit. Irrespective of the charge distribution inside the DQD,
the conductance will be ∼�α2e2/h in the valleys where the
total number of electrons is an odd integer and very small
in those where the total number of electrons is even. In the
Kondo regime, where the hybridization � is smaller than the
local interactions Ud and UD , the occupation as a function of
the gate voltages is well approximated by the occupation of the
isolated DQD away from the charge degeneracy points. At the
charge degeneracy points, the total charge in the DQD is N =
k + 1/2, where k is an integer and the conductance at T = 0
is e2/h. Based on the calculation of the total occupation of the
DQD as presented in the right panels of Figs. 2–4, we expect
the conductance maps at T = 0 to consist of diagonal stripes of
large conductance (delimited by the charge degeneracy lines)
alternating with stripes of low conductance.

In the next section we show that the temperatures at
which the Fermi-liquid behavior sets in and the above
equation is satisfied can, in some cases, be extremely low.
At intermediate temperatures, the conductance can be very
different from the value expected in the high-temperature and
the low-temperature regimes. Depending on the value of the
gate voltages (i.e., at different regions of the conductance
maps), the system can be in the spectroscopic regime or the
low-temperature regime for a given set of parameters.
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Equation (13) is valid for the interactions considered in
the Hamiltonian of Eq. (1). It is important to point out that
different interactions from the ones considered (e.g., a Hund’s
rule coupling in one of the QDs) may change the nature
of the ground state and the value of the zero-temperature
conductance [40–51].

V. NUMERICAL RESULTS

We now discuss the temperature dependence of the con-
ductance. We first review the main results for a case with
a single relevant level on each QD. This problem has been
studied using a variety of techniques including the numerical
renormalization group [13,14] and functional renormalization
group [52]. We first consider a symmetric situation where
�L = �R = �/2, �̃Dα = 0, Nd = ND = 1, and UdD = 0, so
that the average charge on each QD is 1. When both QDs are
in the Kondo regime (Ud,UD � π�,tdD) charge fluctuations
on each QD can be eliminated using a Schrieffer-Wolff
transformation [53] and the low-energy properties of the
system can be described using a Kondo Hamiltonian:

HK = JKSd · s0 + JdDSd · SD + Hel. (14)

Here, S� with � = d,D are spin operators associated to the
QDs, and s0 = 1

2

�
s,s� c

†
0sσs,s�c0s � is the electron spin density

on the orbital coupled to QD d. The coupling constants, to
leading order in Ht and HV , are JdD = 8t2

dD/(Ud + UD) and
JK = 2�/Ud .

For a sufficiently weak interdot coupling JdD the system
presents a two-stage Kondo effect. As the temperature is
reduced, the spin 1/2 of the QD coupled to the leads is Kondo
screened at a temperature TK ∼ We−1/ρJK , where ρ is the
lead’s local density of states at the Fermi level and W is a
high-energy cutoff. The Kondo effect on QD d generates a
peak on its spectral density of width ∼kBTK , at the Fermi
energy. This Kondo peak can be associated to a renormalized
Fermi liquid of quasiparticles having a density of states
∼1/kBTK [54]. Its emergence results in an increase of the
conductance through the device as the temperature is lowered.

For JdD < TK the spin at QD D is screened at a lower
temperature [13],

T �
K ∼ TKe−πTK/JdD . (15)

We can interpret this expression as the Kondo screening of the
spin-1/2 in the side-coupled QD by the renormalized quasi-
particles associated to the Kondo effect in QD d. While the
first-stage Kondo effect leads to an increase in the conductance
of the device, the second-stage Kondo effect suppresses the
conductance in agreement with Eq. (13). This suppression of
the conductance can be understood as a Fano antiresonance, or
interpreted as a blocking effect in the conductance due to the
formation of a strong singlet between the spins on the two QDs
at low energies. For JdD > TK the spins in the QDs are also
locked in a singlet not only at low temperatures, but already for
temperatures T > TK . The conductance is small for T < JdD

and the Kondo screening does not takes place. Shifting the
gate voltage of QD d to modify its occupation to ∼0 or
∼2 results in a single-stage Kondo effect with an effective
Kondo coupling that leads to a high conductance regime at low
temperatures [55]. When the side-coupled QD in either empty

or double occupied and QD d is are the Kondo regime, the
transport properties are dominated by the Kondo effect on QD
d. For sufficiently large tunnel coupling tdD the properties of
the system can be better understood considering bonding and
antibonding states formed between the two QDs and including
effective Coulomb interactions for the hybridized levels and
effective couplings to the leads [13].

As we show below, the main features observed in the single
level case for the temperature dependence of the conductance
are also observed when multiple levels are considered in
the side-coupled QD. We calculate the conductance through
the system and the magnetic susceptibility using the full
density matrix numerical renormalization group (FDM-
NRG) [56,57]. In all calculations we use a logarithmic dis-
cretization parameter � = 10 and the z trick [58,59] averaging
over four values of z = 0.25, 0.5, 0.75, and 1. We keep up to
5000 states and start the truncation after four NRG iterations.

In Fig. 5 we present the conductance as a func-
tion of the temperature for the multilevel system an-
alyzed in the previous section. On the top panel of
Fig. 5 we consider a situation with a single electron on
QD d and ∼2 electrons on QD D. For small tdD � 0.02 meV
the results are very similar to what is observed in a decoupled
QD situation (tdD = 0): there is an increase in the conductance
associated to the Kondo screening of the spin-1/2 on QD
d. The conductance reaches the quantum of conductance, as
expected from the Fermi-liquid predictions. In this regime, the
Kondo temperature is only slightly reduced by the presence of
the side-coupled QD. As tdD is increased there is a decrease
of the Kondo temperature which sets the temperature scale at
which the Fermi-liquid behavior is recovered. This reduction
of the Kondo temperature can be understood recalling the
analysis of the nature of the electronic wave functions in
the different interdot coupling regimes presented in Sec. III.
For tdD = 0 two electrons occupy the ground state of QD D

forming a singlet and there is a single electron on QD d; a
situation that remains essentially unaltered for tdD � δ. For
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FIG. 5. (Color online) Conductance for different values of
the interdot coupling tdD = 0.01, 0.015, 0.02, 0.03, 0.04, 0.05, and
0.09 meV. The other parameters are UD = 0.25 meV, Ud = 0.7 meV,
UdD = 0.1 meV, δ = 0.02 meV, and � = 0.2 meV. (a) Total occupa-
tion of three electrons: Nd = 1 and ND = 2. (b) Total occupation of
four electrons: Nd = 1 and ND = 3.
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tdD � δ, however, it becomes energetically favorable to have
a sizable occupation in higher energy levels of QD D in order
to increase the hybridization with QD d. In this regime, the
wave-function weight on QD d associated to the spin-1/2
is reduced and the Kondo coupling between QD d and the
electrodes is reduced accordingly, as it can be readily shown
preforming a Schrieffer-Wolff transformation. When tdD is
increased further, the level structure of the DQD changes (see
also Ref. [33]). Two electrons occupy the lowest-lying state
of the DQD which is a bonding state between the orbital on
QD d and a linear combination of the orbitals on QD D. The
third electron is mainly localized in QD D which leads to
a strongly suppressed Kondo coupling and an exponentially
suppressed Kondo temperature. For the highest values of tdD

considered, the Kondo temperatures reach values well below
the experimentally accessible range (see the top panel in
Fig. 5).

In the bottom panel of Fig. 5 we consider a situation with a
single electron of QD d and three electrons on QD D. In this
case, the Fermi-liquid theory predicts a vanishing conductance
at zero temperature. The ground state of the isolated DQD has
total spin equal to zero. As in the case of a single level in
QD D, if the singlet-triplet gap of the DQD is smaller than
the Kondo temperature for QD d, a two-stage Kondo effect
occurs as the temperature is decreased. First the spin 1/2 on
QD d is Kondo screened by the electrons and holes of the
electrodes and the low-energy excitations of the system can
be described by a local Fermi liquid of heavy quasiparticles in
QD d. A second-stage Kondo effect is observed as the spin 1/2
on QD D is Kondo screened by the Kondo quasiparticles on
QD d. The Kondo screening of the side-coupled QD leads to a
decrease in the conductance below a characteristic T �

K which
depends strongly on the antiferromagnetic coupling between
the QDs [see Eq. (15)]. This behavior can be observed in
the bottom panel of Fig. 5 where for the lowest values of
tdD the conductance presents a nonmonotonous behavior. As
the interdot coupling is increased, the Kondo temperature of
the second-stage Kondo effect increases exponentially. For
large enough values of tdD the antiferromagnetic coupling
between the QDs exceeds TK , there is no Kondo effect and the
conductance decreases monotonously. While qualitatively the
behavior of the conductance is the same as the one observed
for a single level on the side-coupled QD, the value of the
second-stage Kondo temperature can be strongly modified in
the multilevel case. As we show in the next section, it can have
a strong dependence on the level spacing δ on QD D.

The results of Fig. 5 describe qualitatively the behavior of
the conductance away from the charge degeneracy lines in the
valleys with an odd or an even number of electrons in the DQD.
The temperature scales for the different regimes, however, can
vary strongly from one valley to the other. This is illustrated
in Figs. 6 and 7 where the behavior of the conductance as a
function of the temperature and ND is presented for Nd = 1
and Nd = 0.2, respectively. For Nd = 1, and a weak interdot
coupling tdD = 0.015 meV, a clear even-odd asymmetry can
be observed in the low-temperature conductance as the charge
in QD D is modified by the gate voltage. A large (small)
conductance is obtained for the valleys with an odd (even)
total number of electrons in the DQD. There is, however,

FIG. 6. (Color online) Conductance maps for Nd = 1 and dif-
ferent values of tdD . Other parameters as in Fig. 5. An even-odd
asymmetry is observed in the low-temperature conductance.

an intermediate-temperature regime T �
K < T < TK where this

even-odd asymmetry is lost. The behavior of the conductance
in this parameter regime is qualitatively described by the
Hamiltonian of Eq. (14).

For tdD = 0.035 meV the DQD is in a molecular regime,
and the two-stage Kondo effect is not observed. The system
behaves as a single QD that presents the Kondo effect for
an odd number of electrons on the DQD, and no Kondo
physics otherwise. In the Kondo regime a Schrieffer-Wolff
transformation can be performed to obtain the Kondo coupling
that is determined by the effective charging energy of the
DQD and the magnetic moment of QD d in the ground-state
wave function of the isolated DQD. For larger values of tdD

the Kondo temperature for some of the valleys is strongly
suppressed as the orbital on QD d strongly hybridizes with
a combination of orbitals on QD D and the remaining wave
functions are mainly localized on QD D. The odd valley with
ND ∼ 0 is associated to the bonding state between the QDs
and has therefore a large Kondo temperature. The valleys
for ND = 2,4, however, have the magnetic moment mainly
localized on QD D leading to a very small Kondo temperature
that for tdD = 0.1 meV is well below the temperature range
numerically explored (excepting values of ND very close to
the charge degeneracy points).
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FIG. 7. (Color online) Same as Fig. 6 for Nd = 0.2.

The behavior of the conductance for Nd = 0.2 is presented
in Fig. 7. In this case a large conductance is expected at zero
temperature for odd values of ND . For low interdot coupling
tdD = 0.015 meV [see Fig. 7(a)] the Kondo temperature is,
however, well below the range of temperatures numerically
explored. As tdD is increased the Kondo temperature increases
and becomes higher than the minimum temperature considered
close to the charge degeneracy points [see Fig. 7(b)]. For
larger values of tdD [see Figs. 7(c) and (d)] the Kondo
temperature for ND ∼ 1 is strongly enhanced as the interdot
bonding state is formed. In the valley with ND � 3, the Kondo
temperature reaches a maximum in the molecular regime
tdD ∼ δ and becomes strongly suppressed for large tdD as the
magnetic moment in the DQD becomes increasingly localized
on QD D.

VI. KONDO EFFECT IN MULTILEVEL QUANTUM DOTS

In this section we analyze the effect of having several
electronic levels on QD D on the transport properties of the
device and on the Kondo correlations in the two-stage Kondo
regime. We consider a few levels on QD D and calculate the
conductance for the full range of values of the level spacing
δ. Since we consider a finite number of levels, the limit of
small level spacing δ → 0 describes finite-size QD with a
degenerate ground state. We analyze a DQD system in a
parameter regime which is different to the one analyzed in
the previous sections. We set UD = Ud = U , UdD = 0, and

tdD � Ud,UD . Now the Coulomb interactions determine the
charge distribution in the DQD, in particular the bonding state
obtained in the tdD > δ regime is unfavored by the absence
of interdot Coulomb repulsion (UdD = 0). This can be easily
seen calculating the expectation value of the interaction energy
term [Eq. (2)] for a DQD wave function with a single electron
on each QD or the two electrons on the bonding state.

We first analyze the validity of Eq. (13) for a system
having three quasidegenerate levels (δ � tdD) on the side-
coupled QD calculating the conductance using the numerical
renormalization group. We checked that the renormalization
procedure had converged to the low-energy fixed point to
calculate the conductance and the occupation. The results are
presented in Fig. 8. The gate voltage of QD d was kept fixed
(Nd = 1) and the occupation on QD D was swept from 0 to 6
by changing its gate voltage. There is an excellent agreement
with the Fermi-liquid predictions. The small discrepancy
between the numerical and analytical results is due to a small
loss of spectral weight in the numerical solutions. Identical
results to those in Fig. 8 were obtained for a wide range of
model parameters.

Figure 9 presents the conductance as a function of the
temperature for different values of the total DQD occupation
and the parameters of Fig. 8. For an odd number of electrons
in the DQD, the occupation per spin is Nσ = N/2 and
Eq. (13) leads to a unitary conductance at zero temperature
G(T = 0) = 2e2/h. The observed increase in the conductance
when the temperature is lowered is associated to the buildup
of Kondo correlations as the spin in QD d is screened. The
transport properties are essentially unaltered by the presence
of QD D when it is charged by an even number of electrons.
For an even total number of electrons in the DQD the two-stage
Kondo effect is obtained, as in the single level case, and
the zero-temperature conductance vanishes. The second-stage
Kondo temperature generally depends on the number of
electrons on QD D, here is the same for total occupation in
the DQD of N and 8 − N electrons due to the electron-hole
symmetry for the set of parameters considered.
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FIG. 8. (Color online) Conductance vs total DQD occupation for
a three-level side-coupled QD. NRG (solid dots) and the analytic
result (lines) of Eq. (13). The gate voltage in the QD d is set such
that its average occupation is 1, while the gate voltage in QD D is
varied to change its occupation from zero to six electrons. Parameters
are Nd = 1, UD/� = Ud/� = 7.143, UdD = 0, tdD/� = 0.0693,
δ/� = 0.001 428, and � = 0.07 in units of the half bandwidth of the
conduction band of the electrodes.
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FIG. 9. (Color online) Conductance for different values of the
occupation in the DQD. For an even occupation, the conductance
is suppressed for T � T �

K where the second Kondo stage sets in.
Parameters are as in Fig. 8.

We now consider the effect of the level spacing δ on the
second-stage Kondo temperature T �

K . When there is a single
electron on QD D, there are two limiting cases that can be
readily solved. For δ → ∞ there is a single relevant level on
QD D and the problem reduces to the single level case. For
δ = 0, we can perform a change of basis on the degenerate
ground state of QD D, such that Ht couples the level on QD d

to only one of the states of the new basis, namely, the symmetric
combination of the original orbitals on QD D,

Ht = √
nDtdD

�

σ

(d†
dσ d̃Dσ + H.c.), (16)

where d̃Dσ = �
α dDασ /

√
nD , and nD is the degeneracy of

the ground state. The problem reduces again to the single
level case but with a larger hopping amplitude t̃dD = √

nDtdD .
Performing Schrieffer-Wolff transformation to the single level
problem we obtain JdD(δ = 0) = nDJdD(δ → ∞), leading to
a much larger second-stage Kondo temperature in the δ = 0
case [T �

K (δ = 0) � T �
K (δ → ∞)].

We therefore expect to obtain a crossover from a large
Kondo temperature to a small Kondo temperature as δ is
increased from zero. Performing a Schrieffer-Wolff transfor-
mation in a system with two levels in QD D we have for the
Hamiltonian of the isolated DQD to leading order in Ht and
δ/U

HDd = J1Sd · SD1 + J2Sd · SD2 + δ
�

σ

d
†
D2σdD2σ

+ J12

��

σ

d
†
D2σdD1σ Sd · SD1 + H.c.

�
(17)

with

J1 = 4
t2
dD

U
,

J2 = J1

�
1 + δ2

U 2

�
, (18)

J12 = J1 + J2

2
,

where SD� with � = 1,2 are spin operators associated to the
levels of QD D.
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FIG. 10. (Color online) Conductance (top panel) and effective
magnetic moment squared (bottom panel) as a function of the
temperature for different values of the energy-level spacing δ/T �

K (δ =
0) = 0,0.004,0.4,3.6,7.2, and δ → ∞ on QD D. Other parameters
as in Fig 8. Only for δ > T �

K (δ = 0) there is a sizable change in T �
K .

As we show below, the crossover from a large Kondo
temperature to a small Kondo temperature does not occur
at δ ∼ J1, as might be naively inferred from an analysis
of the isolated DQD, but at a much smaller energy scale
δ ∼ T �

K (δ = 0).
In Fig. 10 we present the conductance and the magnetic-

moment squared μ2 of the DQD as a function of the
temperature for different values of the energy-level spacing in
QD D. The parameters are the same as in Fig. 9 and the number
of electrons in the large dot is odd (3). The system presents a
two-stage Kondo effect as can be observed in the figure. The
conductance increases at temperatures below the first-stage
Kondo temperature TK which is essentially independent of
δ. The second-stage Kondo temperature T �

K decreases as δ is
increased but only when δ exceeds T �

K (δ = 0). Note that for
δ → ∞, the second-stage Kondo temperature falls below the
minimum temperature numerically explored.

The behavior of μ2 as a function of the temperature
shows a contribution of the three electrons on QD D and
suggests that a single electron in an effective orbital couples
antiferromagnetically to QD d and is Kondo screened [60]
while the remaining two electrons are doubly occupied and
effectively decoupled from the rest of the system. For T �
δ these electron levels contribute with μ2

D2 = 1/3 to the
magnetic moment squared of the DQD and with zero for
T � δ presenting a fast crossover between these two regimes
as a function of the temperature in contrast to the slow Kondo
screening.

As mentioned in the previous section, in the second-stage
Kondo regime, one can consider that the magnetic moment on
QD D couples to a renormalized Fermi liquid of quasiparticles
formed by the Kondo screening of the magnetic moment of
QD d. In the next section we assume that the first-stage Kondo
effect is well developed and explore the crossover of T �

K as a
function of δ using a slave-boson theory in the saddle-point
approximation.
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A. Slave-boson mean-field theory

Our starting point is the Hamiltonian of Eq. (17) for a
system with two levels on QD D and a single electron on
each QD. We assume that the first-stage Kondo effect is well
developed and take the local density of states on QD d as that of
a noninteracting band with a density of states ρeff ∼ 1/πkBTK

and a bandwidth πkBTK .
For simplicity we consider δ � U and take J1 = J2 =

J12 = J . The resulting Hamiltonian is

Hml = J

�
SD · s�

0 +
�

σ

d
†
D2σ dD1σ SD1 · s�

0

�
(19)

+ δd
†
D2σ dD2σ + H �

el, (20)

where SD = SD1 + SD2 and s�
0 = 1

2

�
s,s� f

†
0sσs,s�f0s � is the

electron spin density of the quasiparticles of the Fermi liquid
where f

†
0s (f0s) creates (destroys) a quasiparticle on QD d, and

H �
el =

�

ν,k,σ

��
kf

†
νkσfνkσ . (21)

The biquadratic interactions between the pseudofermions
generated by the spin-spin interactions are decoupled, in-
troducing two Bose fields Bi (conjugate to the amplitude�

σ d
†
Diσ f0σ with i = 1,2) and the constraint on the occupation

of QD D is enforced introducing the Lagrange multiplier λ.
The free energy expressed in terms of the Bose fields has a
saddle point at which the latter condense, �Bi� = �B†

i � = bi =
�f0σ d

†
Diσ �. At the saddle point the effective Hamiltonian is

�H = �J
�

σ,α

(d†
Dασ f0σ + H.c.) + δd

†
D2σ dD2σ (22)

+
�

σ,α

λ(d†
DασdDασ − 1) + H �

el ,

where �J = J (b1 + b2). Using the equations of motion of the
operators dDiσ we obtain

b1 = − 1

π

� TK

−TK

dωf (ω)Im[�G01σ ], (23)

b2 = − 1

π

� TK

−TK

dωf (ω)Im[�G02σ ], (24)

Ni = − 2

π

�

σ

� ∞

−∞
dωf (ω)Im[�Giiσ ], (25)

where Ni = �
σ �d†

Dασ dDασ � is the occupancy of the different
levels on QD D, �Giiσ and �G0iσ are the Green’s function at the
ith level of QD D and the correlator of the quasiparticles with
each level of QD D respectively. These are given by

�Gσ =

⎛
⎜⎝

i
πρeff

�J �J
�J ω − λ 0
�J 0 ω − δ − λ

⎞
⎟⎠

−1

. (26)

The integrals in Eqs. (23)–(25) can be solved analytically
at T = 0. The resulting equations were solved numerically for
the level occupations in QD D and the Kondo temperature
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FIG. 11. (Color online) Slave-boson mean-field theory results
for the level occupation and the Kondo temperature as a function
of the energy-level spacing δ in QD D. For δ larger than TK (δ = 0), it
becomes energetically favorable to form the Kondo correlations with
the lowest-lying energy level. This reduces the exchange coupling
with the electron bath and the Kondo temperature.

T �
k = �� = πρeff �J 2. The results are presented in Fig. 11.

We observe a slow crossover from a large Kondo tempera-
ture T �

K (δ = 0) = TK

2 e−πTK/2J to a small Kondo temperature
T �

K (δ → ∞) = TK

2 e−πTK/J . The slow crossover sets in for
δ � T �

K (δ = 0) where the level occupations N1 and N2 begin
to differentiate. For large δ � T �

K (δ = 0) only the lowest-lying
level is occupied.

If we associate an energy gain ∼T �
K to the formation of

the Kondo effect, for small δ it is energetically favorable to
occupy partially the highest energy level on QD D forming
a symmetric combination of the two levels in QD D in
order to increase the hybridization with QD d and the Kondo
temperature. The energy in this case is ∼−T �

K (δ = 0) + δ/2.
For δ > 2T �

K (δ = 0) it is however energetically favorable to
empty the highest energy level (N2 → 0) at the expense of
having lower energy gain due to the Kondo effect ∼−T �

K (δ →
∞). We therefore expect a crossover to occur between the two
regimes for δ ∼ T �

K (δ = 0).

VII. CONCLUSIONS

We analyzed the electronic transport through a DQD
device in the side-coupled configuration. A small quantum
dot having a single relevant electronic level is tunnel-coupled
to source and drain electrodes, a larger QD is coupled to
the small QD but not directly to the electrodes (side-coupled
QD). We considered multiple levels on the side-coupled QD
and Coulomb interactions between electrons in the DQD.
Assuming a Fermi-liquid ground state, we obtained an exact
relation between the zero-temperature conductance and the
electronic occupation of the DQD. Additional interaction
terms in the system Hamiltonian, as a Hund’s rule cou-
pling [40–51], may lead to non-Fermi-liquid ground states
and to a modified zero-temperature conductance formula [42].

We explored numerically the conductance through the
system for model parameters appropriate to describe two
experimentally relevant situations: (i) a system with a large
level spacing on the side-coupled QD and (ii) a system with up
to three quasidegenerate levels in the side-coupled QD. In the
latter case we considered that the quasidegenerate levels were
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the only relevant for the electronic transport, as is expected if
the remaining levels in the side-coupled QD have a much larger
energy. In the former case, which describes the parameter
regime of Ref. [33], only a few levels in the side-coupled QD
need to be considered to obtain a qualitative description in the
weak electrodes-QD coupling regime.

We analyzed the low-temperature conductance and the
Kondo correlations for the interdot tunnel-coupling crossover
observed in Ref. [33]. Depending on the parity of the number
of electrons in the DQD the system may present a two-stage
Kondo effect, a single-stage Kondo effect, or no Kondo effect.
We confirmed the predictions of the Fermi-liquid theory
for T → 0 and found that the temperature at which the
Fermi-liquid behavior is recovered can be extremely small
depending on the model parameters, in particular the tunnel
coupling between the QDs and the gate voltage on each QD.
This leads to conductance maps with an unusual structure at
finite temperatures, in the strong interdot coupling regime.

We analyzed the effect of the multilevel nature of the side-
coupled QD on the two-stage Kondo effect regime where two
Kondo screenings take place in succession as the temperature is
lowered. The Kondo temperature of the second-stage screening
depends strongly on the level spacing of the side-coupled QD
and the tunnel coupling between the QDs. We considered a
system with quasidegenerate levels on the side-coupled QD
and constructed an effective model to describe the second-
stage Kondo effect. We analyzed the resulting model using
the slave-boson mean-field approximation. In agreement with
the numerical results, we obtained a crossover from a large
Kondo temperature for degenerate levels in the side-coupled
QD to a small Kondo temperature when the level spacing
in the side-coupled QD is of the order of the large Kondo
temperature. In the two-stage Kondo regime, the magnetic
moment on the side-coupled QD couples to a single electronic
channel described by a Fermi liquid of heavy quasiparticles.
This multilevel Kondo effect occurs in the presence of a
single electronic channel of electrons [60] instead of multiple

channels as would be generally expected for a single multilevel
QD coupled to metallic electrodes.

Our results generalize those of Ref. [13] to the multilevel
case. The numerical analysis is however restricted to situations
where a few electronic levels are relevant in the side-coupled
QD. If is of interest to explore the regime where there are
many quasidegenerate levels on the side-coupled QD such
that Kondo correlations may develop between the two QDs at
a temperature larger or of the order of the Kondo temperature
of the small QD with the electrodes. In this regime the system
may present, at intermediate temperatures, two-channel Kondo
physics [12], or Kondo box physics if the level spacing on the
side-coupled QD is of the order of the energy scale for the
Kondo correlations [16–25].
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APPENDIX: FRIEDEL’S SUM RULE

In this Appendix, we generalize Friedel’s sum rule to our
system. We consider the side-coupled QD with a single level
in a small QD and an arbitrary number of levels in the large
quantum dot. For simplicity, we assume that the couplings
of the small dot to the leads �L, �R do not depend on the
energy. This usual assumption is justified by the fact that the
electronic structure of the leads varies in energy scales much
larger than both �ν .

The local Green’s function of the DQD is given by

G−1
σ (ω) = G−1

0σ (ω) − �σ (ω), (A1)

where all the effects of the interactions are included in the self-
energy �σ (ω) The noninteracting Green’s function G−1

0σ (ω) is
given by

G−1
0σ (ω) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ω − �d + i�/2 t1 t2 · · · tN

t1 ω − �1 0 · · · 0

t2 0 ω − �2
...

...
...

. . . 0

tN 0 · · · 0 ω − �N

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A2)

where �d and �i are the single electron energies associated to the levels in QD d and QD D, respectively, and include contributions
from Eqs. (2) and (4).

The total charge per spin in the DQD is given at T = 0 by

Nσ = − 1

π
ImTr

� 0

−∞
Gσ (ω)dω, (A3)

an expression that can be rewritten in the form

Nσ = − 1

π
Im

� 0

−∞
dω

∂

∂ω
Tr ln G−1(ω) − 1

π
Im

� 0

−∞
dω Tr

�
G(ω)

∂

∂ω
�(ω)

�
, (A4)
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using the equality

TrG(ω) = ∂

∂ω
Tr ln G−1(ω) + Tr

�
G(ω)

∂

∂ω
�(ω)

�
. (A5)

The second integral on the right-hand side of Eq. (A4) vanishes order by order in perturbation theory in the local Coulomb
interactions [61] which leads to

Nσ = 1

π
[ϕ(−∞) − ϕ(0)] , (A6)

where

ϕ(ω) = Tr ln[G−1(ω)] = ln det[G−1(ω)]. (A7)

As �(ω) limω→0 → cte, the real part of det[G−1(x)] diverges as ωN+1 while the imaginary part diverges as ωN resulting in

lim
ω→∞

Im ln det
�
G−1(ω)

�
= c × π (A8)

where c is an integer. Assuming a Fermi-liquid ground state, we have Im [�(0)] = 0 and we obtain

G−1
σ (0) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−�̃d + i�/2 t̃d1 t̃d2 · · · t̃dN

t̃1d −�̃1 t̃12 · · · t̃1N

t̃2d t̃12 −�̃2
...

...
...

. . . t̃(N−1)N

t̃Nd t̃1N · · · t̃(N−1)N −�̃N

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(A9)

Nσ = − 1

π
arctan

�
Im det

�
G−1

σ (0)
�

Re det
�
G−1

σ (0)
�
�

+ c. (A10)

Using the Laplacian expansion for the determinant and that
the coefficients {t̃ij } and {�̃i} are real we readily find

tan2(πNσ ) =
�

�D1/2

Re det
�
G−1

σ (0)
�
�2

, (A11)

where D1 is the determinant of the submatrix of G−1
ddσ (0)

obtained suppressing the first row and the first column.
The zero-temperature conductance per spin through the

system is given by

Gσ = e2

�
�R�L

�R + �L

Adσ (0), (A12)

where

Adσ (0) = − 1

π
Im [Gddσ (0)] . (A13)

Using Cramer’s rule for the inverse and Eq. (A9) we get

Gddσ (0) = D1

i�D1/2 + Re det
�
G−1

σ (0)
� (A14)

and using Eq. (A11) we get

Adσ (0) = 2

π�
sin2(πNσ ) (A15)

and finally

Gσ = �α e2

h
sin2(πNσ ), (A16)

where �α = 4�L�R

(�L+�R )2 .
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[47] R. Žitko, R. Peters, and Th. Pruschke, Phys. Rev. B 78, 224404

(2008).
[48] J. J. Parks, A. R. Champagne, T. A. Costi, W. W. Shum, A. N.

Pasupathy, E. Neuscamman, S. Flores-Torres, P. S. Cornaglia,
A. A. Aligia, C. A. Balseiro, G. K.-L. Chan, H. D. Abruña, and
D. C. Ralph, Science 328, 1370 (2010).

[49] P. S. Cornaglia, P. Roura Bas, A. A. Aligia, and C. A. Balseiro,
Europhys. Lett. 93, 47005 (2011).

[50] S. Florens, A. Freyn, N. Roch, W. Wernsdorfer, F. Balestro,
P. Roura-Bas, and A. A. Aligia, J. Phys.: Condens. Matter 23,
243202 (2011).

[51] P. P. Baruselli, R. Requist, M. Fabrizio, and E. Tosatti, Phys.
Rev. Lett. 111, 047201 (2013).

[52] C. Karrasch, T. Enss, and V. Meden, Phys. Rev. B 73, 235337
(2006).

[53] J. Schrieffer and P. Wolff, Phys. Rev. 149, 491 (1966).
[54] P. Nozières, J. Low Temp. Phys. 17, 31 (1974).
[55] Y. Tanaka, N. Kawakami, and A. Oguri, Phys. Rev. B 85, 155314

(2012).
[56] L. Merker, A. Weichselbaum, and T. A. Costi, Phys. Rev. B 86,

075153 (2012).
[57] F. B. Anders and A. Schiller, Phys. Rev. B 74, 245113

(2006).
[58] M. Yoshida, M. A. Whitaker, and L. N. Oliveira, Phys. Rev. B

41, 9403 (1990).
[59] V. L. Campo and L. N. Oliveira, Phys. Rev. B 72, 104432

(2005).
[60] D. Boese, W. Hofstetter, and H. Schoeller, Phys. Rev. B 66,

125315 (2002).
[61] A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski, Methods

of Quantum Field Theory in Statistical Physics (Prentice-Hall,
Englewood Cliffs, NJ, 1963).

115110-12

83



Behavior of the flux-flow resistivity in mesoscopic superconductors

P. Sánchez-Lotero a,b,⇑, J. Albino Aguiar a,b, D. Domínguez c

a Programa de Pós-Graduação em Ciências de Materiais – CCEN, Universidade Federal de Pernambuco, 50670-901 Recife, PE, Brazil
bDepartamento de Física, Universidade Federal de Pernambuco, 50670-901 Recife, PE, Brazil
cCentro Atómico Bariloche, 8400 San Carlos de Bariloche, Río Negro, Argentina

a r t i c l e i n f o

Article history:
Received 31 December 2013
Accepted 21 February 2014
Available online 23 April 2014

Keywords:
Transport properties
Vortex lattice
Flux-flow regime

a b s t r a c t

In this work we solved the time dependent Ginzburg–Landau equations numerically finding profiles of
the flux-flow resistivity for different widths of superconducting stripes. We found vortex pinning induced
by the surface superconductivity. This pinning avoids the movement of the vortex lattice preventing the
generation of a voltage. We also found the existence of a mesoscopic region where the flux-flow resistiv-
ity shows size effects and we observed a transition to a macroscopic regime as the width increases.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

One of the most important features of a superconductor is the
absence of a resistivity when a current is applied on it. However
when a magnetic field is applied in the superconductor the interac-
tion between the vortex lattice and the current could induce the
appearance of a resistivity. The origin of this resistivity is a Lorentz
force between the current in the superconductor and the magnetic
flux of the lattice. This Lorentz force causes a continuous move-
ment of the lattice. This movement is transverse to the current
and induces an electric field: E = B Â v/c, where v is the velocity
of the vortex lattice. For a superconductor without pinning, the dis-
placement of the lattice is retarded only by a viscous force per unit
length, Fl. This force is modeled proportional to the velocity of the
vortices and includes a viscous coefficient, l: Fl = -lv.

Therefore, the relation between E and the applied density cur-
rent J defines the flux-flow resistivity qff ¼ E

J ¼ B U0

lC2, where U0 is
the quantum of magnetic flux [1].

Previous works with numerical solutions of the time-dependent
Ginzburg–Landau (TDGL) and the generalized TDGL showed sev-
eral kinds of regimes with different velocities of the vortex lattice
motion [2–5]. In particular, for an infinitely long slab the transition
from the low to the fast vortex motion was studied solving the gen-
eralized TDGL equations. For this geometry, a transition from a
moving Abrikosov lattice with triangular structure to a set of par-
allel rows is found when the applied current increases [5]. The cre-
ation of phase-slip lines and the interplay with a vortex lattice in a

finite-length thin stripe with finite-size normal leads was studied
showing channels with fast and slow vortices. The leads at the edge
of the stripe produce the curvature of the channels in the vicinity of
the leads [6]. However, the effects of the surface superconductivity
in the movement of the vortices have not been studied in the flux-
flow regime. In this work we studied the flux-flow resistivity for
different widths of an infinite superconducting strip searching
the transition between a microscopic regime, where the flux-flow
resistivity is proportional to B, and a mesoscopic regime where
the effects of the surface superconductivity are present.

2. Model system

As a model system, we use a bulk superconductor which is infi-
nite in the z and x directions and is finite in the y direction (Fig. 1).
With this model we neglect the possibility of curved vortices in the
z direction.

The time-dependent Ginzburg–Landau equations for our sys-
tem are:

g
@

@t
w ¼ ð$À iAÞ2wþ ð1À jwj2Þw

@

@t
A ¼ Re½wÃðÀi$À AÞw�À j2$Â $Â A

Where the physical quantities are measured in dimensionless units:
length in units of the coherence length n, magnetic field in units of
the critical field Hc2, w in units of 4kBTcg1/2/p(1–T/Tc)1/2, temperature
in units of the critical temperature Tc, and time is scaled in units of
the Ginzburg–Landau relaxation time t0 = h/16kB(Tc–T)g = n2/gD. In
the last units D is the diffusion constant, kB and h are the Boltzmann

http://dx.doi.org/10.1016/j.physc.2014.02.027
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and Planck constants and the parameter g is taken to be equal to
5.79 [7].

Periodic boundary conditions are applied in the x direction:
w(x) = w(x + L) and A(x) = A(x + L), where L is the period. The usual
boundary condition superconductor-vacuum is applied in the y
direction:

@

@y
À iAy

� �
w

����
y¼0;y¼w

¼ 0

The transport current is introduced via the boundary condition for
the vector potential in the y direction, $Â Ajzðy ¼ 0; y ¼ wÞ ¼
H Æ Hind, where H is the applied magnetic field and Hind is the mag-
netic field induced by the current [5].

To solve the TDGL equations we consider a rectangular mesh
consisting of nx Â ny cells, with mesh spacings ax and ay. We use
finite difference method based on gauge-invariant link variables
[8]. This numerical method is defined by the finite unknowns of
the method, w, Ax, and Ay, plus the equations relating these
unknowns.

3. Results and discussion

As the electric field E is a time-dependent variable, we averaged
it over a long finite time interval. In Fig. 2 we show the current-Ex
characteristic of our system, where the current I is the current per
unit length in the z-direction, Ex is the electric field parallel to the
current direction, j = 2, L = 80 and the width w = 36 at H = 0.425.
Due the presence of the surface barrier the vortices start to flow
for a finite current and the vortex lattice is close to the Abrikosov
structure. Above this current the vortices start to flow incoming
from the superior edge and outgoing to the inferior edge. The gra-
dient of the magnetic field in the system helps the movement of
the vortices. Thus, on the edge where the applied and induced
fields have the same orientation, superconductivity is depressed
and this depression allows the entry of new vortices. In the flux-
flow regime (small currents and linear behavior in the Ex vs. I

Fig. 2. Ex vs. I of a superconducting slab with w = 36, H = 0.425 and j = 2. The
current zone where the superconductivity disappears is marked with an arrow.

Fig. 1. The model system is a slab (infinite in the z and x directions). The applied
magnetic field is parallel to the z axis and the transport current is parallel to the x
axis.

Fig. 3. Snapshots of the order parameter at different values of the current in the flux-flow regime for the system described in the Fig. 2. The currents are I = 0.5, 1, 1.5 and 2.
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curve) the vortex structure is a slightly deformed Abrikosov lattice
(Fig. 3). With increasing current there are several jump transitions
where the vortex velocity increases and we have a state with volt-
age jumps. A detailed study of these jumps can be obtained in [5].
Finally for I = 4.5 the system evolves to the normal state.

Keeping j = 2, we calculated the flux-flow resistivity and the
average magnetic induction Bav for different widths and applied
magnetic fields. As were shown previously, in the macroscopic case
the flux-flow resistivity qff is proportional to B and therefore qff/B is
a constant. For widths greater than w = 15, the system obeys the
predicted macroscopic behavior, but under this critical width we

found evidence of the existence of a mesoscopic region where
the flux-flow resistivity shows the effects of the existence of the
surface barrier (Fig. 4).

4. Conclusions

From the characteristic curves, we have evidence that surface
superconductivity acts like a surface barrier. That surface barrier
avoids the outgoing of the vortex lattice below a critical current.
We determined also the existence of different widths where a mes-
oscopic regime for the flux-flow resistivity is manifested. For wider
stripes a transition from mesoscopic to macroscopic regime is
found.

Acknowledgement

This work was partially supported by the Brazilian agencies
CAPES, CNPq, FACEPE (APQ – 0589/1.05-08): and Argentine ANPCyT
(PICT2011-1537), CNEA and CONICET (PIP11220090100051).

References

[1] M. Tinkham, Introduction to Superconductivity, second ed., Dover Books on
Physics, 2004.

[2] L.I. Glazman, Fiz. Nizk. Temp. 12 (1986) 688;
L.I. Glazman, Sov. J. Low Temp. Phys. 12 (1986) 389.

[3] A. Weber, L. Kramer, J. Low Temp. Phys. 84 (1991) 289.
[4] A. Andronov, I. Gordion, V. Kurin, I. Nefedov, I. Shereshevsky, Physica C 213

(1993) 193.
[5] D.Y. Vodolazov, F.M. Peeters, Phys. Rev. B 76 (2007) 014521.
[6] G.R. Berdiyorov, A.K. Elmudorov, F.M. Peeters, D.Y. Vodolazov, Phys. Rev. B 79

(2009) 174506.
[7] L. Kramer, R.J. Watts-Tobin, Phys. Rev. Lett. 40 (1978) 1041.
[8] G. Buscaglia, C. Bolech, A. López, Connectivity and superconductivity, Lect.

Notes Phys. 62 (2000) 200.

Fig. 4. qff/Bav vs. w. All the curves for different applied magnetic fields converge for
wider systems. However under a critical width (w$15) the macroscopic prediction
does not work.

122 P. Sánchez-Lotero et al. / Physica C 503 (2014) 120–122

86



Viscoelastic Effects in Avalanche Dynamics: A Key to Earthquake Statistics

E. A. Jagla
Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de Energía Atómica, (8400) Bariloche, Argentina

François P. Landes and Alberto Rosso
Laboratoire de Physique Théorique et Modèles Statistiques (UMR CNRS 8626), Université Paris-Sud, Orsay, France

(Received 4 November 2013; revised manuscript received 11 January 2014; published 30 April 2014)

In many complex systems a continuous input of energy over time can be suddenly relaxed in the form of
avalanches. Conventional avalanche models disregard the possibility of internal dynamical effects in the
interavalanche periods, and thus miss basic features observed in some real systems. We address this issue
by studying a model with viscoelastic relaxation, showing how coherent oscillations of the stress field can
emerge spontaneously. Remarkably, these oscillations generate avalanche patterns that are similar to those
observed in seismic phenomena.
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The driven dynamics of heterogeneous systems often
proceeds by random jumps called avalanches, which dis-
play scale-free statistics. This critical out-of-equilibrium
behavior emerges from the competition between internal
elastic interactions and interactions with heterogeneities,
and is understood in the framework of the depinning
transition [1,2]. Remarkably, one can often disregard the
precise details of the microscopic dynamics when consid-
ering the large scale behavior. As a result, various phenom-
ena such as Barkhausen noise in ferromagnets [3–5], crack
propagation in brittle materials [6–8] or wetting fronts
moving on rough substrates [9–11] may display similar
avalanche statistics.
In this description of avalanches a trivial dynamics in the

interavalanche periods is usually assumed [1,12]. However,
the inclusion of viscoelastic effects with their own char-
acteristic time scales brings about novel dynamical fea-
tures. The existence of this kind of relaxation may have
drastic consequences on the macroscopic behavior of the
system, as in the context of friction where it generates the
time increase of static friction during the contact between
two surfaces at rest [13,14]. Here we show how these
relaxation processes generically induce a novel avalanche
dynamics characterized by new critical exponents and
bursts of aftershocks strongly correlated in time and space.
Because of its simplicity, the model allows for analytic
treatment in the mean field, and for extensive numerical
simulations in finite dimensions. Our main observations are
twofold. First, in the mean field the time scale of visco-
elastic relaxation is associated with a dynamical instability,
which we prove to be responsible for periodic oscillations
of the stress in the entire system. This instability, named
avalanche oscillator, was observed in numerical simula-
tions and experiments of compression of Nickel micro-
crystals [15]. Note that viscoelastic interactions are also at
the root of the hysteretic depinning emerging in mean field

periodic systems like vortex lattice or charge density waves
[16,17]. Second, in two dimensions the global oscillations
found in the mean field remain coherent only on small
regions. In each region the oscillations of the local stress
have roughly the same amplitude and period but different
phases, so that at a given time the stress map has a terraced
structure.
We claim that the relaxation processes studied in our

model are essential to capture the basic features of seismic
dynamics. In particular, the viscoelastic time scale is the
one involved in the aftershock phenomenon [18–20].
Moreover the oscillations of the stress field explain the
quasiperiodic time recurrence of earthquakes that emerges
from the data analysis of the seismic activity in some
geographical areas [21,22]. Finally we show that in two
dimensions, viscoelastic relaxation produces an increase
in the exponent of the avalanche size distribution
compatible with the Gutenberg-Richter law, and the
aftershock spatial correlations obtained have strong simi-
larities with the so-called migration effect observed in real
earthquakes [23].
The models.—Our model with relaxation is constructed

upon the paradigmatic model of avalanche dynamics,
describing the depinning of a d-dimensional elastic inter-
face moving inside a (dþ 1)-dimensional space [1]. In this
model, the interface consists of a collection of blocks [see
Fig. 1(a)] obeying the equation of motion,

η∂thi ¼ k0ðw − hiÞ þ fdisi ðhiÞ þ k1Δhi (1)

where (i, hi) is the (dþ 1)-dimensional coordinate of the
block and η is the viscosity of the medium. Each block feels
elastic interactions via the (discrete) Laplacian term
k1ðΔhÞi ¼ k1

P
hijiðhj − hiÞ (summation is restricted to

nearest neighbors of i), disorder via fdisi ðhiÞ and is driven
towards the position w ¼ V0t via springs of elasticity k0.
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The force per unit area applied by the drive, namely, the
stress is given by σ ¼ k0ðw − h̄Þ, where h̄ ¼ ð1=NÞP

i
hi is

the mean value of interface height (N ¼ Ld). The slow
increase of w over time induces an augmentation of the
pulling force on each block. As a response, blocks typically
slightly adjust their positions, but sometimes a block
reaches a mechanically unstable state and moves far away
from its position to a new local energy minimum. This
can in turn destabilize neighboring blocks, thus triggering
an avalanche event that we characterize by its size
S ¼ Nðh̄after − h̄beforeÞ, which is simply the volume swept
by the interface during the event. In Fig. 1(c) we show the
sizes S of a sequence of avalanches obtained by driving w
quasistatically (V0 ¼ 0þ). The sequence displays an
almost Poissonian behavior, in the sense that both the
sizes and the time occurrences of the events are almost
uncorrelated variables. Moreover the stress is constant in
time, with fluctuations due to finite system size.

Our modified model consists in replacing springs k1 by
viscoelastic elements, built using springs and dashpots as
depicted in Fig. 1(b). Dynamical equations become

η∂thi ¼ k0ðw − hiÞ þ fdisi ðhiÞ þ k1Δhi þ k2ðΔhi − uiÞ;
ηu∂tui ¼ k2ðΔhi − uiÞ; (2)

where the auxiliary variables ui depend on the elongation
of the neighboring dashpots: in one dimension this variable
reads ui ¼ ðϕi − hiÞ þ ðhi−1 − ϕi−1Þ (see the Supplemental
Material [24]). The relaxation constant ηu sets a new
characteristic time τu ¼ ηu=k2, to be compared with the
two scales: (i) τD ¼ z̄=V0 which accounts for the slow
increase of the external drive w (where z̄ is the typical
microscopic disorder length scale, defined later),
(ii) τ ¼ η=max½k0; k1; k2�, which is the response time of
the h variables. Essentially, “main” avalanches are triggered
by the drive through k0, whereas relaxation (via k2, ηu)
triggers additional events on a time scale of order τu: the
aftershocks.
In our analysis, we assume that the three scales are well

separated, namely, τ ≪ τu ≪ τD (i.e., η ≪ ηu). Hence, on
the time scale τ the ui’s are constant in time and the
dynamics is exactly the same as for the depinning model
with elastic constant k1 þ k2. However, after an avalanche,
and in a time scale τu ≫ τ, hi’s are pinned (due to the
narrow wells approximation, see below) and ui’s relax
exponentially,

uiðtÞ ¼ Δhi þ ðuiðt0Þ − ΔhiÞe−ðt−t0Þk2=ηu ; ∀ i; (3)

where t0 is the time at which the last avalanche occurred.
The effect of relaxation is to suppress the term k2ðΔhi − uiÞ
in Eq. (2), so that some blocks may become unstable. This
triggers secondary avalanches in the system, identified with
aftershocks in the seismic context. Aftershocks occur
without any additional driving: the ensemble of events
that occur at a given w will be called a cluster [Fig. 1(d)].
When ui ¼ ðΔhÞi ∀ i, the system is fully relaxed and new
instabilities can only be triggered by an increase of w. Note
that the fully relaxed configuration corresponds to a stable
configuration of the depinning model with the same
disorder realization and elastic constants k0, k1.
We mostly have in mind the d ¼ 2 case, which is the one

realized in the seismic context. We consider local elastic
interactions for implementation convenience. Realistic long
range interactions within the faults (induced by the three-
dimensional nature of the plates) may have effects on the
results we present, that are difficult to assess without a full
numerical simulation. This remains as a prospect for
future work.
The narrow wells approximation.—To efficiently study

Eqs. (1,2), we adopt the so-called narrow wells approxi-
mation. In this scheme, disorder is modeled as a collection
of narrow pinning wells representing impurities [see

(b)

(c)(a)

(d)

(e)

FIG. 1. Sketch of the models for d ¼ 1. (a) Conventional
depinning model: disorder and elastic interactions acting on
the blocks, located in hi, hiþ1, etc. The disordered force derives
from the pinning potential (gray): fdisi ¼ −∂Edis

i ðhiÞ=∂hi. (b) De-
pinning with relaxation: we introduce dashpots with relaxation
constant ηu and springs of stiffness k2. Right: numerical results
showing sequences of avalanches sizes S (dots) and stress
(continuous lines) as a function of drive w for: the elastic
depinning model in d ¼ 2 (c), the depinning with relaxation in
d ¼ 2 (d) (dashed and dotted lines correspond to local stress in
two distant regions), and in the mean field (e).
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Fig. 1(a)], with spacings z, distributed as gðzÞ and with
average z̄ ¼ R

∞
0 zgðzÞdz. The maximum value of the

pinning force at each well is denoted fth (see the
Supplemental Material [24]). Thanks to this choice,
the system state can be reduced to a variable δi. In the
depinning model

δi ≡ fthi − k0ðw − hiÞ − k1Δhi: (4)

As soon as δi ≤ 0, this site becomes unstable: an avalanche
is triggered. The avalanche evolution translates into simple
rules for δi’s. When δi > 0,∀ i, all blocks are stable and the
avalanche is exhausted. Driving then follows until a new
event is triggered.
In our model, δi’s read

δi ¼ fthi − k0ðw − hiÞ − k1Δhi − k2ðΔhi − uiÞ: (5)

The dynamics proceeds as before, with ui’s kept constant
during avalanches. When the avalanche is exhausted, a
slow relaxation of ui takes place [Eq. (2)]. This evolution
can decrease δi’s and thus trigger aftershocks.
Mean-field analysis.—We analyze the mean field, fully

connected model, which corresponds to replacing Δhi with
h̄ − hi in Eqs. (4), (5). In this case, all sites are equivalent
and the δi’s are independent and identically distributed
variables, characterized by the probability distribution
PwðδÞ which in general depends on the initial condition
P0ðδÞ and on w. In the Supplemental Material [24], we
obtain the evolution of PwðδÞ under an infinitesimal
increase in w for both models, for fthi ¼ const.
For the elastic depinning model, we show that this

evolution has a fixed point reached within a finite increase
in w, at which PwðδÞ is given by the function

Qðδ; k1Þ ¼
1 −Gðδ=ðk0 þ k1ÞÞ

z̄ðk0 þ k1Þ
; (6)

whereGðzÞ≡ R
z
0 dz

0gðz0Þ. This indicates that the large time
dynamics is stationary, and that the applied stress in the
system is constant in time: σðk1Þ≡ fth − δ̄ðk1Þ. Further
analysis shows that as long as Pwð0Þ < ðz̄k1Þ−1 the system
displays avalanches bounded by a system-size independent
cutoff: Smax ¼ ½1 − Pwð0Þz̄k1�−2. For example, at the fixed
point (6) we have Pwð0Þ ¼ Qð0; k1Þ ¼ 1=z̄ðk0 þ k1Þ, so
that Smax ¼ ð1þ k1=k0Þ2. However if Pwð0Þ ≥ ðz̄k1Þ−1 the
system becomes unstable, with a global event, that involves
a finite fraction of the system.
For the model with relaxation, the evolution of PwðδÞ is

nonstationary and displays oscillations in time. Under a
small increase in w, two dynamical regimes are observed.
On short times (t≃ τ), sites that become unstable move
following the rules of a rigid elastic interface, with stiffness
k1 þ k2. On longer times (t≃ τu), during relaxation, the
interface becomes more flexible (stiffness k1), thus

evolving towards the fixed point Qðδ; k1Þ (stages 1 and
2 in Fig. 2). However, when Pwð0Þ becomes larger than
1=z̄ðk1 þ k2Þ, the rigid interface is unstable so that a single
global avalanche drives PwðδÞ to the rigid fixed point
Qðδ; k1 þ k2Þ (stage 3 in Fig. 2). Finally, this state is altered
by relaxation and a new cycle starts (stage 4).
Note that cyclic behavior is independent of the details of

the mean field model: e.g., Fig. 1(e) corresponds to the case
of randomly distributed thresholds fthi . The avalanche
dynamics is different and displays aftershocks, but global
events and stress oscillations are also present.
A similar viscoelastic model (with k1 ¼ 0, periodic

disorder and under constant force F) was originally
introduced [16,17,25] to model the hysteretic depinning
observed in vortex lattices and charge density waves. In the
fully connected approximation a self-consistent calculation
pointed out that the average velocity is multivalued,
yielding hysteretic behavior in a wide range of external
stress. This hysteresis echoes with the oscillations in Fig. 2.
Yet, in two dimensions, we see that constant velocity
driving produces stress distributions that are not uniform,
nor constant, and we get qualitative new results that were
not obtained in the constant applied force case studied in
Refs. [16,17,25].
Two-dimensional results.—For d ¼ 2 we must rely on

the numerical implementation of Eqs. (5), (3) via an
efficient method originally developed in Ref. [26] (see
the Supplemental Material [24]). In Fig. 1(d), we see a clear
distribution of events in clusters of main shocks and
aftershocks, as in actual seismicity (where, indeed, any

(a)

(c)

(b)

FIG. 2 (color online). Evolution of PðδÞ [(a) and (b), solid
line] and of the stress σ ¼ k0ðw − h̄Þ (c) computed from direct
integration of the evolution equations. (1) driving without any
avalanche, linearly increasing stress; (2) driving with elastic-
depinning avalanches, slower stress increase. (3) global event:
PðδÞ collapses to the depinning fixed point Qðδ; k1 þ k2Þ (lower
dashed curve) and the stress drops to σðk1 þ k2Þ (lower dashed
line). (4) relaxation closes the cycle back to stage (1) without
altering average stress.
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single cluster spans a finite w interval, due to the incom-
plete separation of time scales). The periodicity of the mean
field [Fig. 1(e)] has now disappeared.
Nevertheless, a careful analysis of the d ¼ 2 model

shows an interesting reminiscence of the mean field
behavior. In Fig. 3 we compute for each cluster the local
stress restricted to the cluster area, just before (σB) and just
after (σA) it takes place (the same analysis for events instead
of clusters yields the same results). Small clusters show
broad distributions of σB and σA, similar to what would be
observed for the depinning case. However, for large clusters
both distributions become very narrow: σB sets to a value
that we denote σmax, and σA sets to σmin. This is the
fingerprint of the mean field behavior, suggesting a large
scale description of the d ¼ 2 interface as a terraced
structure. Indeed, we observe (Fig. 4) that different parts
of the system have different values of the stress, which
range from σmin to σmax. In analogy with the mean field,
when the stress of a region reaches a value ∼σmax, it gets
destabilized and the whole region collapses to σmin. In fact
the evolution of the local stress associated with a small
patch of the interface is nonstationary, and shows an almost
periodic oscillation between σmin and σmax [Fig. 1(d),
dashed and dotted lines]. However this oscillation is not
synchronized among different patches, so the system does
not display a global oscillation. It is remarkable that the
width of the distribution of the local stress (∼σmax − σmin)
remains finite when k0 → 0, while in the depinning model
[27], it vanishes as k1−ζ=20 for very small k0 (ζ is the
roughness exponent of the interface which is found to be
smaller than 2). Moreover our model supports the idea that
seismic activity in some geographical regions displays
quasiperiodicity (the so-called seismic cycle [19]). This
periodicity was recently studied in the context of micro-
crystals deformation [15], where it was named avalanche
oscillator. Similar kinds of oscillations were also observed
in models with relaxation [27], granular materials [28],
and molecular dynamics of viscoelastic disordered
systems [29].

A second important feature is the spatial distribution of
aftershocks in a given cluster (see Fig. 4). After a main
shock, many aftershocks follow, extending the slip area.
The small ones (not indicated) are rather uniformly
distributed inside the slip region; while the epicenters of
the large ones typically occur at the border, extending the
slip region. Field observations report this effect as “after-
shock migration” [23].
As a third point, we discuss the size distribution of the

avalanches in 2D, presented in Fig. 2 of the Supplemental
Material [24]. We find a consistent power law decay in all
of the ranges that we have been able to explore (at least
in a size range of 107) with an anomalous exponent
κ ≃ 1.7–1.8. This is quite remarkable, given that in all
conventional avalanche models like depinning or directed
percolation, this exponent is always smaller than 1.5, which
corresponds to the mean field limit [30,31]. In particular in
the 2D depinning case one measures κ ≃ 1.27 [32]. Our
result can be compared with the value for actual earth-
quakes where κ values in the range≃1.7� 0.2 are reported
[33]. However, since we do not consider realistic long range
elastic interactions, this coincidence has to be taken with
caution. We also note that a justification for the value of the
Gutenberg-Richter exponent has been given recently using
a forest fire model analogy [34]. It is worth mentioning that
arguments in Ref. [34] build upon a model that has a

FIG. 3 (color online). The local stress restricted to the cluster
area, just before (up, σB) and just after (bottom, σA) it takes place,
as a function of the cluster size SC. Thus, in, e.g., a compression
experiment, one expects the average local variation of stress to
vanish (with undefined values of σB;A) for small avalanches, and
to saturate to a constant (nonzero) value (with well-defined values
for σB;A) for large avalanches.

FIG. 4 (color online). Stress map in d ¼ 2. Colors indicate
stress levels, from high (red) to low (blue). Upper left: stress map
just before a large event, with the unstable region highlighted by a
dashed line. From left to right and top to bottom: expansion of the
affected area is seen to mainly spread (black arrows) around the
initial main shock and the subsequent aftershocks (small crosses).
Affected regions have low chance to witness new large events,
due to the low value of the local stress.
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terraced structure of the interface compatible with the one
we find here.
Conclusions.—Internal relaxation plays a crucial role in

the dynamics of sliding objects, and becomes particularly
important at large scales, relevant to seismic phenomena.
The dynamics of our model shows a strong tendency to
become nonstationary. This tendency is manifest in the
mean field, where sliding proceeds as a sequence of global
and periodic stick slips. In d ¼ 2, we provide numerical
evidence that periodic stick slips occur locally, without
global synchronization across the system. There, our
predictions mainly deal with spatial properties of events,
thus demanding high spatial resolution in experiments.
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We probe the resistive switching response of Au/TiO2/Cu junctions, on samples initialized using

both polarities electroforming. A conductive path is formed in both cases: a copper metallic

filament for negative electroforming and a titanium dioxide possibly Magneli phase based filament

for the positive case. We measured the resistance response of formed samples and studied their

remanent resistance states. Bi (tri) stable resistance states were obtained for negative (positive)

electroformed samples. The temperature dependence of the resistance discloses the underlying

different nature of the associated filaments. In addition, we performed ab initio calculations to

estimate the observed electroforming threshold voltages. VC 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4875559]

A reversible and non volatile change between two stable

electric resistance states after the application of a pulsed

electric stimulus (voltage or current) is observed in a variety

of metal–oxide interfaces. Intense basic research1–4 focuses

on this electric pulse induced Resistance Switching (RS)

effect due to its potential use for the next generation of mem-

ory devices as it exhibits high retentivity time, multilevel

states, reversibility, reliability, and low power consump-

tion.5,6 The polarity dependent RS is called bipolar switching

(BRS) and the polarity independent unipolar switching

(URS). In BRS, the resistance change from high resistance

state (HRS) to low resistance state (LRS)—set process—

occurs at a certain voltage polarity, while the inverse reset

process—from LRS to HRS—occurs at reversed voltage po-

larity. In principle, each type of switching requires quite dif-

ferent device specifications and operation ranges. Though it

was recently reported that binary oxides based devices may

exhibit both polarities RS and even coexistence.7–11 It is

however still a challenge to correlate the experimental pa-

rameters with the sign of the forming polarity.

A crucial step in this direction is the electroforming pro-

cess, which dictates the subsequent response in the device.

Pristine samples display very high resistance (i.e., in the GX
range), so the electrical initialization is necessary for RS to

be observed.

The aim of this work is to analyze differences on the

transport properties in Au/TiO2/Cu asymmetric RS junctions,

regarding the polarity of the initialization or forming pro-

cess. We explore electroforming with both negative (FÀ)

and positive (Fþ) polarities. Although we obtain reversible

RS with linear LRS response for both forming polarities, the

underlying mechanisms are found to be different. As we

shall show, conducting filaments formed by different ionic

species, either oxygen vacancies (OVs) or copper intersti-

tials, can be generated depending on the forming polarity.

Based on our experiments and numerical calculations, we

propose in both cases a possible RS mechanism.

We studied perpendicular Au (50 nm)/TiO2 (100 nm)/Cu

(70 nm) junctions with electrode area of 20 lm Â 20 lm in a

crossbar pattern (see inset of Fig. 1). Amorphous TiO2 films

were deposited by reactive sputtering with a pressure of

2.7 Pa, and a power of 150W at room temperature. Bottom

and top electrodes (BE and TE) were deposited by the ther-

mal evaporation method and a lift-off process.13

Devices from the same crossbar pattern were initialized

with either positive or negative voltage ramps. The electrical

characterization was performed using a source–measurement

unit Keithley 2612A, a personal computer with general

purpose interface bus connections and Labview based soft-

ware. Voltage pulses of variable amplitude and 1ms time

width were injected through the TE (with a delay of 100ms

FIG. 1. Electroforming of Au (50 nm)/TiO2 (100 nm)/Cu(70 nm) junctions

with negative (blue dotted line) and positive (red solid line) forming polar-

ities. Note the two different forming voltages for Fþ and FÀ, respectively.

After the electroforming, the sample is in the LRÀ(LRþ) for FÀ(Fþ). Inset:

SEM top view and schematic cross section of the TE(Au)/TiO2/BE(Cu)

structures. Devices are determined by the cross-link of a TE and a BE.

0003-6951/2014/104(18)/183505/4/$30.00 VC 2014 AIP Publishing LLC104, 183505-1
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between pulses), while the BE was grounded. Between volt-

age pulses we read the remanent resistance using a small con-

stant voltage of 0.1V (Hysteresis Switching Loop curve,

HSL). Thus, both dynamic (I-V curve) and remanent features

are measured on the same run. Stable RS response was

obtained after the initial electroforming procedure (see details

below). For the formed junction, the RS properties (both I-V

and HSL with alternating measurements) are recorded by

applying a voltage ramp that started towards the opposite volt-

age polarity used in the electroforming, i.e., after positive

(negative) electroforming, Fþ (FÀ), the voltage ramp started

towards negative (positive) voltages. The temperature depend-

ence of the resistance was tested in a Liquid Nitrogen home

made cryostat.

We start by describing the forming step for the FÀ case.

By gradually increasing the voltage amplitude from 0V to

negative values, a sudden jump in the current was observed

for VFÀ¼À1.2V, as shown in Fig. 1 (blue dotted line). A cur-

rent compliance Icc of 1mA was used to limit the abrupt flow

of current. After this process, the device is in the LR state cor-

responding to the negative electroforming, labeled LRÀ.

Once the sample is formed, we analyzed the effect of

further applying a triangular ramp between 0 and 61.3 V,

starting towards positive values (see Fig. 2(a)). No current

compliance was used in the positive branch, while in the

negative one, Icc was kept in a level of 5mA to prevent per-

manent hard dielectric breakdown of the device. The LRÀ
state exhibits a linear I–V dependence for positive stimulus

as shown in Fig. 2(a). The reset process (i.e., the transition

from LRÀ to HRÀ) is produced around þ0.75V at a current

value of 6mA. No additional transitions are observed up to

þ1.3V. After reversing the voltage polarity, a set process is

observed around À1.1V, limited by Icc¼ 5mA. The

described features, i.e., steep set/reset processes at different

polarities and linear I-V dependence in the LR state are anal-

ogous to a fuse–antifuse polarity dependent switching

mechanism.4

The HSL curve of the FÀ sample provides additional in-

formation on the remanent states. As observed in Fig. 2(b), the

remanent resistance exhibits two well defined states around

100 X and 5kX, namely, the LRÀ and HRÀ states, and two

rapid transitions between them. A certain threshold voltage of

positive pulsing stimulus (þ0.75V) is required to initiate the

rapid upward change in the resistance from the LRÀ to the

HRÀ. The total RS produces a ratio HRÀ/LRÀ ’ 50.

In the Fþ case, the forming voltage is VFþ¼þ2.6V

(see Fig. 1, red solid line). It is meaningful to note the greater

amplitude and broader overall behaviour in the Fþ case, as

compared to the FÀ.

Figs. 3(a) and 3(b) show the I-V and HSL measurements

after the Fþ procedure, respectively. Current compliance

was kept in a level of 2mA for set/reset processes. After Fþ
the system is in a LRþ state, as shown in the HSL curve. In

this curve, a sudden rise in the resistance is observed for

small negative voltage just at the beginning of the loop cycle,

reaching the HRþ state. Further increasing negative voltage

renders a partial decrease in the resistance producing an

“unexpected” set process to an intermediate resistance state,

labeled IRþ. When the voltage is turned to positive polarity

again, the set process is produced to reach the initial LRþ
state. This latter set process is the “standard” one, as it has

the same voltage polarity of the forming Fþ. However, the

partial set observed at negative voltage is “anomalous.” The

obtained IRþ state develops around À0.4V and is concomi-

tantly depicted in the I-V curve at the “N shaped” region.

The I–V curve below60.25V in the Fþ case is in quali-

tative agreement with previously reported data for TiO based

memristive devices.3 Following the classification by Yang

et al.,4 a continuous switching with origin symmetric fea-

tures seems to be the case. In accordance, notice that the set

transition has the same voltage amplitude than the reset tran-

sition, around 60.25V.

The complete shape of the HSL protocol might resemble

the “table with legs” characteristics observed in the HSL of

manganites-based symmetric devices.14–16 However, in the

last case, the presence of dips in the HSL curve was

explained by the alternating activation of resistive switching

in each one of the two metal–oxide interfaces, according to

voltage polarity (BRS mode).17,18 In contrast, the interfacial

mechanism2 seems to be not appropriate to describe our

experiments. The linear response of both LR states (LRÀ
and LRþ) in the I-V supports the absence of any constriction

(to provide the interfacial behavior) or depinning energy

related to Cu ions or OVs movement in the bipolar mode.19

A schematic representation of the proposed RS picture

in the framework of filamentary conduction is presented in

Fig. 4. The FÀ process driving the device to the LRÀ state,

could in principle be explained as due to the formation of a

filament composed of either OVs (Fig. 4(i)) or copper ions

(Fig. 4(ii)). As the TE is negative biased, Cuþ could be

attracted towards the Au electrode via migration through the

TiO2 film, acting like a solid electrolyte with soluble active

electrodes (Ag and Cu) but not with noble metals.20–22 It is

also plausible that a filament composed of a Magneli or non

FIG. 2. (a) I-V and (b) HSL curves for negative electroformed samples, FÀ.

The two stable states, LRÀ and HRÀ, are marked with circles.

FIG. 3. (a) I-V curve and (b) HSL for the positive Fþ formed device. The

three stable states in the HSL, LRþ, IRþ, and HRþ, are marked with

circles.
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stoichiometric phase could produce the same behavior, as

OV are positive defects too.26 In both cases, the two stable

(LRÀ and HRÀ) resistance states could be obtained through

a formation-rupture of the conductive filament.4 As we will

demonstrate below, the formed filament in the case of the

FÀ process is actually associated to Cu drift. We shall come

to this point later.

We now turn to the description of the Fþ case. It is clear

that Cuþ cannot drift from the BE, due to the direction of

the electrical field. In this case, the LRþ state can be origi-

nated by the formation of a filament bridging the TE–BE

composed of OV–due to the migration of oxygen ions from

the BE to the TE–(see Fig. 4, bottom row I). To account for

the tri-states observed in the Fþ case, it is necessary to con-

sider that, after the initial formation of the OV based fila-

ment, a reset process is produced for negative polarity. This

process could be driven by the sudden re-oxidation of Ti

probably attributed to oxygen vacancy annihilation at the

Au/TiO2 interface. This type of oxidation process has been

widely reported previously for binary oxides with conductive

filaments.27–29 It leads to a sudden break - up of the filament

and the concomitant quick increase of the resistance (HRþ
state, see Fig. 4, bottom row II). When the negative voltage

is further raised, the transition from the HRþ state to the

IRþ state follows. Notice that it occurs at a (negative) volt-

age which is smaller than the voltage of the LRÀ transition.

The reason is simply that this is an electric field driven tran-

sition and much of the TiO2 is partially shorted by the broken

low-resistance OV-filament. Thus, there is a large voltage

drop, i.e., electric field, between the top electrode and the

end of the broken filament. Within this high field a TiO2Àx

region is promoted, filling the partially disrupted OV fila-

ment (see Fig. 4(III)), i.e., producing the IRþ state. Note that

the weakest portion of this “composite filament” would be

located deep inside the insulating matrix and not near to the

electrodes, displaying an hourglass-like shape.12

Similar shaped conductive filaments were reported in

Ref. 23. In addition other scenarios like hybrid filaments of

copper interstitials and oxygen vacancies could be also pos-

sible and have been discussed in Refs. 24 and 25. When a

positive stimulus is further applied the transition from IRþ

to LRþ is attained. This is a relatively smaller effect (the re-

sistance drops by just a factor of 2) and could be associated

to a minor filament strengthening due to redistribution of

mobile species.

The proposed description, though simple, results fully

consistent with the whole experimental behaviour observed

for the Fþ sample. In addition, if the weakest switching

region is effectively located deep into the oxide film, the effi-

ciency of the Joule heating during the reset process should

be maximized,12 probably increasing the device endurance

as compared to the FÀ case.12 We confirmed this hypothesis,

by checking the endurance characteristics of both electro-

formed devices. As shown in Figs. 5(a) and 5(b), the positive

electroformed device Fþ exhibits the double # of cycles as

compared to the negative electroformed device FÀ, before

the full failure of the device.

In order to test the proposed nature of the involved fila-

ments in both types of formed samples, we next focus on the

study of both LRþ and LRÀ resistance states, by decreasing

temperature from room temperature to 90K.

For the LRÀ, the obtained dependence exhibits a clear

metallic behavior (see in Fig. 6 the line labeled by FÀ) con-

sistent with the formation of a conductive filament originated

by the diffusion of copper ions through the insulating matrix,

introducing copper as interstitials. Denoting Ro the value of

the LRÀ resistance at room temperature, a positive tempera-

ture coefficient DR/(RoDT)¼ 0.0022KÀ1 is obtained from

the experimental curve, in reasonable agreement with the

reported value for bulk copper (0.0039KÀ1).

FIG. 4. Top row: Negative electroforming, FÀ: Sketch of filament com-

posed either of (i) oxygen vacancy or (ii) by copper ions. (iii) The reset pro-

cess breaks the copper filament in the thinnest part. Bottom row: Positive

electroforming, Fþ: (I) Sketch of filament composed of OV. (II) The reset

process breaks the OV filament due to re-oxidation of Ti. (III) A TiO2Àx

region in series with the previous conductive filament is generated.

FIG. 5. Endurance characteristics of (a) FÀ and (b) Fþ electroformed sam-

ples. Triangular voltage ramps between 62V have been applied. Devices

are considered “exhausted” when they do not switch any more. In this case,

the maximum number of cycles was 300 and 750 for FÀ and Fþ,

respectively.

FIG. 6. Temperature dependence of the two low resistance states: for the FÀ
case, the LRÀ is consisting with a copper filament connecting both electro-

des and shows a metallic behaviour. In the Fþ case, the LRþ is consistent

with a Magneli phase based filament, showing a steep transition at 130K.
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On the other hand, the behavior of LRþ results consist-

ent with a possible Magneli’s phase based filament, with a

low temperature coefficient. At 130K, the LRþ exhibits a

sharp temperature induced transition, in agreement with pre-

vious reports.26

Thus, the temperature dependence of the resistance dis-

closes the underlying defects involved in each electroform-

ing case, being copper ions and oxygen vacancies for the FÀ
and Fþ cases, respectively.

To estimate theoretically the relative probability of both

conductive filaments, we performed ab initio calculations of

the energy barriers for the drift of Cuþ interstitial ions and

of neutral OV, along the (001) direction of rutile TiO2. The

calculations were based on density functional theory using

the full potential Wien2k code30 with the parameters given

in Ref. 31 (see supplementary material for details32).

We calculated the total energy of the TiO2 supercell

with an interstitial Cuþ ion in its more stable position and at

the top of the barrier along the (001) direction. The energy

difference between these two relaxed positions of Cuþ is

0.1 eV. For the diffusion of OV along (001), the energy dif-

ference between the vacancy located at an oxygen atom posi-

tion or when the oxygen is at the midpoint between two

planes along (001) is 0.9 eV after relaxation.33,34 This large

difference in the energy required to move the two kinds of

defects could be related to the fact that the forming voltage

in the positive electroforming case Fþ is higher than the

forming voltage in the negative one FÀ and therefore in

qualitative agreement with the results shown in Figure 1.

In summary, we studied the polarity dependent resistive

switching characteristics of asymmetric Au/TiO2/Cu junc-

tions exhibiting memristive properties. We considered both

polarities electroforming and studied their electrical features

(both dynamical and remanent response to voltage pulses)

and their temperature dependence. We showed the determi-

nant role of the electroforming polarity on TiO2 based mem-

ory devices, which produces the migration of either Cu or

OV to develop conducting filaments. Besides, a device with

three stable states (LRþ, IR, and HRþ) was obtained after a

single electroforming procedure.
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“MeMOSat” Project and PIP11220080101821. D.R. acknowl-

edges financial support from CONICET (PIP 291).
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Symmetry for the duration of entropy-consuming intervals
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We introduce the violation fraction υ as the cumulative fraction of time that a mesoscopic system spends
consuming entropy at a single trajectory in phase space. We show that the fluctuations of this quantity are described
in terms of a symmetry relation reminiscent of fluctuation theorems, which involve a function �, which can be
interpreted as an entropy associated with the fluctuations of the violation fraction. The function �, when evaluated
for arbitrary stochastic realizations of the violation fraction, is odd upon the symmetry transformations that are
relevant for the associated stochastic entropy production. This fact leads to a detailed fluctuation theorem for the
probability density function of �. We study the steady-state limit of this symmetry in the paradigmatic case of a
colloidal particle dragged by optical tweezers through an aqueous solution. Finally, we briefly discuss possible
applications of our results for the estimation of free-energy differences from single-molecule experiments.

DOI: 10.1103/PhysRevE.89.052121 PACS number(s): 05.70.Ln, 05.40.−a

I. INTRODUCTION

Stochastic thermodynamics is currently a very active
field given its great relevance for physics, chemistry, and
biology [1]. As a consequence of fluctuations, which are
extremely important in mesoscopic systems, the energy
change, work, heat, and entropy production associated with
any process exhibit a stochastic nature, i.e., their values are
random quantities that depend on the particular trajectory
the system follows in phase space. The fluctuations of some
thermodynamic observables are constrained to satisfy general
relations, which are known as fluctuation theorems [2–8], that
arise as a consequence of two main properties: ergodicity and
microreversibility. These relations can be generally written as

ln
P (S)

P T (−S)
= S, (1)

where P (S) is the probability density function of the stochastic
observable S representing a given form of trajectory-dependent
entropy production, while T represents a transformation,
usually time reversal, the transformation to a dual dynamics,
or the composition of these two operations (see [9–11] for
a simple definition of the dual dynamics). The quantity S

exhibits the symmetry ST = −S.
In the past few years, the applicability of these relations

has also been extended to systems exhibiting stochastic non-
Markovian dynamics [12–18], as well as being widely tested in
experiments [19–24]. Fluctuation theorems are consistent: The
second law of thermodynamics, the Green-Kubo formula, and
the Onsager reciprocity relations, for example, can be deduced
from them.

The stochastic nature of thermodynamic observables may
lead to a negative value of the entropy production for particular
realizations of a given process. In fact, the occurrence of
such rare realizations is exponentially less probable than
the occurrence of trajectories compatible with the second
law of thermodynamics (i.e., realizations where the entropy
production is positive), as can be immediately interpreted from
Eq. (1). It is important to remark, however, that the stochastic

*reinaldomeister@gmail.com

entropy production is not restricted to being positive, i.e.,
the occurrence of negative values of S at a single trajectory
in phase space does not represent a violation of the second
law of thermodynamics, which states that the average �S� is
non-negative.

In other matters, if we focus on a single trajectory of
the system in phase space, one finds that for certain time
intervals the entropy production is negative. The statistics
of the cumulative duration of these time intervals has been
recently studied [25]. There, this duration (relative to the
total duration of the process) was denominated the violation
fraction and the occurrence of negative values of the entropy
production was referred to as local violations of the second law
of thermodynamics, following the terminology of Ref. [19]
(the term local meaning at a single trajectory and stating that
not true violations of the second law occur). The study made
in Ref. [25] is, however, incomplete. First, instead of the full
probability density function of the violation fraction, only its
first moment was studied. Second, some particular conditions
were assumed, e.g., the system was assumed to be prepared in
a steady state and to be connected to a single reservoir.

The aim of the present paper is to fill these gaps. To this
aim, we derive in this work a general symmetry relation for
the probability density function of the violation fraction. This
relation is valid under very general conditions: The system may
be prepared in an arbitrary initial state and connected to one
or several thermal baths. No special assumptions are needed
for the results derived in this paper to hold, only ergodicity
and microreversibility.1 Our results are rather general and also
hold for arbitrary external protocols.

This symmetry relation is reminiscent of fluctuation theo-
rems and involves a function � that reflects the asymmetry
between forward and transformed processes in phase space
as regards the violation fraction. This function satisfies,
by construction, respective integral and detailed fluctuation
theorems and is also odd upon some relevant transformations,

1This statement is valid if we consider Markovian dynamics.
When considering non-Markovian dynamics, ergodicity and mi-
croreversibility would not be enough. At least stability should be
additionally demanded, as discussed in Ref. [18].
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similar to the entropy production. Thus, it may in principle be
interpreted as an entropy. On the other hand, the average of
� represents a lower bound for the average of the entropy
production, i.e., the inequality �S� � ��� � 0 holds quite
generally.

At this point we would like to clarify a subtle but important
issue. In Ref. [25] the violation fraction (denoted therein by
ν) was defined in terms of the entropy produced from the
beginning of the process S, i.e., the cumulative fraction of time;
the entropy production from the beginning of the process was
negative. This definition is not invariant upon time translations,
i.e., measuring the entropy production with respect to different
time instants leads to different sets of violation intervals. Here
we consider the stochastic entropy production rate σ = dS/dt

instead of the stochastic entropy production in order to define
the local violations of the second law. Then, within the present
framework, a violation sector is defined as a time interval
where σ < 0.

The rest of the paper is organized as follows. In the next
section we derive a symmetry relation for the probability
density function of the violation fraction in both the transient
and stationary regimes. We also discuss the main properties
and deepen the physical interpretation of the function �

involved in the referred symmetry. In Sec. III we study the
steady-state limit of the referred symmetry for a paradigmatic
model system. We determine the large-deviation function
associated with the violation fraction in that limit, providing
both particular analytical and general numerical results. In
Sec. IV we discuss the relevance of our study and possible
applications in the estimation of free energies from single-
molecule experiments. We provide a summary and concluding
remarks in Sec. V.

II. SYMMETRY FOR THE PROBABILITY DENSITY
FUNCTION OF THE VIOLATION FRACTION

A. Transient symmetry

We start by anticipating the main result of the present
section. If we introduce the probability density function for
the violation fraction υ(τ ) [see Eq. (9)] to be in the vicinity of
the value υ at time τ for the forward ρ(υ,τ ) and transformed
ρT (υ,τ ) processes (see details below), we obtain the symmetry
relation

ln
ρ(υ,τ )

ρT (1 − υ,τ )
= �(υ,τ ). (2)

The function � is odd upon the corresponding transformation
T . Moreover, making a parallel with classical thermodynam-
ics, � can be seen as an entropy associated with the local
violations of the second law, a sort of superentropy, as we
discuss below. Already at this point we note from Eq. (2) that
the integral fluctuation theorem

�e−�(υ,τ )� =
� 1

0
dυ ρ(υ,τ )e−�(υ,τ ) = 1 (3)

holds at all times τ . From this and Jensen’s inequality − ln x �
1 − x for x > 0, we see that a law similar to the second law of
thermodynamics holds for �, ��(υ,τ )� � 0, a result that can
also be seen by identifying the average of � with the positively
defined Kullback-Leibler distance between the distributions ρ

and ρT , ��(υ,τ )� = DKL(ρ||ρT ), where

DKL(ρ||ρT ) =
� 1

0
dυ ρ(υ,τ ) ln

ρ(υ,τ )

ρT (1 − υ,τ )
. (4)

This quasi–second law of thermodynamics for � imposes
strong restrictions on the stochastic process υ(τ ). We remark
that some minimal requirements are needed for the entropy
production associated with a given process to satisfy the second
law of thermodynamics, ergodicity being one of them. It is thus
intriguing that the fraction of time a process spends consuming
entropy also exhibits those requirements.

We focus on systems relaxing to well-defined steady states
for constant parameters. It is worth noting the distinction
between two different types of systems: those where detailed
balance holds and the steady-state probability density function
corresponds to the Boltzmann-Gibbs distribution and those
relaxing to a nonequilibrium steady state (NESS) driven by
nonconservative forces and/or special boundary conditions. It
is known [26] that for the latter family of systems the total
entropy production Stot splits into an adiabatic contribution
Sa accounting for the energy dissipated in maintaining a
NESS and a nonadiabatic contribution Sna that accounts
for the relaxation to the steady state and for the effect of
an external driving. Each of these three forms of entropy
production satisfies a fluctuation theorem in terms of the
corresponding symmetry operation [time reversal (R) for Stot,
dual transformation (†) for Sa, and their composition († ◦ R)
for Sna], leading to three different faces of the second law of
thermodynamics [27]. Given that our results are valid for each
of these forms of entropy production, we generically write υ, S,
and σ without further specification, understanding the notation
T as the corresponding symmetry transformation associated
with each case.

Let us consider an ergodic and microreversible system
driven by a set of external parameters, which we denote by λt .
The state of the system in phase space is denoted by the symbol
m, which may be a discrete state or a continuous variable,
vector, or field. A trajectory in phase space from t = 0 to the
final time t = τ is denoted by a bold symbol m = {m(t)}τt=0,
while the full time dependence of the protocol is denoted
by λτ = {λt }τt=0. Additionally, we introduce the time-reversed
trajectory mR = {m(τ − t)}τt=0 and protocol λR

τ = {λτ−t }τt=0.
As the evolution is stochastic, one can define the probability
weights for trajectories Pτ [m; λτ ]. A key aspect of ergodic
and microreversible systems is that the trajectory-dependent
entropy production may be written as the log-ratio of path
probability weights

Stot[m,λτ ] = ln
Pτ [m; λτ ]

PR
τ

�
mR; λR

τ

� , (5)

Sna[m,λτ ] = ln
Pτ [m; λτ ]

P†◦R
τ

�
mR; λR

τ

� , (6)

Sa[m,λτ ] = ln
Pτ [m; λτ ]

P†
τ [m; λτ ]

, (7)

leading to the fluctuation theorems for arbitrary protocols,
initial conditions, and number of reservoirs [26]. On the other
hand, given an arbitrary observable O[m; λτ ], the following
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equivalences hold [11]:

�O[m; λτ ]� =
�
O[mR; λτ ]e−SR

tot[m,λR
τ g]

�R

=
�
O[mR; λτ ]e−S

†◦R
na [m,λR

τ ]
�†◦R

=
�
O[m; λτ ]e−S

†
a [m,λτ ]�†, (8)

where �· · · �T denotes the average with the transformed
probability weight PT

τ , for T = R, † ◦ R, and †, respectively.
Let us now formally introduce the violation fraction for a given
trajectory

υ(τ )
def= 1

τ

� τ

0
�( − σ (t))dt, (9)

where �(· · · ) is the Heaviside step function and we have
suppressed, for simplicity of notation, the full dependence on
the particular trajectory in phase space and the protocol. A key
point for our derivations is that the violation fraction satisfies
the symmetry

υT (τ ) = 1 − υ(τ ), (10)

which can be seen as a direct consequence of microreversibility
and ergodicity, similar to the symmetries that the different
forms of entropy production exhibit upon the corresponding
operations.2

Let us now introduce the joint probability density function
for the violation fraction to exhibit a value in the interval
[υ,υ + dυ] having observed a value of the entropy production
in the interval [S,S + dS] at time τ , P (υ,S,τ ), and the corre-
sponding transformed probability density function P T (υ,S,τ )
given, respectively, by the expressions

P (υ,S,τ ) = �δ(υ − υ(τ ))δ(S − S(τ ))�, (11)

P T (υ,S,τ ) = �δ(υ − υT (τ ))δ(S − ST (τ ))�T . (12)

Using the previous definitions (8) and (10) and recalling that
S is odd upon the operation T , we can write

P (υ,S,τ ) = P T (1 − υ, − S,τ )eS. (13)

Our main result (2) follows by identifying the probability
density function for the violation fraction to be in the vicinity
of the value υ at time τ , as ρ(υ,τ ) =

�
dS P (υ,S,τ ), while

the transformed probability density function is given by

ρT (1 − υ,τ )=
�

dS P T (1 − υ,S,τ ) =
�

dS P (υ,S,τ )e−S,

(14)

where we have used a change of variables S → −S and the
symmetry (13). Introducing now the conditional probability

2For the adiabatic entropy production rate, Eq. (10) holds since
S(τ ) = −S†(τ ) and S(τ ) =

� τ

0 dtσ (t), implying that σ (t) = −σ †(t).
In the remaining cases, where a time-reversal operation is involved,
Eq. (10) follows from recalling that the entropy production rate is, for
Markovian dynamics, a local function of coordinates and protocols
σ (t) = σ (m(t),ṁ(t); λ(t)), which changes sign when evaluated for
time-reversed arguments.

density function for the entropy production to be in the
vicinity of S at time τ given that the observed value of the
violation fraction was υ, P (S,τ |υ) = P (υ,S,τ )/ρ(υ,τ ), we
obtain Eq. (2), with the identification

�(υ,τ ) = − ln�e−S(τ )|υ� = − ln
�

dS P (S,τ |υ)e−S. (15)

Before closing this section we would like to mention
some important issues. First, we note that the existing
fluctuation theorems are exact relations for the probability
density function of stochastic observables O exhibiting the
symmetry relation OT = −O. The observable considered
here, the violation fraction, exhibits, in contrast, a symmetry of
the form OT = 1 − O. If instead of considering the violation
fraction (9) we study the related magnetization [28] ψ(τ )
given by

ψ(τ )
def= 1

τ

� τ

0
sgn(σ (t))dt, (16)

where sgn(· · · ) is the sign function, we recover an observable
that is odd upon the generic transformation T . In this case, we
can easily obtain a symmetry relation for ψ using our main
result (2) and the trivial identity ψ = 1 − 2υ.

We note, however, that the referred symmetry could also
be derived from first principles by following the same lines
of reasoning leading to (2). It is important to note that the
violation fraction and the magnetization are time-averaged
quantities, thus the symmetry for the probability density
function of ψ is a stochastic version of the functional
Crooks theorem derived in Ref. [29] for time averages of
arbitrary phase-space functions in the case of deterministic
dynamics starting at equilibrium. In our case the observable is
stochastic, as is the evolution of the system in phase space,
and we consider arbitrary initial conditions and symmetry
transformations.

B. Steady-state symmetry

When the system asymptotically relaxes to a NESS such
that the mean value of the entropy production rate tends to
a constant value, one can derive a steady-state symmetry for
the probability density function of the violation fraction in
the same way that a steady-state fluctuation theorem holds for
the entropy production. This is relevant, for example, when
considering small Brownian motors operating under steady-
state conditions or systems relaxing to a NESS after a fast
quench. Another interesting case that falls into this category
is that of a system driven at a constant rate, for which the
nonadiabatic entropy production rate approaches a constant
value at large times. The necessary condition is that the limit

lim
τ→∞

P (σ,τ ) = P∞(σ ) (17)

exists unambiguously, where, as usual, σ could be any
particular form of entropy production rate.

Let us introduce the quantity R(τ ) = Prob[σ (τ ) < 0]. From
Eq. (9) we have

�υ(τ )� = 1

τ

� τ

0
R(t)dt. (18)
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Assuming that there is a finite characteristic relaxation time τr

to reach the NESS, one can see that one has

�υ(τ � τr )� = 1

τ

� τr

0
R(t)dt + 1

τ

� τ

τr

R(t)dt

≈ 1

τ

� τr

0
R(t)dt + R∞

�
1 − τr

τ

�

= υ∞ + A∞
τ

, (19)

to the first nonvanishing order, where υ∞ = R∞, A∞ =� τr

0 R(t)dt − R∞τr , and

R∞ = lim
τ→∞

R(τ ) =
� 0

−∞
P∞(σ )dσ. (20)

We note here the finite value of �υ(∞)� = υ∞, in contrast to
the case studied in Ref. [25] in terms of the entropy production
S instead of the entropy production rate. In that case, it was
shown that the average violation fraction vanishes for τ → ∞.
However, it is worth noting that to leading order both quantities
relax as τ−1 for large τ , except, for instance, in the vicinity
of a critical point where the large fluctuations may lead to a
different asymptotic behavior [25]. Additionally, we remark
that for τ → ∞ the violation fraction converges in density to
its mean, since the system is ergodic:

lim
τ→∞

υ(τ ) = lim
τ→∞

1

τ

� τ

0
�( − σ (t))dt

= ��(−σ (t))�ss ≡ υ∞, (21)

where �· · · �ss represents the average in the steady state.
We note that if the system is asymptotically stationary, one

expects that the long-time behavior of the probability density
function of the violation fraction may be well described in
terms of a large deviation function ζ (υ):

ρ(υ,τ ) ∼ e−ζ (υ)τ . (22)

The same behavior is expected for �, which means that we
can write �(υ,τ ) → φ(υ)τ for τ → ∞, with

φ(υ) = − lim
τ→∞

1

τ
ln�e−S(τ )|υ�. (23)

From the previous reasoning, given that in the stationary limit
the operation T is meaningless, we obtain the steady-state
symmetry

ζ (1 − υ) − ζ (υ) = φ(υ). (24)

C. Physical properties of the function �

Let us study in more detail the main physical properties
of the function � for arbitrary systems submitted to arbitrary
protocols. The interpretation of this function is by no means
exclusive. This means that, if we consider any other functional
of trajectories in phase space instead of the violation fraction,
the corresponding asymmetry function will share the same
general properties of �. However, given that the violation
fraction measures how likely the consumption of entropy is,
this characterization is relevant.

We start by noting that, from the definition given by
Eq. (15), the function � is related to the average of e−S

restricted to those trajectories with a fixed value of the
violation fraction υ. Then we can establish a link with classical
thermodynamics that clarifies the physical meaning of this
function. Note that, identifying υ as an energy and S as a
coordinate, the conditional probability P (S,τ |υ) can be seen
as a microcanonical distribution (where energy is fixed) and the
conditional average �e−S |υ� as a sort of inverse phase-space
volume at fixed energy. Then �(υ,τ ) is the microcanonical
entropy linked to the energy υ. In this case, the equal a
priori probability postulate needs the weight e−S , which serves
as a balance, since those microstates with negative values
of S (i.e., those trajectories producing negative entropy) are
exponentially less probable.

We now continue by proving that the average of �

represents a lower bound for the entropy production. First,
note that the definition given by Eq. (15) can be rewritten as

�e−(S−�(υ,τ ))|υ� = 1. (25)

From the previous expression, the following conditional
inequality holds:

�S(τ )|υ� � �(υ,τ ). (26)

Multiplying both terms of Eq. (26) by ρ(υ,τ ) and integrating
υ out, we obtain

�S(τ )� � ��(υ,τ )�. (27)

It is straightforward to see that � is odd upon the corre-
sponding operation T . Indeed, introducing the transformed
potential �T (υ,τ ) = − ln�e−S |υ�T , we have

�T (1 − υ,τ ) = − ln
�

dS P T (S,τ |1 − υ)e−S

= − ln
�

dS
P T (1 − υ,S,τ )

ρT (1 − υ,τ )
e−S

= − ln
�

dS
P T (1 − υ, − S,τ )

ρ(υ,τ )
eSe�(υ,τ )

= −�(υ,τ ) − ln
�

dS P (S,τ |υ)

≡ −�(υ,τ ), (28)

where we have used Eqs. (2) and (13), a change of variables
S → −S, and the definition of the conditional probability
and its normalization condition

�
dS P (S,τ |υ) = 1. Let us

introduce the probability density function for the values of �,
P (�,τ ), and its transformed counterpart P T (�,τ ) as follows:

P (�,τ ) =
� 1

0
dυ δ(� − �(υ,τ ))ρ(υ,τ ), (29)

P T (�,τ ) =
� 1

0
dυ δ(� − �T (υ,τ ))ρT (υ,τ ). (30)

Then, using the previous definitions complemented by Eqs. (2)
and (28), we obtain that a detailed fluctuation theorem also
holds for �:

ln
P (�,τ )

P T (−�,τ )
= �. (31)

052121-4

99



SYMMETRY FOR THE DURATION OF ENTROPY- . . . PHYSICAL REVIEW E 89, 052121 (2014)

All these properties strongly support the interpretation of �

as an entropy associated with the fluctuations of the violation
fraction.

Having defined the function � by Eq. (15), we now derive
an alternative formula to determine this quantity that provides
more insight into its physical meaning. If we divide both terms
of Eq. (13) by ρ(υ,τ ) and use Eq. (2), we obtain

P (S,τ |υ) = P T (−S,τ |1 − υ)eS−�(υ,τ ), (32)

from which we immediately get

�(υ,τ ) = S − ln
P (S,τ |υ)

P T (−S,τ |1 − υ)
. (33)

This expression is valid for any value of S, but it turns into a
very meaningful formula when we consider the case of S = 0:

�(υ,τ ) = − ln
P (0,τ |υ)

P T (0,τ |1 − υ)
. (34)

This alternative definition with a focus on trajectories that
do not produce entropy provides a clear interpretation of �

and allows us to show that �(1/2,τ ) ≡ 0 irrespective of the
particular protocols and of the value of τ , as we discuss below.

Let us denote the full space of possible trajectories in phase
space by � and let us introduce the set Vλ = {m ∈ �|υ(τ ) =
1/2} for a given protocol λτ , which can be arbitrarily chosen.
Let us also introduce the twin set VλT , corresponding to the
transformed protocol λT

τ and the transformed dynamics. It is
worth noting that, by virtue of Eq. (10), the set Vλ maps onto
VλT under the transformation T . Indeed, given that υ = 1/2 if
and only if υ = υT , we see that for any trajectory m ∈ Vλ, we
have that mT ∈ VλT also. On the other hand, if m /∈ Vλ, then
mT /∈ VλT either.

This, however, does not hold for arbitrary subsets of
Vλ. In particular, let us introduce the parametrized family
of subsets Sλ(S) of Vλ as Sλ(S) = {m ∈ Vλ|S(τ ) = S} and
the corresponding family under the transformed dynamics
SλT (S) = {m ∈ VλT |S(τ ) = S}. Then, given that the entropy
production satisfies the symmetry ST = −S, we have that for
any S, Sλ(S) maps onto SλT (−S) under T :

Sλ(S)
T�−→ SλT (−S). (35)

A special case is one for which S = 0, because from Eq. (35)

we see that Sλ(0)
T�−→ SλT (0). In particular, if m ∈ Sλ(0) and

its probability weight is P[m; λ], it is easy to see that mT ∈
SλT (0) also and that the probability weight of mT is also
P[m; λ] (i.e., P[m; λ] = PT [mT ; λT ]) because S = 0. Then
we may write

P (0,τ |1/2) = P T (0,τ |1/2). (36)

Evaluating Eq. (34) for υ = 1/2 and using Eq. (36), we
immediately obtain �(1/2,τ ) = 0.

We finish this section by noting that, by virtue of the second
law of thermodynamics, the small values of the violation
fraction are more likely than the large values of this quantity.
For small values of υ, � is positive, while for large values
of υ, � is negative. We conjecture that �(υ,τ ) must quite
generally be a decreasing function of υ for υ ∈ [0,1], which
means that υ = 1/2 is the only zero of � and that �(υ,τ )
admits an inverse function.

III. LARGE-DEVIATION FUNCTION FOR THE
VIOLATION FRACTION: A CASE STUDY

A. Posing of the problem

In this section we study and determine the large-deviation
function of the violation fraction in the paradigmatic case of
an overdamped colloidal particle dragged through a viscous
fluid by an optical tweezers with a harmonic potential

V (x; λ) = 1
2 (x − λ)2, (37)

where the focus of the optical tweezers is moved at a constant
rate b, λ(t) = bt . Although being widely studied, this example
is still instructive. On the other hand, even in this simple case
the derivation of a closed analytical solution is not possible.
The system evolves under the Langevin dynamics

ẋ(t) = −[x(t) − bt] +
√

2T ξ (t), (38)

where the white noise ξ (t) has zero mean and variance
�ξ (t)ξ (t �)� = δ(t − t �). If the system is initially prepared in the
steady state associated with λ(0) = 0, the stochastic entropy
production corresponds in this case to the Jarzynski work [6]:3

S(t) =
� t

0
λ̇(t �)∂λV (x(t �); λ(t �))dt �, (39)

from where the stochastic entropy production rate can be
identified as

σ (t) = b

T
[bt − x(t)]. (40)

Let us introduce a new stochastic process η(t) as

η(t) = 1√
2T

[bt − x(t)] − ηm, (41)

with ηm = b/
√

2T . Then the equation of motion for this
process reads

η̇(t) = −η(t) + ξ (t). (42)

Note that one has that σ (t) < 0 if and only if η + ηm < 0,
which means that the violation fraction for our problem can
be written in terms of the auxiliary process η(t) as

υ(τ ) = 1

τ

� τ

0
�( − η(t) − ηm)dt. (43)

The statistics of the occupation times associated with the
Ornstein-Uhlenbeck process given by Eq. (42) have been
widely studied in the literature (see, for instance, Ref. [30]).
Furthermore, there is a well-established method to compute
the large-deviation function associated with any nonlinear
functional of η [31,32]. We briefly review the method below,
as presented in Ref. [31].

3An additional term involving the change in free energy �F (t)
is generally present, however, in this case the free energy does not
depend on λ and one only needs to consider the thermodynamic work.
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B. Large-deviation function for arbitrary time-averaged
quantities

The probability distribution of the process η(t) for 0 � t �
τ is given by

P[η] = N exp

�
−1

2

� τ

0
[η̇(t) + η(t)]2dt

�
, (44)

where N is a normalization constant. We are interested in the
probability density function of the time-averaged quantity

r(τ ) = 1

τ

� τ

0
U0(η(t))dt, (45)

where U0(η) is an arbitrary function of the stochastic variable
η. In practice it is convenient to look at the distribution Pu(u)
of the quantity u = rτ . Its Laplace transform reads

P̂u(s) = �exp(−rsτ )� = Z(s)/Z(0), (46)

with

Z(s) =
�

D[η]exp

�
−1

2

� τ

0
[η̇2 + 2ηη̇ + η2 + 2sU0(η)]dt

�
.

(47)

We are interested in the limit τ → ∞. It is convenient to
impose periodic boundary conditions η(τ ) = η(0) since this
restriction will not change the results in the large-τ limit. With
this we can drop the term 2ηη̇, which is a perfect derivative.
Then Z(s) is the imaginary-time Feynman path integral that
gives the partition function of a quantum particle with Hamil-
tonian H = p2/2 + η2/2 + sU0(η) at inverse temperature τ ,
p being the canonical momentum conjugate to X. For τ → ∞
the ground state dominates:

�exp(−rsτ )� = exp{−τ [Eg(s) − Eg(0)]}, (48)

where Eg(s) is the ground-state energy for the Schrödinger
equation

− 1

2

d2ψ(η)

dη2
+ U (η,s)ψ(η) = E(s)ψ(η), (49)

with

U (η,s) = η2

2
+ sU0(η). (50)

For s = 0 the problem reduces to a simple harmonic oscillator
and Eg(0) = 1/2. We now note that, from Eq. (48), the
large-time behavior of P (r,τ ) is given by the inverse Laplace
transform

P (r,τ ) ∝
� i∞

−i∞
ds exp[τg(s)], (51)

where g(s) = rs + Eg(0) − Eg(s). Using the steepest-descent
method, one sees that we have P (r,τ ) ≈ exp[−ζ (r)τ ], with

ζ (r) = max
s

[Eg(s) − Eg(0) − rs]. (52)

We now use this method to compute the large-deviation
function of the violation fraction associated with the process
given by Eq. (38).

-1
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FIG. 1. (Color online) Effective potential for equivalent quantum
problem associated with the large-deviation function of the violation
fraction, for different values of s. At η = −ηm, the parabolic potential
exhibits a jump of magnitude U (−η+

m,s) − U (−η−
m,s) = −s.

C. Large-deviation function for the violation fraction

From Eq. (43) we see that for the violation fraction the
effective potential reads

U (η,s) = η2

2
+ s�(−η − ηm). (53)

In Fig. 1 we plot this potential for different values of s to
explicitly show its shape. At η = −ηm, the parabolic potential
exhibits a jump of magnitude −s.

We note that in our problem the Schrödinger equation
acquires the following particular form:

ψ ��
+ − η2ψ+ + 2E(s)ψ+ = 0, (54)

ψ ��
− − η2ψ− − 2sψ− + 2E(s)ψ− = 0, (55)

where ψ+(η) = ψ(η > −ηm), ψ−(η) = ψ(η < −ηm), and
ψ �� = d2ψ/dη2. As in Ref. [31], the solutions of Eqs. (54)
and (55) can be expressed in terms of parabolic cylinder
functions Dp(z) using the standard solutions of the parabolic
cylinder equation y �� − (z2/4 + a)y = 0. Selecting the solu-
tions that satisfy the physical boundary condition ψ(±∞) = 0
gives

ψ+(η) = ADp+ (
√

2η), (56)

ψ−(η) = BDp− (−
√

2η), (57)

where A and B are normalization constants, while p+ and p−

are given by

p+ = E(s) − 1
2 , (58)

p− = E(s) − 1
2 − s. (59)

Imposing the continuity of ψ and ψ � at η = −ηm, we obtain
the following eigenvalue equation for E(s):

D�
p+(−

√
2ηm)

Dp+(−
√

2ηm)
= −

D�
p− (

√
2ηm)

Dp− (
√

2ηm)
, (60)

from which the ground-state energy Eg(s) and all the excited
states can be obtained. In general, this problem cannot be
solved analytically for generic values of s and ηm, so a
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numerical solution of the eigenvalue problem (60) is manda-
tory. Nevertheless, certain interesting limits can be studied
analytically, as we discuss below.

1. The limit υ → 0

In the limit υ → 0 the violation sector η < −ηm is almost
inaccessible, which means, appealing to the reader’s physical
intuition, that this scenario is compatible with an infinite wall
at η = −ηm. The present limit corresponds then to the case
s → +∞.

It has recently been shown that in the case of an infinite
wall displaced to the left of the center of a parabolic potential,
the ground-state energy �0(ηm) decreases monotonically as
a function of the center-wall distance [33]. Thus, for a
hard wall at η = −ηm, we have Eg(+∞) = �0(ηm), with
1/2 < �0(ηm) � 3/2 and d�0(ηm)/dηm < 0. The ground-state
energy �0(ηm) has to be determined numerically for arbitrary
ηm [33,34].

We need the first correction to this result for large s.
Although it can be derived formally, we will continue by
using physical arguments to render calculations easier and
to enlighten the discussion.

First, note that for s → ∞ the details of the quadratic
potential are not important in Eq. (55) and we can see the
problem as an equivalent problem with a high potential barrier
(of magnitude s) for η < −ηm. In this case the ground-state
wave function penetrates the barrier by a typical depth δ+

g (s) =
{2[s − Eg(s)]}−1/2 ≈ (2s)−1/2, where it drops to zero. The
problem is then equivalent, in physical terms, to a problem
with an infinite hard wall but placed at −ηδ = −ηm − δ+

g (s).
Note that in the equivalent model the wave function identically
vanishes at η = −ηδ . We can then write, to leading order in
δ+
g (s),

Eg(s) = �0(ηm) − |��
0(ηm)|(2s)−1/2. (61)

This equation coincides [without dropping the term Eg(s) ≈
Eg(∞) from the square root] with the formal result obtained
in Ref. [34] by means of perturbation theory. The formal
equivalence can be easily seen by using the virial theorem
given by Eq. (15) of Ref. [33]. Using now Eq. (61) and the
general method given by Eq. (52), we obtain in the limit υ → 0

ζ (υ) = ζ0 − a0υ
1/3, (62)

with ζ0 = �0(ηm) − 1/2 and a0 = 3
2 |��

0(ηm)|2/3. In the limit of
slow driving ηm � 1, we can write a closed expression for
ζ (υ) to first order in ηm. Using �0(0) = 3/2 and |��

0(0)| =
2/

√
π [34], we have

ζ (υ) = − 2√
π

ηm + ζqs(υ), (63)

where the quasistatic large-deviation function ζqs(υ) is
given by

ζqs(υ) = 1 − 3

2

�
4

π
υ

�1/3

, (64)

which is the expected result for ηm = 0. The last statement can
be seen by considering the magnetization ψ . Substituting in
Eq. (64) the identity υ = (1 − ψ)/2 and noting that for υ → 0
we have that ψ → 1, we obtain exactly Eq. (60) of Ref. [31].

2. The limit υ → 1

We now study the limit of large values of the violation
fraction. In this limit, trajectories spend most of the time in
the violation sector η < −ηm. Then the right branch of the
parabolic potential is almost inaccessible, a situation that is
compatible with the limit s → −∞. In this case, the potential
has a deep minimum at η = −ηm, with energy η2

m/2 + s, thus it
is convenient to redefine E(s) = s + ε(s). With this, Eqs. (54)
and (55) read

ψ ��
+ − η2ψ+ + 2sψ + 2ε(s)ψ+ = 0, (65)

ψ ��
− − η2ψ− + 2ε(s)ψ− = 0. (66)

We now note that, for s → −∞, the details of the quadratic
potential are not important in Eq. (65). Then, just as we did
in the limit υ → 0, we can neglect the effect of the parabolic
potential in (65) and consider a high potential barrier of height
−s. With this, the ground-state wave function penetrates the
region η > −ηm by a small depth δ−

g (s) ≈ (−2s)−1/2 and we
can approximate our problem with an equivalent one with a
hard wall at η = −ηm + δ−

g (s). For η < −ηm, the solution of
Eq. (66) is still given by a parabolic cylinder function

ψ−(η) = ADp(−
√

2η), (67)

where A is a normalization constant and p = ε(s) − 1/2. The
hard-wall condition gives the eigenvalue equation for ε(s):

Dp(
√

2[ηm − δ−
g (s)]) = 0. (68)

Equation (68) still has to be solved numerically, however, the
limit of slow driving ηm � 1 can be treated analytically. For
any small η, we can write Dp(−

√
2η) ≈ Dp(0) −

√
2D�

p(0)η.
With this, we can rewrite our eigenvalue equation as

Dp(0)

D�
p(0)

=
√

2ηm − (−s)−1/2. (69)

Given that the right-hand side of Eq. (69) is a small quantity,
we can expand ε(s) = 3/2 − � for the ground state, with � �
1. Using standard identities relating the parabolic cylinder
functions to � functions [35], we have

�
�
− p

2

�

�
� 1−p

2

� =
√

2(−s)−1/2 − 2ηm. (70)

Note that p = 1 − �. Expanding the � functions above for
small �, we have �((� − 1)/2)/�(�/2) ≈ −√

π�, thus we
obtain

� = 2√
π

ηm −
�

− 2

πs
. (71)

We then have for the ground-state energy

Eg(s) = s + 3

2
− 2√

π
ηm +

�
− 2

πs
, (72)
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FIG. 2. (Color online) Large-deviation function for the violation
fraction for ηm = 0.01, 0.1, 0.3, 0.5, and 0.8. For ηm = 0.01 the
large-deviation function is very symmetric with respect to υ = 1/2.
The position of the minimum of this function decreases very rapidly
as ηm increases.

from which we obtain for the large-deviation function, in the
limit υ → 1,

ζ (υ) = − 2√
π

ηm + ζqs(1 − υ), (73)

with ζqs again given by Eq. (64). We point out that, again,
for ηm = 0 and using 1 − υ = (1 + ψ)/2 in terms of the
magnetization ψ , we obtain Eq. (59) of Ref. [31].

We would like to remark that the behavior of ζ (υ) is, from
Eqs. (63) and (73), similar for υ → 0 and υ → 1. On the other
hand, one expects these behaviors to be different for nonzero
ηm since the second law of thermodynamics favors small values
of the violation fraction and penalizes large values of this
quantity. Our analytical results show that the difference in the
behavior around υ → 0 with respect to the behavior around
υ → 1 is at least of second order of perturbation theory in ηm,
around ηm = 0. Thus, for small, still finite values of ηm, one
expects ζ (υ) to be very symmetric around υ = 1/2, exactly as
for ηm = 0.

3. General results

We now turn to the numerical solution of Eq. (60). In Fig. 2
we plot the large-deviation function obtained numerically. It
can be seen that for ηm = 0.01 the large-deviation function
is very symmetric, a fact that is in concordance with our
analytical results (63) and (73). As ηm increases, the position
of the minimum of the large-deviation function decreases very
rapidly while this function becomes very asymmetric, even
for ηm < 1. This fact can be understood as follows. From the
dynamics given by Eq. (38) and the definition of the entropy
production rate (40) we obtain that in the stationary limit the
probability density function of σ reads

P∞(σ ) = 1

2
√

πηm

exp

�
− 1

4η2
m

�
σ − 2η2

m

�2
�
. (74)

From this result, we get that the mean value of the violation
fraction in this limit is given by

�υ(τ )� =
� 0

−∞
P∞(σ )dσ = 1

2
erfc(ηm), (75)
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FIG. 3. Comparison between the numerically obtained position
of the minimum of ζ (υ), for different values of ηm, and the exact
result given by Eq. (75). Both results coincide within the numerical
errors.

where erfc(· · ·) is the complementary error function. Recalling
that the position of the minimum of the large-deviation
function corresponds to �υ�, which explains why this point
shifts so rapidly to the left when we increase ηm. In Fig. 3 we
plot the numerically obtained position of the minimum of the
large-deviation function and the exact result given by Eq. (75),
obtaining very good agreement between both results within
the numerical errors.

The asymmetry function φ(υ) can be obtained directly from
Eq. (24). We plot this function in Fig. 4. For ηm = 0.01
this function is almost flat, since in this case the thermal
fluctuations are large and/or the driving velocity is small (recall
the definition of ηm), which means that the local violations
of the second law are more probable in this limit. As the
driving velocity increases (and/or the temperature decreases),
the asymmetry between small and large values of the violation
fraction increases very rapidly.

This is easy to understand. Note that, from the exact
result given by Eq. (74), we see that �σ � = 2η2

m, while�
2�δσ 2� = 2ηm, with δσ (t) = σ (t) − �σ (t)�. Then, as long

as the amplitude of the fluctuations is greater than �σ �, the
local violations are likely to occur, but if

�
2�δσ 2� < �σ �,

i.e., if ηm > 1, the local violations are extremely rare and the
asymmetry function develops a very steep slope. This physical
analysis explains why solving Eq. (60) numerically for ηm � 1
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FIG. 4. (Color online) Asymmetry function φ(υ) for ηm = 0.01,
0.1, 0.3, 0.5, and 0.8. As ηm approaches the value ηm = 1, the slope
of the asymmetry function rapidly becomes very steep.
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and arbitrary values of s is so difficult. In that region, the
numerical scheme implemented by us becomes unstable.

IV. DISCUSSION

We have studied the statistics of the occurrence of entropy-
consuming time intervals for single realizations of stochastic
processes in phase space. The conditions for the validity of
the main results derived here are very general, however, we
would like to briefly discuss an important point regarding
the definition of the violation fraction itself, which is the
central concept in our theory. The average entropy production
rate is quite generally well defined, however, its stochastic
counterpart may be sometimes ill defined. Note that in certain
cases, similar to the velocity of a Brownian walker, the
stochastic entropy production rate is well defined only under an
integration sign, i.e., in the sense of generalized functions. The
stochastic entropy production S, on the other hand, is always
well defined. However, one can introduce a coarse-grained
entropy production rate by considering an arbitrarily small,
but still finite, time window τw. Generalizing the definition
given by Eq. (9) to this case, we may write

υ(τ,τw) = 1

τ − τw

� τ−τw

0
�

�
S(t) − S(t + τw)

τw

�
dt. (76)

The limit τw → 0+, if it exists, corresponds to the definition
given by Eq. (9). It turns out that, using υ(τ,τw) as defined by
Eq. (76) instead of our original definition, one can easily prove
that all the results we have derived in this paper continue to be
valid.

Our analysis is different from the kind of study currently
considered in the literature. Instead of focusing on the
statistical properties of the final value of the stochastic entropy
production at the end of a given protocol, we have considered
the whole evolution of the stochastic entropy production
rate within the time interval. Even when both approaches
are clearly different, they are closely related. Consider, for
instance, a system with many degrees of freedom or in an
asymptotic steady regime. In both cases the probability density
functions of both the violation fraction and the stochastic
entropy production S are concentrated around their respective
means. In these scenarios, a large-deviation function exists for
both quantities. We then have in those cases

�S(τ )� =
� 1

0
�S(τ )|υ�ρ(υ,τ )dυ ≈ �S(τ )|�υ(τ )��, (77)

�υ(τ )� =
� ∞

−∞
�υ(τ )|S�P (S,τ )dS ≈ �υ(τ )|�S(τ )��, (78)

where the second relations in Eqs. (77) and (78) follow from the
saddle-point evaluation of the corresponding integrals. Thus,
there is a one-to-one correspondence between the mean value
of the entropy production and the violation fraction, i.e., by
controlling one of these quantities it is possible to control the
other.

We discuss now a possible application of our results for free-
energy recovery in single-molecule experiments. Note that, for
a system initially prepared in a given equilibrium steady state

and using the definition of � [Eq. (15)], we can write

�(υ,τ ) = �(υ,τ ) − β�F (τ ), (79)

where

�(υ,τ ) = − ln�e−βW (τ )|υ�, (80)

�F is the change of the free energy during the protocol, and
β corresponds to the inverse temperature. Then, for example,
from Eq. (3) we can write

β�F (τ ) = − ln�e−�(υ,τ )�. (81)

An even more precise method is to consider Eq. (79). Using
the fact that �(1/2,τ ) = 0, we have

β�F (τ ) = �(1/2,τ ). (82)

The conceptual problem is that one needs to unmask the
behavior of the function � (and correspondingly �), but the
advantage comes from the experimental (or computational)
side. Note that υ only depends on the instantaneous sign of the
entropy production rate, i.e., one does not need its value and
it is sufficient to measure the relative orientation of a velocity
with respect to a probability current (this determines, quite
generally, the sign of σ ). Although one still needs to measure
W at the end of the interval in order to have an independent
measure of � [see Eq. (80)], adding the violation fraction in
the analysis could help reduce the error in the estimation of
free energies from single-molecule experiments. We believe
that the discussion above is interesting enough as to motivate
the study of the statistics of the violation fraction in more
detail.

Although the analytical treatment of these problems may
prove difficult, there is a great deal of accumulated knowledge
we can borrow from the study of the zero-crossing properties of
generic stochastic processes. This kind of study could create
an opportunity for new and fruitful collaborations between
different fields of statistical mechanics.

V. CONCLUSION

We have studied the statistics of the occurrence of entropy-
consuming events for single trajectories of processes in phase
space. We were able to obtain a symmetry relation for the
duration of these events, which is reminiscent of fluctuation
theorems and involves an asymmetry function that has been
studied and characterized within this work. We have studied
analytically the steady-state limit of this symmetry for a
paradigmatic model system, showing that even in the simplest
cases it is difficult to determine much analytically. However,
we believe, as discussed above, that our study could be of
experimental (and computational) relevance, for instance, for
the free-energy recovery in single-molecule experiments.
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Ballistic spin resonance was experimentally observed in a quasi-one-dimensional wire by Frolov et al. [Nature
(London) 458, 868 (2009)]. The spin resonance was generated by a combination of an external static magnetic
field and the oscillating effective spin-orbit magnetic field due to periodic bouncings of the electrons off the
boundaries of a narrow channel. An increase of the D’yakonov-Perel spin relaxation rate was observed when the
frequency of the spin-orbit field matched that of the Larmor precession frequency around the external magnetic
field. Here we develop a model to account for the D’yakonov-Perel mechanism in multisubband quantum wires
with both the Rashba and Dresselhaus spin-orbit interactions. Considering elastic spin-conserving impurity
scatterings in the time-evolution operator (Heisenberg representation), we extract the spin relaxation time by
evaluating the time-dependent expectation value of the spin operators. The magnetic field dependence of the
nonlocal voltage, which is related to the spin relaxation time behavior, shows a wide plateau, in agreement with
the experimental observation. This plateau arises due to injection in higher subbands and small-angle scattering.
In this quantum mechanical approach, the spin resonance occurs near the spin-orbit-induced energy anticrossings
of the quantum wire subbands with opposite spins. We also predict anomalous dips in the spin relaxation time as
a function of the magnetic field in systems with strong spin-orbit couplings.

DOI: 10.1103/PhysRevB.89.125310 PACS number(s): 72.25.Rb, 73.21.Hb

I. INTRODUCTION

The spin-orbit (SO) coupling is an essential ingredient to
control and manipulate the spin degree of freedom in potential
spintronic devices. In zinc-blende-based quantum wells, the
SO-induced momentum-dependent spin splitting is caused
by structural and bulk inversion asymmetry, respectively,
leading to the Rashba and Dresselhaus SO interactions. In
particular, the Rashba SO strength can be tuned via external
gates [1,2] allowing controlled coherent spin rotations in
a quasi-one-dimensional channel with ferromagnetic source
and drain contacts. This is the well-known Datta-Das spin-
FET proposal [3,4]. Despite providing a way to control and
manipulate the electron spin, the SO coupling also plays a
crucial role in the spin relaxation in dimensionally constrained
semiconductor nanostructures.

Regarding the spin relaxation in quantum wires, the main
mechanism in zinc-blende-based nanostructures involves the
SO interaction combined with random multiple scattering
events. Both processes combined are responsible for misalign-
ment of an ensemble of initially polarized spins, a process
known as the D’yakonov-Perel (DP) relaxation mechanism [5].
This mechanism is directly connected to the fact that the
SO interaction can be described by a momentum-dependent
effective magnetic field. Thus scattering events will randomize
the electron momentum direction generating a random fluctu-
ating SO magnetic field causing spin relaxation. The DP spin
relaxation time is inversely proportional to the momentum
scattering time leading to its increasing as the channel width
becomes comparable to the electron mean-free path [6,7].

In general, the spin relaxation time is a monotonic func-
tion of the external magnetic field [8–10]. Nevertheless, a
nonmonotonic behavior can arise by combining an external
time-independent magnetic field and periodic oscillations
of the SO effective magnetic field—in another words, an

electron spin resonance [11] in the absence of the external
oscillating fields, namely ballistic spin resonance (BSR). In
a semiclassical picture, BSR could be interpreted considering
an electron injected by a spin-polarized quantum point contact
(QPC) traveling along a ballistic channel towards a large
spin-unpolarized reservoir. Each electron experiences random
scattering events as well as periodic bouncings off the lateral
confinement [6,12,13]. The resonance condition is achieved
matching the frequency of the SO field with the Larmor
precession frequency around the external magnetic field; the
spin-flip probability is maximized thus increasing the spin
relaxation rate. Then, the randomized electron spin can be
detected using another spin-selective QPC. A nonlocal voltage,
measured between the detector QPC and the reservoir [10,14],
quantifies the spin accumulation along the channel and it is
suppressed whenever the resonance condition is fulfilled.

In the present work, we introduce a model to account
for the DP mechanism in multisubband quantum wires,
Figs. 1(a)–1(c). We monitor the spin dynamics for an ensemble
of electrons undergoing random scattering events transitioning
among quantum wire subbands. Averaging the spin dynamics
over an ensemble, we are able to extract the spin relaxation
time. We study the dependence of the spin relaxation time on
the external magnetic field perpendicular to the wire and the
emergence of a nonmonotonic behavior characterizing the bal-
listic spin resonance. Within our model, the spin resonance oc-
curs at the quantum wire subband anticrossing induced by the
SO interaction. Each electron in the ensemble is redistributed
due to scattering mechanisms among different subbands, since
each subband has a resonance condition for distinct values
of the external magnetic field leading to an enlargement of
the BSR dip into a wide plateau. On the other hand, the
spin relaxation time presents a monotonic behavior when the
magnetic field is aligned to the wire and consequently to the
oscillating SO field. Our theoretical results present (see Fig. 2)
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FIG. 1. (Color online) (a) Schematic view of a quasi-one-
dimensional channel formed in a 2D electron gas. A spin-polarized
current is injected in a multisubband quantum wire via a spin-selective
QPC with an angular spread �. The spin current diffuses towards a
spin-unpolarized reservoir. Each electron is assumed to be uniformly
distributed in the subbands with quantum number n such that θn < �.
After undergoing multiple random scatterings, the ensemble spin
polarization will decay as a consequence of electron spins precessing
around distinct fluctuating momentum-dependent effective magnetic
fields due to the SO interaction (D’yakonov-Perel mechanism). (b),
(c) Energy spectrum of a quantum wire with SO interaction and an
external magnetic field (b) parallel B� and (c) perpendicular B⊥ to
the quantum wire. The former case opens a gap at k = 0 and the
latter case induces an asymmetry of the energy branches depending
on the sign of k. The subband-spin mixing term H�

SO = i(α − β)∂yσx

induces energy anticrossings of the quantum wire subbands with
opposite spins. In the absence of H�

SO, the magnetic-field-tunable
level crossing defines the resonance condition for the BSR.

the same behavior for the spin relaxation time as a function of
the magnetic field in both directions of the external magnetic
field as shown in the BSR experiment [14]. Nevertheless, we
also predict the presence of anomalous BSR dips in the spin re-
laxation time as a function of the magnetic field even when it is
aligned with the wire orientation. We predict that the nonmono-
tonic behavior could be experimentally observed in systems
with strong SO couplings. In this case, a strong component of
the SO magnetic field can tilt the spin perpendicularly to the
oscillating field also quickening the spin relaxation rate.

This paper is organized as follows: In Sec. II, we describe
our model. In Sec. III, we present the numerical results of
the magnetic field dependence of the spin relaxation time. In
Sec. IV, we predict and discuss the presence of anomalous
BSR dips. We conclude in Sec. V, we present the conclusion
and discussions about the potential applications of the model
such as investigating the width dependence and anisotropy of
the spin relaxation time.

II. THE MODEL

Consider a high-mobility 2D electron gas formed
in a zinc-blende semiconductor crystal. The linear-in-p
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FIG. 2. (Color online) (a) Dependence of the spin relaxation time
τSR [(b) nonlocal voltage Vnl] on the external magnetic field Bext.
For B⊥ (light triangles), a clear dip of the spin relaxation time
emerges near the SO-induced energy anticrossings of the quantum
wire subbands with opposite spins. The resonance condition, given by
Eq. (5), is fulfilled for B⊥ ≈ 8 T for the highest subband nj = 17 with
� = 1, while τSR and consequently Vnl increase monotonically with
B� (dark circles). (c) Data extracted from the BSR experiment [14]
show the same behavior when compared with our numerical results
including a wide resonance plateau. We have used the following pa-
rameters in our simulation: δt = 2 ps, N = 1000, � = 3◦, L = 1 μm,
� = 30◦, number of electrons considered in the ensemble Nens =
1000, electronic density n1D ≈ 108 m−1. For the nonlocal voltage
Vnl we used the channel resistivity ρ = 40 �, left (right) end of
the channel Ll = 30 μm (Lr = 70 μm), position of QPC injector
(detector) xinj = 0 (xdet = 20 μm), temperature T = 300 mK. For
the GaAs quantum well, |(α + β)| = 0.05 meV nm, |(α − β)| =
0.2 meV nm [15], |g| = 0.44 [16], and m = 0.067m0 [16], where
m0 is the bare electron mass.

Rashba and Dresselhaus SO coupling [17–19] can be
represented by a momentum-dependent effective magnetic
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field

HSO = 1

2
gμBBSO · σ , BSO = 2

gμB�

�
(α − β)py

−(α + β)px

�
(1)

for a coordinate system such that x||[110], y||[110]. Here,
α and β correspond to the Rashba and Dresselhaus SO
coupling strengths, respectively. Also, p denotes the electron
momentum, σ the Pauli matrices. A multisubband quantum
wire can be engineered in this system by parallel spatially
separated metal gates (split gate) on top of a 2D electron
gas. Thus, the electrostatic potential depletes the electrons
under the gates forming a quasi-one-dimensional channel for
the conduction electrons. A proper geometry for the split
gate allows a pure spin current injection via a spin-selective
quantum point contact (QPC). Similarly, the corresponding
spin accumulation due to this spin current can be detected
using a spatially separated QPC [14]. Considering a square
wire confinement with width L, the Hamiltonian describing
the system reads

H = p2

2m
+ 1

2
gμB(BSO + Bext) · σ + V (y), (2)

with effective mass m; V (y) = 0 for 0 � y � L and V (y) →
∞ elsewhere. The external magnetic field Bext applied in the
plane of the 2D electron gas has two purposes: it defines the
spin polarization of the electron injected in the quantum wire
through a QPC and it serves as a controllable external knob
for the spin resonance condition.

In order to determine the electron spin dynamics, we
have to obtain the eigenenergies and eigenstates of the
Hamiltonian H which describes our system. This can
be achieved numerically for a given k by projecting
the Hamiltonian H in a truncated subband-spin Hilbert
space F = {|n,k,si� ; n = 1,2, . . . ,nT ,k,si = ↑i ,↓i}, where
i = x,y,z, nT is the total number of subbands in the subspace
F and si denotes the spin component along the i direction.
Here, k represents the wavevector of the plane wave solution
along the quantum wire and n is the quantum number related
with transverse direction of the quantum wire; i.e., �r|n,k,si� =√

2/L sin(nπy/L)eikxχi , where χi is the spinor in the σi basis.
Consider an electron injected initially into the subband

labeled nj of this quantum wire. Its quantum dynamics is
entirely described by the time-evolution operator U(k,t) =
exp[−(i/�)H(k)t]. Thus the electron spin dynamics of the
i = x,y component initially injected in a general state
|nj ,k,si�, with the spin projection axis aligned with Bext,
is obtained by numerically calculating the time-dependent
expectation values of the respective Pauli spin matrix σ̄i(t) =
�nj ,k,si | U†(k,t)σiU(k,t) |nj ,k,si� = �nj ,k,si | σi(t) |nj ,k,si�
in the Heisenberg representation [20,21]. More explicitly, we
have

σ̄i(t) = �nj ,k,si | PkŨ †(k,t)P−1
k σiPkŨ(k,t)P−1

k |nj ,k,si� ,

(3)

where Pk is a matrix whose columns are composed of the
eigenvector components which diagonalize the Hamiltonian H
for a given k. Here, we have used the similarity transformation
Ũ(k,t) = P−1

k U(k,t)Pk [22], where Ũ(k,t) assumes a diagonal
form.

Scattering mechanisms. The preceding approach to calcu-
late the electron spin dynamics [20,21] can be generalized to
include multiple random scattering events. Here, we consider
wave packets propagating freely between collisions. We allow
for transitions between quantum wire subbands after each scat-
tering. Between these transitions, the electron spin will precess
around the SO and external magnetic fields. This characterizes
the DP mechanism in multisubband quantum wires. Here, we
consider large-angle and small-angle scatterings which suffice
to describe the experimental data. The large-angle scattering
mechanism is taken into account considering that an elastic
spin-conserving impurity scattering occurs with a probability
δt/τ for a time interval δt , where τ is the mean-free time.
After each scattering, the electron momentum orientation is
randomized. It can make transitions to all equally probable
subbands at the Fermi energy representing a large angle
scattering. A ballistic quantum wire is assumed such that the
mean-free path λ is much larger than the quantum wire width,
λ � L. Another significant source of scattering is the ionized
donors responsible for initially forming the 2D electron gas.
These dopants are spatially separated from the electron gas. So,
electrons feel a weaker screened Coulomb potential leading
to a majority of small-angle scattering events, and rarely a
full backscattering. This scattering mechanism is implemented
choosing a random number �̃ from a normal distribution
with zero mean and standard deviation � for each time step.
We consider an electron coming from the subband nk and
making a transition to the subband nl at the Fermi energy if
�nk,nl−1 � �̃ � �nk,nl+1 , where �nk,nl

= θnk
− θnl

. Here, we
ascribe a set of angles θn to the electron quantum states. For
a given Fermi momentum kF , the injection angle between the
transverse direction and its Fermi momentum can be defined
as θn = arcsin(kn/kF ), where kn =

√
k2
F − (nπ/L)2 [23].

Generalized expectation value of the spin operators. With
these momentum scattering mechanisms considered, the gen-
eralized time evolution operator after N scatterings for each
time interval δt is sequentially assembled as

UN (t) = U
�
γ1kn1 ,δt

�
U

�
γ2kn2 ,δt

�
. . . U

�
γNknN

,δt
�

=
N�

ν=1

U
�
γνknζ

,δt
�
. (4)

Here, U(γνknζ
,t) = Pγνknζ

Ũ(γνknζ
,t)P−1

γνknζ
[24] for the νth

scattering event to the subband nζ , where γν = ±1 depending
on whether the electron has scattered backwards γν = −1 or
moved forward γν = +1 at the time t = νδt . We have that nζ

is an integer random number, with 1 � nζ � nT , sorted out ac-
cording to the scattering mechanisms considered, as explained
in Sec. II. Thus considering scattering between quantum wire
subbands, we have a generalization of the expectation value
of the spin operator σ̄i(t) = �nj ,k,si | U†

N (t)σiUN (t) |nj ,k,si�.
This procedure can be repeated for an ensemble of initially
spin-polarized electrons in order to obtain the average spin
polarization as a function of time, Pi(t) = �Nens

μ=1 σ̄
μ

i (t)/Nens,
where Pi is the polarization along the i direction for the μth
electron, and Nens is the total number of electrons considered
in the simulation. The noncommutativity of the time-evolution
operators describing successive scatterings implies that the
path followed by the electron matters in a multisubband
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quantum wire. Therefore, random paths result in random spin
precession for each electron and spin relaxation for the whole
ensemble (see Appendix A for a more qualitative picture
of the DP mechanism in quantum wires). As time goes by,
the average ensemble spin polarization decays exponentially
with a time scale given by the spin relaxation time τSR;
i.e., Pi(t) = Pi(t = 0)e−t/τSR . This whole procedure can be
repeated for different external magnetic fields thus allowing
us to extract τSR(Bext) using a single-exponential decay fit.

Notice that we consider scattering events as transitions
between different quantum wire subbands. Since each subband
will have a distinct resonance condition, we find that the
corresponding resonance dip evolves into a wide plateau, in
agreement with the experimental findings [14]. This is in
contrast with semiclassical Monte Carlo simulations [6,13]
where the electron moves in a 2D electron gas undergoing
momentum randomizing scattering events and bouncing off
the walls of the channel. In this case, each BSR dip has a
well-defined value for the external magnetic field and depends
on the electron Fermi velocity and the channel width [14].

In the next section, we will analyze the magnetic field
dependence of the spin relaxation time in a realistic system.
We will compare our numerical results with the experimental
features of the BSR.

III. BALLISTIC SPIN RESONANCE

In order to simplify our discussion and have a better
understanding of the role of each term in the Hamilto-
nian (2), we separate the total Hamiltonian as H = H0 +
H�

SO + H⊥
SO + H�

Z + H⊥
Z , where we define the quantum wire

Hamiltonian H0 = �2k2

2m
+ n2�2π2

2mL2 , the SO contribution H⊥
SO =

−(α + β)kσy , H�
SO = i(α − β)∂yσx , and the Zeeman terms

H�
Z = gμBBxσx/2, H⊥

Z = gμBByσy/2. Here, the superscripts
⊥ and � denote the SO and external magnetic fields compo-
nents perpendicular (ŷ) and parallel (x̂) to the quantum wire,
respectively.

According to the experimental setup used to detect the
BSR [14], electrons are injected using a voltage applied
through a QPC (injector) and diffuses along the multisubband
quantum wire until their detection by another QPC (detector).
Both QPCs are fully spin polarized (conductances equal to
e2/h) with quantization axis defined by the external magnetic
field Bext. The pure spin-polarized current starts to relax with
the characteristic time τSR according to the DP mechanism.
We now analyze two cases where the electron is injected with
its spin aligned to either B� or B⊥.

Initially, we inject an ensemble of electrons into the quan-
tum wire with an angular spread � relative to the transverse
direction [25]. These electrons are uniformly distributed over
the subbands with quantum numbers n within � [26]; i.e.,
θn < �. Notice that this requirement is fulfilled only by the
higher subbands. Consider a particular case where an electron
is injected in the subband nj near the energy anticrossing with
its spin pointing along the y axis aligned with B⊥ (B� = 0).
It will undergo two processes caused by H�

SO in Eq. (2):
an intersubband transition due to momentum operator −i�∂y

connecting different orbital states and a spin-flip along the
y direction due to the operator σx , since �nj ,k,↓y | H�

SO ∝

∂yσx |nj ± �,k,↑y� �= 0, where � is an odd integer (� =
1,3,5, . . .). Thus the spin relaxation time also will strongly
decrease near the energy level anticrossing induced spin-
orbital mixing caused by the term H�

SO. At the energy
anticrossing (resonance condition), the spin-flip probability
is maximized thus quickening the spin relaxation process
which characterizes the BSR effect. The resonance condition
is determined by the energy-level crossings in the spectrum of
[H0 + H⊥

SO + H⊥
Z ] |n,k,sy� = �n,k,sy

|n,k,sy�. Thus the cross-
ing �nj ,k,↓y

= �nj ±�,k,↑y
occurs for the B⊥

BSR given by

1

2
gμBB⊥

BSR = π2�2

4mL2
[±2nj� + �2] + (α + β)kF , (5)

where we have used kF = k
nj

F ≈ k
nj +�

F . The 2D semiclassical
limit for this resonance condition can be obtained relating
the injection subband nj with the Fermi velocity v⊥

F

and the channel width L as v⊥
F = �πnj/mL. Assuming that

gμBB⊥
BSR � |(α + β)|kF and nj � 1, isolating nj and substi-

tuting into Eq. (5), we recover the resonance frequency f� =
v⊥

F /2L × � = gμBB⊥
BSR/h, in agreement with Ref. [14].

In contrast, if the electron spin is initially aligned along
the x axis for B� (B⊥ = 0), no BSR is observed. Although
H�

SO can cause intersubband transition, this term is not
able to flip the spin since the spin operator σx is acting
on its eigenstate, �nj ,k,↑x | H�

SO ∝ ∂yσx |nj ± �,k,↓x� = 0.
Thus even fulfilling the condition for the crossing of energy
levels with opposite spins, there is no spin resonance in the
quantum wire, and consequently, the spin relaxation time has
a monotonic dependence with B�. Notice that in the weak
SO coupling regime, gμBB�/2 � |(α + β)|kF , where the
resonance occurs according to the BSR experiment in a GaAs
quantum well [14]. As a consequence, the SO magnetic field is
not able to tilt the spin alignment from the orientation parallel
to the channel. Two distinct behaviors then arise observing the
magnetic field dependence of τSR (see Fig. 2) depending on
the in-plane Bext orientation. For a B�, the τSR(B�) increases
monotonically for all values of B�. On the other hand,
τSR(B⊥) is strongly suppressed around the energy anticrossing
induced spin-orbit mixing. These different behaviors can be
quantified experimentally via a nonlocal voltage Vnl [10].
This quantity is related to the variation of the chemical
potential from the detector QPC to a large spin-unpolarized
reservoir [see Fig. 1(a)]. An analytical expression for Vnl can
be found in Appendix C. If there is a spin current flowing
in the channel, a nonzero Vnl will be detected since there is
spin accumulation near the spin-selective detector QPC. It is
assumed that the spin current is completely relaxed before
reaching the equilibrium reservoir which is located far to the
right of the detector QPC. Thus if the spin current relaxes
(resonance condition) before reaching the detector QPC, no
spin accumulation occurs and Vnl drops. Our numerically
calculated Vnl shows a plateau B⊥ ≈ 6–8 T, in agreement
with experimental observation [14]. The presence of a plateau,
and not a sharp dip, at resonance in Fig. 2 arises as a
consequence of injection in higher subbands (lower Fermi
velocities) and small-angle scattering. After the injection in
higher subbands, it is unlikely that an electron will undergo
a backscattering event due to small-angle scattering [27].
Mostly, electrons will be redistributed in adjacent subbands
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relative to injection subband nj . This redistribution of electrons
among subbands with distinct resonance conditions manifests
on Vnl as a wide plateau depending on the relation between
the distance between the QPC injector and the QPC detector
xid and the spin relaxation length λSR (see Appendix C for
further discussions). We believe the discrepancy between our
calculated Vnl and the measured one away from the plateau is
possibly due to additional scattering mechanisms not included
in our simulations. This is a point that deserves further
investigation.

Notice that in the special case where the Rashba and
Dresselhaus coupling are tuned to have equal strengths α = β,
in the absence of cubic corrections, the effective SO magnetic
field has a fixed direction in space and the DP and Elliot-Yafet
mechanisms are suppressed [28].

IV. ANOMALOUS BALLISTIC SPIN RESONANCE

In the weak SO coupling regime, the effective SO magnetic
field H⊥

SO can be neglected in comparison with the Bext for large
fields (|Bext| > 0.5 T). However, in the strong SO coupling
regime (|BSO| ∼ 0.3 T for the higher subbands in InAs), this is
no longer true and as a consequence we find a nonmonotonic
behavior also for τSR(B�). We called this emergence of extra
resonance dips “anomalous BSR.” Let us now analyze the
cases for different orientation of an in-plane magnetic field
for the strong SO regime. For B⊥, the strong SO term H⊥

SO
only changes substantially the resonance condition, as can
be checked in Eq. (5). The subband-spin mixing term H�

SO
still acts flipping the electron spin and also quickening the
spin relaxation. For B�, the term H⊥

SO also modifies the
resonance condition. Moreover, this component of the SO
magnetic field perpendicular to the wire can also tilt the spin
initially oriented along B� parallel to a new direction denoted
by û. Therefore, the spin-orbit-induced admixture of state
with opposite spins allows for the transition �nj ,k,↓u| H�

SO ∝
∂yσx |nj ± �,k,↑u� �= 0, where � = 1,3,5, . . .. Thus consid-
ering the energy spectrum of the Hamiltonian [H0 + H⊥

SO +
H�

Z] |n,k,sx� = �n,k,sx
|n,k,sx�, the condition for the crossing

of energy levels �nj ,k,↓x
= �nj ±�,k,↑x

occurring for the B
�
BSR is

fulfilled whenever

1

2
gμBB

�
BSR =

��
π2�2

4mL2
[±2nj� + �2]

�2

− [(α + β)kF ]2.

(6)

It leads to an enhancement of the DP spin relaxation giving rise
to BSR dips even when the external magnetic field is applied
parallel to the quantum wire as shown in Fig. 3.

Since this effect is enhanced in systems with a strong SO
coupling strength, we choose an InAs quantum well [29] in
order to simulate and analyze the features of the anomalous
BSR. Such materials contrast with GaAs where the effect is
too weak to be possibly observed experimentally. Besides,
the gyromagnetic factor in InAs (|g| = 14.9) is much larger
than in GaAs (|g| = 0.44) reducing the value of the external
magnetic field BBSR given by Eq. (5). This feature in InAs also
allows us to observe higher harmonics (� = 3,5, . . .) even at
low magnetic fields (see Fig. 3). A square wire confinement
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FIG. 3. (Color online) (a) Prediction of the dependence of the
spin relaxation time τSR on the external magnetic field B� in the
strong SO coupling regime. In this regime, τSR(B�) also presents a
nonmonotonic behavior. Anomalous BSR dips occurs around B� ≈
0.6 T with � = 1 and B� ≈ 1.3 T with � = 3 (see arrows). (b) τSR vs
B⊥ with the resonance conditions given by B⊥ ≈ 0.6 T with � = 1
and B⊥ ≈ 1.9 T with � = 3. Here we use the same parameters for the
numerical simulation as those for GaAs wells in Sec. III. For InAs
we have that |(α + β)| = 2 meV nm, |(α − β)| = 5 meV nm [29],
|g| = 14.94 [30], and m = 0.026m0 [16].

considered in our model was a choice motivated by the
experimental observation of higher BSR dips in Ref. [14]. The
harmonic confinement only captures the first resonant dip, for
� = 1 as demonstrated in Appendix B.

V. CONCLUSION

We study the magnetic field dependence of the spin
relaxation time in multisubband quantum wires. To this end,
we have developed a numerical model to take into account
the DP spin relaxation mechanism in the calculation of the
time-dependent spin operators. Averaging the spin dynamics
over an ensemble allows us to extract the spin relaxation time
τSR as a function of Bext. We have obtained a nonmonotonic
behavior for τSR when the external magnetic field is applied
perpendicular B⊥ to the quantum wire, which characterizes
the BSR found experimentally in Ref. [14]. Within our
description, BSR arises as an interplay between the DP spin
relaxation mechanism and a rapid increase of the spin re-
laxation rate near the spin-orbit-induced energy anticrossings
of the quantum wire subbands with opposite spins. Different
subbands with their distinct resonance conditions lead to
an enlargement of the BSR dip into a wide plateau, in
agreement with the experimental observation [14]. In systems
with a weak SO coupling, τSR varies monotonically with the
external magnetic field pointing parallelly B� to the quantum
wire.

Nevertheless, we have also predicted a nonmonotonic
behavior for τSR(B�) as a consequence of the admixture of
opposite spins along x̂ due to the presence of a strong SO
magnetic field B⊥

SO. We suggest that these anomalous BSR dips
can be measured in systems with strong SO coupling [31,32],
such as an InAs quantum well.
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We emphasize that our numerical model could be used
to analyze the recent experimental applications of the
BSR [33,34]. One of these applications is a new paradigm
for a spin transistor. In this proposal, a gate voltage on top of
the channel can control the enhancement or suppression of the
spin relaxation time. Small changes in this gate voltage can
modify the electronic density, Fermi velocity, and Rashba SO
coupling strength. As a consequence, the BSR can be turned
on and off by purely electrical means. Moreover, spin-orbit
anisotropy was measured using BSR in a GaAs quantum
well [34]. This anisotropy, which arises due to the interplay
between the Rashba and Dresselhaus SO coupling strengths,
could be estimated comparing the spin relaxation time for two
distinct channel orientations. Finally, our model could also be
used to study the anisotropy of the spin relaxation time [35] and
its dependence on the width of the wire [36–41], even in the
limit of a few-subband quantum wire when the semiclassical
approximation is no longer valid.

Recently, we became aware of the work in Ref. [42] that also
investigates ballistic spin resonance in quasi-one-dimensional
channels using a different approach as compared to
ours.
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APPENDIX A: DP MECHANISM IN A QUANTUM WIRE
WITH TWO SUBBANDS

In this appendix, we consider a special case of the general-
ized model developed in Sec. II. Within this simplified model
for a quantum wire with two subbands, the time-evolution
operator can be obtained analytically and a more intuitive
picture emerges for the spin relaxation in quantum wires.

Consider the Hamiltonian given by Eq. (2) written in
the basis composed with two subband-spin Hilbert space
F = {|nks� ; n = 1,2,k,sy = ↑y,↓y}. Dividing this truncated
Hilbert space in two independent subspaces Fλ=+ =
{|1,k,↑y� , |2,k,↓y�} and Fλ=− = {|1,k,↓y� , |2,k,↑y�}, the
Hamiltonian reads

Hλ = �+1 +
�
�− − λ(α + β)kx −λiα(py)12/�

λiα(py)12/� �− − λ(α + β)kx

�
,

(A1)

where λ = ± denotes each subspace, �± = (�1 ± �2)/2 for
the �i labeling the ith subband in the quantum wire, and the
matrix element (py)12 = �1| py |2�. Notice that the basis was
truncated up to the second subband which still allows for inter-
subband transitions. Henceforth, the external magnetic field
was set to zero since it can cause spin relaxation by itself, even
without considering the inter-subband transitions. To show
that the inter-subband transitions are responsible for the DP
mechanism in quantum wires, it is equivalent to prove that the

time-evolution operator for different paths does not constitute
a set of commuting operators. As a consequence, the electron
spin will precess differently for each path determined by the
series of random multiple scatterings. In another words, the
expectation value of the spin components for each electron
in the ensemble after a time τSR, calculated via Eq. (3), will
correspond to random spin orientations in the Bloch sphere.

For the sake of simplicity, we will choose a path such
that the electron will move forward a distance � with the
wave vector +k, undergo an elastic scattering, and then move
backward the same distance with the wave vector −k. So,
starting with evaluating the time-evolution operator written in
the basis F ,

U(k) = exp
�
−(i/�)Hλ(k)

�
�

�
v

j

F

��
=

�
�+(k) 0

0 �−(k)

�
,

(A2)

with v
j

F the Fermi velocity considering the injec-
tion in the j th subband, �λ(k) = exp[−(i/�)�+(�/v

j

F )] ×
exp[−(i/�)n̂λ · σ |ξλ|(�/v

j

F )] for n̂λ = ξλ/|ξλ|, where

ξλ(k) =
�
0,ξλ

y ,ξλ
z (k)

�

=
�

0,λ
1

�
(α − β)(py)12,[�− − λ(α + β)kx]

�
. (A3)

To prove that [U (k),U (−k)] �= 0 is equivalent to finding that
[�λ(k),�λ(−k)] �= 0. Calculating then the latter commutator,
we obtain the expression ξλ

y [ξλ
z (k) − ξλ

z (−k)] which is differ-
ent from zero since ξλ

y �= 0. Therefore, the noncommutativity
of the time-evolution operator emerges as a result of allowing
inter-subband transitions causing the spin relaxation in a
multisubband quantum wire. In another words, an ensemble
of initially spin-polarized electrons going through multiple
scattering in a quantum wire will have their spins orientations
randomized after reaching the same final destination.

Taking the limit of a strictly one-dimensional quantum
wire, elementary rotation due to the SO effective magnetic
field are performed around a single axis since no inter-
subband transitions are allowed; i.e., ξλ

y = 0, consequently
[U (k),U (−k)] = 0. Therefore, the expectation value of the spin
components Eq. (3) for each electron will be exactly the same
and dependent on the net path in the quantum wire. In this
limit, the spin relaxation due to the DP mechanism no longer
takes place in this system.

APPENDIX B: DISCUSSION OF THE HARMONIC
CONFINEMENT MODEL

Throughout the paper, we have used a square wire con-
finement in order develop a model to describe the BSR
effect. Another option would be the harmonic confinement;
however, we will show that this model does not capture the
higher resonance dips in the spin relaxation time. Consider
then the electrostatic potential V (y) modeled by the harmonic
confinement,

Hh = p2

2m
+ 1

2
gμB(BSO + Bext) · σ + 1

2
mω2y2, (B1)
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where ω is the confinement frequency. Using the
truncated subband-spin Hilbert space F = {|nks� ; n =
1,2, . . . ,nT ,k,s = ↑,↓} as a basis to write Hh, in this basis
we have

Hh = �ω

�
a†a + 1

2

�
+ �2k2

2m
+ 1

2
gμBBext · σ

− (α + β)kσy + i(α − β)

�
mω

2�
(a† − a)σx, (B2)

where the creation and annihilation are given by a† |n� =√
n + 1 |n + 1� and a |n� = √

n |n − 1�, respectively. The
operator which mixes the spin and orbital states is identified as
H�

SO ∝ (a† − a)σx . As we have pointed out in Sec. II for the
weak SO coupling regime, the spin resonance is absent when
the external magnetic field is pointing along the quantum wire,
B�. As a result, the mixing operator H�

SO is not able to flip the
electron spin since it is pointing along the x direction. On
the other hand, the spin resonance is achieved for an external
magnetic field perpendicular to the quantum wire, B⊥

BSR, as
long as the following condition is fulfilled,

1
2gμBB⊥

BSR = ±�ω� + (α + β)k, (B3)

where � = 1. Therefore, the harmonic confinement model
does not capture the higher resonance dips (� = 3,5, . . .) as
the B⊥ varies. This contrasts with the square wire confinement
model which has � = 1,3,5, . . ., as explained in Sec. II. We
emphasize that these higher resonances � = 3,5, . . . in the
square wire confinement are distinct from the anomalous case
predicted in systems with strong SO coupling. The emergence
of additional resonances in the anomalous BSR occurs due to
the interplay of Bext and BSO even when the external magnetic
field is aligned with the channel, as explained in Sec. IV.

APPENDIX C: EQUATION FOR THE
NONLOCAL VOLTAGE

The nonlocal voltage Vnl was derived in Ref. [10] using
a one-dimensional diffusion equation [43,44]. The explicit
expression for Vnl is

Vnl =
ρ λSR

L
IinjPinjPdet sinh

�
Lr−xid

λSR

�

sinh(Lr/λSR)[coth(Lr/λSR) + coth(Ll/λSR)]
, (C1)

where ρ is the channel resistivity and Lr , Ll denote the distance
between the QPC injector and the right and left ends of the
channel, respectively. The distance between the QPC injector
and QPC detector is denoted by xid. The injection current
Iinj = GinjVinj, where Vinj is the voltage applied across the QPC
injector. Pinj (Pdet) denotes the spin polarization P = (G↑ −
G↓)/(G↑ + G↓) of the QPC injector (QPC detector) with
the spin quantization axis defined by Bext. A fully polarized
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FIG. 4. (Color online) Dependence of the nonlocal voltage Vnl on
the external magnetic field B⊥ for a shorter distance between the QPC
injector and the QPC detector xid = 5 μm. All the other parameters
were chosen to be the same as used in Fig. 2.

transmission P ∼ 1 corresponds to a single occupied spin
state; i.e., G↑ ∼ e2/h and G↓ ∼ 0. To obtain this expression
for Vnl, a general solution to the chemical potential μ↑, μ↓ was
found in each region of the experimental setup [43] via the
one-dimensional diffusion equation D∂2Vnl/∂x2 = Vnl/λ

2
SR.

Here the spin relaxation length λSR = √
DτSR, where D is the

diffusion constant [43]. The boundary conditions required an
equilibrium spin polarization at the left and right ends of the
channel; i.e., Vnl(Ll) = Vnl(Lr ) = 0. Also, it was considered
the continuity of the chemical potential and conservation of the
spin currents across each region of the setup [43]. Finally, the
difference between the chemical potentials in the QPC detector
and reservoir regions was calculated which finally results in
Eq. (C1), as shown by Ref. [10].

Notice that the emergence of a wide plateau in Vnl(B⊥)
depends on the distance between the QPC injector and the QPC
detector xid. This dependence can be understood comparing
xid with the spin relaxation length λSR = √

DτSR, where
D = v2

F τ/2 is the diffusion constant. At resonance, λSR ∼
μm for the magnetic field interval 6.5–7.8 T [determinated
by the values of nj and � that fulfills the resonant condition
Eq. (5)], which is much shorter than xid = 20 μm used in
the experimental setup [14]. As a consequence, the initially
spin-polarized ensemble relaxes before reaching the QPC
detector and the Vnl signal drops to zero. A narrower plateau
can be obtained for a shorter xid comparable to λSR [34], as
shown in Fig. 4. While the nonlocal voltage plateau observed in
Ref. [14] can be attributed to undetectable spin accumulation
near the detector, we emphasize that our numerical simulation
gives a wide plateau for the parameters extracted from the
experimental work [14].
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In this work, we studied a two-dimensional ferromagnetic system using Monte Carlo simulations. Our model
includes exchange and dipolar interactions, a cubic anisotropy term, and uniaxial out-of-plane and in-plane
ones. According to the set of parameters chosen, the model including uniaxial out-of-plane anisotropy has a
ground state which consists of a canted state with stripes of opposite out-of-plane magnetization. When the cubic
anisotropy is introduced, zigzag patterns appear in the stripes at fields close to the remanence. An analysis of the
anisotropy terms of the model shows that this configuration is related to specific values of the ratio between the
cubic and the effective uniaxial anisotropy. The mechanism behind this effect is related to particular features of
the anisotropy’s energy landscape since a global minima transition as a function of the applied field is required in
the anisotropy terms. This mechanism for zigzag formation could be present in monocrystal ferromagnetic thin
films in a given range of thicknesses.
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I. INTRODUCTION

In ferromagnetic systems, modulated phases appear due
to the competition between short-range exchange interactions
and the unavoidable long-range dipolar ones. In the particular
case of thin films with strong out-of-plane anisotropy, this
competition produces a stripe phase at zero field; in this phase,
parallel stripes with alternated out-of-plane magnetization are
formed. These kinds of patterns are usually found in magnetic
garnets [1–3] and also in ultrathin films, such as Fe on Cu [4,5].
Usually, in these systems a high out-of-plane field transforms
the stripe phase in a bubble phase. Under certain conditions,
magnetic garnets can also develop zigzag patterns and other
complex magnetic structures [1–3,6].

In the stripe phase, a magnetic field applied perpendicular
to the film plane increases the period of the stripes stretching
the thickness of the stripes aligned to the field and shrinking
the stripes pointing in the opposite direction [7]. In some
of these systems, a significant change in the stripe period
is observed when either the temperature or the magnetic
field changes. Using a smecticlike model relying on effective
local interaction energies such as bending and compression,
Sornette [8] proposed the following mechanism for zigzag
formation. In order to accommodate the enhancement of the
stripe period as the field is increased, the system has to eject
lines, i.e., domain walls, and this is conducted by the nucleation
and climbing of dislocations. However, when the field is
decreased and the stripe period shrinks, the nucleation of a
new stripe by edge dislocations is not observed. Instead, the
system develops an undulation instability when a threshold
in dilative strain is reached; a further decrease of the field
transforms this sinusoidal undulation into a zigzag pattern.

In other systems with a reduced out-of-plane anisotropy,
a canted phase can appear, i.e., in addition to the stripes
with out-of-plane magnetization, an in-plane magnetization
component is present [9–12]. In this canted spin configuration,
an in-plane field parallel to the stripes should induce a
stripe width variation [13], however, this effect is difficult

to be observed experimentally and hitherto there are few
experiments [14,15] showing the effect, aside from certain
cases in which an oscillating field is needed in order to unpin
the stripes [14].

Recently, Barturen et al. [12] have reported the presence of
zigzags in monocrystalline Fe1−xGax thin films with a canted
stripe configuration. Since in these systems variations of the
stripe width as function of the applied field are not observed,
the origin of the zigzag patterns should be based on a different
mechanism than that proposed by Sornette. In this work, we
introduce and analyze a simplified two-dimensional model
which exhibits a canted stripe configuration [16,17]. In this
system, we study the magnetic pattern evolution under cycled
in-plane applied fields. We report a mechanism for zigzag
pattern formation which depends on the ratio between the
uniaxial out-of-plane anisotropy and the cubic anisotropy. This
mechanism does not assume stripe width variation; instead,
it is based in the particular form of the anisotropy energy
landscape.

This paper is organized as follows: In Sec. II, we introduce
the Monte Carlo model and the numerical methods. In Sec. III,
we show the results of Monte Carlo simulations. In Sec. IV,
we analyze the anisotropy term of the energy in a single-spin
approximation to explain the Monte Carlo results. Finally, in
Sec. V we summarize our results.

II. MODEL

Our Monte Carlo simulations are ruled by the following
two-dimensional Heisenberg model:

H = −J
�

�i,j�

�Si · �Sj

+
�

(i,j )

� �Si · �Sj

r3
ij

− 3
(�Si · �rij )(�Sj · �rij )

r5
ij

�
− η

�

i

�
Sz

i

�2
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�H · �Si, (1)

where �Si are dimensionless unit vectors, J is the exchange in-
teraction strength, η is the out-of-plane anisotropy constant, K
gives the strength of the cubic magnetocrystalline anisotropy,
and � stands for an additionally twofold in-plane anisotropy.
All the constants are normalized relative to the dipolar coupling
constant �.1�i,j� stands for a sum over nearest-neighbor pairs
of sites in a square lattice with N = Lx × Ly sites, (i,j )
stands for a sum over all pairs of sites, and rij = |�ri − �rj |
is the distance between sites i and j . In order to avoid lattice
discretization effects in the Monte Carlo simulations, the cubic
anisotropy term is rotated in π/4 with respect to an axis
perpendicular to the plane. In this way, the [100] and [010]
are hard magnetization directions (see Fig. 1). The additional
term corresponding to the factor � breaks the symmetry of
these two directions making [010] harder as compared to the
[100] direction. This term is added because a breaking of
the in-plane fourfold cubic magnetocrystalline anisotropy has
been observed in Fe1−xGax [12] and in Fe films [18] epitaxied
over ZnSe buffers. This symmetry breaking is associated to
interfacial effects.

The numerical simulations were performed using a
Metropolis algorithm with a single-spin update. The direction
of each magnetic vector �Si is updated randomly in the unit
sphere. In all the simulations, we start in a random spin
configuration and then cool the system with an in-plane
magnetic field pointing in a given crystallographic direction.
After that, we cycle the field in the cooling direction to obtain
the hysteresis loops.

The phase diagram of this model has been studied in the
case of � = 0 and K = 0 through Monte Carlo simulations at
finite temperature [16,17,19] and analytical calculation at zero
temperature [20–22]. There is a region in the parameter space
where the system shows a canted phase with perpendicular
striped patterns. This makes the model useful to study thin-film
systems with a canted magnetic configuration.

In order to obtain a canted phase, we set the following
parameters [17,22]: η = 7, J = 6. K and � can be considered
as small perturbations. We choose K = 0.68 and � = 0.15.
These relatively small values ensure the system remains in
a canted state. We set kBT /� = 0.2 in all our analyses.
This is a small temperature since the ordering temperature
is at least 40 times larger. The size of the system studied is
Lx = Ly = 120.

III. RESULTS

In Fig. 2, we show vectorial hysteresis [9] loops simulated
with K = 0 and � = 0 and the applied field in the in-plane
[010] direction. This corresponds to the case where only
the perpendicular uniaxial anisotropy is present, and it is a

1The dipolar constant is � = μ0(gμB )2, where g is the Lande factor,
μ0 the vacuum permittivity, and μB the Bohr magneton.

x

y

x’y’

[100] hard K-easy Δ

[010] hard K-hard Δ

[110] easy K[-110] easy K

FIG. 1. (Color online) Anisotropies easy axis scheme of Hamil-
tonian (1).

useful reference for the analysis of the main results shown in
the following. One can see the typical features observed in
the hysteresis loops of materials with perpendicular striped
pattern with a canted magnetization, such as FePt [11] or
Fe1−xGax [12]. At high saturating fields, the magnetization
is in the plane pointing in the direction of the applied field.
When the field is reduced, there is a characteristic field at
which stripes aligned to the field appear (see inset). From this
characteristic field at which the stripes appear down to the
coercivity, the magnetization inside the stripes continuously
rotates. On one hand, as reflected in the vectorial hysteresis
loop in Fig. 2, the in-plane rotation is marked by a linear
behavior of the magnetization aligned to the field while the
perpendicular in-plane magnetization increases when the field
is decreased reaching its maximum value at coercivity. On
the other hand, the out-of-plane magnetization goes up and
down following the stripe pattern and increasing its absolute
value, as can be observed through the increasing contrast of
the stripes (see insets in Fig. 2).

In Fig. 3, we show snapshots of the out-of-plane mag-
netization patterns already shown in the insets of Fig. 2
together with patterns of the in-plane magnetization parallel
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FIG. 2. (Color online) Hysteresis loops with K = 0.00, � =
0.00, kBT /� = 0.2, and the field applied in the [010] direction. The
snapshots show magnetic landscapes of the out-of-plane magnetiza-
tion at remanence (H = 0), and at H = 1.4 close to the appearance
of the stripes.
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FIG. 3. Snapshots of magnetic patterns corresponding to two
different applied fields along the [010] in-plane direction. Top
panels correspond to H = 1.4, and bottom panels to H = 0. (a),
(d) Out-of-plane magnetization (see insets of Fig. 2), (b), (e)
in-plane magnetization perpendicular to the applied field, and (c),
(f) magnetization parallel to the applied field. Insets show the
two-dimensional structure factor associated to each snapshot.

and perpendicular to the applied field. The upper panels
correspond to H = 1.4 and the lower panels to H = 0, i.e.,
the remanent state. The white lines of Figs. 3(c) and 3(f)
depict the domains walls. In our convention, white means
positive and black negative, i.e., along and opposite to the field,
respectively. Since the in-plane magnetization perpendicular
to the field [Figs. 3(b) and 3(e)] does not show any preferential
orientation, the domain walls are of Bloch type. The insets
show the structure factor corresponding to each snapshot,
defined as the squared modulus of its Fourier transform.
The two peaks observed on Figs. 3(a) and 3(d) account for
the periodic structure and are located at the characteristic
wave-vector modulus k∗ = 2π/λ, where λ is the period of
the stripe pattern. In our case, λ = 15 and k∗ = 0.42. The
in-plane parallel magnetization shows the presence of domain
walls between two consecutive out-of-plane domains and
thus has half the period of the stripe pattern. Therefore, the
characteristic wave vector in Figs. 3(c) and 3(f) is 2k∗, as shown
in the insets. Although difficult to observe under the present
resolution, a weak perpendicular component can be detected
in the inset of Fig. 3(e), consistent with a Bloch domain wall
(notice that the stripes are not completely vertical).

When the field is rotated and applied in the [110] direction,
as shown in Fig. 4, some differences can be observed as
compared to Fig. 2 ([010] direction). In this case, the stripes
start forming with several defects and the hysteresis loop is
slightly asymmetric, the descending branch being different
from the ascending branch. This asymmetry can be better
visualized through the hysteresis loop of the perpendicular
magnetization. The slight difference between the loops in
Figs. 2 and 4 arises from the spurious in-plane anisotropy
introduced by lattice discretization effects in the numerical
models used here. The underlying square lattice introduces a
dependency of the domain-wall energy on the orientation of
the stripes, which is particularly stressed in small systems.
Due to this effect, the [110] direction is magnetically slightly
harder than the [010] and hence domain walls aligned along
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FIG. 4. (Color online) Hysteresis loops with K = 0.00, � =
0.00, kBT /� = 0.2, and the field applied in the [110] direction. The
snapshots show magnetic landscapes of the out-of-plane magnetiza-
tion at remanence (H = 0), and at H = 1.4 close to the apparition of
the stripes.

the lattice directions are favored. This mechanism is behind
the observed defects on the stripe patterns in Fig. 4 and is
therefore responsible for the asymmetric loops.

We turn now to the analysis of the effect of the cubic
anisotropy. Since the cubic anisotropy term is rotated in π/4,
it counteracts the lattice effects we have observed in Figs. 2
and 4. In this way, [010] is a hard direction and [110] is an easy
direction and the lattice effect can be neglected. Interestingly,
as shown in the left inset of Fig. 5, when a cubic anisotropy is
added to the model (K = 0.68), zigzags in the stripe pattern
appear at remanence. In addition, at high fields, minor loops
appear and we will show in the following that this is closely
related to the zigzag formation. When the field is decreased
from saturation, two lines of bubbles of the out-of-plane
magnetization form at a field which correspond to the onset
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FIG. 5. (Color online) Hysteresis loops with K = 0.68, � =
0.00, kBT /� = 0.2, and the field applied in the [010] direction. The
snapshots show perpendicular magnetic configurations corresponding
to the upper branch of the hysteresis loop: at the beginning of the
minor loop (H = 1.4), at the end (H = 1.1), and at remanence
(H = 0).
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FIG. 6. Snapshots of magnetic patterns corresponding to two
different applied fields along the [010] in-plane direction. Top
panels correspond to H = 1.4, and bottom panels to H = 0. (a),
(d) Out-of-plane magnetization (see two top insets of Fig. 5), (b),
(e) in-plane magnetization perpendicular to the applied field, and (c),
(f) magnetization parallel to the applied field. The two-dimensional
structure factor associated to each snapshot is presented in the insets,
which show signatures of the different periodic structures.

of the minor loops (H ∼ 1.4). This magnetic configuration is
shown in the upper right inset of Fig. 5. If the field is reduced
to the end of the minor loops, these two lines of bubbles
connect, forming undulated stripes with some defects (bottom
right inset). Finally, at remanence the undulated stripes take
the form of well-defined zigzags. Note that the stripe width
slightly changes as the field is decreased, being it larger at
remanence. This is not related to the zigzag apparition, as in
the case of the mechanism proposed by Sornette, because once
the stripes appear they are already undulated.

Typical magnetic configurations associated to this process
can be seen in more detail in Fig. 6. The magnetization
inside the bubbles alternates in the out-of-plane direction
and is canted in the direction of applied field [Figs. 6(a)
and 6(c), respectively]. At the interface between bubbles of
different orientations, the in-plane magnetization points in the
direction of the applied field [small white threads in Fig. 6(c)].
The in-plane magnetization perpendicular to the applied field
arranges into domains (two in this case due to the size of the
system) which point in opposite directions as indicated by the
dark and light gray regions in Fig. 6(b). The interface between
perpendicular magnetization domains is mediated by bubble
lines which can be considered as wide domain walls with a
complex internal structure. The presence of these domains
reduces the dipolar energy of the in-plane magnetization
component. Since dipolar interactions are minimized by in-
plane configurations, the energy increment due to the creation
of the bubble lines should be small in order to compensate the
dipolar energy reduction. It is known that Bloch’s domain walls
are favored in two-dimensional systems [20]. Because of this
fact, when the field is decreased and the stripes emerge, they
follow the orientation of the in-plane magnetization. In other
words, the orientation of the stripes depends on the orientation
of the in-plane magnetization of the domains at which they
arise. According to this, the corners of the zigzags correspond
to the bubble lines, i.e., these are the lines at which stripes of

-1

-0.5

 0

 0.5

 1

-4 -3 -2 -1  0  1  2  3  4

M

H // [110]

Mpar
Mper

-1

-0.5

 0

 0.5

 1

FIG. 7. (Color online) Hysteresis loops obtained with K = 0.68,
� = 0.00, kBT /� = 0.2. The field is applied in the [110] direction.
The snapshot shows perpendicular magnetic configurations corre-
sponding to the upper branch of the hysteresis loop at remanence
(H = 0).

different orientations connect. At zero field [Figs. 6(d), 6(e),
and 6(f)], the domains of perpendicular in-plane magnetization
disappear. Now, the in-plane magnetization inside the domain
walls follows the orientation of the stripes. This is evidenced in
Fig. 6(e) where the in-plane component of the magnetization
inside the domain walls has a different sign depending on the
orientation of the stripes.

Figure 7 shows hysteresis loops with the same parameters
used in Fig. 5, but now the field is applied in the [110] direction,
i.e., the easy-K direction. We see that the mechanism operating
in the magnetization process from saturation to remanence is
different as compared to that of the [010] hard-K direction. The
reversible part of the loop observed after the appearance of the
stripes in Figs. 2 and 5 is not present in this case. On the other
hand, the in-plane magnetization perpendicular to the field
is always zero, indicating that the magnetization goes to the
out-of-plane direction before the inversion and does not rotate
in the plane. In this applied field direction, zigzag patterns are
not observed; instead, some defects like dislocations can be
obtained, as the one shown at remanence (see inset of Fig. 7).

At this point, one might think that the symmetry between
the hard-K directions ([100] and [010]) is one of the keys in
the formation of the zigzag pattern. We therefore investigated
whether the zigzag formation can be unfavored by a small
perturbation making [100] and [010] directions energetically
different. As shown in Fig. 8, similar hysteresis loops to those
shown in Figs. 5 and 7 are found when the in-plane uniaxial
anisotropy is present (� = 0.15), breaking the fourfold in-
plane anisotropy of the cubic term. Now, the [010] direction,
along which the field is applied, is harder than the [100]
direction due to the presence of the � term; the easy-K
directions [110] and [−110] continue being equivalent (see
Fig. 1). The minor loops shift toward higher fields but the
phenomenology is quite similar to the one in Fig. 5, as observed
in the insets. If the field is applied in the [100] direction (not
shown here), the zigzags are still observed at remanence but its
period changes. This change is related to the difference in the
energy of the bubble lines induced by the presence of uniaxial
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FIG. 8. (Color online) Hysteresis loops obtained with K = 0.68,
� = 0.15, kBT /� = 0.2, the field is applied in the [010] direction.
The snapshots show perpendicular magnetic configurations corre-
sponding to the upper branch of the hysteresis loop. At the beginning
of the minor loop (H = 1.6), at the end (H = 1.27), and at remanence
(H = 0).

in-plane term. Finally, in this case, as in Fig. 7, when the field
is applied in the [110], the zigzags do not form.

IV. ANISOTROPY ANALYSIS

In this section, we analyze the anisotropy term of the
Hamiltonian (1) in a single-spin approximation. For simplicity,
we refer the cosine directors to the in-plane rotated frame,
indicated by x � and y � in Fig. 1. Since we want to study the
appearance of the zigzag pattern, we particularly focus on
the case where the external field H is oriented in the [010]
direction, which corresponds here to the diagonal of the x � − y �

coordinate system and thus implies an equal contribution from
α1 and α2. Therefore, the single-spin anisotropy energy can be
expressed as

E = K
�
α2

1α
2
2 + α2

1α
2
3 + α2

2α
2
3

�
+ �

2
(α1 + α2)2

− H√
2

(α1 + α2) − ηeα
2
3, (2)

where αi are cosine directors with respect to the in-plane
easy-K directions (see Fig. 1) and satisfy α2

1 + α2
2 + α2

3 = 1.
The effective uniaxial anisotropy ηe takes into account the
dipolar (shape anisotropy) and the uniaxial anisotropy (η) in
the Hamiltonian of Eq. (1). We want to analyze the evolution
with the external field H of the absolute energy minima which
at H = 0 are located at α0

3 = ±1 and α0
1 = α0

2 = 0, i.e., with
the magnetization fully oriented out of plane.2

Analysis of the critical points

From Eq. (2) and using that 1 − α2
1 − α2

2 = α2
3, we obtain

an expression for the energy that only depends on α1

2In the lamellar phase with high out-of-plane anisotropy, the spins
inside the stripes are accommodated in these two effective minima.

and α2:

E = K
�
α2

1 + α2
2 − α2

1α
2
2 − α4

1 − α4
2

�
+ �

2
(α1 + α2)2

− H√
2

(α1 + α2) − ηe

�
1 − α2

1 − α2
2

�
, (3)

provided that α2
1 + α2

2 � 1. A graphical inspection of this
energy model shows that all the minima (for the present
range of parameter values) satisfy either of the following
conditions: (a) α0

1 = α0
2; (b) α0

3 = 0. The values α0
1 and α0

2
which minimize the energy model (3) are obtained through its
partial derivatives, given by

∂E

∂α1
=

�
2K

�
1 − α2

2

�
+ 2ηe

�
α1 + �(α1 + α2)

− H√
2

− 4Kα3
1 = 0, (4)

∂E

∂α2
=

�
2K

�
1 − α2

1

�
+ 2ηe

�
α2 + �(α1 + α2)

− H√
2

− 4Kα3
2 = 0. (5)

In order to study the stability of the solutions of this set of
equations, the second derivatives of Eq. (3) should also be
considered:

∂2E

∂α1∂α2
= −4Kα1α2 + �, (6)

∂2E

∂α2
1

= 2K
�
1 − α2

2

�
+ 2ηe + � − 12Kα2

1, (7)

∂2E

∂α2
2

= 2K
�
1 − α2

1

�
+ 2ηe + � − 12Kα2

2 . (8)

In the following, we analyze the solutions of Eqs. (4) and (5)
in order to obtain the different critical points describing the
magnetization evolution observed, for example, in Fig. 5.

1. Symmetric case: α1 = α2 = α

Since when H = 0 the energy has two absolute minima
at α0

1 = α0
2 = 0 and α0

3 = ±1, i.e., with the magnetization
perpendicular to the film plane, we expect that for small applied
fields ([010] direction), these minima will move in the field
direction. When α1 = α2 = α, Eqs. (4) and (5) reduce to the
following condition:

P (α) = −3α3 + (1 + ξ + δ)α = h√
8
, (9)

where δ = �
K

, ξ = ηe

K
, and h = H

K
. The solutions of the above

equation are given by the intersection between the cubic
polynomial P (α) and the horizontal line corresponding to the
applied field. At h = 0, the only stable minimum of the energy
is the α0 = 0 solution. When h increases, the value of α0(H )
corresponding to this minimum goes to positive values.3 Since

3The other two solutions of the cubic equation correspond to
maxima.
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FIG. 9. (Color online) Scheme of evolution of the minima with
an increasing external field (red arrows). The four minima A,A�

and B,B � at the transition at h∗
1 are indicated with black dots. The

dashed double arrow indicates the increase �M of the magnetization
associated to the transition at h∗

1. At h∗
2 the two minima with α0

1 �= α0
2

collapse onto the α0
1 = α0

2 = 1/
√

2 red point.

P (α) has a local maximum at positive values of α, the value
of α at this maximum is the upper limit that α0(H ) can take as
the field increases. This value is

αmax =
√

1 + ξ + δ

3
. (10)

The value of the critical field necessary to be applied so the
minimum of the energy is at αmax is

h∗
1 = H ∗

1

K
=

√
8P (αmax) = 4

√
2

9
(1 + ξ + δ)3/2. (11)

Therefore, α0(H ∗
1 ) = αmax and for fields in the range 0 < H <

H ∗
1 , the energy is minimized at 0 < α0 < α0(H ∗

1 ) and α0
3 =

±
�

1 − 2(α0)2. These solutions are represented schematically
in Fig. 9 as the A and A� points.

Let us analyze the stability of these minima as they move
toward the direction of the applied field. The second derivatives
of Eq. (3) with α1 = α2 = α are

∂2E

∂α1∂α2
= −4Kα2 + �, (12)

∂2E

∂α2
1

= 2(K + η) + � − 14Kα2. (13)

Using these expressions, we can obtain the Hessian. At the
point where the Hessian is zero, the minimum or maximum
becomes a saddle point. Two solutions are obtained:

α+ =
√

1 + ξ√
5

, (14)

α− =
√

1 + ξ + δ

3
. (15)

Note that α− = αmax < α+, provided that δ is small. Then,
once α0 reach the value of αmax the minima become unstable.

2. In-plane case: α3 = 0

As the field is increased, two other local minima with α0
1 �=

α0
2 and α0

3 = 0 appear, namely, in-plane solutions not aligned
with the field. These solutions are located symmetrically with
respect to the direction of the field (see Fig. 9) and we call
them B and B �. When the solutions A and A� lose stability, the
solutions B and B � become the absolute minima. As the field
further increases, the solutions B and B � converge to a single
one aligned with the field (α0

1 = α0
2 = 1/

√
2 and α0

3 = 0).
We shall now find the critical field h∗

2 at which the two
in-plane minima join. Taking α3 = 0 and α� = α1 =

�
1 − α2

2 ,
Eqs. (4) and (5) reduce to

Q(α�) = α�(1 − 2α�2) + hα� +
√

2δ(1 − 2α�2)�
8(1 − α�2)

= h√
8
. (16)

This equation has three real solutions. One corresponds to
α�0

0 = 1/
√

2, i.e., α0
1 = α0

2 = 1/
√

2. The other two symmetric
solutions are (α0

1,α
0
2) = (α�0

+,α�0
−) and (α0

1,α
0
2) = (α�0

−,α�0
+), with

α�0
+ < 1/

√
2 and α�0

− =
�

1 − α�0
+

2
. For h < h∗

2, the solution

α�0
0 is a maximum and the other two solutions are minima.

When increasing the field, these two minima converge to α�0
0

which becomes the stable solution to Eq. (16), meaning that
the magnetization is fully aligned with the external field and
saturated in plane (see Fig. 9). Using the bordered Hessian
matrices for the constrained extrema problem, we analyze the
stability of these minima (see Appendix), and we obtain the
critical field at which the two in-plane minima join:

h∗
2 = H ∗

2

K
= 2 + 2δ. (17)

If h∗
1 < h < h∗

2, the two in-plane symmetric solutions exist
and this is a condition for the existence of the zigzag pattern.
From this condition, we obtain

ξ < 3
2 31/3(1 + δ)2/3 − (1 + δ). (18)

This gives a relation between anisotropy constants K , ηe, and
� for the existence of the zigzag pattern. In particular, for
� = 0, one has that ηe < 1.16K .

V. SUMMARY AND FINAL REMARKS

In the following, we shall describe the whole scenario that
emerges from the previous model [Eq. (2)], and for simplicity
we will focus on the case � = 0. Figure 9 shows a scheme of
the energy minima in the α1,α2,α3 space. When H = 0, the
magnetization is fully out of plane: α0

3 = ±1 and α0
1 = α0

2 = 0.
When increasing the field in the [010] direction, and for 0 <

H < H ∗
1 = K(1 + ηe/K)3/24

√
2/9, the magnetization still

has an out-of-plane component and is canted in the direction
of the field, with |α0

3 | > 0 and α0
1 = α0

2 > 0. At the field
H ∗

1 the magnetization along the external field α0
1 = α0

2 is no
longer stable and now the magnetization has two in-plane
symmetric states given by α0

3 = 0 and (α0
1,α

0
2) = (α�0

+,α�0
−) and

(α0
1,α

0
2) = (α�0

−,α�0
+). By further increasing the external field,

the projection of these two magnetization states along the field
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FIG. 10. Evolution of the projection of the magnetization with
the external field applied in the [010] direction. Two curves,
corresponding to � = 0 and 0.15, are shown. The characteristic fields
H ∗

1 and H ∗
2 , as well as the increase of the in-plane magnetization �M

at H ∗
1 , are shown.

increases until the magnetization finally aligns with the field
at the value H = H ∗

2 = 2K . For H > H ∗
2 , the magnetization

is saturated in the direction of the external field.
When the external field is in the range H ∗

1 < H < H ∗
2 there

are, in the single-spin approximation, two equivalent in-plane
magnetization states, not aligned with the external field.
These two states can be observed in Figs. 6(b) and 6(c). The
lines of bubbles observed in Fig. 6(a) are the domain walls
between the two in-plane magnetization states. The bubble
structure of these domain walls is the result of the dipolar
energy term, not present in the single-spin approximation,
and are responsible for the origin of the zigzag pattern. At
smaller external field values H < H ∗

1 , canted magnetization
states with an out-of-plane component, such as the ones in the
bubbles, are favored. These are the states inside the domains
observed in Figs. 6(a)–6(c). The zigzag pattern then results
from the connection of the bubbles when the canted states
are preferred. In Fig. 10, we plot the component of the
magnetization in the direction of the applied field H , i.e., M =
(α1 + α2)/

√
2. The two critical fields H ∗

1 and H ∗
2 are shown.

According to the previous scenario, the fields H ∗
1 and

H ∗
2 can be identified in the single-spin model with the

characteristic field values of the minor loop and the saturation
field, respectively. In order to compare the predictions of the
single-spin approximation with the Monte Carlo simulations,
we choose the following set of parameters for Eq. (2):
ηe = 0.72 and K = 0.68. With these parameters, we emulate
the anisotropy terms of the model Hamiltonian [Eq. (1)].
As an approximation, the effective uniaxial anisotropy ηe

introduced in order to take into account the dipolar shape
anisotropy is computed as the sum of uniaxial anisotropy η

and the effective planar dipolar anisotropy. The effective planar
anisotropy corresponds to the value of the anisotropy at which
the system undergoes a planar-to-perpendicular reorientation
(see Ref. [22]). Note that the whole set of parameters satisfy
Eq. (18). The minor loops observed in Figs. 5 and 8 are
related to H ∗

1 in the single-spin model. The values of H ∗
1

obtained as the average value between borders of the minor

loops of Figs. 5 and 8 are in a very good agreement with
the values obtained in the single-spin model. For the cases
� = 0 and 0.15, the values H ∗

1 ∼ 1.25 (Fig. 5) and H ∗
1 ∼ 1.47

(Fig. 8) were obtained with numerical simulations, while the
single-spin model predictions for each case are H ∗

1 = 1.26
and 1.47. We see that the values predicted by the single-spin
approximation for H ∗

1 agree very well with the values coming
from Monte Carlo simulations. This indicates that the chosen
value for ηe accurately describes the numerical data and that
the single-spin approximation gives a good description of the
transition occurring at H ∗

1 and the appearance of the zigzag
patterns. However, the values predicted for the saturation field
H ∗

2 do not agree with the numerical simulations. This points
to the limitations of the single-spin model to take into account
thermal fluctuation and also to the fact that dipolar interactions
are not accurately described by an effective anisotropy when
the magnetization is mainly in the plane.

Summarizing, the zigzag mechanism that emerges from the
present analysis is a direct consequence of cubic anisotropy,
which gives rise to two pairs of effective local minima that
exchange stability as the field changes. For instance, the
appearance of a bubble state depends on the ratio between
the cubic anisotropy and the effective uniaxial anisotropy that
takes into account dipolar energy contributions. The single
absolute minimum at high fields transforms, as the field is
decreased; first, in two minima with the magnetization in the
film plane, and then, by a further reduction of the field, in
two minima with out-of-plane magnetization. Close to the
transition from two absolute minima in the plane to two
absolute minima out of plane, the energies of these four minima
are similar. The proximity between the energy of the minima
allows the formation of bubble lines without paying so much
energy, which in turn produces a reduction of the dipolar
energy and the appearance of the zigzag patterns.
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APPENDIX: CONSTRAINED CRITICAL
POINT ANALYSIS

In this appendix, we provide details of the calculations on
the stability analysis of the critical points in the constrained
energy problem.

Let us consider the energy E and the constraint
g(α1,α2,α3) = 0,

E = K
�
α2

1α
2
2 + α2

1α
2
3 + α2

2α
2
3

�
+ �

2
(α1 + α2)2

− H√
2

(α1 + α2) − ηeα
2
3, (A1)

g = 1 − α2
1 − α2

2 − α2
3 = 0. (A2)
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Then, the Lagrangian function L of the problem is

L = E − λg, (A3)

where λ is the Lagrange multiplier. The critical points α∗
1 , α∗

2 ,
α∗

3 , and λ∗ of the Lagrangian function are solutions of the
following equations:

∂L

∂α1
= 2Kα1

�
α2

2 + α2
3

�
+ �(α1 + α2) − H√

2
+ 2λα1 = 0,

(A4)

∂L

∂α2
= 2Kα2

�
α2

1 + α2
3

�
+ �(α1 + α2) − H√

2
+ 2λα2 = 0,

(A5)

∂L

∂α3
= 2Kα3

�
α2

1 + α2
2

�
− 2ηeα3 + 2λα3 = 0, (A6)

∂L

∂λ
=

�
α2

1 + α2
2 + α2

3

�
− 1 = 0. (A7)

In order to classify the critical points, we have to analyze the
determinants of the bordered Hessian matrices H4 and H3

evaluated at the critical points (α∗
1 , α∗

2 , α∗
3 , and λ∗). These

matrices are

H4 =

⎛
⎜⎝

0 −gx −gy −gz

−gx Lxx Lxy Lxz

−gy Lyx Lyy Lyz

−gz Lzx Lzy Lzz

⎞
⎟⎠ , (A8)

and if gx(α∗
1 ,α

∗
2 ,α

∗
3 ) �= 0 and/or gy(α∗

1 ,α
∗
2 ,α

∗
3 ) �= 0,

H3 =

⎛
⎝

0 −gx −gy

−gx Lxx Lxy

−gy Lyx Lyy

⎞
⎠ . (A9)

Here, gx = ∂g

∂α1
, gy = ∂g

∂α2
, and gz = ∂g

∂α3
. Similarly, the double

subscript in L refers to the second partial derivatives, for
instance, Lxy = ∂2L

∂α1∂α2
:

(i) if −det(H4) > 0 and −det(H3) > 0, the critical point is
a minimum.

(ii) if −det(H4) > 0 and −det(H3) < 0, the critical point
is a maximum.

(iii) if −det(H4) < 0, then critical point is a saddle point.
In our problem, the Hessian matrices are

H4 =

⎛
⎜⎜⎜⎝

0 2α1 2α2 2α3

2α1 2K
�
α2

2 + α2
3

�
+ � + 2λ 4Kα1α2 + � 4Kα1α3

2α2 4Kα1α2 + � 2K
�
α2

1 + α2
3

�
+ � + 2λ 4Kα2α3

2α3 4Kα1α3 4Kα2α3 2K
�
α2

1 + α2
2

�
+ 2(λ − ηe)

⎞
⎟⎟⎟⎠ (A10)

and

H3 =

⎛
⎝

0 2α1 2α2

2α1 2K
�
α2

2 + α2
3

�
+ � + 2λ 4Kα1α2 + �

2α2 4Kα1α2 + � 2K
�
α2

1 + α2
3

�
+ � + 2λ

⎞
⎠ . (A11)

We would like to do the stability analysis for the critical point
with α∗

1 = α∗
2 = 1√

2
, α∗

3 = 0, and λ = λ∗. In order for this to
be a critical point, and using Eq. (A4) one obtains that the
Lagrange multiplier is field dependent,

λ∗ = H

2
− K

2
− �. (A12)

Then, evaluating the determinants of H4 and H3 for this critical
point, we obtain

−det(H4) = −det(H3)[H + K − 2(� + ηe)] (A13)

and

−det(H3) = 4[H − 2(K + �)]. (A14)

Equating to zero the first and second factors in −det(H4)
we get

H ∗
2 = 2(K + �), (A15)

H ∗
3 = 2(� + ηe − K/2). (A16)

If ηe < η∗
e = 3K/2, then we are in the strong dipolar regime

where H ∗
3 < H ∗

2 . Then,

(i) if H < H ∗
3 , we have that −det(H4) > 0

and −det(H3) < 0 and thus the critical point is a
maximum;

(ii) if H ∗
3 < H < H ∗

2 , then −det(H4) < 0 and the critical
point is a saddle point:

(iii) if H ∗
2 < H , we have that −det(H4) > 0 and

−det(H3) > 0 and thus the critical point is a minimum.
Since ηe ≈ K < η∗

e , this is the case we are interested in and
we have a well-defined H ∗

2 field value.
On the other hand, if ηe > η∗

e = 3K/2, then we are in the
weak dipolar regime where H ∗

3 > H ∗
2 . Then,

(i) if H < H ∗
2 , we have that −det(H4) > 0

and −det(H3) < 0 and thus the critical point is a
maximum;

(ii) if H ∗
2 < H < H ∗

3 , then −det(H4) < 0 and the critical
point is a saddle point;

(iii) if H ∗
3 < H , we have that −det(H4) > 0 and

−det(H3) > 0 and thus the critical point is a minimum.
Then, in this case we have to go beyond the field H ∗

3 (which
is larger than H ∗

2 ) in order to have a minimum critical point.
In this weak dipolar regime, the external in-plane field has to
win over the weak dipolar contribution in order to generate a
fully in-plane magnetic moment.
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In the framework of density functional theory, scaling and the virial theorem are essential tools for deriving
the exact properties of density functionals. Preexisting mathematical difficulties in deriving the virial theorem
via scaling for periodic systems are resolved via a particular scaling technique. This methodology is employed
to derive universal properties of the exchange-correlation energy functional for periodic systems.

DOI: 10.1103/PhysRevB.89.220102 PACS number(s): 71.15.Mb, 31.15.E−

Presently, Kohn-Sham (KS) density functional theory
(DFT) [1,2] is the state-of-the-art ab initio method for
predicting the electronic properties of materials due to its
balance between accuracy and computational efficiency. It
relies on the mapping of the interacting many-body system
onto a noninteracting system of KS electrons that yields
the true density. This is achieved by introducing a local,
one-body potential, the KS potential, mimicking all interelec-
tronic interactions via Hartree and exchange-correlation (XC)
contributions. Although being formally exact, in practice the
XC piece needs to be approximated. For electronic structure
calculations of periodic systems, most commonly, the local
density approximation (LDA) [2] or generalized gradient
approximations (GGAs) [3] are applied. Such calculations are
performed either at zero or finite temperature [4,5].

Nonempirical improvements upon these approximations
rely on exact properties of the XC functional that provide
guidance for constructing accurate approximations. But so far
exact properties of the XC functional have only been derived
for localized systems [6]. As we demonstrate in this Rapid
Communication, some exact properties of the XC functional
change for periodic systems—a fact that has been neglected
for functional construction so far. The quantum mechanical
virial theorem (VT) and uniform coordinate scaling (UCS)
have been essential mathematical tools for deriving such exact
properties for localized systems [7].

In quantum mechanics, the VT was derived in different
ways [8]. At zero temperature, within the Born-Oppenheimer
approximation, for all Coulombic matter with the electronic
Hamiltonian

Ĥ�1 = T̂ + Ŵ + V̂ �1 , Ĥ�1 ��1 = E�1 ��1 , (1)

and under the assumption of hydrostatic pressure, the VT states
that

2T �1 + W�1 + V �1 = −D�1∂�E�|�=�1 . (2)

As it will be shown later, one cannot derive Eq. (2) for
periodic systems by a uniform coordinate scaling method
[6]. In this Rapid Communication we derive Eq. (2), in
particular for periodic systems, by introducing and using
uniform coordinate and potential scaling (UCPS). In Eq. (2),

*Present address: Johannes Gutenberg University, 55122 Mainz,
Germany.

T �1 = ���1 |T̂ |��1��1 , W�1 = ���1 |Ŵ |��1��1 , and V �1 =
���1 |V̂ �1 |��1��1 denote the expectation values of the ki-
netic, interelectronic interaction, and external potential energy
operators. Antisymmetric wave functions ��1 are eigenstates
of Ĥ�1 which is defined on volume �1. The subscript �1

of the expectation values indicates the volume in which the
operators are evaluated, and D denotes the dimensionality
of space [9]. This general form of the VT is valid for
localized systems (atoms and molecules), strictly confined
systems (particles in a box with hard walls), and peri-
odic systems (solids): As an example, consider diatomic
molecules [10] for which the right-hand side (RHS) of Eq. (2)
reduces to −R1 ∂RER|R=R1 , where R1 denotes the distance
between the nuclei. For strictly confined systems [11] the
RHS of Eq. (2) becomes −L1 ∂LEL|L=L1 , where L1 denotes
the distance between the walls. For the homogeneous electron
gas (HEG) [12], a very crude approximation to a periodic
system, the RHS of Eq. (2) is −rs,1 ∂rs

Ers |rs=rs,1 , where rs,1

is the radius of a sphere that contains one electron. In the
VT for a periodic system, which we address in this work,
�1 is generally considered as the volume of the unit cell.
In the case of localized systems the RHS of Eq. (2) is
proportional to the force that keeps the nuclei away from their
equilibrium positions, whereas for periodic systems the RHS
of Eq. (2) contains an additional contribution of kinetic and
interelectronic interaction energy, a so-called surface term [8].
Here we derive the most general form of the VT valid for
periodic systems under the hydrostatic assumption. This is
done via a scaling technique developed in the following that
relies on UCS, which in turn was used to obtain the VT, but
only for localized systems [13,14].

In UCS the D-dimensional position vectors of the electrons
are scaled as ri → γ ri , whereas other length scales of the
system stay fixed. This defines

��1
γ (r1, . . . ,rN ) = γ DN/2 ��1 (γ r1, . . . ,γ rN ), (3)

where the prefactor is determined by requiring the normaliza-
tion of the scaled wave function on the scaled volume �γ =
γ −D�1. Recall that for localized systems the normalization
volume is taken as infinite (�∞). and is therefore not affected
by scaling. Employing the extremum principle,

∂γ

�
��∞

γ

��Ĥ�∞
����∞

γ

�
�∞

��
γ=1 = 0, (4)

and considering the scaling of expectation values, T �∞
γ =

γ 2T �∞ , W�∞
γ = γW�∞ , and V �∞

γ =
�

dDr n�∞ (r)v�∞ (r/γ )

1098-0121/2014/89(22)/220102(5) 220102-1 ©2014 American Physical Society
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yields the VT for localized systems, i.e., Eq. (2) becomes

2T �∞ + W�∞ −
�

�∞

dDr n�∞ (r)r · ∇v�∞ (r) = 0. (5)

But, as we will show, Eq. (4) is not a valid starting point for
deriving the VT for periodic systems. The problem of deriving
the general VT via UCS has also been pointed out elsewhere
[15,16]. Despite that fact, just the VT for localized systems has
been used to derive the exact properties of the XC functional
[6], upon which most nonempirical approximations rely.

In this Rapid Communication we (i) pinpoint the mathe-
matical difficulties of deriving the VT via UCS for periodic
systems, (ii) consequently, introduce a scaling technique
that resolves the mathematical issues of UCS and derive
the most general form of the VT, (iii) derive fundamental
scaling relations that steer the construction of functional
approximations, (iv) find that the adiabatic connection remains
unchanged for periodic systems, and (v) generalize the derived
VT to finite temperature.

The key difference of localized versus periodic systems
is in the treatment of the external potential. To show that
we consider a scaling factor, arbitrarily close to 1, i.e.,
γM = (M + 1)/M with M ∈ N and M � 1. For localized
systems, M can be chosen to be sufficiently large such that
the difference between the scaled and unscaled wave function
becomes significant only at very large distances away from
the center of mass of the atom or molecule not affecting the
energy expectation value. Contrarily, this is generally not valid
anymore in the case of periodic systems where the expectation
values are evaluated on a finite volume �1. Scaling the wave
function, then, defines a Born–von Karman cell of the size ML,
where L is the size of the chemical unit cell determined by the
positions of the nuclei. This is shown for a one-dimensional
system in Fig. 1. The external potential energy per unit cell
evaluated on scaled wave functions then becomes

uL
M+1
M

= M + 1

M2

� ML

0
dx n

�
M + 1

M
x

�
vL(x). (6)

Considering a particular unit cell (denoted by index i), the
electronic density with a scaled argument n(x(M + 1)/M) is
related to a density with an appropriately shifted argument
n(x + iL/M); by construction, these densities coincide at one
border of the unit cell and their overall difference is of the
order of 1/M . Therefore the external potential energy per unit

FIG. 1. (Color online) Sketch of coordinate-scaled densities on
an unscaled external potential. Born–von Karman cells are denoted
by the gray-shaded areas.

cell is

uL
M+1
M

= M + 1

ML

M�

i=1

L

M

� L

0
dx n

�
x + i

L

M

�
vL(x) (7)

up to corrections of order O(1/M). In the limit M → ∞ the
sum becomes an integral and

lim
M→∞

uL
M+1
M

= n

� L

0
dx vL(x), (8)

where n is the average density. In general, Eq. (8) is not equal
to the expectation value of the external potential evaluated
on the unscaled wave function, i.e., while the kinetic and
interelectronic interaction energy change smoothly with γ ,
the external potential energy and consequently the total energy
are discontinuous at γ = 1. This poses a problem, because it
implies that

∂γ E
�1
γ ,UCS

��
γ=1 = ∂γ

�
��1

γ

��Ĥ�1
����1

γ

�
�1

��
γ=1

�
M (9)

is an illegitimate starting point for deriving the VT in the case
of periodic systems. This problem shows up every time an r
operator appears as in Eq. (5), making integration ill defined
for periodic systems—a well-known fact that has also been
addressed in the modern theory of polarization [17].

To cure this problem, we introduce the methodology of
uniform coordinate and potential scaling (UCPS) under which
we recover the differentiability of E

�1
γ ,UCS at γ = 1 essentially

by scaling the external potential V̂ �1 . In detail, UCPS means
the following: The electronic coordinate and wave function
change according to UCS. Accordingly the external potential
is scaled such that its periodicity coincides with the scaled
wave function, V̂ �1 → V̂ �γ . The periodicity of a scaled
wave function and the scaled external potential coincide and
consequently Eq. (6) is a smooth function of γ [18]. It is useful
to translate the concept of scaling to operators. The identity

�
��1

γ

��Ôγ

����1
γ

�
�γ

=
�
�

�1
1

��Ô
����1

1

�
�1

(10)

defines a scaled operator Ôγ , where we denote unscaled (γ =
1) quantities explicitly by a subscript. The scaled operators for
the kinetic and interelectronic interaction energy are simply
related to their unscaled counterparts via

T̂γ = T̂ /γ 2, Ŵγ = Ŵ/γ . (11)

The spatial kernel of the external potential operator scales
according to v

�γ

γ (r) = v�γ (γ r).
We now apply UCPS and obtain a well-defined expectation

value

E�1
γ =

�
��1

γ

��Ĥ�γ
����1

γ

�
�γ

=
�
�

�1
1

��Ĥ�γ

1/γ

����1
1

�
�1

, (12)

where the last equality follows from Eq. (10). Due to the
scaling of the external potential the derivative with respect
to γ does now exist at γ = 1, but, in contrast to the case of
localized systems, it does not vanish in general. This is due to
the fact that ��1

γ is defined on a different volume �γ for each
γ and therefore the extremum principle cannot be applied.
However, we can relate the derivative with respect to the scale
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parameter to the pressure P of the system,

− P = lim
ε→0

1

ε

�
E

�1+ε
1 − E

�1
1

�
, (13)

where E
�1+ε
1 = ���1+ε

1 |Ĥ�1+ε|��1+ε
1 ��1+ε and E

�1
1 =

���1
1 |Ĥ�1 |��1

1 ��1 . Since �
�1+ε
1 and �

�1
1 are defined on

different volumes, this complicates the use of perturbation
theory. A way out of this dilemma is found by applying
Eq. (10) to E

�1+ε
1 with the scale factor

�γ = [(�1 + ε)/(�1)]D. (14)

Then, E
�1+ε
1 can be calculated as the first order correction

to E
�1
1 under the perturbation �Ĥ = Ĥ

��γ
�γ − Ĥ

�1
1 . Since we

have ensured that the first order derivative with respect to γ

exists, we find

∂γ E�1
γ

��
γ=1 = −D �1∂�E�

1

��
�=�1

. (15)

Alternatively, this can be written as

2T �1 + W�1 +
�

�1

dDr n�1 (r) ∂γ v�γ (r/γ )|γ=1

= −D �1 ∂�E�
1 |�=�1 , (16)

which reduces to Eq. (2) for Coulombic matter. Both Eqs. (15)
and (16), relating the change of the energy under a change of
volume with a change in the scale parameter, yield the most
general expression for the VT. This is one of our main results.

We demonstrate the consistency of the VT for periodic
systems that we just derived with an elementary example
of a solid explicitly. Consider the simplified Kronig-Penney
model [19]—a one-dimensional lattice of Dirac delta functions
of strength α separated by a distance L—given by the
Hamiltonian

H (x) = −1

2
∂2
x − α

L

�

ν

δ(x − L(ν − 1/2)). (17)

A simple solution for positive energies is φ(x) ∝ cos(qx/L),
where q is determined from q = q cos(q) − α sin(q). For a
single particle in this state the energy is

EL
1 = q2/(2L2). (18)

The expectation values of the scaled kinetic and potential
energy are related to the unscaled quantities simply by

�
φL

γ

��T̂
��φL

γ

�
Lγ

= γ 2
�
φL

1

��T̂
��φL

1

�
L
, (19)

�
φL

γ

��V̂ Lγ |φγ �Lγ
= γ 2

�
φL

1

��V̂ L
��φL

1

�
L
. (20)

Due to the specific form of the external potential there is a
quadratic dependence on the scaling parameter relating the
scaled and unscaled potential energy. Now we explicitly check
Eq. (15). With Eqs. (18)–(20), the left-hand side yields

∂γ EL
γ

��
γ=1 = q2/L2. (21)

Using Eq. (18), the RHS of Eq. (15) is then simply shown to
be identical to Eq. (21).

In the framework of DFT, as was mentioned before, only
the VT for localized systems has been considered. Equipped
with our scaling technique we are now able to derive the exact

properties of the XC functional valid for periodic systems. We
apply Eq. (15) to an interacting and a noninteracting system
(KS system) of the same density. Taking the difference of two
VTs and thereby expressing the interelectronic interaction in
terms of KS quantities, i.e., W�1 = U�1 + E

�1
XC − T

�1
C , yields

T
�1

C + U�1 + E
�1
XC + D �1 ∂�

�
E�

1 − E�
S

���
�=�1

= −
�

�1

dDr n�1 (r)∂γ

�
v�γ

�
r
γ

�
− v

�γ

S

�
r
γ

������
γ=1

, (22)

where U�1 denotes the Hartree, E
�1
XC the XC, and T

�1
C =

T �1 − T
�1

S the kinetic correlation energies. The KS and
external potential are scaled along the lines of Eq. (10) and

v
�1
S (r) − v�1 (r) = v

�1
XC(r) + v

�1
H (r), (23)

where v
�1
XC(r) = δE

�1
XC/δn(r) denotes the XC potential and

vH(r) =
�
�∞

dDr � n�1 (r�)/|r − r�| the Hartree potential. With
Eq. (23) and using the fact that all terms containing Hartree
and exchange contributions cancel each other, we obtain the
following virial relation for the kinetic correlation energy:

T
�1

C = −E
�1
C +

�

�1

dDr n�1 (r) ∂γ v
�γ

C (r/γ )|γ=1

−D�1∂�

�
E�

C −
�

�

dDr n�(r)v�
C (r)

�����
�=�1

. (24)

The analysis of the slowly varying limit of Eq. (24) sheds
some light on the differences in the present work with the
previous ones. For this, we need to use that ∂γ v

�γ

C (r/γ )|γ=1 ≈
∂γ v

�γ

C (r)|γ=1 = −D �1∂�v�
C (r)|�=�1 , which is exact for the

HEG, and approximately valid for systems with a slowly
varying density. In this limit, Eq. (24) may be accordingly
expressed as

T
�1

C ≈ −E
�1
C − D�1∂�E�

C

��
�=�1

+D�1

�
∂�

�

�

dDr n�1 (r)v�1
C (r)

�����
�=�1

+D�1

�

�1

dDr[∂�n�(r)|�=�1 ] v
�1
C (r). (25)

For the HEG case, n�(r) = n� = N/�, and v�
C (r) = v�

C =
vC(n�); the last two terms on the RHS cancel with each other,
while the second term may be expressed as in Eq. (2), using that
�1 = 4πr3

s /3N . For the evaluation of Eq. (25) in the LDA, one
needs to consider that E�

C =
�
�

dDr n�(r)εC[n�(r)], and that
v�

C (r) = vC[n�(r)]. Proceeding along the lines of Ref. [20],
we obtain the following well-known expression of Levy and
Perdew (LP) [6],

T
�1

C ≈ −4 E
�1
C + 3

�

�1

d3r n�1 (r)vC[n�1 (r)]. (26)

Equation (26), whose local version reads tC[n�1 (r)] =
−4 εC[n�1 (r)] + 3 vC[n�1 (r)], has been obtained in Ref. [6]
restricting the analysis to the case of localized systems, where,
as discussed above, the normalization volume can be taken as
�∞ and then is not affected by scaling. Here, proceeding
from the extended or periodic scenario, we have arrived
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TABLE I. Numerical values for the kinetic correlation energy TC

in Eq. (24), computed for a set of realistic periodic systems [21]
in LDA and GGA. All values are given in Ry/formula unit. �TC

is the difference between this exact form and the approximate one
derived by Levy and Perdew [Eq. (26)] evaluated on LDA quantities
(energies, densities, and potentials). The already excellent agreement
further improves (see �T ∗

C ) by including GGA corrections on vC

using the PBE XC functional (this difference is of the same order of
magnitude of the estimated numerical accuracy of the calculations
and therefore should be read as zero).

TC �TC/10−2 �T ∗
C /10−5

Pressure 200 GPa 200 GPa 200 GPa

Diamond 12.65 13.83 −2.12 −1.49 8.46 11.2
LiF 10.99 14.14 −1.19 −1.53 8.20 10.5
Graphite 3.80 4.62 −0.99 −1.10 − 0.31 − 0.46
LiFeAs 4.65 4.78 −0.20 −0.29 3.36 3.41
Ar 4.62 5.56 −0.58 −0.83 4.17 5.01
PdH 9.78 10.49 −1.33 −1.83 26.3 27.6
NaCl 14.57 20.29 −1.13 −2.36 5.17 7.29

to the same result. This is, however, reasonable, since the
distinction between a system as localized or extended becomes
progressively less clear as the system approaches the truly
slowly varying limit. Note, however, that the HEG limit cannot
be reached under the assumptions of Ref. [6], while it is exactly
reproduced by our general approach.

The expression in Eq. (24) for the kinetic correlation energy
derived in this work is formally exact and equally valid for
extended and localized systems, for both slowly and rapidly
varying densities. We compare the exact expression in Eq. (24)
with the LP simplified form given in Eq. (26) by computing
their difference for a set of real crystals of different chemical
properties at low and high pressure [21]. In Table I we evaluate
the difference between Eqs. (24) and (26) on LDA (�TC) and
GGA (�T ∗

C ) quantities (energies, densities, and potentials).
As shown in Table I, the difference within LDA is very small,
of the order of 10−2 Ry per formula unit. This difference is
hardly relevant for chemical application, and does not increase
even when high pressure is applied. When we turn to the GGA
results, the difference in TC goes further down, by two orders of
magnitude (below the estimated numerical error). This means
that just by including the gradient corrections to vC the LP
formula gives essentially the exact TC. Note, however, that
according to Eq. (9) in Ref. [20], the correct GGA for the
kinetic correlation energy has more contributions than just
those obtained from replacing EC and vC by the corresponding
GGA quantities in Eq. (26).

We note in passing that the very important adiabatic
connection formula [22], which gives the XC energy func-
tional as a coupling-constant integral of the coupling-constant
dependent expectation value of the interelectronic interaction
[W in Eq. (1)], remains unchanged for periodic systems,
since the adiabatic coupling-constant technique employed in
its derivation does not change the periodicity of the density and
Hamiltonian. This is consistent with the fact that the coupling-
constant wave function may be expressed as ��1

γ [n1/γ ], which
does not leave the domain of the Hamiltonian.

Equation (15) is valid not only for the ground state, but
for all eigenstates �

�1
i of Ĥ�1 . This enables us to derive

corresponding versions of Eq. (15) for canonical and grand-
canonical ensembles in the following.

Considering the canonical ensemble first, the equilibrium
is defined as the state with minimal free energy F�1 =
E�1 − 1/βS�1 , where S�1 is the entropy and β = 1/(kBτ )
is a measure for the temperature τ , kB being Boltzmann’s
constant. A general quantum state is described by a statistical
density operator �̂�1 , a weighted sum of projection operators
on the underlying Hilbert space �̂�1 = �

i w
�1
i |��1

i ����1
i |

(w�1
i > 0,

�
i w

�1
i = 1). The minimizing weights are then

given by w
�1
i = e−βE

�1
i /Z, where E

�1
i is the ith eigenvalue

of Ĥ�1 and Z is the normalization constant, i.e., the partition
function. This, in connection with Eq. (12), leads to the
following definition for the free energy in UCPS:

F�1
γ =

�

i

�
w

�1
i

�
�

�1
i γ

��Ĥ�γ
����1

i γ

�
+ ln

�
w

�1
i

��
. (27)

A coordinate scaling of the wave functions does not affect
the weights w

�1
i and therefore leaves the entropic contribution

invariant. Furthermore, Eq. (27), by definition, is minimal for
the particular choice of weights. The derivative with respect
to volume therefore only yields contributions from the volume
dependence of the energy expectation value. Combining these
two findings we are lead to

∂γ F�1
γ

��
γ=1 = −D �1∂�F�

1

��
�=�1

, (28)

which is the equivalent of Eq. (15) for canonical ensembles.
The same arguments can also be applied to the case

of grand-canonical ensembles and its main thermodynamic
variable, the grand potential ��1 = E�1 − μN − 1/βS�1 ,
where the additional coupling to a particle bath is governed by
the chemical potential μ, N being the particle number,

∂γ ��1
γ

��
γ=1 = −D �1∂���

1

��
�=�1

. (29)

In this work we present the theoretical formalism of uniform
coordinate and potential scaling in order to tackle a long-
standing problem in DFT: the formulation of a correct VT
valid both for molecular (localized) systems and for infinite
periodic solids. However, our numerical implementation and
calculation for a set of realisitic periodic systems shows that
corrections by our exact formulation are extremely small. And,
hence, the localized form of the VT in the slowly varying
limit is sufficiently accurate for solid state applications. Still
there could be exotic cases in which the corrections become
relevant. Moreover, our scaling technique may find application
in describing properties of extended periodic systems at finite
temperature, such as phase transitions.
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Abstract

We study the role of international tribunals, like the International Criminal Court (ICC), as an effective way of reducing the
number and/or gravity of crimes against humanity. The action of the ICC is directed against leaders that promote or tolerate
these kinds of crimes, that is, political authorities, army commanders, civil leaders, etc. In order to simulate the action of the
ICC we build a hierarchical society where the most important leaders have the highest connectivity and can spread their
points of view, or their orders, through a chain of less but still highly connected deputy chiefs or opinion chieftains. In this
way, if they practice misconduct, corruption, or any kind of discriminatory or criminal actions against individuals or groups,
it would very difficult and improbable that they will be prosecuted by the courts of their own country. It is to alleviate this
situation that the ICC was created. Its mission is to process and condemn crimes against humanity though a supranational
organism that can act on criminal leaders in any country. In this study, the action of the ICC is simulated by removing the
corrupt leader and replacing it by a ‘‘decent’’ one. However, as the action of the corrupt leader could have spread among
the population by the time the ICC acts, we try to determine if a unique action of the ICC is sufficient or if further actions are
required, depending on the degree of deterioration of the human rights in the hypothetical country. The results evidence
the positive effect of the ICC action with a relatively low number of interventions. The effect of the ICC is also compared
with the action of the local national judiciary system.
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Introduction

The aftermaths of the two major war conflicts of the 20th

century showed the imperative need of official institutions capable

of doing justice in a global way, beyond the limits imposed by the

borders of the nations. After WW1, the first initiative to judge

political leaders accused of war crimes took place in the Paris

Peace Conference of 1919. In this conference, the participants

discussed about the convenience of establishing an international

tribunal that would act when the states were absent or acted

irresponsibly. At the end of WW2, two international tribunals were

in charge of providing justice for the victims of the atrocities that

occurred during the previous years and punished the responsible

of those acts. The victorious nations established the International

Military Tribunals at Nürenberg, Germany [1] and Tokyo, Japan

[2]. Several years later, after serious episodes of state-sponsored

crimes, similar tribunals were organized including those set up in

Bosnia and Rwanda in the 1990’s. Nevertheless all these examples

were isolated reactions to particular events. For example, in the

case of Bosnia the United Nations created a special tribunal, the

International Criminal Tribunal for the Former Yugoslavia [3].

There was a lack of a permanent and internationally recognized

tool of justice to punish political leaders responsible of crimes

against humanity.

A widespread consensus was achieved in Rome in 1998, where

122 countries agreed to create the International Criminal Court

(ICC) as a response to the desire for international justice. The ICC

was created by the Rome Statute to be a permanent, non-partisan

judicial instrument to ‘‘promote the rule of law and ensure that the

gravest crimes do not go unpunished [4]’’. The Statute of Rome

came into force in 2002 when 60 countries ratified the treaty, and

the ICC was settled in The Hague, Netherlands. Its mission is to

detect and judge the responsible of genocides, crimes against

humanity, war crimes, and the crime of aggression. After the

adoption of the Rome Statute, more than half of the countries of

the world have ratified it. Since the Court was established, the

Prosecutor has launched investigations into crimes committed in

Uganda, Democratic Republic of Congo, Darfur (Sudan) and

Central African Republic.

The main role of the ICC is to investigate and prosecute

genocide, crimes against humanity and war crimes when national

authorities are unable or unwilling to do so. Its actions are

expected to serve as a catalyst for states to fulfill their

responsibilities in investigating and prosecuting those crimes [5].

Being the ICC a fairly new institution, it has yet to show its effects

as a crime deterrent [6]. In this manuscript we are not intending to

judge its efficacy, instead, we aim to simulate, by means of a simple

mathematical model, the role it plays in bringing justice in

countries in which the authorities are not able to assume their

primary obligations to warrant the citizens the necessary

protection against the worst atrocities.
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The interdisciplinary study of criminal activities, its economic

consequences, the effect and cost of punitive actions and related

subjects have been a very active area in recent years, as a natural

extension of studies in opinion dynamics and game theory both in

regular and complex networks [7–13].

Here, in order to study the role of the ICC we simulate an

artificial country as a connected society with some degree of

hierarchy, and the action of the ICC as a punctuated activity

directed to remove evil agents in key positions. In the next section

we describe the model for the artificial society and the action of the

ICC while in the following sections we present the results and

compare the effects of the intervention of the ICC with a possible

action by national courts.

Model

We present first a model that describesthe expansion of a

criminal (or illegal) behavior as a kind of epidemics and, secondly,

the corrective effect of the action of an external mechanism, such

as the intervention of the International Criminal Court (ICC).

The aim of the model is to mimic a situation in which the ethical

inclination of the individuals is the result of a feedback between the

individual and its environment at different levels of social

organization: the neighborhood, the country and the global

dynamics. In turn, the attitude of each individual shapes the

macroscopic behavior of the society.

A fundamental component in the study of any structurally

organized criminal group is the social network [10,14,15]. Crimes

under the ICC jurisdiction in particular are committed in the

context of a hierarchical structure, and this kind of social network

can be studied using complex network models [16–18].

The model incorporates social networks, characterized by a

particular topology, as a means to represent the interactions

between individuals. Each individual is inserted in a social

environment socially and politically organized. This organization

will be coded into the topology of a complex network, representing

the underlying weave of individual connections. By means of this

network we want to capture the insertion of each subject in the

society. To start with, we will not consider individual connections

between subjects belonging to different countries, but this

interaction can be included in a subsequent analysis. By assigning

different number of connections to each of the nodes of the

network -the degree of the node-, the topology determines not only

the neighborhood of each individual but can also indicate which

type of political organization is present in the country. Consider

for example that the country has a strongly democratic organi-

zation, so there will be no individuals whose decisions can

absolutely outweigh those of others. Topologically, this can be

translated into a hierarchical distribution with no peaks at high

values. However, even in a democracy the influence of national

and regional leaders is strong, the discourse of a president has a

very wide network of recipients, probably more that a secretary, a

governor, a major or an army general. This influence is stronger in

dictatorial regimes where some kind of control of the press is also

imposed. So, in different political regimes, the network of

influences keeps a hierarchical structure. If one wants to consider

the full details, links between individuals can also be directional,

shaping the degree of influence of each of the individuals on the

others. Thus, individuals are related to each other at the lowest

organizational level and with many different degrees of connec-

tivities. In order to take into account the fact that authorities, or

mass media owners, or persons placed in high hierarchical

positions may transmit their points of view to subordinates or

people in lower hierarchical levels, we adopt a scale-free (SF)

network [19] as it exhibits a wide distribution of connectivity with

highly connected nodes (called ‘‘hubs’’, or high degree nodes) and

many nodes with very low connectivity (or low degree), forming a

power law distribution of the frequency of the degree, with a

connectivity exponent c. High degree nodes correspond to

authorities or persons in power positions, i.e. we assume agents

placed in the top of the authority and/or leadership scale will have

a large connectivity, either directly or trough other mechanisms

like the mass media. In Fig. 1 it is possible to see a schematic

representation of the network, which exhibits highly connected

nodes (painted black in the figure) linked to many nodes with one

or a few connections (painted white). There exist many algorithms

to create SF networks: We particularly used the Barabási-Albert

(B-A) algorithm [20], in which the network is built from an initial

fully connected network of m0 nodes by adding new nodes

sequentially, each new node connecting itself to m of the previous

nodes with preferential attachment to the more connected ones.

This network, built through growth and preferential attachment

will develop into a SF network (with a power law distribution of

degree exponent c) held together by highly connected hubs.

The basis of the model is the individual behavior which, as

mentioned earlier, will be affected differently by the state of the

components of the system in each of its levels. The behavior of

each individual i is schematically represented by a time-dependent

scalar si(t) which, for simplicity, can adopt two different values,

{1 or z1, respectively representing evil and good behavior. Real

situations are more subtle and less Manichean. Some individuals

may adopt an evil behavior because of being afraid of retaliations,

some others are concerned with the criminal behavior, but adopt a

passive standing. In short, different degrees of moral behavior may

be studied, as in Ref. [22], but this is a level of detail that we think

would be overstated at this point of the study of the problem. So,

restraining ourselves to this two state behavior, during the

dynamical evolution of the system, the state of the individuals

changes according to the social contacts, that we will reduce to

three levels: a) The weight of the own position that will be greater

the greater the influence, or connectivity, of the agent, b) The

directly connected environment, i.e the influence of the agents

connected to the one we are examining, and finally, c) The

influence of the full society, measured as the average inclination of

the agents. This last term may also represent the effect of external

influences, as the international pressure applied to a given country.

We remark that the method adopted here is similar to the one used

to describe contagion of a disease on a complex network [11,12].

However in our model the probability of ‘‘contagion’’ of the bad

or good behavior will depend on the connectivity of the agent, as

will be explained below. In the following we describe briefly the

effect of the own state, the one of the neighbors and the average of

all states on the dynamics of contagion.

Individual Level
Each individual agent has an inner nature, either because it is

pretty sure of its ideas or because it has a high adamancy, and this

can prevent it from being influenced by others. textcolorblueAlso,

if it is a politician it is compelled to respect certain engagements

that helped it to arrive to and to keep its power position. We will

consider that the weight of the own opinion is stronger the higher

the connectivity, i.e. a more connected (meaning a more powerful)

agent will hardly change its attitude. Mathematically we define the

weight of the opinion of the j-agent on itself, W 1
j as proportional

to its connectivity kj :
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W 1
j ~sj

kj

kmax

, ð1Þ

where kmax is the connectivity of the most connected agent(s).

Thus, if a particular agent is the most connected one, its weight

will be +1, i.e. its own state. For low-connected agents one

expects kjvvkmax, then its own opinion will have a much lesser

weight.

Local influence
Furthermore we define how the state of every agent in the social

group is affected by the mood of its neighbors. We will consider as

the most important influence the interaction of one agent with the

other subjects directly connected to it (nearest neighbors). We

define the weight of the neighbors on agent j as W 2
j . At each time

step, the individual j checks the state of its neighbors and makes a

weighted average of these states to get a value between 21 and 1,

calculated as

W 2
j (t)~

1

kj

X

i[V

si
ki

kmax

, ð2Þ

where kj is the degree of agent j, ki is the degree (connectivity) of

the i-neighbor, kmax is the maximum degree present in the

network, and V denotes the full neighborhood of a node. Here, we

have assumed that the degree of a node, i.e. the size of its

neighborhood, is a measure of its social influence. Thus, agents

with the highest degree will exert a stronger influence on their

neighbors. On the other hand, the influence of the neighbors on

agent j is divided by its own connectivity kj . The higher kj the

lower the weight of the opinion of the neighbors.

Global Level
While the individual level defines a type of local influence, the

global level defines the environmental effect in a wider range. This

level takes into account the topology of the influences of the whole

country to weigh the influence of each of the individuals over the

rest, independently of whether they are connected or not. We

collect the information already considered at the individual level

but use it in a wider sense. We calculated a weighted average of the

state of each of the individuals in the country to get W 3
j (t), the

weight of the global influence on agent j.

W 3
j (t)~

1

N

XN

i=j

si ð3Þ

where N is the number of individuals in the country. This term is

an average of the national opinion, however it is probably the less

effective in changing the state of one agent.

We remark that the dynamics of contagion is different from

previous studies on the diffusion of a disease in a complex network

[12]. The agents are not equivalent in their resistance to adopt a

different moral standing: Hubs are almost insensitive to their

environment while less connected agents are more susceptible. In

societies where crimes against humanity are detected other factors

are relevant to the adoption of an immoral attitude. Cultural and

historical factors are also relevant. However, as we are more

interested here in the ICC action than on the details of how a

society could eventually endorse genocides or other crimes against

Figure 1. Schematic representation of a scale-free network. The ‘‘hubs’’, nodes with high degree are painted black, while the low degree
nodes are represented in white. Note that many nodes are related to just one hub.
doi:10.1371/journal.pone.0099064.g001
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humanity, we skip the details of the corruption process and retain

the importance of agents in high hierarchical position and the

consequences of their possible eradication.

One can further include an international influence, by taking

into account interactions with other countries. Again, we can

consider local or global interactions. The bilateral relations

between countries can be also represented by a network of

communities, analogously to what we have done with individual

interactions or individual national levels. We should define a

topology for the network of countries and consider that countries

are new individuals that interact with each other in the same way

agents did in individual and local levels. However, in order to

isolate the effect of each of the terms considered, and also to

minimize the number of parameters in the model, in this first stage

we will consider just a single country and do not include the

international contacts.

Results

We consider two stages in the dynamics: a) Contagion effects:

This is the change in the state of the individuals of the system as a

result of the different influences described above. The contagion

may in some cases induce a state of complete polarization in the

evil or good state. b) Action of the ICC. The action of the ICC will

be sporadic and will be directed to remove from the society an evil

hub, i.e. a highly connected agent that exerts an evil influence on

the community. We can also say that the contagion effect is

internal to the society, while the action of the ICC is external.

Hereafter, we are going to discuss both dynamics separately.

Internal dynamics: Contagion
Let’s consider that the three influences described above have

different weights, being the first two, the own and local influences,

the stronger, and the national one, the weaker. If we increase too

much the national influence the network effects are erased and a

kind of mean-field solution prevails. For each agent j we calculate

a change exponent rj defined as:

rj~
1

2
(1{a)(W 1

j zW 2
j )zaW 3

j ð4Þ

where the parameter a is in the range 0vav1 and measures the

relative weight of the effect of the national level, compared with

the individual and local ones. A typical value is a*0:1 (bigger

values of a will increase the effect of the average opinion and erase

the influence of the network; the final state will depend only on

which of the attitudes is preponderant at the beginning). It is

evident that each of the terms in Eq. 4 may be positive or negative

and then r itself maybe positive or negative. One possible

dynamical evolution would be to prescribe that if rj is negative

(positive) at a given time step, agent j will remain evil (good) or

change to the evil (good) state s~{1 (z1). To avoid such a

deterministic behavior we introduce a factor of ‘‘social’’ temper-

ature (that is: a non-zero probability of spontaneous changes) in

the probability of changing attitude. This temperature takes into

account spontaneous and unpredictable changes of attitude, but

also the fact that in some situations fractions or the whole

population can exhibit a certain alienation, that is, a confusion

about what right or wrong is. So, we define a probability pj that

agent j changes to (or remains in) the state s~1 as:

pj~(e{rj=Tz1){1 ð5Þ

where T is the social temperature. One can observe that if rj~0,

pj~0:5, then agent j can adopt either of the attitudes with equal

probability. If rjw0 (pjw0:5) there is a higher probability of

changing to the good state, while if rjv0 (pjv0:5) there is a higher

probability of changing to the evil state. We have represented in

Fig. 2 the probability of change as a function of r for different

values of the social temperature. We assume a low value of the

national influence, by considering a~0:05. We will keep this value

all along the simulations, in order to emphasize network effects

over ambiance effects.

Now, in order to study the dynamics of contagion, we assume a

network with N agents (in the simulations we will consider

N~1000 and 10000 but, unless explicitly stated, we always

present the results for N~1000, as they are similar for larger

systems). Also, we make the hypothesis that almost the full society

is initially in the good state (in average vsw&z1). However,

there will be a very small fraction of evil agents placed in sites with

high connectivity that will trigger the contagion. To show this

point we have made a simulation of a SF network using the B-A

algorithm [20] with m0~3 initial nodes, m~2 nodes added each

growth step and N~1000 agents at the end (which gives a power

law exponent of about c&2:5), placing a small percentage of evil

agents in the most connected positions. Also, we have performed

an average over 100 samples. The deleterious effect of the

strategically placed evil agents can be seen in the simulations

plotted on Fig. 3, where one can verify that a very small

percentage of evil agents (about 0:5%) in key positions (hubs) is

enough to drive the full society to an evil behavior (vsw~{1).

As the value of vsw determines the behavior of the society (good

if z1, evil if {1) we will call it the moral index.

So, it is clear that evil agents placed in strategic positions of high

hierarchy or authority may induce a despicable behavior of the

whole population in a very short lapse of time.

Action of the ICC
We model now the regulatory effect of an international

institution acting on individuals, penalizing those whose behavior

falls under the guise of ‘‘crimes against humanity’’. In this sense

the simulation imitates the objectives of the ICC: Bringing to the

Court the highest accountable leaders such as presidents, prime

ministers, army commanders or others. In our model, the action of

the Court is simulated by removing the highest connected evil

leader. Because of the length of the investigations, the action of the

Figure 2. Probability of changing state for different social
‘‘temperatures’’. Probability of changing state to state z1 as a
function of r for different values of the ‘‘social’’ temperature, given by
Eq. 5. For high temperatures the probability is almost linear in r while
for low temperatures it approaches a step function.
doi:10.1371/journal.pone.0099064.g002
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court can take place with some delay, and during the delay, the

evil behavior spreads and can affect the whole society (contagion

effect). The removal of a high-degree node from the lattice may

produce undesirable effects and even destroy the unity of the

network [21]. Also, if the removed authority is substituted by a

new one, the connections of this newcomer maybe very different of

the original ones. Consequently, the aftereffects of the demotion of

a leader maybe very difficult. In this first approach to the problem

we have decided to avoid the complications arose by the re-

designing of the network and we have considered that the removed

evil leader is just replace by a ‘‘good’’ one. This is a simple

approach but we believe it contains the essential of the action of

the Court, particularly because, after the contagion, the new

leader will be surrounded by lots of evil agents as well in the old or

in a new structure of neighborhood.

Thus, the simulations proceed in the following way: We build a

SF network with the B-A algorithm (m~2, mo~3 and c&2:5).

The number of agents is initially taken to be N~1000 and

averages of s over 1000 samples are studied. The global factor in

the calculation of the probability of changing mood is a~0:05 and

a percentage of 0:05% initial evil leaders is placed in the most

connected hubs. Finally, the social temperature is chosen to be

T~0:05 in order to obtain a society with a well defined

polarization. The Court acts periodically, every Dt contagions

steps, replacing the most connected evil agent by a good agent and

in between the system evolves with its own contagion dynamics.

The following figures represent different situations: In Fig. 4 we

show the evolution of the average behavior of the society. An early

intervention of the ICC guarantees a rapid and full recovery.

However, this is probably unrealistic, as the detection of violations

of human rights is not an easy and rapid task. To simulate a more

realistic situation, in Fig. 5 we show the time evolution after the full

deterioration of the moral index. It is comforting that even in this

case, when the action of the ICC starts from vsw~{1, the

recovery is complete but, as expected, within a longer recovery

time.

Efficiency and Relevance of the ICC
After verifying the effect of the intervention of the ICC some

questions may arise concerning the real necessity of this

international court. Opponents to this mechanism may argue that

national courts are able to do the job if allowed for and that there

is no need of an international intervention. To address this issue

we will compare the action of the ICC with the possible

intervention of national courts in an environment where human

rights and basic law principles are violated.

Can national courts do the work of the ICC?. It is evident

that a national court taking the same measures as the ICC would

produce the same effect. However the problem with national

courts is that, even when they act within the law, frequently they

are not able to process highly ranked officials. Quite often, the law,

the practice or the custom is such that highly placed officials

cannot be subjected to prosecution, and only intermediate or low

level officials can be prosecuted. Thus, in order to compare the

effect of the action of national courts, we have repeated the

simulations of the previous section but, instead of prosecuting the

most connected agent we have selected highly but less connected

agents. Thus, we made a simulation similar to the one shown on

Fig. 5, with intervention of the national courts every 5000 time

steps, but assuming that the national court cannot prosecute the

most connected agents. The results are shown in Fig. 6 where it is

evident that the recovery of the society is faster and complete when

the most connected leaders are subjected to process than when a

fraction of the leaders is protected from prosecution. To better

illustrate this effect, in Fig. 7 we show the fraction of times the

society recovers up to a moral index higher than 0:8 as a function

of the number of agents that are screened from prosecution

because of national laws or due to corruption. It is evident that the

Figure 3. Effect of the initial number of evil leaders. The figure
shows the final state of the society as a function of the initial fraction of
evil leaders without ICC intervention. One may see that a small
percentage of the population (less than 0:5%) occupying the most
connected positions, may transform the full society to the evil state. We
have considered 100 samples with N~1000 agents each, solid lines
describe the averaged values over all the simulations, and the error bars
correspond to the standard deviation. Note that the transition region
with high error bars shows that the final state of the different samples
may be a completely degraded or non-degraded populations.
doi:10.1371/journal.pone.0099064.g003

Figure 4. Moral index of the society as a function of time. The
figure shows the evolution of the moral indexs when contagion is
combined with the action of the ICC. Three values of the time
separation among ICC’s interventions are shown: Dt~2000 (red
squares), Dt~5000 (blue circles) and Dt~10000 (black triangles). Early
intervention (after 2000 time steps) prevents the contagion of the full
society and the recovery is relatively rapid. Longer times for
interventions (5000 or 10000 time steps) result in a deteriorated society
and longer recovery times. In these simulations we use a~0:05,
T~0:05 and an initial fraction of 2:5% evil leaders and we average over
1000 samples. The points along the curves correspond to ICC
interventions and are not the only data points drawn, the curves
between ICC actions are composed by one data point per step. Looking
in greater detail the dotted box it’s possible to see a change in the
derivative: i.e. a quick increase in the moral index following each
intervention of the Court; This rapid but small increase corresponds to
the local influence of the new good agent replacing the evil leader
removed.
doi:10.1371/journal.pone.0099064.g004
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prosecution of the most connected leaders is necessary for a full

social recovery. When a fraction of the leaders is protected from

prosecution the recovery of the society is only partial and will

degrade again when the court interrupts its action. One interesting

result is that the absolute number of protected agents necessary to

produce a given level of recovery is independent of the size of the

society. In Fig. 7 we present results for a society of 1000 and 10000
agents and the curves are very similar, indicating that one needs to

prosecute a low number of agents and not a percentage (that

would be impossible in a society of millions of people). This is a

validation of the model and of the simulation, showing that there is

no need to perform simulations with millions of agents. As a

matter of fact, even if sometimes a big fraction of the society is

concerned with human rights violations, most of the time the

blamable agents are authorities or highly placed leaders and their

number maybe well estimated in the thousands.

How many times should the ICC intervene?. Once we

have shown that the effect of the ICC is different and more

efficient than the work of national courts, one could ask how many

interventions of the ICC are necessary to induce full recovery of a

given society. In the previous sections we have simulated periodic

interventions of the ICC. The question is whether it is really

necessary to act periodically or if just a finite number of actions are

enough to produce the desired effect. To answer this question we

show in Fig. 8 the number of times a simulated society arrives to

moral index of 0:8 or higher (i.e. 90% or above of the population

in the ‘‘good’’ state) as a function of the number of actions of the

ICC. It is a very good sign that a small number of interventions, of

the order of five, is enough to guarantee recuperation of most of

the simulated societies. Probably a more realistic simulation,

including the effects of a rebuilding of the network, will reduce

even more the minimum number of interventions.

Conclusions
We have presented here a simple model of a scale free complex

network representing the network of influences in a society with a

hierarchical structure. The state of each member of this society is

represented, in a rather Manichaean way, as good or evil. To start

the contagion dynamics we plant a very few bad seeds in key

positions, i.e. highly connected hubs. One of the original features

of this article is that the probability of contagion strongly depends

on the connectivity: Hubs are excellent transmitters of behavior

and very resistant to changes induced by their neighbors. On the

other hand agents with one or a few connections are very

susceptible to contagion. This is at variance with most models of

contagion on complex networks, where the most connected agents

are more susceptible to infection. Once the society is partially or

fully contaminated with the bad behavior we simulate the action of

the International Criminal Court, ICC, by removing the most

connected bad agent and replacing it by a good one. The fact that

this new good agent possess a great capacity of contagion, implies

that a few interventions of the ICC allow for the complete recovery

of the society. We have proven also that the action of the ICC is

Figure 5. Recovery of the moral index of the society after full
deterioration. If one waits 40000 time steps for the action of the
Court, the society is fully degraded when the Court finally acts. However
the time to full recovery is not very different from the previous
situation. Here the Court acts after 40000 time steps and after that the
action is repeated after Dt~2000 (red squares), 5000 (blue circles) or
10000 (black triangles) time steps. This simulation used a~0:05,
T~0:05 and a percentage of 10% evil leaders; results are averaged
over 1000 samples.
doi:10.1371/journal.pone.0099064.g005

Figure 6. Comparison of the action of the ICC vs. national
courts. The moral index of the society is represented as a function of
time, comparing the action of the ICC (red crosses) every Dt~5000
times, with the action of national courts protecting the top 0:1% (blue
squares) or 0:5% (black circles) evil leaders. This simulation used
a~0:05, T~0:05 and a percentage of 10% evil leaders, results are
averaged over 1000 executions.
doi:10.1371/journal.pone.0099064.g006

Figure 7. Society recovery as a function of the fraction of
‘‘protected’’ agents. Fraction of the simulated society that recovered
up to a moral index higher than 0:8 as a function of the number of
agents ‘‘protected’’ by national rules (or by corruption) from the
prosecution of national courts. Red circles correspond to a sample of
N~1000 agents and blue triangles to a society of 10000 agents. This
simulations used a~0:05, T~0:05 and a percentage of 2:5% evil
leaders; results are averaged over 100 (red circles) and 30 (blue
triangles) executions.
doi:10.1371/journal.pone.0099064.g007
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different and much more effective than the one of national courts.

The model still needs some improvements. We need to incorpo-

rate a more detailed description of the topology of the social

network, including dynamical networks as well as different

architectures to mimic a wider spectra of political regimes. Also,

the influence of neighboring countries should be considered. Thus,

in future developments we plan to simulate a dynamic network

and, in further stages interaction between different countries,

showing particularly that impunity is an incentive to the ethic

degradation of countries, just because of imitation. Nevertheless,

the present results are very encouraging, as they show that the

strategy of attacking the top corrupt figures in a political system is

the best suited to diminish the number of crimes against humanity

and genocides. It is interesting to note that the fact that the leaders

deserve great visibility facilitates the actions of the courts. This is

not the case of organized crime, where the leaders are frequently

invisible. If in the near future more countries will adhere to the

ICC statute, the action of the Court will be even more effective.
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Sérgio Souza, Roberto Silva, Leonardo Brunet, Juan Carlos González-
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Magnetic-field-driven domain wall motion in an ultrathin Pt=Coð0.45 nmÞ=Pt ferromagnetic film with
perpendicular anisotropy is studied over a wide temperature range. Three different pinning dependent
dynamical regimes are clearly identified: the creep, the thermally assisted flux flow, and the depinning, as
well as their corresponding crossovers. The wall elastic energy and microscopic parameters characterizing
the pinning are determined. Both the extracted thermal rounding exponent at the depinning transition,
ψ ¼ 0.15, and the Larkin length crossover exponent, ϕ ¼ 0.24, fit well with the numerical predictions.

DOI: 10.1103/PhysRevLett.113.027205 PACS numbers: 75.78.Fg, 05.70.Ln, 64.60.Ht, 68.35.Rh

Many areas in physics [1–8] such as magnetic and
ferroelectric domain-wall motion, contact lines in wetting,
crack propagation, vortex lines motion in type-II super-
conductors, etc., involve the displacement of elastic object
or interface in a weakly disordered medium. How the
velocity of motion depends on the driving force f poses
important fundamental questions [1,2,5,6]. In the absence
of disorder or for a large f, motion is limited by dissipation
and the interface moves in a flow regime, with a velocity
essentially proportional to f. However in real materials
the presence of disorder leads to pinning which dramati-
cally modifies the response to the force. At zero temper-
ature this leads to the existence of a depinning force
fdep, below which no motion takes place. At finite temper-
ature T the combination of the applied force, collective
pinning, and thermal effects leads to an extremely rich
dynamical behavior, which has been the focuss of
many theoretical [1,2,5,6,9] and experimental studies
[10–16].
On the experimental front the controlled investigation of

this dynamics is very difficult and Pt=Co=Pt ultrathin
ferromagnetic films with perpendicular anisotropy proved
to be an archetypal 2D-disordered system to test theory
[10,13,16–19]. In this system the force f is the applied field
H, and domain walls (DWs) mimic elastic interfaces.
Measurements as a function of the field, allow us to
unambiguously evidence the highly nonlinear response
ln vðHÞ ∼H−μ expected at small fields, the so called creep
regime [10,16,17]. They confirm the predicted value
μ ¼ 1=4 of the exponent and its relation with the exponent
associated to the roughness of the interface at equilibrium
[1,4,7,10]. Measurements as a function of the temperature
[20,21] for small fields, confirm the role played by thermal
activation over barriers by obtaining a prefactor in the
exponential varying as 1=T.

At larger fields, and in particular close to the depinning
transition, the situation, both theoretically and experimen-
tally, is much less clear. At the depinning field Hdep the
response was predicted to follow a power law behavior,
vðHdepÞ ∼ Tψ , where ψ is the thermal rounding exponent
[5]. This behavior was checked indirectly [22] in experi-
ments with a constant T but with Pt=Co=Pt layers of
different anisotropy. However, a true temperature depen-
dent analysis close to depinning is still lacking, as well as
bridging the gap between the very low field creep regime
H ≪ Hdep and the depinning one H ∼Hdep. For this,
experiments with a full range of magnetic fields and
various temperature is necessary.
In this Letter, we perform such a study by exploring in a

single Pt=Co=Pt ultrathin layer the DW dynamics between
50 and 300 K. We evidence three distinct pinning depen-
dent regimes and determine the corresponding crossover
fields. We provide a consistent theoretical description of the
full dynamical range, allowing us in addition, through the
testing of the predicted universal scalings, to obtain
accurately the (nonuniversal) microscopic quantities con-
trolling DW dynamics.
The experimental results were obtained with a sputter-

grown ultrathin Ptð3.5 nmÞ=Coð0.45 nmÞ=Ptð4.5 nmÞ film
deposited on an etched Si=SiO2 substrate [16]. The Curie
temperature (TC ¼ 375 K), square perpendicular hysteresis
loop, thermal dependence of the saturated magnetization—
compatible with that predicted for an anisotropic 2D-
ferromagnet—and of the anisotropy field, were determined
from magnetooptical Kerr magnetometry and microscopy
measurements [23]. The film was cooled in an open cycle
optical cryostat and its temperature was measured with an
accuracy of �2 K. The DW motion was produced by field
pulses and visualized by Kerr microscopy with a resolution
of ∼1 μm. The DW velocity, vðHÞ, was deduced from the
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growth in diameter of magnetically reversed bubbles
(Fig. 1, inset). The field pulses (0 < H < 1600 Oe) were
produced by a 60-turn small coil (0.16 μs rise time)
positioned very close to the film surface [23]. For each
pulse amplitude and duration (from 0.5 μs to 100 μs), the
DW displacements were analyzed in order to select only
steady DW motion.
The DW velocity vðHÞ curves are depicted in Fig. 1, for

temperatures ranging between 50 and 300 K. The main
parameters controlling DW motion are reported in Table I.
As it can be observed, lowering the temperature results in a
shift towards the high-field region of the curves. Different
dynamical regimes when raising the applied magnetic field
H are indicated in Fig. 1 on the highest temperature (300 K)
curve. Their precise identification is not straightforward
and will be discussed in detail below. The high-field vðHÞ

response is supposed to finally reach the asymptotic flow
regime with a mobility m ¼ v=H (as shown in Fig. 1) [16].
Unfortunately, the determination of v for H > 1700 Oe
was not possible due to the increase of the nucleation rate of
magnetization reversal [23]. The value of m (reported in
Table I) is then determined from the expected power law
expression [24], m − ðv=HÞ ¼ DH−c with c ¼ 4. A small
increase of m is revealed when lowering the temper-
ature [23].
Let us now identify the low field regimes in detail. Two

different behaviors for the velocity can be clearly seen in
Fig. 2. At lower fields ln v exhibits a linear variation with
H−1=4 and this part can be identified with the creep regime,
in which the barriers diverge for H → 0 [1,25,26]. In this
regime, the DW velocity can be written

vcreepðH; TÞ ¼ v0creepðTÞe−ðTdep=TÞðHdep=HÞμ ; ð1Þ

where v0creep corresponds to a velocity prefactor whose
meaning is discussed later, and Tdep is the depinning
temperature which is defined below. As observed in
Fig. 2(a), the creep law is no longer fulfilled at high
(low) H values (H−1=4-values) and a new regime of
transport can be identified above the field HC-T (creep),
given in Table I and which corresponds to the upper
boundary of the creep regime.
For H ≥ HC-T (creep), ln v varies linearly with H, as

shown in Fig. 2(b). The experiment thus reveals a regime in
which the barriers decrease linearly as the field is increased
and the velocity obeys

vTAFFðH; TÞ ¼ v0TAFFðTÞe−ðTdep=TÞ½1−ðH=HdepÞ�; ð2Þ

where v0TAFFðTÞ is the velocity at H ¼ Hdep. This regime
can be identified with the so-called thermally assisted flux
flow (TAFF) regime [27] initially proposed in the context of
vortex motion and is compatible with the computed
behavior in a T ¼ 0þ dynamics [6]. As shown in
Fig. 2(b), the limits of the TAFF regime (ln v ∼H) permit
us to obtain HC-TðTAFFÞ and the depinning threshold,
HdepðTAFFÞ, reported in Table I. More strictly, the end of

FIG. 1 (color online). Variation of the domain wall velocity in
the Pt=Coð0.45 nmÞ=Pt film with H for different temperatures.
The big black filled and half-filled symbols correspond to
boundaries between the creep and TAFF regimes, HC-T , and
TAFF and depinning regimes,Hdep, respectively. The straight line
represents the predicted asymptotic high-field flow limit at 300 K
for m ¼ 0.085 m=s Oe. Inset: Domain wall displacement (in
black) from a nucleus (in red) produced by a 1 μs field pulse
of amplitude H ¼ 865 Oe, at 150 K.

TABLE I. Parameters controlling DW dynamics at different temperatures.Ms is the magnetization saturation and m the DW mobility
in the flow regime [23]. Between the field boundariesHC-T andHdep, DWs follow a thermally assisted flux flow (TAFF) regime. The two
sets of HC-T and Hdep values were determined by independent methods (see text) and are consistent together. The Tdep value was
deduced from the creep regime data.

T (K) 300 200 150 100 50

Ms (erg=Gcm3) 800(40) 1120(50) 1260(60) 1370(70) 1470(80)
m (m=s Oe) 0.085(0.04) 0.083(0.05) 0.091(0.05) 0.089(0.06) 0.102(0.07)
HC-T (creep) (Oe) 480(20) 720(30) 870(40) 1080(40) 1170(40)
HC-T (TAFF) (Oe) 470(20) 730(30) 890(40) 1070(40) 1190(40)
Hdep (TAFF) (Oe) 920(30) 1060(50) 1360(30) 1480(50) 1500(40)
Hdep (depin.) (Oe) 900(40) 1190(40) 1335(50) 1360(50) 1470(50)
Tdep (K) 1880(110) 2500(150) 2700(160) 3200(190) 3500(210)
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the TAFF regime corresponds to the field
(H ∼Hdepð1 − T=TdepÞ < Hdep) at which the barrier is of
the order of the temperature, and at small temperature this
field is expected to approach Hdep.
Beyond Hdep the system enters in the depinning regime

for which the velocity is expected to follow the universal
scaling form [5,24,28–30]:

vdepðH; TÞ ¼ v0depðTÞG
�
H −Hdep

Hdep

�
T

Tdep

�
−ψ=β

�
ð3Þ

where GðxÞ is a universal function such that GðxÞ ∼ xβ for
x ≫ 1, i.e., T ≪ Tdep, with β the depinning exponent, and
v0dep ¼ vdepðH ¼ Hdep; TÞ ¼ mHdepðT=TdepÞψ , with ψ the
thermal rounding exponent. Thus, the velocity scaling in
the depinning regime provides an alternative for estimating
Hdep [23], according to the procedure proposed in
Ref. [22], by considering that the DW velocity fits a v ∼
ðH −HdepÞβ law, where β ¼ 0.25 [31]. This procedure
leads to Hdepðdepin:Þ in Table I. Knowing Hdep, the values
for Tdep reported in Table I were deduced from the creep
plot slope, TdepH

1=4
dep=T. Note that the different estimation

methods lead to consistent values for HC-T and Hdep, with
HC-T ¼ 0.5–0.8 Hdep, as shown in Table I.
The theoretical analysis of the data thus provides a

consistent picture of all the regimes. Their matching allows
us to extract additional results. We in particular analyze the
temperature variation of the creep velocity prefactor v0creep
[cf. Eq. (1)], shown in the inset of Fig. 2(a). The values of
ln v0creep are deduced from the extrapolation toH−1=4 ¼ 0 of
the creep plot of Fig. 2(a). Empirically, the velocity v0creep is
found to fit well with an exponential variation
v0creep ¼ v00creep expðCTdep=TÞ, over the explored temper-
ature range T=Tdep ¼ 0.014 to 0.160. The best fit gives
C ¼ 1.04� 0.02 and v00creep ¼ 35� 15m=s. This strongly

suggests that the velocity v00creep must be written as
v00creep ¼ ξ=τ, where ξ is the disorder correlation length,
and 1=τ the attempt frequency at passing barriers. Note that
such a temperature dependent prefactor simply corre-
sponds, in the creep regime, to a subdominant correction
of the barrier. Extracting the explicit temperature depend-
ence allows us to obtain the microscopic attempt frequency.
Since ξ ≈ 19 nm (to be discussed below), one obtains a
reasonable time scale of τ ≈ 1 ns. Using this exponential
behavior of v0creep and matching the creep and TAFF
velocities at the crossover field HC-T , a value of C ¼
0.66� 0.08 can be obtained, which is of the same order of
magnitude and almost temperature independent, as the
previously extracted C value.
The crossover between the TAFF and depinning is also

consistent with the expected thermal rounding of the
velocity in the depinning regime. Matching the TAFF
and the depinning regime at Hdep, the prefactor in
Eq. (2) should be v0TAFF ¼ vdepðH ¼ Hdep; TÞ, allowing
us to use the velocity corresponding to the upper bound of
the TAFF regime to extract the thermal rounding exponent
ψ . As shown in Fig. 3, the values are consistent with the
prediction (ψ ¼ 0.15) of numerical simulations based on
the quenched-Edwards-Wilkinson equation describing the
overdamped motion of an elastic interface in a weak
quenched disorder [5].
In order to complete this analysis of universal exponents

(i.e., the universality class) we now determine the nonuni-
versal (intrinsic) characteristic length and energy scales
controlling the pinning and their temperature dependence.
The free energy, FðL; uÞ, of a DW segment of length L,
displaced over a distance u under the action of the magnetic
field writes as

FðL; uÞ ¼ ϵelu2=L − ϵpinu
ffiffiffiffiffiffiffiffiffiffiffi
niΔL

p
−MsHtLu; ð4Þ

(a) (b)

FIG. 2 (color online). Field-dependent domain wall velocity.
(a) Plot of ln v vs H−1=4 to evidence the creep regime and its
upper boundary HC-T (creep). Inset: creep prefactor v0creep
deduced from an extrapolation of the creep law (straight line)
to H−1=4 ¼ 0. (b) Plot of ln v vs H reveals the TAFF regime and
its two boundaries HC-T (TAFF) and Hdep (TAFF).

FIG. 3 (color online). (a) ψ as a function of T calculated
from the crossover at H ¼ Hdep between the TAFF and
thermal rounding regimes, v0TAFF=ðmHdepÞ ¼ ðT=TdepÞψ . (b)
Universal scaling plot of the depinning transition using
ψ ¼ 0.15, β ¼ 0.25 and the parameters of Table I. With the
reduced coordinates x ¼ ½ðH −HdepÞ=Hdep�ðT=TdepÞ−ψ=β and
y ¼ ½v=ðmHdepÞ�ðT=TdepÞ−ψ , the velocity curves (cf. Fig. 1)
are superimposed in the vicinity of the depinning transition
(x ¼ 0), as expected from Eq. (3).
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where ni is the density of pinning centers assumed to be
equal to 1=ξ2. Ms is the measured magnetization at
saturation (Table I), t ¼ 0.45 nm the Co layer thickness,
and Δ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A=Keff

p
the DW thickness parameter. The first

term in Eq. (4) represents the elastic energy of the wall, Fel,
the second is the pinning energy, Fpin, while the third term
stands for the Zeeman contribution, FH. From this free
energy we can derive expressions for the fundamental
energy and length scales. In particular, the Larkin length,
i.e., the length scale below which elasticity dominates over
disorder, has direct experimental relevance [13]. The Larkin
length, Lc, which is supposed to be larger than ξ, and the
depinning field, Hdep, can be defined from the equalities
FelðLc; ξÞ ¼ FpinðLc; ξÞ and FelðLc; ξÞ ¼ FHðLc; ξÞ.
Assuming that kBTdep ¼ FpinðLc; ξÞð¼ ϵpin

ffiffiffiffiffiffiffiffiffi
ΔLc

p Þ, the
following expressions hold:

ϵel ¼ ðkBTdepÞ2=ðMsHdeptÞξ3; ð5Þ

ϵ2pin ¼ ½ðkBTdepÞðMsHdeptÞξ�=Δ; ð6Þ

Lc ¼ ðkBTdepÞ=½ðMsHdeptÞξ�: ð7Þ

The DW elastic energy density is expressed as
ϵel ¼ 4t

ffiffiffiffiffiffiffiffiffiffiffi
AKeff

p
. The estimated values of the exchange

stiffness A and the effective anisotropy Keff for the
t ¼ 0.45 nm thick film were deduced from data obtained
with thicker films [23]. For T ¼ 300 K, we get A ¼
1.25 μerg=cm, an anisotropy field HA

eff ¼ 5.3� 0.3 kOe,
and Keff ¼ ðHA

effMsÞ=2 ¼ 2.1� 0.3 Merg=cm3, which
leads to ϵel ¼ 0.29� 0.04 μerg=cm. Starting from
Eq. (5), and accounting for the values of Hdep and Tdep,
reported in Table I, we estimate ξ ¼ 19.3 nm. This value
agrees well with the mean lateral size of Pt crystallites
(∼10–20 nm) determined by AFM [32] in such a Pt=Co=Pt
film supposing a morphological continuity between Pt and
Co layers. Therefore, we assume that ξ is temperature
independent in the following analysis. We can then estimate
the temperature dependence of ϵel, ϵpin, Δ, and Lc. HA

effðTÞ
is found to be nearly constant over the 50–300 K temper-
ature range, which means that KeffðTÞ ∼MsðTÞ. For AðTÞ,
we assumed a temperature variation ∼MsðTÞ2. As a result,
ϵel varies as MsðTÞ3=2 and Δ as MsðTÞ1=2. This more
pronounced temperature variation for ϵel than for Δ is
compatible with the results reported in Figs. 4(a) and 4(b).
As expected, Δ decreases when raising the temperature
consistently with the found thermal variation of the flow
mobility m (Table I). Alternatively, ϵelðTÞ was deduced
from Eq. (5), using the values ofMs,Hdep and Tdep reported
in Table I. As shown in Fig. 4, ϵel decreases as the
temperature increases. The variation is, however, weaker
than expected, probably because of the crude assumption:
Δ ≪ ξ, while both values (7.7 nm and 19.3 nm, respec-
tively) are quite close. The density of pinning energy ϵpin is

deduced from Eq. (6). Figure 4 shows that ϵpin exhibits a
weaker temperature variation than ϵel.
Finally, the temperature dependence of the Larkin

length, Lc, is calculated from Eq. (7) and the results shown
in Fig. 4(b). LcðTÞ can be recast in the form [33–35]

LcðTÞ ¼ L0
c½1þ ðT=TdepÞ�1=ϕ; ð8Þ

where L0
c ¼ LcðT ¼ 0 KÞ and ϕ is the thermal crossover

exponent of the Larkin length. Fitting LcðTÞ with Eq. (8)
[see the inset of Fig. 4(b)] leads to L0

c ¼ 25� 2 nm and
ϕ ¼ 0.24� 0.05. This last value agrees with the most
recent prediction, ϕ ¼ 1=5 [33–35].
In conclusion, our consistent analysis of the thermal

dependence of the field-driven DW motion would be
valuably extended to pinning mechanism studies in other
systems.
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FIG. 4 (color online). (a) Temperature variation of the elastic
energy density, ϵel, and the pinning energy density, ϵpin. We used
the value of ξð¼ 19.3 nmÞ, obtained for T ¼ 300 K. (b) Temper-
ature dependence of the wall width parameter, Δ, and of the
Larkin length, Lc. In the inset, Lc is plotted versus T=Tdep . The
line is the fit of Eq. (8) used for determining the ϕ exponent.
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In a recent work [Merker, Kirchner, Muñoz, and Costi, Phys. Rev. B 87, 165132 (2013)], the authors compared
the results of numerical renormalization group (NRG) and a perturbative approach for the dependence on
temperature T and magnetic field B of the conductance through a quantum dot described by the impurity
Anderson model, for small T and B. We show that the equation used to extract the dependence on B from
NRG results is incorrect out of the particle-hole symmetric case. As a consequence, in the Kondo regime,
the correct NRG results have a weaker dependence on B and the disagreement between both approaches
increases.

DOI: 10.1103/PhysRevB.90.077101 PACS number(s): 75.20.Hr, 71.27.+a, 72.15.Qm, 73.63.Kv

Recent experimental studies for the conductance through
one quantum dot for low applied bias voltage V and tem-
perature T [1,2], stimulated further theoretical work on the
subject [3–10]. Using a Fermi liquid approach—based on
perturbation theory in U (PTU)—and Ward identities, Oguri
had determined exactly the scaling up to second order in T

and V for the symmetric impurity Anderson model (SIAM)
in which the energy level Ed = U/2 [11,12]. Further work
considered the effect of higher order contributions using
different approximations, such as PTU [3], 1/N expansion [5],
noncrossing approximation [6], or decoupling of equations
of motion [7]. The effect of asymmetric coupling to the left
and right leads �L �= �R , and asymmetric drop in the bias
voltage has been calculated up to second order in T and V

using Fermi liquid approaches, for the SIAM [3,4,8]. The more
general expression was given first by Sela and Malecki [4] and
reproduced by us using renormalized PTU [8]. These results
are exact up to terms of total second order in V and T .

Some of these results were extended for Ed �= U/2 using
two different approaches [8,9]. A controversy between the
authors of both works exists [13–15]. We claim that the lesser
and greater self-energies and Green functions in Ref. [9] are
incorrect. In turn, Muñoz et al. [14] claim that a Ward identity
is not satisfied in Ref. [8]. However, direct evaluation shows
that the Ward identity is in fact fulfilled [8(b),15].

While the conductance can be expressed in terms of the
retarded Green function only (which is by construction correct
in the SIAM), if the lesser and greater quantities are not
correct conservation of the current is not guaranteed when
particle-hole symmetry is broken. Therefore, the results out
of the SIAM of Muñoz, Bolech, and Kirchner [9] might be
incorrect. However when both approaches can be compared,
for the linear term in V , they give the same result [13]. In
any case, for more general multilevel models, for example
when interference phenomena are important [16–18], lesser
quantities cannot be eliminated from the conductance, and
their correct evaluation becomes crucial.

Taking into account the above objections, the recent study of
Merker et al. [10] is certainly of interest. The authors compare
the approach of Muñoz et al. [9] for the temperature and

*aligia@cab.cnea.gov.ar

magnetic field B dependence of the conductance G, with ac-
curate numerical-renormalization-group (NRG) calculations
at equilibrium (V = 0). For the dependence on B, the authors
combine NRG results for the total occupation of the localized
level nd = nd↑ + nd↓ with the Friedel sum rule for finite
B [19,20]:

ρσ (0,B) = sin2(πndσ )

π�
, (1)

which relates the spectral density of the localized level for
a given spin ρσ (ω,B) at the Fermi level ω = 0 with the
corresponding occupancy. Since the conductance for each
spin Gσ (B) at T = 0 is proportional to ρσ (0,B), expanding
ndσ up to second order in B and replacing in Eq. (1) one
obtains the corresponding expansion in the total conductance
G = G↑ + G↓. Specifically

ndσ (B) = nd

2
+ χB

gμB

σ + ∂2nd

∂B2

B2

4
+ O(B3), (2)

where χ is the magnetic susceptibility, σ = 1 (−1) for spin up
(down), and the quantities in the second member except B are
evaluated at B = 0.

The last term is missed in Ref. [10]. While this term
vanishes for the SIAM, because nd = 1 there as a consequence
of electron-hole symmetry, it becomes increasingly important
out of the SIAM, for which the perturbative approach of
Ref. [9] was developed. In this work we examine the effects
of this term. An important consequence is that the results
presented in Ref. [10] (Fig. 8, for example) as coming from
NRG are misleading, because one expects that they are highly
accurate, but since they were obtained indirectly neglecting
the last term in Eq. (2), they should be corrected. We also
show that inclusion of this term increases the disagreement
with the perturbative approach of Ref. [9] out of the SIAM in
the Kondo regime.

Replacing Eq. (2) in Eq. (1) one obtains up to order B2,

Gσ (B)

Gσ (0)
= ρσ (0,B)

ρσ (0,0)
= 1 + c

2πχB

gμB

σ

+ (c2 − 1)

�
πχB

gμB

�2

+ c
π

2

∂2nd

∂B2
B2, (3)
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c = cot

�
πnd

2

�
. (4)

Adding both spins, and defining cB and T0 by [10]

G(B)

G(0)
= 1 − cB

�
gμBB

T0

�2

, (5)

χ = (gμB)2

4T0
, (6)

one obtains

cB = π2

16
(1 − c2) − c

π

2

�
T0

gμB

�2
∂2nd

∂B2
. (7)

For nd < 1, c > 0. In addition, ∂2nd/∂B2 is also positive, as
shown by exact Bethe ansatz results [21]. This means that
the last term of Eq. (7), missed in Ref. [10] has the effect of
decreasing the results for cB reported as NRG ones in that work
(Figs. 6 and 8). This in turn means that in the Kondo regime
(−Ed � � and Ed + U � �) the disagreement between
NRG and the the perturbative approach of Ref. [9] increases
(Fig. 8 of Ref. [10]). Only well inside the intermediate valence
and weak coupling regime −0.75 < Ed/� < 0, U/� < 1.5,
the comparison might be good.

To estimate the effect of the correction, we have calculated
cB for U → ∞ in the slave-boson mean-field approximation
(SBMFA). This approach fulfills Fermi liquid properties [like
Eq. (1)] and is expected to be semiquantitatively valid at low
energies. In particular for large N and low temperatures it
compares very well with exact results [22]. In the SBMFA,
the solution of the Anderson model at T = 0 reduces to the
self-consistent solution of the following two equations for
the Lagrange multiplier λ and the width of the quasiparticle
spectral density �̃ [20]:

λ

�
= − 1

2π

�

σ

ln

�
�2
σ + �̃2

W 2

�
,

(8)
�̃

�
= 1 −

�

σ

ndσ ,

where
�σ = Ed + λ − σgμBB/2,

(9)

ndσ = 1

π
arctan

�
�̃

�σ

�
,

FIG. 1. Full line: coefficient of the magnetic field dependence of
the conductance [see Eq. (5)]. Dashed line: the same, including only
the first term in Eq. (7).

and −W is the bottom of the conduction band assumed
constant.

After solving the problem for B = 0, the derivatives
with respect to B are obtained solving a system of linear
equations, obtained differentiating Eqs. (8) and (9). The
resulting cB is represented in Fig. 1 as a function of the
occupation and compared with the result of the first term
of Eq. (7), which corresponds to that used in Ref. [10].
We have chosen W = 50�. With this choice nd = 0.99 for
Ed = −5.42� and nd = 0.5 for Ed = −2.21�. As expected,
both results coincide for nd → 1 and the first term of
Eq. (7) changes sign for nd = 0.5. Instead, the correct result
changes sign for nd � 0.61, corresponding to Ed � −2.7�,
and decreases strongly to negative values as 1 − nd (or Ed )
is further increased, moving to the intermediate valence
region.

In the Kondo regime, the perturbative approach of Ref. [9]
gives values of cB which lie above those given by the first
term of Eq. (7) (which would correspond to the dashed line of
Fig. 1 for large U ) [10]. This fact and the disagreement with
the temperature dependence of G suggest that the approach of
Muñoz, Bolech, and Kirchner [9], at least in its present form,
fails to correctly extend the results for the SIAM for general
values of Ed in the Kondo regime.
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Unveiling a crystalline topological insulator in a Weyl semimetal with time-reversal symmetry
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We consider a natural generalization of the lattice model for a periodic array of two layers, A and B, of
spinless electrons proposed by Fu [Phys. Rev. Lett. 106, 106802 (2011)] as a prototype for a crystalline insulator.
This model has time-reversal symmetry and broken inversion symmetry. We show that when the intralayer
next-nearest-neighbor hoppings ta

2 , a = A,B vanish, this model supports a Weyl semimetal phase for a wide
range of the remaining model parameters. When the effect of ta

2 is considered, topological crystalline insulating
phases take place within the Weyl semimetal one. By mapping to an effective Weyl Hamiltonian we derive some
analytical results for the phase diagram as well as for the structure of the nodes in the spectrum of the Weyl
semimetal.

DOI: 10.1103/PhysRevB.90.125101 PACS number(s): 73.20.At, 73.43.Nq

I. INTRODUCTION

In recent years, it has become clear that topology plays a
crucial role in classifying the phases of matter. The prelude
of this important conceptual development took place in the
’80s with the discovery of the quantum Hall effect in two-
dimensional electron gases in strong magnetic fields [1]. The
fact that a pure magnetic field is not crucial to get a topological
state in an electron lattice was later proposed by Haldane [2].
The recent advances were triggered by the theoretical proposal
and subsequent experimental observation of two-dimensional
(2D) topological insulators. These were originally regarded as
extensions of the quantum Hall effect to time-reversal invariant
systems which are subject to a strong spin-orbit interaction
[3–5]. Since then, a number of additional topological systems
were proposed, including three-dimensional (3D) topological
insulators [6,7], topological superconductors [8–16], topo-
logical crystalline insulators (TCI) [17,18], as well as Weyl
semimetals (WSM) [19–24].

The role of crystal point symmetries, usually present in
real solids, to characterize the topological properties of the
band structure was stressed in Ref. [17], where the concept of
“topological crystalline insulator” was introduced. These are
3D systems that have fourfold (C4) or sixfold (C6) rotational
symmetries and display topologically nontrivial insulating
phases with surface protected metallic states in high-symmetry
directions. Unlike other topological insulators, spin-orbit
coupling is not a crucial ingredient to drive the TCI phase. In
fact, this phase could take place even in a spinless system. A
prototypical model supporting the TCI phase was formulated
in Ref. [17] on the basis of a tight-binding Hamiltonian for
spinless electrons. The possible realization of the TCI phase
in the compound SnTe, as well as the compounds PbTe and
PbSe under pressure was discussed in Ref. [18]. Interestingly,
the possibility of realizing 2D Dirac fermions and the “parity
anomaly” in PbTe had been previously suggested in an early
work [25].

The underlying point group symmetry was also identified
as the main ingredient to stabilize other topological properties
like the type of dispersion relation around the nodes of Weyl
semimetals [20]. Unlike the topological insulators, which

have a gap in the spectrum, WSMs are characterized by
gapless points (Weyl nodes) in the Brillouin zone. Close to
the nodes, the effective Hamiltonian is that of a 3D Weyl
fermion [20,21]. The possibility of band touching only at
special points was already suggested in Ref. [26]. As stressed
in Ref. [22], the band touching at the nodes of these 3D
systems is possible when inversion symmetry or time reversal
symmetry is broken. The WSM phase provides the scenario
for several exotic phenomena, like the so-called chiral anomaly
in the presence of electric and magnetic fields [27], and the
existence of topologically protected surfaces and Fermi arcs
in slab configurations. In Ref. [22], a model with time-reversal
symmetry based on a tight-binding Hamiltonian, containing a
spin-orbit term but broken inversion symmetry was studied
as an example of a lattice model for a Weyl semimetal.
More recently, another model containing a WSM phase
with time-reversal symmetry was analyzed [23]. This model
is the tight-binding Hamiltonian with spin-orbit interaction,
proposed by Fu, Kane, and Mele [6] as a prototype for a
topological insulator. In Ref. [23], it was considered in a 3D
diamond lattice with the additional ingredient of a staggered
on-site potential to break the inversion symmetry and the
WSM is shown to take place in the middle of two topological
insulating phases.

In the present work, we show that a natural generalization of
the model introduced in Ref. [17] as a prototype of a TCI, has a
rich phase diagram, including also a WSM phase. Actually, we
show that the latter phase can be regarded as the mother phase
of the TCI one. This model has the symmetry that corresponds
to the space group P4mm and time-reversal symmetry. The point
group is C4v and therefore inversion symmetry is lacking. The
spin-orbit interaction is absent and the model has time-reversal
symmetry.

The paper is organized as follows. We present the model in
Sec. II. It consists in a tight-binding Hamiltonian for spinless
electrons with two layers and two orbitals per unit cell, very
similar to the one proposed by Fu in Ref. [17]. The features
of the band structure in the different expected phases are
summarized in Sec. III. In Sec. IV, we consider a limit of
the model where the in-plane next-nearest-neighbor hopping
parameters vanish. In this limit, the effective low-energy model
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is a generalized Weyl Hamiltonian, which can be exactly
solved. We find the phase diagram in this limit and analyze
the structure of the spectrum in the bulk as well as in a slab
configuration. We show that within a wide range of parameters
there exist a WSM phase with nodes in 3D and Fermi arcs in
the slab, as well as a normal insulating phase. In Section V
we analyze the role of the next-nearest-neighbor hopping
parameter and find that this ingredient drives TCI phases within
the WSM one. Finally, we present a summary in Sec. VI and
we discuss which materials are candidates to realize the present
model and phases.

II. MODEL

We consider a tight-binding model associated to two
orbitals dxz and dyz or px and py in a tetragonal lattice with
two atoms as in Ref. [17]. The ensuing Hamiltonian is

H =
�

l

�
HA

l + HB
l + HAB

l

�
, (1)

where l labels a couple of layers, A and B along the z

axis. The two layers are described by the Hamiltonians HA
l

and HB
l , respectively, while HAB

l describes the interlayer
hybridization terms. Explicitly, the terms in the ensuing
effective Hamiltonian read

Ha
l =

�

i,j

�

α,β

c†
a,α(ri ,l)t

a
α,β(ri − rj )ca,β(rj ,l), a = A,B

HAB
l =

�

i,j

�

α,β

t �α,β(ri − rj )[c†
A,α(ri ,l)cB,β(rj ,l) + H. c.]

+ t �z
�

i

�

α

[c†
A,α(ri ,l)c

†
B,α(ri ,l + 1) + H. c.]. (2)

The parameter taα,β(ri − rj ), a = A,B denotes the intraplane
hopping matrix element between the orbitals α and β localized
at the atomic positions ri and rj , with r = (x,y), on the plane.
Keeping hopping elements up to next-nearest neighbors (i,j )
leads to the following Fourier transform of H ,

H (k) =
�

HA(k) HAB(k)

HAB(k)† HB(k)

�
,

with

Ha(k) = 2ta1

�
cos kx 0

0 cos ky

�

+ 2ta2

�
cos kx cos ky sin kx sin ky

sin kx sin ky cos kx cos ky

�

and

HAB(k) = (t �1 + t �ze
ikz )

�
1 0

0 1

�

+ 2

�
t �2 cos kx + t ��2 cos ky 0

0 t �2 cos ky + t ��2 cos kx

�
.

The different hopping processes are indicated in Fig. 1. The
minimal model for a TCI considered in Ref. [17] corresponds
to t �2 = t ��2 . Notice that because of symmetry, the hopping

FIG. 1. (Color online) Sketch of a bilayer with planes A and B

indicating the intraplane and interplane hopping elements considered
in the model. The sign convention for the dxz and dyz (or px and
py) orbitals is also indicated. The circles in the plane A indicate the
possible presence of intermediate atoms with orbitals that hybridize
with the neighboring ones, renormalizing the hopping elements.

elements along the x and y directions are nonvanishing only
for hopping processes between the same type of orbitals.
For example, dxz and dyz (or px and py) orbitals at sites
with the same y coordinates, have opposite parities under a
reflection through the xz plane. The hopping elements t �2 and
t ��2 correspond to the hopping between dαz (or pα) orbitals
of different z planes aligned in the α direction or in the
perpendicular one respectively. In the general case, we expect
t �2 > t ��2 .

We show that for such case and other parameters close or
identical to those considered in Ref. [17], the present model
exhibits a WSM phase with Fermi arcs and Weyl nodes. A
crucial ingredient is that the signs of tA1 and tB1 are opposite.
This could happen if for example in the A plane, the effective
hopping between dαz orbitals is originated by a second-order
process through intermediate occupied pα orbitals of an atom
lying in the middle, as shown in Fig. 1 (a very usual case in
perovskites of transition metals and oxygen), while in the B

plane, the intermediate occupied orbitals are s instead of the
pα ones. Further discussion on this point is deferred to Sec. VI.

III. PHASES AND SPECTRAL PROPERTIES

The band structure of H (k) indicates the existence of three
possible phases in this model, depending on the ratio between
the different hopping elements.

A. Normal insulator

The normal insulator (NI) phase is characterized by a
spectrum with a gap in all the k = (kx,ky,kz) points of the
first 3D Brillouin zone as well as a spectrum with gap for a
slab configuration with N bilayers. An example is shown in
Fig. 2.
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ε(
k x ,k

y )

(0,0) (π,π) (π,0) (0,0)

FIG. 2. (Color online) Band structure of the slab with N = 40
bilayers in the NI phase. Parameters are tA

1 = 1 = −tB
1 = 1, tA

2 =
0.5 = −tB

2 , t �
1 = 3.5, t �

z = 2, t �
2 = 0.8, and t ��

2 = 0.1 States of the
surfaces are shown in thick magenta lines. States of the surfaces
with energies at the boundary of the gap are shown in thick magenta
lines.

B. Topological crystalline insulator

The topological crystalline insulator (TCI) phase is the one
introduced in Ref. [17]. It is also characterized by a gapped
spectrum in the bulk but metallic surface states along the
direction (001), which preserves C4 symmetry. These states
are doubly degenerate at the high-symmetry point M = (π,π )
of the square 2D projected Brillouin zone. An example is
shown in Fig. 3.

C. Weyl semimetal

The Weyl semimetal (WSM) phase is characterized by the
existence of nodes in the bulk spectrum, where two bands
touch each other. As stressed in Ref. [22], this phase exists
in systems with broken time-reversal symmetry or broken

-6

-4

-2

0

2

4

6

ε(
k x, k

y )

(0,0) (π,π) (π,0) (0,0)

FIG. 3. (Color online) Band structure of the slab N = 40 bilayers
in the TCI phase. Parameters are tA

1 = 1 = −tB
1 = 1, tA

2 = 0.5 =
−tB

2 , t �
1 = 2, t �

z = 2, t �
2 = 0.8, and t ��

2 = 0.1. States of the surfaces
with energies within or at the boundary of the bulk gap are shown in
thick lines. Magenta (dark grey) and turquoise (light grey) correspond
to states of each of the two surfaces of the slab.

-6

-4

-2

0

2

4

6

ε(
k x ,k

y )

(0,0) (π,π) (π,0) (0,0)

FIG. 4. (Color online) Band structure of the slab N = 40 bilayers
in the WSM phase. Parameters are tA

1 = 1 = −tB
1 = 1, tA

2 = 0.5 =
−tB

2 , t �
1 = 2.5, t �

z = 2, t �
2 = 0.8, and t ��

2 = 0.1. States of the surfaces
with energies within or at the boundary of the bulk gap are shown in
thick lines. Magenta (dark grey) and turquoise (light grey) correspond
to states of each of the two surfaces of the slab.

spacial inversion symmetry. The present model is formulated
for spinless electrons, thus time-reversal symmetry is trivially
preserved. However, spacial inversion symmetry is broken
along the z axis. In the present model, the nodes are points
located at the plane kz = 0 and kz = π of the 3D Brillouin
zone. These nodes appear in pairs and define vertices of
Dirac cones, in which neighborhood the dispersion relation
of the touching bands is, in general, linear. For nodes lying
on symmetry points, the dispersion can be also quadratic, as
discussed in the next section. This phase also support metallic
surfaces in the slab configuration. The projected Fermi surface
of these metallic state defines Fermi arcs on the 2D square
Brillouin zone, which connect the nodes of the bulk spectrum.
This feature will be further discussed in Sec. IV. An example
of the band structure in the slab is shown in Fig. 4. Metallic
surface states are clearly distinguished within the gap (see thick
lines in the figure). The existence of Fermi arcs are inferred by
simply counting the number of these surface states intersecting
the closed triangular path along the 2D projected Brillouin
zone P : {(0,0) → (π,π ) → (π,0) → (0,0)}, chosen to draw
the Fig. 4. For an energy close to zero within the bulk gap,
the number of states belonging to any of the two surfaces
of the slab intersects the path an odd number of times nF

(nF = 1 in the example of the Fig. 4). Hence, the Fermi surface
corresponding to the states of a given slab surface defines an
open arc connecting two Dirac cones of the bulk spectrum.
The two slab surfaces define arcs with different concavities.
Thus the joint states of the pair of slab surfaces define a closed
Fermi surface. Instead, within the TCI phase, nF is even for the
metallic surface states (see, for instance, Fig. 3 where nF = 2).
This is due to the fact that in the TCI phase, each slab surface
has states forming a closed Fermi surface.

IV. EFFECTIVE WEYL HAMILTONIAN FOR t A
2 = t B

2 = 0.

In order to identify the ingredients that define the nature
of the spectrum in the different phases, let us focus on
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the case with tA1 = −tB1 = t1 and in the case where the
terms proportional to tA2 ,tB2 vanish. The latter condition
is satisfied for any tA2 and tB2 if we focus on k-points
with (kx,ky) = (±π/2,π ),(π, ± π/2),(0, ± π/2),(±π/2,0).
Without such terms H (k) is blocked in two matrices, Hx(k) and
Hy(k) corresponding to the subspaces related to the dxz and dyz

(or px and py) orbitals, respectively. Hereafter, we will simply
label these orbitals with the index α = x,y, respectively. They
read

Hα(k) = gα
x σx + gα

y σy + gα
z σz, (3)

with α = x,y where σx,y,z are Pauli matrices, while

gα
x (k) = t �1 + t �z cos kz + 2(t �2 cos kα + t ��2 cos kα),

gα
y (k) = −t �z sin kz, (4)

gα
z (k) = 2t1 cos kα,

where we have introduced the notation x = y and y = x. The
Hamiltonian (3) would coincide with Weyl Hamiltonian if
gα

j = kj , with j = x,y,z. The eigenenergies of the Hamilto-
nians Hα(k) are

εα
±(k) = ±

��
gα

x

�2 +
�
gα

y

�2 +
�
gα

z

�2
. (5)

A. Nodes in the spectrum. Weyl semimetal

The Weyl semimetal phase takes place when the spectrum is
gapless for values K satisfying simultaneously gj (K) = 0. The
K points where the bands touch receive the name of nodes. We
can identify two different kind of nodes, which are described
below.

1. Nodes on symmetry points

We can easily identify four examples of such points. The
first one is K1 = (±π/2,π,π ). In that case, expressing k =
K1 + q and performing a Taylor expansion for small q, we
find

gx
x (K1 + q) = �1 − 2t �2qx + t ��2 q2

y ,

gx
y (K1 + q) = t �zqz, (6)

gx
z (K1 + q) = −2t1qx,

with �1 = t �1 − t �z − 2t ��2 . Hence εx
±(K1 + q) is gapless for

a combination of the hopping parameters t �1,t
�
z,t

��
2 satisfying

�1 = 0, instead ε
y
±(K1 + q) are gapped. The opposite situation

takes place for K�
1 = (π, ± π/2,π), in which case

gy
x (K�

1 + q) = �1 − 2t �2qy + t ��2 q2
x ,

gy
y (K�

1 + q) = t �zqz, (7)

gy
z (K�

1 + q) = −2t1qy.

Hence ε
y
±(K�

1 + q) is gapless for the combination of the
hopping parameters t �1,t

�
z,t

��
2 satisfying �1 = 0, while εx

±(K�
1 +

q) are gapped.
The second example corresponds to points close to K2 =

(±π/2,0,π). Performing a Taylor expansion of the coefficients

g around these points, we get

gx
x (K2 + q) = �2 − 2t �2qx − t ��2 q2

y ,

gx
y (K2 + q) = t �zqz, (8)

gx
z (K2 + q) = −2t1qx,

with �2 = t �1 − t �z + 2t ��2 . Hence εx
±(K2 + q) is gapless for

a combination of the hopping parameters t �1,t
�
z,t

��
2 satisfying

�2 = 0, while ε
y
±(K2 + q) are gapped. Similarly, the 90◦

rotated point K�
2 = (0, ± π/2,π ) corresponds to a gapless

point for the y bands when �2 = 0.
The third case corresponds to K3 = (±π/2,π,0). Close to

this point, the Taylor expansion casts

gx
x (K3 + q) = �3 − 2t �2qx + t ��2 q2

y ,

gx
y (K3 + q) = −t �zqz, (9)

gx
z (K3 + q) = −2t1qx,

with �3 = t �1 + t �z − 2t ��2 , which leads to gapless states in
εx
±(K3 + q) when �3 = 0, and gapped ε

y
±(K3 + q) bands.

Instead, the latter are gapless for K�
3 = (π, ± π/2,0), when

�3 = 0.
Similarly, a Taylor expansion around K4 = (±π/2,0,0)

casts

gx
x (K4 + q) = �4 − 2t �2qx − t ��2 q2

y ,

gx
y (K4 + q) = −t �zqz, (10)

gx
z (K4 + q) = −2t1qx,

with �4 = t �1 + t �z + 2t ��2 , implying gapless states in εx
±(K4 +

q) when �4 = 0, and gapped ε
y
±(K4 + q) bands. The latter

bands are gapless at K�
4 = (0, ± π/2,0), for �4 = 0.

The different gapless points define nodes in the spectrum
and are indicated in Fig. 5. For parameters leading to �j =
0, j = 1, . . . ,4, the system is in a Weyl semimetal phase
with metallic surfaces in a slab geometry and Fermi arcs.

ky

kx
kx

ky

π

π π

π

FIG. 5. (Color online) Nodes in the Weyl semimetal phase in the
(kx,ky) plane. (Left) Nodes for �j = 0. Circles correspond to �1 =
t �
1 − t �

z − 2t ��
2 = 0 for kz = π or �3 = t �

1 + t �
z − 2t ��

2 = 0 for kz = 0
(points with coordinates kx = ±π , ky = ±π are equivalent but they
are indicated for clarity). Squares correspond to �2 = t �

1 − t �
z + 2t ��

2 =
0 for kz = π , or �4 = t �

1 + t �
z + 2t ��

2 for kz = π or �4 = t �
1 + t �

z +
2t ��

2 = 0 for kz = 0. Dark (light) symbols correspond to the touching
of the bands with x (y) character. (Right) Nodes for �j �= 0. Each of
the nodes of the left panel splits into a pair of new nodes associated
to monopoles with positive (negative) charges, corresponding to dark
(white) symbols, respectively.
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Notice, however, that the effective Hamiltonian is not the
conventional Weyl Hamiltonian. Furthermore, the effective
dispersion relations εx

±(Kj + q) are linear in qz and qx while
they are quadratic in qy . Instead, for ε

y
±(K�

j + q), they are linear
in qz and qy while they are quadratic in qx . The latter peculiarity
is due to the fact that Kj , j = 1, . . . ,4 are invariant under
a reflection ky → −ky while K�

j , j = 1, . . . ,4, are invariant
under the operation kx → −kx . In Ref. [20], the possibility
of multiple Weyl points was proposed to take place in nodes
located at high symmetry points of the reciprocal lattice, which
remain invariant under operations of the Cn point group. In the
present case, we find that the inversion symmetry may cause
a more exotic scenario, with an anisotropic dispersion relation
changing from quadratic to linear depending on the direction.

2. Nodes away from high-symmetry points

For tA2 = tB2 = 0 and for sets of the remaining hopping
parameters that do not satisfy �j = 0, the spectrum can still
have nodes as long as �j /t ��2 < 0, j = 1,3 or �j /t ��2 > 0, j =
2,4. Such nodes can be actually regarded as splittings of the
nodes placed at the points Kj and K�

j described in the previous
section into pairs that displace along the symmetry lines. Hence
the number of nodes in this case is twice the number of nodes
for �j = 0.

To give a specific example, when �1 �= 0, with �1/t ��2 < 0,
the node at K1 splits in two new nodes at the positions K1,± =
(π/2, ± k1,π ), with k1 = | arccos[|�1/(2t ��2 )| − 1]|. The new
g parameters of the Weyl Hamiltonian are

gx
x (K1,± + q) = −2t �2[qx ∓ sin(k1)qy],

gx
y (K1,± + q) = t �zqz, (11)

gx
z (K1,± + q) = −2t1qx.

Interestingly, the effective Hamiltonian at the new nodes is
linear in q. This is a consequence of the fact that these nodes
lie at points which do not have any particular symmetry.

For the remaining points, a similar analysis can be made.
A sketch of the map of pairs of nodes is shown in Fig. 5.

B. Monopoles of the Weyl semimetal

One of the most interesting features associated to the Weyl
Hamiltonian is the underlying structure of monopoles associ-
ated to the nodes. This structure has remarkable consequences
in the electromagnetic response of these systems, as described
in Ref. [27]. The emergence of monopoles is associated to the
Berry curvature. The latter is the vector field

�(q) = ∇q × A(q), (12)

where

A(q) = i��−(q)|∇q|�−(q)� (13)

is the Berry connection [28,29]. The ket |�−(q)� corresponds
to the ground state of the Weyl Hamiltonian. For a linear
relation between g and q, the field � corresponds to a
monopole at the origin q = 0, corresponding to a charge
density ρ(q)) = sg{J }δ3(q), with [23,24,30]

J = Det

�
∂(gx

x ,gx
y ,gx

z )

∂(qx,qy,qz)

�
. (14)

It can be verified by explicitly computing J , that the charges
of each of the pairs Kj,± and K�

j,± are opposite. In fact, it is
easy to see that J ∝ ∓ sin(kj ). Hence the limit �j = 0 where
the pairs merge into the nodes Kj and K�

j corresponds to the
annihilation of the two opposite charges of the pairs of nodes.

C. Fermi arcs of the Weyl semimetal

Another remarkable characteristic of the Weyl semimetal
phase is the existence of Fermi arcs when the model is
considered in a slab configuration. As stressed in previous
works [22,23], the arcs extend on the projected 2D Fermi
surface, connecting nodes of the bulk spectrum. In Fig. 6, we
illustrate the Fermi arcs showing examples of map plots in
the slab corresponding to Fermi energies close to zero for a
value of t ��2 > 0. The upper panel corresponds to a particular set

FIG. 6. (Color online) Map of the low-energy sector of the band
of the slab within the WSM phase with t ��

2 > 0. (Top) tA
1 = 1 =

−tB
1 = 1, tA

2 = −tB
2 = 0, t �

1 = 2.5, t �
z = 2, t �

2 = 0.8, and t ��
2 = 0.1,

i.e., parameters satisfying 0 < t �
z < t �

1 < t �
z + 2t ��

2 . (Bottom) t �
1 = 1

and other parameters like in the top panel (notice that in this case
0 < t �

1 < t �
z). Only the first quadrant of the Brillouin zone is shown.
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of parameters in the region 0 < t �z < t �1 < t �z + 2t ��2 , for which
�1 < 0. For these parameters, the nodes of the bulk are placed
in positions like the ones indicated with circles in Fig. 5. One
arc of the Fermi surface of the slab extends from one of these
nodes, say (π/2,k1) to the node (π/2, − k1) (equivalent to
the former by reflection symmetry) passing through (π/2,π),
see Fig. 6. The other arc shown in the figure is obtained
by reflection through the line kx = ky . For t �z = t �1, the node
depicted with the dark circle evolving from the right of the
first quadrant by increasing t �z coincides with the white circle
evolving from above at (π/2,π/2), while for t �z > t �1 the circles
of the Fig. 5 move to (kx,ky) coordinates similar to those of
the square symbols of that figure. The Fermi surfaces, thus,
cross at (π/2,π/2) as indicated in the lower panel of Fig. 6.

D. Gapped spectrum. Normal insulator

The analysis of Secs. IV A to IV C reveals the existence
of a Weyl semimetal (WSM) phase for a wide range of
parameters t �1,t

�
z,t

��
2 , provided that tA1 = −tB1 and tA2 = tB2 = 0,

and irrespectively of the value of t �2. For a given t ��2 , this phase
extends in the t �1, t �z plane from parameters consistent with
�j = 0, in which case the nodes lye at symmetry points (see
the left panel of Fig. 5), along a wide region where these nodes
split into pairs and displace along the different symmetry axis
(like in the right panel of Fig. 5). Nodes from different pairs
cross one another at the points (±π/2, ± π/2) and continue
their vertical or horizontal displacements, provided that the
conditions �j /t ��2 < 0,j = 1,3 and �j /t ��2 > 0,j = 2,4 are
satisfied. For parameters that do not satisfy this condition,
the spectrum is gapped for every k and the system becomes
a normal insulator. The boundaries separating the WSM and
NI phases are defined by the lines |t �1| = |2|t ��2 | + t �z|. The full
phase diagram is shown in Fig. 7.

V. PHASE DIAGRAM FOR t A
2 = −t B

2 �= 0

The phase diagram for tA2 = tB2 = 0 under the only con-
dition tA1 = −tB1 was analyzed in the previous section and it

-4 -2 0 2 4
t’z/t’’2

-6

-4

-2

0

2

4

6

t’ 1/t’
’ 2

NI

WSM

NI

FIG. 7. (Color online) Phase diagram for tA
2 = −tB

2 = 0. NI and
WSM denote, respectively, normal insulating phase and Weyl
semimetal phase.

0 0.5 1 1.5 2 2.5
|tz’|

0

1

2

3

|t 1’|

NI

TCI
WSM

TCI

FIG. 8. (Color online) Phase diagram for tA
2 = −tB

2 = t2 = 0.8,
tA
1 = −tB

1 = 1, t �
2 = 0.8, and t ��

2 = 0.1. NI, TI, and WSM denote,
respectively, normal insulating phase, topological insulator, and Weyl
semimetal phase.

is shown in Fig. 7. The boundary between the WSM and NI
phases could be calculated analytically in that case. We now
turn to analyze the phase diagram for finite tA2 = −tB2 = t2 �= 0
on the basis of numerical calculations. In particular, we have
solved the Hamiltonian in the bulk as well as in the slab and
analyzed the structure of the spectrum. As mentioned in Sec. III
the WSM phase is identified by nodes in the bulk spectrum.
In addition, the number 2nF of intersections of the Fermi
surface with energy close to zero with the path P : {(0,0) →
(π,π) → (π,0) → (0,0)} in the slab spectrum has nF odd.
Instead the CTI phase has gapped bulk spectrum and even nF .
As shown in Fig. 8, switching on this parameter brings about
a much richer phase diagram including topological crystalline
insulating (CTI) phases for parameters t �1,t

�
z within the WSM

phase for t2 = 0. The nature of this topological insulator is
precisely the one discussed in Ref. [17] corresponds to a
particular case of these phases. Within these regions, there
exist surface states protected by the point symmetry like the
ones shown in Fig. 3. The WSM phase has nF = 1, (nF = 3)
for |t �1| > |t �z| (|t �1| < |t �z|). The thinner TCI phase close to
|t �1| = |t �z| has nF = 2, while the other TCI phase has nF = 4.

VI. SUMMARY AND DISCUSSION

We have studied the spectral properties of a tight-binding
model for spinless electrons in a double-layer 3D structure
with two type of orbitals per unit cell. This model is similar
to that considered by Fu in Ref. [17] as a prototype for a
crystalline topological insulator. We have introduced a natural
generalization for the interlayer hopping parameters that
properly takes into account the symmetry properties of the two
orbitals involved. We have shown that in the limit where the
intralayer next-nearest-neighbor hopping parameters vanish
the low-energy spectrum can be effectively described by a
generalized Weyl Hamiltonian. That model could be analyti-
cally solved, and we found that a Weyl semimetal phase takes
place for a wide range of parameters. We then showed that
the topological crystalline insulating phase proposed by Fu,
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emerges when the intralayer next-nearest-neighbor hopping is
switched on.

In conclusion, we have shown that the complete phase
diagram of the model is very rich, containing Weyl semimetal
as well as normal insulating and crystalline insulating phases.
Unlike most of the Weyl semimetal phases analyzed in the
literature, the present one does not rely nor on spin orbit
interaction neither on external magnetic fields. The spin
actually does not play any role in driving the different phases
of the present model.

A crucial ingredient leading to the description in terms
of the underlying effective Weyl Hamiltonian seems to be a
different relative sign in the two intralayer nearest-neighbor
hopping parameters tA1 and tB1 . To finalize, we would like to
comment on the scenario where such change in the sign of
the hopping ta1 , a = A,B could take place. To this end, let us
first notice that, using the sign convention of Sec. II, the direct
hopping between dαz (or pα) orbitals along the α direction
is always positive. However, if an intermediate atomic orbital
exist (like the circles in the sketch of Fig. 1) the sign could
change, depending on the symmetry and the state of charge

of the latter. A typical example can be found in planes of
perovskites, in which case the effective hopping ta1 between
dαz orbitals is originated by the hybridization (named tpd ) of
these orbitals with intermediate pα ones. As a consequence,
the effective hopping between neighboring dαz is ta1 = t2

pd/�,
where � is the charge-transfer energy between the dαz and
the intermediate pα orbital. Hence, if the intermediate orbitals
are empty, the effective hopping ta1 is negative, while it is
positive otherwise. If the intermediate orbitals were s, the
sign of ta1 would be, instead, negative or positive, depending
on whether the intermediate orbital is empty or occupied.
Therefore different physical situations can exist in which the
effective hopping ta1 has opposite sign in the two layers.
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Promoción Cientı́fica y Técnica of Argentina, and Universidad
de Buenos Aires, Ciencia y Tecnica, Argentina. L.A. thanks
Ruben Weht for many stimulating discussions as well the
hospitality of CNEA Constituyentes.

[1] K. Von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett. 45,
494 (1980).

[2] F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[3] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005);

,95, 226801 (2005).
[4] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science 314,

1757 (2006).
[5] M. König, S. Wiedmann, C. Bruene, A. Roth, H. Buhmann,

L. W. Molenkamp, X. L. Qi, and S. C. Zhang, Science 318, 766
(2007).

[6] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).

[7] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).

[8] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
[9] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma, Phys.

Rev. Lett. 104, 040502 (2010).
[10] J. Alicea, Phys. Rev. B 81, 125318 (2010).
[11] Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett. 105,

177002 (2010).
[12] F. Zhang, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 111,

056402 (2013).
[13] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M.

Bakkers, and L. P. Kouwenhoven, Science 336, 1003 (2012).
[14] A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and H.

Shtrikman, Nat. Phys. 8, 887 (2012).
[15] M. T. Deng, C. Yu, G. Huang, M. Larsson, P. Caroff, and H. Q.

Xu, Nanoletters 12, 6414 (2012).

[16] L. P. Rokhinson, X. Liu, and J. K. Furdyna, Nat. Phys. 8, 795
(2012).

[17] L. Fu, Phys. Rev. Lett. 106, 106802 (2011).
[18] T. H. Hsieh, H. Lin, J. Liu, W. Duan, A. Bansil, and L. Fu, Nat.

Commun. 3, 1969 (2012).
[19] L. Balents, Physics 4, 36 (2011); G. B. Halasz and L. Balents,

Phys. Rev. B 85, 035103 (2012).
[20] C. Fang, M. J. Gilbert, X. Dai, and B. A. Bernevig, Phys. Rev.

Lett 108, 266802 (2012).
[21] X. Wan, A. Vishwanath, and S. Y. Savrasov, Phys. Rev. Lett.

108, 146601 (2012).
[22] T. Ojanen, Phys. Rev. B 87, 245112 (2013).
[23] R. Okugawa and S. Murakami, Phys. Rev. B 89, 235315

(2014).
[24] S. Murakami, New J. Phys. 9, 356 (2007).
[25] E. Fradkin, E. Dagotto, and D. Boyanovsky, Phys. Rev. Lett. 57,

2967 (1986).
[26] A. A. Abrikosov and S. D. Beneslavskii, JETP 32, 699 (1971).
[27] S. A. Parameswaran, T. Grover, D. A. Abanin, D. A. Pesin,

and A. Vishwanath, arXiv:1306.1234 [Phys. Rev. X (to be
published)].

[28] V. Volovik, The Universe in a Liquid Droplet (Oxford University
Press, Oxford, 2009).

[29] Shun-Qing Shen, Topological Insulators: Dirac Equation
in Condensed Matters (Springer-Verlag, Berlin, Heidelberg,
2012).

[30] S. M. Young, S. Zaheer, J. C. Y. Teo, C. L. Kane, E. J. Mele,
and A. M. Rappe, Phys. Rev. Lett. 108, 140405 (2012).

125101-7

149



J Low Temp Phys
DOI 10.1007/s10909-014-1218-1

Geometrical Confinement Effects in Layered
Mesoscopic Vortex Matter

N. R. Cejas Bolecek · M. I. Dolz · A. Kolton ·
H. Pastoriza · C. J. van der Beek · M. Konczykowski ·
M. Menghini · G. Nieva · Y. Fasano

Received: 15 August 2014 / Accepted: 21 August 2014
© Springer Science+Business Media New York 2014

Abstract We study the geometrical confinement effect in Bi2Sr2CaCu2O8+δ meso-
scopic vortex matter with edge-to-surface ratio of 7–12 %. Samples have in-plane
square and circular edges, 30 µm widths, and ∼2 µm thickness. Direct vortex imaging
reveals the compact planes of the structure align with the sample edge by introducing
topological defects. The defect density is larger for circular than for square edges.
Molecular dynamics simulations suggest that this density is not an out-of-equilibrium
property but rather determined by the geometrical confinement.

Keywords Vortex matter · Mesoscopic physics · Layered superconductors

1 Introduction

Understanding the confinement effects introduced by sample geometry is crucial for
characterizing the static and dynamic properties of mesoscopic vortex matter. This
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subject was actively investigated for low-temperature superconductors with dimen-
sions comparable or smaller than coherence length or penetration depth, λ [1–6].
Mesoscopic vortex matter in these materials has structural properties strongly influ-
enced by the geometry of the specimens [3], in contrast with results in macroscopic
samples for several compounds [7–10]. Confinement effects are in competition with
inter–vortex interaction that increases with field and temperature. Materials with an
important electronic anisotropy such as layered high-Tc’s have a quite large value of
λ and then inter–vortex interactions become more relevant.

Due to the technical difficulties in fabricating micron-sized samples of layered
high-Tc’s complex oxides, there are only few works in the literature investigating the
effect of confinement in vortex matter nucleated for these materials [11]. In this work,
we study this issue in the paradigmatic Bi2Sr2CaCu2O8+δ compound that presents a
rich vortex phase diagram governed by thermal fluctuations and extremely anisotropic
magnetic properties. In this compound, the phase diagram of macroscopic as well as
mesoscopic [21] vortex matter is dominated by a first-order transition [12,13] between
a solid phase at low temperatures and a liquid [14] or decoupled gas [15,16] of pancake
vortices at high temperatures. The vortex solid phase of macroscopic samples presents
quasi long-range positional order [17].

Here, we report on the structural properties of the mesoscopic vortex solid nucle-
ated in Bi2Sr2CaCu2O8+δ at low fields and with single-vortex resolution. We study
both, experimentally and with simulations, the effect of confinement and inter–vortex
interactions for samples with square and circular edges.

2 Methods

We engineered micron-sized superconducting samples from bulk Bi2Sr2CaCu2O8+δ

crystals (Tc = 89 K). We fabricated circular and square samples with typical dimen-
sions of 30 µm by means of optical lithography and subsequent physical ion-milling
of the negative of the samples [18]. Freestanding 2-µm-thick disks and cuboids are
obtained after cleaving the towers resulting from milling.

We directly imaged the solid vortex phase with single-vortex resolution by means
of magnetic decoration experiments performed at 4.2 K after field cooling [19]. In
these experiments, the evaporated magnetic nanoparticles land on the sample surface
at the places where the gradient of local inductance is maximum, therefore, decorating
the vortex positions. The imaged structure corresponds to the vortex solid frozen at
the temperature at which pinning sets in, Tfreez ∼ Tirr [7], of the order of 87–83 K for
the low fields studied here [20]. Decreasing the sample size down to microns does not
significantly affect the value of Tirr [21].

We also performed molecular dynamics simulations of interacting rigid three-
dimensional vortices in order to compare with the experimentally observed vortex
matter [22]. We studied the case of 30 µm diameter disks and focused on the density
of topological defects when varying the simulation cooling rate.
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Fig. 1 Magnetic decoration images of the mesoscopic vortex matter nucleated in field-cooling processes
in micron-sized Bi2Sr2CaCu2O8+δ samples. a Disk with 30 µm diameter and b cuboid with 30 µm sides
length, all samples with 2 µm thickness. Magnetic decorations were performed at 4.2 K and at applied
fields of 20 (left panel) and 40 Oe (right panel). The scale-bar corresponds to 10 µm (Color figure online)

3 Results and Discussion

Figure 1 shows snapshots of the mesoscopic vortex structure nucleated in the disk and
cuboid Bi2Sr2CaCu2O8+δ samples after field cooling down to 4.2 K at applied fields
of 20 and 40 Oe. The local induction calculated as the number of vortices times the
flux quantum yields B ∼0.75 H, a reduction due to demagnetizing effects (aspect ratio
of the disks and cuboids of ∼15). The direction of the compact planes of the vortex
structure in micron-sized specimens is affected by the confinement effect introduced
by the edges of the samples, particularly in the case of the outer shells of vortices. This
finding is in contrast to observations in macroscopic samples where the compact planes
are not in register with the edges [7]. The alignment is more evident in the Delaunay
triangulations of Fig. 2, a well-known geometrical algorithm that determines the first
neighbors for every vortex in the structure [17]. First-neighbors vortices are bounded
with lines, and non-sixfold coordinated ones are highlighted in gray. In the case of the
cuboid samples, irrespective of the vortex number (447 or 1092), one of the compact
planes of the structure is parallel to the sample edge. For the disks, only a few outer
shells of vortices mimic the sample edges, and the shell number depends inversely on
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Fig. 2 Delaunay triangulations of the mesoscopic vortex matter shown in Fig. 1. Disclinations are high-
lighted in gray; sixfold (non-sixfold)-coordinated vortices are indicated in blue (red). The scale-bar corre-
sponds to 10µm (Color figure online)

the vortex density. Towards the center of the sample, a rather ordered vortex crystallite
is formed without influence of the edges on the direction of the compact planes. The
transition between the orientation of the outer and inner shells is done via the plastic
deformations entailed by topological defects.

For the vortex structure studied here, these topological defects are generally discli-
nations, namely vortices with five or seven first neighbors, and pairs of them or screw-
dislocations associated to an extra plane of vortices. For example, isolated dislocations
are observed in the middle of the vortex structure nucleated in the cuboid at an applied
field of 40 Oe. The density of non-sixfold coordinated vortices, ρdef , strongly depends
on the local induction. In the case of macroscopic Bi2Sr2CaCu2O8+δ vortex mat-
ter, ρdef decreases exponentially on increasing field and saturates around 2 % for
B > 20 Gauss, see Fig. 3a. This is due to the enhancement of inter–vortex interaction
with increasing B. This magnitude follows the same field-evolution for mesoscopic
vortex matter but is at least 50 % larger than for bulk samples. In addition, ρdef is
always larger in disks than in cuboids for roughly the same vortex density. This can
be explained by considering that aligning a compact plane of vortices with the edges
of a cuboid does not imply to change the orientational order of the structure, whereas
in order to do so in a disk, the vortex planes have to bend.
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Fig. 3 Density of topological defects (non-sixfold coordinated vortices) in mesoscopic and macroscopic
Bi2Sr2CaCu2O8+δ vortex matter. a Experimental data as a function of applied field for the mesoscopic vor-
tex structures nucleated in macroscopic vortex matter, the 30 µm disk and cuboid, and results of simulations
for large cooling times. b Results from molecular dynamics simulations as a function of the simulations
cooling time (in thousands of steps of simulations) for the 30 µm disk and B = 15 Gauss (Color figure
online)

In the case of macroscopic samples, the structure observed by means of field-cooling
decorations at 4.2 K, and therefore its ρdef , is quite close to the equilibrium [17]. The
possibility of the increase on the ρdef on decreasing the system size being an out-
of-equilibrium phenomena cannot be discarded. In order to study this, we performed
molecular dynamics simulations of the mesoscopic vortex matter nucleated in a 30
µm disk with a vortex density corresponding to 15 Gauss. In particular, we performed
tests on the dependence of ρdef with the cooling rate, inversely proportional to the
time allowed to the system to relax. First, we performed simulations in a macroscopic
sample in order to find the pinning magnitude that has to be considered to reproduce
the observed ρdef . Then we used this pinning magnitude to perform simulations in
micron-sized samples. The results of ρdef as a function of the cooling rate, see Fig. 3b,
indicate that the observed experimental values correspond to the case of large cooling
times.

Therefore, we can ascertain that the amount of topological defects observed exper-
imentally in micron-sized samples is not an out-of-equilibrium feature and that the
observed structure is quite close to the equilibrium. This finding allows the estimation
of the excess energy induced by confinement effects in micron-sized samples. In the
case of bulk samples, the mean value of the inter–vortex interaction energy distribution
is slightly shifted upward with respect to the value for a perfect Abrikosov lattice with
the same vortex density [10]. Since after a field-cooling process, vortices are close to
equilibrium, this shifting can only be accounted by the effect of bulk pinning [10]. This
energy can be expressed, by unit length, as < εint >b − εAbr = εb

p, where b stands for
the bulk sample and < εint > is the mean value of the inter–vortex interaction energy
distribution, εAbr the value of the inter–vortex interaction energy in a perfect Abrikosov
lattice (a delta-function), and εp the pinning energy. In the case of mesoscopic vortex
matter, an extra term enters into the energy-balance, namely the confinement energy
εconf and therefore < εint >meso − εAbr = εmeso

p +εconf , where meso refers to the case
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of mesoscopic vortex matter and the energies are denoted similarly as in the previous
case. Assuming that the pinning magnitude is the same irrespective of the sample size,
then the excess energy due to confinement is εconf =< εmeso

int > − < εb
int >.

The inter–vortex interaction energy per unit length depends on the inter-vortex
distances ri j , and for a vortex i has a value εi

int = ∑
j 2ε0 K0(ri j/λ), with the sum

over neighbor vortices j , ε0 ∝ λ−2 the vortex line tension, and K0 the zeroth-order
modified Bessel function. In real cases, this magnitude is spatially inhomogeneous
due to the elastic and plastic deformations of the structure, and therefore there is a
distribution of εi

int with an almost Gaussian shape [10]. Only in the case of an ideal
Abrikosov lattice, this magnitude is space invariant, and its distribution is a delta
function. We have performed inter-vortex energy-distribution calculations in vortex
structures observed by magnetic decoration in the macroscopic samples from which
the disks and cuboids were engineered. We also performed the same calculations in
the mesoscopic vortex matter nucleated in the disks and cuboids at both applied fields.
Irrespective of the field, the mean values of < εmeso

int > are always larger than in
the case of macroscopic vortex matter, what can be reasonably ascribed to the extra
deformations introduced by the larger amount of topological defects nucleated in the
micron-sized samples. In accordance with this reasoning, the < εint >meso value is
always larger for the structure nucleated in the disks than in the cuboids by a 6–9 %
on increasing field. The relative excess confinement energy that measures the impact
of surface-to-volume effects, δe = εcon f / < εmeso

int >, is in the case of disks equal to
0.08 (0.01), larger(similar) than in the case of cuboids, 0.06 (0.01) for B = 15(30)

Gauss within an error of 0.01.

4 Conclusions

The edges of the samples do produce a geometrical confinement effect in mesoscopic
vortex matter made evident by the orientation of the outer shells of vortices with
compact planes parallel to the edges what produces a concomitant increase of the
density of topological defects. By means of molecular dynamics simulations, we show
that the density of defects found experimentally is not an out-of-equilibrium feature
but rather the effect introduced by geometrical confinement. By means of differences
in the mean value of the inter–vortex interaction of the mesoscopic and macroscopic
vortex structures, we are able to quantify the confinement energy per unit length. We
find that this energy is just 0.11 − 0.13ε0, slightly larger for the case of disks than for
the cuboid geometries.
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In the presence of a circularly polarized mid-infrared radiation graphene develops dynamical band gaps in its
quasienergy band structure and becomes a Floquet insulator. Here, we analyze how topologically protected edge
states arise inside these gaps in the presence of an edge. Our results show that the gap appearing at ��/2, where
�� is the photon energy, is bridged by two chiral edge states whose propagation direction is set by the direction
of the polarization of the radiation field. Therefore, both the propagation direction and the energy window where
the states appear can be controlled externally. We present both analytical and numerical calculations that fully
characterize these states. This is complemented by simple topological arguments that account for them and by
numerical calculations for the case of the semi-infinite sample, thereby eliminating finite-size effects.

DOI: 10.1103/PhysRevB.90.115423 PACS number(s): 73.22.Pr, 73.20.At, 72.80.Vp, 78.67.−n

I. INTRODUCTION

Graphene is an extraordinary material with unusual electri-
cal [1,2], mechanical, thermal [3] and optical properties [4].
However, probably one of the most desirable but still missing
properties is the presence of topologically protected states such
as those found in topological insulators (TIs) [5–7]. Although
one of the pioneering works that propelled the whole field of
TIs was based on Dirac fermions in graphene [5], the spin-orbit
coupling turns out to be too weak for a topological phase to
be observed. Since the number of known materials behaving
as TIs is limited, bringing these properties to carbon-based
materials [8] with the addition of a full-fledged tunability may
enormously expand their prospects.

Manipulating the electronic structure of matter by coupling
electrons and photons into entangled states has been a subject
of intense activity for many years. In the present context,
harnessing light-matter interaction [9,10] may offer a wealth
of novel phenomena [11–14], such as Floquet-Majorana
modes [15–18], or may allow the manipulation of Dirac
points [19,20]. Furthermore, time-dependent driving may
provide for unexpected ways of turning a normal material
into a special topological insulator [21–24], also called a
Floquet topological insulator (FTI) [22,25–27]. The interest
in these novel nonequilibrium phases of topological order is
increasing [28–31] not only in condensed matter [32–34] and
cold atoms [35–37] but also from a more general point of view
as a new classification may be needed [27,38,39].

First, one would need to open up a gap in the material’s bulk,
and then one should check for the presence of topological edge
states. Laser-induced bandgaps were predicted to occur for
Dirac fermions under a circularly polarized laser [21,40–43]
in a feasible range of parameters [mid-infrared range (MIR)]
that is polarization tunable [44,45]. Two recent experiments
have added new thrill to this area from different perspectives:
The first is the realization of a FTI in a hexagonal lattice crafted
in a photonic crystal [46]; the second one is the observation
of a polarization-tunable band structure at the surface of a
topological insulator through angle-resolved photoemission
spectroscopy (ARPES) [47]. This last experiment showed the
emergence of the dynamical gaps by using circularly polarized
light in the MIR.

Here, we extend on our recent proposal for achieving
Floquet chiral edge states in graphene through laser illumi-
nation [48]. Previously, we showed that a carefully tuned
circularly polarized laser may introduce a bulk dynamical
band gap at half the photon energy [44] (a scheme of the
bulk dispersion is shown in Fig. 1) while keeping propagating
states through the edges of a zigzag ribbon [48]. Interestingly,
these Floquet edge states turn out to be chiral. Many important
fundamental and technical aspects, however, remained. The
search for Floquet topological states may benefit from more
accurate and diverse experimental proposals [49]. Here, we
provide a detailed analytical derivation which is complemented
by a simple discussion of the topological character of the bulk
bands. The topological analysis provides hints for predicting
the fate of these states when disorder is included. Moreover,
the role of different types of ribbon terminations and the
band structure of a semi-infinite sample are also addressed
numerically. The latter eliminates finite-size effects and allows
direct verification of the strengths and limits of the topological
analysis.

II. IRRADIATED GRAPHENE: BULK PROPERTIES

In the presence of electromagnetic radiation, the electronic
states of bulk graphene close to the Dirac point are described
by the following time-dependent Hamiltonian:

Ĥ(t) = vF σ ·
�

p + e

c
A(t)

�
, (1)

where vF � 106 m/s denotes the Fermi velocity, σ = (σx,σy)
are the Pauli matrices describing the pseudospin degree of
freedom, e is the absolute value of the electron charge, c

is the speed of light, and A(t) = Re{A0e
i�t } is the vector

potential of the electromagnetic field (incident perpendicular
to the graphene sheet). We consider the circularly polarized
case, where A0 = A0(x̂ + i ŷ), and assume that the laser spot
is much larger than the system size in order to neglect any
spatial dependence. The choice of circular rather than linear
polarization is a subtle but important one: In contrast to
linear polarization, circular polarization breaks time-reversal
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FIG. 1. (Color online) (a) Scheme of a bulk graphene sheet
being illuminated by a laser (perpendicular to the graphene plane).
(b) Scheme showing how the Dirac cone is being modified by the
laser. The opening of dynamical gaps at ±��/2 is evident. The bands
shown in this scheme are weighted on the m = 0 Floquet channel;
that is, these bands are the ones contributing to the dc density of
states.

symmetry and allows for nontrivial topological properties
[21,27] and Floquet chiral edge states [48].

A. Floquet theory

For what follows, it is instructive to briefly introduce the
basic ideas of the Floquet formalism [50,51] used to deal with
time-dependent periodic Hamiltonians (for more extensive
general reviews we refer to Refs. [52,53]; in the context
of graphene a shorter account of this technique is given in
Ref. [8]).

Floquet theorem guarantees the existence of a set of solu-
tions of the time-dependent Schrödinger equation of the form
|ψα(t)� = exp(−iεαt/�)|φα(t)�, where |φα(t)� has the same
time periodicity as the Hamiltonian, |φα(t + T )� = |φα(t)�,
with T = 2π/� [50,52,54]. The Floquet states |φα� are the
solutions of the equation

ĤF |φα(t)� = εα|φα(t)� , (2)

where ĤF = Ĥ − i� ∂
∂t

is the Floquet Hamiltonian and εα is
the quasienergy.

Using the fact that the Floquet eigenfunctions are periodic
in time, it is customary to introduce an extended R ⊗ T space,
where R is the usual Hilbert space and T is the space of
periodic functions with period T . In this space, also called

Floquet or Sambe space [51], we can define the inner product

��φα(t)|φβ(t)�� = 1

T

� T

0
�φα(t)|φβ(t)� dt , (3)

from which it is easy to show that ĤF is a Hermitian operator.
This implies that ��φα|φβ�� = δαβ for any pair of eigenvectors.
However, it is important to note that while |φ(n)

α � = ein�t |φα�,
which is also a solution of Eq. (2) with quasienergy ε(n)

α =
εα + n�ω for an arbitrary integer n, and |φα� are orthogonal
in R ⊗ T (for n �= 0),

��φα(t)|φ(n)
α (t)�� = δn0 , (4)

they correspond to the same physical state. Namely,

|ψα(t)� = e−iεα t/�|φα(t)� = e−iε(n)
α t/�|φ(n)

α �. (5)

Therefore, all nonequivalent physical states are restricted to a
quasienergy window of �� around any given quasienergy εα

[the so-called Floquet zone (FZ)]. Of course, we can still use
an “extended FZ” picture as in the more usual case of Bloch
band states; we use that picture in the following sections as it
is better suited to a physical interpretation of the results.

The Floquet eigenfunctions, when restricted to a given FZ,
satisfy the following orthogonality and closure relations in R
for a fixed time t :

�φα(t)|φβ(t)� = δαβ , (6)

�

α

|φα(t)��φα(t)| = I . (7)

A convenient basis of R ⊗ T can be built from the product
of an arbitrary basis of R (the eigenfunctions of the time-
independent part of the Hamiltonian, for instance) and the set
of orthonormal functions eim�t , with m = 0,±1, ±2, . . . , that
span T . Then,

|φα(t)� =
∞�

m=−∞
|uα

m� eim�t , (8)

or, in vector notation in R ⊗ T ,

|φα� = {. . . ,|uα
1 �,|uα

0 �,|uα
−1�, . . .}T . (9)

Written in this basis, ĤF is a time-independent infinite matrix
operator H̃∞

F with Floquet replicas shifted by a diagonal term
m�� and coupled by the radiation field with the condition for
pure harmonic potentials, �m = ±1,

H̃∞
F =

⎛
⎜⎜⎜⎜⎜⎜⎝

⋱ ⋮ ⋮ ⋮ ⋮ ⋰⋯ vF p · σ + 2��I vF e
2c

A0σ− 0 0 ⋯⋯ vF e
2c

A0σ+ vF p · σ + ��I vF e
2c

A0σ− 0 ⋯⋯ 0 vF e
2c

A0σ+ vF p · σ vF e
2c

A0σ− ⋯⋯ 0 0 vF e
2c

A0σ+ vF p · σ − ��I ⋯⋰ ⋮ ⋮ ⋮ ⋮ ⋱

⎞
⎟⎟⎟⎟⎟⎟⎠

. (10)

Here, σ± = (σx ± iσy). Thus, Eq. (2) becomes a time-
independent eigenvalue problem.

Since we are interested in the Floquet spectrum around
the dynamical gap, that is, ε ∼ ��/2, we restrict the Floquet
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Hamiltonian to the m = 0 and m = 1 subspaces (or replicas)
for the analytical calculations; the numerical results can retain
a larger number (NFR) of replicas. As we will show, this restric-
tion is enough to get the main features of the energy dispersion
and the Floquet states. The reduced Floquet Hamiltonian
describing states close to the K point of graphene’s Brillouin
zone then corresponds to the central blocks of Eq. (10),

H̃F =
�

vF p · σ + ��I vF e
2c

A0σ−
vF e
2c

A0σ+ vF p · σ

�
. (11)

In the notation of Eq. (9), the Floquet equation H̃F |φ� = ε|φ�
involves finding a four-component wave function

φ(r) = {[u1A(r),u1B(r)],[u0A(r),u0B(r)]}T, (12)

where each component umi(r) refers to the m = 0,1 subspace
and the i = A,B of the lattice site; we include the square
brackets in the notation to emphasize the spinor character of
the wave function of each replica.

B. The bulk states

The Floquet states in a bulk graphene sheet have been
discussed in several works for both linear [55] and circular
polarization [21]. They are the starting point for our study of
the formation of laser-induced band gaps and the emergence
of nontrivial topological properties, and for the sake of
completeness, we present here a simple derivation.

Due to the translational invariance the wave function takes
the form

φkα(r) = eik·r��ukα
1A,ukα

1B

�
,
�
ukα

0A,ukα
0B

��T
, (13)

where the index α denotes the four solutions of the Floquet
Hamiltonian

H̃F =

⎛
⎜⎜⎜⎝

��
2 �vF k− 0 0

�vF k+ ��
2

vF e
c

A0 0

0 vF e
c

A0 −��
2 �vF k−

0 0 �vF k+ −��
2

⎞
⎟⎟⎟⎠ + ��

2
I, (14)

with energies εkα and k± = kx ± iky . For A0 = 0 the
Hamiltonian H̃F has four eigenenergies: ±�vF k and �� ±
�vF k. Two of these eigenstates, �� − �vF k and �vF k, become
degenerate at k = k0 = �/2vF , where the quasienergy value
is ��/2. A finite amplitude A0 of the radiation mixes these
two states, generating an anticrossing and opening a gap [56].
By introducing Eq. (13) into the Floquet equation, one can find
the ukα

mi coefficients. In this case, however, it is convenient to
further reduce the problem by solving the eigenvalue equation
in the subspace of the two degenerate branches. The Floquet
quasienergies of these branches near the degeneracy point are
then given by

εk± = ��

2
(1 + μ±), μ± = ±

��
1 − k

k0

�2

+ η2, (15)

where

η = evF A0

c��
(16)

is the dimensionless parameter controlling the transition from
the weak- to the strong-coupling regime; we will always

FIG. 2. (Color online) Scheme of the Floquet bands with m =
−1,0,1 as used for the calculation of the number of chiral edge states
hosted within each gap. The column on the right indicates the number
�N of chiral edges states at each crossing of the m = 0 replica.

consider the case η � 1 so the perturbative approach remains
valid (the strong-coupling regime was considered recently
for a linearly polarized laser [57]). The dynamical gap is
η�� = evF A0/c. The resulting dispersion of the Floquet
quasienergies is shown in Fig. 2.

Finally, the time-dependent solutions of the Schrödinger
equation are

ψk±(r,t) = e−iεk±t/�eik·r 1√
2A

�
− sin (ϕ±

k /2)

�
eiθk

−1

�
ei�t

+ cos (ϕ±
k /2)

�
eiθk

1

��
. (17)

Here, A is the area of the graphene sheet, θk is the angle formed
by k and the x axis, and

tan ϕ±
k = η

k0

k − k0
. (18)

The instantaneous expectation values of the velocity operator,
v = vF σ , evaluated in these states are

�v��k± = vF cos ϕ±
k = vF

k0 − k

k0 μ±
,

�v⊥�k± = vF sin ϕ±
k sin �t = −vF

η

μ±
sin �t, (19)

with v� and v⊥ being the velocity components parallel and
perpendicular to the wave vector k, respectively. The time-
averaged velocity is

��v���k± = vF cos ϕ±
k ,

��v⊥��k± = 0. (20)

One can verify that ��v��k± = (1/�)∇kεk± as expected from the
Hellmann-Feynman theorem [51]. The eigenstates in Eq. (17)
then propagate (on average) in the direction of the wave vector
k. One can also verify that �σz�k± = sin ϕ±

k cos �t , so that the
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pseudospin is precessing around the k̂ axis with frequency �,

�σ �k± = cos ϕ±
k k̂ + sin ϕ±

k (sin �t ẑ × k̂ + cos �t ẑ). (21)

The amplitude of the oscillation is maximum at k = k0, where
the states do not propagate (��v���k± = 0).

C. Topological character of the Floquet bands

While the description of the topological character of the
energy bands for a time-independent system is a mature field,
discussions of driven systems in this context began much more
recently [21–23,27,58]. Here, we present a simple analysis
highlighting the main features of interest for our discussion of
Floquet chiral edge states. This analysis of the bulk properties
allows us to infer the existence of robust edge states such as
the ones obtained analytically and numerically in the following
sections.

To calculate the number of states inside a given Floquet gap
one needs to look at the Chern numbers of the entire Floquet
spectrum [27]. The Chern number of each Floquet band Cn

gives the difference between the number of chiral states above
and below the band [7,27], while the sum of all the Chern
numbers below a given band gives the number of chiral states
above it. A proper calculation of Cn requires, in principle,
taking into account all replicas, or at least the O(D/��)
replicas that overlap in the region of the gap of interest, where
D is graphene’s bandwidth, since only in that case is the
Floquet spectrum actually gapped. The main contribution to Cn

comes from the region in k space where anticrossings between
replicas occur (see the Appendix). While in a time-independent
problem there is no distinction between the contributions
to Cn coming from different regions in k space, we argue
in the following that in Floquet space there is a hierarchy
of contributions and thus a hierarchy of edge states. This
hierarchy is based on the weight of the Floquet band on a
given subspace, say the one with m = 0, which is determined
by the parameter η. The reason for this is that the calculation
of the dc properties of the system, such as the time-averaged
density of states, implies a projection on one replica.

We start by truncating the Floquet Hamiltonian and consider
the Floquet channels with m = −1,0,1. Then, the unperturbed
spectrum projected on a given k direction looks like the one
represented in Fig. 2. Switching on the radiation opens band
gaps at the crossings located at the Dirac point and ±��/2.
To infer the topological properties of these bands one could do
either a numerical calculation of the Chern numbers for the full
band structure (in the tight-binding model) or an approximate
calculation, as outlined below.

For the approximate calculation one needs (see the
Appendix for more details) (i) to isolate each crossing where
a band gap opens, (ii) to obtain an effective Hamiltonian at
each of those points [a 2 × 2 matrix of the form Heff

F (k,ν) =
hν(k) · σ , with ν = ±1 being the valley index], and (iii) to
compute from it the contribution to the Chern number at each
crossing (and sum over the two valleys), assuming that the
associated Berry curvature decays fast enough away from
them (similar to what is done with bilayer graphene where
one defines a valley Chern number [59]).

Let us start analyzing what happens to the Dirac point
(k ∼ 0) in the m = 0 replica (this region is marked with a

rectangle in Fig. 2). A virtual photon process (absorption and
then reemission of one photon and vice versa) originates a
gap [21,44], which is of second order in the electron-photon
coupling. In the large frequency limit, the effective
Hamiltonian has hν(k) = �vF (kx,νky,ν η eA0/�c). This
effective Hamiltonian describes the stroboscopic evolution
of the system at each period T = 2π/�, just as if we had a
time-independent system [23]. The contribution to the Chern
number from each valley is 1/2 (taking the limit η → 0 at
the end of the calculation), and since these contributions
have the same sign, we get a total of 1. Note that to get an
integer number one needs to sum up the contributions from
each valley, just as in Haldane’s model [60] but this time in
Floquet space [32]. Also, it should be kept in mind that this is
a contribution of +1 to the Chern number of the Floquet band
that is right below zero quasienergy. The band just above zero
gets a contribution of −1.

The calculation around ��/2 is more subtle since it
involves a first-order process in η (circle in Fig. 2). We
start by considering the truncated Floquet Hamiltonian of
Eq. (14). As before, to simplify the analysis even more
it is convenient to consider only the subspace of the two
degenerate branches with m = 0 and m = 1. The effective
Floquet Hamiltonian has h(k) = �vF [(k − k0) k̂ − k0η ζ̂ k],
with ζ̂ k = sin θk θ̂ k + cos θk ẑ, which gives a contribution of
−2 (−1 for each valley) to the Chern number of the Floquet
band below ��/2. Adding this to the contribution coming
from the region around k ∼ 0, we get a total contribution to
the Chern number arising from these anticrossings of −3. We
conclude that there should be a difference of 3 in the chirality
of the edge states [7,27] appearing at the dynamical and the
Dirac point gaps. Extending this procedure to all the Floquet
bands in Fig. 2, we conclude that two edge states are expected
to emerge at the dynamical gap (twice those at the smaller gap
at the Dirac cone) with an O(1) weight on the m = 0 subspace.

Notice that the different signs of these contributions to
the Chern number imply that the propagation direction of
the associated edge states is also the opposite. This can also
be appreciated in Fig. 7, where the dispersion weighted on the
m = 0 channel for a semi-infinite graphene sheet is shown; one
distinguishes two states propagating to the left at the dynamical
gap and one to the right close to the Dirac point. Given that
the dynamical gaps are linear in the laser strength, they are the
best candidates for an experimental observation (indeed, the
recent observation at the surface of a topological insulator [47]
highlights the dynamical gaps).

A more careful inspection of Fig. 2 shows that there are also
other crossings taking place at zero energy and at ��: the ones
marked with triangles in Fig. 2. The situation in these cases is
similar: laser-induced band gaps emerge close to those points
and turn out to host Floquet chiral edge states. But this is not
the whole picture as the number of crossing points with zero
energy grows with the number of replicas considered when
truncating the Floquet Hamiltonian; (a similar situation occurs
for energies close to ��/2). Although this may seem irrelevant
since those gaps turn out to be smaller and smaller (higher order
in the radiation strength), an important question is whether
this reduction of the gap in the overall quasienergy spectrum
effectively limits the range where topological properties are
expected and, equally important, if it somehow weakens
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the topological protection. We argue that those ever-smaller
anticrossings do not give a significant contribution to the
time-averaged quantities, provided that the electron-radiation
coupling is small, η � 1. The main point is that those higher-
order states have a parametrically smaller weight (of order
ηδm) on the m = 0 channel and therefore do not contribute
to the time-averaged density of states; δm is the difference
in the Floquet index of the two coupled replicas that leads
to the high-order gap. Indeed, this can be appreciated (for
the ��/2 gap) in Fig. 8, where we show a very fine detail
close to the dynamical gap; a more detailed discussion is
given in Sec. IV B. We therefore propose to use the m = 0
Floquet-projected Chern number for our purposes.

In the next section we will pursue a different path to
explicitly determine these states, their propagation velocity,
and the decay length.

III. FLOQUET TOPOLOGICAL STATES IN ZIGZAG
EDGES: ANALYTICAL SOLUTION

In this section, we present an analytical solution for the edge
states near the dynamical gap by retaining only the m = 0
and m = 1 subspaces. While some particular cases of this
solution [see Eqs. (30) and (38) below] have been presented
in Ref. [48], here, we discuss the solution for the full range of
parameters and provide more details about its properties, such
as the energy dispersion, velocity, and chirality of the edge
states for both Dirac cones; in particular we analytically prove
that both cones give rise to states with the same chirality. We
also comment on a shortcoming of our solution at the end of
this section.

To obtain analytical expressions for the Floquet edge states
within the dynamical gap, we consider a semi-infinite graphene
sheet with a zigzag termination. Translational invariance along
the edge (y axis) implies that umi(r) ∝ eikyy . Since we are
interested in Floquet states that are localized near the edge, we
look for solutions of the form exp(κx), with κ = ikx + q and
kx ,q ∈ Re. If we take the semi-infinite sheet to be restricted to
the x > 0 region, the physical solution corresponds to q < 0;
we will keep track of both signs, however, for reasons that will
became clear later on.

The boundary condition at the edge of the graphene sheet
requires the wave function to vanish at one of the lattice sites,
say, umB(x = 0) = 0, which, in turn, requires us to combine
solutions with ±kx . After a tedious but straightforward algebra
we find that the solutions have the form

umi(r) = C eikyyeqxQmi(x) , (22)

with

Q1A(x) = −
�

1 + 4η2 − μ2

1 + μ
sin (kxx + θk) ,

Q1B(x) = i
�

1 − μ sin(kxx) ,

Q0A(x) = ±i
�

1 + μ sin(kxx + ϕk) ,

Q0B(x) = ∓
�

1 + μ sin(kxx) , (23)

where C is a normalization constant and

eiϕk = ky − q + ikx

|ky − q + ikx |
, eiθk = ky + q + ikx

|ky + q + ikx |
. (24)

The exponential decay of the wave function towards the bulk
of the graphene sheet is set by

q = ∓eA0

2�c

�
1 − μ

1 + μ
. (25)

If we recall that the amplitude of the electric field is E0 =
�A0/c, the prefactor in Eq. (25) defines half the inverse of the
characteristic length

ξ = ��

eE0
. (26)

Hence, the spatial profile of the Floquet topological edge
states has a characteristic distance that is independent of
graphene’s microscopic parameters. This is consistent with
the expectation that ξ must be proportional to �vF divided
by the gap, ξ ∼ �vF /(evF A0/c) = �c/eA0. The cancella-
tion of vF is a consequence of the linear dispersion of
graphene.

The oscillating part of the wave function towards the bulk
of the sample is given by

kx =
�

ε2

(�vF )2
− (ky − q)2 = k0

�
1 + μ

1 − μ

�
1 − μ2

�2
, (27)

where � = η/
�

1 + η2 [��� is the bulk energy gap when
calculated with the full 4 × 4 matrix of Eq. (14)]. The
corresponding energy dispersion ε(ky) is obtained from the
solution of the following equation:

μ(1 + μ) − η2(1 − μ) ∓ η ky/k0

�
1 − μ2 = 0 , (28)

which gives two solutions inside the dynamical gap with a
real value for kx . We denote these two solutions as φA

K,∓(r) to
emphasize they correspond to a given Dirac cone K and to an
edge that ends in A atoms; recall, however, that for the chosen
x > 0 region the physical solution corresponds to q < 0. The
general solution of Eq. (28) can be written in an analytical
form, but the expression is rather involved to present here.
However, close to the middle of the dynamical gap, one can
approximate the solution as

ε̄ = ε

��
≈ (1 + 2η2)

2(1 + η2)
± η

2(1 + η2)

ky

k0
. (29)

This a linear dispersion, corresponding to massless edge states
with a constant velocity (see below).

For ε = ��/2 the solution has a particularly simple form
since in that case ky = q = −1/2ξ , kx = k0, and the wave
function becomes

ψA
K,−(r,t) = e−iy/2ξ e−x/2ξ (2ξLy)−

1
2

×
��− cos k0x + 2η sin k0x

i sin k0x

�
ei�t

+
�

i cos k0x

− sin k0x

��
, (30)
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where we introduced the sample length Ly in the y direction
(assumed to have periodic boundary conditions). Note that the
oscillation in the direction perpendicular to the edge does not
depend on A0 but on the frequency, k0 = �/2vF , and that there
are many periods in the decay length as 2k0ξ = 1/η � 1.

For the case of a nanoribbon, we can use this approach
to calculate the edge states on the other side of the sample
provided the width W � ξ . In that case, we look for a solution
such that ũmA(x = W ) = 0. If we define x̃ = x − W < 0, we
then require an exponential decay exp(q̃x̃) < 1. Hence, the
physical solution corresponds to q̃ > 0, which is consistent
with the previous solution; nevertheless, we track both signs
of q̃ as before. Following the same procedure, we obtain

ũmi(r) = C � eikyyeq̃x̃Q̃mi(x̃), (31)

with

Q̃1A(x̃) =
�

1 − μ sin(kxx̃) ,

Q̃1B(x̃) = −i
�

1 − μ sin (kxx̃ − θk) ,

Q̃0A(x̃) = ±i
�

1 + μ sin(kxx̃) ,

Q̃0B(x̃) = ∓
�

1 + 4η2 − μ2

1 − μ
sin(kxx̃ − ϕk), (32)

and

q̃ = ± 1

2ξ

�
1 + μ

1 − μ
. (33)

Interesting enough, for a given energy, the decay is different
from the one obtained on the other edge (for a single Dirac
cone); in particular,

qq̃ = − 1

4ξ 2
. (34)

In addition,

kx = k0

�
1 − μ

1 + μ

�
1 − μ2

�2
, (35)

while the energy dispersion is obtained from

− μ(1 − μ) − η2(1 + μ) ∓ η ky/k0

�
1 − μ2 = 0. (36)

Note that this solution can be obtained from the previous one
by changing μ → −μ. Following the previous notation, we
denote the corresponding wave function as φB

K,±(r). Near the
middle of the dynamical gap,

ε̄ ≈ 1

2(1 + η2)
∓ η

2(1 + η2)

ky

k0
, (37)

which again corresponds to massless excitations. Figure 3(a)
shows the Floquet quasienergy dispersion for both solutions,
q < 0 (red solid line) and q̃ > 0 (blue dashed line), for η =
0.25, a large value to emphasize the symmetries. The symmetry
of the spectrum around ��/2 is apparent from Fig. 3(a).
The two branches cross at ky/k0 = −η. A comparison with
a numerical solution of a tight-binding model with a larger
number of replicas is presented in the next section (Fig. 4).
The excellent agreement shows that our solution correctly
describes the system for small values of η.
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0.55

0.6

0.65
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ky/k0

-1 -0.5 0 0.5 1

ky/k0

ψA
K−

ψB
K+

ψA
K +

ψB
K −

(a) (b)

FIG. 3. (Color online) Quasienergy dispersion of the edge states,
ε̄ = ε/��, for the (a) K and (b) K � Dirac cones and η = 0.25. The
vertical and horizontal dashed lines indicate the position of the Dirac
cone and the center of the dynamical gap, respectively. The red solid
line corresponds to the edge states on a given side of a wide W � ξ

ribbon, while the blue dashed line corresponds to the opposite side.
Note that the velocity is positive for the former and negative for the
latter.

For ε = ��/2 we get ky = −q̃ = −1/2ξ , kx = k0, and the
wave function becomes

ψB
K,+(r,t) = e−iy/2ξ ex̃/2ξ 1�

2ξLy

��
i sin k0x̃

− cos k0x̃

�
ei�t

+
�

sin k0x̃

− cos k0x̃ − 2η sin k0x̃

��
. (38)

The average velocity of the edge states can be readily
obtained from the relation v = (1/�)∂ε/∂ky or, equivalently,
by explicitly calculating the average value of the velocity
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ε̄

ky/k0

0

0.2
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0.8

1

FIG. 4. (Color online) Comparison of the tight-binding
quasienergy dispersion (small dots) projected onto the m = 0
subspace (weight given by the color scale), with the analytical
expression (blue open circles) for h� = 0.3γ0 and z = 10−3. The
tight-binding data were obtained by numerically solving the Floquet
equation with NFR = 4 (see main text) and M = 1000 transverse
sites.
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operator vF ��σy��. It is clear from Fig. 3 that the edge states
belonging to opposite sides of a finite sample, φA

K,−(r) and
φB

K,+(r), have opposite velocities. This can be seen explicitly
by examining Eqs. (29) and (37), from which we find that the
velocities are given by

vA
K,− = −vB

K,+ = η

1 + η2
vF (39)

near the middle of the gap.
The edge states coming from the other Dirac cone

K � can be obtained from the ones of the K cone if
we write the four-component wave function as φK �(r) =
{[−ū1B(r),ū1A(r)],[−ū0B(r),ū0A(r)]}T; such rearrangement
is equivalent to applying the operator −iσyτ0 to the usual four-
component wave function. In that case, the form of the Hamil-
tonian for both cones is the same, and the physical solutions are
φA

K �,−(r) = −iσyτ0φ
B
K,−(r) and φB

K �,+(r) = −iσyτ0φ
A
K,+(r);

here, the reason we kept both signs in the previous calculation
becomes clear. The corresponding quasienergy dispersion is
shown in Fig. 3(b). This implies that

vA
K �,− = vB

K,− , vB
K �,+ = vA

K,+ . (40)

Hence, the velocities of the two edge states on a given side
of the sample, say, φA

K,−(r) and φA
K �,−(r), have the same sign.

That is, there are two chiral edge states on each side of the
sample.

Before ending this section it is important to mention a subtle
issue regarding the normalization of the wave functions (6).
In the notation of Eq. (8), the normalization condition implies
that

∞�

m=−∞
�uα

m|uβ
m+n� = δn0δαβ (41)

for any integer n. This relation is satisfied by the eigenvectors
of H̃∞

F but not necessarily by the ones of the truncated Floquet
Hamiltonian H̃F (with any finite number of replicas). This is
the case for the solutions shown in Eqs. (22) and (31), except
for the important case of ε = ��/2 [Eqs. (30) and (38)]. That
is, the solutions in the m = 0 and m = 1 subspaces are not
orthogonal in real space (�u1|u0� �= 0), so the normalization
condition is only satisfied on average and not at all times.
While this is a drawback of our solutions or any other solution
obtained with a finite number of replicas, it could, in principle,
be solved by expanding the solution in powers of the small
parameter η and incorporating the different orders coming
from the different replicas perturbatively. Indeed, if we expand
the solutions (22) and (31) to linear order in η, we can verify
that they are correctly normalized at any time to that order. In
any case, one can always compare the approximate analytical
solutions with the numerical ones with many replicas, in order
to check the validity of the former. We do precisely this in the
following section.

IV. ATOMISTIC DESCRIPTION FOR
LASER-ILLUMINATED GRAPHENE

In this section we obtain numerical results for the
quasienergy spectrum and the Floquet states using a tight-
binding model for laser-illuminated graphene. Our numerical
results compare well with the analytical expressions obtained

in the previous section based on the continuum low-energy
model. Moreover, we also explore the laser-induced edge states
in (i) ribbons with terminations other than zigzag and (ii) a
semi-infinite graphene sheet.

An atomistic model for a graphene sheet illuminated by a
laser field can be obtained by using a tight-binding Hamilto-
nian to describe the electrons near the Fermi energy [61,62],

Hg =
�

i

�i c
†
i ci −

�

�i,j�
[γij c

†
i cj + H.c.] . (42)

Here, c
†
i and ci are the electronic creation and annihilation

operators at the π orbital on site i, with energy �i , and
γij is the nearest-neighbor carbon-carbon hopping matrix
element, taken to be equal to γ0 = 2.7 eV [63]. The effect
of the laser is described through a time-dependent electric
field E(t) [21,41,42]. We choose a gauge such that E(t) =
−(1/c) ∂ A/∂t , where A is the vector potential. In this way,
the time dependence of the Hamiltonian enters only through
the hopping matrix elements, which acquire a time-dependent
phase [21,45,64],

γij = γ0 exp

�
i
2π

�0

� rj

r i

A(t) · d�

�
, (43)

where �0 is the magnetic flux quantum.
By using Floquet theory [53,65–67] as described before,

one can compute the Floquet spectrum. Once again, one ends
up with a time-independent problem in an expanded space.
In this case one can picture it as tight-binding problem in
a multichannel system where each channel represents the
graphene sheet with a different number of photons [8,50,64].
The Floquet Hamiltonian has the same structure as in
Eq. (10), where the Dirac Hamiltonian is replaced by Hg

and the coupling between replicas is changed accordingly.
It is worth mentioning that in the tight-binding method the
time-dependent perturbation is never purely harmonic given
the exponential dependence of Eq. (43) on the radiation
field amplitude. Hence, there is a coupling among all the
replicas [64] and not just those with �m = ±1; nevertheless,
for η � 1, only the latter are relevant. The results of the
continuous model are recovered if the dimensionless parameter
z = 2πaccA0/�0 is much smaller than unity [68]. Here, acc

is the carbon-carbon distance. In terms of this parameter, the
relevant magnitudes can be written as η = (3γ0/2��)z and
ξ = acc/z.

A. Comparison between analytical and numerical
results for a finite ribbon

The tight-binding model can be solved for a ribbon of finite
width (M is the number of transverse sites) or for a semi-
infinite sheet. We deal with the former case in this section. To
this end we obtain the Floquet spectrum and the corresponding
wave functions by numerical diagonalization of the Floquet
Hamiltonian on the Bloch basis,

H̃k
gF = H̃uc

gF + V eikyd + V †e−ikyd . (44)

Here, H̃uc
gF is the Floquet Hamiltonian corresponding to one

unit cell (transverse layer), V is the hopping matrix between
unit cells, d is the distance between them, and ky is the Bloch
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FIG. 5. (Color online) Comparison of the squared modulus of a
numerically obtained wave function (symbols) projected onto the
m = 0 subspace with the analytical expression (solid and dashed
lines). The empty circles (empty squares) correspond to the numerical
results for the A sites (B sites), while the analytical expressions are
shown with solid and dashed lines, respectively. These results were
computed for a laser with h� = 0.3γ0 and z = 0.01. The plotted
wave functions correspond to the two branches with ε ∼ 0.15γ0 and
NF = 4.

wave vector along the ribbon. The size of this matrix is M ×
NFR, which imposes a limitation on both size M and number
of Floquet replicas NFR; we typically used M � 2000 and
NFR � 6.

A comparison of the results, which includes the m = 2,1,

0,−1 replicas (NFR = 4), with the analytical solution is shown
in Fig. 4 for a finite-width zigzag ribbon (M = 1000 transverse
sites). The agreement is very good in the entire gap, despite
the fact that the tight-binding calculation shows signatures of
trigonal warping for the chosen energies.

Figure 5 shows a comparison of the wave function for
ε = 0.1503γ0 obtained with the tight-binding method and the
analytical result [Eqs. (30) and (38)] for a 212-nm-wide ribbon;
the other parameters are indicated in the caption. Each panel
corresponds to one of the two branches of a given Dirac cone.
Note that they are located at opposite sides of the ribbon.

Besides zigzag ribbons we have also tested the emergence
of laser-induced edge states for other ribbon terminations.
Figure 6 shows a few typical cases: armchair ribbons [Fig. 6(b)]
and zigzag nanoribbons with Klein edges [69] [Fig. 6(c)] and
cove edges [70] [Fig. 6(d)]. The case of a zigzag ribbon is also
shown for comparison in Fig. 6(a). In all cases laser-induced
edge states bridging the dynamical gap do emerge. In contrast,
the smallness of the gap at the Dirac point and the finite system
size conspire against the formation of the edge states at the
Dirac point, which are hardly developed for the parameters
used in Fig. 6. Moreover, one can observe that the quasienergy
dispersion of the laser-induced edge states close to the Dirac
point is much more sensitive to the edge type. While for zigzag
and zigzag-like edges [Figs. 6(a), 6(c), and 6(d)] the laser
slightly bends the naturally occurring flat bands, for armchair
edges the bands crossing at the Dirac point remain while the

FIG. 6. (Color online) Quasienergy spectrum for different ribbon
terminations: (a) zigzag, (b) armchair, (c) zigzag with Klein edges,
and (d) zigzag with cove edges. The color scale indicates the weight
contributing to the average density of states. In the calculation the
ribbons are illuminated with circularly polarized light with �� =
0.8γ0 and z = 0.04; (a), (c), and (d) have ribbons with W = 31.95 nm,
while (b) has W = 31.48 nm. All calculations include the Floquet
replicas between n = −2 and n = +2. The laser-induced states
bridging the bulk dynamical gap are evident, while those at the Dirac
point are barely developed.

others move away from the Dirac point, thereby forming the
bulk gap.

B. Laser-induced edge states in a semi-infinite graphene sheet

For the semi-infinite case we use the recursive Green’s
function method to obtain the local Floquet-Green’s functions
near the edge of a very wide ribbon (M ≈ 220–225 and, even-
tually, a large NFR). Namely, we calculate G0

jj (ε + i0+,k) =
�j,0|[(ε + i0+)I − H̃k

gF ]−1|j,0�, where |j,0� represents the
state on the j -transverse site on the m = 0 replica. This
is an extremely efficient method that allows us to obtain,
among other quantities, the time-averaged local spectral
function [21,42]

ρjj (ε,k) = − 1

π
Im

�
G0

jj (ε + i0+,k)
�
. (45)

This way, we can visualize the quasienergy dispersion by
plotting the density of states near the edge,

ρedge(ε,k) =
�

j<r

ρjj (ε,k) , (46)

where r is chosen to satisfy r � ξ/acc in order to capture the
total weight of the edge states.

Figure 7 present the results for �� = 3γ0 and z = 0.5,
which corresponds to ξ = 2acc (so we took r = 50). Here,
we used very large parameters for the radiation fields that
are unrealistic for graphene but that allow us to make a few
important points: (a) there is only one chiral edge state in each
valley that bridges the dynamical gap as we are looking at
one edge of a semi-infinite sheet; (b) there is a single edge
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FIG. 7. (Color online) Color map of the averaged local density of
states ρedge(ε,k) projected onto several sites near the edge of the semi-
infinite sheet, r = 50, as a function of ky and ε. Here, �� = 3γ0, z =
0.5, a =

√
3acc, and NFR = 5. The appearance of edge states bridging

the gaps is apparent. Notice that the two states at the dynamical gap
have chirality opposite the one appearing inside the gap developed at
the Dirac point.

state at the Dirac point with the opposite chirality (∂ε/∂ky is
negative at the dynamical gap and positive at the Dirac point).
The extended dark areas on the plot correspond to the bulk
states; normalization of the color scale is done for presentation
purposes only.

In contrast to the finite-size case, where one has to tune
the parameters of the radiation field so that ξ is several times
smaller than the ribbon width or the edge channels mix and
split [48], the Green’s function method imposes essentially no
limit to the radiation intensity. This is shown in Fig. 8(a),
where we plot ρedge(ε,k) for a realistic mid-infrared field
in graphene: �� = 0.05γ0 (135 meV), z = 2.8 × 10−3. We
included here a large number of replicas, NFR = 16, although
there is essentially no difference in the results if we use, say,
NFR = 6 (not shown). The large energy span allows us to see
both the gap at ��/2 and that at the Dirac point. The latter is
narrower, and the corresponding edge state is less developed.
In particular, near ky = 0, the mixing with the m = ±1 replicas
is strong enough to completely blur it, becoming more clearly
resolved only beyond ky = 2k0, where the above-mentioned
replicas have no states (the mixing with higher-order replicas
is not discernible on this scale). This is yet another indication
of the weakness of the edge state at the Dirac point compared
with the ones that occur at the dynamical gap.

A closer view of the dynamical gap (��/2) is shown
in Fig. 8(b). The absence of finite-size effects allows for a
clear development of the edge states, in agreement with the
analytical results (indicated by the open dots).

At this point it is worth mentioning a subtle point that
is usually overlooked when discussing Floquet edge states:
the effect of the mixing with high-order replicas (m � 2 and
m � −1) on the edge state that occurs inside the first-order
dynamical gap. This effect is barely visible for the realistic
parameters used in Fig. 8, but a close-up allows u to detect
such anomalies: Fig. 8(c) shows the development of a second
generation gap with additional edge states. The appearance of a
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FIG. 8. (Color online) Color map of ρedge(ε,k) for a realistic set of
radiation parameters. The color scale is set for visualization purposes.
(a) Large energy span showing both the dynamical ��/2 gap (�1 ∼
η��) and the Dirac point gap with the corresponding edge states.
(b) Close-up of the ��/2 gap; dots correspond to the analytical
solution. (c) Further close-up near the middle of the first-order gap
showing the emergence of a second-generation gap (�2 ∼ η3��)
and the corresponding edge states. Note that the energy (momentum)
scale is reduced (enlarged). Inside this gap there are three additional
states; one of them leads to an anticrossing with the first-order edge
state.

hierarchy of “gaps” deserves some clarification. The first-order
gap (�1 ∼ η��) arises from the mixing of the m = 0 and
m = 1 replicas. As we have shown in the previous section,
it contains one edge state (per valley). As the next-order
replicas are included, m = −1 and m = 2, the first-order
gap is partially filled, and a second-generation gap develops
inside it of order �2 ∼ η3��. In this case, the first-order
edge state acquires some broadening [Fig. 8(c)] and, related
to this, a parametrically small extended component of the
wave function. In addition, three additional edge states appear
inside the second-generation gap, giving a total of four edge
states. This scheme continues upon adding more and more
replicas, leading to a further reduction of the actual gap of
the Floquet spectrum. While in the continuous Dirac-like
approximation [Eq. (10)] there is never a true gap, there are
always higher-order replicas that contribute to the density
of states at any quasienergy, and thus, close it, in the tight-
binding model there is always a gap since replicas with
δm � O(D/��) do not overlap [27]. Here, D is the bandwidth
of graphene. The actual energy gap in the tight-binding
model, however, is much smaller than the first-order gap of
Eq. (15), roughly ηD/����. It is only inside this latter gap that
true topologically protected states exist. Nevertheless, when
η � 1, the contribution to ρedge(ε,k) decays exponentially
with the number of replicas, so that the average density of
states is dominated by the first-order effect, as shown in
Fig. 8. If we are interested in dc properties, such as dc
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currents, the average density is what matters for identifying the
dominant contributions.

While the high-order edge states are beyond the scope
of the present work since they are not relevant for realistic
implementations in graphene (a detailed analysis will be
presented elsewhere), we would like to briefly mention the
following. The number of edge states N appearing inside
a given gap depends on the number of Floquet replicas
considered in the calculation. The rule is (for a given
valley)

N =
�

i

|δmi |, (47)

where δmi is the difference of the Floquet indexes of the
pairs of replicas that become degenerated at the dynamical
gap, leading to a high-order gap of order η|δmi |, and i runs
over the replicas retained. For instance, the first generation
gap contains 1 = |1 − 0| edge states, the second one contains
4 = |1 − 0| + |2 − (−1)|, the third contains 9 = |1 − 0| +
|2 − (−1)| + |3 − (−2)|, and so on; we have checked this for
the mentioned generations. This result is valid as long as the
continuum approximation remains a good description of the
band and can be obtained by constructing an effective 2 × 2
Hamiltonian that describes the crossing between each pair of
replicas (see the Appendix). Notice that δmi also corresponds
to the number of photon processes involved. What we would
like to stress is that while this number of edge states is what
a calculation of the Chern number would give, converging
only when O(D/��) replicas are retained, only the first-order
state gives a significant contribution to the averaged density of
states. Hence, caution should be taken when deducing transport
properties from the Chern numbers of the Floquet Hamiltonian
alone.

V. SUMMARY AND CONCLUSIONS

We focused on the emergence of Floquet edge states in
irradiated graphene by using complementary approaches: a
simple analysis of the topological character of the bulk Floquet
bands based on a continuum model, an explicit analytical
solution for the states developing at the dynamical gaps, and
numerical calculations. The topological arguments contain a
discussion of a few novel aspects: (i) the analysis close to the
dynamical gaps which suggests a topological phase which is
different from the one at the gap close to the Dirac point (one
has two chiral edge states bridging the gap, and the other has
just one) and (ii) a discussion of the relevance of different
Floquet replicas for the calculation of Chern numbers, where
we argue that a Floquet-projected calculation (on the m = 0
channel) captures the physics of time-averaged magnitudes
such as the dc density of states.

On the other hand, the analytical solutions provide valuable
information such as the scaling of the decay length of these
Floquet chiral edge states with the system parameters, which
is not easily accessible through either a bulk calculation or
numerical simulations and which could serve as a guide for
experiments. Those results are complemented by numerics for
different ribbon terminations, highlighting the generality of
the physics described for zigzag ribbons. Further insight is
also provided by a numerical calculation for a semi-infinite

graphene sheet. This allows us to discuss subtle issues that are
hard to access when considering a finite width.

All these results highlight the experimental accessibility of
the edge states at the dynamical gap in graphene as opposed
to the one found at the Dirac point. The former offer also
the possibility to tune the transport energy window where they
appear. As for the experimental signature of these Floquet edge
states, one can anticipate [71] the appearance of a Hall-like
voltage in a radiated graphene sample whenever the Fermi
energy of the reservoirs lines up with the dynamical gap.
This voltage should change sign if the circular polarization
is reversed from, say, clockwise to counterclockwise. A
Hall signal should also develop at the Dirac point [23] but,
interestingly enough, with the opposite sign.
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APPENDIX: CHERN NUMBER CALCULATION
OF THE FLOQUET BANDS

In the time-independent case, the topology of a system can
be characterized by the Chern numbers associated with each
of the Bloch bands. Namely,

Cn = i

2π

�

C
�unk|∇k|unk� · dk

= 1

π
Im

�

BZ
�∂ky

unk|∂kx
unk� d2k , (A1)

where n is the band index, |unk� is the periodic part of the
Bloch eigenfunction, and C is the contour of the Brillouin
zone. Alternatively, the latter expression can be cast in the
following form:

Cn = 1

2π

�

BZ
�nk · dSk , (A2)

with

�nk = Im
�

m�=n

�unk|∇kHk|umk� × �umk|∇kHk|unk�
(εnk − εmk)2

. (A3)

The latter expression makes evident that the main contribution
to Cn comes from the points in the Brillouin zone near an
avoided crossing, that is, where the gap between the n band
and the nearest bands is small.

In our case, we can apply the same procedure to the bulk
Floquet Hamiltonian to characterize the topological properties
of the Floquet bands and the corresponding edge states [27].
While a direct calculation using the above expression with
the full tight-binding Hamiltonian is possible, although nu-
merically rather demanding if �� � D [recall that O(D/��)
replicas are required to include all anticrossings], we used the
continuous model and some further approximations to gain
some insight.
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The dynamical gap at ��/2 occurs in k space near a
point where, in the absence of radiation, there is a degeneracy
between a pair of replicas at that energy for the same value of
k. Such degeneracies appear at kp = (2p + 1)k0, with p being
an integer number. That is, the m = 0 and m = 1 replicas
become degenerated at k = k0, the m = 2 and the m = −1
replicas become degenerated at k = 3k0, and so on. Since,
as we pointed out above, the Chern number is dominated by
the contribution near the degeneracy points, in order to get the
contribution from a given region it is sufficient to obtain a 2 × 2
effective Hamiltonian valid for k ∼ kp. In that case, by writing
it as Heff

F (k,p) = hp(k) · σ , one can obtain the contribution to
the Chern by calculating [7]

cp = 1

4π

�
ĥp ·

�
∂kx

ĥp × ∂ky
ĥp

�
d2k. (A4)

Following this procedure and explicitly calculating hp(k), we
found that the number of edge states N appearing inside the
dynamical gap depends on the number of Floquet replicas, and
it is given by

N =
�

p

cp =
�

i

|δmi |, (A5)

where δmi is the difference of the Floquet indexes of the pairs
of replicas that become degenerated at the dynamical gap,
leading to a high-order gap of order η|δmi |, and i runs over
the replicas retained. It is worth emphasizing that N becomes
independent of the number of replicas only when O(D/��)
are included and that |δmi | corresponds to the number of
photons involved in the process that couples the corresponding
replicas.
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[28] J. Cayssol, B. Dóra, F. Simon, and R. Moessner, Phys. Status

Solidi RRL 7, 101 (2013).
[29] L. Zhou, H. Wang, D. Y. Ho, and J. Gong, arXiv:1404.7248.
[30] Y. Tenenbaum Katan and D. Podolsky, Phys. Rev. Lett. 110,

016802 (2013).
[31] Y. Tenenbaum Katan and D. Podolsky, Phys. Rev. B 88, 224106

(2013).
[32] M. A. Sentef, M. Claassen, A. F. Kemper, B. Moritz, T. Oka,

J. K. Freericks, and T. P. Devereaux, arXiv:1401.5103.
[33] A. Kundu, H. A. Fertig, and B. Seradjeh, arXiv:1406.1490.
[34] H. Dehghani, T. Oka, and A. Mitra, arXiv:1406.6626.
[35] M. Atala, M. Aidelsburger, J. T. Barreiro, D. Abanin,

T. Kitagawa, E. Demler, and I. Bloch, Nat. Phys. 9, 795 (2013).
[36] N. Goldman and J. Dalibard, Phys. Rev. X 4, 031027 (2014).
[37] S. Choudhury and E. J. Mueller, Phys. Rev. A 90, 013621

(2014).
[38] D. Y. Ho and J. Gong, arXiv:1403.7262.
[39] J. K. Asboth, B. Tarasinski, and P. Delplace, arXiv:1405.1709.
[40] O. V. Kibis, Phys. Rev. B 81, 165433 (2010).
[41] S. E. Savelev and A. S. Alexandrov, Phys. Rev. B 84, 035428

(2011).
[42] Y. Zhou and M. W. Wu, Phys. Rev. B 83, 245436 (2011).
[43] A. Iurov, G. Gumbs, O. Roslyak, and D. Huang, J. Phys.

Condens. Matter 24, 015303 (2012).
[44] H. L. Calvo, H. M. Pastawski, S. Roche, and L. E. F. Foa Torres,

Appl. Phys. Lett. 98, 232103 (2011).

115423-11

167



USAJ, PEREZ-PISKUNOW, FOA TORRES, AND BALSEIRO PHYSICAL REVIEW B 90, 115423 (2014)

[45] H. L. Calvo, P. M. Perez-Piskunow, S. Roche, and L. E. F. Foa
Torres, Appl. Phys. Lett. 101, 253506 (2012).

[46] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer,
D. Podolsky, F. Dreisow, S. Nolte, M. Segev, and A. Szameit,
Nature (London) 496, 196 (2013).

[47] Y. H. Wang, H. Steinberg, P. Jarillo-Herrero, and N. Gedik,
Science 342, 453 (2013).

[48] P. M. Perez-Piskunow, G. Usaj, C. A. Balseiro, and L. E. F. Foa
Torres, Phys. Rev. B 89, 121401(R) (2014).

[49] B. M. Fregoso, J. P. Dahlhaus, and J. E. Moore, arXiv:1405.5973.
[50] J. H. Shirley, Phys. Rev. 138, B979 (1965).
[51] H. Sambe, Phys. Rev. A 7, 2203 (1973).
[52] M. Grifoni and P. Hänggi, Phys. Rep. 304, 229 (1998).
[53] S. Kohler, J. Lehmann, and P. Hänggi, Phys. Rep. 406, 379

(2005).
[54] A general solution will be of the form |φα(t)� =�

α aα exp(−iεαt/�)|ψα(t)�, with aα being time-independent
coefficients.

[55] S. V. Syzranov, M. V. Fistul, and K. B. Efetov, Phys. Rev. B 78,
045407 (2008).

[56] Strictly speaking, there is no gap in the Floquet Hamiltonian in
the continuum model if the infinite replicas are kept. However,
any realistic model with a finite bandwidth will always have a
finite gap. This gap, however, will be much smaller than the
first-order gap calculated here. Nevertheless, the contribution
of the edge states to the transport properties will be mainly
dominated by the first-order gap.

[57] S. V. Syzranov, Y. I. Rodionov, K. I. Kugel, and F. Nori, Phys.
Rev. B 88, 241112 (2013).

[58] T. Kitagawa, E. Berg, M. Rudner, and E. Demler, Phys. Rev. B
82, 235114 (2010).

[59] F. Zhang, A. H. MacDonald, and E. J. Mele, Proc. Natl. Acad.
Sci. USA 110, 10546 (2013).

[60] F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[61] R. Saito, G. Dresselhaus, and M. Dresselhaus, Physical Prop-

erties of Carbon Nanotubes (Imperial College Press, London,
1998).

[62] J.-C. Charlier, X. Blase, and S. Roche, Rev. Mod. Phys. 79, 677
(2007).

[63] S. M.-M. Dubois, Z. Zanolli, X. Declerck, and J.-C. Charlier,
Eur. Phys. J. B 72, 1 (2009).

[64] H. L. Calvo, P. M. Perez-Piskunow, H. M. Pastawski, S. Roche,
and L. E. F. Foa Torres, J. Phys. Condens. Matter 25, 144202
(2013).

[65] S. Camalet, J. Lehmann, S. Kohler, and P. Hänggi, Phys. Rev.
Lett. 90, 210602 (2003).

[66] G. Platero and R. Aguado, Phys. Rep. 395, 1 (2004).
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We calculate the diffusion barrier of fluorine adatoms on doped graphene in the diluted limit using

Density Functional Theory. We found that the barrier D strongly depends on the magnitude and

character of the graphene’s doping (dn): it increases for hole doping (dn< 0) and decreases for

electron doping (dn> 0). Near the neutrality point the functional dependence can be approximately

by D¼D0 – adn, where a ’ 6Â 10À12meV cm2. This effect leads to significant changes of the

diffusion constant with doping even at room temperature and could also affect the low temperature

diffusion dynamics due to the presence of substrate induced charge puddles. In addition, this might

open up the possibility to engineer the F dynamics on graphene by using local gates. VC 2014
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4896511]

The physical properties of adatoms on graphene are the

subject of intense research activity motivated by the possibility

of tuning graphene electronic and magnetic properties by add-

ing small impurity concentrations. Interesting examples include

magnetic impurities,1–5 which might lead to Kondo physics,6–8

or spin relaxation,9–12 impurity induced localization,13–18 and

many others.4,19 Determining the way, different adatoms or

molecules attach to graphene is at the core of many studies20–26

as this defines the way they affect the otherwise planar structure

of the pristine graphene. The charge transfer from the impurity

orbitals to the host graphene, the formation of magnetic struc-

tures, clustering, and diffusion of adatoms23,27 are properties

determined by the nature of the chemical bonding of the

adsorbates.

In the case of fluorine atoms, it was shown28 that gra-

phene’s doping can play a major role in the way they link to

graphene. In fact, a covalent-ionic like transition was pre-

dicted to occur as electron doping is increased. Finally, it

was found that other types of adatoms may behave in similar

ways.29 This change in the bonding leads to a modification

of the graphene’s local structure, going from a sp3-like coor-

dination to a sp2 one (see below), which is expected to

strongly affect the electron scattering mechanism (both

charge and spin).10,19 This change is due to a subtle competi-

tion of the many contributions to the total energy of the

system.28 Evaluating total energies in relaxed structures

require the use of first principle calculations.

Here, we use Density Functional Theory (DFT) to esti-

mate the dependence on electron and hole doping of the total

energy of fluorine adatoms in different positions. Namely,

we analyze the change in the diffusion barrier of fluorine on

graphene induced by doping. Indeed, as might be expected

from Ref. 28, our results show that fluorine diffusion is

strongly affected by the amount and type of doping. While

this is similar to what happens in the case of oxygen,30 here

the diffusion barrier in the neutral case is much smaller, and

hence, our starting point corresponds to a faster diffusive

dynamics. In addition, in our case the change of the barrier

occurs at lower doping levels. This opens the possibility to

engineer the dynamical properties of F (and possible other ada-

toms29) by local gating, freezing, or speeding up the diffusion.

The DFT calculations were performed with the Quantum

Espresso (QE) package31 employing density functional

theory and the Perdew-Burke-Ernzerhoff (PBE) exchange-

correlation functional.32 A projector augmented wave (PAW)

description of the ion-electron interaction33 was used together

with a plane-wave basis set for the electronic wave functions

and the charge density, with energy cutoffs of 70 and 420 Ry,

respectively. The electronic Brillouin zone integration was

sampled with an uniform k-point mesh (2Â 2Â 1 or 4Â 4Â 1

depending on the size of the supercell—60 and 32 C atoms,

respectively) and a Gaussian smearing of 0.01 Ry. The two-

dimensional behavior of graphene was simulated by adding a

vacuum region of 20 Å above it. All the structures were

relaxed using a criteria of forces and stresses on atoms of

0.005 eV/Å and 0.5GPa, respectively. The convergence toler-

ance for the energy was set to 10À5 Ha (1 Ha¼ 27.21 eV). To

correct for the dipole moment generated in the cell and to

improve convergence with respect to the periodic cell size,

monopole and dipole corrections were considered.34 This is

particularly important in the doped cases. Doping of the unit

cell (added/removed electrons) where compensated by an uni-

formly distributed background charge. The diffusion barriers

were calculated using the Nudge Elastic Bands method (NEB)

as implemented in the QE package.

Figure 1 shows the unit cell geometry used for our DFT

calculations (containing 60 C atoms, unless otherwise speci-

fied) as well as the local geometry of the F-graphene bonding:

the F atom sits on top of a C atom (C0) forming a covalent

bonding with it (undoped case). The bonding corresponds to a

distorted local sp3-like hybridization of the C0 atom. Hence,

the h and / angles of the bond, defined in the figure, have val-

ues close to the ideal tetrahedral case ($109.5�). The C0 atom

is slightly above the graphene sheet, roughly 0.5 Å, in order to

satisfy the local symmetry of the sp3-like bond.

The change of the local geometry upon changing the

graphene doping, dn, is presented in Fig. 2, where dn¼ 0

a)Author to whom correspondence should be addressed. Electronic mail:

usaj@cab.cnea.gov.ar
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corresponds to the undoped case. Quite clearly, we observe

that the systems undergo a sp3 ! sp2 type transition28 when

we move from the hole (dn< 0) to the electron (dn> 0)

doped case. Namely, h goes from $103� to $95� and / from

$115� to $119�. Notice that also the distance between C0

and its nearest neighbors C-atoms becomes closer to the bulk

C-C distance in graphene (a0¼ 1.42 Å).

To better understand what is happening with the fluorine

adatom, we plot the F-C0 distance (dFC0
) as a function of dn

in Fig. 3(a). Our DFT results show that dFC0
significantly

increases in the electron doped region. This is in agreement

with the overall picture that the F atom changes its covalent

bonding into a more ionic one and moves slightly apart from

the graphene sheet, which recovers its planar structure. We

also include the results for a smaller unit cell (with 32 C

atoms) to show the importance of the finite size effects in the

latter case, which leads to a shorter dFC0
for the largest elec-

tron doping. The physical origin of this behavior can be

understood as follows: as the graphene sheet is doped with

electrons, the fluorine atom is charged and it is pushed away

from graphene. This is the result of a competition between

the Coulomb interaction of the charged F and C atoms and

the deformation energy of the graphene lattice.28 Since in

our DFT calculations, we are not considering a single F atom

but a periodic array of them separated by the size of the unit

cell, there is a Coulomb repulsion between adjacent F atoms.

Hence, if the unit cell is too small, the repulsion is energeti-

cally too costly and the dFC0
gets shorter in order to increase

the covalent character of the bond and thus make the charge

transfer to the F atom smaller, which in turns reduces the

Coulomb energy (this is clear for the value of doping

dn$ 6Â 1013 cmÀ2). This effect is absent for dn< 0 as in

that case the charge on the F atoms is significantly smaller.

To support such picture, we present in Fig. 3(b) the charge of

the F atom (dQF), projected on the s and p orbitals, as a func-
tion of the doping. While this is not the total charge of the F

atoms, it gives a reasonable idea of the above mentioned

effect: the case of the 60 C cell, with a smaller interaction

among F atoms, allows for a larger amount of charge to be

transferred to the F atoms and, consequently, the latter

moves farther apart from the graphene sheet. We note in

passing that the distance between the F and the plane of the

graphene sheet remains roughly constant (not shown), $2 Å,

in the entire doping region up to dn$ 5Â 1013 cmÀ2. For

larger electron doping, there appears to be a sudden change

where the graphene sheet flattens, the C0 atom retracts back,

and the F atom moves slightly apart from graphene plane,

$2.3 Å—notice this is slightly larger that dFC0
.

FIG. 1. (a) Unit cell used in the DFT calculation containing 60 C atoms and

a F atom. (b) Local distortion of the graphene lattice below the adatom. (c)

Definition of the geometrical parameters that define the F-C0 bond. Carbon

atoms are represented by black spheres and the fluorine atom by a yellow

(light gray) sphere.

FIG. 2. Doping dependence of the F-C0 bond parameters (see Fig. 1 for their

definition). dn> 0 (dn< 0) indicates electron (hole) doping. The dots corre-

spond to a change of À1;À 1
2
; 0; 1

2
; 1 electrons per unit cell.35 The transition

from a sp3-like to a sp2-like character of the bond is apparent from the

figure.

FIG. 3. (a) Distance between the F adatom and the C atom below it (C0) as a

function of doping and for two unit cell sizes: 60 C (�) and 32 C (�).

Notice that the distance dFC0
increases as the system is charge negatively,

signaling a covalent-ionic like transition. The change with the system size

on the electron doped region results from the Coulomb interaction between

F atoms in neighboring unit cells. (b) Projected charge on F orbitals for the

two unit cell sizes.
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To calculate the diffusion barrier D, we use the NEB

method to find the energy change when the F adatoms moves

between two adjacent sites of the graphene lattice—this

path, along the bond of a pair of C atoms, corresponds to the

smaller energy barrier and therefore sets the energy scale for

the diffusion process. For the undoped case, we found an

energy barrier of D0’ 0.28 eV, consistent with previous

studies.23 This value is well below the energy required to

remove the F from the graphene ($1 eV), thereby ensuring

that the F atoms diffuse on the graphene sheet. We also

notice that the diffusion barrier for F in neutral graphene is

roughly one third of the one found for O,30 what makes the

dynamics of F much faster.

Figure 4 presents the doping dependence of the diffu-

sion barrier, the main result of this work. In consonance

with the structural change of the bonding, we found that D
is strongly reduced when going from the hole to the elec-

tron doping region. This has a clear interpretation: while

the hole doping strengthens the sp3 character of the F-C

bond, thereby making harder for the F atoms to jump to a

nearest neighbor site, the electron doping does the contrary,

creating a more ionic-like bond and a flatter graphene sur-

face where the F atoms are more free to move. We also

found that the distance between the F and the nearest C

atoms at the intermediate or transitional point also increases

with doping. The magnetic configuration, slightly more sta-

ble when the F is at the bridge position with large hole dop-

ing, has a negligible impact on the energy barrier (about

1%–2%).

For low doping concentration, we find that the change of

the diffusion barrier can be approximated as

DðdnÞ ¼ D0 À a dn ; (1)

where a ’ 6Â 10À12meV cm2 (’7Â 10À11 K cm2). Quite

notably, this is about the same value of a that we infer from

the data of Ref. 30 for the case of O adatoms, which might

suggest a common underlying mechanism.36 For the F diffu-

sion, however, the linear dependence on doping is observed

around the neutrality point, while in the case of O it is shifted

towards the electron doped region.

The diffusion constant D depends exponentially on the

energy barrier, D ¼ W expðÀD=kBTÞ. By neglecting the sub-

dominant change of the prefactor W—that depends on the

local curvature of the energy landscape as a function of the F

position—we found that

D dnð Þ
D0

¼ exp
adn
kBT

� �
: (2)

Here, D0 ¼ WeÀD0=kBT is the neutral diffusion constant at

temperature T. As a consequence, even at room temperature,

the diffusion constant can change by a factor of 10 (it

increases or decreases depending on the character of the dop-

ing) when the doping is changed in $1013 cmÀ2. In the low T
regime, say T$ 50K, and for more usual densities, dn
$6 1012cmÀ2, the effect can still be large, leading a factor

of 10–20 between hole and electron doped regions. We

would like to point out that charge density puddles

(dn$61011 cmÀ2), induced by the inhomogeneous substrate

potential, can lead to a significant fluctuation of D if the tem-

perature is low enough (few Kelvin). This might be relevant

for the fluorine dynamics on realistic graphene samples. For

example, we speculate that in diluted samples the faster dif-

fusion on the electron doped regions might be more favor-

able for cluster formation than the slower diffusion on the

hole doped regions.

In summary, we have shown that the diffusion of fluo-

rine adatoms on graphene is strongly affected by doping and

depends on its character (electron or hole). We believe this

effect could be used, by local gating for example, to manipu-

late the dynamics of fluorine atoms on graphene.
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Abstract We study the spin-dependent transmission through a potential barrier in
a zigzag graphene nanoribbon. In particular, we consider the effect of the magnetic
order of the ribbon induced by the modulation of the local density introduced by the
barrier. We model the system using an Anderson–Hubbard model that we treat in
the mean field approximation. We solve this problem self-consistently and calculate
the transmission coefficient using the recursive Green function method. We find that
Fano-like interference dips appear on one of the spin channels as the result of the
presence of spin polarized edge states in the barrier.

Keywords Graphene · Spin-dependent transport · Nanoribbons

1 Introduction

Since the early stages of graphene research, it has been recognized that graphene
ribbons with zigzag termination may present spin-polarized states [1]. The magnetic
instability arises from the presence of a flat band near the Dirac point. Such a band
originates from edge states that are strongly localized [2,3]. The presence of such
magnetic order has been studied using different approaches, such as Density Functional
Theory (DFT) calculations [4–6], Quantum Monte Carlo, and exact diagonalization [7]
or simply using a mean field approximation of the Anderson–Hubbard model [8–10].

In all cases, the results are similar provided the e–e interaction is assumed to be
relatively weak (U � t , in the Anderson–Hubbard model language, see below). The
nature of the magnetic order, whether the spin polarization at the edges of the ribbons
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Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de
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has the same or the opposite orientation, depends on doping, being the antiferromag-
netic order the ground state of the neutral nanoribbon [4,8]. While the effect of such
magnetic ordering on the transport properties has been extensively discussed in the
literature, the interplay between modulated doping, induced by the presence of a gate
potential, for instance, and the type of ordering has not been explored that much. Here,
we study the electron transport through a graphene nanoribbon with a potential barrier
that generates a magnetic interface between the leads and the region of the barrier.

2 Model

The graphene ribbon is described by the following mean field Hamiltonian,

H = −t1
∑

〈i, j〉,σ
c†

iσ c jσ − t2
∑

〈〈i, j〉〉,σ
c†

iσ c jσ +
∑

i

(
Vgi n̂i + U

2
〈n̂i 〉n̂i − U

2
〈ŝi 〉 · ŝi ,

)

(1)

where c†
jσ (c†

jσ ) is the creation (anhilation) operator for an electron on site j and

spin σ , n̂i = ∑
σ c†

iσ ciσ ,τ is a vector operator formed by the Pauli matrices, ŝi =∑
σ,σ ′ c†

i,σ ′τσ ′σ ci,σ is the local spin operator, t1 (t2) is the hopping between nearest
(next-nearest) neighbors C atoms, U is the Anderson–Hubbard parameter that accounts
for the e–e interaction, and Vgi is the potential created by the gate electrode at site i .
The symbols 〈. . . 〉 and 〈〈. . . 〉〉 indicate sum over all sites and their nearest and next
nearest neighbors, respectively. Notice that the Hamiltonian (1) admits a non-colinear
magnetization [8,9]. In what follows we use U = 0.77t1, t2 = 0.1t1 and consider a
16 C atoms wide ribbon (8-ZGNR), see Fig. 1a.

3 Results

Firstly, we analyze the case of a uniform ribbon (Vgi = 0) and calculate the ground
state polarization as a function of the graphene’s doping δn. Since the largest spin
polarization occurs at the edges, we use the angle between the polarizations of the two
edges, θ = arccos(〈ŝ1〉 · 〈ŝ16〉/|〈ŝ1〉||〈ŝ16〉|), to characterize the magnetic order.

Figure 1b shows θ as a function of the doping δn (excess electrons per unit cell of the
ribbon). Clearly, a canted phase is more stable as soon as δn > 0 (this is consistent with
DFT results [11]), while the ferromagnetic phase becomes stable for δn > δnc. In all
this range, the magnitude of the edge magnetization remains approximately constant,
|m1| ≈0.25μB. This is shown in Fig. 1c, where the profile of the magnetization along
the width of the ribbon is plotted as a function of the doping. The numerical results
for θ (dots in Fig. 1b) can be fitted (line) with θ = π

√
1 − δn/δnc with δnc ∼ 0.055.

The ferromagnetic phase remains stable for larger doping, with the edge magnetization
gradually vanishing, up to a point (not shown) where the systems become nonmagnetic.
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Fig. 1 a Scheme of the graphene nanoribbon and the gate potential considered in this work. The unit cell
of the ribbon with lattice parameter a is indicated. b Angle θ between the polarization of the edges of the
ribbon (see text) as a function of the electron doping of the unit cell δn. c Magnetization profile along the
width of the ribbon as a function of δn (Color figure online)

Fig. 2 Spatial dependence of the local electron doping δn (squares), the edge magnetization (dots) and
the gate potential (thin dashed line) near the interface between the lead and the gated region (Color figure
online)

A spatial modulation of the electron density or doping of the ribbon, and hence of
the spin polarization, can be introduced by a non-zero gate potential. Here we analyze
the case where the gate potential is such that the local doping deep inside the gated
region is δn = 0.3, and so the ferromagnetic order is favored, while in the lead, the
system is nonmagnetic with the doping set to be δn = 0.6. Figure 2 shows the self-
consistent spatial dependence of both the local density and the edge magnetization
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Fig. 3 a Spin-dependent transmission as a function of the energy of the incident electron. b Band structure
of an infinite ribbon with the same electron density as in the leads (left) and in the middle of the barrier
(right) for the two spin cases. Shadow areas highlight the energy range where non-trivial effect occurs
(Color figure online)

near the interface between the lead and the gated region. Apart from the expected
Friedel-like oscillations inside the barrier, the result shows that the barrier leads to
a finite spin-polarized region. Notice that the change of the magnetization and the
density is more abrupt than the change of the gate potential.

Once the self-consistency is obtained, we can calculate the conductance in the linear
response regime using the Landauer approach. For that, we use the standard procedure
to obtain the transmission coefficient T from the Green function of the system.

Figure 3a shows the transmission as a function of the energy and the spin of the
incident electron, T↑ and T↓. There is a clear difference between the two spin orien-
tations. To understand this behavior we plot in Fig. 3b the spin-dependent bands of
an infinite ribbon with an electron density per unit cell corresponding to the one of
the leads (left panels) or to the one at the center of the gated region (right panels). We
then assume that these bands are a good description of the states in the leads and deep
inside the barrier and so the main features of the transmission can be understood in
terms of matching conditions between these states. Since the leads are paramagnetic,
the allowed states are the same for both spins: in the energy range shown in the figure,
there is only one incident transverse channel slightly above E ∼ −0.02t1 and there
are three channels below it. The bands plotted with thick dashed (thin solid) lines have
an even (odd) parity with respect to the center of the ribbon. This is important as parity
conservation imposes a restriction on the transmission through the potential barrier.
The ‘bands’ associated to the barrier states, on the other hand, have the following
characteristics and the corresponding effects on transport: (i) spin up case there is
a single featureless band of even parity. Because there is a single available channel
inside the barrier and it matches well with the even lead states, the transmission is
very close to one in almost all the energy span—except near the minimum of the even
lead band where the states with k ∈ [0.8π/a, 1.2π/a] are edge states [10] (ii) spin
down case below E ∼ −0.02t1, there is an odd band that couples well with the lead
channels leading to essentially perfect transmission. Above that energy there is no
odd channel in the leads and so these states do not participate in the transport. Above
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Fig. 4 a, b Transmission of down electrons in two different energy ranges that show Fano dips of different
shapes. c Scheme used to interpret the data (see text). d Comparison of the position of the resonant energies
(εn(kn)) with the band associated to the states inside the barrier (Color figure online)

E ∼ 0.03t1 the same happens, but with an even band involved. However, the even
band contains two channels in the energy range between these two cases (shadowed
area in the figure): the ones with k ∈ [0.8π/a, 1.2π/a], which are edge states [2,10],
and the ones outside that range, which are extended states (in the transverse direction)
as the lead modes. Both channels couple to the leads but in very different way leading
to interference effects that produce dips in the transmission as we explain below.

Figures 4a, b show T↓ in two different energy ranges in more detail inside the region
where the transmission present dips. These dips, that reach zero transmission at their
centers, can be understood as the interference between a transmission channel with a
continuous spectrum and a resonant channel (the well known Fano effect [12,13]).

A scheme of a model that contains this physics is shown in Fig. 4c. In our case,
the continuous channel is represented by the extended states of the even mode inside
the barrier, which are strongly coupled to the leads (τ hopping in the model) and
thus providing a channel with T ∼ 1. The role of the resonant states (with energy
ε) is played by the edge states inside the barrier, which are weakly coupled to the
leads (γ � t, τ ) due to the small overlap between these states and the extended lead
states. This very simple model can explain a dip in the transmission as the result of the
interference between the two transmission paths. In addition, the different shapes of
the dips can be understood from the fluctuations on the values of the model effective
parameters, which in the actual system arise from details of the wave function matching
between states in the leads and inside the barrier.

The reason why there are many resonant states can be found in the fact that these
edge states can be thought as having a discrete spectrum due to the confinement
induced by the magnetization profile. Indeed, if we assume that the confinement is
given by the length L of the region with non-zero magnetization, we expect that the
confined state will have a wave-vector kn � nπ/L + k0, where n is an integer number
and k0 a correction to the hard wall confinement. The position of the resonances (εn)
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will depend on the exact form of the energy dispersion and it is difficult to evaluate.
Nevertheless, to show that this interpretation makes sense, we extracted the position of
the Fano resonances in the transmission and plot them as a function of kn assuming that
the resonance at the highest energy corresponded to n = 31 and taking k0 = 0.78π/a
and L = 150a, the former parameter was chosen to fit the band and the latter taken
from the data in Fig. 2. This is shown in Fig. 4d and compared with the band for down
spins of a system with the same density as in the middle of the barrier. There is a very
good agreement that supports our interpretation.

4 Conclusions

We have shown that local gating in graphene ribbons can lead to strong fluctuation of
the spin-dependent transmission coefficient. This originates from the fact that local
gating can induce changes in the local magnetic order of the ribbon. In particular, in the
case of a ferromagnetic barrier, we showed that the presence of edge states with a poor
matching with the lead states generates Fano-like dips in the transmission. If the Fermi
energy falls near one of these dips, the current will be strongly polarized. Even though
we have presented results only for a 8-ZGNR, our results extend to wider ribbons.
One can envision that more exotic interfaces with different magnetic domains might
be possible, but that is beyond the scope of the present work. The recently developed
technique to grown high quality ribbons with atomically defined edges [14] might
open the door to study this type of magnetic effects on transport.

Acknowledgments We acknowledge financial support from PICT Bicentenario 2010-1060 from
ANPCyT, PIP 11220080101821 and 11220110100832 from CONICET and 06/C415 SeCyT-UNC.
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Abstract We investigate the effects of an applied magnetic field on the magnetic
properties of the antiferromagnet GdCoIn5. The prominent anisotropy observed in the
susceptibility below TN is rapidly suppressed by a field of just a few Tesla. Further
evidence of this low energy-scale is obtained from magnetoresistance and magne-
tostriction experiments. The lattice length, particularly, shows a sudden change below
2 T when the magnetic field is applied perpendicular to the crystallographic ĉ-axis.

Keywords Rare earth magnetism · Antiferromagnetic transition · Anisotropy

1 Introduction

GdCoIn5 is a member of the extensively studied 115 family of compounds RTIn5
(R = rare earth, T = Co, Rh, Ir). Different experiments [1] show a second-order phase
transition to an antiferromagnetic state at TN = 30 K. Magnetic ground states are also
observed in several other members of the 115 family [2–5]. In general, these magnetic
states are influenced by the crystal electric field (CEF) produced by the surrounding
ions [6]. In this sense, one expects a different situation for GdCoIn5 since the half-filled
4 f orbital of the Gd3+ ion has zero orbital momentum which makes the CEF effects
much less important. This would imply, for instance, that anisotropy in the magnetic
properties should be negligible. Nonetheless, very recently, [1] we have shown that
an important anisotropy is observed in the magnetic susceptibility below TN . The
susceptibility indeed shows an easy magnetic axis along the basal ab-plane of the
tetragonal crystal structure.
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Here, we show that the magnetic anisotropy of GdCoIn5 has a small characteristic
energy-scale: the magnetic susceptibility becomes mostly isotropic under an applied
field B of a few Tesla. This is further confirmed by some singularities observed in the
magnetoresistance and magnetostriction around 2 T when B ⊥ [001].

2 Experimental Details

Single crystalline samples of GdCoIn5 were grown by the self-flux technique as
described elsewhere [1]. The magnetization M was measured in a Quantum Design
MPMS magnetometer. A high-resolution capacitive dilatometer [7] was used in the
magnetostriction experiments, while a standard four probe setup was used in the mag-
netoresistance experiments.

3 Results

Figure 1 shows the temperature dependence of the magnetic static susceptibility
(χ = M/B) parallel and perpendicular to the [001] direction in an applied mag-
netic field B = 1 T (lower panel) and B = 5 T (upper panel). The transition to
the antiferromagnetic state is detected as a peak in both directions (TN ≈ 30 K).
At B = 1 T, the anisotropy observed below TN is typical of an antiferromagnet with
ordered moments lying perpendicular to [001]. Remarkably, however, this pronounced
anisotropy is significantly reduced at B = 5 T. A quantitative estimate of this field-
induced “isotropization” is shown in the inset of Fig. 1. It depicts the susceptibility
difference between its value at TN and its minimum value below TN , in both directions.
While �χ001 is very small and field independent, �χ100 is quite large at low fields
but it rapidly decreases above B ∼ 2 T.

Fig. 1 Temperature dependence of the magnetic susceptibility along the [100] and [001] directions in an
applied field B = 1 T (lower panel) and B = 5 T (upper panel). Inset susceptibility difference between its
value at TN and its minimum value below TN (Color figure online)
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Fig. 2 Magnetoresistance as function of a magnetic field applied along the [100] and [001] directions at
T = 20 K (lower panel) and T = 40 K (upper panel). Inset Low field magnetoresistance at 20 K. Dashed
lines are guides to the eye (Color figure online)

Fig. 3 Longitudinal magnetostriction along [100] at T = 20 K and T = 35 K (Color figure online)

Another evidence of this low energy-scale comes from the ab-plane magnetore-
sistance �ρ (B)/ρ (0). Figure 2 displays �ρ (B)/ρ (0) at two different temperatures,
above (T = 40 K) and below (T = 20 K) the ordering temperature and for B along the
[100] and [001] directions. The magnetoresistance is positive as expected for predom-
inant antiferromagnetic correlations and it is progressively reduced above TN . The
inset of Fig. 2 shows a detailed view of the low field magnetoresistance at 20 K. It can
be seen that when B ‖ [100], �ρ (B)/ρ (0) is zero for B � 1 T. The effect disappears
above TN .

But the most notable evidence of a low energy-scale is obtained from magnetostric-
tion. Figure 3 shows the field dependence of the longitudinal magnetostriction along
the [100] direction at two different temperatures. Below TN , the lattice length shows an
abrupt increase around 2 T (see the curve at 20 K). This effect becomes less important
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as the temperature is raised and it finally disappears at TN . Above TN the magne-
tostriction is much smaller and shows a smooth field dependence (see the curve at
35 K). On the other hand, no peculiarities in the striction is observed when the mag-
netic field points in the [001] direction.

Dipolar interactions would be the simplest assumption to explain this anisotropy.
In fact, this hypothesis gives a good explanation of the observed magnetic order in
GdRhIn5 [8]. The same argument should apply to the whole Gdm Mn In3m+2n (n =
0,1; m =1,2) series. However, dipolar interactions cannot account for the magnetic
order observed in Gd2IrIn8 [9]. For that reason, we argue that the observed anisotropy
can arise instead, from a direction-dependent magnetic coupling [10] mediated by the
Gd 5d orbitals (J. I. Facio’s unpublished data).

The magnetic energy associated with an applied magnetic field B ≈ 2 T is enough
to suppress the magnetic anisotropy and, eventually, to induce a change in the rel-
ative orientation of neighboring magnetic moments (i.e., a change in the magnetic
correlations) which causes the observed magnetostriction [11].

4 Conclusions

Even though the antiferromagnetic state of GdCoIn5 is very robust against an applied
magnetic field [1], different experiments like magnetic susceptibility, resistivity, and
magnetostriction show evidence of a low energy-scale below TN . The anisotropy asso-
ciated with this energy-scale can be due to direction-dependent magnetic interactions.
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Non-Fermi-liquid behavior in nonequilibrium transport through Co-doped Au chains
connected to fourfold symmetric leads
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We calculate the differential conductance as a function of temperature and bias voltage, G(T ,V ), through
Au monatomic chains with a substitutional Co atom as a magnetic impurity, connected to a fourfold symmetric
lead. The system was recently proposed as a possible scenario for observation of the overscreened Kondo
physics. Stretching the chain, the system could be tuned through a quantum critical point (QCP) with three
different regimes: overscreened, underscreened, and non-Kondo phases. We present calculations of the impurity
spectral function by using the numerical renormalization group for the three different regimes characterizing
the QCP. Nontrivial behavior of the spectral function is reported near the QCP. Comparison with results using
the noncrossing approximation (NCA) shows that the latter is reliable in the overscreened regime, when the
anisotropy is larger than the Kondo temperature. For these parameters, which correspond to realistic previous
estimates, G(T ,V ) calculated within NCA exhibits clear signatures of the non-Fermi-liquid behavior within the
overscreened regime.

DOI: 10.1103/PhysRevB.90.125149 PACS number(s): 73.23.−b, 71.10.Hf, 75.20.Hr

I. INTRODUCTION

The Fermi liquid (FL), or the Landau-Fermi-liquid theory,
is in the basis of our understanding of many properties of
the metal state at sufficient low temperatures. For instance,
the electrons in a normal, nonsuperconducting metal at low
temperatures behave as a FL. Also, magnetic impurities with
spin SI = 1/2 embedded in a nonmagnetic metal exhibit the
Kondo anomaly, which could be theoretically explained by
the one-channel Kondo (1CK) [1] and one-channel Anderson
(1CA) [2] models. Both models lead to a ground state that
can be described by a FL. Even for low-dimensional systems,
such as quantum dots coupled to metallic leads, transport
measurements at low temperatures were found in agreement
with FL predictions. Specifically, conductance through a
single-electron transistor at low temperature is in quantitative
agreement with the calculated one from the Anderson impurity
model [3].

On the contrary, the non-Fermi-liquid (NFL) paradigm
describes a system which displays a breakdown of the Fermi-
liquid properties. A large class of heavy fermion materials,
such as Ce and U alloys, are examples of a metallic state that
is not a Fermi liquid [4,5]. Exotic properties of these alloys
at low temperature, such as significant residual entropy and
nonsaturated magnetic susceptibility, can be understood on
the basis of the two-channel Kondo (2CK) model introduced
early by Nozières and Blandin [6], which is one example of the
NFL quantum impurity model. In low dimensions, the simplest
example of NFL is the Luttinger liquid, given by interacting
fermions in one dimension [7].

From the experimental point of view, the realization of
the two-channel (2C) state was studied in a double dot
system proposed by Oreg and Goldhaber-Gordon [8,9], who
showed that the differential conductance as a function of
bias voltage V follows a

√
V behavior, which is, again,

characteristic of 2C physics [9]. Much theoretical work has
been done [10,11] in order to develop a theory of such an

experimental setup on the basis of the two-channel Anderson
(2CA) Hamiltonian. In this model, two symmetric independent
electron modes screen a localized level with spin SI =
1/2. Among other interesting properties coming from this
model, both the impurity contribution to the entropy at zero
temperature, S = 1

2 ln(2), and the conductance per channel at
low temperatures, G(T ) � a − b

√
T , display a NFL behavior

[12–14]. The key property to observe the NFL signatures
in the above-mentioned experiment was the setup capability
to control the coupling constants between the dot and two
independent reservoirs, J1,J2, to make them symmetric ones,
J1 ∼ J2. The requirement of symmetry between the scattering
channels [6] is very difficult to achieve in real materials,
making the NFL observation hard to find.

Recently, two different realizations of a 2CK effect, with
a robust symmetry between the two conduction channels,
were proposed [15,16]. In Ref. [15], Tsvelik et al. show a
possible realization of the overscreened multichannel Kondo
model in a system of spin chains. In this model, N spin
S = 1/2 Heisenberg chains interact with a cluster of N extra
spins 1/2. Some interesting examples of real materials that
could exhibit the necessary symmetry between the scattering
channels were proposed [15]. In Ref. [16] a fourfold symmetric
Co-doped Au chain was proposed as a scenario to exhibit
NFL behavior by Di Napoli et al. The Co atom, considered
as a magnetic impurity, mixed the 3d7 and 3d8 configurations
through the hopping with 5dxz and 5dyz electrons of Au, which
play the role of two independent and symmetric scattering
channels. The broken axial symmetry along the chain by a
fourfold symmetric crystal field is an essential ingredient to
observe the NFL signatures. Stretching the system might be
a way to pass through a quantum critical point (QCP) that
divides three different phases: overscreened, underscreened,
and finally another one without the Kondo effect. Specifically,
within the overscreened regime, two different properties of
the NFL behavior have been found: the conductance per
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channel as a function of temperature through the Co following
a G(T ) � a − b

√
T form and the Co entropy contribution

having a residual value of S = 1
2 ln(2) at zero temperature.

The purpose of the present contribution is to complement
the study of the Co-Au chain model with properties not shown
in Ref. [16]. First, we present calculations of the impurity
spectral function obtained with the numerical renormalization
group (NRG) [17] for the three different phases reinforcing the
presence of a QCP. Nontrivial behavior of the spectral density
near the QCP is discussed. Second, we present calculations
of the differential conductance, G(T ,V ), through the Co atom
within a nonequilibrium situation by using the noncrossing
approximation (NCA) solution of the model in its overscreened
regime. We obtain that G(T ,V ) also displays clear signatures
of NFL behavior in this regime. We also show the limitations
of the NCA to describe the other regimes and to capture very
small energy scales.

The paper is organized as follows. In Sec. II we introduce
the model. The different regimes of the system are also
discussed. In Sec. III the numerical solution of the model
is presented within the NRG and NCA approaches. Finally, in
Sec. IV some conclusions are drawn.

II. MODEL

According to ab initio calculations, the Co atom embedded
in a Au chain [Fig. 1(a)], is in a 3d7 configuration with
the three holes coupled to a total spin S = 3/2 [16]. This
atomic configuration seems to be robust even if the noble
metal changes from Au to Ag and Cu [18]. One d hole is
shared between the half-filled 3dxy and 3dx2−y2 (�4-symmetry)
orbitals while the other two are in the degenerate 3dxz, 3dyz

(�3-symmetry) ones.
According to transport measurements, the pure Au chain

only has 6s bands crossing the Fermi level [19]. However,
the presence of environmental O impurities can push up and
stabilize the 5dxz and 5dyz bands of Au at and above the Fermi
level [18]. While the �3 symmetries of the Au chain can be
tuned in order to make these band conductors, there is no
similar mechanism to get electrons of Au with �4 symmetry
at the Fermi level due to their high localization. Details of the
first-principles calculations can be found in Refs. [16,18].

FIG. 1. (Color online) Sketch of the pure chain with (a) a substi-
tutional Co and (b) a trimer connected to a fourfold symmetric axis
leads.

According to this, the 5dxz and 5dyz bands of Au represent
two independent and symmetric channels that screen the
localized moment at the corresponding symmetries of the Co
impurity. The �4-symmetry levels in Co have frozen its charge
and spin fluctuations due to the absence of hybridization with
the Au neighbors.

As previously mentioned in the introduction, in a system
with a fourfold symmetric axis such as a trimer with one
Co atom connected to body-centered-cubic leads [Fig. 1(b)],
the degeneracy between the 3dxy and 3dx2−y2 orbitals of Co
is broken, localizing the hole in the 3dxy orbital. Note that
exactly the same physics is obtained if both �4 orbitals are
interchanged. The energies of the localized three holes in the
Co atom are Exy = −0.2 eV and Exz = Eyz = −0.3 eV, where
we set the Fermi level as the zero of energy. The spin-orbit
coupling (SOC) in the Co atom induces a splitting D between
the projections Sz = ±3/2 and Sz = ±1/2 of the quadruplet
that belongs to the total spin S = 3/2. The calculation of D was
exactly done by solving a 120 × 120 matrix of the Hamiltonian
of the 3d7 configurations [20]. For the real parameters of the
setup shown in Fig. 1(b), the value of the anisotropy was found
to be D = 1.7 meV. While the ab initio calculations [16] have
been done in the system represented in Fig. 1(b), we want to
emphasize that the same physics is expected for any length of
the Au chain between the leads.

With this information the effective Hamiltonian that de-
scribes the system is given by

Heff =
�

M3

�
E3 + D

2
M2

3

�
|M3��M3| + E2

�

αM2

|αM2��αM2|

+
�

νkασ

�νkĉ
†
νkασ ĉνkασ

+
�

M3M2

�

ανkσ

Vν

�
3

2
M3

����1
1

2
; M2σ

�
|M3��ᾱM2|ĉνkασ

+ H.c., (1)

where En, Mn represent the energies and the spin projections
along the chain, which was chosen as the quantization axis, of
states with n = 2,3 holes in the 3d shell of Co. The term
�SM|S2S1; M2M1� stands for the standard SU(2) Clebsch-
Gordan coefficients.

The state with three holes and maximum spin projection
is denoted by |3/2� = d̂

†
xz↑d̂

†
yz↑d̂

†
xy↑|0�, where |0� represents

the 3d10 configuration and d̂
†
β↑ = dβ↓, d̂

†
β↓ = −dβ↑, and d

†
βσ

create an electron with symmetry β and spin projection σ .
The states with two holes in Co can be constructed by

removing an α (α = xz,yz) hole. For instance, the maximum
spin projection of the state with two holes is given by |ᾱ,1� =
d̂α↑|3/2�. Then the state |ᾱ,1� does not contain the hole with
symmetry α, which jumped to the Au band. In other words, if
the electron 5dxz of Au jumps to the Co, the remaining state
|yz,1� has holes in 3dyz and 3dxy , but not in 3dxz. The other
relevant states with two and three holes can be obtained by
using the spin-lowering operator.

There are also states with three holes in the Co atom coupled
to a total spin S = 1/2 in which one of the β orbitals is doubly
occupied but, in view of the obtained ab initio calculations,
these can be considered as high exited states.
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The operator ĉ
†
νkασ creates a hole in the 5d shell of Au

with symmetry α where ν = L,R denotes the left or the
right side of Co atom, respectively. The hopping Vν defines
the hybridization �ν = 2π

�
k |Vν |2δ(ω − �νk), neglecting the

weak dependence with the energy ω.
Consequently, the Hamiltonian in Eq. (1) describes fluctua-

tions between the quadruplet of the 3d7 configuration and two
triplets corresponding to the 3d8 configuration, with one xy

hole and the other in either α = yz or α = xz symmetries, via
the hybridization with the states of symmetry �3 of the Au
leads.

The last term in Eq. (1) represents the mixing Hamiltonian,
Hmix, between the impurity and conducting Au atoms. Writing
explicitly the nonvanishing Clebsch-Gordan coefficients, this
becomes

Hmix =
�

ανk

Vν

�����
3

2

�
�ᾱ,1| +

�
2

3

����
1

2

�
�ᾱ,0|

+
�

1

3

���� − 1

2

�
�ᾱ, − 1|

�
ĉνkα↑

+
����� − 3

2

�
�ᾱ, − 1| +

�
2

3

���� − 1

2

�
�ᾱ,0|

+
�

1

3

����
1

2

�
�ᾱ,1|

�
ĉνkα↓ + H.c. (2)

The operator that creates a hole in the 3d shell of the Co
atom with symmetry α and spin σ can be represented by
Hubbard operators between states containing two and three
holes. In that case, the two holes forming the triplet are in the
xy and ᾱ orbitals. It can be written as follows:

d̂
†
α↑ =

����
3

2

�
�ᾱ,1| +

�
2

3

����
1

2

�
�ᾱ,0| +

�
1

3

���� − 1

2

�
�ᾱ, − 1|,

d̂
†
α↓ =

���� − 3

2

�
�ᾱ, − 1| +

�
2

3

���� − 1

2

�
�ᾱ,0| +

�
1

3

����
1

2

�
�ᾱ,1|.

(3)

Then, the hybridization term of the Hamiltonian takes the
usual Anderson impurity form; that is,

Hmix =
�

ανkσ

Vν(d̂†
ασ ĉνkασ + ĉ

†
νkασ d̂ασ ). (4)

We note that an expression of the impurity part of the
Hamiltonian in d operators is very involved due to the different
terms that enter the Coulomb interaction when all d orbitals
are included. This interaction is written explicitly in Ref. [20].

Depending on the value of the anisotropy D, interesting
and different physics emerges from this Hamiltonian. The role
played by D is to split the quadruplet states into two doublets
with spin projection M3 = ±3/2 and those with ±1/2. For
the case in which the anisotropy vanishes, D = 0, in addition
to the SU(2) channel symmetry the Hamiltonian also has the
rotational spin SU(2) one. For this isotropic case, the model
in Eq. (1) reduces to the underscreened impurity Anderson
model, in which the two channels with spin 1/2 compensate
a part of the total impurity spin 3/2. For one channel, the
model was solved exactly by Aligia et al., by using the Bethe

ansatz [21] for the spin-1 underscreened one-channel Kondo
model, and a singular FL ground state was found [22]. It is
natural to expect similar physics in our case for D = 0, which
corresponds to a spin 3/2 underscreened by two conduction
channels. The behavior of the conductance at low temperatures
indicates this is actually the case [16].

When the anisotropy takes positive values, as it was found
for the realistic case of the setup in Fig. 1(b), D = 1.7 meV,
the doublet with M3 = ±1/2 spin projections becomes the one
with lowest energy. Therefore, the two channels with spin 1/2
overscreened the effective impurity spin 1/2. Signatures of
NFL behavior in both the impurity contribution to the entropy
and the equilibrium conductance were previously reported
[16]. In general, the behavior of the model at low energies
agrees with the corresponding one to the two-channel Kondo
problem [23,24].

Finally, for negative values of the anisotropy D, which
could be achieved by stretching the chain, there is no Kondo
physics. This follows from the fact that the doublet M3 =
±3/2 is now the fundamental one and the two channels with
spin 1/2 cannot flip the projections ±3/2 into each other. A
residual entropy at zero temperature of ln(2) was found [16] in
this case and agrees with the nonscreened doublet M3 = ±3/2
at the impurity site.

III. NUMERICAL RESULTS

In this section we present an accurate solution of the local
spectral function by using the NRG as well as the differential
conductance at the Co site obtained within the NCA.

For the numerical calculations, the complete set of the
parameters determining the model was extracted from first-
principles calculations and is reported in Ref. [16]. Here we
summarize the parameters obtained. The total resonant level
width � = 0.6 eV is determined from the width of the peak of
the degenerate xz,yz states above the Fermi energy. From the
average position of these peaks, we define the charge transfer
energy to be E32 = E3 − E2 = −0.3 eV and finally, we take
the conduction 5dxz,yz bands extending from −W to W with
W = 5 eV.

A. Impurity spectral density near the quantum
critical point (NRG)

The impurity spectral function at the impurity site per
channel and spin is given by ρασ (ω) = − 1

π
Gr

ασ (ω), where
Gr

ασ (ω) is the Fourier transform of the retarded Green’s
function also per channel and spin,

Gr
ασ (t) = −iθ (t)�{d̂ασ (t),d̂†

ασ (0)}�. (5)

The equilibrium conductance through the Co atom as a
function of temperature, G(T ), depends on the total spectral
function,

ρ(ω) =
�

ασ

ρασ (ω), (6)

and it is given by

G(T ) = G0
π�A

2

�
dω( − f �(ω))ρ(ω), (7)
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where G0 = 2e2/h is the quantum of conductance, f (ω) is
the Fermi function, � = �

2 = �L + �R represents the total
resonant level width, and A = 4�L�R/�2 stands for the
asymmetric connection between the Co atom and the left and
right leads.

As it was previously mentioned, the model presents rich
physics depending on the value of the anisotropy D. For
positive D and low temperatures, the conductance was success-
fully scaled by G(T ) = a − b

√
T , a behavior similar to the

two-channel Kondo model. Furthermore, a = G(0) was found
to be near G0, neglecting the small asymmetry between the
leads given by the factor A = 0.977 (see Fig. 4 of Ref. [16]).
This is half the value expected for a Fermi liquid with two
channels in the unitary limit (Kondo regime). Consequently,
within the overscreened regime, this seems to force the spectral
density at the Fermi level (chosen to be at ω = 0) to be
ρ(0) ∼ 2

π�
while the spectral weight per channel and spin

seems to be ρασ (0) ∼ 1
2π�

. This agrees with the known rule
for the 2CA impurity model [25], which can be obtained from
our model in the limit D → +∞ and also for the 2CK model
[14]. Several features in the Kondo resonance distinguish
the 1CA from the 2CA spin-1/2 model [4]. Among others,
(i) the spectral weight for the 2CA model at ω = 0 in the
Kondo regime is reduced to nearly half the value of the 1CA
model, ρσ (0) ∼ 1

π�
; (ii) the resonance in the 2CA model is

pinned at the Fermi level in contrast to the slight shift to
positive energies found in the 1CA model.

Within the underscreened regime, D = 0, the conductance
at temperature T = 0 seems to approach to 2G0 which implies
that the total spectral weight at the Fermi level should be near
ρ(0) ∼ 4

π�
. According to that, the spectral density at ω = 0

per channel and spin surprisingly agrees with that specified
by the generalized Friedel sum rule [26], for two orbitals
assuming an impurity occupation near 1 for each of them:
ρασ (0) ∼ 1

π�
. This result differs from that of the well-studied

1C underscreened Kondo effect in spin-1 molecules [27,28],
where it was found that the phase shift has a term π/2
in addition to that due to the contribution of the displaced
electrons [27].

For D < 0, the projections M3 = ±3/2 are not connected
by the hopping processes with both channels. One does not
have a spin Kondo effect and there is no rule for the spectral
density at the Fermi level. A continuous reduction of that
weight is expected when increasing |D| as a consequence of
the vanishing Kondo resonance. In the limit of D → −∞ the
model splits into two different resonant models and Fermi-
liquid results could be used.

Important questions arise at this point: How does the
spectral density evolve near the transition point from negative
to positive values of the anisotropy D? Does the transition
constitute a crossover or a quantum critical phase transition?
Are there more energy scales involved in the transition in
addition to the well-known Kondo scale?

In what follows, we present the results of the spectral
density from NRG calculations for different values of the
anisotropy D. The results are obtained from full density
matrix (FDM) NRG calculations which exploited the SU(2)
channel symmetry together with the Abelian U(1) symmetries
for total spin and total charge [29–31]. Further NRG-specific
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FIG. 2. (Color online) Spectral density of the Co atom as a
function of frequency in a logarithmic scale for different values of
D (NRG). The upper and lower panels show the data for positive
and negative ω, respectively. The arrows stand for the charge transfer
energy E32 and the anisotropy D.

parameters are � = 4 for the logarithmic discretization of
the conduction bands together with z averaging using Nz = 2
[32], and a truncation energy Etr = 10 in rescaled units
(as defined in Ref. [31]). This resulted in retaining up to
16 000 multiplets (53 000 states) per iteration with exact
diagonalization of state spaces of dimension up to 234 000
multiplets (846 000 states). The estimated resulting discarded
weight of δρ < 10−15 indicates numerically well-converged
data [33].

We start by defining the Kondo temperature, TK , for D = 0
as the half width at the half maximum of the spectral density.
For the model parameters representing the trimer it was found
to be TK ≈ 7 × 10−6 eV.

In Fig. 2 we show the impurity spectral density per channel
and spin for several positive values of the anisotropy D in units
of TK . By analogy with the Anderson model, the spectral data
are scaled by π�. In addition to the peak at the charge transfer
energy at ω = E32, the spectral density exhibits two shoulders
or satellite peaks at energies related to the anisotropy at ω =
±D for D > TK . These energies are indicated with arrows
in the lower panel, corresponding to negative frequencies.
Within the underscreened regime, as previously mentioned,
the maximum of the spectral density at low energy roughly
agrees with the expected one for FL behavior. From the Friedel
sum rule, one would expect π�ρασ (0) = sin2(π�nασ �) [26],
which is near the result reported in Fig. 2 for an occupation
of the Co atom per channel and spin �nασ � � 1/2. Using the
real parameters representing the system shown in Fig. 1(b), we
obtain �nασ � = 0.428. Therefore, some degree of intermediate
valence is present which would lead to a 5% lower value, i.e.,
π�ρασ (0) � 0.95. To the best of our knowledge, however,
there are no exact results for the spectral weight at ω = 0 for
this kind of model, because it is expected to be a singular FL,
in which the Friedel sum rule is not valid. In the case of the
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FIG. 3. (Color online) Analysis of the low-energy scale T ∗ ex-
tracted from the NRG data (using even iterations n, with similar data
and conclusions for odd iterations [not shown]). For the determination
of T ∗, the exponential convergence of the rescaled and iteratively
subtracted ground-state energy E

(n)
0 at iteration n deep into the

low-energy fixed point was extrapolated towards larger energies
(smaller n), such that �Ẽ

(n∗)
0 := 1 (in rescaled energies) with �Ẽ

(n)
0

the plain exponential fit to |E(n)
0 − E

(∞)
0 | < 0.01. With this, the low

energy scale T ∗ := �−n∗/2 was determined individually for each
value of the anisotropy D. Finally, the fit to the analytical expression
for T ∗ was carried out for x > 3 (indicated by the vertical dotted
line), i.e., D < 0.11TK .

one-channel (1C) underscreened spin S = 1, Logan et al. have
found, on the basis of NRG calculations, that when the total
impurity occupation, �nimp�, tends to 2, the normalized spectral
weight at the Fermi level, π�ρασ (0), approaches 1 instead of
0 as expected for a FL [27].

When the anisotropy D goes from D = 0 to D > 0, the
spectral weight at the Fermi level is reduced suddenly to half
its value. As previously mentioned, this agrees with the results
expected for the 2CA model. When D turns positive, there
is a new low-energy scale entering the system which controls
the crossover from the underscreened to overscreened phases.
An analysis of the low-energy spectrum, as shown in Fig. 3,
clearly suggests for D � TK the asymptotic form

T ∗ = aTKe−b(TK/D)1/2
, (8)

with a and b some dimensionless constants of order 1. It is
interesting to note that in the case of the 1C underscreened
spin-1 model including anisotropy, a similar scale was found
[28].

As can be seen in Fig. 4, for D � TK , the spectral weight
continuously increases when the energy approaches zero.
However, for D < TK the spectral weight increases until
|ω| ∼ T ∗. For |ω| < T ∗ a dip is opened and the spectral
density ρασ (0) is suppressed to nearly half its value for D = 0.
Therefore, the scale T ∗ represents the energy at which the
underscreened behavior of the spectral density turns to the
overscreened one. In Fig. 4 we show this peculiar behavior for
two selected values of the ratio, D/TK = 0.5 and D/TK =
0.05.

-2 10-6 -10-6 0 10-6 2 10-6

ω (eV)

0.5

0.75

1

πΔ
ρ ασ

(ω
)

D / TK ~ 5.00
D / TK ~ 0.50
D / TK ~ 0.05

T*

FIG. 4. (Color online) Spectral density per channel and spin for
different values of the ratio D/TK (NRG).

The results presented in Figs. 2 and 4 demonstrate that a
QCP separating the overscreened and underscreened phases is
present and NFL properties are obtained for any D > 0.

Finally, in Fig. 5 we present the results for negative values
of the anisotropy D. As can be seen, the spectral weight at the
Fermi energy is continuously reduced when the values of |D|
are increased. This is expected due to the vanishing Kondo
effect and follows from the fact that there are no spin-flip
processes connecting the M3 = ±3/2 projections.

B. Nonequilibrium transport properties (NCA)

In this section we analyze the differential conductance,
G(T ,V ), through the Co atom when a finite bias voltage

0.2

0.4

0.6

0.8

1

πΔ
ρ ασ

(ω
)

D/TK = -50
D/TK = -5
D/TK = -0.5
D/TK = -0.05
D/TK = -0.005
D/TK = 0

10-20 10-16 10-12 10-8 10-4 100

|ω| (eV)
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0.4

0.6

0.8

1

ω > 0

ω < 0 TK (D=0) = 7.0 10-6 eV

FIG. 5. (Color online) Spectral density per channel and spin for
different negative values of the ratio D/TK (NRG).
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is applied to the system. For this purpose we calculated
the current through the Co atom for each temperature as a
function of bias voltage, I (V ), being G = dI/dV . The current
per channel can be expressed in terms of the corresponding
spectral density [34] obtained in the presence of the two
different chemical potentials μL and μR ,

Iα(V ) = 2πe

h

�L�R

�L + �R

�

σ

�
dω[fL(ω) − fR(ω)]ρασ (ω).

(9)

Whereas for the equilibrium situation we obtain the spectral
density exactly by using the NRG, within the nonequilibrium
one we employ the NCA to solve the model. To apply the
NCA we introduce auxiliary bosons for the triplets (tαM2 ) and
auxiliary fermions (qM3 ) for the quadruplet. In terms of the
auxiliary operators the Hamiltonian in Eq. (1) takes the form

Heff =
�

M3

�
E3 + D

2
M2

3

�
q

†
M3

qM3 + E2

�

αM2

t
†
αM2

tαM2

+
�

νkασ

�νkĉ
†
νkασ ĉνkασ

+
�

M3M2

�

ανkσ

Vν

�
3
2M3|1 1

2 ; M2σ
�
q

†
M3

tᾱM2 ĉνkασ + H.c.

(10)

The expressions for the physical operators d̂†
ασ in terms of

auxiliary particles are given by

d̂
†
α↑ = q

†
3/2tᾱ,+1 +

�
2

3
q

†
1/2tᾱ,0 +

�
1

3
q

†
−1/2tᾱ,−1,

d̂
†
α↓ = q

†
−3/2tᾱ,−1 +

�
2

3
q

†
−1/2tᾱ,0 +

�
1

3
q

†
1/2tᾱ,+1. (11)

Since only one state should be occupied at each time, the
total operator number of auxiliary particles must satisfy the
following constraint:

�

M3

q
†
M3

qM3 +
�

αM2

t
†
αM2

tαM2 = 1. (12)

The spectral density associated with the operator d̂†
ασ can

be obtained by convolution of the greater and lesser Green’s
functions of the auxiliary particles. For instance, the ρα↑(ω) is
given by

ρα↑(ω) = −1

4π2Q

�
dω�

�
[G>

3/2(ω + ω�)G<
α,+1(ω�)

−G<
3/2(ω + ω�)G>

α,+1(ω�)]

+2

3
[G>

1/2(ω + ω�)G<
α,0(ω�)

−G<
1/2(ω + ω�)G>

α,0(ω�)]

+1

3
[G>

−1/2(ω + ω�)G<
α,−1(ω�)

−G<
−1/2(ω + ω�)G>

α,−1(ω�)]

�
, (13)

where Q is the impurity canonical partition function:

Q = −i

2π

�
dω

⎛
⎝�

M3

G<
M3

(ω) −
�

α,M2

G<
M2

(ω)

⎞
⎠ . (14)

A similar expression allows to obtain ρα↓(ω) and, in the
absence of an applied magnetic field, as is actually our case,
ρα↓(ω) = ρα↑(ω).

In order to obtain the greater auxiliary Green’s function, a
self-consistent loop for the self-energies have to be solved,

�>
q3/2

(ω) = 1

2π

�

να

�να↑

�
dω�f (ω� − ω + νμ)G>

ᾱ,+1(ω�),

�>
q−3/2

(ω) = 1

2π

�

να

�να↓

�
dω�f (ω� − ω + νμ)G>

ᾱ,−1(ω�),

�>
q1/2

(ω) = 1

6π

�

να

�
dω�f (ω� − ω + νμ)[2�να↑G>

ᾱ,0(ω�)

+�να↓G>
ᾱ,1(ω�)],

�>
q−1/2

(ω) = 1

6π

�

να

�
dω�f (ω� − ω + νμ)[2�να↓G>

ᾱ,0(ω�)

+�να↑G>
ᾱ,−1(ω�)], (15)

together with the nonequilibrium Dyson equations

G
≷
i (ω) = Gr

i (ω)�≷
i (ω)Ga

i (ω), (16)

where the retarded Green’s functions are given by

Gr
i (ω) = 1

ω − �i − �r
i (ω)

. (17)

Within the NCA, the retarded and greater self-energies are
related by

�>
i (ω) = 2iIm�r

i (ω). (18)

An independent loop for the lesser self-energies is needed to
get the partition function and the lesser Green’s functions. The
loop is closed using again Eqs. (16):

�<
q3/2

(ω) = − 1

2π

�

να

�να↑

�
dω�f (ω − ω� − νμ)G<

ᾱ,+1(ω�),

�<
q−3/2

(ω) = − 1

2π

�

να

�να↓

�
dω�f (ω − ω� − νμ)G<

ᾱ,−1(ω�),

�<
q1/2

(ω) = − 1

6π

�

να

�
dω�f (ω − ω� − νμ)[2�να↑G<

ᾱ,0(ω�)

+�να↓G<
ᾱ,1(ω�)],

�<
q−1/2

(ω) = − 1

6π

�

να

�
dω�f (ω − ω� − νμ)[2�να↓G<

ᾱ,0(ω�)

+�να↑G<
ᾱ,−1(ω�)]. (19)

The equilibrium properties can be simply obtained by
setting μL = μR = 0 when solving the self-consistent loop
for the lesser and greater self-energies.

In the numerical procedure to solve the previous NCA
equations, we follow the computational algorithms that ensure
an accurate solution of the problem, detailed in Refs. [35–37].
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FIG. 6. (Color online) NCA impurity contribution to the entropy
(at equilibrium) as a function of temperature for D = 0 and D =
±0.0017 eV. Energies are given in units of the half bandwidth W .

In what follows we present the NCA results for the impurity
entropy, spectral density, and differential conductance for
different values of the anisotropy D.

In Fig. 6 we show the Co contribution to the entropy as a
function of temperature for different values of the anisotropy
D. The latter is calculated through numerical differentiation
of the free energy [36]. At high temperatures all the impurity
degrees of freedom are active due to the charge fluctuations
and therefore the entropy tends to S = ln(10) (in units of
the Boltzmann constant kB). As the temperature is lowered,
the charge transfer is frozen and the only active degrees of
freedom correspond to the local moment regime characterized
by a local spin 3/2, and therefore a plateau appears with
S ≈ ln(4). When the temperature reaches T ∼ |D|, the three
different regimes are separated. At low enough temperatures,
our model is expected to have entropy S = ln(2) when D < 0,
reflecting the presence of two decoupled local moments.
The same low-temperature limit should be reached for the
underscreened, D = 0, regime in which a doublet is still
present (see Fig. 3 of Ref. [16]). As can be seen from
Fig. 6, the NCA overestimates the expected value for the
underscreened case. This is related to the neglected vertex
correction within this approach. Surprisingly, the NCA entropy
at low temperatures for negative D is closer to the expected
one. Within the overscreened regime, the NCA entropy at
low temperatures gives the correct residual value of S ∼
1
2 ln(2). It is well known that NCA is a reliable technique for
the overscreened 2CA model. Regarding the thermodynamic
properties, the residual entropy and the scaling behavior of
the static magnetic susceptibility, among others, have been
successfully compared with exact Bethe ansatz results [5].

In Fig. 7 we show the NCA results for the spectral density
at equilibrium conditions for the same set of parameters as
in Fig. 2 for several values of D. For simplicity, we show
only the negative frequency data. When comparing the NCA
results with the NRG corresponding ones, it is clear that for

10-20 10-16 10-12 10-8 10-4 100

|ω|(eV)

0

0.2

0.4

0.6

0.8

1

πΔ
ρ ασ

(0
)

D / TK = 0.00
D / TK = 0.05
D / TK = 50.0

FIG. 7. (Color online) NCA spectral density per channel and spin
for different values of the ratio D/TK at equilibrium.

D = 0, the NCA spectral weight at the Fermi level is strongly
underestimated. This can be understood as follows. Within the
underscreened regime, D = 0, a scaling in the hybridization
�� = �/3 in the system of NCA self-consistent equations
[Eqs. (15), (19), and (14)] leads to an identical system in
which the ground and excited states have degeneracies N = 4
and M = 6, respectively. For such a model, the NCA spectral
density at the Fermi level is expected to be ρ(0) ∼ 2π

(N+M)2��

(see Appendix B of Ref. [5]) [38]. We have verified that our
calculations satisfy this rule. In addition, when D becomes
positive but lower than the Kondo temperature associated with
the underscreened case, the low-energy scale T ∗ is completely
absent. On the other hand, for large enough negative values of
the anisotropy (not shown), no Kondo resonance is expected.
However, the NCA spectral function develops a spurious spike
at the Fermi level at low temperatures, in analogy with other
cases of systems with a nondegenerate ground state in absence
of hybridization (see Fig. 3 of Ref. [37]). Therefore, we
conclude from the comparison with the NRG method that the
NCA approach does not represent a suitable technique for a
quantitative or even qualitative treatment of the problem when
D < TK .

Regarding the spectral function for D � TK , we found
the expected asymptotic low energy dependence ∼√

ω in
the limit ω → 0 and a slight overestimation of the spectral
weight at the Fermi level at very low temperatures. On the
other hand, for dynamical properties the NCA reproduces the
exact power law at low energies of all four-point auxiliary
correlation functions, as in the case of the spectral density
[4,36]. Specifically, for transport properties like equilibrium
conductance and differential conductance, both depending on
the spectral density, the NCA gives the exact nontrivial

√
T

and
√

V dependence, respectively [39,40].
In Fig. 8 we present the total differential conductance

through the Co atom for the real parameters in the trimer
geometry as a function of the bias voltage V and for several
temperatures. While for T = V = 0, a value of 2G0 is
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FIG. 8. Total differential conductance as a function of the bias
voltage for several values of temperature. The model parameters
correspond to the real configuration of the trimer sketched in Fig. 1(b)
with the parameters given in the text. Temperatures are given in units
of meV.

expected in the general case of two independent conductance
channels, we obtain nearly half of it in agreement with
NRG. This is, once again, an additional verification of the
nontrivial 2C behavior. The zero-bias anomaly (ZBA) reflects
the low-lying energy dependence of the spectral function and
a

√
V behavior is explicitly shown in the next two figures.

A slight overestimation of the unitary limit is also obtained
and follows from the corresponding one of the spectral weight
at the Fermi level. In addition to the ZBA, the differential
conductance exhibits two broad peaks located at eV ∼ ±2D,
related with the exited states ±3/2.

D. Ralph and Ludwig’s conformal field theory (CFT) [41]
solution of the 2CK problem suggested that a scaling of the
differential conductance G(T ,V ) as a function of T and V

should be possible with the form

G(T ,V ) − G(T ,0) = BT 1/2H

�
A

eV

kBT

�
, (20)

where H is a universal function with the properties H (0) = 0,
H (x) ∼ x2 for x � 1, and H (x) ∼ x1/2 for x � 1. Note that
when T → 0, G(T ,V ) − G(T ,0) is well behaved. A,B are
nonuniversal constants (i.e., sample dependent). The constant
B, which depends on the TK of each set, is determined from
the equilibrium conductance as shown in Eq. (27) of Ref. [36].

Figure 9 shows the scaling plot of G(T ,V ) as a function of
(eV/kBT )1/2 for a general set of parameters and for several
values of the anisotropy D. From the half width at the half
maximum of the Kondo resonance of the spectral function at
equilibrium we found T D=0

K ∼ 1 × 10−6W , where W is the
bandwidth. As is clear from the figure, when the anisotropy D

becomes D � T D=0
K the curves collapse onto a single curve

proportional to (eV/kBT )1/2. For D � T D=0
K the differential

conductance follows the CFT scaling function expected for the
2CK model. For small D/T D=0

K the differential conductance
as a function of V/T displays a maximum and for larger

0 2 4 6 8 10
x1/2 =  (eV/kBT )1/2

0

2

4

6

8

H
(x

) =
 (G

(T
,V

)-
G

(T
,0

))
/B

T1/
2

→ ∞
0.5
0.2
0.1
0

D/TK

D=0

FIG. 9. (Color online) Scaling plot of the differential conduc-
tance G(T ,V ) for different values of the ratio r = D/T D=0

K at a
very low temperature, T = 0.001TK . Parameters are W = 1, E32 =
−0.67, � = 0.225. Here we define TK , for each set, from the half
width at the half maximum of the Kondo resonance of the spectral
function at equilibrium. The red dashed line indicates the limiting
behavior of Eq. (20) for large x.

V it deviates from the scaling expected for 2CK physics.
One expects that this maximum is related to the crossover
temperature scale T ∗, probably strongly renormalized out of
equilibrium. However, we believe that at low V , the NCA is
not reliable to identify accurately this energy scale.

In Fig. 10 we show the differential conductance as a
function of (eV/kBT )1/2 for the real parameters corresponding

0 1 2 3 4 5
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FIG. 10. Differential conductance G(T ,V ) for different temper-
atures in units of the Kondo temperature TK ∼ 0.8 meV given by the
NCA for parameters corresponding to the trimer configuration, for
which the anisotropy was found to be D ∼ 1.7 meV.
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to the trimer configuration and for several temperatures. When
the charge fluctuations are inhibited due to the decreasing
temperature, the G(T ,V ) through the Co atom displays the
2C scaling behavior, in particular the

√
V dependence already

displayed in Fig. 9.

IV. CONCLUSIONS

In summary, extending a previous study of the entropy
and equilibrium conductance through a Co atom coupled to
monatomic Au chains with fourfold symmetric leads, we
have presented a comprehensive study of the equilibrium
spectral density using the NRG method and the nonequilibrium
conductance in the non-Fermi-liquid regime using NCA.

We found that a quantum critical point at the anisotropy
value D = 0 takes place. The three different phases, under-
screened, overscreened, and no Kondo phases, are charac-
terized by the weight of the Kondo resonance at the Fermi
level. Within the underscreened Kondo regime, the value of the
spectral density per channel and spin is given approximately
by ρασ (0) ∼ 1

π�
in analogy to the ordinary Kondo model,

although the system is expected to be a singular Fermi liquid.
On the other hand, within the overscreened regime, the spectral
weight is reduced to half this value, ρασ (0) ∼ 1

2π�
. We also

found that the Kondo temperature of the underscreened phase,
TK , plays an important role in the cases of positive values of
D. When 0 < D � TK , the way the system enters into the 2C
fixed point is mediated by a new energy scale T ∗ that depends
exponentially on the ratio TK/D.

We also present a solution of the model by means of the
noncrossing approximation not only at equilibrium but also
for nonequilibrium situations such as transport properties as a
function of the bias voltage. Our results suggest that the only

phase in which the NCA becomes a reliable method is the
overscreened regime in which the anisotropy value should be
D � TK . In particular, the NCA for D = 0 underestimates the
spectral weight at the Fermi level by 40% and for the cases
in which 0 < D � TK the low-energy scale T ∗ is missed.
In contrast, for D � TK , corresponding to the regime of
parameters for which 2C physics is more evident, we have
verified that the NCA gives the correct residual entropy
and (except for a slight overestimation) it also gives the
correct value of the spectral densities at the Fermi level. This
suggests that the NCA is a reliable approximation to study the
overscreened regime also at finite bias voltage, for which our
NRG methods are not appropriate.

For small values of temperature T and bias voltage V , the
obtained differential conductance agrees with the predictions
of conformal field theory for the 2CK model. Specifically, we
show that for realistic parameters corresponding to the system
of Fig. 1(b) the conductance through the Co atom as a function
of the bias voltage follows a

√
V dependence, in agreement

with the behavior expected for this kind of non-Fermi-liquid
model. Furthermore, a universal scaling behavior as a function
of (eV/kbT )1/2 is obtained.

Our results confirm the rich physics of the model. We expect
that our study can stimulate experimental studies on similar
systems.
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1. Introduction

Resistive memories (ReRAMs) based on oxide’s compounds 
are receiving a lot of attention in view of their potential use 
for the next generation of non-volatile memories. Its opera-
tion relies on the resistive switching (RS) effect, which is 
the change in resistance of the device between two different 
values, the high resistance state (HRS) and the low resistance 
state (LRS), by an appropriate electric stimulus [1, 2]. The 
transition from HRS to LRS is called a set while the opposite 
process is defined as reset.

A large variety of oxides have been explored for ReRAM 
applications, ranging from binary transition metal oxides [3–7] 
to complex ones—manganite and perovskite-like [8–14].

In the case of devices based on complex oxides, the emerged 
consensus points to voltage-driven ion migration toward the 
metal–electrode interfaces as the relevant mechanism controlling 
bipolar RS, i.e. the switching mode dependent on voltage polarity 
[2]. In particular, oxygen vacancies (Ovs) have been proposed as 
the active agents participating in the bipolar RS effect [15–19].

The introduction of dopants for the improvement of 
ReRAM has also been reported consistently. As an example, 

the efficiency of Ov migration by Nb doping Ba0.7Sr0.3TiO3

(BST) thin films, was tested in [20]. As stated in that work, 
the distribution of defects is strongly related to the RS proper-
ties, assisting Ov migration and making the ReRAM opera-
tion more efficient.

Although the exact microscopic origin behind the RS effect 
remains elusive, a recent phenomenological model, named the 
voltage enhanced oxygen vacancy (VEOV) migration model 
[21], succeeded in reproducing many non trivial characteris-
tics of bipolar resistive switching found in experiments with 
complex oxides [12, 13, 22]. The VEOV model incorporates 
as main ingredients:

• the drift/diffusion of Ov along highly resistive metal/oxide 
interfaces, where strong electric fields are developed;

• a linear relation between resistivity and Ov concentration;
• the main contribution to the resistance comes from the 

density of oxygen vacancies in a region near the elec-
trodes.

Depending on the polarity of the electric field during a 
switching operation, vacancies may accumulate or void 

Journal of Physics D: Applied Physics

Thermal effects on the switching kinetics 
of silver/manganite memristive systems

P Stoliar1,2, M J Sánchez3,4, G A Patterson5 and P I Fierens4,5

1 ECyT, UNSAM, 1650 San Martín, Argentina
2 CIC nanoGUNE, 20018 Donostia-San Sebastián, Basque Country, Spain
3 Centro Atómico Bariloche and Instituto Balseiro, CNEA, 8400 Bariloche, Río Negro, Argentina
4 Consejo Nacional de Investigaciones Científicas y Técnicas (CONICET), C1033AAJ Buenos Aires, Argentina
5 Instituto Tecnológico de Buenos Aires (ITBA), C1106ACD Buenos Aires, Argentina

E-mail: submissions@iop.org

Received 16 July 2014, revised 29 August 2014
Accepted for publication 4 September 2014
Published 7 October 2014

Abstract
We investigate the switching kinetics of oxygen vacancy (Ov) diffusion in La(5/8-y)Pr(y)
Ca(3/8)MnO(3)-Ag (LPCMO–Ag) memristive interfaces by performing experiments on the 
temperature dependence of the high resistance state under thermal cycling. Experimental 
results are well reproduced by numerical simulations based on thermally activated Ov diffusion 
processes and fundamental assumptions relying on a recent model proposed to explain bipolar 
resistive switching in manganite-based cells. The confident values obtained for activation 
energies and the diffusion coefficient associated to Ov dynamics constitute a validation test for 
both model predictions and Ov diffusion mechanisms in memristive interfaces.

Keywords: memristive, manganite, oxygen vacancy, memory

(Some figures may appear in colour only in the online journal)

0022-3727/14/435304+5$33.00

doi:10.1088/0022-3727/47/43/435304J. Phys. D: Appl. Phys. 47 (2014) 435304 (5pp)

193



P Stoliar et al

2

nano-sized regions at the metal/electrodes interfaces, giving 
a place to the reset and set transitions, respectively. In spite of 
the success of the VEOV model in reproducing many experi-
mental features of bipolar RS, the drift/diffusion of Ov has 
only been tested indirectly [12, 14].

The goal of the present work is to probe the switching 
kinetics proposed in the VEOV model, by studying the 
response of the switched high resistance state under thermal 
cycling in a manganite (LPCMO)–Ag device. Nian et al [15] 
studied the relaxation time of the HRS at a fixed tempera-
ture for different temperatures in samples of Pr0.7Ca0.3MnO3. 
Assuming a linear relation between resistance and Ov density, 
they estimated, e.g. the activation energy of vacancy diffu-
sion. In section 2, we not only reproduce the same type of 
measurements on samples of La5/8 − yPryCa3/8MnO3, but we go 
a step further by varying sample temperature in a controlled 
manner during the experiments. We shall show that diffusion 
can be either activated by increasing temperature or ‘frozen’ 
by decreasing it.

In section  3 we put forth a simplified model of oxygen 
vacancy diffusion. As we shall show in section 4, our model 
fits experimental data quite well and allows us to extract confi-
dent values for the activation energy and diffusion coefficient 
associated to Ov dynamics. We close this manuscript with 
some conclusions in section 5.

2. Experimental results

We conducted experiments on two manganites 
La5/8  −  yPryCa3/8MnO3 (LPCMO)-based samples. Contacts 
were made by depositing drops of silver paint of 1–2 mm 
diameter over the LPCMO pellet. Sample fabrication and 
some of its characteristics were presented by Levy et al [23]. 
Moreover, the bipolar RS behaviour of this compound has 
been broadly studied [11–14, 21, 22, 24]. Each sample was 
coupled to a different heating stage (see figure 1) in order to 
perform two completely independent analyses in different 
laboratories. In setup #1 temperature was controlled by a 
LakeShore 331 Temperature Controller, having an error lower 
than 1 K. Setup #2 consisted of an ad hoc heating stage based 
on a Peltier cell controlled by an Arduino board.

The inset of figure 2 presents an example of the evolution 
of the resistance in setup #2 after setting the high resistance 
state at a fixed temperature (353 K). As it can be observed, 
resistance evolves in time even in the absence of an external 
stimulus. Indeed, based on the main assumptions of the VEOV 
model, we may hypothesize that, even after the reset pulse 
has been applied, oxygen vacancies continue diffusing into 
a region near the interface and, hence, resistance changes. In 
section 4 we shall come back to figure 2 and we shall estimate 
the activation energy of Ov diffusion by analysing the tem-
poral evolution of resistance at constant temperature.

Figures 3–4 present results corresponding to more complex 
experiments where the temperature was continuously varied. 
The general procedure employed consisted on the application 
of a reset pulse at an initial temperature and then recording the 
resistance of a single interface—RA corresponding to contact 

A in figure 1(a)—during several cyclic temperature sweeps. 
For each temperature, resistance was determined by applying 
a small bias current between terminals A and C and measuring 
the voltage drop between A and B.

In figure 3 we present results corresponding to setup #1. 
We swept the temperature from 323 K to 455 K with a rate 
of ± 10 K min−1. Results are plotted on a semi-log scale versus 

−T
1
4. As it can be seen, during the last temperature cycle, 

resistance measurements appear to fall on a line. These results 
are consistent with the variable range-hopping (VRH) model 
[25]. Indeed, VRH postulates that the dependence of resist-
ance with temperature is given by

 = ⎜ ⎟
⎛
⎝

⎞
⎠R R

T

T
exp ,0

0
1
4 (1)

where the characteristic temperature T0 depends on the 
localization of the charge carriers and R0 is a scaling factor. 
Although the temperature range of our experiments is far 
too small to rule out other transport mechanisms, variable 
range hopping has been proposed as a conduction mecha-
nism for manganites in the paramagnetic region [26–28]. 
VRH, however, cannot explain the unexpected path fol-
lowed by the resistance during the first heating ramp. The 
initial deviation from VRH may be explained by the diffu-
sion of oxygen vacancies towards the interface, as in the 
case of figure 2.

We repeated the experiment with setup #2, this time with 
temperature in a narrower range from 303 K to 373 K, varying 
with a rate of up to ± 6 K min−1. Results are presented in 
figure 4. A qualitative similar behaviour is obtained: resist-
ance deviates from the VRH prediction only during the first 

Figure 1. (a) Scheme of the experimental setup. (b) Model 
description and proposed mechanism described in the text. While 
the sample is in the LR state, Ov are mostly in the bulk. Under 
a reset pulse, the Ov move to the interface region and the HR 
state is attained. However, there is a region (shadow area in the 
figure) which still remains void of vacancies. When the pulse 
is switched off, the temperature activated diffusion process can 
further increase the interface resistance by the infilling of Ov in 
the previously void region.
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temperature cycle. Again, we may find a qualitative explana-
tion of the observed behaviour by assuming that oxygen vacan-
cies continue pouring into a region close to the interface after 
the external stimulus has disappeared. Furthermore, Ov diffu-
sion is alternatively activated or ‘frozen’ by either increasing 
or decreasing the temperature, respectively. Extending these 
ideas, in the following section we put forth a simplified quan-
titative Ov diffusion model that accounts well for the observa-
tions in figures 2–4.

3. Diffusion model

Based on the predictions of the VEOV model, our interpreta-
tion of the observed behaviour is the following: the negative 
polarity of the reset pulse forces oxygen vacancies to move 
from the bulk to the interface region, increasing its resistance 
RA [12]. However, the Ov distribution is far from equilibrium 
because the reset pulse does not succeed in introducing vacan-
cies homogeneously in all the interface and some nanoscale 
regions remain void of vacancies. After the reset pulse, the 
dynamics is governed by diffusion. At room temperature, 
the diffusion coefficient D(T) for Ov is too small to effec-
tively compensate for the density gradient obtained as a con-
sequence of the reset pulse. As temperature is raised, D(T) 
rapidly increases enabling former void regions to be infilled 
with vacancies, thus producing the concomitant increase in 
resistance. This process lasts until the steady configuration is 
attained. A picture of the proposed mechanism is shown in 
figure 1(b).

To be definite we proposed a very simplified 1D model of 
vacancy diffusion near the interface. Calling x to the spatial 
coordinate, we model the interface as the interval −L < x < L. 
We further assume that, after the reset pulse, Ov density n is 
constant everywhere but in a void region (−xo, +xo),

= = ∈ − +
∈ − − ∪ + +

⎧⎨⎩n x t
x x x

n x L x x L
( , 0)

0 ( , ),
( , ] [ , ),

o o

b o o
(2)

t is the time. We do not expect the results to be qualitatively 
different for a different choice of n(x, t = 0), as long as it con-
tains a strong discontinuity. In addition the extension to the 2D 
and 3D is straightforward in Cartesian coordinates. Vacancy 
infilling dynamics are governed by Fick’s second law,

∂
∂

= ∂
∂

∈ − + >n

t
D T

n

x
x L L t( ) ( , ), 0.

2

2
(3)

The diffusion coefficient D(T) is thermally activated with acti-
vation energy ϵ

= −ϵ⎛
⎝⎜

⎞
⎠⎟D T D

k T
( ) exp ,0

B
(4)

where the prefactor D0 is the diffusion coefficient at infinite T 
and kB the Boltzmann constant.

Following the VEOV model assumption, we then consider 
a linear dependence between the value of R0 in (1) and the 
total number of vacancies in the formerly void region,

 ∫≈ ′ +
−

+
R R B n x t x( , ) d ,

x

x

0 0
o

o

(5)

where R′0 and B are two arbitrary values.
Solving equations (1)–(5), we obtain that
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Figure 3. Experimental results for setup #1 showing the 
temperature behavior of the contact HR, RA(T). The arrow indicates 
the starting direction. At T ≳ 373 K the sample is fully diffused. The 
solid blue line is the model fit. Inset: time evolution of RA(T), model 
fit and temperature (red dashed-line). Temperature was swept from 
323 K to 455 K at a rate of ± 10 K min−1 using a LakeShore 331 
Temperature Controller.

Figure 2. Diffusion coefficient as a function of temperature. The 
activation energy obtained is (0.18 ± 0.03) eV. Inset: time evolution 
of the HR state at 353 K. Two consecutive diffusion processes are 
observed at this temperature.
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4. Model fit

We fit (6) to the experimental measurements of RA (see figures 
3–4). First, T0

1/4 was obtained from stable regions in the experi-
ments presented in figures 3 and 4, i.e. long after transients have 
passed. Fitted values of T0

1/4 were in the range of [45, 57] K1/4. 
These values are not far from those reported in [26]. Using (6), 
we then looked for the values of xo/L, D0/L2 and ϵ which mini-
mized the mean square error between the experimental results 
and simulated values. As it can be seen in figures 3–4, the simple 
model in section 3 fits experimental data well.

Among different experiments, we obtained xo/L ∼ 0.5. In 
the case of ϵ—the height of the barrier that maintains the 
system in a metastable out-of-equilibrium condition immedi-
ately after the writing pulse—we got values ranging between 
0.2–1.3 eV. As a reference, Nian et al [15] estimated 0.4 eV 
for another manganite. Regarding the dispersion in the 
values, we hypothesize that it is evidencing a broad distri-
bution of anchoring energies instead of the mono-energetic 
level considered in our model. Moreover, experimentally we 
have little control (if any) in the way this broad distribution 
of states is infilled.

Extracting D0/L2 is not straightforward because it is expo-
nentially affected by the estimated value of ϵ. In fact, there 
is a strong nonlinear covariance between ϵ and D0/L2 in the 
proposed minimization method. Therefore, we estimated 

D(T)/L2 from the measured time evolution of resistance for 
a fixed temperature and the first term in (6). In the inset of 
figure 2, we present an example of the evolution of the resist-
ance after setting the HR state at 353  K. We hypothesize 
that the two successive exponential-like-increase intervals 
could correspond to the sequential infilling of two vacancy-
void regions. Indeed, we also obtained good fits (not shown 
here) of figures 3–4 with a two-vacancy-void-region model. 
Figure 2 displays the results for six temperatures (two meas-
urements for each temperature) together with the fit from 
which we extracted ϵ ∼ 0.2 eV, D0/L2 ∼ 90 s−1. A value of 
D0 ∼ 2 · 10−7 cm2 s−1 is obtained by setting L = 500 nm, which 
is fully consistent with reported oxygen diffusion constant in 
perovskite-based oxides [15, 29].

5. Conclusions

By performing temperature sweeps of the high resistance state 
in a perovskite-based memristive interface, and relying on 
simple assumptions of the VEOV model, we extracted confi-
dent values of relevant parameters involved in the kinetics of 
Ov diffusion. We found that the electric pulse might set the 
system in a metastable configuration that relaxes after over-
coming a barrier of 0.2—1.3  eV. In addition the estimated 
diffusion coefficient values for Ov are consistent with the lit-
erature. Our results support a switching dynamics consistent 
both with the VEOV model and the assumption of a linear 
relation between resistivity and Ov concentration in regions 
near the electrode interface [21].

Finally, the metastability here reported could be also fur-
ther exploited in resistive switching binary memories, as it 
actually increases the resistance of the high resistance state 
(i.e. it improves the ON/OFF ratio).
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We study analytically and by numerical simulations the statistics of the aftershocks generated after large
avalanches in models of interface depinning that include viscoelastic relaxation effects. We find in all the analyzed
cases that the decay law of aftershocks with time can be understood by considering the typical roughness of the
interface and its evolution due to relaxation. In models where there is a single viscoelastic relaxation time there
is an exponential decay of the number of aftershocks with time. In models in which viscoelastic relaxation is
wave-vector dependent we typically find a power-law dependence of the decay rate that is compatible with the
Omori law. The factors that determine the value of the decay exponent are analyzed.
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I. INTRODUCTION

An elastic interface driven through a disordered energy
landscape is a generic model for many different physical
systems, such as domain walls in ferromagnetic materials
[1–3], wetting fronts on a rough substrate [4,5], and seismic
fault dynamics [6–8]. The characteristic feature of the dynam-
ics of slowly driven elastic interfaces is its evolution through a
sequence of abrupt events, called avalanches. In the presence
of viscoelastic effects, interface depinning has additional
interesting physical properties [9–11], one of them being
the existence of aftershocks, namely secondary avalanches
originated in the internal viscoelastic dynamics, that are not
directly related to the external driving. The prominent example
of a physical system in which aftershocks show up is the
seismic phenomenon [12]. There, aftershocks are so abundant
(they may even represent the numerical majority of the events)
that strong statistical regularities have been well established for
many years. The most famous of these empirical observations
is the Omori (or Omori-Utsu) law [13–15], stating that the
aftershock rate (the number of aftershocks per unit of time)
N (t) after a main shock decays as

N (t) ∼ 1

(t + c)p
. (1)

Here time is measured from the time of the main shock, and
p and c are phenomenological parameters. The value of c

is typically in the range of minutes. The most interesting
physical information contained in the Omori law is the fact
that for t � c, N (t) decays as a power law with an exponent
p. Experimentally, although typically a value of p around 1 is
referred to, a much wider range of values (between 0.9 and 1.5
according to Ref. [15]) has been observed. Moreover, it has to
be taken into account that the fitting of experimental data with
the power law (1) has usually important deviations. In spite of
this, the fact that the aftershock rate is roughly a power law
with time is well established.

There have been different proposals for the physical origin
of aftershocks. Some studies [16] have claimed that they
are related to aseismic afterslip occurring after large quakes.
Evidence for this mechanism is not compelling. In any case,
the model we will study does not include the possibility of
afterslip, meaning that the aftershocks we will observe are not
related to this physical mechanism.

The most accepted theory of aftershock production follows
the analysis in Ref. [17]. After a main shock, some parts of
the fault close to the ruptured region are suddenly loaded to
higher values of stress. This can produce the failure of these
regions in a finite time, according to the mechanisms of static
fatigue rupture. Within this framework, the Omori law has been
derived by a number of authors [17–20]. Note that according
to this mechanism, aftershocks should mostly appear outside
and nearby the region affected by the main shock.

In the past few years, it has been shown that the statistical
properties of earthquakes in single-fault systems can be well
described by the avalanches observed in viscoelastic models
of interface depinning [10,21,22]. Numerical simulations have
shown that these kind of models are able to reproduce
many statistical properties of earthquakes, like the Gutenberg-
Richter law with a realistic b exponent and friction properties
of the system compatible with experimental observations and
with the predictions of the phenomenological rate-and-state
equations [12]. In addition, these models display aftershocks
that qualitatively resemble real ones.

The purpose of the present work is to study in detail the
aftershock rate in these kinds of models and see whether this
rate is compatible with the Omori law.

II. THE MODEL

The models we study here are based on the standard
quenched Edwards-Wilkinson (qEW) model that describes
the dynamics of a purely elastic interface on a disordered
substrate [8]. A schematic pictorial view of this model is
presented in Fig. 1(a). For simplicity the sketch is made for the
one-dimensional case, but we will discuss the two-dimensional
case throughout the paper, which is the appropriate case for the
seismic context. The dynamical state of the model is described
by the coordinates xi at every spatial position i. It is convenient
to define fi as the total elastic force exerted over the site i,
except the force exerted by the k0 springs. In the present case
this is given by

fi = k1(∇2x)i . (2)

Here (∇2x)i ≡ �
j (xj − xi) (j being the neighbor sites to i)

is the discrete Laplacian operator.
The driving velocity V is supposed to be vanishingly small

compared with the dynamics of the xi variables. This means
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FIG. 1. (a) Mechanical representation of the quenched Edwards-
Wilkinson model. [(b) and (c)] Two viscoelastic variations of the
model.

that avalanches are instantaneous in the time scale of driving,
a condition that is quite well satisfied in actual seismicity.
For numerical convenience we consider a case in which the
substrate potential is a collection of discrete narrow wells at
which the interface (through the variables xi) can be trapped.
Each well is characterized by the maximum force f th

i that it
can apply on the surface. The actual pinning force f

pin
i cannot

overpass this maximum value. In mechanical equilibrium, the
force on each xi must balance, and in our narrow well limit
this means

k0(V t − xi) + fi = f
pin
i < f th

i . (3)

The dynamics of the model in the narrow well approxima-
tion can be stated as a set of rules for the evolution of the forces

fi acting on each site i [10]. On a stationary configuration
satisfying (3), time increases until k0(V t − xi) + fi = f th

i

for some i. At this stage the corresponding xi jumps to
the next potential well located at xi + z (z is taken from a
random distribution, defined in the appendix). Due to this
rearrangement, and according to (2), the forces f are modified
as

fi ← fi − 4k1z,
(4)

fj ← fj + k1z,

where j are the four sites (in two dimensions) neighbor to i.
This can generate a cascade of rearrangements that represents
an earthquake in the model. The avalanche finishes when the
stability condition (3) holds again at every site.

In general terms, viscoelastic relaxation is a mechanism by
which the mechanical energy of the system tends to be reduced
in time, taking the system to more relaxed configurations.
The existence of these mechanisms is well documented in the
earthquake context and has manifestations at the laboratory
scale, where, for instance, they are responsible for the slow
increase in time of the real contact area between two solid
bodies at rest [23]. Within the context of our numerical
models, these mechanisms can be conveniently represented by
additional terms in the time evolution equation of the model.
In some cases, they can be graphically represented by means
of linear viscoelastic elements.

It is not obvious a priori what the exact form of the
viscoelastic terms is that must be used to model seismic
processes in the most accurate way. It is for this reason that we
consider two different forms of the relaxation mechanism that
display different properties for the aftershock activity. They
are graphically represented in Figs. 1(b) and 1(c). The viscous
elements are all identical and characterized by a viscosity
coefficient η. The main difference between the two models
is that the one in Fig. 1(b) has a single time constant for
relaxation, whereas that in Fig. 1(c) has a distribution of
relaxation times depending on wavelength.

Similarly to the case of the qEW model, we define fi as the
total (visco-)elastic force exerted on the site i, except the force
applied by k0 springs, so Eq. (3) is also the stability condition
for the viscoelastic versions. However, even if the values of xi

remain fixed (i.e., as long as f
pin
i < f th

i for all i), fi’s are no
longer constant but evolve in time according to [24]

dfi

dt
= −k1

η
fi (model A), (5)

dfi

dt
= k1

η
(∇2f )i (model B). (6)

As in the qEW model, an avalanche occurs each time
k0(V t − xi) + fi = f th

i for some i. The time scale of relax-
ation η/k1 is supposed to be very large compared with the
time scale of the individual avalanches; namely we continue
to consider avalanches as instantaneous. Therefore, Eqs. (4)
continue to be valid in the viscoelastic case, as dashpots are
rigid during the avalanche development.

Since fi depend on time even if xi are constant, the
triggering of an avalanche is now a combined effect of
the driving and the viscoelastic dynamics of the system,
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FIG. 2. (a) The size S of the avalanches (see the definition in the
appendix) as a function of time for the case of model A [Fig. 1(b)].
The time axis is scaled by the driving velocity V , so all aftershocks
appear on the same vertical line. In (b) and (c), we take particular
clusters of events in (a) and plot them as a function of the time in
units of the relaxation time constant η/k1. We see here the decay
of the aftershock rate with time. The largest event in each cluster is
indicated by the small horizontal arrows. Note that in (b) the largest
event is the first one, but this is not the case in (c). This last case is
actually the typical situation.

respectively represented by the two terms on the left-hand
side of (3). Only in the case in which V � zk1/η (where z is
the average separation between potential wells) will we have a
complete separation of time scales, and we can tell which term
is the immediate responsible for each triggered event. We will
consider this limiting case from now on. In these conditions,
the avalanches are clustered in time. Each cluster is initiated
by the driving term. All the remaining events within the cluster
are aftershocks that are triggered by the relaxation term. Note
that the first event is not necessarily the largest one in the
cluster. An example of a time sequence of events obtained by
numerical simulations of model A is shown in Fig. 2. In real
seismicity the time scales of driving and relaxation are not
totally separated, and a clear-cut identification of aftershocks
is not possible. Although it is not our main concern here, it
is necessary to mention that both models A and B produce a
Gutenberg-Richter distribution of number of earthquakes as a
function of size, with a realistic value of the b exponent.

We can make the following pictorial description of how
initial shocks and aftershocks are produced. In the left part of
Fig. 3(a) the form of fi is supposed to be totally relaxed, and
for the models we are analyzing this means fi = 0 [24]. When,
due to driving, the stability condition (3) is no longer satisfied
at some point (right), an initial shock occurs. This produces
rearrangements in the values of fi due to the avalanche
dynamics [Eqs. (4)], generating a nonrelaxed configuration
that evolves according to (5) or (6). As indicated in Fig. 3(b),

aftershockrelaxation

(b)

(a)

driving

forces

spatial position
primary shock

FIG. 3. (a) A relaxed distribution of forces fi (line), which for
the present models is a constant, and the values of f th

i − k0(V t − xi)
(crosses) in a one-dimensional sketch. As driving increases, crosses
move down, generating a primary shock. (b) After the primary shock,
the rearranged distribution of forces fi evolves due to the relaxation
term, eventually triggering aftershocks.

this relaxation can eventually produce aftershocks at some
nearby position.

This means that the number of aftershocks per unit of
time are the number of sites at which fi becomes larger
than f th

i − k0(V t − xi) due to the relaxation. However, the
calculation of this number is difficult because fi themselves
are changed after each aftershock. In order to get a rough
estimation, we consider a typical distribution fi(t = 0) of
the forces after some initial shock and consider its evolution
through relaxation, disregarding the changes of fi when
aftershocks actually occur. Assuming that the possible values
of f th

i − k0(V t − xi) are uniformly distributed, the probability
to trigger an aftershock at site i will be proportional to the
increase of fi above all previous values it has taken before.
Then, defining f max

i (t) as the maximum value of fi for all
times smaller than t [namely f max

i (t) = max0<τ<t fi(τ )], we
will estimate

N (t) ∼
�

i

df max
i

dt
. (7)

The effect of aftershock interaction that we neglected in this
estimation will be reconsidered later. By now we concentrate
in making an estimate of Eq. (7).

The initial distribution of forces fi(0) needed for this
estimation must be taken as a typical distribution of forces
after a big shock in the system. For the models in Figs. 1(b)
and 1(c), if the shock produced some given displacements
of the surface δxi , the values of fi(0) are given by fi(0) =
k1(∇2δx)i . This is because dashpots are rigid in the time scale
of the avalanches. Typically, statistical properties of δxi are
characterized by a number ζ which is the roughness exponent
of the displacements during the shock. It indicates that for
two points on the surface a spatial distance L apart, the shock
produced displacements that scale with L as |δx0 − δxL| ∼
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Lζ . It can also be shown that this implies a spectral form of δx

of the form

|δxq |2 ∼ q−(d+2ζ ), (8)

|fq(0)|2 = q4|δxq |2 ∼ q4−d−2ζ , (9)

where d is the dimensionality of the surface (two in our case).
Once we have the force distribution at the initial time,

we must follow the evolution caused by relaxation. In the
simplest case of exponential relaxation, we can readily write
fi(t) = fi(0)e−k1t/η, where we see that for each i, fi(t) moves
monotonously in time (either increasing or decreasing) to the
relaxed value fi(t → ∞) = 0. In this case f max

i (t) is either
fi(t) if fi is negative or fi(0) if fi is positive, and N (t) can be
calculated as

N (t) ∼ d

dt

�

i

�
fi(t), (10)

N (t) ∼ d

dt

�

i

�
fi(0)e−k1t/η, (11)

where the prime in the sum means that it must be extended
only to the points for which fi is negative. In the end, this
expression clearly shows that

N (t) ∼ exp (−k1t/η) (model A), (12)

namely, in the case of a single relaxation time, the aftershock
rate decays exponentially in time with the same time constant.

For the q-dependent relaxation case (model B) the evolution
of fi(t) does not need to be monotonous in time, which
complicates the analysis. Yet to try to make an estimate, let us
assume fi(t) is indeed monotonous. If this is the case, Eq. (10)
can still be used. Assuming also symmetry between regions
at which fi > 0 and fi < 0, Eq. (10) can be rewritten up to a
factor of 2 as

N (t) ∼ d

dt

�

i

|fi(t)|, (13)

where now the sum is unrestricted. To estimate fi(t) we first
solve Eq. (6) in Fourier space as

fq(t) = fq(0)e−q2k1t/η, (14)

and now we write

fi(t) ∼
�

d2qfq(t) exp(iqt) (15)

=
�

d2qfq(0) exp(−q2t) exp(iqt). (16)

Assuming random phases between different fq(0)’s, and
using (9) with d = 2 we can estimate

fi(t) ∼
��

d2q|fq(0)|2 exp(−2q2t)

�1/2

(17)

∼
��

d2qq2−2ζ exp(−2q2t)

�1/2

(18)

∼ t−(2−ζ )/2. (19)

FIG. 4. Model A. Density of aftershocks as a function of time
after the main shock, calculated according to Eq. (7) for three
different initial interfaces with different roughness (as indicated) and
the corresponding analytical estimate Eq. (12). We see the perfect
accordance between the two.

From here and (13) we finally get

N (t) ∼ t−(4−ζ )/2 (model B). (20)

The first main outcome of this analysis is that, contrary to
the case of exponential relaxation, a q-dependent relaxation
is naturally able to give a power-law decay of the aftershock
rate, compatible with the Omori law.

In view of the approximations made in the previous
derivation, we will first present some numerical tests of
the accuracy of Eqs. (12) and (20) as estimations of the
aftershock rate as given by Eq. (7). In order to do this we start
with well-characterized initial distributions of fi . We take
three different initial force distributions: in one case we take
random values of δx and calculate f as fi = (∇2δx)i . This
choice corresponds to a roughness exponent ζ = −1. In the
second case we take fi as random uncorrelated values, which
corresponds to ζ = 1. In the third case we use as a starting
configuration an interface generated by a simulation in the
purely elastic qEW model [Fig. 1(a)]. For this kind of surface,
a value ζ � 0.75 is well established.

We evolve the initial force distribution in time, according to
the appropriate relaxation mechanism (5) or (6). The estimated
number of aftershocks is calculated using expression (7). The
results are presented in Figs. 4 and 5 for models A and B
and compared with the respective analytical estimates (12)
and (20).

For the exponential relaxation (Fig. 4) we see that the
aftershock rate calculated using Eq. (7) is perfectly compatible
with the analytical estimation Eq. (12). This is not surprising
as for this case there is no approximation in passing from
Eq. (7) to the analytical estimate Eq. (12). For the q-dependent
relaxation (Fig. 5), the results obtained using Eq. (7) reveal
some differences with the analytical estimate (20). On one
hand, we see the appearance of a small time cutoff in
the power-law decay. This cutoff is due to a large q (or
small distance) cutoff in the model implied by the finite
lattice parameter. Although this effect is not contained in the
analytical estimation Eq. (20), it is easily obtained considering
a maximum q when integrating Eq. (18). The qualitative form
of the result reproduces very well the effect of the c parameter
in the Omori expression, Eq. (1). In addition, the decay
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FIG. 5. Same as described in the caption to Fig. 4 for model B,
and the corresponding analytical estimate Eq. (20). We see that the
analytical estimate gives a slightly smaller decay exponent than the
one calculated using Eq. (7).

exponent predicted by Eq. (20) is a bit smaller than the actual
result for N (t) calculated using Eq. (7). The discrepancy is
actually not too large (amounting approximately to a difference
of 0.15 in the value of the exponent) and is rather independent
of the roughness of the initial surface [25].

The aftershock rate as given by Eq. (7) can be named
the “primary” aftershocks. A more accurate estimation of the
aftershock rate must account for the modifications in the values
of fi that every triggered aftershock generates. A qualitative
analysis of the kind of effect we must expect is the following.
If N (t) is the rate of primary aftershocks and if a primary
aftershock actually occurred at time t0, it refreshes the values
of fi in the region it affected, resetting the production of
aftershocks in this region, which now becomes proportional
to N (t − t0). A full counting of all aftershocks must take
this effect into account. The full effect is difficult to assess
analytically, but to make some quantitative estimation, we
proceed as follows. We consider an initial aftershock from
a primary distribution N (t). Let us assume it occurred at
time t0. Now it is supposed that this primary aftershock has a
probability α of generating a secondary one, at a time defined
by the distribution rate N (t − t0). If it actually occurs, it can
generate a third one, and so on. In this way, with the primary
rate N (t) and some assumed value of α we can have an
indication of the full aftershock rate. In Fig. 6 we see the effect
of finite α values on two typical forms of N (t), namely the
exponential form N (t) ∼ exp(−t), appropriate for model A,
and the Omori form N (t) ∼ 1/(t + c)p, appropriate for model
B.

In the exponential case, we see how increasing values of α

change the time constant decay of the exponential distribution
to larger values. For the Omori case, there is a visible effect
that can be described as an effective increase of the c value;
however, for large times the value of the power-law exponent
is not modified.

Now we turn to numerical simulations in the actual
viscoelastic models to try to confirm this behavior. We proceed
as follows. An initial surface from the purely elastic qEW
model is generated as before, keeping track of the values of
forces fi , interface positions xi , and the thresholds forces f th

i .
We make two different evolution algorithms. In one of them fi

is relaxed in time, and each time fi + k0(V t − xi) reaches f th
i

FIG. 6. Effect of aftershocks triggering other aftershocks. Pri-
mary aftershocks are generated with a rate N (t). In (a) N (t) �
exp(−t), in (b) N (t) � 1/(t + c)p (we take p = 1.5, c = 1, for
concreteness). Each aftershock can trigger successive ones with
probability α. We see that the effect of a finite α is to change the
time decay constant in the exponential case (a), whereas in the Omori
case (b) it has a minor effect on the form of the decay rate.

we count one aftershock, but the values of fi and the position
of the interface are not modified. This is actually quite similar
to the analysis in Figs. 4 and 5 and is made only for comparison
purposes. The aftershocks counted in this way correspond to
what we have called the primary aftershocks. In the second
algorithm, each time fi + k0(V t − xi) reaches f th

i , we fully
develop the avalanche, modifying the form of fi according
to the evolution Eqs. (4). This changes the occurrence of
ulterior aftershocks and modifies the aftershock rate. We refer
to this as the full counting of aftershocks. The comparison
between the two situations is presented in Fig. 7. It displays
qualitatively the effect presented in Fig. 6. In the case of model
A, full counting produces a decrease in the time decay constant
of the distribution, which, however, continues to be roughly
exponential. In the case of model B, the full counting rate
of aftershocks continues to be a power-law decay. The decay
exponent seems to be in this case somewhat larger than the
one obtained considering only primary aftershocks.

Finally, we now present the results obtained from full
simulations of the viscoelastic models A and B. Namely, we let
the system evolve for a long time until it reaches a stationary
state and follow and record the activity in the system in this
regime (obtaining sequences as the one presented in Fig. 2).
We classify all aftershocks by its occurrence time with respect
to the initial event in the cluster. By definition, these are
strictly positive values. We then make the statistics of these
times. The results are contained in Fig. 8. For model A the
aftershocks show an exponential decay (with some deviations
at short times) with an effective time constant that is larger (in
a factor ∼2.6 in this case) than the bare value η/k1. For model
B, an Omori law, with a short time cutoff and a power-law
distribution at long times is clearly observed. The value of the
decay exponent is close to 2, compatible with the previous
results (Fig. 7) corresponding to an interface with a roughness
similar to the original qEW model. This is an indication that the
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FIG. 7. Aftershock rates obtained using a starting configuration
corresponding to an equilibrium qEW surface. Open symbols corre-
spond to the case in which each triggered aftershock is not allowed
to modify the distribution of fi . Full symbols instead correspond to
the case in which each aftershock modifies the values of fi according
to the avalanche dynamics [Eq. (4)]. Panels (a) and (b) correspond to
models A and B [Eqs. (5) and (6)].

FIG. 8. Aftershock rates in full simulations of the viscoelastic
model studied in this paper. (a) In the single relaxation time case
[model A, Eq. (5)] the aftershock rate is roughly exponential, with
a decay time larger than the relaxation time in the system. (b) For
q-dependent relaxation [model B, Eq. (6)], an Omori law is obtained,
with a value of the decay exponent close to 2. (c) Aftershock rate for
model C [Eq. (21)].

distribution of fi in the full viscoelastic model after big shocks
has a similar roughness as in the original qEW model. This
is not surprising: Since avalanches occur instantaneously, they
are unaffected by the viscous elements in the model, namely
they occur exactly as in a qEW model.

III. SUMMARY AND DISCUSSIONS

In this paper we have studied the statistics of aftershocks
produced in interface depinning models that include viscoelas-
tic relaxation. Two cases were analyzed in detail, namely the
single-relaxation-time case [model A, Eq. (5)] and a case
of q-dependent relaxation [model B, Eq. (6)]. These two
cases can be conveniently described by simple mechanical
analogs, using springs and dashpots (Fig. 1). The model with
a single relaxation time produces aftershocks decaying in time
exponentially. The observed time constant of the aftershock
rate is larger than the system relaxation time due to the
cumulative effect of secondary aftershocks (those triggered
by previous aftershocks). For the q-dependent relaxation an
analytical estimate gives a power-law decay of the aftershock
rate, with a numerical value of the exponent p = (4 − ζ )/2,
with ζ being the roughness exponent of the avalanches
that occur in the system. Numerical simulations confirm the
power-law decay form, although they yield numerical values
of the exponent somewhat larger than the analytical prediction.
In particular, we measure p � 2. The effect of secondary
aftershocks is much less noticeable in this case.

One of our main conclusions of this paper is that the
q-dependent relaxation that appears for certain types of
viscoelastic relaxation generates a power-law decay of the
aftershock rate, compatible with the phenomenological Omori
law for earthquakes. Yet the measured value p � 2 is higher
than typically reported values in actual seismicity (between
0.9 and 1.5 [15]). We want to discuss possible mechanisms
that may produce smaller, more realistic values of p in the
context of viscoelastic models.

One possibility is to have a different q dependence of
the relaxation mechanism. We have discussed in detail the
case ḟ ∼ −f , which produces an exponential decay of
aftershocks, and ḟ ∼ ∇2f , which gives a potential decay,
with an analytically estimated p = (4 − ζ )/2. A higher-order
relaxation mechanism, as, for instance,

df

dt
∼ −∇4f (model C) (21)

(which has, in fact, been shown to be plausible for some
viscoelastic models [22]), gives a smaller p. In particular,
for this case it is analytically estimated (on the same lines
as before) that p = (6 − ζ )/4. The result of numerical
simulations with this model is shown in Fig. 8(c) and it
shows that, in fact, the aftershock rate of this model is a
power law, with p � 1.4. This makes it clear that different
relaxation mechanisms produce different aftershock rates, with
higher-order mechanisms giving rise to smaller p values.

A second mechanism giving rise to a smaller p value
is realized in the model studied in Ref. [21]. There the
viscoelastic relaxation is supposed to affect not only the force
exerted by the k1 springs (see Fig. 1 here) but also that exerted
by the driving springs k0. This implies that the forces that
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are relaxed have a contribution fi ∼ k0xi [in addition to the
component fi ∼ k1(∇2x)i , Eq. (2)]. An analytical estimation
of the consequence of this fact leads to a much smaller value
of p, as in fact it is effectively observed in actual simulations
with these kind of models (see Ref. [21], Figs. 6 and 9).

The dependence of the aftershock rate on the precise relax-
ation mechanism is interesting in view of the actual variation of
p observed in different geographical locations [15]. It may be
expected that a deeper understanding of the relation between
the p value and the kind of relaxation mechanism at play can
give information on what the relevant relaxation mechanism
is in different geographical locations.

We want to finish with a qualitative discussion concerning
the nature of the mechanism producing aftershocks in the
present viscoelastic models compared with the mechanism
originally proposed in Ref. [17]. The traditional mechanism
assumes that aftershocks occur in regions that are overloaded
due to the stress redistribution caused by the initial shock. This
implies at once that aftershocks are not expected inside the
rupture region of the initial shock, where stress has decreased.
This is at odds with the observation that a majority of
aftershocks occur within the initial rupture region. Helmstetter
and Shaw [19] have shown how this can be explained assuming
a stochastic model of the stress redistribution within the initial
rupture region. Combined with an assumed rate-and-state
friction law, they obtain a realistic Omori law for the aftershock
rates. The models we study here are, on one hand, inherently
stochastic as the position xi and strength f th of the pining
centers are stochastic variables. The existence of aftershocks
depends crucially on this assumption, and the aftershocks
always occur within the region affected by previous shocks in
the same cluster. On the other hand, we do not need to assume
the validity of the rate-and-state description of the sliding
process. A phenomenology compatible with rate-and-state
friction emerges naturally from the microscopic relaxation
mechanisms introduced [22]. Yet, an unrealistic feature of our
models is the consideration of only local elastic interactions,
whereas it is well known that, due to the three-dimensional
nature of the full problem, long-range elastic interaction should
be considered. We expect that realistic long-range interaction
will have an effect in the aftershock rate, as, in particular, long-
range elastic interactions modify the typical roughness of qEW
interfaces. Also, in the presence of long-range interactions, a
fraction of the aftershocks can nucleate outside the region

affected by previous shocks, giving rise to a more realistic
situation. Unfortunately, the precise assessment of the effects
caused by the consideration of long-range elastic interactions
in models with viscoelastic relaxation can be addressed only
by costly numerical simulations that are out of our present
possibilities.
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APPENDIX: NUMERICAL DETAILS

The narrow pinning centers are chosen to be randomly
distributed along the x axis, with an average separation
z = 0.1. The results are independent of this particular choice.
Pinning centers are uncorrelated among different spatial
positions. For the numerical implementation, each time the
interface moves forward, the location of the new narrow well
is obtained by adding to the previous position a quantity z, that
is exponentially distributed, with mean value z. This generates
a random uncorrelated distribution for the location of the wells.

The value of the threshold forces f th at each pinning center
is taken from a Gaussian distribution with mean value 1 and
standard deviation 1. Negative values are discarded. As these
values are uncorrelated for different pinning centers, each time
the interface jumps to a new position, the value of f th is chosen
anew.

The size S of an avalanche is defined as the sum of
all displacements at every point on the interface, namely
S = �

i δxi = �
i(x

after
i − xbefore

i ), where “before” and “after”
refer to the values of xi before the beginning and after the end
of the avalanche.

Throughout the paper, the value of k1 is set to k1 = 1. The
value of k0 is 0.05 in Fig. 2 and in the construction of the qEW
surface in Figs. 4 and 5 and 0.15 in Figs. 7 and 8. The spatial
numerical lattice is an N × N square, with periodic boundary
conditions. The value of N is 1024 in all cases except in
Figs. 8(b) and 8(c), where it is 256.
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Vortices carrying fractions of a flux quantum are predicted to exist in multiband superconductors,

where vortex core can split between multiple band-specific components of the superconducting

condensate. Using the two-component Ginzburg-Landau model, we examine such vortex configu-

rations in a two-band superconducting slab in parallel magnetic field. The fractional vortices appear

due to the band-selective vortex penetration caused by different thresholds for vortex entry within

each band-condensate, and stabilize near the edges of the sample. We show that the resulting

fractional vortex configurations leave distinct fingerprints in the static measurements of the magnet-

ization, as well as in ac dynamic measurements of the magnetic susceptibility, both of which can

be readily used for the detection of these fascinating vortex states in several existing multiband

superconductors.VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4904010]

Multiband superconductors1,2 present a variety of

intriguing properties that are not found in their single-

component counterparts. Theoretical predictions have

added more striking properties to that list and challenge

experiments to prove them. One of such properties is the

appearance of fractional vortices in multiband materials,3

seemingly violating flux quantization. This is only possible

for different winding numbers of different order parame-

ters in a system of coexisting weakly interacting conden-

sates and is facilitated for significantly different length

scales of the condensates—especially under mesoscopic

confinement.4–9 Weakly coupled multiband materials10 and

superconducting multilayers11 as their artificial analogue

are readily available, hence clever experiments should

be devised for detecting and manipulating fractional vorti-

ces (see, e.g., Ref. 12). In addition, dynamic dissociation

of vortices is predicted in the flux flow regime,13 as well

as the stationary vortex splitting14,15 stemming from

phase frustration in superconductors with three or more

bands,16,17 but neither of those vortex fractionalizations

has been realized to date.

In this Letter, we explore the effect of a surface in stabi-

lizing the fractional vortices in multiband superconductors,18

and propose static (dc) and dynamic (ac) measurements to

directly detect them. We consider a two-band superconduct-

ing slab in parallel magnetic field ~H , with width much larger

than the field penetration depth in order to prevent strong

confinement effects. For our numerical experiments, we

have used the two-component Ginzburg-Landau (TCGL)

model, where by cautiously setting temperature T close to

the critical temperature Tc, we ensure the qualitative and

quantitative validity of our results (for comparison with other

available theoretical models, see, e.g., Refs. 19–21). In the

TCGL framework, as given in Ref. 22, eight independent

material parameters are needed for a system with both inter-

band and magnetic coupling, namely, the Fermi velocity of

the first band v1, the square of the ratio of the Fermi veloc-

ities in the two bands a ¼ v1
v2

À Á2, the elements of the coupling

matrix k11, k22 and k12¼ k21, the total density of states N(0)
as well as the partial density of states of the first band n1
(n2¼ 1À n1), and finally Tc, which sets the energy scale

W2 ¼ 8p2T2
c=7fð3Þ. The TCGL free energy functional

reads22

F ¼
X

j¼1;2
ajjwjj2 þ

1

2
bjjwjj4 þ

1

2mj

����
�h

i
rÀ 2e

c
~A

� �
wj

����
2

ÀC wÃ1w2 þ w1w
Ã
2

À Á
þ

~h À ~Hð Þ2

8p
; (1)

where j¼ 1, 2 is the band index, aj ¼ ÀNð0Þnjvj ¼ ÀNð0Þ
njðsÀ Sj=njdÞ; bj ¼ ðNð0ÞnjÞ=W2; mj ¼ 3W2=ðNð0Þnjv2j Þ,
and C ¼ ðNð0Þk12Þ=d, with d being the determinant of

the coupling matrix, and S, S1, and S2 defined as in Ref. 23.

The local magnetic field in the sample is denoted by ~h and

the external applied field by ~H .

Minimization of the free energy in Eq. (1) with

respect to wj and ~A yields the Ginzburg-Landau equations.

Introducing the normalization for the order parameters by W,

for the vector potential by A0 ¼ hc=4epf1, for the lengths by
f1 ¼ �hv1=

ffiffiffi
6

p
W, and for the time by t0 ¼ 4prj21f

2
1=c

2 (r is

the normal-sate conductivity), the dimensionless time-

dependent TCGL equations in the zero-electrostatic potential

gauge are written as

g
@w1

@t
¼ ÀirÀ ~Að Þ2w1 À v1 À jw1j2

� �
w1 À cw2; (2)
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g
@w2

@t
¼ 1

a
ÀirÀ ~Að Þ2w2 À v2 À jw2j2

� �
w2 À

cj22
a2j21

w1; (3)

@~A

@t
¼~js À j21rÂrÂ ~A; (4)

where j1 ¼ 3cW
hev2

1

ffiffiffiffiffiffiffiffiffiffiffiffi
p

2n1Nð0Þ
q

; j2 ¼ j1a
ffiffiffiffiffiffiffiffiffiffiffiffi
n1=n2

p
; c ¼ k12=n1d,

and g ¼ p�h=ð8t0TcÞ. In Eq. (4), the supercurrent density is

~js ¼
1

j21
R w1 irÀ ~Að ÞwÃ1
h i

þ a

j22
R w2 irÀ ~Að ÞwÃ2
h i

; (5)

where R denotes the real part of the expression. After the

made choice of normalization units, we are left with seven

parameters: k11, k22, k12, v1=v2, n1, N(0), and g. We fixed

T¼ 0.85Tc to firmly remain in the validity regime of the

TCGL theory. For the other parameters, we take k11¼ 2.0,

k22¼ 1.03, k12¼ 0.005, v1=v2¼ 0.52, n1¼ 0.355, and

g¼ 5.0, while N(0) is fixed by chosen j1¼ 10.0.

In our numerical experiment, we studied a supercon-

ducting slab of width 100f1, corresponding to 7.42k for the

considered parameters (k is the magnetic penetration depth),

in the presence of a parallel time-dependent magnetic field

HðtÞ ¼ Hdc þ Hac cosðxtÞ (with frequency unit x0¼ 1/t0).
The TCGL equations (2)–(4) were integrated on a two

dimensional grid with grid spacing ax ¼ ay ¼ f1, much

smaller than any characteristic length scale at the considered

temperature. The discretization was implemented by the link

variable method which preserves the gauge invariance of

these equations.24 For the iterative solver, we combined a

relaxation method with a stable and accurate semi-implicit

algorithm.25 Periodic boundary conditions were applied in

the x direction (with size of the unit cell 200f1), whereas for
the y direction we imposed Neumann boundary conditions at

the superconductor-vacuum interface (for details of the nu-

merical implementation, please see Ref. 24). The subse-

quently calculated magnetization, M ¼ ðhhi À HÞ=4p (h:::i
denotes spatial averaging inside the sample), is a measure of

the expelled flux from the sample and the corresponding

M(H) response was obtained by ramping up the magnetic

field with steps of DH ¼ 2Â 10À4 (in units of H0 ¼ �hc=
2ef21). For the study of magnetic relaxation dynamics (for

Hac 6¼ 0), we calculated the imaginary part of the magnetic

susceptibility as the Fourier transform of M(t), v00ðHdc;xÞ
¼ 1

pHac

Ð 2p
0

MðtÞ sinðxtÞdðxtÞ. v00 is directly proportional to

the time average of the energy dissipated in the sample, as

can be seen from the expression for the energy dissipated in

one cycle, W ¼ 4p
Þ
mdH / v00. The local dissipation of

energy, Wð~R; tÞ, comprises two terms:26,27 one is the Joule

heating term due to the normal currents, proportional to

j@~Að~R; tÞ=@tj2, and the other is related to the relaxation of

the order parameter, proportional to j@wð~R; tÞ=@tj2.
The calculated M(Hdc) (for Hac¼ 0) in units of the ther-

modynamic critical field Hc is shown in Fig. 1, which for

increasing magnetic field follows the dotted line. It exhibits

a series of steps corresponding to the entry of fractional vor-

tices, and forming vortex configurations shown in Fig. 2.

The field for the first vortex penetration Hp¼ 0.764Hc is

superheated due to surface effects, and, as the coherence

lengths associated with the two band-condensates differ

from each other significantly (n2¼ 2.24n1) for the here con-

sidered parameters, the vortex entry first occurs in the second

band-condensate, where surface barrier is suppressed at a

FIG. 1. Magnetization versus applied magnetic field for a two-band super-

conducting slab, at T¼ 0.85Tc, comprising stability curves of the obtained

different vortex configurations (dotted line shows the sequence of states in

increasing magnetic field). The red curves correspond to the fractional vor-

tex states, whereas the blue ones correspond to the composite vortex states.

Labels (a)–(t) are used to denote different vortex states.

FIG. 2. Vortex configurations corresponding to selected states from Fig. 1.

For each state, left/right panel shows the Cooper-pair density of the first/sec-

ond band-condensate and are, respectively, tagged 1 and 2.
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lower magnetic field. Consequently, the vortex configuration

after the first jump in M(Hdc) consists only of fractional vor-

tices in the second band-condensate (as shown in Fig. 2(a2)).

The fractional vortices find their equilibrium positions near

the surface in a similar fashion to those reported in Ref. 18,

where the London theory was used in the absence of inter-

band coupling. However, the here calculated penetration

field Hp (¼0.764Hc) is larger than the one predicted in

Ref. 18 (0.521Hc), which is expected since London approach

neglects the influence of the finite size of the vortex cores

and hence does not capture the corresponding energy needed

for the vortex entry. As the magnetic field is further

increased, the fractional vortices of the first band-condensate

also penetrate the sample (at Hdc¼ 0.772Hc), and combine

with those of the second band to form composite vortices,

which afterwards further penetrate the central part of the

sample (see Fig. 2(b)). Similar scenario continues at higher

magnetic field, where fractional and composite vortex states

are alternately stabilized in the sample, as shown in Figs. 1

and 2. Beyond state p in Fig. 1, the second-band condensate

is fully depleted (see Fig. 2(q2)), and fractional vortex states

are no longer possible.

In fact, one can directly obtain quantitative information

about the fractional flux states from the magnetization curves

shown in Fig. 1. To do so, we first estimated (for the consid-

ered parameters) the fraction of the flux quantum U0 carried

by the vortex in each band-condensate, i.e., U1 ¼ 0:28U0

and U2 ¼ 0:72U0, and compared those fractions with the

total flux entering the sample at the point of nucleation of,

e.g., the state of Fig. 2(a), estimated from the jump in mag-

netization. Note that the Meissner curve shown in Fig. 1

exhibits a nonlinear behavior near the penetration field due

to the depreciation of the order parameter near the edges,28

so, to obtain the correct estimate of flux entry one needs to

consider M / Hdc for the entire Meissner curve. The entering

magnetic flux is then calculated from the difference in mag-

netization DM between the (reconstructed) Meissner curve

and the a branch of Fig. 1 at the flux penetration field, as

shown in Fig. 3(a), amounting to 4:4U0. Since Fig. 2(a2)

shows 8 penetrating fractional vortices in the second band-

condensate, we obtain magnetic flux per fractional vortex of

/2 ¼ 0:55U0—which is lower than our first estimate of

U2 ¼ 0:72. Such a reduced value for /2 is related to the

proximity of the fractional vortex to the surface, and the

interaction of its current with the screening currents running

at surfaces. Introducing the correction due to screening cur-

rents /2 ¼ U2½1À expðÀd=kÞ�, with d the vortex distance

from the surface extracted from the calculated vortex config-

uration (see Ref. 29), we obtain U2 % 0:7U0 in the entire

magnetic field range of stability for state a, which compares

very well with our first estimation of U2. The vortex proxim-

ity to the surface also explains why DM shown in Fig. 3(a)

diminishes for decreasing Hdc, as the fractional vortices

approach the surface for lowered field and the flux carried by

them also decreases. As we show in Fig. 3(b), distance d is

approximately linear with Hdc and proportional to DM.

Therefore, based on this understanding even the location of

the fractional vortices in the sample can be deduced from the

static magnetization data, provided that the number of partic-

ipating fractional vortices is known from the start. For ideal

surfaces, that number will correspond to the number of flux

quanta deduced from the difference in magnetization

between the reconstructed Meissner curve and the first com-

posite vortex state (in the present case, state b, see Fig. 3(a)).
In what follows, we turn to the study of the ac magnetic

response of the vortex configurations found in the M(Hdc)

curve, via calculations of v00ðx;HdcÞ. Our discussion here is

based on Refs. 27 and 30 that studied theoretically the ac dis-
sipation in single-band mesoscopic superconductors. For

such a system, the main contribution to ac losses comes

from the vortex nucleation regions near the sample edges

and not from the vortices located inside the sample. As

shown in Ref. 30, the frequency dependence of v00 presents
two peaks for a fixed Hdc near the vortex penetration field.

One peak is found near x ¼ x0 ¼ c2=4prk2 and is related to

the normal/superconducting current oscillations and conse-

quent Joule heating. This peak is well described by the two-

fluid model of superconductivity, and appears at frequency

given by the characteristic time for the relaxation of the mag-

netic vector potential (see analysis in Ref. 30). Another peak,

located at frequency xp < x0, is due to the irreversible varia-

tion of the condensate wave function during ac oscillations,

since dissipation is intimately connected to the intrinsic relax-

ation time of the superconducting condensate towards equilib-

rium.31 Consequently, the frequency xp depends on the

relaxation rate of the order parameter (g in Eqs. (2) and (3)),

FIG. 3. (a) Graph illustrating the calcu-

lated differenceÀ4pDM, taken between

the magnetization curve of state a and

the reconstructed Meissner curve of

Fig. 1. (b) Graph showing direct link

between the calculated À4pDM (related

to the flux entry into the sample) and

the distance d of the fractional vortices

to the surface (extracted from the re-

spective vortex configurations), along

the stability curve of state a.
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which is directly proportional to the Fermi velocity squared,

and inversely to normal-state conductivity, r, and critical

temperature Tc). It is also worth mentioning that the spatial

distribution of losses inside the single-band mesoscopic

superconductor, Wð~R; tÞ, shows that the lower the local order
parameter near the surface, the larger is the dissipation corre-

sponding to that region.

Bearing above in mind, we performed similar analysis

for our two-band slab. We take the ac magnetic field Hac

much smaller than Hdc, ensuring that the system is in the lin-

ear regime of magnetic excitation. In our case, we still expect

that the main contribution in v00 arises from the vortex nuclea-

tion area near the surfaces, as argued above for the case of

mesoscopic samples, since our sample has a moderate

surface-to-volume ratio. On the other hand, our sample is

large enough to allow entering fractional vortices to remain

close to the edges, hence strongly interacting with the dissipa-

tive area where superconducting condensate is depleted. Due

to latter, we anticipated clear signatures of fractional vortices

in the v00ðx;HdcÞ response. To prove this, we chose two

branches in the M(Hdc) loops: one corresponding to the com-

posite vortex state b and another to fractional vortex state c in
Fig. 1. For fixed Hac¼ 0.008Hc and Hdc in the stability range

of the studied states, we varied x and calculated v00. As

shown in Fig. 4(a), by changing the frequency of the ac mag-

netic field, x, the composite vortex state always presents two

dissipation peaks, whereas for the fractional state the first

peak is washed out. The second peak is common to all states

since it originates from the normal/superconducting current

oscillations in which both band-condensates contribute, it

does not depend on the number of vortices in the system, and

it is even present in the Meissner state.

The peak at lower frequencies is pronounced for the

composite states due to the large area of suppressed second-

band condensate ðjw2j2Þ at the sample edges, signalling large

dissipation for further penetrating vortices. Actually, for the

parameters we took, the dissipative behavior for both com-

posite and fractional vortex states will be governed by the

second-band order parameter because of its large coherence

length, since the second-band condensate is more susceptible

to the magnetic field than the first-band condensate. Thus,

the difference in magnitude of v00ðxÞ (near its first peak)

between these two considered vortex states is due to the dif-

ference in depletion of the second-band condensate at the

surfaces. For the composite states, where the two-peak struc-

ture in v00ðxÞ is pronounced, the screening supercurrents

strongly deplete the second-band order parameter at the

surfaces, causing large dissipation near the first peak of

v00ðxÞ. On the other hand, when the fractional vortices are

stabilized close to surfaces, the screening supercurrent

diminishes there, the second-band order parameter is less

depleted (cf. Figs. 2(a2) and 2(b2)), and consequently, the

dissipation peak is reduced.

The difference in the dissipation of the two kinds of vor-

tex states is even more evident for fixed x and varied Hdc,

which is a more suited experimental procedure. In this case,

shown in Fig. 4(b), we observe a sequence of peaks and val-

leys, following the exact sequence of composite and frac-

tional vortex states from the M(Hdc) curve in Fig. 1. For

composite states, v00ðHdcÞ rises with magnetic field, indicat-

ing high dissipation due to the increasingly depleted second-

band condensate near the surface. Upon the penetration of

the second-band vortices, fractional state is formed, v00ðHdcÞ
abruptly drops and shows weaker dependence on Hdc. As a

result, a remarkable profile of alternating peaks and valleys

is obtained in v00ðHdcÞ, very different from the simpler

saw-tooth profile characteristic of mesoscopic single-band

superconductors.27,30

In summary, we calculated static and dynamic magnetic

response of a two-band superconducting slab, and reported

distinct properties that can be used to detect the fractional

vortex states in multiband superconductors. In static magne-

tometry, we showed how the analysis of the observed jumps

in magnetization can be used to determine the fractional flux

carried by vortices in different band-condensates, and the

location of the fractional vortices with respect to the sample

edge. Introducing an ac perturbation to external magnetic

field, we demonstrated that the imaginary part of the mag-

netic susceptibility can identify fractional vortex states, both

in its dependence on ac frequency and on dc magnetic field.

Considering that recent superconducting materials are pre-

dominantly multiband (metal borides, iron pnictides, chalco-

genides, etc.), our findings will stimulate further efforts in

detection, manipulation, and understanding of vortex states,

creep, and dynamics in those materials, as a precursor to

potential applications.
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FIG. 4. (a) Magnetic susceptibility v00 as a function of the frequency x of

the ac magnetic field, calculated for composite vortex state and the frac-

tional vortex state (for four equidistantly taken values of Hdc along the b
(0.797Hc Hdc 0.821Hc) and c (0.837Hc Hdc 0.886Hc) branches in

Fig. 1; in both sets of curves, v00 was larger for larger Hdc). (b) v00 for fixed x
(several indicated values), as a function of the dc magnetic field. In both

panels, the amplitude of the ac magnetic field was kept constant at

Hac¼ 0.008Hc.
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Abstract. We study the critical behavior and the out-of-equilibrium dynamics of a two-dimensional Ising
model with non-static interactions. In our model, bonds are dynamically changing according to a majority
rule depending on the set of closest neighbors of each spin pair, which prevents the system from ordering
in a full ferromagnetic or antiferromagnetic state. Using a parallel-tempering Monte Carlo algorithm,
we find that the model undergoes a continuous phase transition at finite temperature, which belongs to
the Ising universality class. The properties of the bond structure and the ground-state entropy are also
studied. Finally, we analyze the out-of-equilibrium dynamics which displays typical glassy characteristics
at a temperature well below the critical one.

1 Introduction

Many simple mathematical models showing a complex
glassy behavior have been proposed in the literature. From
well-known ordered systems, a possible way to obtain its
spin glass relative is by introducing randomness in the
frozen spatial structure of interactions, so as to achieve a
highly frustrated ground state [1]. Nevertheless, introduc-
ing quenched disorder is not the only possible recipe to
obtain some characteristic glassy properties from a given
ordered model. Systems with p-body short-range (no ran-
dom quenched) interaction and p ≥ 3 [2–6], or incorpo-
rating constraints on the maximum permitted number of
neighboring particles on the lattice [7,8], are valid exam-
ples of how it is possible to attain a glassy behavior from a
model without quenched disorder. In all these cases, in one
form or another, Hamiltonians incorporating non-pairwise
interactions are invoked to accomplish this end.

Instead of starting from a non-disordered model, it is
also possible to change the glassy properties by modi-
fying a system with quenched disorder so that interac-
tions are no longer frozen in space. In reference [9], for
example, based on the two-dimensional (2D) Edwards-
Anderson ±J spin-glass model [10,11], an Ising system
with mobile bonds was proposed as a viable toy model of
vitrification. By allowing bonds to hop to nearest neigh-
bors at the same Glauber Monte Carlo rate as spin flips,

a e-mail: froma@unsl.edu.ar

the authors determined that the system has a similar dy-
namic behavior as found in structural glasses (but does
not undergo a phase transition at finite temperature [12]).
In addition, a crossover from a liquid-like to a glassy-like
behavior is found for annealed versions of diluted spin-
glass models when different constraints are imposed to
the bonds structure [13].

With the aim of having an alternative route to glassy
behavior, we consider here a strategy similar to the one
used in reference [9], where the interaction bonds are no
longer frozen. Our starting point is also the Edwards-
Anderson ±J spin-glass model and we introduce a 2D
short-range toy model which exhibits a rich physical be-
havior. In this model, ferromagnetic and antiferromag-
netic bonds between pairs of neighboring spins are dy-
namically established from a specific rule defined through
the spins configurations surrounding that pair. This rule
is designed to avoid both, a full ferromagnetic and a full
antiferromagnetic ground state. We show in this work that
such model system presents both a well-defined finite-
temperature continuous phase transition and non-trivial
out-of-equilibrium properties.

The paper is organized as follows. In Section 2,
we present the model and the Monte Carlo simulation
schemes. Section 3 is devoted to the study of the equi-
librium and the ground state properties, and also to the
out-of-equilibrium dynamics. Finally, in Section 4 we dis-
cuss the obtained results.
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2 The model and the simulation schemes

The Hamiltonian of the model is:

H = −
�

(ij)

Jij(Ωij)σiσj , (1)

where the sum runs over all pairs of nearest neighbors
of a square lattice of linear dimension L, with periodic
boundary conditions and the variables σi = ±1 represent
N = L2 Ising spins. Unlike the Hamiltonian of the 2D
Edwards-Anderson model [10,11], here the bonds or cou-
plings Jij dynamically depend, according to a majority
rule, on the closest neighborhood of the pair σi, σj . This
neighborhood is defined as the six nearest-neighbors spins
surrounding the pair σi, σj and is denoted as Ωij . The
coupling Jij are then chosen with the following rule:

Jij(Ωij) =

�
+1 if |mij | < 1

2 ,

−1 if |mij | > 1
2 ,

(2)

where

mij =
1

6

�

Ωij

σk. (3)

In other words, a coupling is chosen to be ferromagnetic
(antiferromagnetic), Jij = +1 (Jij = −1), if the magnetic
order of their environment is mainly antiferromagnetic
(ferromagnetic). Thus, the majority rule given by equa-
tion (2) prevents the formation of a perfect ferromagnetic
or antiferromagnetic ground state.

Equilibrium calculations were made using a Monte
Carlo parallel-tempering algorithm [14,15]. It consists in
making an ensemble of R replicas of the system, each of
which is at temperature Tk (T1 ≥ Tk ≥ TR). The basic
idea of the algorithm is to independently simulate each
replica with a single spin-flip dynamics where updates
are attempted with a probability given by the Metropolis
rule [16], and to periodically swap the configurations of
two randomly chosen replicas. A unit of time or parallel-
tempering step (PTS), consists of a number of R × N
elementary spin-flip attempts followed by only one swap
attempt.

The purpose of these swaps is to try to avoid that
replicas at low temperatures get stuck in local energy
minima. Thus, the highest temperature, T1, is set in the
high-temperature phase where relaxation time is expected
to be very short, while the lowest temperature, TR, is
set in the low-temperature phase. In order to implement
the parallel-tempering algorithm, we have chosen equally
spaced temperatures, i.e. Tk −Tk+1 = (T1 − TR) /(R− 1).
Typically, a run starts from a random initial configura-
tion of the ensemble, half of PTSs are discarded, which is
usually enough to reach equilibrium, and averages are per-
formed over the remaining simulation steps. More infor-
mation regarding this Monte Carlo method can be found
in references [17–19].

Several quantities were numerically computed in order
to characterize the equilibrium and critical behavior of the

described model. In particular, the mean energy per spin
was determined as:

e =
�H�
N

, (4)

where �· · · � represents a thermal average, i.e., the time
average throughout a Monte Carlo run at temperature
T . Also, the specific heat CH was sampled from energy
fluctuations,

CH =
1

NT 2

�
�H2� − �H�2

�
. (5)

To discuss the nature of the phase transition, the fourth-
order energy cumulant was computed as

UH(T ) = 1 − �H4�
3�H2�2 . (6)

Since the ground state of the system has nonzero net mag-
netization (see below), the magnetization

M =

N�

i=1

σi, (7)

and the mean normalized magnetization

m =
�|M |�

N
(8)

were defined. The magnetization m will be used as an
order parameter and it therefore has related quantities
such as the susceptibility χ [20] and the reduced fourth-
order Binder cumulant UM [21], which were calculated as

χ =
1

NT

�
�M2� − �|M |�2

�
(9)

and

UM (T ) = 1 − �M4�
3�M2�2 , (10)

respectively.
At equilibrium we also study the properties of the bond

structure. With this aim, we define f as the mean fraction
of frustrated plaquettes [11]. A square plaquette is frus-
trated if and only if, the product of the Jij bonds along
all four edges of the plaquette is a negative number. Also,
we consider the functions pF and pAF which we define as,
respectively, the mean fraction of ferromagnetic and anti-
ferromagnetic bonds.

Error bars of equilibrium quantities are calculated by
using standard methods [20]. It is important to notice that
global moves in the parallel-tempering algorithm signifi-
cantly reduce the critical slowing down and then we can
sample in each PTS (the algorithm reduce the autocorre-
lation times dramatically, even close to the critical point).
In addition, error bars for the energy and the Binder cu-
mulants are computed using a bootstrap method [22].

Besides equilirium mesures, to explore the low-
temperature behavior, we have run out-of-equilibrium
simulations. A typical protocol is used which consists on a
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quench at time t = 0 from a random state (T → ∞) to a
low temperature T . From this initial condition the system
is simulated by a standard Glauber dynamics. Then, the
correlation function

C(t, tw) =
1

N

N�

i=1

�σi(t)σi(tw)�0 (11)

is defined, which depend on both, the waiting time tw

when the measurement begins and a given time t > tw. We
also computed its associated integrated response function

ρ(t, tw) =
T

N

N�

i=1

δ�σi(t)�h
δhi

����
h→0

, (12)

where hi is a local external field of magnitude h, which
is switched on only for times t > tw. In these equa-
tions �· · · �0 and �· · · �h indicate, respectively, averages over
different thermal histories (different initial configurations
and realizations of the thermal noise) of the unperturbed
and the perturbed system. Instead of performing addi-
tional simulations with applied fields of small strength,
the integrated response function (12) was calculated for
infinitesimal perturbations using the algorithm proposed
in references [23,24]. This technique permits us to deter-
mine correlation and integrated response functions in a
single simulation of the unperturbed system.

At thermodynamic equilibrium, correlation (11) and
integrated response (12) functions depend on τ = t − tw
and are related through the fluctuation-dissipation theo-
rem (FDT)

ρ(t − tw) = 1 − C(t − tw). (13)

For a nonequilibrium process, however, the FDT is not
fulfilled. Nevertheless, it has been proposed that a general-
ized quasi-fluctuation-dissipation theorem (QFDT) [25,26]
of the form

ρ(t − tw) = X(C) [1 − C(t − tw)] , (14)

where X(C) is the fluctuation-dissipation ratio, should be
obeyed by any physical model.

Finally, it is worth to mention that for out-of-
equilibrium simulations all thermal histories are totally
independent of each other, and then errors bars are sim-
ply calculated as the standard deviation divided by the
square root of the number of runs.

3 Numerical results

In this section we present the numerical results. We start
by analyzing the critical behavior of the system at in-
termediate temperatures. Then, the bond structure prop-
erties in a wider temperature range and its relation with
the ground-state configurations are studied. Finally, in the
lower temperature region where for large lattice sizes equi-
librium calculations are not possible, we study the out-of-
equilibrium dynamics of the model. For simplicity, error
bars are omitted in the figures since those are smaller than
data points.
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Fig. 1. Temperature dependence of the heat capacity and the
energy cumulant (inset), for different lattice sizes as indicated.

3.1 Equilibrium phase transition

Simulations parameters were chosen after making a typi-
cal equilibration test [27], by studying how the numerical
results vary when the number of PTSs are successively in-
creased by factors of 2. We require that the last three
results for all observables agree within the error bars.
Note that, since the system is not disordered, it should
be enough to perform a single Monte Carlo run. Never-
theless, we choose to calculate average values along some
paths generated with different initial states and random
numbers, and thus to minimize the statistical errors.

We have simulated ensembles of R = 200 replicas, with
T1 = 5.0 and TR = 1.0 (temperatures are given in units
of 1/kB, where kB is the Boltzmann’s constant). Lattice
sizes ranging from L = 20 to L = 80 were studied using in
all cases 106 PTSs and, to calculate the equilibrium values
of different observables, we have also performed averages
over few independent runs (102 for L = 20 and only 10 for
the biggest size L = 80).

Figure 1 shows the heat capacity as function of T . A
peak around T ≈ 2.94, whose intensity increases with in-
creasing lattice size, indicates the possibility of a phase
transition at that temperature. As a first step, we ana-
lyze the behavior of the energy cumulant. It is well-known
that the finite-size analysis of this quantity is a simple
and direct way to determine the order of a phase tran-
sition [28–30]. The curves of UH versus T are shown in
the inset of Figure 1. It can clearly be observed that the
minima in the energy cumulants tend to 2/3 as the lattice
size is increased. This behavior is typical of a continuous
phase transition, because it indicates that the latent heat
is zero in the thermodynamic limit.

As it will be justified below, the normalized magneti-
zation m is a good parameter to study the magnetic order
of the system. Although the ground state of the present
model is not purely ferromagnetic, it can be shown that
m tends to a constant value: limT→0 m = 0.5. In Figure 2
we show the temperature dependence of m for different
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Fig. 2. Temperature dependence of the normalized magneti-
zation and the Binder cumulant (inset), for different lattice
sizes as indicated. Cumulants cross at around T ≈ 2.94 and
U∗

M ≈ 0.613.

lattice sizes. In the inset, the corresponding Binder cumu-
lants are presented, which intersect at around T ≈ 2.94
and U∗

M ≈ 0.613, confirming the existence of a finite-
temperature continuous phase transition.

Furthermore, finite-size scaling theory [21,31,32] allows
for other efficient routes to estimate Tc from the numerical
data. One possible method, which is more accurate than
the intersection of the Binder cumulant presented in the
inset of Figure 2, relies on the extrapolation of the size-
dependent inverse temperature, Kc(L), to which different
thermodynamic quantities reach their maximum values.
Scaling theory predicts that

Kc(L) = Kc + const.L−1/ν . (15)

Among others, the maxima of the slopes of the order
parameter and the Binder cumulant, (dm/dK)max and
(dUM/dK)max, as well as of the susceptibility, χmax, are
quantities that can be used with this method. Perform-
ing a simultaneous fitting procedure using equation (15)
and setting only two variables on the fit, i.e., Kc and the
exponent ν, we obtain Kc = 0.3405(4) or Tc = 2.937(3),
and ν = 1.07(3). Figure 3 shows the corresponding plot of
these quantities versus L−1/ν . Note that the critical tem-
perature coincides, within numerical errors, with the value
calculated from the crossing of the cumulants.

Next, to calculate precise values for the critical ex-
ponents (including ν), we make a conventional finite-size
scaling analysis [21,31,32]. At criticality, the finite-size
scaling relations are:

CH = Lα/ν �CH

�
L1/ν�

�
(16)

m = L−β/ν �m
�
L1/ν�

�
(17)

χ = Lγ/ν �χ
�
L1/ν�

�
(18)

UM = �UM

�
L1/ν�

�
(19)

0.00 0.02 0.04 0.06
0.30
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KC=0.3405(4)

K C(L
)

L-1/ν

ν = 1.07(3)

 (dm/dK)
max

 (dUM/dK)
max

 χ
max

Fig. 3. Size-dependent inverse temperature, Kc(L), to which
the maxima of the derivatives of the order parameter,
(dm/dK)max, and the Binder cumulant, (dUM/dK)max, as well
as of the susceptibility, χmax, reach their maximum values.
Dashed lines correspond to fitting results.

for L → ∞, � → 0 such that L1/ν� = finite, where
� ≡ T/Tc − 1. Here, α, β, γ and ν are the standard criti-
cal exponents of the specific heat (CH ∼ |�|−α for � → 0,
L → ∞), order parameter (m ∼ −�β for � → 0−, L → ∞),
susceptibility (χ ∼ |�|γ for � → 0, L → ∞) and correla-
tion length ξ (ξ ∼ |�|−ν for � → 0, L → ∞), respectively.
�CH , �m, �χ and �UM are scaling functions for the respective
quantities.

Following the line of references [33–35], the critical
exponent ν is firstly computed by considering different
derivatives with respect to the inverse temperature K =
1/T , for example, the derivative of the Binder cumulant
and the logarithmic derivative of the order parameter. It
is expected that the maximum value of these derivatives
as a function of the lattice size follows a power law of
the form ∼ L1/ν . Once the value of ν is known, the crit-
ical exponent γ can be determined by scaling the maxi-
mum value of the susceptibility, i.e., from χmax ∼ Lγ/ν .
In addition, the standard way to extract the exponent
β is to study the scaling behavior of the order param-
eter at the point of inflection, minf . We expect that
minf ∼ L−β/ν . From this analysis we obtain ν = 1.02(2),
γ/ν = 1.746(6), and β/ν = 0.126(6), and then γ = 1.78(4)
and β = 0.128(8). On the other hand, the maximum of
the specific heat, CHmax, does not follow a power law.
Instead, we observe a logarithmic divergence of the form
CHmax ≈ 0.071+ 0.268 ln(L). This implies that the corre-
sponding critical exponent is zero, α = 0 [36].

We simulated system sizes only up to L = 80, which
gives probably the main contribution to the size of the er-
ror bars of the obtained critical exponents. Nevertheless,
as the obtained values are compatible with those of the
2D Ising model, ν = 1, β = 1/8 = 0.125, γ = 7/4 = 1.75,
and α = 0, we conclude that the observed phase transi-
tion probably belongs to this universality class. We should
notice that ν = 1.07(3), calculated from the simultaneous

214



Eur. Phys. J. B (2014) 87: 299 Page 5 of 10

-10 0 10
0.3

1.1
 

 
C H

 /
 0

.0
71

+
0.

26
8 

ln
(L

) (d)

ε L1/ ν-10 0 10
0.000

0.012

 

 

χ 
L- γ

/ν

γ /ν = 1.75

(c)

ε L1/ ν

-10 0 10
0.0

0.7

 U
M

ν = 1

(b)

ε L1/ ν0.1 1 10

0.1

1

  
m 

Lβ/
ν

β/ν = 1.125

(a)

|ε| L1/ ν

Fig. 4. Data collapses for (a) the order parameter, (b) the
Binder cumulant, (c) the susceptibility and (b) the heat ca-
pacity. Symbols are the same as in Figure 2.

fitting to equation (15), is very close to one but does not
agree within error bars. This discrepancy may be due to
the finite-size effects.

Figures 4a–4d show good data collapses for, respec-
tively, the order parameter, the Binder cumulant, and the
susceptibility where we use the Ising exponents (the data
collapses do not change significantly if the exponents ob-
tained numerically are used), while for the heat capacity
we use the logarithmic correction term determined above.
As we can see, we obtain very satisfactory scalings.

3.2 Bond structure and the ground-state properties

In the previous subsection we have shown that the present
model has a standard finite-temperature transition. We
show here that the low-temperature equilibrium dynam-
ics and the ground-state properties of the model present
a rather interesting and rich behavior. To carry out the
corresponding studies, we have performed additional sim-
ulations on smaller lattice sizes (ranging from L = 6 to
L = 20) and for lower temperature, TR = 0.1.

Figure 5 shows, for a system of lattice size L = 20, the
fraction of frustrated plaquettes, f , as function of T . For
the limit T → ∞ this fraction tends to a constant value of
about 0.28. In contrast, the Edwards-Anderson ±J model
has a larger value f = 0.5 (in this case, for any tempera-
ture). This shows that, even for the full-disordered state,
the majority rule given by equation (2) induces strong cor-
relations between bonds. On the other hand, for T → 0
the model shows a non-frustrated ground state with f = 0.
What happens is that, at equilibrium, the dynamics effi-
ciently eliminates any frustration.
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Fig. 5. Mean fraction of frustrated plaquettes as function of T
for a lattice size L = 20. Inset: temperature derivative df/dT
for different lattice sizes as indicated.

In the inset of Figure 5 we can see the temperature
derivative df/dT for different lattice sizes. Because it is
not possible to equilibrate large lattice sizes up to very low
temperatures, these curves are only shown in the range
of T = 1 to T = 4. As expected, df/dT shows a size-
dependent peak at approximately Tc, but another at T ≈
1.4 which for L > 20 quickly leads to a characteristic knee
feature. We cannot associate the latter temperature to a
critical one. Nevertheless, this is in the temperature range
at which we observe the onset of the slow dynamics, as
shown below.

A more complex behavior is displayed by the frac-
tions of ferromagnetic and antiferromagnetic bonds, pF

and pAF, respectively. Figure 6 shows these quantities for
L = 20. It is observed in Figure 6 that when T → ∞ the
fractions of ferromagnetic and antiferromagnetic bonds
reach a limiting constant value, with pF > pAF. Both limit
values are easily calculated. The number of configurations
of the spins surrounding a given pair is 26. Two of them
corresponds to all spins pointing in the same direction
while in another twelve, one spin point in a direction op-
posite to the remaining (e.g., one spin up and the other
down, or vice versa). The majority rule, equation (2), in-
dicates that for these fourteen configurations the bond
Jij is antiferromagnetic and otherwise is ferromagnetic.
Then, considering that for T → ∞ all configurations are
equally likely, we obtain limT→∞ pAF = 14/26 = 0.21875
and limT→∞ pF = 1 − 0.21875 = 0.78125. Dotted lines in
Figure 6 indicate these limit values.

Furthermore, it can be observed in Figure 6 that
for T → 0 the system tends to a ground state with
the same fractions of both types of bonds, limT→0 pF =
limT→0 pAF = 0.5. Interestingly enough, the inset shows
that the fractions of ferromagnetic and antiferromagnetic
bonds have a non-monotonous behavior in a finite tem-
perature range. At T ≈ 2.3 the curves of pF and pAF cross
each other and, between this temperature and T ≈ 0.7,
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indicate the limit values of these quantities when T → ∞. Inset
shows the same curves at low temperatures.
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Fig. 7. Temperature dependence of the mean energy per spin
for L = 20. Inset shows the ground-state entropy as function
of 1/N .

the fraction of ferromagnetic bonds is smaller than 0.5 and
reaches a minimum at T ≈ 1.7 (and of course, pAF reaches
its maximum). Then, for T � 0.7 both quantities are vir-
tually identical. In what follows, we will always have in
mind these particular temperatures when analyzing other
observables.

Although the ground state has an equal number of
ferromagnetic and antiferromagnetic bonds, there are im-
portant differences between this system and the Edwards-
Anderson ±J model. Figure 7 shows the mean energy
as a function of T . We can see that this quantity tends
to −2 at zero temperature, e0 ≡ limT→0 e = −2. This
is a logical limit value since, as we have previously ob-

(a) (b)

Fig. 8. (a) Typical and (b) fully ordered ground-state configu-
rations for lattice size L = 20. Minority and majority spins are
indicated by closed and open black circles, respectively, while
ferromagnetic bonds are denoted by red lines (antiferromag-
netic bonds are omitted for simplicity).

served, the ground state is not frustrated. In contrast, the
2D Edwards-Anderson ±J model has a higher value of
e0 ≈ −1.4 [37].

We can obtain more information from the ground-state
entropy per spin, s0. In order to determine s0, we have
simulated the system between T1 = 300 and TR = 0.1.
Samples with L ≤ 20 were used because only for these
lattice sizes it is possible to achieve equilibrium at such low
temperatures. The ground-state entropy per spin (in units
of kB) is calculated using the thermodynamic integration
method [37–39] and is defined by the expression [40]

s0(N) = ln 2 +

� e0

e∞

de

T
, (20)

where e∞ ≡ limT→∞ e = 0. Inset in Figure 7 shows s0(N)
as function of 1/N . Extrapolating, we obtain a thermo-
dynamic limit value of s0 ≡ limN→∞ s0(N) = 0.117(4).
To extrapolate, only lattices with L ≥ 10 were used be-
cause the entropy for smaller lattice sizes present some
oscillations, which seem to be related to the periodic
boundary conditions [40]. This entropy value is larger
than the corresponding one of the 2D Edwards-Anderson
±J , sEA

0 ≈ 0.07 [40–43]. So that, our system has a non-
frustrated and highly-degenerated ground state.

A better understanding of this phenomenon can be
achieved by analyzing the structure of the ground state.
The parallel-tempering algorithm can be used as a heuris-
tic to obtain the lowest energy configurations [44,45]. We
emphasize that for this application it is not necessary
to reach equilibrium, because only configurations with
e = −2 are sought. Figure 8a shows a typical ground
state. Analyzing many configurations like the one in Fig-
ure 8a, one can conceive that a fully ordered structure as
the one shown in Figure 8b might also be found in the
ground-state. Although this latter configuration has en-
ergy e = −2 and is compatible with the majority rule,
equation (2), it is extremely rare and is very unlikely to
obtain using any algorithm.

Such ground-state configurations have some interest-
ing features. On one hand, we can see that a quarter of
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(b)(a)

Fig. 9. Typical configurations for (a) T = ∞ and (b) T = 3.0.
Symbols are the same as in Figure 8.

the spins (minority spins) point in a direction opposite
to the remaining spins (majority spins). This is clearly
related to the fact that limT→0 m = 0.5 and the reason
for using the magnetization m as a good order parameter.
More strictly, the ground state is not fully ferromagnetic
but has a ferrimagnetic character. On the other hand, no-
tice that minority spins have as nearest neighbors majority
spins only, and these pairs are linked by antiferromagnetic
bonds. Thus, in Figures 8a and 8b minority spins look as
if they were isolated, i.e. minority spins do not interact
among them.

At infinite temperature all configurations are equally
likely. Figure 9a shows a typical high-temperature config-
uration, which has equal number of up and down spins
(here, closed and open black circles represent, respec-
tively, up and down spins). But, for a temperature close
to the critical one, T = 3.0, Figure 9b shows that the
“low-temperature phase” begins to develop (compare with
Figs. 8a and 8b). We can see that excitations are charac-
terized by violations of the above features observed in the
ground state (let us recall that, at T = 0, minority spins
have as nearest neighbors majority spins only, and these
pairs are linked by antiferromagnetic bonds). For the par-
ticular temperatures indicated in the inset of Figure 6, in
the range between T = 2.3 and T = 0.7, no anomaly is
observed and all configurations are similar to those of the
ground state.

3.3 Out-of-equilibrium dynamic

At very low temperatures, it is numerically hard to reach
equilibrium for large lattice sizes. In order to explore this
region, we carry out extensive out-of-equilibrium simula-
tions. Lattices of L = 200 and six values of the waiting
time, tw = 100, 200, 400, 800, and 1600, were used. For
each temperature we have performed averages over 5000
independent runs.

Figures 10a and 10b show the spin correlation and spin
integrated response functions for different temperatures.
For temperatures T = 2.9 (just below Tc) and T = 2.3,
above which pF > pAF, correlation functions tend to de-
velop a plateau for increasing waiting time while response
functions get stuck in a well defined plateau for all waiting
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Fig. 10. (a) Spin correlation and (b) spin integrated response
functions, at temperatures T = 2.9, 2.3, 1.0, and 0.3, and for
different tw as indicated. Inset shows a zoom of the correlations
functions for the two lower temperatures.

times. When represented in a FDT parametric plot, as in
Figure 11, this behavior leads to the typical coarsening-
like violation of the FDT [26] signaled by a constant ρ(C)
curve, highlighted with dotted lines in Figure 11. This
would be the expected result for our model, which un-
dergoes a thermodynamic continuous phase transition be-
longing to the 2D Ising universality class.

For a lower temperature T = 1.0, all correlation and
response functions curves in Figure 10 show a slightly dif-
ferent behavior which is more evident in Figure 11. In this
case the FDT parametric plot seems to slowly converge to
a FDT violation characterized by a finite slope at suffi-
ciently long times, i.e. small values of C, although some
curvature due to finite tw effects cannot be discarded. In-
terestingly, this FDT violation is reminiscent of the typ-
ical FDT violation found in mean-field models for struc-
tural glasses [26,46], characterized by a one-step replica
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Fig. 11. FDT parametric plots ρ(c) for the cases shown in
Figures 10a and 10b. Inset shows a zoom of the FDT plots for
the two lower temperatures.

symmetry breaking [47]. This singular behavior is dis-
played within a wide temperature range around T = 1.0,
and is concomitant with the onset of the slow dynam-
ics. On the other hand, even more surprising is the fact
that upon further lowering the temperature, for T = 0.3
the correlation functions show the emergence of a plateau
close to C = 1 and the response function also develops
a plateau at a very small value, as shown in Figure 10.
The result is a coarsening-like FDT violation as shown in
Figure 11.

In order to shed some light on this phenomenon, we
analyze again the bond structure but this time compar-
ing thermal equilibrium with out-of-equilibrium measure-
ments of the same observables. Figure 12a shows the tem-
perature dependence of the mean fraction of frustrated
plaquettes comparing equilibrium with time-dependent
measurements. The same comparison is shown in Fig-
ure 12b and its inset for the mean energy per spin and the
mean fraction of ferromagnetic bonds, respectively. From
these figures some common features are revealed. For tem-
peratures around the critical temperature Tc, all quan-
tities rapidly relax to their equilibrium values (for long
times there is not a perfect agreement between equilib-
rium and out-of-equilibrium values, because both calcula-
tions were performed for different lattice sizes, as indicated
in the key of Fig. 12a). Therefore, in this temperature
range, for example at T = 2.9 and T = 2.3, the out-of-
equilibrium dynamics is fast enough to develop a coarsen-
ing process, as noted in the analysis of the QFDT, Fig-
ure 11 above.

A different situation arises for T ∼ 1, where for the
studied time scales the dynamics is clearly slower and the
system remains in a state with higher energy than ex-
pected at equilibrium. In this state, as can be observed in
Figure 12a, the slow dynamics has not been effective in
removing the frustration of the system. It is not surpris-
ing then that this dynamic and structural changes around
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Fig. 12. Temperature dependence of (a) the mean fraction
of frustrated plaquettes and (b) the mean energy per spin.
Both panels show the corresponding equilibrium and out-of-
equilibrium curves for different times as indicated. Inset shows
the same information for the mean fraction of ferromagnetic
bonds.

T ∼ 1 lead to a different QFDT characteristic, which in
this case resembles the one observed in structural glasses.

Finally, at very small temperatures, Figures 12a
and 12b show that the very slow dynamics is not able to
remove the frustration and the system is stuck in a high
energy configuration. However, the values of mean frac-
tion of frustrated plaquettes and mean energy per spin,
let say for T = 0.3, are very similar to those measured for
temperatures close to Tc, let say T = 2.9. Our interpreta-
tion is that for these values of frustration and energy the
relaxation processes should be very similar and then we
observe the characteristic coarsening feature in the QFDT
at T = 0.3, Figure 11. At such a small temperature the re-
laxation is so slow that a different relaxation mechanism
at longer times can not be discarded only based on our
numerical simulations.
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4 Conclusions

In this work we have studied the critical behavior, the
ground-state properties and the out-of-equilibrium dy-
namics of a 2D Ising model with non-static interactions.
Its most important feature is that bonds are drawn accord-
ing to a majority rule, equation (2), which was designed
to prevent the system from ordering in full ferromagnetic
or antiferromagnetic states. Nevertheless, we have demon-
strated through equilibrium simulations, that the model
has a low-temperature ferrimagnetic state and undergoes a
continuous phase transition at Tc = 2.937(3), which prob-
ably belongs to the 2D Ising universality class.

The ground state is nontrivial. Although frustration is
completely removed at T = 0, (i.e. the energy per spin
is e0 = −2) the ground state is highly degenerated with
an entropy per spin of s0 = 0.117(4). Interactions form a
degenerate structure where minority spins have as nearest
neighbors majority spins only, and these pairs are linked
by antiferromagnetic bonds.

This degenerate low-temperature phase has a low free
energy and therefore is more stable than the one of the
Ising model (which has a non-degenerate ground state).
As a consequence, the critical temperature of the system,
Tc = 2.937(3), is slightly larger than the one of the Ising
ferromagnetic model, T Ising

c ≈ 2.269 [48].
In order to quantify this statement we use a free-energy

minimization criterion [49]. Let us consider a generic
model undergoing a continuous phase transition. In the
limits T → ∞ and T → 0 such a system is characterized
by two extreme states: a fully-disordered (FD) state char-
acterized, respectively, with an energy and an entropy per
spin e�FD and s�FD, and a fully-ordered (FO) state with the
corresponding parameters e�FO and s�FO. The Helmholtz
free energy of these states are f �

FD = e�FD − Ts�FD and
f �
FO = e�FO − Ts�FO. The minimization criterion consists

in considering that the critical behavior is mainly deter-
mined by the FD and FO states. Since in thermodynamic
equilibrium the stable state corresponds to the minimum
of the Helmholtz free energy, then

f �
FD < f �

FO if T > T �
c (21)

f �
FD = f �

FO if T = T �
c (22)

f �
FD > f �

FO if T < T �
c. (23)

Finally, from equation (22) we can estimate the critical
temperature as:

T �
c =

Δe�

Δs�
, (24)

where Δe� = e�FD − e�FO and Δs� = s�FD − s�FO.
Our model and the Ising model have non-frustrated

ground states and therefore Δe = ΔeIsing = 2. However,
since for the FD state both systems have the same entropy,

sFD = sIsing
FD = ln 2, but for the FO state sFO > sIsing

FO = 0,
then their entropy changes are different, Δs < ΔsIsing =
ln 2. Hence, from equation (24) we can determine that
the critical temperatures will be Tc > T Ising

c . Note that
the free-energy minimization criterion does not provide

a good estimation of Tc, but it offers a very useful tool
for understanding the critical behavior of a system with
respect to parameter variations [49].

Finally, we have determined that the out-of-
equilibrium dynamics has a novel behavior: at very low
temperatures as well as near Tc (but below of this critical
temperature) we observed a coarsening-like FDT viola-
tion, while at an intermediate temperatures (T ∼ 1) the
FDT parametric plots are quite similar to those found for
structural glasses. Nevertheless, for the latter case, note
that in the parametric FDT plot the slope at sufficiently
long times (FDT ratio) shows a small dependence on tw,
and therefore we cannot exclude that such phenomenon
is due to finite-time effects. Comparing equilibrium with
out-of-equilibrium measurements of different observables
(f , e, and pF), we have been able to establish a connection
between this phenomenon and the bond structure proper-
ties of the system.
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45. F. Romá, S. Risau-Gusman, A.J. Ramirez-Pastor, F.

Nieto, E.E. Vogel, Physica A 388, 2821 (2009)
46. L. Berthier, G. Biroli, Rev. Mod. Phys. 83, 587 (2011)
47. G. Parisi, Slow Relaxations and Nonequilibrium Dynamics

in Condensed Matter (Springer, Berlin, 2003)
48. L. Onsager, Phys. Rev. 65, 117 (1944)
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In this work we combine magnetization, pressure dependent electrical resistivity, heat capacity, 63Cu nuclear
magnetic resonance (NMR), and x-ray resonant magnetic scattering experiments to investigate the physical
properties of the intermetallic CeCuBi2 compound. Our single crystals show an antiferromagnetic ordering at
TN � 16 K and the magnetic properties indicate that this compound is an Ising antiferromagnet. In particular,
the low temperature magnetization data revealed a spin-flop transition at T = 5 K when magnetic fields of
about 5.5 T are applied along the c axis. Moreover, the x-ray magnetic diffraction data below TN revealed a
commensurate antiferromagnetic structure with propagation wave vector (00 1

2 ) with the Ce3+ moments oriented
along the c axis. Furthermore, our heat capacity, pressure dependent resistivity, and temperature dependent 63Cu
NMR data suggest that CeCuBi2 exhibits a weak heavy fermion behavior with strongly localized Ce3+ 4f

electrons. We thus discuss a scenario in which both the anisotropic magnetic interactions between the Ce3+ ions
and the tetragonal crystalline electric field effects are taking into account in CeCuBi2.

DOI: 10.1103/PhysRevB.90.235120 PACS number(s): 71.20.Lp, 71.27.+a, 75.25.−j, 75.50.Ee

I. INTRODUCTION

A series of rare-earth based intermetallic compounds is
usually of great interest to explore the interplay between
Ruderman-Kittel-Kasuya-Yoshida (RKKY) magnetic interac-
tion, crystalline electrical field (CEF), and the Fermi surface
effects frequently present in these materials. The Ce-based
materials can have especially interesting physical properties
that arise from the combination of these effects with a
strong hybridization between the Ce3+ 4f and the conduction
electrons. Therefore, these materials may present a variety
of nontrivial ground states, including unconventional super-
conductivity (SC) and non-Fermi-liquid behavior frequently
exhibited in the vicinity of a magnetically ordered state
[1,2]. Interestingly, some of these properties, such as the
concomitant observation of unconventional SC and heavy
fermion (HF) behavior, seem to be favored in systems with
tetragonal structure. Well known examples are the Ce-based
heavy fermions superconductors CeMIn5 (M = Co, Rh, Ir),
Ce2MIn8 (M = Co, Rh, Pd), CePt2In7 (M = Co, Rh, Ir, Pd)
[3–7], and CeCu2Si2 [8,9].

Recent attention has been given to the CeT X2 family (T =
transition metal, X = pnictogen) and in particular to the
CeT Sb2 compounds [10], which host ferromagnetic members
with complex magnetic behavior, such as Ce(Ni,Ag)Sb2. Their
physical properties have motivated the investigation of the
parent CeT Bi2 compounds [11–13], although studies on the
latter are rather rare. Thamizhavel et al. [12] have shown that
CeCuBi2 orders antiferromagnetically with a Néel temperature
of TN = 11.3 K and an easy axis along the c direction.
Nevertheless, no detailed microscopic investigation regarding
the relevant magnetic interactions have been presented so far.

*Corresponding author: cadriano@ifi.unicamp.br
†Present address: Deutsches Elektronen-Synchrotron DESY,

Hamburg 22603, Germany.

It is also intriguing that no HF superconductors have ever
been discovered within the CeT X2 family. Another remarkable
result is the breakdown of the De Gennes scaling revealed by
non-Kondo members of the REAgBi2 [14] and RECuBi2 [15]
(RE = rare earth) families. This usually indicates a complex
and nontrivial competition between RKKY interactions and
tetragonal CEF [16–18].

In this work we report the physical properties and
magnetic structure of CeCuBi2 single crystals. CeCuBi2 is
an intermetallic compound that crystallizes in the tetragonal
ZrCuSi2-type structure (P 4/nmm [11] space group and
lattice parameters a = 4.555(4) Å and c = 9.777(8) Å) with
a stacking arrangement of CeBi-Cu-CeBi-Bi layers. Our
results revealed an antiferromagnetic ordering at TN = 16 K,
a higher value than reported previously [11,12], suggesting
our crystals are of higher quality. In fact, we also found
that the Néel temperature is suppressed in Cu-deficient
crystals. For example, the compound CeCu0.6Bi2 orders
antiferromagnetically at TN = 12 K. The magnetic structure
determination of CeCuBi2 revealed a propagation vector (0
0 1

2 ) with the magnetic moments aligned along the c axis. A
systematic analysis of the magnetization and specific heat data
within the framework of a mean field theory with influence
of anisotropic first-neighbors interaction and tetragonal CEF
[17] allowed us to extract the CEF scheme for CeCuBi2. It
also led us to estimate the values of the anisotropic RKKY
exchange parameters between the Ce3+ ions. In addition, the
analyses of electrical resistivity under hydrostatic pressure
and 63Cu nuclear magnetic resonance (NMR) data suggest a
scenario where CeCuBi2 might display a weak heavy fermion
behavior with rather strong localized Ce3+ 4f electrons.

II. EXPERIMENTAL DETAILS

Single crystals of CeCuBi2 and LaCuBi2 (a nonmagnetic
reference) were grown from Bi flux, as reported previously

1098-0121/2014/90(23)/235120(7) 235120-1 ©2014 American Physical Society
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[15]. The crystallographic structure was verified by x-ray
powder diffraction and the crystal orientation was determined
by the usual Laue method. The system was submitted to
elemental analysis using a commercial energy dispersive
spectroscopy (EDS) microprobe and a commercial wavelength
dispersive spectroscopy (WDS). For oxygen free surface
samples the stoichiometry is 1:1:2 with an error of 5%.

Magnetization measurements were performed using a
commercial superconducting quantum interference device
(SQUID). The specific heat was measured using a commercial
small mass calorimeter that employs a quasiadiabatic thermal
relaxation technique. The in-plane electrical resistivity was
obtained using a low-frequency ac resistance bridge and a four-
contact configuration. Electrical-resistivity measurements un-
der hydrostatic pressure were carried out in a clamp-type cell
using Fluorinert as a pressure transmitting medium. Pressure
was determined by measuring the superconducting critical
temperature of a Pb sample.

X-ray resonant magnetic scattering (XRMS) measurements
of CeCuBi2 were carried out at the 4-ID-D beamline at the
Advanced Photon Source of the Argonne National Laboratory,
IL. The sample was mounted on a cryostat installed in a
four-circle diffractometer with the a axis parallel to the beam
direction. This configuration allowed σ -polarized incident
photons in the sample. The measurements were performed
using polarization analysis, with a LiF(220) crystal analyzer,
appropriate for the energy of Ce L2 absorption edge (6164 eV).

NMR experiments were performed at the National High
Magnetic Field Laboratory (NHMFL) in Tallahassee, FL. A
CeCuBi2 single crystal was mounted on a low temperature
NMR probe equipped with a goniometer, which allowed a
fine alignment of the crystallographic axes with the external
magnetic field. A silver wire NMR coil was used in this
experiment. The field-swept 63Cu NMR spectra (I = 3/2,
γN/2π = 11.285 MHz/T) were obtained by stepwise sum-
ming the Fourier transform of the spin-echo signal.

III. RESULTS AND DISCUSSIONS

Figures 1(a) and 1(b) show the temperature dependence
of the magnetic susceptibility χ (T ) when the magnetic field
(H = 1 kOe) is applied parallel χ� [Fig. 1(a)] and perpen-
dicular χ⊥ [Fig. 1(b)] to the crystallographic c axis. These
data show an antiferromagnetic (AFM) order at TN � 16 K
and a low temperature magnetic anisotropy consistent with
an easy axis along the c direction. The ratio χ�/χ⊥ ≈ 4.5 at
TN is mainly determined by the tetragonal CEF splitting and
reflects the low-T Ce3+ single ion anisotropy. The inverse
of the polycrystalline 1/χpoly(T ) is presented in Fig. 1(c). A
Curie-Weiss fit to this averaged data for T > 150 K (dashed
line) yields an effective magnetic moment μeff = 2.5(1) μB

(in agreement with the theoretical value of μeff = 2.54 μB

for Ce3+) and a paramagnetic Curie-Weiss temperature θp =
−23(1) K.

Figure 1(d) displays the low temperature magnetization as
a function of the applied magnetic field M(H ). The large
magnetic anisotropy of CeCuBi2 is also evident in these data.
We found an abrupt spin-flop transition from an antiferromag-
netic to a ferromagnetic (FM) phase at H ≈ 55 kOe when
the magnetic field is applied parallel to the c axis (open

FIG. 1. (Color online) Temperature dependence of the magnetic
susceptibility measured with H = 1 kOe applied (a) parallel χ�, and
(b) perpendicular χ⊥ to the c axis. (c) Inverse of the polycrystalline
average 1/χpoly(T ). The green-dashed line represents a Curie-Weiss
fit for T > 150 K. (d) Magnetization as a function of the applied
magnetic field parallel (open circles) and perpendicular (open
triangles) to the c axis at T = 5 K. The solid lines through the
experimental points in (a), (b), and (d) are best fits of the data using
the CEF mean field model discussed in the text.

circles) while a linear behavior is observed when the field
is applied perpendicular to the c axis (open triangles) for
fields up to H = 70 kOe. Interestingly, the M(H ) data show a
small hysteresis around H ∼ 50 kOe, suggesting a first-order
character for this field induced phase transition. The solid lines
through the data points in Figs. 1(a), 1(b), and 1(d) represent
the best fits using a CEF mean field model discussed in detail
ahead.

The total specific heat divided by the temperature C(T )/T

as a function of temperature for CeCuBi2 (open squares) is
shown in Fig. 2(a). The peak of C(T )/T defines TN = 16 K
consistently with the AFM transition temperature observed
in the magnetization measurements. Figure 2(b) presents the
magnetic specific heat Cmag(T )/T of CeCuBi2 (solid squares)
after subtracting the lattice contribution from the nonmagnetic
reference LaCuBi2 compound [solid line in Fig. 2(a)]. The
magnetic entropy recovered at TN obtained by integrating
Cmag(T )/T in this temperature range (not shown) was found
to be about 80% of R ln2 (R ∼ 8.3 J/mol K). This suggests
that the magnetic moments of the Ce3+ CEF ground state may
be slightly compensated due to the Kondo effect. However,
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FIG. 2. (Color online) (a) C(T )/T of CeCuBi2 (open squares)
and LaCuBi2 (solid line) as a function of temperature. The inset
shows the SC transition at T ∼ 1.3 K observed in the low-T specific
heat and electrical resistivity data of LaCuBi2. (b) Cmag(T )/T as a
function of temperature. The solid line represents a Schottky-type
anomaly resulted from the tetragonal CEF scheme.

the presence of magnetic frustration or simply short range
order may also explain the magnetic entropy above TN.
Yet from the Cmag(T )/T data above TN, it is possible to
estimate the Sommerfeld coefficient γ by performing a simple
entropy-balance construction [S(TN − �) = S(TN + �)] [19].
Thus, one obtains a γ ∼ 50–150 mJ/mol K2, consistent with
the partly compensated magnetic moment of the CEF doublet
at the transition.

The inset of Fig. 2(a) highlights the superconducting tran-
sition found for LaCuBi2 at T ∼ 1.3 K. In fact, conventional
superconductivity at similar temperatures has been previously
reported for isostructural compounds of the LaMSb2 family
(M = Ni, Cu, Pd, and Ag) [20]. The solid line in Fig. 2(b)
represents a Schottky-type anomaly resulting from the tetrag-
onal CEF scheme obtained from our analysis as discussed in
the following.

In order to establish a plausible scenario for the magnetic
properties of CeCuBi2, we have analyzed the data presented
in Figs. 1 and 2 using a mean field model including the
anisotropic interaction from nearest neighbors as well as the
tetragonal CEF Hamiltonian. For the complete description
of the theoretical model, see Ref. [17]. This model was
used to simultaneously fit χ (T ), M(H ), and Cmag(T )/T data
for T > 20 K as a constraint. The best fits yield the CEF
parameters: B0

2 = −7.67 K, B0
4 = 0.18 K, and B4

4 = 0.11 K;
and two RKKY exchange parameters: zAFM ∗ JAFM = 1.12 K
and zFM ∗ JFM = −1.18 K, where zAFM = 2 (zFM = 4) is the

Ce3+ nearest neighbors with an AFM (FM) coupling, in this
case, along the c axis (ab plane). The XRMS experiment
suggests a magnetic structure compatible with this scenario,
as will be discussed later in this work. It is worth emphasizing
that the fits converged only when two distinct JRKKY exchange
parameters were considered. Although CeCuBi2 has an AFM
ground state at zero field, the presence of FM fluctuations are
evidenced by the presence of a spin-flop transition in the M(H )
data. The extracted parameters resulted in a CEF scheme with
a �

(1)
7 ground state doublet (0.99| ± 5/2� − 0.06| ∓ 3/2�), a

first excited state �
(2)
7 (0.06| ± 5/2� + 0.99| ∓ 3/2�) at 50 K,

and a second excited doublet �6 (| ± 1/2�) at 149 K.
The obtained CEF scheme and exchange constants ac-

count for the main features of the data shown in Figs. 1
and 2, meaning that the magnetic anisotropy, the spin-flop
transition, and the Schottky anomaly in Cmag(T )/T are all
well explained by this model. However, it is important to
notice that the CEF parameters obtained from the fits to
macroscopic measurements data may not be as precise and
unique. An accurate determination of the CEF scheme and
its parameters does require a direct measurement by inelastic
neutron scattering [21], while the mixed parameters of the
wave functions may be compared with a x-ray absorption study
[22]. Nonetheless, apart from a more precise determination of
the CEF parameters, the analysis presented here suggests that
the Ce3+ 4f electrons behave as localized magnetic moments.
The only indication of a possible Kondo compensation is given
by the partially recovered magnetic entropy at TN (∼80% of
R ln2) and by the rough estimate of γ .

Hence, in order to further investigate the presence of Kondo
lattice behavior in CeCuBi2 we have also performed pressure
dependent electrical resistivity. Applied pressure is well known
to favor the Kondo effect with respect to the RKKY interaction
in Ce-based HF [1–3].

The in-plane electrical resistivity ρ(T ,P ) of CeCuBi2 as a
function of temperature for several pressures is summarized
in Fig. 3. The electrical resistivity at ambient pressure first
decreases with decreasing temperature, but it increases back
for temperatures below ∼150 K. Then, ρ(T ,P = 0) reaches
a maximum at about 50 K and then drops abruptly after the
magnetic scattering becomes coherent, as typically found for
Ce-based HF [1–3]. At lower temperatures, a small kink is

FIG. 3. (Color online) Temperature dependence of the electrical
resistivity for different values of applied hydrostatic pressure up to
18 kbar. The inset shows the variation of TN as a function of pressure.
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observed at TN = 16 K. As pressure is increased, a small
increase of the room-T resistivity value is observed together
with the decrease of TN. This effect can be seen in the inset
of Fig. 3. Such suppression of TN as a function of pressure is
consistent with the increase of the Kondo effect on the Ce3+ f

electrons. However, the slope dTN/dP is relatively small and
might be an indication that the Ce3+ f electrons remain rather
localized in the studied pressure range.

To gain a more microscopic insight about the magnetic
interactions present in CeCuBi2, its magnetic structure was
investigated by XRMS technique at the Ce L2 absorption edge
in order to enhance the magnetic signal from Ce3+ ions below
TN. Magnetic peaks were observed in the dipolar resonant
condition at temperatures below ∼16 K at reciprocal lattice
points forbidden for charge scattering and consistent with a
commensurate antiferromagnetic structure with propagation
vector (00 1

2 ).
To determine the possible irreducible magnetic represen-

tations �XRMS associated with the space group P 4/nmm,
the propagation vector (00 1

2 ), and a magnetic moment at the
Ce sites, we used the program SARAh [23]. The magnetic
representation can be decomposed in terms of four nonzero
irreducible representations (IRs �XRMS

2 , �XRMS
3 , �XRMS

9 , and
�XRMS

10 ) written in Kovalev’s notation [24]. Within the possible
IRs �XRMS

2 and �XRMS
3 correspond to a magnetic structure

with the Ce magnetic moments pointing along c direction
and �XRMS

9 and �XRMS
10 correspond to Ce magnetic moments

lying in the ab plane. Also, �XRMS
2 and �XRMS

10 correspond to
a FM coupling of the Ce ions within the unit cell forming
a (+ + −−) sequence (model I), and �XRMS

3 and �XRMS
9

correspond to an AFM coupling of the Ce ions within the
unit cell forming a (+ − −+) sequence (model II), both along
the c direction.

Figure 4 shows typical results for one selected magnetic
peak (0 0 5.5). Figure 4(a) presents the resonant energy
line shape showing a single peak 3 eV below the edge and
compatible with a pure dipolar resonance. Figure 4(b) shows
the intensity as a function of the angle θ , where a pseudo-Voigt
fit shows a full width half maximum of 0.023◦. Figure 4(c)
presents the temperature dependence of the square root of the
integrated intensity, which is proportional to the magnetization
of Ce3+ ions. A pseudo-Voigt peak shape was used to fit
longitudinal θ -2θ scans in order to obtain the integrated
intensities and no hysteresis was observed by cycling the
temperature.

The results presented in Fig. 4 are consistent with a dipolar
resonant magnetic scattering peak in which the magnetic inten-
sity is found only in the σ -π � channel and disappears above TN.
This confirms the magnetic origin of the (0 0 5.5) reflection due
to the existence of an AFM structure that doubles the chemical
unit cell in the c direction. For collinear magnetic structures,
the intensity of the x-ray resonant magnetic scattering assumes
a simple form for dipolar resonances [25]:

I ∝ 1

μ∗sin(2θ )

����
�

n

f E1
n (�k,�̂, �k�,�̂�,ẑn)ei �Q· �Rn

����
2

, (1)

where f E1
n is the dipolar resonant magnetic form factor, μ∗

is the absorption correction for asymmetric reflections, 2θ is
the scattering angle, �Q = �k� − �k is the wave-vector transfer,

FIG. 4. (Color online) (a) Energy dependence of the XRMS
signal of the Ce3+ magnetic moment of CeCuBi2. (b) Intensity as
a function of the angle θ of the crystal through the magnetic peak
(005.5) for the σ -π � polarization channel at the Ce L2 absorption
edge. (c) Square root of the intensity as a function of temperature
measured with longitudinal (θ -2θ ) from 8 to 16.5 K.

and �k and �k� (�̂ and �̂�) are the incident and scattered wave
(polarization) vectors, respectively. �Rn is the position of the
Ce nth atom in the lattice, and ẑn is the moment direction at the
nth site. The sum is over the n resonant ions in the magnetic
unit cell.

The intensity variation of a magnetic peak as a function of
the azimuthal angle can be used to determine the direction of
the magnetic moment. In the case of a propagation vector (0 0
1
2 ) the azimuthal dependence of specular magnetic peaks will
be constant if the moment is parallel to the c axis and will
show a sinusoidal dependence if the moment is perpendicular
to the c axis. Figure 5(a) shows the azimuthal dependence
of the integrated intensity (σ -π � polarization channel) for two
magnetic reflections (0 0 3.5) and (0 0 5.5). At each ψ position
a θ scan was measured and fitted using a pseudo-Voigt function
from which we extracted the integrated intensity value plotted
in Fig. 5(a).

As we can see from data in Fig. 5(a), the azimuthal
dependence of the integrated intensity of the magnetic peaks
have a small variation (within error bars) and presents no
sinusoidal periodicity. This result clearly indicates that the
moment direction is parallel to the c axis and is in good
agreement with the susceptibility measurements of Figs. 1(a)
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FIG. 5. (Color online) (a) Normalized intensity as a function of
the azimuthal angle for (0 0 5.5) and (0 0 3.5) magnetic reflections.
(b) Experimental normalized intensity (solid circles) as a function
of the l at the reciprocal space direction (0,0,l) at 8 K for σ -π �

polarization channel at the Ce L2 absorption edge. The calculated
intensities for two different magnetic couplings are presented as
dashed and dotted lines.

and 1(b) that also point to the c axis as the easy magnetization
axis.

The magnetic coupling of the Ce atoms within the unit cell
can be determined by comparing the experimental integrated
intensity of several magnetic peaks with the calculated model
[Eq. (1)] [26–28].

Simplifying the absolute square in Eq. (1) for the reflections
of the type (00 l

2 ), the magnetic intensity is proportional to
sin2(θ + α) ∗ cos2(2π lz) for the model (+ + −−) [or �XRMS

2 ]
or cos2(θ + α) ∗ cos2(2π lz) for the model (+ − −+) [or
�XRMS

3 ], where z is the position of Ce ions within the unit
cell, θ is the Bragg angle, and α is the angle between the
vector Q and the c direction. Both magnetic representations
consider the magnetic moments aligned parallel to c direction.

Six magnetic peaks of the family (00 l
2 ) were measured

at T = 8 K and compared with the theoretical normalized
intensities calculated using the model described by Eq. (1)
[Fig. 5(b)]. It is clear that the experimental data follow the (+ +
−−) coupling. We can conclude that the correct magnetic
structure corresponds to the �XRMS

2 irreducible representation,
i.e., the magnetic moments are aligned parallel to c axis with
the (+ + −−) coupling.

Figure 6 represents the magnetic structure of CeCuBi2
compound where we show two magnetic unit cells (dashed
line) for better visualization of the spin coupling along the
three directions. One chemical unit cell is represented by the
solid line. The heretofore determined magnetic structure of

Ce

Cu

Bi â b̂
ĉ

FIG. 6. (Color online) Schematic representation of the magnetic
structure of CeCuBi2. The dashed line defines two magnetic unit cells
while the solid line bounds the chemical unit cells.

CeCuBi2 sheds some light on the global magnetic properties of
this compound. The ferromagnetic coupling between the Ce3+

moments in the plane is consistent with the presence of FM
fluctuations which justifies the need to include two different
exchange constants in our mean field model. Indeed, this
proposed magnetic structure is compatible with the spin-flop
transition to a ferromagnetic phase when a magnetic field is
applied along the the c axis.

Now, seeking further microscopic information regarding
the coupling of the Ce3+4f with the conduction electrons
and/or neighboring atoms in CeCuBi2, we have carried
out temperature dependent 63Cu NMR measurements. NMR
probes local interactions because it is site specific and sensitive
to both electronic charge distribution and magnetic spin.

Figure 7(a) presents a few 63Cu NMR spectra (I = 3/2)
at temperatures around TN with the magnetic field applied
perpendicular to the c axis. Above TN = 16 K, the 63Cu NMR
spectra show a sharp single Lorentzian peak at H ∼ 6.4 T. We
also observed a small peak at around 6.5 T which we associate
with one of the 209Bi Zeeman split transitions (I = 9/2).
Although not the scope of the current investigation, further
ongoing experiments will elucidate the origin of this signal.
Also, for the low temperature spectra, below TN, a weak and
broad signal is observed at the 63Cu NMR line which might
be associated with local field distribution at the 63Cu sites.

The Knight shift 63K⊥ presented in Fig. 7(b) (left-hand
side axis) was obtained from Lorentzian fits of the main peaks
shown in Fig. 7(a). The 63K⊥ is compared with the magnetic
susceptibility χ⊥ measured with an applied magnetic field
of 7 T. These data indicate that the Knight shift tracks the
magnetic susceptibility down to TN ∼ 16 K. Below this AFM
transition, 63K⊥ is driven by the internal field (hyperfine field)
created by the Ce3+ 4f moments at the Cu sites.

The Ce moments, slightly canted by the external field
applied perpendicular to the c axis create a weak ferromagnetic
component in the plane responsible for the shift of the resonant
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FIG. 7. (Color online) (a) 63Cu NMR spectra (I = 3/2) for var-
ious temperatures around TN. (b) The corresponding temperature
dependence of the Knight shift (left-hand side scale) compared with
the magnetic susceptibility at H = 7 T (right-hand side scale). The

Knight shift was calculated as 63K⊥ = (ν/63γN )−Hr

Hr
, with ν = 72 MHz

and Hr the peak position of the spectra for each temperature)

peak towards lower fields. Moreover, the relatively small 63K⊥
found for 63Cu NMR spectra in CeCuBi2 compared to what is
generally found in HF materials [29,30] is consistent with the
weak hyperfine coupling constant estimated from the K-χ
plot (not shown). This indicates that the Cu 3d electrons
are weakly hybridized with the Ce3+ 4f local moments
[31]. Within this scenario, the dipolar rather than the RKKY
interaction seems to be the most relevant mechanism for the
weak hyperfine coupling at the Cu sites. Additionally, the
sign and strength of the coupling are not strongly influenced
by the c-f hybridization as expected in most heavy fermion
materials. As such, one may speculate that the strong local
moment character of the Ce3+ 4f magnetism in CeCuBi2 is a
dominant trend in CeT X2 family (T = transition metal, X =
pnictogen) which makes these families less likely [32] to host
HF superconductivity, at least under ambient pressure.

Nevertheless, in a recent work [33], polycrystalline sam-
ples of CeNi0.8Bi2 have been reported as a heavy fermion
superconductor with an AFM transition at ∼5 K and a SC
transition at ∼4.2 K. The superconducting phase was claimed
to be evoked by Ni deficiencies that would presumably create a
different ground state than the one realized on single crystalline
CeNiBi2 [12]. The stoichiometric compound was earlier
classified as a moderate HF antiferromagnet with TN ∼ 5 K,
and the presence of a zero resistance transition was associated
with contamination of extrinsic Bi thin films. However, a

more recent work has raised important questions about the
intrinsic origin of the superconductivity in CeNi0.8Bi2. In
the report, systematic studies on CeNi1−xBi2 (with 1 − x

varying from 0.64 to 0.85) single crystals [34] revealed that the
superconductivity in CeNi0.8Bi2 is more likely to be associated
with the Tc of the Bi thin films and/or secondary phases of the
binaries NiBi and NiBi3.

All the above arguments corroborate to our belief that
the CeT X2 compounds do present strong local moment
magnetism, with a moderate Kondo compensation implying
a weak hybridization between the Ce3+ 4f ions and the
conduction electrons. In absolute terms, this scenario does
not favor a superconducting state.

IV. CONCLUSIONS

In summary, we studied temperature dependent magnetic
susceptibility, pressure dependent electrical resistivity, heat
capacity, 63Cu nuclear magnetic resonance, and x-ray magnetic
scattering on CeCuBi2 single crystals. Our data revealed
that CeCuBi2 orders antiferromagnetically at TN � 16 K, a
value higher than those previously reported for Cu-deficient
samples. The detailed analysis of the macroscopic properties
of CeCuBi2 using a mean field model with a tetragonal
CEF, enlightened by the microscopic experiments, allowed
us to understand the magnetic anisotropy and the realization
of a spin-flop first-order-like transition in CeCuBi2. These
are very compatible with a magnetic field effect on the
commensurate antiferromagnetic structure with propagation
wave vector (0 0 1

2 ) and Ce moments oriented along the c axis.
The combined analyses in this detailed investigation suggest
that CeCuBi2 presents a weak heavy fermion behavior with
strongly localized Ce3+ 4f electrons subjected to dominant
CEF effects and anisotropic RKKY interactions.
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Abstract
We present a simple approach to calculate the thermodynamic properties of single Kondo
impurities including orbital degeneracy and crystal field effects (CFE) by extending a previous
proposal by Schotte and Schotte (1975 Phys. Lett. 55A 38). Comparison with exact solutions
for the specific heat of a quartet ground state split into two doublets shows deviations below
10% in the absence of CFE and a quantitative agreement for moderate or large CFE. As an
application, we fit the measured specific heat of the compounds CeCu2Ge2, CePd3Si0.3,
CePdAl, CePt, Yb2Pd2Sn and YbCo2Zn20. The agreement between theory and experiment is
very good or excellent depending on the compound, except at very low temperatures due to
the presence of magnetic correlations (not accounted for in the model).

Keywords: Kondo effect crystal field, Ce compounds, Yb compounds

(Some figures may appear in colour only in the online journal)

1. Introduction

In the last decades, heavy fermion systems and intermediate
valence compounds have attracted considerable attention
because of their fundamental importance in modern solid
state physics [1]. Different ingredients contribute to the
complexity of these fascinating systems: the presence of
strong Kondo interactions, the level structure originated in
crystal field effects (CFE) including different hybridization
strengths with the conduction band, and possible coherence
effects introduced by the periodicity of the lattice and intersite
magnetic interactions.

Usually above a certain coherence temperature, several
Ce [2, 3] and Yb [4–6] compounds, for example, can be
described by an impurity Anderson model or the impurity
Kondo model, which is the integer-valent limit of the former
when the magnetic configuration dominates. These systems
behave as conventional Fermi liquids [7], although with a
very large effective mass m∗ [8, 9]. Other systems display
non-Fermi-liquid behavior [10], but they are outside the scope
of this work.

The impurity Anderson model and several variants
of it have been solved exactly using the Bethe-ansatz
technique [11–19, 22]. Desgranges and Schotte have
calculated the specific heat for the spin-1/2 Kondo
model solving numerically the resulting system of integral
equations [16]. Exact results in the presence of crystal
field have been reported by several authors [17–19, 22]. In
particular, Desgranges and Schotte calculated the specific heat
of a system of two doublets [17].

A limitation of these exact solutions when CFE are
present is that the hybridization of different multiplets are
considered to be the same, which usually is not the case
in real systems. Another drawback is that to calculate
thermodynamic quantities, the Bethe-ansatz leads to a set
of integral equations, which should be solved numerically,
rendering it very difficult to use the exact solutions as a tool
to fit experimental data. The numerical renormalization group
(NRG) is a very accurate numerical technique which has the
advantage over the Bethe-ansatz that there are no restriction
for the impurity Hamiltonian [20]. For example, an Anderson
model that mixes a doublet with either a singlet or a triplet can
be exactly solved [13], but not when both singlet and triplet
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are present, while the NRG can treat the complete model
and describe the quantum phase transition between singlet
and doublet ground states [21]. However, the calculations are
numerically demanding. To the best of our knowledge neither
exact results nor NRG has been used to fit experimental results
in which non-trivial CFE are present.

Recent increases in the available experimental data of
physical properties at intermediate temperature (T > 10 K)
on intermetallic compounds renders necessary the analysis of
experimental data with the inclusion of CFE.

In the absence of crystal field, Schotte and Schotte
proposed a simplified approach based on the resonant level
model to interpret experiments of spin-1/2 Kondo systems in
a magnetic field [23]. The theory assumes a linear increase
of the slitting of the peaks with magnetic field, which is only
approximately true according to Bethe-ansatz results [24]. In
spite of this fact, the authors were able to fit the magnetization
of Fe impurities in Ag as a function of magnetic field
and the magnetic susceptibility as a function of temperature
very accurately [23]. For the specific heat, the comparison
between this approach with exact solutions shows an excellent
agreement [16].

In this work we extend the approach to include CFE
and apply the results to interpret the specific heat of several
Ce and Yb compounds, for which one expects that single
impurity behavior in the Kondo limit (oxidation state near
Ce3+ or Yb3+) and Fermi-liquid physics applies down to low
temperatures. The approximations are described in section 2.
The resulting approximate analytical results are compared
with available exact results in section 3. In section 4 we apply
our approach to four Ce (CeCu2Ge2, CePd3Si0.3, CePdAl and
CePt) and two Yb (Yb2Pd2Sn and YbCo2Zn20) compounds.
We summarize our results in section 5.

2. Approximations

We start from a generalization of the approach proposed
by Schotte and Schotte [23] to the case of two doublets
split by a crystal field � or, alternatively, a quadruplet with
different g factors, in both cases with the possible application
of a magnetic field. Specifically we postulate the following
simplified form of the free energy for two doublets:

F2d = −kBT
� ∞

−∞
dω

1
π

�
�0

(ω − �0)
2 + �2

0

+ �1

(ω − �1)
2 + �2

1

�
ln(e

ω
2kBT + e− ω

2kBT ), (1)

where �i represents the half-width at half-maximum of the
spectral density for the doublet i, �1 = � + s, where s ≤ �0
is a small shift that can be disregarded for the moment, �0 =
B0 + s and B0 = g0µBB̃ is the Zeeman magnetic splitting of
the doublet ground state by the magnetic field B̃. The Kondo
temperature TK is proportional to the width of the ground-state
doublet, �0, as explained in detail in section 3. Note that in
the absence of hybridization effects (i.e. �i = 0), except for

an irrelevant additive constant, F2d reduces to

F0
2d = −kBT ln

�
e

B0/2
kBT + e− B0/2

kBT + e
�+B0/2

kBT + e
�−B0/2

kBT

�
, (2)

which corresponds to the free energy of two doublets
separated by an energy �, both split by a magnetic field in
the same fashion. Although the latter fact is not realistic, for
the usual cases in which � � B0, the individual levels of the
excited doublet have a similar population for all temperatures
and their magnetic splitting becomes irrelevant. The same
situation occurs for �1 � B0. Thus we expect that equation (1)
is a reasonable approximation in general.

An alternative scenario to which equation (1) can be
applied is a quadruplet split by a magnetic field. In that case
the corresponding energies are ±g0µBB̃/2 and ±g1µBB̃/2
and one should consider �1 = �0, �1 = (g0 + g1)µBB̃/2 and
�0 = (g0 − g1)µBB̃/2.

The integral in equation (1) with a cutoff D can be
expressed in terms of the Gamma function �(x):

F2d = 2kBTRe
1�

j=0

�
ln �

�
1 + �j + i�j

πkBT

�

− ln �

�
1 + �j + i�j

2πkBT

��

−
�

�0 + �1

π
+ 2kBT

�
ln 2

+ �0 + �1

π

�
1 − ln

D
kBT

�
. (3)

In practice, we find that for small bare splitting �, it is
convenient to increase the position of both doublets by a shift
s with 0 < s ≤ �0. This can be understood as follows. For the
SU(2) model, the approximation of Schotte and Schotte seems
to be inspired by the fact that the electron spectral density
has a resonance centered at the Fermi energy, in such a way
that in the Kondo limit, with total electron occupation 1 at
the impurity, both spins have occupation 1/2. This becomes
clear in Fermi-liquid approaches, in which the resonance
near the Fermi energy can be accurately described [25, 26].
However, when the hybridization between the impurity and
conduction electrons is the same for both doublets and � =
0, the model has SU(4) symmetry [27–33], each fermion
should have an occupation near 1/4, and this means that the
resonance is displaced above the Fermi energy [31, 32]. For
general hybridizations and zero magnetic field, integrating
the spectral densities (in a similar way as in the slave-boson
mean-field approximation [32]), one finds that to enforce a
total occupation 1 (as corresponding to Ce and Yb impurities
in the Kondo limit) in a mean-field approach, the shift s should
satisfy

2
π

�
arctan

�0

s
+ arctan

�1

s + �

�
= 1, (4)

which is equivalent to

�0�1 = �0�1, (5)

where we have used that �0 = s for B = 0. The extension
of this heuristic approach to finite magnetic field is beyond
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the scope of the present work. In any case the above equation
shows that s is negligible for large �.

In Ce compounds, the Hund’s rules ground state with
total angular momentum j = 5/2 is split into a quartet and
a doublet, or three doublets depending on the point group
determined by the symmetry around the Ce atom. Therefore,
for a comparison with experiment, a third doublet should be
included. Note that including a third term between brackets in
equation (1) would mean that eight (not six) broadened levels
are considered (as it is clear taking all �i = 0). Therefore,
a straightforward extension of this equation to include three
doublets is not possible. However, if the width of the levels �i
is much smaller than the splitting �2 between the third and
the first doublet, we can take at high temperatures the simple
Schottky expression FS, which corresponds to all �i = 0:

FS = −kBT ln
�

2c0 + 2c1e− �1
kBT + 2c2e− �2

kBT

�
,

ci = cosh(giµBB̃/2).

(6)

A similar reasoning can be followed for more doublets. This
leads to the following proposal to describe the free energy
for three doublets, or a quartet ground state and an excited
doublet:

F = F2d − F0
2d + FS. (7)

For small temperatures F2d dominates, while the remaining
two terms become important when kBT reaches values near
�2. This will become apparent in section 4. Note that this
form ensures the correct limit (kB ln 6) for the entropy as T →
∞. For a ground-state doublet and an excited quadruplet, F2d
and F0

2d should be replaced by the corresponding expressions
for one doublet in which the terms containing �1 are absent.
Extension of equation (7) to include more doublets (like,
e.g., in the case of Yb systems with J = 7/2) with width much
smaller than its excitation energy is straightforward.

The specific heat and magnetic susceptibility of the
system can be obtained differentiating equation (7) [23]. Here
for later use, we give the expression of the specific heat at zero
magnetic field (B̃ = 0):

C = C2d − 1
kBT2


 �2e− �

kBT

(1 + e− �
kBT )2


 + CS, (8)

where the specific heat for only two doublets or a quartet
C2d = −T∂2F2d/∂T2 becomes

C2d = − kB

2 (πkBT)2 Re
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�j + i�j
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×
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�j + i�j

πkBT
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− ψ �

�
�2 + i�
2πkBT

���

+ �0 + �1

πT
, (9)

where ψ � is the derivative of the digamma function and CS is
the Schottky expression for the specific heat obtained deriving
equation (6):

CS = 1
kBT2 [(�1

2e− �1
kBT + (�2)

2e− �2
kBT

+ (�2 − �1)
2e− �2+�1

kBT )

((1 + e− �1
kBT + e− �2

kBT )2)−1]. (10)

For later use, we give here the coefficient γ of the first
term in the low-temperature expansion C = γ T + O(T2) of
the specific heat:

γ = πk2
B

3

1�

j=0

�j

�2
j + �2

j
. (11)

3. Comparison with exact solutions

While several works discuss the solution of the Bethe-ansatz
equations with CFE [17–19, 22], to the best of our knowledge,
the solution in a wide range of temperatures has been
reported only by Desgranges and Rasul [17]. These authors
calculated the specific heat as a function of temperature for
a quartet split into two doublets by an energy � and zero
magnetic field. For � = 0, this Kondo model has SU(4)

symmetry, which is reduced to SU(2) as soon as � > 0. This
SU(4) → SU(2) model, and the corresponding (more general)
Anderson one, has become popular recently in the context of
nanoscopic systems [27–31, 33, 32]. It describes, for example,
quantum dots in carbon nanotubes, [27, 28, 30–32] and silicon
nanowires [33, 32] in the presence of a magnetic field and
interference effects in two-level systems [29, 34].

Before comparing the results of [17] with ours, it is
convenient to discuss briefly the meaning of the Kondo
temperature in systems with CFE.

3.1. The Kondo temperature

We define the Kondo temperature TK as the binding energy
of the ground-state singlet, as done for example in a
perturbative-renormalization-group study of the Kondo model
with CFE [35] or variational (non-perturbative) methods [6,
31]. Alternative definitions, like for example from the width
of the lowest peak in the spectral density [31, 32], temperature
dependence of transport properties [32, 36] or the linear term
in the specific heat [17], give the same result within a factor
of the order of 1, but the leading exponential dependence on
the parameters is the same. In the extreme limits in which
either no CFE are present or they are so large that only
the ground-state multiplet matters, the Kondo temperature is
given by the usual expression for an SU(N) Kondo model:

TSU(N)
K = D exp(−2ρJ/N), (12)

where N is the degeneracy of the ground state, D half the
bandwidth, J the exchange interaction and ρ the conduction
density of states at the Fermi level.

For the case of a quartet split into two doublets (the
SU(4) → SU(2) model mentioned above), using a simple
variational function, it has been found that the Kondo
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Table 1. Parameters �i, �1 used in the fit of figure 1 in units of
TDR

K /3. The first column corresponds to the Kondo temperature
given by equation (13) and the last to the shift determined by
equation (5).

� 0.6TK �0 �1 �1 �0

0 1/3 1/3 1/3 1/3 1/3
1 0.173 0.237 0.4 0.94 0.1009
2 0.118 0.14 0.47 1.75 0.0376
4 0.0806 0.078 0.55 3.49 0.0123

temperature as a function of the splitting � can be written
as [31]

TK(�)

TK(0)
=

�
1 + δ/d + δ2 − δ,

δ = �

2TK(0)
, d = D

2TK(0)
,

(13)

where, of course, TK(0) = TSU(4)
K and from the above

equations TK(∞) = TSU(2)
K .

Using the non-crossing approximation, the width of the
peak nearest to the Fermi energy of the spectral density has
been found to be accurately described by equation (13) within
a constant factor near 0.6 [31].

3.2. The specific heat for two doublets

The exact Bethe-ansatz solution of the specific heat of the
Kondo model for a quartet split into two doublets has been
reported by Desgranges and Rasul [17]. In figure 1 we
compare their results with our simplified proposal for the
specific heat, equation (9). The authors define their Kondo
temperature TDR

K by the condition that, in the SU(4) case
� = 0, the term linear in temperature T in the specific heat
for T → 0 is γ = kBπ/TDR

K . In our case SU(4) symmetry
and equation (5) imply �0 = �1 = �0 = �1. For these
parameters, equation (11) gives γ = kBπ/(3�1). Comparing
this result with the corresponding one of Desgranges and
Rasul fixes �0 = TDR

K /3. Except for this, there are no
fitting parameters for zero splitting in our approach. Taking
into account this fact, we find that the agreement is very
satisfactory. Our approach underestimates the maximum in
the specific heat by about 10%, but the overall trend and the
low-temperature part are well reproduced. The comparison
is, however, much better when the splitting � reaches TK or
higher values. In fact, for large �, the lower peak corresponds
to the ordinary Kondo model with one doublet, for which the
approach works very well [16].

As soon as � > 0, we use three parameters to fit the exact
results: both �i and �1, with the position of the lower doublet
�0 = s determined by the condition (5). As discussed below,
the resulting parameters are consistent with expectations from
known results on the SU(4) → SU(2) symmetry breaking.
The fitting parameters are displayed in table 1, together with
the corresponding shift.

The first column of table 1 is an estimate of �0
based on the expected dependence of the Kondo temperature

Figure 1. Impurity contribution to the specific heat for a Kondo
model with two doublets. Full lines correspond to exact results
of [17] and dashed lines to our approach. The absolute maximum
displaces to higher temperatures with increasing �.

with splitting, equation (13). Results using the non-crossing
approximation show that the width of the peak near the
Fermi energy in the spectral density is proportional to TK
for all � [31]. The proportionality factor for the charge
transfer energy used was found to be 0.606. We assume �0 =
0.6TK. Using this relation for � = 0, the ratio TSU(4)

K /TDR
K

is obtained, and for the other values of �, equation (13) was
used, with a bandwidth 2D = 10TDR

K . Larger values of D lead
to lower values of TK but have little effect on the values for
� ≥ 4TDR

K . As seen in table 1, the estimate of the width of the
lowest peak in the spectral density agrees with �0 within 30%,
while the values of �0 for different values of � vary by more
than a factor of 4. This is a strong indication that the value
of �0 that results from the fit is proportional to the binding
energy of the ground-state singlet.

Concerning �1, one observes a moderate increase as �

increases, a fact also shared by the spectral density studied
before [31]. One way to understand this fact is to consider the
spectral density of the simplest SU(2) Anderson model in the
Kondo regime, under an applied magnetic field B (which, for
the peak at higher energies, is a simpler analog of the SU(4)

model under a magnetic or crystal field). Clearly, the width
of the resonance is proportional to TSU(2)

K for B = 0. As B
increases, the Kondo effect is progressively destroyed and for
very large B one expects that the width of the peak in the
spectral density is just the resonant level width, which is larger
than TK. This is consistent with Bethe-ansatz results [24].
These results also show that the position of the peak is
lower than the magnitude of the Zeeman term, but tends to
it for large B, in agreement with the fact that our fit gives
�1 < � for � > 0. Calculations of the spectral density in
the SU(4) → SU(2) case, show peaks above and below the
Fermi energy (depending on the component), with excitation
energies smaller than � [31], a fact also consistent with the
fitting results.
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4. Application to real systems

In this section, we apply our approach to interpret the specific
heat measured on four Ce and two Yb compounds at zero
applied magnetic field. These systems have an oxidation state
of the magnetic atom near Ce3+ or Yb3+ (they are in the
Kondo regime) and seem to display Fermi-liquid single-ion
behavior down to low temperatures. The Ce compounds
(CeCu2Ge2, CePd3Si0.3, CePdAl and CePt with increasing
Kondo temperature TK) order at low temperatures. Above
this ordering temperature, one expects that the system can be
described by a generalized impurity Kondo model, for which
our approach was developed. The Yb compounds that we
considered (Yb2Pd2Sn and YbCo2Zn20) do not order down
to very low temperatures.

As is known, the possibility of ordering depends
on the magnitude of the exchange interaction J between
localized spins and conduction electrons. For small J the
indirect Ruderman–Kittel–Kasuya–Yosida (RKKY) exchange
interaction between localized spins is much larger than TK
and the system orders, while for large J single-ion Kondo
physics dominates down to zero temperature and the system
does not order. This is the basis of the so-called Doniach
phase diagram [37]. For only one doublet, the critical ordering
temperature TN as a function of J has been calculated using
the exact magnetic susceptibility of the impurity system and
treating the RKKY interaction at a mean-field level [38]. TN
first increases quadratically with J, reaches a maximum and
then decreases until it vanishes at a quantum critical point
J = Jc. Near this point obviously TN � TK, whereas for very
small J, TN � TK. In general we expect that our theory is valid
for T > TN, even if TN > TK as for the case of CeCu2Ge2
discussed below.

4.1. CeCu2Ge2

The structure of CeCu2Ge2 is tetragonal. Compounds with
this structure were intensively investigated after the discovery
of superconductivity in CeCu2Si2 [39]. The specific heat of
the Ge compound is reported in figure 1 of [40].

In figure 2 we fit the magnetic contribution to specific
heat data. The tetragonal symmetry, in particular the point
group symmetry D4h around the Ce3+ ions, implies that the
j = 5/2 ground-state multiplet splits into three doublets. Thus,
we can apply equations (8)–(10). In principle, our expression
for the specific heat has four fitting parameters (�0, �1, �1
and �2). The shift �0 = s calculated with equation (5) is
very small and does not provide any significant change in the
fit. We have neglected it for all the Ce compounds studied.
In practice, however, we have used only the �i as fitting
parameters, taking the same values of �i as in the Schottky
expression with three doublets, equation (10), provided in [40]
to compare with the experimental results. This expression
overestimates the peak near 70 K by about 20% (see figure 1
of [40]) and underestimates the specific heat between 12 and
25 K. Instead, as is apparent in figure 2 above 12 K (where
the experimental curve has a kink), our fit is excellent and the
difference between experiment and the figure is less than the

Figure 2. Magnetic contribution to the specific heat as a function of
temperature of CeCu2Ge2. Squares: experimental results [40]. Full
line: our approach.

experimental error. Thus, the introduction of the widths �0
and �1 by our approach leads to a significant improvement
of the fitting expression with almost the same computational
cost.

The system orders antiferromagnetically at TN = 4.15 K.
Below 12 K, our fit deviates from experiment. This is probably
due to the onset of antiferromagnetic correlations between
Ce3+ ions which cannot be captured in an approach based on
a single impurity like ours. We have a similar limitation in the
fits described below. Since the data at very low temperatures
deviates from experiment, the reader might ask, how sensitive
the fit is to changes in �0 which, as discussed in section 3, is
proportional to the Kondo temperature TK. If �0 is increased
from 0.5 to 1 K, the specific heat C increases by about 15%
in the region between 12 and 25 K. If �0 = 2 K, C nearly
doubles for T = 12 K and lies above the experimental data for
T < 30 K.

4.2. CePd3Si0.3

CePd3 has a cubic structure and behaves as an intermediate
valence system. Doping with B or Si expands the lattice and
drives the system to the Kondo regime [41]. To fit the specific
heat, we have chosen CePd3Si0.3, because the subtraction
of the phonon contribution has been done by measuring the
specific heat of a La compound with a similar Si content,
LaPd3Si0.2. The specific heat of both compounds has been
measured by one of us [42]. The low-temperature behavior
for LaPd3Si0.2 has been fitted with an aT + bT3 dependence
to obtain the Debye temperature of a simple Debye model
for the phonon contribution to the specific heat [43]. Then,
the Debye expression for this contribution is subtracted from
the corresponding data for CePd3Si0.3 to obtain the magnetic
contribution Cm to the specific heat of this compound. The
result is represented in figure 3 together with our fit.

Since the point group around a Ce ion is Oh, we have
used a ground-state doublet and an excited quadruplet for the
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Figure 3. Magnetic contribution to the specific heat as a function of
temperature for CePd3Si0.3. Squares: experimental results [42]. Full
line: our approach.

fit, as described in section 2. Since we are not able to introduce
a width to the excited quadruplet within our approach, we
have only two fitting parameters, the width of the ground-state
doublet �0 and the position of the quadruplet �1. The fit is
very good for temperatures between 5 and 18 K. For T < 5 K,
as for the other compounds, the disagreement with experiment
is due to the effects of magnetic correlations. Above 30 K, the
dispersion of the experimental data is too large to allow us
to extract firm conclusions, but the agreement is reasonable.
Instead in the intermediate regime 18 K < T < 27 K the fit
lies above the experimental data. This is likely due to the lack
of broadening of the quadruplet in our approach. Some effects
of disorder due to random distribution of Si atoms at the center
of the cubic cage built by eight Ce3+ ions might also play a
role.

4.3. CePdAl

CePdAl is a heavy fermion system which crystallizes in the
hexagonal ZrNiAl structure and orders antiferromagnetically
at TN = 2.7 K [44]. The specific heat is reported in figure 4
of [44] together with a fit using a Schottky expression with
three doublets, equation (10). This fit falls clearly below the
experimental data for T < 50 K.

Our fit using equations (8)–(10) is displayed in figure 4
together with the experimental data. At T > 130 K, where the
experimental data seem to have more dispersion, our fit falls
slightly below the experimental data, which nevertheless show
more dispersion at high temperatures. The fit fails, of course,
near TN because it is based on a single-ion approach, which
cannot describe magnetic order. At intermediate temperatures
TN < T < 130 K, our fit is excellent.

Considering the whole range of temperatures, our fit
is again superior to the Schottky expression with a similar
computational effort.

Figure 4. Magnetic contribution to the specific heat as a function of
temperature for CePdAl. Squares: experimental results [44]. Full
line: our approach.

4.4. CePt

The crystal symmetry of CePt is orthorhombic. Thus, it
is another material in which the Ce3+ ions lie in low
symmetry sites and the j = 5/2 multiplet is split into three
doublets. The magnetic contribution to the specific heat C
has been measured in [45]. The data together with a Schottky
calculation (equation (10)) are presented in figure 2 of this
reference. As for CeCu2Ge2, this expression overestimates
C near the peak at about 75 K and underestimates it below
30 K. There is also a funny structure between 250 and
300 K in which the experimental data lie above the Schottky
expression.

The data are represented in figure 5 together with our
fit using equations (8)–(10). As before, the values of �1
and �2 were chosen the same as those proposed in [45]
from the fit using the Schottky expression and only two �i
were varied. The fit is excellent except near or below the
ordering temperature (6.2 K) and near the above-mentioned
high-temperature structure.

We also display the contributions proportional to �0, �1
and the remaining term, which can be interpreted loosely3

as the contribution of each doublet to C. Specifically, the
dashed (dot-dashed) line corresponds to the terms containing
�0 (�1) in the expression of C2d (equation (9)), while the
dot-dot-dashed curve is the correction due to the third doublet
and corresponds to the two remaining terms of equation (8).

4.5. Yb2Pd2Sn

No magnetic transition is found above T = 0.5 K in
this compound [46] and therefore it is believed to be
a non-magnetic compound with J > Jc in the Doniach

3 The partition function and not the free energy is additive in terms of
the contributions of different states which mutually exclude each other.
Therefore, the contribution of each doublet to the specific heat is not well
defined.
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Figure 5. Magnetic contribution to the specific heat as a function of
temperature for CePt. Squares: experimental results [45]. Full line:
our approach. Dashed, dot-dashed and dot-dot-dashed curves
correspond to the contribution of the different doublets (see text and
footnote 3).

phase diagram [38]. It crystallizes in a tetragonal structure.
Therefore, the j = 7/2 ground state of Yb is split into
four doublets. Then, we can describe its specific heat with
equations (8) and (9), with equation (10) generalized to
contain an additional doublet at energy �3.

In contrast to the above Ce compounds, in both Yb
compounds that we considered, the splitting of the first excited
doublet is not small compared to the widths of the two lowest
lying levels, and therefore the shift s (which coincides with
�0 in the absence of magnetic field) cannot be neglected. In
fact, using �0 given by equation (5) leads to a substantial
improvement of the fits as compared to �0 = 0.

The magnetic contribution to the specific heat (after
subtracting the specific heat of Lu2Pd2Sn) has been reported
by Kikuchi et al [46]. The authors also show in their figure
2 an interpretation of the data based on the sum of a Kondo
1/2 contribution plus a crystal-electric-field contribution with
three doublets, which clearly fall much below the data near
30 K. They suggest that taking the Kondo effect of excited
states into account would improve the description of the data.
This is indeed what we have done for the first excited state.

The comparison between these experiments and our
theory is shown in figure 6. The values of the different
�i are consistent with inelastic neutron scattering data of
a similar compound Yb2Pd2In with In instead of Sn [47].
The agreement is very good except above 100 K, where
some entropy is lacking in our approach. Presumably this is
due to the broadening of the two higher levels, particularly
the highest one, which are absent in our approach. These
broadenings would contribute to the entropy at smaller
temperatures than the position of the respective peaks at
�2 and �3. In spite of this shortcoming, our fit is much
better to the curve presented in figure 2 of [46] in the whole
temperature range.

Figure 6. Magnetic contribution to the specific heat as a function of
temperature for Yb2Pd2Sn. Squares: experimental results [46]. Full
line: our approach.

Figure 7. Magnetic contribution to the specific heat divided by
temperature as a function of temperature for YbCo2Zn20. Squares:
experimental results [48]. Dashed line: our approach. Full line:
modification to simulate a width of the quadruplet (see text).

4.6. YbCo2Zn20

This heavy fermion compound is characterized by an
extremely large value of C/T at low temperatures. The
magnetic contribution to the specific heat has been measured
by Takeuchi et al [48] and the results are reproduced by
square symbols in figure 7. The compound is cubic and
therefore the J = 7/2 states of Yb are split into two doublets
(�6 and �7) and a �8 quadruplet. Our fit indicates that the
latter lies at higher energy. Following our approach we used
then equations (8) and (9), but with CS replaced by the
corresponding term obtained by differentiating the free energy
FS for all �i = 0, which in this case is

FS = −kBT ln(2 + 2e− �1
kBT + 4e− �2

kBT ). (14)

The resulting fit is shown by the dashed line of figure 7.
Clearly, the fit is very good at temperatures below 1 K, but
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fails between 1 and 10 K, slightly above the energy of the
quadruplet. We believe that the cause of this discrepancy is
the lack of broadening of this quadruplet in our theory. To
test this, we have replaced the last term of equation (14) by
a sum of four terms with equidistant energies Ek = �2 −
�2(k − 3/2), k = 0–3, which simulates the effect of the
broadening (although naturally the queues of the distribution
are lost). This improves the experimental curve, except at
small temperatures as described above.

In contrast, the agreement at low temperatures, in which
the experimental C/T is rather flat, is a success of our
approach. The shift �0 given by equation (5) is essential to
reproduce this behavior. Using �0 = 0 leads to a too fast
decay of C/T with increasing temperature.

Concerning the extremely high value of the linear term
of the specific heat γ = 7.8 J (mol K2)−1, our result using
equation (11) and the parameters of the fit (given in the figure)
indicate that 5.3% of the observed γ is due to the first excited
doublet.

5. Summary and discussion

We have presented a simple approach to describe the
thermodynamics of Kondo impurities with several levels,
extending a previous proposal of Schotte and Schotte [23]. In
the absence of an applied magnetic field, a comparison with
available exact results indicates that the approach describes
properly the specific heat of systems with two doublets,
and accurately as long as the splitting is equal to or larger
than the Kondo temperature. The parameters of the fit are
related to fundamental quantities which describe the spectral
density of the system. In particular �0 is related to the Kondo
temperature.

Application to specific heat measurements of several
compounds with low symmetry around the Ce3+ ions
(CeCu2Ge2, CePdAl and CePt) provides an excellent fit at
temperatures above those at which magnetic correlations
between different Ce3+ ions become important. For the cubic
system CePd3Si0.3, our fit deviates above the experimental
results in a narrow range of intermediate temperatures. This
might be due to the limitations of our approach, which does
not include a broadening of excited quadruplets, or to effects
of disorder. In the case of the Yb compound YbCo2Zn20,
in which the position of the excited quadruplet is of the
order of its broadening, the effect of the lack of the latter
becomes evident in the fit. An artificial splitting of this
quadruplet improves the fit, but this does not represent the
actual physics of the hybridization of excited states with
conduction electrons. In contrast, the low-temperature part,
which shows an unusually flat C/T , is very well reproduced
by our approach. Finally for Yb2Pd2Sn, which has the largest
TK and a crystal field splitting of four doublets, our fit is very
good except at high energies, where it is likely that the effect
of broadening of excited states also plays a role.

For all the above systems our fit was superior
to alternative theoretical curves if available, and the
computational cost is very modest.

We conclude that the present approach provides a
flexible tool to properly interpret experimental results at
temperatures larger than those corresponding to the onset of
either coherence effects of the lattice or magnetic correlations.
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Rodrı́guez Fernández J, Gómez-Sal J C, Lester C, de
Podesta M and McEwen K A 1995 Physica B 206/207 264

[46] Kikuchi F, Hara K, Matsuoka E, Onodera H, Nakamura S,
Nojima T, Katoh K and Ochiai A 2009 J. Phys. Soc. Japan
78 083708

[47] Bauer E et al 2005 J. Phys.: Condens. Matter 17 S999
[48] Takeuchi T, Ohya M, Yoshiuchi S, Matsushita M, Honda F,

Settai R and Onuki Y 2011 J. Phys.: Conf. Ser. 273 012059
[49] Desgranges H-U 2013 (arXiv:1309.3749)

9

236



Multiterminal Conductance of a Floquet Topological Insulator

L. E. F. Foa Torres,1,* P. M. Perez-Piskunow,1 C. A. Balseiro,2,3 and Gonzalo Usaj2,3
1Instituto de Física Enrique Gaviola (CONICET) and FaMAF, Universidad Nacional de Córdoba, 5000 Córdoba, Argentina

2Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de Energía Atómica, 8400 Bariloche, Argentina
3Consejo Nacional de Investigaciones Científicas y Técnicas (CONICET), Argentina

(Received 28 August 2014; published 22 December 2014)

We report on simulations of the dc conductance and quantum Hall response of a Floquet topological
insulator using Floquet scattering theory. Our results reveal that laser-induced edge states lead to quantum
Hall plateaus once imperfect matching with the nonilluminated leads is lessened. The magnitude of the Hall
plateaus, however, is not directly related to the number and chirality of all the edge states at a given energy,
as usual. Instead, the plateaus are dominated by those edge states adding to the time-averaged density of
states. Therefore, the dc quantum Hall conductance of a Floquet topological insulator is not directly linked
to topological invariants of the full Floquet bands.

DOI: 10.1103/PhysRevLett.113.266801 PACS numbers: 73.43.-f, 05.60.Gg, 73.63.-b, 78.67.-n

Introduction.—Floquet topological insulators (FTIs)
[1–3] are an incarnation of topological insulators (TIs)
[4–6] where the nontrivial topological properties [1] are
crafted with an external driving (e.g., a circularly polarized
laser). In FTIs, the Floquet chiral edge states bridge either a
native bulk gap, as in semiconductor quantum wells [3], or
a gap that is also produced by the driving, as in the case of
graphene [7,8]. Recently, laser-induced gaps have been
probed at the surface of a three-dimensional TI [9]. The
field is evolving at a fast pace [10–13] with additional
facets in general quantum physics [14–16], cold atoms
[17–20], and photonic crystals [21].
The search for Floquet topological states has started, and

some theoretical proposals [1,7,22–24] embrace a realiza-
tion in broadly available materials such as graphene
[25,26]. These states could be probed through pump-probe
photoemission [24], or STM [27]. But a crucial issue
remains: the connection between the Floquet quasienergy
spectra and the conductance.
Indeed, one of the theoretical milestones established

shortly after the discovery of the quantized Hall effect
[28] is the connection between the Hall conductance and
a topological invariant [29] (the Chern number). This
invariant, in turn, is related to the chiral edge states through
the bulk-boundary correspondence [6,30]. For FTIs, the
situation is more subtle. On one hand, the nonequilibrium
electronic occupations [1,31] pose a difficult problem if
dissipation is to be consideredwithin the system [31,32]. An
alternative is a setup where external driving is limited to a
finite region, thus leaving well-defined occupations for the
asymptotic states [33–35], which can be handled through a
scattering approach [10,22]. But even in this case, while
some authors argue that the Hall conductance will be
quantized within a few percent of 2e2=h [22], others claim
that the two-terminal dc conductance may show an anoma-
lous suppression [36]. On the other hand, there could also be

a dc current at zero bias voltage (a pumping current), thereby
complicating the expected transport response.
Here, we explicitly address dc charge transport in FTIs in

a multiterminal geometry (Fig. 1). First, by using a Floquet
scattering picture [33–35], we can discuss the calculation of
the dc conductance and address the role of the volt meters
in driven systems where a current may arise even at zero
bias. Later on, we do explicit calculations for the case of
illuminated graphene. Our results show that the nonlocal dc
Hall conductance can reach roughly constant values, once
the setup is tuned to lessen the imperfect matching between
the irradiated area and the nonirradiated leads. More
importantly, we find a major departure from other topo-
logical systems: the magnitude of the Hall conductance
plateaus is determined only by a subset of all the Floquet
chiral edge states available at a given energy, breaking

FIG. 1 (color online). (a) Scheme of a setup where a laser of
frequency Ω illuminates part of a sample in a six-terminal
configuration. (b) Six-terminal setup with arrows representing
one of the possible directions for the currents induced at zero bias
voltage (pumped currents) on each lead. (c) Six-terminal con-
figuration in a hexagonal arrangement. For a graphene sample, this
high symmetry configuration gives a vanishing pumped current.
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down the connection between topological invariants such
as the winding numbers [14] and the Hall plateaus in FTIs.
This result does not depend on the choice of graphene as a
particular example.
Floquet theory and dc current.—Floquet theory offers a

suitable framework for systems driven by a time-periodic
perturbation [35,37]. One starts by noting that for a
Hamiltonian Ĥ with a time period T there is a complete
set of solutions of the formψαðr; tÞ ¼ expð−iεαt=ℏÞϕαðr; tÞ,
where εα is the so-called quasienergy and ϕαðr; tþ TÞ ¼
ϕαðr; tÞ is the corresponding Floquet state. By a
replacement of these solutions into the time-dependent
Schrödinger equation, the Floquet states turn out to satisfy
a time-independent Schrödinger-like equation with the
Hamiltonian being replaced by the Floquet Hamiltonian
ĤF ≡ Ĥ − iℏð∂=∂tÞ. Therefore, one has an eigenvalue
problem in the direct product (Floquet) space [38],
R ⊗ T , R being the usual Hilbert space and T the space
of periodic functions with period T ¼ 2π=Ω (spanned by the
functions expðinΩtÞwhere the index n can be assimilated to
the number of “photon” excitations).
When the time-dependent potential is limited to the

scattering region (either because of a finite laser spot or
the screening inside metallic contacts) as in Fig. 1(a), the
asymptotic states and their occupations remain well
defined. The Floquet channel for incoming electrons can
be set, without loss of generality, as the reference channel
n ¼ 0; this elastic channel is naturally set apart from other
replicas with n ≠ 0, a fact that will be crucial later on. Then,
one has a coherent scattering picture [33,34] where dis-
sipation is assumed to take place far in the leads. In a
multiterminal setup, the time-averaged current at lead α,
Īα ¼ ð1=TÞ R T

0 IαðtÞdt, is [33]

Īα ¼
2e
h

X

β≠α

X

n

Z
½T ðnÞ

β;αðεÞfαðεÞ − T ðnÞ
α;βðεÞfβðεÞ�dε: ð1Þ

T ðnÞ
β;αðεÞ is the transmission probability for an electron from

lead α with energy ε to lead β emitting (absorbing) n > 0
(n < 0) photons, and fαðεÞ is the Fermi function at lead α.
In the absence of many-body interactions, this is equivalent
to the Keldysh formalism [35,39].
The differential conductance can be obtained after a linear

expansion in the bias voltage(s). Since the time-dependent
potential may cause that

P
βT β;αðεÞ ≠

P
βT α;βðεÞ

(T α;β ≡P
nT

ðnÞ
α;β is the total transmission probability), a

currentmay appear even in the absence of a bias voltage [33].
Conductance in a two-terminal setup.—In this case

α; β ¼ L; R (left, right), and unitarity requires ĪL ¼
−ĪR ≡ Ī . Equation (1) can be written as

Ī ¼2e
h

Z
(T ðεÞ½fLðεÞ−fRðεÞ�þδT ðεÞ½fLðεÞþfRðεÞ�)dε;

ð2Þ

where T ðεÞ ¼ ½T R;LðεÞ þ T L;RðεÞ�=2 and δT ¼ ðT R;L−
T L;RÞ=2. We consider the zero temperature limit but
generalization to finite temperature is direct. To linear
order in the bias voltage V we get Ī ≃ ½ð2e2Þ=h�T ðεFÞ×
V þ ðe2=hÞ R δT ðεÞfðεÞdε. The second term can be inter-
preted as a pumped current (IP) resulting from the
asymmetry of the transmission coefficients. Since it does
not depend on the bias voltage, the differential conductance
is ð2e2=hÞT ðεFÞ. In contrast to the result for time-
independent systems, the conductance depends on the
transmission probabilities from left to right and from right
to left. When inversion symmetry (IS) holds, both leads are
indistinguishable (δT ¼ 0) and unitarity warrants zero
current at zero bias. Breaking the symmetry either because
of defects or slightly different contacts may introduce a
large asymmetry in the transmission coefficients as we will
see later on when discussing Fig. 2.
Multiterminal conductance.—In contrast to the two-

terminal case, in a multiterminal setup IS does not warrant
a zero pumped current (contrary to what was argued in
Ref. [22]). Indeed, in a six-terminal configuration as the
one in Fig. 1(b), in the absence of any bias voltage IS
requires Ī1 ¼ Ī6 and Ī2 ¼ Ī5 and Ī3 ¼ Ī4, which
together with charge conservation may lead to solutions
where, for example, leads 2 to 5 feed nonzero currents into

FIG. 2 (color online). (a) Quasienergy dispersion for a zigzag
graphene ribbon of width W ¼ 125a illuminated by a circularly
polarized laser of frequency ℏΩ ¼ 1.5γ0 and intensity z ¼ 0.15.
The color scale encodes theweight of the states on the time-averaged
DOS at energy E: white for no weight and black for maximum
weight. Replicas with−2 ≤ n ≤ 2 are considered. (b) Conductance
in a two-terminal setup where a section of the infinite zigzag
ribbon of length L ¼ 420a is illuminated. Full (blue) circles
correspond to the pristine system while the empty (red) circles
are for a ribbon with 15 vacancies distributed at random. Symmetry
breaking due to defects leads to a pumped current IP (inset).

PRL 113, 266801 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

31 DECEMBER 2014

266801-2

238



leads 1 and 6. Therefore, unless more stringent conditions
on the setup and geometry are imposed, the volt meter may
have to do additional work against the time-dependent field
to keep a zero dc current.
To measure a multiterminal differential conductance, we

need to establish a protocol. We start with no bias voltage
and define a subset of electrodes as our volt meters [40–42].
In our discussion we assume that a volt meter is a device
that adjusts its internal parameters to keep a zero dc current
on the corresponding lead. In any case, the internal volt
meter parameters are shifted until the associated currents
[given by Eq. (1)] are zero [43]. Then one has a non-
equilibrium state where we have counteracted the pumping
currents at the volt meters (the source and drain may still
sustain a nonzero IPα). This state is characterized by a set
of internal parameters (that we omit for brevity) and

chemical potentials on each lead denoted by fμð0Þα g.
Starting from this state and assuming that deviations δμα ≡
μα − μð0Þα are small enough, one gets

Īα ¼ IPα þ
2e
h

X

β≠α
½T β;αðεFÞδμα − T α;βðεFÞδμβ�; ð3Þ

where IPα ¼ 0 at the volt meters. Thenwe proceed as usual:
fixing a small bias between two leads and imposing a zero-dc
current on the voltmeters. The obtained fδμαg determine the
conductance and Hall resistance. Hence, though it may give
a remnant current at zero bias, pumping should not affect the
linear conductance. When all leads are equivalent (a con-
dition depending also on the details of the lattice), as in the
setup of Fig. 1(c), the pumped currents vanish.
Conductance of irradiated graphene ribbons.—

Illuminating graphene with circularly polarized light can
turn it into an FTI: it develops bulk band gaps [1,44] (both at
the Dirac point and at�ℏΩ=2), which are bridged by chiral
edge states [7,8]. The two-terminal conductance of these
states has only been studied at the Dirac point [10,31]. The
nonlocal conductance in a multiterminal configuration, on
the other hand, has not been explicitly examined, to the best
of our knowledge, apart from a calculation based on a Kubo
formula presented in Ref. [1] and an approximate analytical
calculation in Ref. [22]. We address this in the following.
We consider an all-graphene system where semi-infinite

graphene ribbons serve as electrodes. Graphene is modeled
through a standard π-orbitals HamiltonianH ¼ P

iEic
†
i ci−P

hi;ji½γijc†i cj þ H:c:�, where c†i and ci are the electronic
creation and annihilation operators at the π orbital localized
on site i, which has energy Ei (Ei is set equal to zero on the
central area and shifted in the leads to simulate an additional
doping); γij ¼ γ0 ¼ 2.7 eV is the nearest-neighbors hop-
ping. The interaction with the laser (assuming normal
incidence) is introduced through a time-dependent phase
in the hopping amplitudes [1,44], γij ¼ γ0 exp½ið2π=Φ0Þ×R
ri
rj
AðtÞ · dl�, whereΦ0 is the magnetic flux quantum andA

is the vector potential that is related to the electric field E

through E ¼ −ð1=cÞ∂A=∂t. The driving is assumed to take
place only in the central region and is smoothly turned off
before reaching the leads. z≡ 2πaA0=ð

ffiffiffi
3

p
Φ0Þ characterizes

the laser strength, A0 ¼ jAj, and a is the graphene lattice
constant. For the numerics, we used both an implementation
built on Kwant [45] and Floquet-Green's functions [44,46].
Simulating realistic laser parameters requires large systems
[7,8] with a high computing cost. Rather, the numerics here
aim at illustrating fundamental issues of FTIs.
Figure 2(a) shows the quasienergy dispersion of a zigzag

ribbon illuminated by a circularly polarized laser. The laser
opens bulk gaps both at the Dirac point and at �ℏΩ=2 but
also produces chiral edge states bridging them. The former
gap is due to the lifting of degeneracies among n ¼ 0 and
n ¼ �1 replicas, while the latter is produced by a virtual
process of photon emission and reabsorption [1,44].
Figure 2(b) shows the dc two-terminal conductance for
both the pristine system [full (blue) circles with a dashed
area] and the same ribbon with 15 random vacancies within
the illuminated area [empty (red) circles]. As expected, there
is a strong reduction of the conductance at the laser induced-
gaps: the conductance within these bulk gaps is due to the
chiral edge states. While the magnitude of the latter has the
correct order of magnitude (∼2e2=h), it presents a strong
modulation as a function of energy. In addition, the presence
of disorder gives a directional asymmetry: despite the small
number of vacancies (less than 1‰), there is an asymmetry
in the transmission coefficients, resulting in a pumped
current [Fig. 2(b) inset]. We find that this effect is even
stronger in the H-shaped setup of Fig. 1(b) even without
disorder (see the Supplemental Material [47]).
Hall conductance of irradiated graphene.—Now we

turn to the Hall configuration of Fig. 1(c), where the
hexagonal setup guarantees that there is no pumped current.
Figures 3(a) and 3(b) show, respectively, the conductance
between terminals 1 and 6 (the current source and drain,
respectively) and the Hall resistance measured between 2
and 4. Empty circles with shaded area underneath are for
homogeneously doped graphene (Ei ¼ 0) whereas black
(triangles) and red (solid circles) traces are for highly doped
leads (Ei set to 0.75γ0 and 1.25γ0 in the leads region).
Besides the strong modulation, the Hall resistance presents
three main features: (i) a nonvanishing Hall response at the
Floquet gaps, (ii) a Hall resistance for εF ∼ 0 with a sign
opposite that for εF ∼ ℏΩ=2, and (iii) a strong dependence
of the modulation on doping. Feature (i) is produced by the
Floquet chiral edge states [1,7,8], while feature (ii) follows
from the fact that, in this range of laser frequencies, the
chiral states have opposite velocities at each gap.
The contrast between the conductance and Hall resis-

tances just below and above the center of the dynamical gap
(E ∼ ℏΩ=2) [Figs. 3(a) and 3(b)] follows from a mismatch
between states inside and outside the radiated region.
Incident electrons coming from the leads belong to a
well-defined Floquet channel (say n ¼ 0) and then couple
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with the Floquet states inside the radiated region through
their projection on the n ¼ 0 replica. Mismatch occurs
because the incoming states in the leads have a projection
of their pseudospin along the ribbon, which remains
roughly constant across the gap while the corresponding
pseudospin of the n ¼ 0 component of the edge state flips
sign at the center of the gap, being parallel to that in the
nonradiated area for E ∼ ℏΩ=2þ and antiparallel for E ∼
ℏΩ=2− [8] (Supplemental Material [47]). This gives the
anomalous conductance suppression with the “S” shape in
Fig. 3(a). Doping the leads alleviates this mismatch since
above the van Hove singularity graphene behaves as a
normal metal. This is indeed what we observe in Figs. 3(a)
and 3(b) (black and red lines) when the leads are heavily
doped. The Hall resistance reaches roughly constant values.
In static systems, quantum Hall plateaus are determined

by the number of chiral edge states, which by means of the
bulk-boundary correspondence, can be related to the Chern
numbers of the Bloch bands [6]. In FTIs, the Chern
numbers might not be enough and other topological
invariants could be needed to determine if the material is
topologically trivial or not [14]. But in any case, an explicit
calculation [see Figs. 4(b) and 4(c)] shows that there are
indeed chiral edge states around E ∼ 0 other than those
showing up in Fig. 2(a) but that are not impacting the Hall
conductance. Indeed, besides the states crossing at k ¼ π=a
with zero energy [which are clearly distinguished in
the dispersion projected on the n ¼ 0 channel shown in
Fig. 2(a)], in Figs. 4(b) and 4(c) other chiral edge states
(with opposite chirality) develop. Their projection on n ¼ 0
is, however, negligible because they arise from the coupling

between the n ¼ −1 and 1 replicas. Figure 4(a) shows the
dc Hall resistance for small to moderate laser intensities
parametrized by z. The leads are doped to lessen matching
problems. For z ¼ 0.25, the plateau becomes broader, but
we observe no change in its value. This shows that for
Floquet topological insulators in a scattering configuration
the chiral edge states do not all stand on the same footing in
determining the Hall conductance plateaus.
Rather, our results support the conclusion that it is the

chiral edge states with a weight on the n ¼ 0 channel (those
adding to the time-averaged density of states, DOS, for a
given energy) that determine the value of the conductance
plateau (one state for E ∼ 0 and two for E ∼�ℏΩ=2). The
reason, which does not depend on the material, is that in the
weak driving regime discussed here the chiral edge states
not showing up in the time-averaged DOS [encoded in the
color scale in Fig. 2(a)] are very poorly coupled to the
incoming electrons (n ¼ 0 channel). This is a major
departure between FTIs and systems with time-independent
Hamiltonians and one of the central results of this work.
Although the chiral edge states away from k ∼ π=a do not

contribute to theHall response, thewidth of theHall plateaus
in Fig. 4(a) is reduced because of photon-assisted processes
involving regions with a large DOS in the higher-order
bands. This is not observed at the dynamical gap, which is
linear in z, and therefore better protected from higher-order
processes. In the opposite limit of very high laser intensities,
the physics may change completely since the states become
highly delocalized along the Floquet channel n.

FIG. 3 (color online). Results for the setup of Fig. 1(c);
parameters are as in Fig. 2(b). (a) Conductance. (b) Hall resistance
(see insets); empty (blue) circles are for leads without additional
doping, and (black) triangles and full circles are for n-doped leads
(on-site energies are shifted by 0.75γ0 and 1.25γ0, respectively).

FIG. 4 (color online). (a) Detail of the Hall resistance in the
hexagonal setup close to theDirac point. Triangles (squares) are for
laser intensity parametrized by z ¼ 0.15 (z ¼ 0.25). The results are
for ℏΩ¼1.5γ0, and zigzag terminated leads (W¼99a, L ¼ 300a)
with on-site energies are shifted by 1.5γ0. The full quasienergy
spectra for these intensities are shown in (b) and (c). Chiral edge
states other than those shown in the projection on the Floquet
channel n ¼ 0 in Fig. 2(a) also develop but do not impact Rxy.

PRL 113, 266801 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

31 DECEMBER 2014

266801-4

240



Final remarks.—In summary, based on a Floquet
scattering picture, we addressed the multiterminal dc
conductance of driven systems. Our numerical results for
the laser-induced Floquet chiral edge states in graphene
show that the Hall resistance reaches plateaus when tuning
the interfaces with the leads. The Hall plateaus are found
not to follow the usual connection with the number or
chirality of the Floquet edge states. Many of these states
remain “silent,” and the response is dominated by those
states weighting on the time-averaged DOS. Whether these
hidden edge states could manifest in other transport
properties remains an open issue.
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Abstract. We analyze the relation between a model recently proposed to describe Co doped
Au chains with four-fold symmetric leads, and the generalized SU(2)×SU(2) Anderson model.
We compare the structure of the Kondo limit in the general case. We calculate the spectral
density and the conductance as a function of temperature in both cases, showing that both
models display similar non-Fermi liquid behavior.

1. Introduction
The Kondo effect is one of the paradigms in modern solid state theory. In its simplest version,
the spin 1/2 of a magnetic impurity is screened by the spin of a conduction band (also called
conduction channel) below a characteristic temperature TK , resulting in a singlet ground state
[1]. In nanoscience, ideal systems with a single localized spin 1/2 were studied and confirmed
predictions of the SU(2) Kondo impurity model, or the more general SU(2) impurity Anderson
model [2, 3, 4]. More recently, nanoscopic systems were studied [5, 6] in which a spin 1 was
underscreened by one conduction channel, leaving a doublet ground state, and having a quantum
phase transition to a singlet ground state [6], as predicted in an Anderson model which mixes a
singlet and a triplet with a doublet through one conduction channel [7].

The physical realization of nanostructures with overscreened spins is more difficult, due to
the sensibility of the physical properties to asymmetry of the channels or inter-channel charge
transfer [8] which spoil the observation of the expected non-Fermi liquid behavior [8, 9, 10].
Recently, it has been shown that if in Co doped Au chains, the axial symmetry along the chain
is broken by a sufficiently strong crystal field of four-fold symmetry, which splits the 3d x2 − y2

and xy levels of Co, then the system displays clear signatures of non-Fermi liquid behavior, like
an impurity contribution to the entropy ln(2)/2 and a conductance per channel at low T of
the form G(T ) ≃ G0/2 − a

√
T , where G0 is the conductance at zero temperature in the one-

channel case [11]. A similar behavior is expected for Co doped Cu chains attached to a four-fold
symmetric lead [12].

A model studied before which displays non-Fermi liquid behavior is the SU(N)×SU(M)
generalization of the Anderson model [13, 14], where M identical conduction channels screen
the N degrees of freedom of the impurity. It has been shown that for the multichannel non-
Fermi-liquid case M≥N, the non-crossing approximation (NCA) reproduces the exact power-law
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behavior of the main physical properties, including the spectral density of states [13, 14].
In this work we show that the model mentioned above for Co doped nanoscopic systems, can

be considered as a generalization of the SU(2)×SU(2) Anderson model. We also calculate the
spectral density and the conductance for both models using the NCA. We show that rescaling
the Kondo temperature, the low-temperature properties of both models become very similar.

2. Model
First principles calculations [11] show that the ground state of the Co ion is a quadruplet of the
3d7 configuration with the xz and yz orbitals occupied by only one electron, and also either the
xy or x2 − y2 orbital is singly occupied, depending on the (irrelevant) sign of the crystal field.
We denote the components of this quadruplet with three holes in the 3d shell by |M3⟩ where
M3 is the spin projection. This configuration is hybridized via the hopping to the xz and yz 5d
orbitals of Au with two 3d8 triplets (|αM2⟩) in which either the xz or the yz orbital of Co is
doubly occupied. The effective Hamiltonian which describes this physics is [11]

H =
∑

M3

(E3 +
D

2
M2

3 )|M3⟩⟨M3| + (E2 + D′M2
2 )

∑

αM2

|αM2⟩⟨αM2| +
∑

νkασ

ϵνkc
†
νkασcνkασ

+
∑

αM2M3

∑

νkσ

Vν⟨1
1

2
M2σ|3

2
M3⟩(c†

νkασ|αM2⟩⟨M3| + H.c.), (1)

where c†
νkασ creates a hole in the 5d band of Au states with symmetry α at the left (ν = L) or

right (ν = R) of the Co site. A crucial role is played by the splitting D between the quadruplet
states with spin projection ±3/2 and those with M3 = ±1/2. Instead, D′ which splits the
excited states with M2 = ±1 from those with M2 = 0, has a negligible effect for realistic values
[11]. Both terms appear as a consequence of the spin-orbit coupling ĤSOC = λ

∑
i l̂i · ŝi. In spite

of the irrelevance of D′ for the system studied, it is interesting to note that for D, D′ → +∞,
the model becomes equivalent to the SU(2)×SU(2) Anderson model with a hybridization Vν

reduced by a factor (2/3)1/2, which is the value of the Clebsch-Gordan coefficients ⟨11
20σ|32σ⟩

in Eq. (1). This is easily seen using two pseudofermions to represent the states |M3⟩ with
M3 = ±1/2 and two pseudobosons for |α0⟩. In the general case we need four pseudofermions
and six pseudobosons to represent all states for the NCA treatment. The formalism is similar
to that used by two of us for the singlet-triplet Anderson model [15].

Further insight into this equivalence is given by a Schrieffer-Wolff canonical transformation
that eliminates the hybridization term (the last one) in Eq. (1) for infinite D (actually D ≫ TK is
enough, where TK is the Kondo temperature [11]), and leads to an effective exchange interaction

between an effective spin 1/2 (Ŝ) for the states |M3⟩ with M3 = ±1/2 and the spin of the
extended states at the impurity site (ŝα). The resulting Kondo model has the form

Ĥ2CK =
2

3

V 2
L + V 2

R

δ

∑

α

(
2D′ + δ

D′ + δ
Ŝz ŝ

α
z + 2Ŝxŝαx + 2Ŝy ŝ

α
y ) +

∑

νkασ

ϵνkc
†
νkασcνkασ, (2)

where δ = E2 − E3 − D/8 is the charge-transfer energy (we set the Fermi energy ϵF = 0). For
D′ → +∞, the interaction is the usual one for the isotropic two-channel Kondo model (2CKM),
except for the prefactor 2/3 which comes from th above mentioned Clebsch-Gordan coefficients.

For D′ = 0 the coefficient of the Ŝz ŝ
α
z term is exactly half the other two, and the model reduces

to an anisotropic 2CKM, which also has non-Fermi liquid properties.
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3. Effect of spin-orbit coupling
To calculate D we have solved exactly the Hamiltonian of the 3d7 configuration [16] including

ĤSOC. We show in Fig. 1 how D depends on the splitting ∆E between 3d x2 − y2 and xy
orbitals on D. We took the values of the energies of the different 3d orbitals from ab initio
results [11]: E3z2−r2 = −0.1 eV, Exz = Eyz = 0.6 eV, and assume −Ex2−y2 = Exy = ∆E/2. For
the Coulomb integrals Fi [16] and λ, we have taken the values F2 = 0.16 eV, F4 = 0.011 eV,
λ = 0.08 eV, obtained from a fit of the low energy spectra of late transition metal atoms. From
the figure, one sees that for ∆E = 0, D = −0.0426 eV is negative (80% of the value −2λ/3

expected from first order perturbation theory in ĤSOC) indicating that the Co spin is oriented
along the chain. As ∆E increases, D also increases and changes sign for ∆E ≈ 0.8 eV. For the
value ∆E = 1.2 eV estimated from ab initio calculations when a lead with four-fold symmetry
is attached to the Co atom [11], we obtain D = 0.0017 eV.
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Figure 1. Splitting between states
with Sz = ±3/2 and Sz = ±1/2
of the isolated Co atom in a Au
chain, as a function of the splitting
between Co xy and x2 − y2 orbitals

Stretching the device, the interatomic positions increase, reducing the effect of the crystal
field and therefore decreasing D. This renders in principle possible to tune the system from the
overscreened regime which takes place for D > 0 to the non Kondo regime for D < 0 through
the underscreened regime for D = 0.

4. Spectral density and conductance

-150 -100 -50 0 50 100 150
ω / ΤΚ

0

0.1

0.2

0.3

0.4

0.5

0.6

π 
Δ 
ρ α

σ(
ω

) 

D = ∞
D = 0.002

Figure 2. Spectral density per channel and
spin for D, D′ → +∞ (full line) and D = 0.002,
D′ = 0. Other parameters are W = 1, δ = 0.67,
∆ = 0.225, and T = 0.005TK .
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Figure 3. Conductance as a function of
temperature for the same parameters as in
Fig. 2. G(0) = 1.2G0, where G0 = 2e2/h.
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For the NCA calculations, we have taken the half band width of the conduction band
W = 1 as the unit of energy and the resonant level width ∆ = πρ0(V

2
L + V 2

R) = 0.225, where
ρ0 = 1/(2W ) is the density of states of the free conduction band. In Fig. 2 we compare the
spectral density ρασ(ω) of the SU(2)×SU(2) Anderson model with that for more realistic values
of the anisotropies. The main difference is that in the latter case, the Kondo temperature TK

defined from the half width at half maximum of the Kondo peak, decreases by a factor near 4,
due to the decrease of the z component of the effective exchange interaction [see Eq. (2)] and
two shoulders appear near energies ±D due to the effect of the |M3⟩ states with M3 = ±3/2,
which are neglected in the SU(2)×SU(2) model. For D, D′ → +∞, we obtain TK = 2 × 10−4,
while for D = 0.002, D′ = 0, TK = 5 × 10−5. Note that in contrast to Fermi liquid systems, for
which πρασ(0)∆ = 1 in the Kondo limit, here the correct value is 1/2. The NCA gives a value
slightly larger.

In Fig. 3 we show the dependence of the conductance G(T ) on temperature. As before, the
value G(0) = 1.2G0 is nearly half the value 2G0 expected for a Fermi liquid with two channels.
The deviation of 20% is due to shortcomings of the NCA. Moreover, the

√
T dependence that

G(T ) shows for T < 0.2TK is also characteristic of non-Fermi liquid behavior. The slope is very
similar for both sets of parameters when it is scaled by the corresponding TK

5. Discussion
We have shown that the model Eq. (1) contains the SU(2)×SU(2) Anderson model as a special
case. Using the NCA we show that the non-Fermi liquid structure of the former is kept for
more realistic parameters. Since the NCA can be extended to calculate the conductance out of
equilibrium, this opens the possibility to study to what extent non-Fermi liquid behavior can be
seen for a finite applied bias voltages Vb. In principle one expects that G(Vb) has a dependence
of the type

√
Vb for eVb smaller than a fraction of kBTK .
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Abstract. We develop a precise and reliable numerical method for the calculation of electronic
properties of the two orbital Hubbard model in a square lattice at half filling, based on the
Dynamical Mean Field Theory (DMFT). We use the Density Matrix Renormalization Group
(DMRG) as the impurity solver for the DMFT ’s selfconsistent equations to obtain accurate
values for the Green’s functions on the real axis. This way, reliable densities of states are
obtained that do not need to resort to analytical continuation methods as those using quantum
Monte Carlo techniques. Large system sizes can be achieved with increasing accuracy.

1. Introduction
The Dynamical Mean Field Theory (DMFT) has become one of the basic methods to calculate
realistic electronic band structure in strongly correlated systems [1, 2]. A key point of the
DMFT method is the solution of an associated quantum impurity model where the environment
of the impurity has to be determined self-consistently. Therefore the possibility to obtain
reliable DMFT solutions of lattice model Hamiltonians relies directly on the ability to solve
quantum impurity models. Among the available numerical algorithms there is the Hirsch-Fye
[3, 4] and Continues Time [5] Quantum Monte Carlo [3, 4] method and Wilson’s Numerical
Renormalization Group (NRG)[6, 7, 8]. While the former, a finite-temperature method, is
very stable and accurate at the Matsubara frequencies, its main drawback is the access to
real frequency quantities for the calculation of spectral functions which requires less controlled
techniques for the analytic continuation of the Green functions. It also leads to sign problems
for the case of two or more bands with interband hopping. The second method, the NRG, can
be formulated both at T=0 and finite (small) T and provides extremely accurate results at very
small frequencies, offering a less accurate description of higher energy features.

In order to overcome the difficulties encountered by these other methods, several other
techniques have been proposed. We have shown that the Density Matrix Renormalization
Group (DMRG)[9, 10, 11, 12] can be used very reliably to solve the related impurity problem
within DMFT[13, 14]. By using the DMRG to solve the related impurity problem, no a priori
approximations are made and the method provides equally reliable solutions for both gapless and
gapfull phases. More significantly, it provides accurate estimates for the distributions of spectral
intensities of high frequency features such as the Hubbard bands, that are of main relevance
for analysis of x-ray photoemission and optical conductivity experiments. Other calculations
using alternative methods for the calculation of dynamical properties of the impurity have been
proposed [15, 16, 17] and more recenty methods using the time evolution DMRG algorithm
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results for the one and two orbital model where shown on [18] and a restricted active basis set
based on natural orbitals [19]

2. The Model
In this paper we extend the method described above (that is, the DMRG used as the impurity-
solver of the DMFT self-consistent equations), to the two-orbital Hubbard model on a square
lattice. The model we are considering is [20]:

H =
�

i

hi − t
�

<ij>mσ

�
c†
imσcjmσ

�
,

where i, j are the sites of a square lattice and brackets indicate nearest neighbors, m indicates
each of the two orbitals and σ is the spin of the electron, whose creation and destruction operators
are c† and c, respectively.

Defining ni and si as the on-site charge and spin operators respectively, the rotationally
invariant on-site Hamiltonian is:

hi =
U

2
n2

i +
J

2
s2
i − µni.

For two orbitals per site, we have:

n2
i =

�

mm�σσ�
nimσnim�σ� = ni + 2

�

m

nim↑nim↓ + 2
�

σσ�
ni1σni2σ� ,

s2
i = S2

i1 + S2
i2 + 2Si1 · Si2 =

3

4
ni −

3

2

�

m

nim↑nim↓ + 2Si1 · Si2.

So the local Hamiltonian is:

hi =

�
U − 3

4
J

��

m

nim↑nim↓ + U
�

σσ�
ni1σni2σ� + JSi1 · Si2 +

�
U

2
+

3J

8
− µ

�
ni.

Considering a ferromagnetic J (J< 0) and a triplet ground state which leads to µ = 2U , the
total Hamiltonian reads:

H =

�
U − 3

4
J

��

im

nim↑nim↓+U
�

iσσ�
n1σn2σ�+J

�

i

Si1·Si2−t
�

<ij>mσ

�
c†
imσcjmσ

�
+

�−3

2
U +

3

8
J

��

i

ni.

(1)
Applying DMFT to this model leads to a mapping of the original lattice model onto an

associated quantum impurity problem in a self-consistent bath. In the particular case of the two
orbital Hubbard model, the associated impurity problem is the single impurity Anderson model
(SIAM) with two levels, where the hybridization function Δ(ω), which in the usual SIAM is a
flat density of states of the conduction electrons, is now to be determined self-consistently.

Starting from a guessed hybridization Δ(ω+iη) for the impurity, its Green function G(ω+iη)
is obtained using the correction vector method of DMRG [21, 22]. From this we can compute the
self energy Σ(ω+ iη) = G−1 − g−1

0 where g0 is the non interacting Green function corresponding
to Δ(ω + iη). The self energy allows us to compute the Green function on a lattice, in this case
on a square lattice (SL):

GSL(ω + iη) =
�

kx,ky

1

ωsl(kx, ky) + ω + iη − Σ(ω + iη)
. (2)
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where ωsl(kx, ky) = t(cos(kx) + cos(ky)) with t = 1/2 to have a band of half-width D = 1.
All energies are given in units of D. The lattice Green function GSL defines a new non
interacting Green function g−1

0 = G−1
SL + Σ which in turn defines a new hybridization t2Δ(w) =

ω + iη − g−1
0 (ω + iη) which is the seed to restart the cicle. The procedure is repeated until

converged lattice or impurity Green functions are obtained (typically between 5 to 10 iterations).
[23]

To implement the algorithm we consider [24, 25] a general representation of the hybridization
function in terms of continued fractions that define a parametrization of Δ(ω + iη) in terms
of a set of real and positive coefficients. Since it is essentially a Green’s function, Δ(z)
can be decomposed into “particle” and “hole” contributions as Δ(z) = Δ>(z) + Δ<(z) with
Δ>(z) = �gs|c 1

z−(H�−E0)c
†|gs� and Δ<(z) = �gs|c† 1

z+(H�−E0)c|gs� for a given non interacting

Hamiltonian, H � with ground-state energy E0. By standard Lanczos technique, H � can be in
principle tri-diagonalized and the functions Δ>(z) and Δ<(z) can be expressed in terms of
respective continued fractions[26]. As first implemented in Ref.[24, 25], each continued fraction
can be represented by a chain of auxiliary atomic sites whose energies and hopping amplitudes
are given by the continued fraction diagonal and off-diagonal coefficients respectively.

As a result of the self-consistency condition, the two chains representing the hybridization,
are “attached” to the right and left of each of both levels of the impurity to obtain a new SIAM
Hamiltonian, H. In fact G(ω + iη) constitutes the local Green’s function of the site plus the
chain system.

The SIAM Hamiltonian therefore reads

H =
NC�

mσα=−NC ;α�=0

aαc†
αmσcαmσ +

NC−1�

mσα=−NC ;α�=0,−1

bα(c†
αmσcα+1mσ + h.c.)

+
�

mσα=±1

b0(c
†
0mσcαmσ + h.c.) +

�
U − 3

4
J

��

m

nm↑nm↓ + U
�

σσ�
n1σn2σ� + JS1 · S2(3)

with a two-level impurity, each of which is coupled to 2NC sites (NC to the right and similarly
to the left). The set of parameters {aα, bα} are directly obtained from the coefficients of the
continued fraction representations of Δ(z) by the procedure just described.

3. Results
In Figs.1, 2 and 3 we show the DMFT+DMRG results for the density of states (DOS) and the
real and imaginary parts of the self-energy, respectively, for two values of the interaction U and
a finite ferromagnetic J . We have kept around 700 states in the DMRG decimation procedure
and our results were benchmarked with exact diagonalization calculations for smaller systems.

These figures show the insulating (large U) and the metallic (small U) regimes and the lower
and upper Hubbard bands in both cases. We are currently analyzing the whole parameter space
to obtain the coexistence regime and its dependence with the Hund coupling J .

As a conclusion, we have developed an accurate real-frequency axis method for calculating
electronic structure properties of the two-level Hubbard model. It relies on using the Density
Matrix Renormalization Group as the impurity-solver of the Dynamical Mean Field Theory self-
consistent equations. With this method, large systems can be analyzed, thus reducing finite-size
effects. It also deals with all energy scales on equal footing which allows to find interesting
substructure in the Hubbard bands of the correlated metallic state with the corresponding effect
on other experimentally accessible quantities such as the optical conductivity and high resolution
photoemission spectroscopies. In addition, realistic band-structure calculations of systems with
a larger number of degrees of freedom can be handled.
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Figure 1. Converged density of states for the half-filled two-level Hubbard Model (1) for metallic
(full line) and insulating (dotted line). Here L = 42(26) sites, J = −0.1 and η = 0.1(0.2) for the
metallic (insulating) cases.
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Figure 2. Real part of the self energy for the half-filled two-level Hubbard Model for metallic
(full line) and insulating (dotted line). Same parameters as in Fig. 1

Figure 3. Imaginary part of the self energy for the half-filled two-level Hubbard Model for
metallic (full line) and insulating (dotted line). Same parameters as in Fig. 1
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Abstract. We study the problem of non-magnetic impurities adsorbed on bilayer graphene in
the diluted regime. We analyze the impurity spectral densities for various concentrations and
gate fields. We also analyze the effect of the adsorbate on the local density of states (LDOS) of
the different C atoms in the structure and present some evidence of strong localization for the
electronic states with energies close to the Dirac point.

The problem of adatoms in graphene has been the subject of an intense activity for they
could be used to modify and control the electronic properties of the material. Diluted adatoms
or molecules necessarily generates disorder [1] and in some regimes may lead to strong localization
of the electronic states [2, 3, 4, 5, 6, 7]. Electron localization in graphene is quite peculiar, Dirac
fermions tend to elude localization in systems with Anderson-type disorder. However impurities
leading to short range disorder at the atomic scale generate inter-valley mixing and break the
symplectic symmetry opening the route to strong localization. The problem of adatoms and
electron localization in bilayer graphene (BLG), although considered by several groups [11, 12],
received much less attention [10, 13]. In the most common structure of BLG, known as the
Bernal stacking, only one of the two non-equivalent sites (A, B) of the honeycomb lattice of the
top layer lies on top of a site of the bottom layer. The resulting structure, shown in Fig. 1,
induces a weak coupling of the two layers. The unit cell has four carbon atoms leading to four
bands, two of them having a parabolic dispersion relation around the K and K � points of the
Brillouin Zone, touch each other at the Fermi energy.

In most of the experimental setups, BLG lies on top of a substrate and the impurities are
adsorbed on the top layer only. Due to the difference of the A and B sites of the layer, there is
a small difference in the absorption energy on the two inequivalent sublattices. This difference
favors absorption on the B sites and in what follows we assume that all impurities are on the B
sublattice. A very interesting aspect of BLG is its response to a gate field [14, 15, 16, 17, 18].
An electric field perpendicular to the layers opens a gap at the Fermi level an effect that can
be used to modify the impurity states. Here we study the problem of non-magnetic impurities
adsorbed on BLG in the diluted regime. We analyze the impurity spectral densities for various
concentrations and gate fields. The effect of the adsorbate on the local density of states (LDOS)
of the different C atoms in the structure is analyzed and we present some evidence of strong
localization for the electronic states with energies close to the Dirac point.

The Hamiltonian of the system includes the bilayer Hamiltonian HBLG, the impurity
contribution Himp and the hybridization term Hhyb. In what follows, as there are no spin
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effects we ignore the spin index.

HBLG = −
�

j,k

[V (−1)j(a†
jkajk + b†

jkbjk) + t(φ(k) a†
jkbjk + φ∗(k) b†

jkajk)]

−
�

k

t⊥(a†
1kb2k + b†

2ka1k) (1)

here ajk and bjk destroy electrons with wavevector k in sublattices A and B respectively, the
subindex j = 1 (j = 2) refers to the top (bottom) plane. V is the potential induced by the
gate voltage, t and t⊥ are the intra and inter-plane hoppings, respectively and φ(k) =

�
δ eik·δ

where {δ} are the three vectors connecting one site with its neighbors in the same plane. We

consider adatoms that are bounded to a single C atom, Himp =
��

l ε0f
†
l fl with fl the destruction

operator of an electron on the impurity orbital of the adatom at site l, ε0 is the energy of the
orbital and the sum runs over the sites of the carbon lattice having an impurity on top. Finally

Hhyb = γ
��

l(f
†
l b1,l + b†

1,lfl) here b1,l = 1/
√

N
�

k eik·Rlb1,k where Rl is the coordinate of site l.

The parameters used to describe the BLG are t = 0.25 eV, t⊥ = t/9 and we take γ = 2t [19, 20].
Three values of the bias voltage V are taken; V = −0.02t, V = 0eV, V = +0.02t and without
any loss of generality we take ε0 ≥ 0.

We first present results for the impurity contribution ρimp(ω) to the total density of states
(DOS). We use the Chebyshev polynomials method which has proven to be very efficient to deal
with realistic impurity concentrations [10, 21, 22].

Figure 1. Structure of the bilayer graphene (a) and impurity spectral densities (b-j), left
scale. Upper, central and lower panels correspond to impurity concentrations 1/1000, 1/500 and
1/250 respectively. The three columns correspond to unbiased BLG (left), positive (centre) and
negative (right) bias. The red thick line is the function R(ω), right scale, see text.

The average impurity spectral density is then given by ρimp(ω) = − 1
π �ImGll�avg where Gll

is the retarded impurity propagator and �. . .�avg indicates the configurational average over the
impurities. The results for three different concentrations are shown in Fig 1. There, the three
columns correspond to different values of the gate voltage V , the rows to different impurity
concentrations. Interestingly, for V = 0 the impurity spectral density shows a gap close to the
Dirac point that increases with increasing impurity concentration. This effect is reminiscent of
the gap induced in monolayer graphene when impurities are adsorbed in a single sublattice [23].
For a non-zero gate voltage V , the pristine BLG develops a gap at the Dirac point (indicated
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by vertical lines in the figure). For positive V the gap is partially filled by impurity states.
For large impurity concentrations the gap closes, while for small concentrations a reduced gap
remains. In the thermodynamic limit and for all cases discussed above, we expect the gaps to
be just pseudogaps with exponentially small DOS [24]. The case of negative V is completely
different: the gap of the pristine BLG remains unaltered for small or moderate values of |V |.
This effect can be understood by looking at the response of a single impurity to the gate field
[25]. In the single impurity case and for ε0 �= 0 and small values of V a bound state appears in
the gap only for one polarity of the field.

To better understand the nature of the electronic states and the effect of the gates, we
calculate the LDOS at the different C atoms, in the upper and lower layer. Results for different
concentrations and polarities of the bias field are shown in Fig 2. In all cases the impurity
contribution to the LDOS for small energies is large at the A1 sublattice, an effect that is also
characteristic of impurities adsorbed on top of a single B1-carbon atom in monolayers [20].

Figure 2. LDOS of the four sublattices for impurity concentrations 1/1000 (upper panels) and
1/250 (lower panels) and different polarities of the bias field. Smooth curves correspond to the
pristine sample. Note the different scales of the panels

For low concentrations the LDOS of the other sublattices—namely B1, A2 and B2—present
only small modifications. In particular for V > 0 the valence band remains essentially unaltered
with its 1D-like van Hove singularity in the A2 sublattice. This strongly suggests that at least
for this polarity there is no strong localization of the electronic states in the valence band. We
could draw similarly conclusions from the structure of the LDOS of the A2 sublattice for V < 0
as illustrated in the upper panels of Fig 2. As the concentration increases (lower panel of the
figure), the modifications of the LDOS become more important and it is necessary to look for
a better and more qualitative criterion for localization. To this end we evaluate the function
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R(ω) = ρtyp(ω)/ρ(ω) where [26]

ρtyp(ω) =

�
N�

l=1

ρl(ω)

� 1
N

and ρ(ω) =
1

N

N�

l=1

ρl(ω) . (2)

Here N is the number of impurities and ρl(ω) = − 1
π ImGll is the spectral density of the lth

impurity. When, for a given energy ω, the states are extended ρl(ω) has small fluctuations and
ρtyp(ω) ≈ ρ(ω) resulting in R(ω) ≈ 1. In contrast, if states are localized ρtyp(ω) is dominated
by small values of ρl(ω) and R(ω) � 1, with R(ω) → 0 as N → ∞. We stress that our analysis
is based only on the properties of the impurity spectral densities and gives a very qualitative
estimation of the energy range where we may expect strong localization effects. While, as
mentioned above, the Chebyshev polynomials method is very efficient to evaluate the average
spectral densities, it becomes numerically costly to evaluate a large number of ρl(ω). To estimate
R(ω) we then resort to the method described in Ref. [6]. The impurity propagator matrix G
with matrix elements Gij(ω) satisfies the Dyson equation

�
(ω + i0+ − ε0)I − γ2g̃

�
G = I , (3)

where I is the unit matrix and g̃ is a matrix whose elements are the propagators of pristine biased
BLG, gB1i,B1j(ω), between impurity sites adsorbed on the B1 sublattice. For large distances
and low frequencies we evaluate gB1i,B1j(ω) in the continuous limit [27]. The required spectral
densities are the imaginary part of the diagonal terms of the matrix G.

Results for R(ω) are presented in Fig. 1. They show that strong localization effects are to be
expected for energies very close to the Dirac point. In the case of positive bias, when the gate
induced gap is filled by impurity states, these states in the gap are strongly localized. Our results
suggest that, independently of the bias and for large impurity concentration, localization effects
are also to be expected in the energy window close to the maximum of the impurity LDOS.
This last effect is also observed in monolayer graphene although the localization length may be
quite different in the two systems. Away from these energies, only weak localization effects are
likely. A more quantitative estimation of the localization phenomena requires evaluation of the
localization length.

As a final remark we mention that for the parameters used in the present work, that are
suitable to describe fluorine on graphene, and the small bias voltages of the figures, a single
impurity on an A1 sites does not generate a bound state inside the gap for positive V , for
negative V there is a bound state exponentially close to the gap edge. As a consequence, a small
amount of impurities added to the A1 sublattice would not change the results obtained for small
energies (within the field induced gap).

In summary, we have presented results for diluted impurities on BLG with and without gate
voltages that open a gap in the pristine sample. We have shown the existence of drastic effects
of the polarity of the electric field. For impurity parameters appropriate to describe fluorine on
BLG, the gap induced in the pristine sample for positive polarity is filled with strongly localized
states. Conversely, for negative polarity the gap remains. In all cases, strong localization occurs
only at low energies.
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Abstract.
We investigate the effect of broken time reversal symmetry in flux qubits driven by a

biharmonic magnetic flux signal with a phase lag. In the regime of large relaxation times,
we explicitly compute the transition rate between the ground and the excited state, accounting
for decoherence as a classical noise. Through a direct analogy between interference effects at the
avoided level crossing and scattering events in weakly disordered electronic mesoscopic systems,
the transition rate plays the role of an effective transmittance while the phase lag acts as a
time reversal control parameter. Clear signatures of both weak localization and conductance
fluctuations-like effects are predicted. Their behavior is studied as a function of the coherence
rate, and a comparison with recent experimental results is performed. Our study shows that
it is decoherence, and not the driving protocol, what limits the experimental detection of weak
localization effects.

1. Introduction
Flux qubits (FQ) can be considered as artificial atoms whose energy levels are sensitive to an
external magnetic flux. [1, 2] Its energy spectrum exhibits, as a function of the static magnetic
flux, a rich structure of avoided crossings that can be explored by driving the FQ with a strong ac
magnetic flux. This driving protocol -known as amplitude spectroscopy (AS) [3]- was successfully
applied to reconstruct the FQ energy level spectrum [4, 5] and to estimate the qubit coherence
times. [6] In the AS, the FQ is prepared in the ground state for a given value of the dc flux,
and evolves quasi adiabatically under the driving, until at the first avoided crossing the state
undergoes a transition and splits into a coherent superposition of transmitted and reflected
amplitudes. In this way, each avoided crossing acts as an effective beam splitter in where a
scattering event takes place. This analogy has been discussed in extent for FQ under weak
driving, when the lowest two energy levels are explored and a single avoided crossing is attained
by the amplitude of the ac flux.[3, 7]

Besides flux qubits, AS has been also employed in other systems, like charge qubits [12],
ultracold molecular gases [13] and single electron spins. [14]

In addition, other phenomena relevant to quantum control- like population inversion- [15] have
been tested with AS taking into account the coupling of the driven system to an environmental
bath. [16]

One of the most efficient ways to probe coherent effects is by the phase sensitivity of the
wave function to an external parameter that breaks time reversal symmetry. [18] In this way,
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fundamental effects like weak localization (WL) and universal conductance fluctuations (UCF)
have been tested in a wide variety of electronic mesoscopic system for decades. [19, 20, 21] UCF
describe the sample specific fluctuations of the quantum conductance due to the sensitivity
of the scattering configuration to a change in a parameter, like an external magnetic field or
the electron density.[19] The WL effect originates from the constructive interference of pairs
of time-reversed trajectories that survives disorder average. The enhanced return probability
results in a negative quantum correction to the classical conductance, characterized by a peak
in the resistance (dip in the conductance) at zero magnetic field. To suppress the WL effect,
a critical magnetic field Bc ∼ 1/(Dτφ) -being D the diffusion coefficient and τφ the dephasing
time- is required. This critical field washes out the constructive interference and thus the weak
localization correction. [20]

While a priori there is not an obvious connection between driven two level systems (TLS)
and the physics of disordered electronic systems, the analogy between transitions at the avoided
crossing and scattering events, suggests a way to study fluctuation effects in FQ. Along this
line Gustavsson and collaborators [7] investigated, using as a test system the lowest two levels
of a FQ driven by a biharmonic ac flux, fluctuations in the transition rate W , similar to UCF.
The driving was implemented by a biharmonic signal f(t) = A1 cos (ωt + α) − A2 cos (2ωt) of
fundamental frequency ω = 2π/T , that could be turned asymmetric in time by means of a
phase lag α. In addition, as the driving period T ∼ 8 ns was comparable to the qubit dephasing
time T2 = 1/Γ2 ∼ 10 ns, coherence was preserved within one period, although multiphoton
resonances were not clearly resolved because the resonance width was comparable to the
resonances spacing.[9] In the experiments of Ref.[7] the energy relaxation time T1 = 1/Γ1 ∼ 20µs
was much longer than the driving period T . Under this regime population could build up in
the excited state as a function of time, decaying exponentially to the stationary state with a
characteristic rate Γ, which was estimated from experimental results by a fitting procedure.[7]
Although the restriction to the lowest two levels in the FQ constrains the mesoscopic analogy
to the few-scatterers limit, the scattering events could be modified by either tuning the external
dc flux or by changing the phase lag parameter α. In this way, the qubit could be driving up to
four times through a given avoided crossing in one period T , given rise to non trivial interference
patterns (see Fig. 1 (a)).

In this work we will show that, besides the detection of fluctuations analogous to UCF [7],
weak localization (WL) effects could also be experimentally observable for the biharmonic driving
protocol, in the regime of large coherence times, T2 � T .

2. FQ under biharmonic driving
2.1. Transition rate and decoherence effects
In this section we derive an explicit expression for the decay rate W for a TLS under biharmonic
driving in the presence of decoherence sources. The analysis is restricted to the lowest two levels
of the FQ, and disregards additional energy levels not explored in the experiment of Ref.[7].
We start by writing the two level hamiltonian H for a FQ subjected to a biharmonic driving
in the flux. In the TLS the diabatic states carry a persistent current ∓Ip and are coupled via
the tunneling matrix element Δ. [3, 4, 9] The detuning from the avoided crossing is defined as
ε = 2Ipf , with f the flux difference respect to half the superconducting flux quantum. [9] Under
the biharmonic driving we define ε(t) = � + A1 cos (ωt + α) − A2 cos (2ωt).

Figure 1 sketches the energy level diagram of the TLS and the biharmonic drive waveform
chosen to traverse the avoided crossing four times in one period T . To account for decoherence
we follow the approach of Berns et. al. [9] and include classical diagonal noise, neglecting energy
relaxation processes (consistent with the experimental regime T � T2 � T1). For � = 1, the
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Figure 1. (color online) (a) Qubit energy diagram and biharmonic pulse for α = 0.4 (b)
Simulated transition rates W using modified Eq.(4) for qubit parameters Δ/h = 19 MHz,
ω/(2π) = 125 MHz, A1 = 3 mΦ0, A2 = 1.65 mΦ0 and α = 0 for Γ2 = 200 MHz (black line) and
Γ2 = 20 MHz (red line).

hamiltonian H reads

H = −h(t)

2
σ̂z −

Δ

2
σ̂x

where h(t) = ε(t) + δε takes into account a classical fluctuating noise δε in the flux, and σ̂z, σ̂x

are Pauli matrices. After an unitary transformation, the hamiltonian can be written as

H̃ = −1

2

�
0 Δ
Δ∗ 0

�
,

where Δ(t) = Δe−iφ(t), and φ(t) =
� t
0 h(τ)dτ . In the fast driving regime, where the driving

frequency ω > Δ, the qubit population changes slowly on the time scale of T2. In this way the
time evolution operator can be expanded as

U(t, t0) = 1 − i

� t

t0

H̃(τ)dτ + O(Δ2) ,

and the transition rate W between the ground and the excited state can be computed using
perturbation theory,

W = lim
δt→∞

|At,t� |2
δt

, At,t� =
1

2

� t

t�
Δ(τ)dτ . (1)

In order to evaluate W we must solve

W =
1

4

� t

t�

� t

t�
Δ(τ1)Δ

∗(τ2)dτ1dτ2 . (2)

We expand the oscillating exponentials in Bessel functions and average δφ(t) =
� t
0 δε(τ)dτ for a

white noise model �eiδφ(t)e−iδφ(t�)� = e−Γ2|t−t�|. In this way, we get after integration of Eq.(1)

W =
Δ2

2

�

nn�mm�
Jn(x1)Jn�(x1)Jm(x2)Jm�(x2) (3)
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ei(n−n�)αeiω(n−n�)te2iω(m−m�)t Γ2

(ε− nω − 2mω)2 + Γ2
2

,

where we define x1 = A1/ω and x2 = −A2/(2ω). In the secular approximation, we neglect the
fast oscillating terms, keeping only the ω(n − n�) + 2ω(m − m�) ≈ 0 terms, obtaining

W =
Δ2

2
Γ2

�

nn�mm�
λnn�mm�

cos ((n − n�)α)

(ε− nω − 2mω)2 + Γ2
2

, (4)

where λnn�mm� = Jn(x1)Jn�(x1)Jm(x2)Jm�(x2) δn−n�,2(m−m�). The last equation shows the
explicit dependence of the transition rate W on the phase lag α. In addition, as will be shown
in the next section, W will display strong fluctuations both with α and the dc flux detuning �.

2.2. Transition and decay rates. Computing fluctuations
In the scattering approach the transition rate W is identified with an effective transmission
amplitude -the essential ingredient to compute the electronic conductance within the Landauer
formalism. [11] In addition, to complete the analogy with electronic transport in disordered
mesoscopic systems, the parameter α plays the role of an effective magnetic (flux) field. In
Ref.[7], the experimentally accessible quantity is the decay rate Γ. From phenomenological rate
equations that describe the TLS dynamics, it is straightforward to show that Γ = 2W + 2Γ1.[9]
For large relaxation times T1, it is satisfied that Γ1 � W and then W ≈ Γ/2. Larger values of
Γ1 would require the explicit inclusion of relaxation processes in the analysis to avoid important
differences between W and the experimentally measured Γ. [22] In the following we will keep
our analysis consistent with the hypothesis W ≈ Γ/2 and in this way, Eq.(4) provides an explicit
expression to compute Γ. In Ref. [7], the specific value of the amplitudes ratio A2/A1 = 0.55
has been selected. In this way, the FQ has been driven up to four times through the avoided
crossing in one period T , giving three different interference phases (one phase for two successive
passages) and eight possible superposition states.

Figure 1 (b) shows the value of W obtained from Eq.(4) for the qubit parameters used in
Ref.[7], i.e. Δ/h = 19 MHz, ω/(2π) = 125 MHz, A1 = 3 mΦ0 and A2 = 1.65 mΦ0 (A2/A1 =
0.55). The experimentally reported values of T2exp = 10 − 20ns give Γ2exp = 50 − 100MHz.
We explicitly set the phase lag α = 0. W exhibits a clear pattern of oscillations as a function to
the static flux detuning �. These strong fluctuations are a manifestation of the sensitivity of the
total phase accumulated during one period of the driving with the value of �, as a consequence
of the strong asymmetry in the driven signal. When analyzing the behavior of W as a function
of the decoherence rate, we find that for small values of Γ2, the transition rate exhibits high and
sharp peaks that turn smoother and wider as the decoherence rate is increased. This behavior
is fully consistent with the transition from the non overlapping to the overlapping resonances
limit, also observed experimentally for the single harmonic driving protocols. [3, 4] In Fig. 2 we
plot W from Eq. (4) for the same parameters used in Fig 1 (b) but for α �= 0. We can appreciate
the results for α = 0.2 (left panel, Fig. 2 (a)) and α = 0.4 (right panel, Fig. 2 (b)), in both
cases the structure of the peaks described in Fig.1 (b) is also obtained. Indeed, the asymmetry
of the peaks as a function of the detuning � is clearly observed.

For the chosen amplitudes ratio and depending on � the wave form may drive the qubit
through the avoided crossing zero, two or four times per cycle, producing different phase
accumulations and interference conditions. In addition, the total phase accumulated- besides
its dependence on �- strongly depends on the biharmonic waveform, which is controlled by the
asymmetry parameter α. To explore these effects, in Fig 3 we construct a map of the transition
rate W as a function of the detuning and the phase lag. W exhibits in its interference patterns
strong fluctuations, both as function of � and α, in fully agreement with the fluctuations detected
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Figure 2. (color online) Simulated transition rates W using Eq.(4) for qubit parameters
Δ/h = 19 MHz, ω/(2π) = 125 MHz, A1 = 3 mΦ0 and A2 = 1.65 mΦ0 for Γ2 = 200 MHz
(black line) and Γ2 = 20 MHz (red line). (a) α = 0.2 and (b) α = 0.4.

Figure 3. (color online) Contour plot of transition rate W using Eq.(4) for qubit parameters
Δ/h = 19 MHz, ω/(2π) = 125 MHz, A1 = 3 mΦ0 and A2 = 1.65 mΦ0. (a)Γ2 = 200 MHz and
(b)Γ2 = 20 MHz.

experimentally in the FQ population interference patterns.[7] Another interesting feature is the
strong effect of the decoherence rate on the results, as we already mentioned. We can appreciate
important qualitative differences in the results for Γ2 = 200 MHz (Fig. 3 (a)) and Γ2 = 20 MHz
(Fig. 3 (b).

As we show below, even after averaging over different values of the dc flux, strong fluctuations
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are still visible in W as a function of α. In order to evaluate them, we can compute the average

�W � = 1
2εmax

� εmax

−εmax W dε and using Eq. (4) we can evaluate the integral, obtaining

�W � =
Δ2

4εmax

�

nn�mm�
λnn�mm� cos ((n − n�)α) (5)

�
arctan

�
nω + 2mω + εmax

Γ2

�
− arctan

�
nω + 2mω − εmax

Γ2

��
.

In the same way we can compute

�W 2� =
1

2εmax

� εmax

−εmax

W 2 dε . (6)

Although < W 2 > does not have a simple analytic expression, its numerical calculation is
straightforward. In Fig 4 we plot both the average transition rate < W > and its fluctuations
σ =

√
< W 2 > − < W >2 for the experimental FQ parameters but for different values of

the decoherence rate Γ2. We can see that, for values of the decoherence rate similar to the
experimental ones Γ2 ∼ 20− 200MHz, �W � is almost independent of α and σ- characterized as
the UCF- presents a well defined peak at α = 0, in full agreement with Ref.[7].

The fingerprint of the WL effect should be a dip in < W > at α = 0 - a dip in the average
transmission probability- following the electronic transport analogy. In the experiments of Ref.[7]
this WL effect wast not observed. However, there is not an experimental constrain in the driving
protocol that precludes the observation of WL. As we show, it is the decoherence time T2 which
limits the width of the WL peak, and its experimental detection. From the theory of disordered
electronic systems [20] the value of the critical magnetic field needed to destroy the WL peak
is Bc ∼ 1/(Dτφ), being D the diffusion coefficient and τφ ∝ T2. In the present analysis, the
critical value αc needed to destroy the WL correction, should scale as αc ∼ 1/(T2). Thus it is
expected, that large decoherence times should be needed in order to experimentally detect the
whole WL peak with accessible values of αc. Consistent with this analysis, in fig. 4 we show that
for Γ2 = 6 MHz there is a well defined dip present in �W � at α = 0. As a consequence, we can
conclude that for long decoherence time (T2 � 150 ns) WL should emerge in the experiments.

3. Conclusions and perspectives
In this work we have tested fluctuation effects associated to broken time reversal symmetry in
FQ driven by a biharmonic ac magnetic flux. Employing a simplified model that accounts only
for decoherence, we computed the transition rate W which displays strong fluctuations as a
function of the dc flux detuning and the time reversal parameter α. The results presented are
derived under the assumptions that W � Γ2 = T2

−1 and T � T2 � T1, and in agreement with
the experimentally reported regime of Ref. [7]. However it is not difficult to attain experimental
regimes in which some of the above conditions are not satisfied. In particular, for small driving
frequencies or larger decoherence times, T2, important difference could emerge between the
transition rate W , Eq.(4), and the measured decay rate Γ. Besides conductance fluctuations-
like effects, we also show that WL effect could be detected for the biharmonic driving protocol.
However to observe this effect, the experiments should be performed in a more coherent regime,
in which larger values of T2 could be attained. By increasing the driving amplitude, more avoided
crossings of the FQ can be reached, enabling the computation of averages and fluctuations with
reasonable accuracy. This regime is experimentally attainable as the amplitude spectroscopy
experiments have been proven. In addition the extension of the calculations for a realistic model
that includes, besides decoherence, relaxation processes due to the interaction of the FQ with
the circuitry environment is also under study. [22]
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Figure 4. (color online) (a) Averaged transition rate < W > and (b) σ for qubit parameters
Δ/h = 19 MHz, ω/(2π) = 125 MHz, A1 = 3 mΦ0 and A2 = 1.65 mΦ0 calculated using Eq.(4),
(5) and (6) for Γ2 = 200 MHz (black line), Γ2 = 20 MHz (red line) and Γ2 = 6 MHz (green
line). The averages were performed in the range −4mΦ0 to 4mΦ0.
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Abstract. We develop a parallel rejection algorithm to tackle the problem of low acceptance in Monte Carlo methods, and
apply it to the simulation of the hopping conduction in Coulomb glasses using Graphics Processing Units, for which we
also parallelize the update of local energies. In two dimensions, our parallel code achieves speedups of up to two orders of
magnitude in computing time over an equivalent serial code. We find numerical evidence of a scaling relation for the relaxation
of the conductivity at different temperatures.

Keywords: Monte Carlo algorithms, Hopping transport
PACS: 02.70.Tt, 71.23.Cq, 72.20.Ee

INTRODUCTION

A frequent limitation of Markov-chain Monte Carlo (MC) methods is low acceptance. In equilibrium MC this problem
can sometimes be circumvented with a clever choice of the MC moves, which can be chosen with a certain freedom as
long as the Markov chain converges to the probability distribution of interest. Such freedom is not allowed in kinetic
Monte Carlo (KMC), in which the MC moves are dictated by the physical dynamics to be simulated.

In this work we present a general “parallel rejection” (PR) algorithm to address the problem of low acceptance,
which is especially suitable for implementation on Graphics Processing Units (GPUs), easily available and inexpensive
platforms for massively parallel computing. We apply PR to the KMC simulation of the hopping conduction in
Coulomb glasses, which is notoriously plagued by very low acceptance in the variable-range hopping (VRH) regime.
For this particular application, PR can be seen as a parallelization of the “mixed” algorithm of Refs. [1, 2], which
can be further accelerated in GPUs by efficiently parallelizing the N local energy updates that, due to the long-range
interaction, are required after each elementary MC move in a system with N sites.

We implemented a GPU code using CUDA [3], exploiting both sources of parallelism. In the next section we
illustrate the PR idea in general, and later we apply it to the hopping dynamics of the Coulomb glass. We then present
our results for the lattice model in two dimensions, notably on the short-time relaxation of the conductivity. Finally,
we compare the performance of the GPU code with a serial implementation of the mixed algorithm.

PARALLEL REJECTION ALGORITHM

Let us consider a generic Markov chain specified by a proposal matrix Qαβ and an acceptance matrix Pαβ between
the configurations α,β of a certain system. The standard (serial) rejection algorithm to simulate such a chain consists
in iterating the following two steps: 1. Propose a move α → β , where α is the current configuration and β is chosen
with probability Qαβ ; 2. Accept the move with probability Pαβ and, if this is accepted, update the configuration to β .

The PR algorithm (see Ref.[4] for a similar idea) runs simultaneously on an ordered array of M parallel “threads”
(for example, GPU threads), iterating the following steps (k = 1, . . . ,M is the thread label):

1. Propose, independently from the other threads, a move α → βk, where α is the current configuration (common
to all threads) and βk is chosen with probability Qαβk

.
2. Accept the move α → βk with probability Pαβk

, independently from the other threads (without updating the
configuration).

3. If at least one thread has accepted a move, update the configuration to βq, where q is the lowest label among the
threads that have accepted a move.
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FIGURE 1. (a) Illustrative comparison of the “Parallel Rejection” scheme with the mathematically equivalent serial approach. In
both, proposed moves (squares) are drawn by sampling from the proposal probability. While in the serial approach (top) one move
is proposed each iteration, in the parallel approach (bottom) a block of M independent moves is proposed. For a given acceptance
rate, the first accepted move (red square) is found after m serial iterations, and after p parallel iterations. Other accepted moves
(blue square) that may appear in last parallel iteration are discarded. In this example M = 12, p = 2, q = 5. (b) Physical time (in
units of τ0) that we can simulate with the parallel KMC method in a 10 days run, as a function of temperature, for different systems
sizes. The dashed line is the characteristic time τ = b−1T−1 exp[(T0/T )1/2], with b−1 = 2.7,T0 = 6.2 according to Fig.3.

While the two algorithms above are mathematically equivalent (see Fig.1(a) for an illustration), the parallel version
is increasingly faster as the acceptance rate, A = �Pαβ �, decreases. If m and p are the number of iterations of the
serial and parallel algorithms, respectively, until a move is accepted, we can estimate the speedup of PR as �m�/�p�
(neglecting parallelization overheads and differences in the computing time for one iteration in the parallel and serial
implementations). Since �m� = A−1 and �p� = 1/[1− (1−A)M], for A � 1 we have �p� ∼ (MA)−1 � �m�, and thus
�m�/�p� ∼ min(A−1,M). In principle, the optimal choice for M is thus M∗ = min(A−1,C), where C is the maximum
number of threads that can run simultaneously. In practice, in a GPU implementation it is possible (and recommended)
to use M larger than C, in which case the virtual parallel execution is efficiently handled by the hardware scheduling
system. The computing time can then remain sublinear in M even for M as large as 104. Thus, for many applications
the speedup of the PR algorithm on GPUs is essentially dictated by A−1, and can be very significant.

A popular alternative to the rejection algorithm in low-acceptance situations is the rejection-free BKL or Gillespie
algorithm [5]. This requires a computing time proportional to the average number z = �∑β θ (Qαβ Pαβ )� of configu-
rations that are accessible from a given configuration α . Thus, BKL is faster than serial rejection when z � A−1, but
slower than PR when (MA)−1 � z. Below we apply PR to the rejection part of the mixed algorithm of Ref. [1], which
combines the BKL and rejection algorithms for the simulation of phonon-assisted hopping conduction.

HOPPING CONDUCTION IN THE COULOMB GLASS

We consider the standard Coulomb glass model [6] described by the dimensionless Hamiltonian

H = ∑φini +
1
2 ∑

i�= j

(ni −ν)(n j −ν)

ri j
−E ∑

i
nixi, (1)

where ni = 0,1 (i = 1, . . . ,N), with ∑i ni = νN, are the electron occupation numbers of N sites in a D-dimensional
volume, ν is the filling factor, ri j is the Euclidean distance between sites i and j in units of the average spacing
a = (Volume/N)1/D, and E is an external electric field in the (negative) x direction. The random potentials φi
are sampled from the uniform distribution [−W,W ]. We consider only phonon-assisted single-electron hops, with
transition rates that can be approximated by

Γi j = τ−1
0 θi je

−2ri j/ξ min[1,e−ΔHi j/kBT ] (2)

where T is the temperature, kB is the Boltzmann constant, θi j = δni,1δn j ,0, ξ is the electron localization length, and
τ0 is a microscopic time of order 10−12s, which will be our unit of time. The energy change after a hop i → j is
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FIGURE 2. Pseudo-equilibrium (a) and time-dependent (b) single-particle density of states for L = 512, as function of tempera-
ture and time respectively. Data in (b) corresponds to T = 0.04.

ΔHi j = ε j − εi−1/ri j −EΔxi j, where εi = φi +∑ j(n j −ν)/ri j are the single-particle energies and Δxi j = x j − xi is the
length of the hop along the field. The instantaneous conductivity is given by [1, 2]

σ(t) =
1

NE
dP(t)

dt
(3)

where P = ∑i nixi is the electric dipole moment, provided E is small enough to ensure a linear response.
In the naive serial KMC algorithm for simulating the dynamics in Eq.(2) a hop i → j is proposed by choosing i and

j uniformly at random among the N sites, and is accepted with probability τ0Γi j (thus, Qαβ = N−1(N − 1)−1 ∑i j Θi j
αβ

and Pαβ = ∑i j τ0Θi j
αβ Γi j, where Θi j

αβ = 1 if α and β differ by the hop i → j and Θi j
αβ = 0 otherwise). The time is

incremented by Δt = 1 after N(N −1) proposals.
The above algorithm suffers from extremely low acceptance due to both the tunneling factor ΓT

i j = e−2ri j/ξ and

the thermal activation factor ΓA
i j = θi j min[1,exp(−ΔHi j/T )]. The mixed algorithm [2] exploits the factorization

τ0Γi j = ΓT
i jΓA

i j and the fact that ΓT
i j is configuration independent. The proposal matrix is now Qαβ = ∑i j Θi j

αβ ΓT
i j/Γ,

where Γ = ∑i ∑ j �=i ΓT
i j, and can be sampled without rejection (for example, using the “tower sampling” method [7]).

The acceptance matrix is Pαβ = ∑i j Θi j
αβ ΓA

i j. After each proposal, t is incremented by a random Δt sampled from

p(Δt) = Γexp(−ΓΔt) [5]. Since the rejection now only comes from ΓA
i j, the acceptance rate is increased by a factor

∼ Nξ−D. Nevertheless, deep in the VRH regime, where T is only a few percent of the Coulomb energy, the acceptance
is still quite low (for the D = 2 lattice model we find A ≈ 0.03T for T ≤ 0.2). It becomes then advantageous to use
the PR strategy. This results in the following mixed PR algorithm running on M threads (k = 1, . . . ,M), which is
mathematically equivalent to the serial mixed algorithm and, therefore, to the naive KMC:

1. Propose (indendently from the other threads) a hop ik → jk by choosing (ik, jk) with probability ΓT
ik jk

/Γ by
rejection-free sampling.

2. Accept the hop with probability ΓA
ik jk

(even if accepted, do not execute the hop).
3. If at least one thread has accepted a hop then:

a. Execute the hop iq → jq, where q is the lowest label among the threads that have accepted a hop. Any
accepted hop in the other threads is discarded.

b. Update the dipole moment as ΔP = Δxiq jq and the local energies by adding 1/riq jq to εiq , −1/riq jq to ε jq , and
1/rl jq −1/rliq to εl for l �= iq, l �= jq.

c. Increment the time by a random Δt sampled from a Gaussian distribution of mean m/Γ and standard
deviation

√
m/Γ, where m = pM + q and p is the number of iterations since the previous executed hop.

We implemented the above algorithm in CUDA [3] for the case in which the sites belong to a lattice with toroidal
boundary conditions. In this case ΓT

i j only depends on ri j (thus Γ = N ∑i ΓT
i j) hence the “tower” is much smaller than
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FIGURE 3. (a) Inset: time evolution of the polarization starting from a random initial configuration at different temperatures for
L = 512. The steady-state conductivity σ0 = limt→∞(dP/dt)/(NE) is reached after a transient time τ ≈ 1/(T 2σ0). Main figure:
same data rescaled as a function of t/τ . In this figure we use a deterministic time increment Δt = m/Γ. Using a stochastic increment
does not produce any appreciable difference. (b) Fit to the Efros-Shklovskii law σ0 = bT−λ exp[−(T0/T )1/2] for λ = 1,2.

for the model with random sites [2]. At each iteration we need 3M random numbers (to choose ik, rik jk , and to accept
the hops), which requires a random number generator (RNG) able to generate a large number of uncorrelated random
sequences in parallel. The code uses functions of our own and the open-source libraries Thrust [8] (for generic parallel
transformations) and Philox from Random123 [9] (a GPU-suitable RNG). The code also exploits the “embarrassing
parallelism” of the local energy update: we distribute the update on N parallel threads, where the k-th thread updates
the local energy on lattice site k.

RESULTS FOR THE LATTICE MODEL IN TWO DIMENSIONS

We simulated two-dimensional square lattices with N = L2 sites, for L = 64,128,256,512,1024,2048, setting ν = 1/2,
ξ = 1, W = 1, and E = T/10. We use toroidal boundary conditions in both directions, and adopt the minimal image
convention for ri j and Δxi j. We do not allow hops larger than L/2 (in our simulations, the typical hopping length is
much shorter than L/2 anyway). To recover cgs units from the numerical data below, the dimensionless quantities
{H,T, t,E,P,σ} must be multiplied respectively by {e2/(κa),e2/(κakB),τ0,e/(κa2),ea,a3−Dκ/τ0}, where e is the
electron charge and κ is the dielectric constant of the lattice.

To validate the code, we start by analyzing the single-particle density of states, defined as the normalized histogram
g(ε,T ) = ∑k δΔε(ε − εk), for a given binning size Δε . In Fig.2(a) we show g(ε,T ) in the steady state for different
temperatures and L = 512. As shown in the inset, in the Coulomb gap region the data can be rescaled as g(ε,T ) =
T f (ε/T ), and are well fitted by g(ε,T ) = c|ε| for small |ε|, with c = 0.62. The prefactor is consistent with the
theoretical estimate [6] c = 2/π but is larger than the estimate c = 0.40 obtained with the parallel tempering MC
algorithm [10], which allows many-electron rearrangements and thus can reach lower energies then the single-particle
KMC, even if the latter seems to have reached a steady state, as shown in Fig.2(b)).

Next, we analyze the conductivity. The inset of Fig.3(a) shows how, starting from a random configuration, after a
transient time the polarization grows linearly in time, and a stationary conductivity can be estimated as σ0 = P/(NEt)
for large t. Further relaxation of the conductivity at larger times cannot be discarded, but should be neglibible for time
scales a few times larger than the transient time. Our data for σ0(T ), shown in Fig.3(b), agree with Ref.[1] up to a
factor two. The data are well fitted by the Efros-Shklovskii law σ0 = bT−λ exp[−(T0/T )1/2] assuming λ = 1, which
gives T0 = 6.2,b = 2.7. However, the choice λ = 2 fits equally well the data for T < 0.25, giving T0 = 9.3,b = 1.7. As
shown in the main figure, the time evolution of P(t) at different temperatures can be collapsed very well onto a single
curve by rescaling the time with a characteristic transient time τ ∼ (σ0T 2)−1. This suggests a scaling relation

σ(t,T ) = σ0(T ) f (tσo(T )T 2) . (4)
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FIGURE 4. Computing time [ms] per executed hop for the serial and parallel codes in three different CPU+GPU platforms.
We benchmark a fair serial single CPU core implementation against our parallel GPU implementation (with the same CPU core
as host), both with double precision floating point operations. (a) Temperature dependence of the average rejection time (WR) for
L = 256. (b) Size dependence of the average update time (WU ) of the N = L2 local energies. The insets show the speedup of the
GPU over the CPU implementation. While the speedup starts to saturate with L in (b), it is still strongly growing with 1/T in (a).

We checked that finite-size effects on P(t) are negligible. The proportionality of τ to σ−1
0 is to be expected [2, 11],

since the typical hopping time of the current-carrying hops is ∼ exp[(T0/T )1/2]. A discussion of the significance of the
factor T 2 (both in τ and, possibly, in the Efros-Shklovskii law) is outside the scope of this paper, but we note that using
the scaling variable t/(σ0T ) we obtain a much worse data collapse (not shown). It is interesting to compare Eq.(4)
with the scaling σ(ω ,T ) = σ0(T ) f (ω/T σ0(T )) for the low-frequency ac conductivity found in Ref.[12].

CODE PERFORMANCE

In this section we compare the performance of our parallel GPU code with that of a serial CPU implementation of
the mixed algorithm. In both cases, the wall-clock computing time required to execute a hop is the sum of two main
contributions: the rejection time, WR, spent proposing and rejecting hops until one is accepted, and the update time,
WU , spent updating the N local energies after a hop is executed. As discussed earlier, aside from hardware-related
corrections we expect WR ∝ A−1 logL for the CPU code and WR ∝ (AM)−1 logL for the GPU code running on M
threads, where the acceptance A increases with the temperature and the logL factor comes from the tower-sampling.
WU is independent of the temperature and the configuration, and we expect WU ∝ L2. In the parallel implementation,
nevertheless, this will hold only at large enough L (when the hardware occupancy saturates), while at smaller sizes the
scaling will be sublinear in L2, and even constant for very small sizes. In the Coulomb glass, most excitations active
at low T are dipoles (short electron-hole pairs). In 2D the density of states of dipoles at low energy is constant, which
implies A ∝ T in the steady state (indeed we find A ≈ 0.03T ). Hence, the overall computing time will be dominated
by WR for temperatures below a certain threshold that decreases with L as logL/L2, and by WU above the threshold.

To see how well the above estimates hold in practice, in Fig.4(a) we show the temperature dependence of WR for the
CPU and GPU codes in the steady state for L = 256 (the dependence on L is very weak). For the CPU code, we see
roughly WR ∝ 1/T , as expected. For the GPU code we used a number of threads close to the optimal value M∗ ≈ A−1.
Hence, at moderate temperatures where M∗ is not too large, WR ∝ (M∗A)−1 is almost independent of T , as expected.
At very low T , M∗ is large enough to saturate the maximum number of concurrent threads and thus WR increases with
1/T , although less than linearly since the GPU can still save time by hiding memory latency. Therefore, the relative
performance of the GPU vs the CPU codes, shown in the inset, is consistent with the expected linear behavior in 1/T .

In Fig.4(b) we compare the size dependence of WU for the GPU and CPU implementations. As expected, for the
CPU we observe WU ∝ L2 while for the GPU, using L2 threads, WU is almost constant for small L and grows for
large L. Interestingly, the increase is still sublinear even when L2 is several times larger than the number of physical
cores, due to the efficient internal thread scheduling. Consequently the speedup, which is already substantial even for
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relatively small sizes, increases with L and exceeds two orders of magnitude at L = 2048, without quite saturating yet.
The overall computing time per executed hop of the GPU code is basically the sum of WR and WU . For example, for

the platform CPU3+GPU3 (see Fig.4 for details) the overall time ranges from 0.1 ms (L=64) to 1.04 ms (L=2048) at
T = 0.05, representing speedups of 1.7x to 179x respect to the serial code, and 0.27 ms (L=64) to 1.23 ms (L=2048)
at T = 0.001, representing speedups of 15x to 157x. Nevertheless, note that these speedup factors depend on the
particular serial implementation and hardware.

In order to see in what regime of T and L the GPU code may be useful in practice, it is illustrative to estimate the
physical time we can simulate in, say, a ten-day run. While this time is independent of T for the CPU code, according
to the previous discussion it scales as 1/T for the GPU code for low enough T . This is confirmed in Fig.1(b), where
we also show the transient time τ = 1/(σ0T 2) for the establishment of a steady-state conductivity. Clearly, since τ
grows much faster than the speedup as T decreases, even the GPU code cannot reach the steady state at very low T .
At the temperatures at which we can reach the steady state, the typical hopping length r ∼ (ξ/4)(T0/T )1/2 is less
than ten lattice spacings. Hence, for the purpose of measuring the conductivity it is preferable to average over many
samples at intermediate L, rather than a few samples at large L. Large samples, for which the GPU code is significantly
advantageous, might be useful for studying the large-scale geometry of the conducting paths, for instance.

It is worth noting that the GPU code should be significantly more advantageous in 3D than in 2D, because (i) N
increases more rapidly with L, and (ii) both T0 and the dipole density of states of dipoles are smaller in 3D, so in the
VRH regime the acceptance rate is even lower. It is also straightforward to incorporate multiple-electron hops in our
GPU code. Since these hops have even lower acceptance rate, we expect the speedup to be substantial.

CONCLUSIONS

We have presented a novel parallel KMC technique for simulating the Coulomb glass hopping conduction. It allows
to simulate larger systems and longer times than its serial counterpart, with speedups over 100x for relatively large
system sizes in two dimensions. This might be helpful for studying features involving larger length-scales. In 2D, we
find that the short-time relaxation of the conductivity at different temperatures is well described by a single scaling
curve. Finally, our current implementation can be easily extended to higher dimensions, multiple occupation, and
multi-electron hops. For these extensions we can expect an even larger speedup with respect to the mathematically
equivalent serial implementation. The code is available to download, modify and use under GNU GPL 3.0 at [13].
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