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Why the Co-based 115 compounds are different: The case study of GdMIn5 (M = Co,Rh,Ir)
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The discovery in 2001 of superconductivity in some heavy fermion compounds of the RMIn5 (R = 4f or
5f elements; M = Co, Rh, Ir) family, has triggered an enormous amount of research into understanding the
physical origin of superconductivity and its relation with magnetism. Although many properties have been
clarified, there are still crucial questions that remain unanswered. One of these questions is the particular role
of the transition metal in determining the value of critical superconducting temperature (TC). In this work, we
analyze an interesting regularity that is experimentally observed in this family of compounds, where the lowest
Néel temperatures are obtained in the Co-based materials. We focus our analysis on the GdMIn5 compounds
and perform density-functional-theory-based total-energy calculations to obtain the parameters for the exchange
coupling interactions between the magnetic moments located at the Gd3+ ions. Our calculations indicate that
the ground state of the three compounds is a C-type antiferromagnet determined by the competition between
the first- and second-neighbor exchange couplings inside GdIn3 planes and stabilized by the couplings across
MIn2 planes. We then solve a model with these magnetic interactions using a mean-field approximation and
quantum Monte Carlo simulations. The results obtained for the calculated Néel and Curie-Weiss temperatures,
the specific heat, and the magnetic susceptibility are in very good agreement with the existent experimental data.
Remarkably, we show that the first-neighbor interplane exchange coupling in the Co-based material is much
smaller than in the Rh and Ir analogs which leads to a more two-dimensional magnetic behavior in the former.
This result explains the observed lower Néel temperature in Co-115 systems and may shed light on the fact that
the Co-based 115 superconductors present the highest TC .

DOI: 10.1103/PhysRevB.91.014409 PACS number(s): 75.50.Ee, 63.20.D−, 71.20.−b, 65.40.De

I. INTRODUCTION

The family of compounds RMIn5 (M = Co, Rh, Ir), where
R is a rare earth, presents a rich variety of electronic and
magnetic properties ranging from heavy fermion behavior
and anomalous superconductivity to complex magnetic states.
These properties are closely related to the strong correlations
on the R 4f electrons and to the quasi-two-dimensionality of
the Fermi surface. These materials crystallize in a tetragonal
structure that can be viewed as alternating MIn2 and RIn3

planes stacked along the c axis (see Fig. 1), where the role of
the transition metal M connecting the RIn3 planes is central
to determining the stability of the low-temperature phase.

The most puzzling features occur in the Ce-based com-
pounds, which present heavy fermion behavior at T � 20 K.
Correlation effects induce an enhancement of the electronic
specific heat coefficient up to 1000 mJ/mol K2 for CeCoIn5,
which is an ambient pressure superconductor below TC =
2.3 K [1]. CeIrIn5 has its superconducting transition at
TC = 0.4 K, while CeRhIn5 is an antiferromagnet at ambient
pressure with a Néel temperature TN = 3.8 K [2]. For P >

Pcr = 1.77 GPa the antiferromagnetic state of CeRhIn5 is
replaced by a superconducting state which coexists with
magnetic order [3]. The less studied PuCoIn5 and PuRhIn5

compounds are heavy fermion superconductors and the highest
superconducting temperature is also obtained for the Co-based
compound with TC = 2.5 K, while the reported value for
PuRhIn5 is TC = 1.1 K [4,5].

The metallic RMIn5 (R = Nd, Sm, Gd, Tb, Dy, Ho,
Er, and Tm, M = Co, Rh, Ir) compounds which order

antiferromagnetically, show an interesting pattern in their Néel
temperatures (see Table I). For a given rare earth, the Rh-
and Ir-based compounds have similar Néel temperatures while
those based on Co order at a temperature 30%−50% lower. In
this article we address the above-mentioned regularity and, to
that aim, we focus our analysis on the magnetic behavior of the
R = Gd compounds. The Gd-115 compounds are particularly
appealing to study the role of the transition metal d electrons
on the magnetism, because of their relative simplicity. In these
compounds the Gd3+ ions are expected to be in a S = 7/2, L =
0 multiplet, and the crystal-field splitting effects are therefore
expected to be much smaller than in Ce and other L �= 0
rare-earth analogs. Moreover, these materials do not show
heavy fermion behavior which further simplifies the analysis.
A deeper understanding of the behavior of the magnetic 115
compounds when the transition metal M is replaced may help
asses the stability of the superconducting state in the Ce-
115 and Pu-115 compounds. The superconductivity in these
materials seems to be deeply associated with the magnetic
properties and the highest superconducting temperatures are
obtained for the Co-based compounds.

Total-energy calculations of the GdMIn5 compounds, based
on density-functional theory (DFT), indicate a ground state
with magnetic moments localized at the Gd3+ ions and allowed
us to estimate the strength of the Gd-Gd magnetic interactions.
We solved the resulting magnetic model to obtain the magnetic
contribution to the specific heat, the magnetic susceptibility,
and the Néel and Curie-Weiss temperatures. The excellent
agreement obtained with the available experimental data
validates our model and the calculated magnetic interaction

1098-0121/2015/91(1)/014409(7) 014409-1 ©2015 American Physical Society
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FIG. 1. (Color online) Crystal structure for the RMIn5 com-
pounds. The In atoms are represented by red spheres, the transition
metal by blue spheres, and the rare earth by gray spheres.

parameters. As we show below, the fact that the GdCoIn5

compound has a lower transition temperature than its Rh and
Ir counterparts can be associated with its strongly suppressed
magnetic coupling between Gd3+ ions located at different
GdIn3 planes.

The reduced value for the interplane exchange coupling
obtained in GdCoIn5 is mainly due to a suppression of the
hybridization between the Co 3d and the Gd3+ 5d orbitals
that mediate the interplane Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction between the Gd3+ ion magnetic moments.
A toy model considering a single effective d orbital on the
transition metal M and the Gd3+ ions is able to qualitatively
explain the behavior of the interplane exchange coupling. The
parameters for the model were calculated from a Wannier
orbital analysis [19] and roughly estimated from the average
energy and the total width of the Co an Gd bands with
dominating 3d and 5d characters, respectively. The results
from the two approaches lead to the same conclusions.

The rest of the paper is organized as follows. In Sec. II we
determine the magnetic structure and the coupling constants of
the magnetic Hamiltonian for the three GdMIn5 compounds
and solve the model in the mean-field approximation and
numerically using quantum Monte Carlo (QMC). In Sec. III
we summarize our main results and conclusions.

TABLE I. Néel and superconducting transition temperatures for
RMIn5 compounds at ambient pressure. All temperatures are in
K and bold numbers correspond to the superconducting transition
temperature. Superscript letters correspond to references: a = [1],
b = [6], c = [7], d = [8], e = [9], f = [10], g = [4], h = [11],
i = [12], j = [13], k = [14], l = [15], m = [16], n = [5], o = [17],
and p = [18].

M\R Ce Nd Sm Gd Tb Dy Ho Er Tm Pu

Co 2.3a 8b 11.9c 30d 30.2e 20e 10.5e < 2e 2.6f 2.5g

Rh 3.8h 11.6i 15j 39.9k 45.5l 28.1m 15.8m 3–4k 3.6k 1.1n

Ir 0.4o 13.7i 14.3j 42j 41.4p

II. MAGNETIC PROPERTIES

In this section we analyze the magnetic structure of the
GdMIn5 compounds. We propose a simple Hamiltonian to
describe their magnetic properties and determine the model
parameters through DFT calculations. To describe the tem-
perature dependence of the magnetic properties we first treat
the magnetic Hamiltonian in the mean-field approximation
which allows a simple interpretation of the experimental data.
We then include quantum fluctuations in a simplified model
to obtain a quantitative description of the low-temperature
(T � TN ) experimental data.

A. Technical details of the DFT calculations

The total-energy calculations were performed using the
generalized gradient approximation (GGA) of Perdew, Burke,
and Ernzerhof for the exchange and correlation functional as
implemented in the WIEN2K code [20,21]. A local Coulomb
repulsion was included in the Gd 4f shell and treated using
GGA + U , which is a reasonable approximation for these
highly localized states. GGA + U has been also used in
previous calculations of compounds of the RMIn5 family
[22–24]. Due to the localized character of the 4f electrons,
the fully localized limit was used for the double counting
correction [25]. We described the local Coulomb and exchange
interactions with a single effective local repulsion Ueff =
U − JH = 6 eV as in bulk Gd [26,27]. Given that the Gd3+

atomic ground state has L = 0, for simplicity, we have
not included spin-orbit interaction in our calculations. The
APW + localorbitals method of the WIEN2K code was used
for the basis function [20]. For the full optimization of the
crystal structures 1200 k points were used in the irreducible
Brillouin zone, and the plane wave cutoff Kmax was set by
fixing RKmax = 8.5, where R = 2.4 a.u. is the muffin-tin
radii of the In atoms. Regarding the 2 × 2 × 2 supercell total-
energy calculations of the different magnetic configurations,
we obtained well-converged results using 440 k points and
RKmax = 8. The materials under study in this article crystallize
in the tetragonal HoCoGa5 structure (P 4/mmm space group),
which is fully defined by the lattice parameters a and c plus
one internal coordinate z for one of the In ions (see Fig. 1).
The relaxed lattice parameters for the three Gd compounds are
presented in Table II.

B. Magnetic structure of the ground state
and coupling constants

We explored different static magnetic configurations for
the magnetic moments, which are presented in Fig. 2. The
lowest energy configuration for the three Gd compounds is
antiferromagnetic (AF3), which corresponds to the measured
structure in GdRhIn5 via resonant x-ray diffraction experi-
ments, NdRhIn5 in neutron diffraction experiments, and the
inferred structure of DyRhIn5 and HoRhIn5 in magnetiza-
tion experiments [16,28,29]. This magnetic configuration is
associated with the competition of the first-neighbor K0 and
the second-neighbor K1 antiferromagnetic exchange couplings
that lead to ferromagnetic chains in the GdIn3 plane and
an antiferromagnetic interplane coupling K2 that leads to
an antiferromagnetic configuration between GdIn3 planes

014409-2
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TABLE II. Structural parameters (in Å). Superscript letters
correspond to references: a = [8], b = [14], and c = [13].

Experiment GGA

a 4.568(1)a 4.606
c 7.4691(7)a 7.559

GdCoIn5

z/c 0.3077

a 4.606b 4.685
c 7.439b 7.555

GdRhIn5

z/c 0.3025b 0.3024

a 4.622(4)c 4.700
c 7.413(8)c 7.545

GdIrIn5

z/c 0.3019

[16,28,29]. The total energy for each magnetic configuration
is presented in Table III.

We assume that the magnetic interaction between the
magnetic moments on the Gd3+ ions can be described with

FM

K0 c

b

a

AF1

K1

c

b

a

AF2

K2

c

b

a

AF3

K3

c

b

a

AF4 K4

c

b

a

AF5K4

c

b

a

FIG. 2. (Color online) Magnetic configurations proposed to de-
termine the ground state and obtain the exchange coupling param-
eters. The Gd atoms are located at the vertices of the rectangular
prism and the orientation of their magnetic moments is indicated by
black arrows. The red arrows connect a pair of Gd atoms that are
magnetically coupled through the exchange coupling parameters K0,
K1, K2, K3, and K4, as indicated in the figure.

TABLE III. Relative energy �E (in K) with respect to the ground
state for the magnetic configurations of Fig. 2.

GdCoIn5 GdRhIn5 GdIrIn5

FM 127 145 149
AF1 62 65 56
AF2 58 95 74
AF3 0 0 0
AF4 23 50 44
AF5 122 134 128

the Hamiltonian

H =
∑
i �=j

KijJi · Jj , (1)

where Kij is the exchange coupling between the magnetic
moments Ji and Jj and depends on the intraplane and
interplane distances between Gd atoms. As indicated in Fig. 2,
Kij is equal to K0 for nearest neighbors and K1 for next-nearest
neighbors inside the GdIn3 plane and, correspondingly, to
K2, K3, and K4 for the interplane couplings. The dominating
Gd-Gd magnetic exchange interactions are due to a RKKY
coupling between the Gd’s magnetic moments through ex-
change coupling with the conduction electrons.

In the absence of an applied magnetic field, the contribution
per Gd atom to the total energy due to the magnetic interactions
described in Eq. (1) for the different configurations of Fig. 2
is given by

Em
FM/J 2 = 2K0 + 2K1 + K2 + 4K3 + 4K4,

Em
AF1/J

2 = −2K0 + 2K1 − K2 + 4K3 − 4K4,

Em
AF2/J

2 = −2K0 + 2K1 + K2 − 4K3 + 4K4,
(2)

Em
AF3/J

2 = −2K1 − K2 + 4K4,

Em
AF4/J

2 = −2K1 + K2 − 4K4,

Em
AF5/J

2 = 2K0 + 2K1 − K2 − 4K3 − 4K4,

where J = 7/2 is the angular momentum of the Gd3+

ion 4f electrons. The energy differences between magnetic
configurations calculated from first principles can be combined
with Eqs. (2) to obtain the coupling parameters Ki solving
a system of 5 linear equations. The results for the Ki are
presented in Table IV and show some remarkable features.
On the one hand, the interplane coupling K2 is a factor ∼3
smaller in GdCoIn5 than in GdRhIn5 and GdIrIn5, while
the other sizable couplings do not change significantly. On
the other hand, K3 and K4 are much smaller than K2 so
that K2 dominates the interplane coupling in the Rh an Ir
compounds. This implies a more two-dimensional behavior of
the magnetism in GdCoIn5 than in GdRhIn5 and GdIrIn5 and,
as we see below, explains the lower Néel temperature observed
in the Co-based compound.

C. Toy model for the interplane coupling K2

The exchange couplings calculated in the previous section
stem from a RKKY mechanism mediated by the conduction
electrons [30]. The Gd3+ 4f electrons couple with the Gd3+

014409-3
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TABLE IV. Calculated exchange couplings (in K) and the
associated mean-field Curie-Weiss θ and Néel T MF

N temperatures.
T

QMC
N , Néel temperature calculated using QMC on an effective

model (see text). The experimental Néel T
exp
N and Curie-Weiss θ exp

temperatures are presented as a reference. The superscripts indicate
the references from which the experimental values were extracted:
a = [13], b = [14].

GdCoIn5 GdRhIn5 GdIrIn5

K0 1.31 1.21 1.51
K1 1.65 1.74 1.63
K2 0.47 1.43 1.30
K3 0.05 −0.1 0.02
K4 −0.11 −0.15 −0.12
θ 64.2 66.5 75.2
θ exp ∼50 69a, 63.8b 64a

T MF
N 44.3 57.7 52.9

T
QMC
N 32.1 41.9 38.4

T
exp
N 30 39 40

5d conduction electrons with a magnetic exchange coupling
Jf d that for a related material has been estimated to be
Jf d ∼ 75 meV (see Ref. [31]). The almost empty Gd3+ 5d

orbitals have a small hybridization with the partially occupied
transition metal d orbitals (see Fig. 3). With these ingredients
we construct a toy model, to describe the behavior of the
RKKY coupling K2, with parameters that could be estimated
from experimental data. We consider a single effective level
to represent the transition metal d orbitals and another for
the Gd3+ 5d orbitals. While the In 5p orbitals contribute to
the conduction electron bands, their inclusion in the toy model
does not change qualitatively the results and will not be consid-
ered here. To calculate the exchange coupling K2 we consider
two Gd atoms coupled via a single transition metal atom
and calculate the energy of the parallel (EP ) and antiparallel

0
1
2
3
4
5

D
O

S
[1

/e
V

] GdCoIn5

0
1
2
3
4
5

D
O

S
[1

/e
V

] GdRhIn5

0
1
2
3
4
5

-4 -2 0 2 4

D
O

S
[1

/e
V

]

E [eV ]

GdIrIn5

Gd 5d (×4)
Co 3d

Gd 5d (×4)
Rh 4d

Gd 5d (×4)
Ir 5d

FIG. 3. Partial densities of states of the Gd3+ 5d and the transition
metal d orbital for the three GdMIn5 (M = Co, Rh, Ir) compounds.
A small hybridization between the transition metal M and the Gd
electrons can be deduced from the presence of Gd d states at energies
where the M d electrons have a sizable DOS. The arrows indicate a
rough estimation of the total bandwidth of the bands with mostly M

d character. The Gd3+ 5d partial DOS has been multiplied by 4.

(EAP) configurations for the Gd3+ 4f magnetic moments. The
coupling is estimated as K2 ∼ (EAP − EP )/2J 2. The model
Hamiltonian is

H2 =
∑
i=1,2

∑
σ

Ediσ
d

†
iσ diσ + Ec

∑
σ

c†
σ cσ

+ t
∑
i=1,2

∑
σ

(d†
iσ cσ + H.c.), (3)

where d
†
iσ (c†

σ ) creates an electron with spin projection σ = ±
along the z axis on the ith Gd3+ 5d (M d) effective orbital. The
exchange coupling between the 4f and 5d Gd3+ electrons is
taken as a static field on the Gd3+ 5d effective orbital making
its energy spin dependent: Edσ = Ed ± σ�, where the + (−)
sign corresponds to the Gd3+ 4f magnetic moment being
parallel (antiparallel) to the z axis and � = J Jf d . The model
can be readily diagonalized and to lowest order in t and �,

K2 ∼ 2�2t4

J 2(Ec − Ed )5
, (4)

where we have assumed that t is a small parameter. The
parameters Ed and Ec can be roughly estimated from the
central weights of the bands with the highest Gd3+ 5d and M

d character, respectively. To obtain the ratio of hybridization
parameters t for two given compounds, we assumed it to
be proportional to the ratio of the total bandwidths of the
M d bands in the corresponding compounds (see Fig. 3
for the estimation of the width of the M d bands). The
main assumption here is that the intraplane and interplane
hybridizations change in the same proportion when the
transition metal is changed. The estimation of the parameters
from experimental data requires the measurement of the M d

and Gd d partial DOS that could be obtained from resonant
photoemission spectroscopy experiments [32].

The parameter Ed ∼ 3 eV is nearly the same for the
three compounds, while the level energy of the Co 3d

orbital (ECo
c ∼ −1.1 eV) is higher than the corresponding to

Rh 4d (ERh
c ∼ −2.5 eV) and Ir 5d (EIr

c ∼ −2.6 eV). The
hybridization t is estimated (see Fig. 3) to be a ∼40% smaller
in GdCoIn5 than in the Rh and Ir compounds. The model
reproduces approximately the value of the ratios between the
couplings K2 of the three compounds. The reduced value of
the K2 exchange couplings in the Co-based compound is
associated with a reduced hybridization t compared to the
Rh and Ir compounds, which is partially compensated for the
larger value of Ec in GdCoIn5. The coupling K2 is expected
to have similar values for GdRhIn5 and GdIrIn5 as the two
materials have similar effective parameters and hybridization
t . Similar results are obtained estimating the parameters from
a Wannier orbital analysis projecting the Hamiltonian on the
partially occupied Gd3+ 5d and M d bands [19].

D. Finite temperatures

In this section we analyze the validity of the model
Hamiltonian given by Eq. (1) and the calculated exchange
coupling parameters (see Table IV) to describe the magnetic
degrees of freedom in the GdMIn5 compounds. We solve
the magnetic Hamiltonian using different approximations
to obtain the magnetic susceptibility and the magnetic

014409-4
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FIG. 4. (Color online) Mean-field solution of the magnetic
Hamiltonian of Eq. (1) using the calculated parameters for GdCoIn5

from Table IV. (a) Specific heat Cm/T as a function of the temperature
calculated using the coupling parameters for GdCoIn5 (solid line) and
for a two-level system with level splitting 2kBTN/3 (dotted line). (b)
Crystal averaged magnetic susceptibility (left axis) and staggered
magnetization (right axis).

contribution to the specific heat and compare with the
experimental data in the literature. We solved the magnetic
Hamiltonian given by Eq. (1) in the mean-field (MF) ap-
proximation considering eight independent Gd3+ magnetic
moments. The model presents a paramagnetic to C-type
antiferromagnet transition as the temperature is lowered below
T MF

N = J (J+1)
3 (4K1 + 2K2 − 8K4). Figure 4(a) presents the

magnetic contribution to the specific heat which shows a
discontinuity at the transition temperature and vanishes above
TN . The obtained behavior of Cm for temperatures above TN

is a well-known artifact of the MF solution. The shoulder in
Cm/T below the transition temperature is due to an increase
in the staggered magnetization and the associated internal
field as the temperature is lowered. The coupling to the
internal field splits the different projections of each magnetic
moment along the internal field axis and the higher energy
projections are exponentially suppressed as the temperature is
lowered. The peak in Cm/T at T ∼ 0.3TN can be associated
with a Schotkky-like anomaly as kBT becomes of the order
of the energy splitting �(T ) between the two lowest-lying
states. This is illustrated by the specific heat contribution
for a two-level system with temperature-independent energy
splitting �(T = 0) = 2

3kBTN shown in Fig. 4(a) [33]. The
second-order transition at TN is accompanied by the onset of
the staggered magnetization Ms [see Fig. 4(b)] associated with

an internal field μBHint = 3kBT MF
N

J (J+1) 〈J 〉. As T → 0 the staggered
magnetization saturates and the specific heat is exponentially
reduced at the MF level.

The magnetic susceptibility is presented in Fig. 4(b). At
temperatures T > TN , χ has a Curie-Weiss behavior and de-
creases with decreasing temperature: χ = (gJμB)2J (J + 1)/
3(T + θ ), where θ = J (J+1)

3 (4K0 + 4K1 + 2K2 + 8K3 +
8K4). The values of θ for the GdMIn5 compounds using
the calculated exchange couplings are presented in Table IV.
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FIG. 5. (Color online) Crystal averaged magnetic susceptibility
χ = M/B, B = 0.1T . Mean-field and experimental [13] results for
GdRhIn5. (Inset) Inverse magnetic susceptibility as a function of the
temperature showing a Curie-Weiss behavior for T > TN . The MF
results provide an accurate description at high temperatures.

They present a good agreement with the experimental results.
Figure 5 presents a comparison between the MF and the exper-
imental results for the magnetic susceptibility of GdRhIn5 as a
function of the temperature. There is an excellent agreement at
temperatures above the Néel temperature where the material
presents a Curie-Weiss behavior (see inset to Fig. 5). The
Néel temperature is overestimated, which, as we see below,
is a consequence of ignoring quantum fluctuations and the
source of the low-temperature disagreement between the MF
magnetic susceptibility and the experimental data.

Although the MF solution is consistent with the ex-
perimental results, it does not show some features in the
specific heat like the power-law behavior of C/T at small
T (related with spin waves) nor the λ divergence at the
transition and overestimates the transition temperature. To
improve the description of the physical properties including
quantum fluctuations, we resort to a simplified magnetic
model. We consider J = 7/2 magnetic moments on a cubic
lattice interacting through a first-neighbor antiferromagnetic

exchange coupling Keff = 3kBT MF
N

J (J+1) /z, where z = 6 is the num-
ber of neighbors. At the MF level the simplified model
reproduces the transition temperature and the specific heat
of the full model in the complete temperature range. It does
not reproduce, however, the Curie-Weiss temperature, which,
within the MF approximation, is now equal to −TN . The
effective model can be solved numerically using quantum
Monte Carlo simulations in a finite size cluster. We considered
sizes ranging from L = 6 up to L = 30 in a cubic lattice
of L × L × L sites and used a finite size scaling analysis
to extrapolate to L → ∞. Thermalization and measurements
were performed with a temperature-dependent number of
sweep steps, ranging between 105 and 106 steps. The quantum
Monte Carlo simulations were performed using the ALPS [34]
library, in particular, the “loop” algorithm, which allows the
inclusion of external magnetic fields.

The results for the magnetic contribution to the specific
heat are presented in Fig. 6 together with the experimental
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FIG. 6. (Color online) Magnetic contribution to the specific heat
in GdCoIn5 and GdRhIn5. Experiment: GdCoIn5 (open circles)
and GdRhIn5 (open triangles). Theory: quantum Monte Carlo (red
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subtracting the calculated electron and phonon contributions to the
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data: T → ζT , Cm/T → ζ−1Cm/T , where ζ = Néel temperature
of GdCoIn5/Néel temperature of GdRhIn5. The blue dashed line is
the result of a spin-wave calculation valid at low temperatures. (Inset)
Finite size scaling of the quantum Monte Carlo results for the specific
heat. The lines are linear fits from which the L → ∞ limit of the
specific heat values were extracted.

data [8]. The experimental Cm for GdCoIn5 was obtained
subtracting the theoretically obtained electronic and phonon
contributions [35]. The phonon contribution was corrected to
account for anharmonic effects (see Refs. [8] and [36]). We
used a slightly reduced coupling 0.93Keff in order to match
the experimental transition temperature of GdCoIn5. For a
given coupling strength, the MF solution overestimates the
transition temperature by ∼50% [37]. The experimental data
for GdRhIn5 was extracted from Ref. [14], where the magnetic
contribution to the specific heat was obtained subtracting the
specific heat of the nonmagnetic YRhIn5. The QMC results
based on the DFT calculated magnetic interaction parameters
predict a transition temperature within a 10% of the experi-
mental observation for the three GdMIn5 compounds [37]. An
excellent experiment-theory agreement is obtained in the full
temperature range of Cm/T , including the high-temperature
tail, the λ transition, the plateau, and the Schotkky-like
anomaly. For temperatures close to TN the finite size effects are
maximal and are corrected using a finite size scaling (see inset
to Fig. 6). At low temperatures (T � 10 K) the error in the
numerical calculations increases. To complete the description,
we perform a spin-wave analysis. The antiferromagnetic spin

waves in a cubic lattice have a dispersion relation

ω(q) = 2KeffJ

√
9 − (cos qx + cos qy + cos qz)2, (5)

and the specific heat is

Csw(T ) = R
∂

∂T

∫ ∞

0
ω(q)nb[ω(q)]d3q, (6)

where nb(ω) is the Bose-Einstein distribution and R is the uni-
versal gas constant. In the T → 0 limit we have the expected
temperature behavior Csw(T → 0) = R 32π5

15(2z)3/2 ( T
JKeff

)3. The
resulting Csw allows us to extend the QMC results to low
temperatures and is presented with a blue dashed line in Fig. 6.

III. SUMMARY AND CONCLUSIONS

We analyzed the role of the transition metal in the
RMIn5 family of compounds. We focused our analysis on
the GdMIn5 (M = Co, Rh, Ir), which order magnetically at
low temperatures. Based on DFT calculations we obtained the
parameters of a magnetic Hamiltonian that we solved in the MF
approximation and numerically through quantum Monte Carlo
calculations. We obtained an excellent agreement with the
experimental transition and the Curie-Weiss temperatures, as
well as with the specific heat in the full temperature range. Our
results show that the source of the diminished Néel temperature
observed in the Co-based 115 compounds, compared to the Rh-
or Ir-based compounds is associated with a reduced exchange
coupling between the magnetic moments of the Gd3+ ions
located on different GdIn3 planes. This reduced interplane
RKKY coupling is associated with a reduced hybridization
between the Gd 5d and the Co 3d electrons. We believe that
the reduced coupling between planes may be the source of
reduced TN on other compounds of the series. Our results
indicate that the magnetism in the Co-based materials has
a more two-dimensional character than in their Rh and Ir
counterparts. This behavior may also help understand the
larger superconducting transition temperatures observed in the
Co-based Ce-115 and Pu-115 compounds, compared with the
Rh- or Ir-based counterparts.

Future work includes extending our theoretical and experi-
mental analysis to the Tb-115 compounds that present sizable
crystal-field effects.
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novos compostos intermetálicos (Biblioteca Digital da Unicamp,
2006).

[19] V. I. Anisimov, D. E. Kondakov, A. V. Kozhevnikov, I. A.
Nekrasov, Z. V. Pchelkina, J. W. Allen, S.-K. Mo, H.-D. Kim,
P. Metcalf, S. Suga, A. Sekiyama, G. Keller, I. Leonov, X. Ren,
and D. Vollhardt, Phys. Rev. B 71, 125119 (2005).

[20] P. Blaha, K. Schwarz, G. K. H. Madsen, D. Kvasnicka, and
J. Luitz, WIEN2K, An Augmented Plane Wave + Local Orbitals
Program for Calculating Crystal Properties (Karlheinz Schwarz,
Technische Universität Wien, Austria, 2001).

[21] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77,
3865 (1996).

[22] P. Piekarz, K. Parlinski, P. T. Jochym, A. M. Oleś, J.-P. Sanchez,
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a b s t r a c t

A comprehensive experimental and theoretical study of the low temperature properties of GdCoIn5 was
performed. Specific heat, thermal expansion, magnetization and electrical resistivity were measured in
good quality single crystals down to 4He temperatures. All the experiments show a second-order-like
phase transition at 30 K probably associated with the onset of antiferromagnetic order. The magnetic
susceptibility shows a pronounced anisotropy below TN with an easy magnetic axis perpendicular to the
crystallographic ĉ-axis. Total energy GGAþU calculations indicate a ground state with magnetic
moments localized at the Gd ions and allowed a determination of the Gd-Gd magnetic interactions.
Band structure calculations of the electron and phonon contributions to the specific heat together with
Quantum Monte Carlo calculations of the magnetic contributions show a very good agreement with the
experimental data. Comparison between experiment and calculations suggests a significant anharmonic
contribution to the specific heat at high temperature (T≳100 K).

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

GdCoIn5 belongs to the family of rare earth (R) compounds
RMIn5 (M¼Co, Rh, Ir). A vast set of low-temperature phenomen-
ologies is observed in this family mostly associated with the
4f electrons of R [1,2]. This is particularly relevant for M¼Co.
CeCoIn5, for instance, is an ambient pressure unconventional
superconductor (Tc¼2.3 K) emerging from a heavy fermion state
[3]. Strong magnetic fluctuations, however, give raise to unique
superconducting properties: a first-order-like transition at the
upper critical field Hc2 [4–6], an exotic spin-polarized supercon-
ducting phase at low temperature and high magnetic field [7,8],
and multiple vortex lattice phases with different non-hexagonal
symmetries [9].

When substituting Ce by other elements along the rare earth
series, the 4f electrons rapidly lose their itinerant character and
become localized originating robust magnetic ground states when
R¼Nd, Sm, Tb, Dy, Ho, Er and Tm [10–14]. PrCoIn5 [13] and
YbCoIn5 [14], on the other hand, remain paramagnetic in the whole
temperature range while no information about EuCoIn5 is available.

The intrinsic anisotropy associated with the tetragonal crystal
structure deeply influentiates the magnetic interactions. Indeed, the
R-ion magnetic moment tends to have an Ising-like character. The
dominant exchange couplings are antiferromagnetic. However, the

actual antiferromagnetic wavevector and the ordered moment
direction vary along the R-series and both are sensitive to the
crystal electric field (CEF).

In this work we present a detailed experimental and theoretical
study of the low temperature properties of another member of the
family, GdCoIn5. Gd3þ ion has zero orbital angular momentum so
the CEF effects are expected to be negligible. In this sense, this
compound allows us to study the magnetic properties of a strong
magnetic moment system without the influence of surrounding
ions. Different experiments show a second order transition at
TN¼30 K associated with an antiferromagnetic order. This mag-
netic order is very robust against an applied magnetic field as high
as 16 Tesla. Below TN, the magnetic susceptibility is anisotropic
with a magnetic easy axis perpendicular to the crystallographic ĉ-
axis. Electronic and phonon band ab-initio calculations as well as
an effective model calculation for the magnetic interactions
reproduce quite well the observed low temperature specific heat.
Comparison between experimental and calculated specific heat
suggests that a significant anharmonic contribution exists at high
temperature (T≳100 K).

2. Experimental details

GdCoIn5 single crystals were grown by the self flux technique
using sample growth facilities at the Centro Atómico Bariloche. An
initial mixture �6 g of high purity elements in the proportion
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Gd:Co:In¼1:1:15-20 is placed in an alumina crucible and then
vacuum sealed in a quartz tube. Mixture homogeneity is achieved
by initially warming the capsule up to 1200 1C for 4 hours. It is
then quenched to 750 1C and slowly cooled down to 450 1C over 10
days. At this temperature a centrifugue is used to remove the yet
liquid excess-indium.

Platelet shaped single crystals of typical size 1�1�0.2–
0.4 mm3 were obtained (see inset to Fig. 1). Crystal structure and
composition were examined by x-ray diffraction (XRD) and
energy-dispersive x-ray spectroscopy (EDS) scans confirming the
1-1-5 stoichiometry. Fig. 1 shows typical XRD patterns corre-
sponding to the (h00) and (00l) planes. The obtained lattice
parameters are a¼4.568(3) Å and c¼7.468(2) Å. The rocking-
curve FWHM for the (003) peak is as low as 0.111.

Magnetization experiments were performed in a Quantum
Design MPMS. A high resolution (ΔLr1 Å) capacitive dilatometer
was used in the thermal-expansion experiments. Specific heat was
measured with both a bath modulation technique [15,16] and a
standard relaxation technique using a PPMS while a standard four-
probe setup was used in the electrical transport measurements.

3. Results

Fig. 2 shows the temperature dependence of the magnetic static
susceptibility (χ¼M/B) along the [100] and [001] directions in an
applied magnetic field B¼1 T. A clear peak is observed along
both axes at TN � 30 K. Remarkably, this ordering temperature is
significantly lower than the TN's reported in the relatives GdRhIn5

and GdIrIn5, 40 K and 42 K, respectively [17]. The high-T suscept-
ibility is mostly isotropic because the Gd3þ ground state multiplet
(J¼7/2) remains almost unaffected by the crystal electric field since
its orbital angular momemtum is zero. However, χ shows a clear
anisotropy below TN indicating that the magnetic moments order
parallel to the basal plane. This result is consistent with the magnetic
structure determined in the relative compound GdRhIn5 [18].

The isotropic average high-T susceptibility χðT4150 KÞ can be
fitted with the expression χ ¼ χCW þβ, where χCW ¼ C=ðT�θÞ is a
Curie-Weiss-like susceptibility and β¼ ð0:02070:001Þ T�1 � μB=Gd.
An effective moment μeff ¼ ð7:970:2ÞμB=Gd and θ¼ ð�4676Þ K
are obtained. The value of β is much higher than any expected
contribution from conduction electrons. It may be associated instead
with an observed ferromagnetic background that is compatible with
a 0.01 molar concentration of cobalt impurities.

Fig. 3 displays the temperature dependence of the specific heat
at constant pressure, Cp, obtained with a PPMS. A clear second
order transition is observed around 30 K (see inset (a) for Cp close
to the transition, measured with both the PPMS and a higher
resolution bath modulation ac-technique) followed by a kink
around 10 K, which is the typical behavior of a magnetic order
arising from a high multiplet moment like Gd. There are two other
small features at 28.5 K and 32 K whose origins are unknown at
this point.

The temperature dependence of the ab-plane electrical resis-
tivity ρ can be seen in Fig. 4. It has a linear dependence down to
50 K, below which there is a slight upturn down to TN¼30 K, most
probably associated with magnetic fluctuations. At the transition
temperature the resistivity has an abrupt decrease giving an
extrapolated residual resistivity ρð0Þ � 2:2μΩ � cm and a the resi-
dual resistivity ratio RRR¼ ρð300 KÞ=ρð0Þ � 25. Below 12 K, ρpT2

as it is shown in the inset (a) to Fig. 4. The magnetic transition is
very robust against an external applied magnetic field. Inset (b) to
Fig. 4 shows that TN is reduced by less than 2 K in a field of 16 Tesla
perpendicular to the ĉ-axis.

4. Discussion

An appropiate description of the low-temperature physical
properties of GdCoIn5 must consider at least three energy contribu-
tions: (i) the electronic configuration with a characteristic enery
scale of several eV (the spread of the density of states); (ii) the lattice
vibrations with an energy scale of some hundredths of eV; and (iii)

Fig. 1. (Color online) X-ray diffraction patterns for two sets of planes: (h00) and
(00l). Insets: sample image taken with a SEM (left); rocking-curve for the (003)
peak (right).

Fig. 2. (Color online) Temperature dependence of the experimental magnetic
susceptibility along the [100] and [001] directions in an applied magnetic field B¼1 T.

Fig. 3. (Color online) Temperature dependence of the experimental constant
pressure specific heat, Cp (■) and the calculated phonon (green line), magnetic
(blue line) and total (red line) specific heat including a correction for anharmonic
effects. See text for details. Insets: (a) Cp around the magnetic transition measured
with two techniques (ac and relaxation); (b) Cp and volume thermal-expansion αv
versus temperature.
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the magnetic interactions with an energy scale of about 3 meV
(equivalent to the magnetic ordering temperature). DFT calculations
were performed within the generalized gradient approximation [19]
with finite Coulomb repulsion U for the Gd atoms (GGAþU) [20].
The method used is the full potential APWþ local orbitals imple-
mented in the Wien2k package [21] with the fully localized limit for
the double counting correction. In relation to the Coulomb and
exchange parameters, Ueff ¼U� J ¼ 6 eV was used as in bulk Gd
[22,23].

Magnetic properties of many 115 compounds are understood as
resulting from the competition between three antiferromagnetic
interactions: (i) in-plane nearest-neighbor (K0), (ii) in-plane next-
nearest-neighbor (K1), and (iii) out-of-plane nearest-neighbor (K2)
couplings [24]. All these are believed to be of the same order of
magnitude causing a nearly frustrated magnetic system. The
results from GGAþU confirm this scenario were a three-
couplings (K0, K1, K2) model [24] captures the main physics as
the longer range couplings are an order of magnitude smaller.
Moreover, the obtained couplings are distance-modulated strongly
suggesting an RKKY origin.

The resulting magnetic model can be solved in the mean field
approximation giving a second order phase transition to a C-type
antiferromagnet at temperatures below TMF

N � 44 K. At the mean
field level the only relevant parameter is an effective antiferro-
magnetic Gd-Gd exchange coupling KMF � 1:4 K, which deter-
mines the ground state energy and the transition temperature.
In order to include quantum fluctuations in the calculations, a
simplified model was considered consisting in an isotropic cubic
lattice with nearest-neighbour Heisenberg exchange coupling
Keff ¼ KMF

Hm ¼ Keff ∑
〈i;j〉

J
!

i � J
!

j ð1Þ

The simplifications to the original model allowed us to obtain
numerical solutions through Quantum Monte Carlo (QMC) calcu-
lations. The QMC simulations were performed using the ALPS [25]
library on a finite size lattice L3ðL¼ 12–30Þ and the results were
extrapolated to L-1. The obtained QMC transition temperature
TQMC
N � 32:3 K is, as expected, lower than the mean field value. In

order to calculate the magnetic contribution to the thermody-
namic quantities and compare it with the experimental data, a
value of Keff ¼ 1:31 K was used since it reproduces the experi-
mental transition temperature.

From QMC, the magnetic contribution to the specific heat was
calculated. This contribution is shown in Fig. 3 (solid blue curve).
An analytical contribution from antiferromagnetic magnons was

added at low temperature (To6 K). The phonon spectrum was
calculated using the Parlinksi-Li-Kawasoe method as implemented
in the Phonopy code [26,27]. The phonon density-of-states
allowed us to determine the phonon contribution to the constant
volume specific heat Cvh (green solid curve in Fig. 3). This phonon
contribution basically tracks the high temperature experimental
features but it is shifted from the experimental curve by a
temperature independent C/T value. This value (55 mJ/mol �K2) is
much higher than any expected contribution from conduction
electrons (γ¼6.2 mJ/mol �K2) as long as there is no evidence heavy
fermion behavior.

Actually, that difference is indicative of a non-negligible anhar-
monic correction arising from the softening of the phonon frequen-
cies. The main consequence of anharmonicity is that Cp no longer
coincides with Cv. In fact, Cp(300 K)¼186 J/mol �K) noticeably
exceeds the Dulong-Petit value of 174.5 J/mol �K. On the assumption
that at high temperatures the phonon frequencies ωk explicitely
depend on temperature as ωkðTÞ ¼ωk0ð1�ηTÞ, the anharmonic
effects can be taken into account by a simple phenomenological
correction Cp ¼ Ch

vð1þηTÞ [28]. This correction is similar at high
temperatures to the familiar expression Cp�Cv ¼ BTVmα2

vT , where
BT, Vm and αv are the isothermal bulk modulus, the molar volume
and the volume thermal-expansion coefficient, respectively. But in
this last expression the constant volume specific heat Cv is com-
puted at the corresponding VðT ; PÞ including anharmonic terms
while Chv is obtained only from harmonic terms [20,28].

The resulting calculated total specific heat, including anharmo-
nic effects and the magnetic contribution, is shown in Fig. 3 (solid
red curve). An excellent agreement with the experimental result is
obtained when taking η¼ 2:5� 10�4 K�1. A similar value has been
reported recently in a related compound [29]. The large magnetic
entropy at low temperature makes it difficult to extract a Debye
temperature θD from the experimental Cp. Nonetheless, given the
excellent agreement with the ab-initio results, we can use the
calculated phonon contribution to obtain θD ¼ 124:5 K. This value is
in very good agreement with reported Debye temperatures in
relative compounds of the same family [30,31].

The magnitude of the anharmonic effect is further confirmed
by thermal expansion measurements. Inset (b) to Fig. 3 shows
the temperature dependence of αv, which basically tracks Cp
outside the magnetic transition. The GGA þU-calculated value
for BT ¼ 66:2 GPa [20] (reported experimental value for the
relative CeCoIn5 is 72.8 GPa) [32] gives a Grüneisen parameter
Γ ¼ VmαvBT

Cv
ffi2 at high-T coinciding to what is expected for lattice

vibrations [33].

5. Conclusions

A comprehensive study of the low temperature properties of
GdCoIn5 was performed. Good quality single crystals show an
antiferromagnetic transition at TN ¼ 30 K. This magnetic state is
very robust against an external magnetic field. Ab-initio and
Quantum Monte Carlo calculations give a very good account of
the experimental specific heat showing that anharmonic effects
are important above 100 K. The high-temperature magnetic sus-
ceptibility χ follows a Curie-Weiss law with μeff ¼ ð7:970:2ÞμB=Gd
and θ¼ ð�4676Þ K. Below TN, χ shows a pronounced anisotropy
with an easy magnetic axis along the basal plane. It is noteworthy
to stress this observation. It suggests that, even though Gd3þ ions
have zero angular momentum, a tiny but non-negligible crystal
electric field (CEF) effect may be present, and/or that a relevant
magnetoelastic coupling could exist below TN. Ongoing magnetos-
triction experiments together with a more sophisticated magnetic
model including CEF effects and magnetostructural coupling could
help to address this issue.

Fig. 4. (Color online) Temperature dependence of the in-plane electrical resistivity
ρ. Inset (a): ρ vs T2. Inset (b): ρ (T) at different applied magnetic fields.
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Motivated by the interesting magnetic anisotropy found in the heavy fermion family CeTX2

(T¼ transition metal and X¼ pnictogen), here, we study the novel parent compound CeAu1ÀxBi2Ày

by combining magnetization, pressure dependent electrical resistivity, and heat-capacity

measurements. The magnetic properties of our nearly stoichiometric single crystal sample of

CeAu1ÀxBi2Ày (x¼ 0.92 and y¼ 1.6) revealed an antiferromagnetic ordering at TN¼ 12K with an

easy axis along the c-direction. The field dependent magnetization data at low temperatures reveal

the existence of a spin-flop transition when the field is applied along the c-axis (Hc$ 7.5 T and

T¼ 5K). The heat capacity and pressure dependent resistivity data suggest that CeAu0.92Bi1.6
exhibits a weak heavy fermion behavior with strongly localized Ce3þ 4f electrons. Furthermore,

the systematic analysis using a mean field model including anisotropic nearest-neighbors interac-

tions and the tetragonal crystalline electric field (CEF) Hamiltonian allows us to extract a CEF

scheme and two different values for the anisotropic JRKKY exchange parameters between the Ce3þ

ions in this compound. Thus, we discuss a scenario, considering both the anisotropic magnetic

interactions and the tetragonal CEF effects, in the CeAu1ÀxBi2Ày compounds, and we compare our

results with the isostructural compound CeCuBi2.VC 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4906279]

I. INTRODUCTION

The presence of Ruderman-Kittel-Kasuya-Yosida

(RKKY) magnetic interactions, crystalline electrical field

(CEF) effects and the hybridization between the f-electrons
and the conduction electrons (the Kondo effect) is often

responsible for the interesting variety of physical properties

that can be found in Ce-based strongly correlated electron

systems.1–3 For instance, CeCoIn5 displays quantum critical

behavior,4,5 CeAgBi2 presents complex magnetic ordering,6

and unconventional superconductivity can be found in

CeCu2Si2 at ambient pressure and in CeRhIn5 under applied

pressure.7,8 However, the understanding of the role of each

one of these interactions and how the competition between

them can determine the properties of a heavy fermion (HF)

material is still one of the most challenging scientific

problems. As such, the study of structurally related series of

compounds represents a great opportunity to explore the evo-

lution of the properties along its members.

In this context, here, we revisit the CeTX2 family

(T¼ transition metal and X¼ pnictogen) by studying and

modeling the macroscopic properties of a novel member

with T¼Au and X¼Bi. Despite the recent attention given to

the CeTBi2 family (T¼Ni, Cu, Ag, and Pd) of antiferromag-

netic (AFM) compounds, a detailed analysis of the evolution

of the relevant interactions in the series is missing.6,9–12 In

particular, we have recently reported the physical properties

and magnetic structure of the CeCuBi2 compound,13 which

present an AFM ordering at TN¼ 16K. X-ray magnetic

diffraction data below transition temperature (TN) revealed a

commensurate AFM structure with a propagation vector

ð0 0 1
2
Þ with the magnetic moments aligned along the c-axis,

in agreement with the large magnetic anisotropy found in the

susceptibility data. Furthermore, a mean field theory with

the contribution of anisotropic first-neighbor interactions

and tetragonal CEF (Ref. 14) was applied and allowed us to

extract the CEF scheme for CeCuBi2. In this regard, the

T¼Au member is a suitable choice to explore the evolution

of the interactions since it is an isovalent substitution to the

already known T¼Cu, Ag members.

CeAuBi2 crystallizes in the tetragonal ZrCuSi2-type

structure (P4/nmm space group) with a stacking arrangement

of CeBi-Au-CeBi-Bi layers. In this work, we present the

physical properties of CeAu0.92Bi1.6 studied by means of

magnetic susceptibility, heat capacity, and electrical resistiv-

ity measurements. The same mean field theory discussed

above, was applied to fit the magnetization data of this com-

pound and the results show the evolution of the CEF scheme

from CeCuBi2 to CeAu0.92Bi1.6.

II. EXPERIMENTAL DETAILS

Single crystals of CeAu0.92Bi1.6 were grown from Bi-

flux with starting composition Ce:Au:Bi¼ 1:1:20. The sealed

tube was heated up to 1050 �C for 4 h and then cooled down

a)Author to whom correspondence should be addressed. Electronic mail:

cadriano@ifi.unicamp.br.
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at 5 �C/h. The excess of Bi flux was removed at 350 �C by

centrifugation and platelets-like crystals were mechanically

removed from the crucible.15 The crystallographic structure

was verified by X-ray powder diffraction and the extracted

lattice parameters (a¼ 4.647(5) Å and c¼ 9.901(5) Å) are

larger than the ones obtained for CeCuBi2 (a¼ 4.555(4) Å

and c¼ 9.777(8) Å), as expected from the lattice expansion

due to the larger transition metal ion. In addition, the sample

was submitted to elemental analysis using a commercial

Energy Dispersive Spectroscopy (EDS) microprobe and a

commercial Wavelength Dispersive Spectroscopy (WDS),

which revealed the stoichiometry to be 1:0.92:1.6 with an

error of 5%. Although only cleaved samples were used in

our measurements, we attribute the Bi deficiency partially to

the high air-sensitivity of the samples, which likely induces

the formation of thin layers of Bi oxide on the surface.

Magnetization measurements were performed using a

commercial superconducting quantum interference device

(SQUID). The specific heat was measured using a commer-

cial small mass calorimeter that employs a quasi-adiabatic

thermal relaxation technique. The in-plane electrical resistiv-

ity measurements under applied pressure were carried out in

a clamp-type Cu-Be cell using Fluorinert as a pressure trans-

mitting medium and a low-frequency ac resistance bridge.

III. RESULTS AND DISCUSSIONS

Figures 1(a) and 1(b) show the magnetic susceptibility

vðTÞ as a function of temperature for a magnetic field of

1 kOe applied parallel vk (panel 1(a)) and perpendicular v?
(panel 1(b)) to the crystallographic c-axis. These data show

an AFM order at TN ’ 12K with an easy axis along the c-
direction. The low temperature magnetic anisotropy can be

revealed by calculating the ratio vk=v? % 17 at TN that is

mainly determined by the tetragonal CEF splitting. Same

analysis has been made for CeCuBi2 where it was found that

vk=v? % 4:5 at TN. The inverse of the polycrystalline

1=vpolyðTÞ is presented in the inset of Fig. 1(a). A Curie-

Weiss fit for T> 150K (dashed line) yields an effective mag-

netic moment leff¼ 2.55(2) lB (in agreement with the theo-

retical value of leff¼ 2.54 lB for Ce3þ) and a paramagnetic

Curie-Weiss temperature hp¼À 21K.

Figure 1(c) displays the field dependent magnetization

M(H) taken at 5K. A spin-flop transition from an antiferro-

magnetic to a ferromagnetic (FM) phase occurs at

H % 75 kOe when the magnetic field is applied parallel to

the c-axis (open circles). On the other hand, a linear behavior

is observed for H? c-axis (open triangles) for fields up to

H¼ 120 kOe, which also highlights the large magnetic ani-

sotropy of CeAu0.92Bi1.6. It is noteworthy that the sample

presents a broad spin-flop transition (%10 kOe) suggesting

that the stoichiometric defects introduce substantial disorder

in the system. The solid lines through the data points in

Figs. 1(a)–1(c) represent the best fits using a CEF mean field

model discussed in detail below.

Figure 2(a) presents the total specific heat divided by

temperature CðTÞ=T as a function of temperature for

CeAu0.92Bi1.6. The peak of CðTÞ=T defines TN¼ 12K con-

sistently with the AFM transition temperature observed in

the magnetization measurements. We have chosen not to

perform detailed analyses of the heat capacity data because

FIG. 1. Temperature dependence of the magnetic susceptibility measured

with H¼ 1 kOe applied (a) parallel vk and (b) perpendicular v? to the

c-axis. (c) Magnetization as a function of the applied magnetic field parallel

(open circles) and perpendicular (open triangles) to the c-axis at T¼ 5K.

The inset on (a) shows the inverse of the polycrystalline average 1=vpolyðTÞ.
The green-dashed line represents a Currie-Weiss fit for T> 150K. The red-

solid lines through the experimental points in Figs. 1(a)–1(c) are best fits of

the data using the CEF mean field model discussed in the text.

FIG. 2. (a) Total specific heat divided by the temperature of CeAu0.92Bi1.6
as a function of the temperature. (b) Temperature dependence of the electri-

cal resistivity for different values of applied hydrostatic pressure up to 18

kbar. The inset presents the variation of TN as a function of the pressure.
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we were not able to synthesize a non-magnetic reference

compound to properly subtract the lattice contribution of the

total specific heat measurements. Since the La-sample does

not grow and the Ce-sample is stoichiometric deficient, it is

evident that the initial stoichiometry and thermal treatment

used here to grow CeAuBi2 and LaAuBi2 are not the optimal

growth route for these compounds. As such, more attempts

are necessary in order to improve the synthesis route for

these compounds.

As applied pressure is well known to favor the Kondo

effect with respect to the RKKY interaction in Ce-based HF,

we now turn our attention to pressure dependent electrical

resistivity measurements in order to further investigate the

presence of Kondo lattice behavior in CeAu0.92Bi1.6.
1–3 The

in-plane electrical resistivity data qðT;PÞ of CeAu0.92Bi1.6
are summarized in Fig. 2(b). The electrical resistivity at am-

bient pressure qðT;P ¼ 0Þ shows a broad hump at about

100K followed by a sharp drop, as typically found for

Ce-based HF.1 At lower temperatures, a kink is observed at

TN¼ 12K due to the magnetic ordering. The evolution of the

resistivity data as a function of pressure is also presented and

two main features can be observed. First, the curvature at

100K tends to shift to higher temperatures with increasing

pressure. Second, the evolution of the N�eel temperature

(inset of Fig. 2(b)) shows an initial increase up to P¼ 10

kbar with a subsequent decrease up to 18 kbar. As the sample

presumably presents a high degree of disorder due to the

presence of the stoichiometric defects, it is not unreasonable

to suppose that the application of pressure can reduce the

strain distribution associated with the disorder and, as a

consequence, TN initially increases. Afterward, TN start

decreasing for higher values of applied pressure, suggesting

that the main effect is the increase of the Kondo effect.

Alternatively, pressure may also initially favor the RKKY

interaction and, in turn, increase TN.
1 Nevertheless, the slope

dTN/dP is relatively small and the slightly increase of the

maximum of the resistivity as a function of pressure suggests

that the Ce3þ f-electrons remain rather localized in the stud-

ied pressure range, thus indicating that CeAu0.92Bi1.6 dis-

plays a weak heavy fermion behavior.

In order to understand the evolution of the magnetic

properties in the CeTBi2 family (T¼Cu and Au), we have

analyzed the data presented in Fig. 1 using a mean field

model including the anisotropic interaction from nearest-

neighbors as well as the tetragonal CEF hamiltonian14 for

CeAu0.92Bi1.6. This model was used to simultaneously fit

vðTÞ and M(H) data, with T> 20K as a constrain. The best

fits yield the CEF parameters as well as two RKKY

exchange parameters, as displayed in Table I. The extracted

parameters resulted in a CEF scheme with a Cð1Þ
7 ground state

doublet ð0:99j65=2i À 0:11j73=2iÞ, a first excited state

Cð2Þ
7 ð0:11j65=2i þ 0:99j73=2iÞ at 189K and a second

excited doublet C6 ðj61=2iÞ at 283K. It is interesting to

notice that the fits converged only when two distinct JRKKY
exchange parameters were considered, similarly to the

CeCuBi2 compound. Despite the fact that both compounds

(CeCuBi2 and CeAu0.92Bi1.6) present an AFM ground state

at zero field, the presence of FM fluctuations are evidenced

by the presence of a spin-flop transition in the M(H) data. In

addition, it is important to emphasize that although the

obtained CEF scheme can fit the main features of the data

shown in Figure 1 (the magnetic anisotropy, and the spin-

flop transition) to extract the CEF parameters from fits of the

macroscopic measurements data may not be unique and/or

extremely precise. To directly determine the CEF scheme

and its parameters one of the best techniques to employ is

inelastic neutron scattering, while X-Ray absorption data can

be used to extract the mixed parameters of the wave

functions.16

Now we are able to compare the obtained CEF scheme

for CeAu0.92Bi1.6 with the one for the parent compound

CeCuBi2, also displayed in Table I. Based on this compari-

son, one can conclude that the RKKY exchange parameters

are very similar for both compounds; however, the B0
2

parameter is roughly twice larger for CeAu0.92Bi1.6. The

increase of the B0
2 value can account for the higher vk=v? ra-

tio of the magnetic susceptibility data found for the later

compound, suggesting that the CEF effects can explain the

magnetic anisotropy difference found for the CeTBi2 family.

It is worth emphasizing, however, that the unexpected lower

N�eel temperature value found for CeAu0.92Bi1.6 can be

explained by the presence of disorder in the system, which is

known to compete with the magnetic coupling. This effect

indicates that higher transition temperatures may be achieved

for less disordered samples.

Therefore, the analysis presented here suggests that the

Ce3þ 4f electrons behave as localized magnetic moments for

CeAu0.92Bi1.6. The only indication of a possible heavy fer-

mion behavior is given by the electrical resistivity under

pressure measurements. As such, one may speculate that

the strong local moment character of the Ce3þ 4f magne-

tism in both CeCuBi2 and CeAu0.92Bi1.6 is a dominant

trend in CeTBi2 family (T¼ transition metal), which in turn

does not favor the emergence of superconductivity in this

family.

In fact, the only example of a heavy fermion supercon-

ductivity in this family has been reported by a recent work

on polycrystalline samples of CeNi0.8Bi2,
11 which present an

AFM transition at $5K and a superconductor transition at

$4.2K. The superconducting phase was attributed to the

presence of Ni vacancies that would presumably create a dif-

ferent ground state. However, later works have suggested

that the superconductivity is more likely to be associated

with secondary phases such as Bi thin films and/or the

binaries NiBi and NiBi3.
12,17 In particular, besides shedding

light on the controversy about the bulk superconductivity in

CeNi0.8Bi2, detailed studies of the physical properties of

TABLE I. Comparison between the extracted parameters (in Kelvin) for

CeCuBi2 (Ref. 13) and CeAu0.92Bi1.6 (this work). Here, zAFM¼ 2 (zFM¼ 4)

is the Ce3þ nearest neighbors with an AFM (FM) coupling along the c-axis

(ab-plane).

B0
2 B0

4 B4
4 zAFMJAFM zFMJFM

CeAu0.92Bi1.6 À15.57 0.01 0.76 1.4 À1.1

CeCuBi2 À7.67 0.18 0.11 1.12 À1.18
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CeNixBi2Ày (for x¼ 0.62, 0.70, 0.74, and 0.78) single crys-

tals have also found an enhancement of both the B0
2 parame-

ter and the TN as a function of Ni concentration along the

series.17 Thus, the evolution of the Ce3þ CEF scheme causes

the doublet ground state to become more isolated from the

excited states as one approaches the Ni-rich end. This effect

favors the AFM ordering and increases the transition temper-

ature along the series. As such, these results seem to corrobo-

rate with the present local moment scenario of the Ce3þ ions

in the CeTBi2 family (T¼ transition metal).

IV. CONCLUSIONS

In conclusion, the magnetic properties of CeAu0.92Bi1.6
are investigated by means of temperature dependent mag-

netic susceptibility, pressure dependent electrical resistivity,

and heat-capacity measurements. Our data reveal that

CeAu0.92Bi1.6 orders antiferromagnetically at TN ’ 12K,

although a higher ordering temperature is expected for Au-

stoichiometric samples. The detailed analysis of the macro-

scopic properties using a mean field model with a tetragonal

CEF allows us to obtain the CEF scheme for the studied

compound and to understand the evolution of the magnetic

anisotropy presented in the CeTBi2 family (T¼Cu and Au).

The combined analyses in this investigation suggest that

CeAu0.92Bi1.6 presents a localized Ce3þ 4f electrons sub-

jected to dominant CEF effects and anisotropic RKKY

interactions.
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We analyze the electronic properties of bilayer graphene with Bernal stacking and a low concentration of
adatoms. Assuming that the host bilayer lies on top of a substrate, we consider the case where impurities
are adsorbed only on the upper layer. We describe nonmagnetic impurities as a single orbital hybridized with
carbon’s pz states. The effect of impurity doping on the local density of states with and without a gated electric
field perpendicular to the layers is analyzed. We look for Anderson localization in the different regimes and
estimate the localization length. In the biased system, the field-induced gap is partially filled by strongly localized
impurity states. Interestingly, the structure, distribution, and localization length of these states depend on the field
polarization.

DOI: 10.1103/PhysRevB.91.045435 PACS number(s): 03.75.Lm, 72.25.Dc, 71.70.Ej

I. INTRODUCTION

Graphene, in all its allotropic forms, is a material with
exceptional mechanical, electronic, and thermal properties.
Its discovery led to one of the most active fields in mate-
rial science and condensed matter research during the last
decade. Graphene monolayers, usually referred to simply as
graphene, and graphene multilayers have different properties
due to a subtle difference in their band structures. It is now
well established that in graphene monolayers, the electronic
excitations with crystal momentum close to the K or K ′ points
of the Brillouin zone (BZ), are chiral quasiparticles behaving
as massless Dirac fermions. These excitations dominate the
low-temperature physics leading to a number of remarkable
phenomena in clean samples [1–3]. Impurities, adatoms, and
structural defects change these properties and there has been
a considerable effort to study and characterize the different
types of defects and disorder in graphene [4–13] as well as the
effect of doping on them [14–16].

The problem of disorder and electron localization has
attracted the attention of many groups, because Dirac fermions
tend to elude localization in systems with Anderson-type
disorder [17–24]. Impurities leading to short-range disorder
at the atomic scale generate intervalley mixing and break
the symplectic symmetry, thereby opening the route to strong
localization.

Bilayer graphene (BLG) presents some fundamental dif-
ferences due to its crystallographic structure. It consists of
a stacking of two graphene layers; and in the most common
structure, known as the Bernal stacking, only one of the two
nonequivalent sites (A,B) of the honeycomb lattice of the top
layer lies on top of a site of the bottom layer. The resulting
structure, shown in Fig. 1, induces a weak coupling of the two
layers. The unit cell has four carbon atoms leading to four π

bands; two of the bands have a parabolic dispersion relation
around the K and K ′ points of the BZ and touch each other at
the Fermi energy [25–27]. In most of the experimental setups,
BLG lies on top of a substrate and the impurities are adsorbed
on the top layer only. When atoms like hydrogen or fluorine
are adsorbed they are bounded to a single C atom.

One of the most interesting aspects of this system is that
its electronic structure can be controlled with an electric field

applied perpendicular to the layers [28–31]. In biased BLG
a gap opens at the Fermi level and impurities may induce
a bound state in the gap [32,33]. As noted in Ref. [33],
the impurity spectral density and the existence of the bound
states may depend on the polarity of the field. A finite
impurity concentration generates a gate-dependent impurity
band creating new and encouraging alternatives to control the
transport properties. However, in contrast to the important
activity in the study of disordered graphene, the problem
of BLG with a diluted concentration of adatoms inducing
short-range potentials has not been investigated in detail.

In this work we study the problem of a low concentration of
impurities in biased and unbiased BLG. We present a model
that aims to describe fluorinated BLG, an extension of the
model of Ref. [24] used to discuss the experiments of Ref. [13].
In Sec. II we present the model and revisit the single-impurity
problem. In Sec. III we describe the numerical methods and
present results for the local density of states (LDOS) at the
different sites. Section IV includes a discussion of localization,
and a summary and conclusions are presented in Sec. V.

II. MODEL

The Hamiltonian of the system is H = HBLG + Himp +
Hhyb, where the first term describes the electronic structure of
the BLG, the second one is the impurities’ Hamiltonian, and
the last one includes the hybridization between each impurity
orbital and the pz orbital of the underlying C atom. In the
tight-binding approximation the BLG Hamiltonian reads

HBLG = −
∑
i,k,σ

V (−1)i(a†
ikσ aikσ + b

†
ikσ bikσ )

+
∑
i,k,σ

t(φ(k) a
†
ikσ bikσ + φ∗(k) b

†
ikσ aikσ )

−
∑
k,σ

t⊥(a†
1kσ b2kσ + b

†
2kσ a1kσ ) . (1)

Here, aikσ and bikσ destroy electrons with wave vector k
and spin σ in sublattices A and B, respectively, and the
subindex i = 1 (2) refers to the top (bottom) plane. V is
the bias voltage, t and t⊥ are the intraplane and interplane
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FIG. 1. (Color online) (a) Bernal structure of bilayer graphene.
Panels (b) and (c) show the low energy band structure for the unbiased
and biased BLG, respectively. (d) LDOS for the unbiased case:
continuous line corresponds to the B1 and A2 sites, dashed line to
the A1 and B2 sites. (e) LDOS for a positive (V > 0) bias voltage:
continuous (dashed) line corresponds to the B1 (A1) sublattice. For
a negative voltage the LDOS can be obtained from the ones with
positive V by replacing ω by −ω.

hoppings, respectively, and φ(k) = ∑
δ eik·δ where {δ} are the

three vectors connecting one site with its neighbors in the same
plane. In our notation, the C atoms of the top layer in the A

sublattice, referred as the A1 sublattice, lie on top of the C
atoms in the B sublattice of the bottom layer (B2 sublattice),
see Fig. 1.

We describe nonmagnetic impurities as single orbital
impurities where the electron-electron interactions are not
explicitly included,

Himp =
∑
l,σ

ε0f
†
lσ flσ , (2)

where f
†
lσ creates an electron on the impurity orbital at site

l and energy ε0 and the sum runs over the sites of carbon
lattice having an adsorbed impurity on top. The last term of
the Hamiltonian describes the hybridization of the impurity
and the graphene orbitals of the top layer

Hhyb = γ
∑

l∈A1,σ

(f †
lσ a1lσ + a

†
1lσ flσ )

+ γ
∑

l∈B1,σ

(f †
lσ b1lσ + b

†
1lσ flσ ) , (3)

with the sum taken over all the sites with an impurity on top,
a1lσ = N− 1

2
∑

k eik·Rl a1kσ where Rl is the coordinate of site
l; a similar expression holds for b1lσ . Typical values of the

FIG. 2. (Color online) Color maps (in logarithmic scale) of the
impurity spectral densities in the [ω,V ] plane. (a) and (b) correspond
to one impurity on the A1 and B1 sublattice, respectively. Dark areas
indicate the electric-field-induced gap in the pristine sample. Lower
panels show the impurity spectral density for the unbiased (dashed
lines) and biased (continuous lines) cases: left and right columns
correspond to impurities on the A1 and B1 sublattices, respectively,
and different polarities (as indicated in the insets).

microscopic parameters are t = 2.8 eV and t⊥ = 0.1t , while
the bias voltage V is taken in the range |V | � 0.3 eV and
with any loss of generality we take ε0 � 0. With our one-
electron Hamiltonian, the case ε0 � 0 can be obtained from
the previous one by an electron-hole transformation, i.e., by
replacing ω by −ω and V by −V . In what follows we take ε0 =
0.3 eV and γ = 5.6 eV. Figure 1 illustrates the BLG lattice
and its band structure. As we will not consider spin-dependent
effects, we drop the spin index in what follows.

It is instructive to review some aspects of the single-
impurity problem before presenting the many-impurities
case [32,33]. For one impurity, the retarded impurity prop-
agator Gll = 〈〈fl,f

†
l 〉〉 takes the form

Gll = 1

ω + i0+ − ε0 − �(ω,V )
, (4)

where �(ω,V ) = γ 2g̃(ω,V ) is the impurity’s self-energy and
g̃(ω,V ) is the local propagator of electrons in the C orbital
hybridized with the impurity. The carbon-carbon propagator
can be evaluated in the continuous limit. Color maps of the
impurity spectral densities for impurities on A1 and B1 sites
are shown in Fig. 2.

Let us consider first the case of an impurity adsorbed on top
of an A1 site (left panels of Fig. 2). For V = 0 the impurity
spectral density ρimp(ω) = −1/π ImGll has the characteristic

045435-2

21



IMPURITIES AND ELECTRONIC LOCALIZATION IN . . . PHYSICAL REVIEW B 91, 045435 (2015)

structure of a resonant state, the real part of the self-energy
shifts the maximum from ε0 � 0 towards the Dirac point,
generating a narrow resonance at the renormalized energy
ε̄0 = ε0 + Re�(ε̄0,0). For the impurity parameters used in this
calculation, the renormalized energy is an order of magnitude
smaller than the bare energy (ε̄0 � ε0). Close to the Dirac
point the impurity spectral density shows the characteristic |ω|
behavior of the LDOS of the A1 sites. For V 	= 0 a gap opens
at the Dirac point and the impurity spectral density ρimp(ω)
may show a bound state within the gap. An important effect
of the polarity of the field V is apparent from the figure: a
negative voltage V leads to a bound state within the energy
gap close to the top of the valence band while for a positive V

the bound state energy—if observed—lies exponentially close
to the conduction band edge. This is due to the structure of
the LDOS at the A1 sublattice: for positive V the LDOS at the
edge of the conduction band Ec behaves as ω − Ec, as in
the four-dimensional electron gas where a strong coupling to
the impurity is required to split a bound state out of the band
[see Fig. 1(e)].

For impurities on the B1 sites (right panels of Fig. 2) the
results are somewhat different. For V = 0 the width of the
impurity resonance is much broader due to the larger LDOS of
the underlying C atom. For small and positive V the bound state
lies close to the gap center while for small negative V no bound
state occurs. This effect can be understood by looking at the
LDOS at the B1 sites in the biased BLG [see Fig 1(e)]. There,
the LDOS of the conduction band for small and positive V

presents a one-dimensional-like van Hove singularity leading
always to a bound state, while for V < 0 a three-dimensional-
like singularity at the edge of the conduction band requires a
minimum value of the parameters to split a state out of the band.
However, this effect, discussed in Ref. [33], is observed only
for extremely small values of the bias voltage. For physically
relevant values of the gap, bound states occur for both polarities
although their position depends on the sign of V .

These asymmetries illustrate the importance of the polarity
of the electric field on the electronic structure of the impurity
doped system. The variation of the impurity energy ε0 with V

depends on the way the electric field is induced in the system
and on the characteristic of the impurity. To minimize the
number of parameters in the model we present results with
constant, V -independent ε0. Having in mind the one-impurity
problem results, summarized in Fig. 2, the more relevant case
of many impurities can be easily interpreted.

III. NUMERICAL RESULTS FOR THE
MANY-IMPURITIES CASE

Here we present results for the case of a small concentration
of adatoms on the top layer. Calculations using density
functional theory show that in the case of fluorine atoms,
the adsorption energies on the two nonequivalent sites, A1

and B1, are almost equal. Some estimations, however, suggest
that there could be a tiny energy gain for adatoms on the B1

sites [34]. Interestingly, in other carbon-based systems like
monolayer graphene with substitutional nitrogen impurities,
it has been observed that as the nitrogen concentration
increases, impurities tend to be absorbed preferentially in one
of the two equivalent sublattices [35]. These self-organized

structures of the nitrogen-doped graphene are stabilized by
the impurity-impurity interaction that favors impurities on the
same sublattice, an effect that scales quickly with the impurity
concentration [36]. For the case of diluted fluorine adatoms
on BLG there is no evidence of clustering on one sublattice.
Moreover, the interaction between impurities on graphene is
known to depend crucially on the type of impurity and on the
adsorption geometry [37]. Based on these facts, in what follows
we consider different impurity distributions, going from 50%
of the impurities in each sublattice to 100% of them on the
B1 sites. We start with a detailed analysis of the LDOS at the
impurity and at the different sites of the BLG.

A. Spectral densities

To calculate ρimp(ω) in the many impurities case we first
use the Chebyshev polynomials method which has proven to
be very efficient in dealing with realistic impurity concentra-
tions [24,38–40]. The average impurity spectral density is then
given by

ρimp(ω) = − 1

π
〈ImGll〉avg , (5)

where 〈. . . 〉avg indicates the configurational average over the
impurities.

Figure 3 shows ρimp(ω) for a system with an impurity
concentration ni = 1/1800 in a cluster with 8000 impurities,
different values of the parameter V, and different percentage
of impurities on each sublattice. We consider first the less
realistic, but simpler, case where all impurities are adsorbed
on the B1 sites, top panels of Fig. 3. For V = 0, as in
the one-impurity case, we obtain a broad peak in ρimp(ω)
located near the renormalized energy ε̄0. A remarkable detail
is the emergence of a small gap for ω < 0. This gap is
reminiscent of the gap that occurs in graphene monolayers
for a finite concentration of impurities lying on the same
sublattice [41–44]. The effect is due to a global inversion
symmetry breaking due to the different structures of the A

FIG. 3. Impurity spectral densities for different bias voltages and
different impurity distributions. Top [(a)–(c)], central [(d)–(f)], and
bottom [(g)–(i)] panels correspond to 100%, 75%, and 50% of the
impurities on the B1 sublattice, respectively. Left [(a)–(g)], central
[(b)–(h)], and right [(c)–(i)] columns correspond to V = 0, V = 0.1,

and V = −0.1 eV, respectively. Vertical dashed lines indicate the gap
corresponding to the pristine BLG.
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and B sublattices. In the thermodynamic limit, disordered
systems would not present real gaps but energy windows with
exponentially small DOS and it would be more appropriate to
talk about pseudogaps rather than about real gaps.

For a gated system with positive V = 0.1 eV the gap
induced in the pristine BLG is partially filled by impurity
states. Within this gap, the impurities generate a band that
extends from the bottom of the conduction band towards the
center of the gap and is separated by a pseudogap from the
valence band. Conversely, for V = −0.1 eV there is a narrower
impurity band close to the center of the BLG gap separated
by pseudogaps from the conduction and valence bands. These
structures can be understood straightforwardly from the shape
of the bound states of the one-impurity case.

The results are different if the impurities are distributed with
the same probability on the two sublattices of the top layer,
bottom panels of Fig. 3. For V = 0 there is no pseudogap on
top of the valence band. For positive V an impurity band is
formed within the BLG gap and a narrow resonance appears
close to the bottom of the conduction band. The former is due
to the impurities adsorbed on the B1 sites while the latter is
due to the narrow resonance of the impurities on the A1 sites
[see Fig. 2(c)]. Interestingly, for negative V two separated and
narrow impurity bands are formed within the BLG gap. Again,
these bands are due to the impurities adsorbed on different
sublattices, the lower energy one is narrower and comes from
impurities on the A1 sublattice.

Other impurity distributions, like the one shown at the
central panel of Fig. 3 where 2/3 of the impurities are on
the B1 sublattice, can be viewed in a first approximation as
an interpolation between the two previous cases where the
spectral weights of the A1 and B1 impurities change according
to their concentrations. As we show below, in gated BLG, the
impurity bands formed within the gap of the pristine sample
are bands of strongly localized states.

To better characterize the effect of impurities on the
electronic structure of the system we evaluate the average
LDOS on the four nonequivalent sites of the BLG, ρAi (ρBi).
The results are presented in Fig. 4. Notably, in some cases,
for ε0 > 0 and V 	= 0, the LDOS of the valence band of the
host BLG is almost unaffected by the impurities. In particular,
the narrow van Hove singularity of the A2 sites is essentially
insensitive to the presence of the adsorbate. This suggests that
at least in the valence band no strong localization effects occur
with this type of impurity doping. As we show in the next
section, in gated samples, clear evidence of strong localization
is observed for states within the gap and close to the impurity
resonances occurring in the conduction band.

B. Localization and transport properties

To estimate the localization length ξ (ω) we evaluate
the two-point correlation function |Gij (ω)|2, where Gij (ω) =
〈〈fi,f

†
j 〉〉 is the retarded propagator from the impurity orbital

at site i to the one at site j . In the localized regime
this quantity decreases exponentially when the distance

FIG. 4. (Color online) Average LDOS of the four nonequivalent
C atoms (indicated in the figures) in a biased BLG with impurities
distributed at 50%. The thin (red) lines are the corresponding LDOS
of the pristine system. Upper and lower panels have V = 0.1 and
V = −0.1 eV, respectively.

Rij between impurities increases [4]. For large Rij (Rij � ξ ),
the configurational average of its logarithm is well described
by the following expression [45]:

〈ln|Gij (ω)|2〉avg = β − 2Rij/ξ (ω) − α ln Rij , (6)

where α and β are fitting parameters. An estimation of
the localization length ξ (ω) then requires the evaluation of
the impurity propagator Gij (ω) at large distances Rij . As
discussed in Ref. [24], the Chebyshev polynomials method
becomes numerically inefficient to this end. However, for
long distances and low energy, the propagators of the pristine
BLG can be evaluated analytically using the continuous
approximation. Defining the impurity propagator matrix G
with matrix elements Gij (ω) the Dyson equation reads

[(ω + i0+ − ε0)I − γ 2 g̃]G = I , (7)

where I is the unit matrix and g̃ is a matrix whose elements
are the propagators of pristine graphene, gi,j (ω), between
C sites i and j having an impurity on top. The quantity
t̃ij = γ 2gi,j (ω) represents an effective (frequency dependent)
hopping between impurities. The BLG retarded propagators
take the form

gA1i,A1j (R,ω) = 4π

BZ
cos(K · R)

[
μAA

1 K0 (ik1R) − μAA
2 K0 (ik2R)

]
, (8)
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gA1i,B1j (R,ω) = − 4π

BZ
sin(K · R + θR)

[
μAB

1 K1 (ik1R) − μAB
2 K1 (ik2R)

]
, (9)

gB1i,B1j (R,ω) = 4π

BZ
cos(K · R)

[
μBB

1 K0 (ik1R) − μBB
2 K0 (ik2R)

]
. (10)

Here Kυ(x) is the υ order modified Bessel function of the
second kind, BZ is the area of the first Brillouin zone and the
coefficients are

μAA
j =

(
(ω − V ) (ω + V )2

v4
F

(
k2

1 − k2
2

) + k2
j (V − ω)

v2
F

(
k2

1 − k2
2

)
)

, (11)

μAB
j = ikj

(
(V + ω)2

v3
F

(
k2

1 − k2
2

) − k2
j

vF

(
k2

1 − k2
2

)
)

, (12)

μBB
j =

(
(V + ω)(ω2 − V 2 − t2

⊥)

v4
F

(
k2

1 − k2
2

) + k2
j (V − ω)

v2
F

(
k2

1 − k2
2

)
)

, (13)

with j = 1,2, vF is the Fermi velocity,

k2
1,2 = V 2 + ω2

v2
F

± 1

2v2
F

√
16V 2ω2 + 4(ω2 − V 2)t2

⊥, (14)

and θR is the polar angle of the direction of R with respect
to the x axis chosen to be along the direction of K − K ′. In
addition, gB1j,A1i(R,ω) = gA1i,B1j (−R,ω).

For a random distribution of impurities, we calculate the
matrix g̃ and obtain G from Eq. (7). We then take an average of
ln|Gij (ω)|2 for all sites i and j whose distances lie in a narrow
window around a given value Rij . In this procedure, to avoid
finite size effects, we take site i close to the center on the cluster
and neglect all sites j lying close to the edges of the cluster.
Finally, we make a configurational average by repeating the
procedure with different impurity configurations. The obtained
〈ln|Gij (ω)|2〉avg versus Rij is then fitted using Eq. (6) to obtain
the localization length ξ (ω). Some of these fits are shown
in Fig. 5 for different values of the energy ω lying within a

FIG. 5. (Color online) Spatial dependence of 〈ln|Gij (ω)|2〉avg in-
side the gap of biased BLG. Top and bottom panels correspond to
100% and 50% of the impurities on the B1 sublattice, respectively.
Left and right columns correspond to V = 0.1 and V = −0.1 eV,
respectively.

gap of the biased BLG. In Fig. 6 the localization length ξ (ω)
for the gated and ungated BLG cases and different impurity
distributions are shown for a cluster with typical radius of
the order of 40�i where �i is the mean impurity-impurity
distance. For the ungated system the localization length ξ (ω)
presents a minimum in the conduction band for energies close
to the renormalized energy ε̄0 of the impurity resonance. As
the energy approaches the Dirac point from above, ω > 0,
the localization length shows a fast increase exceeding the
values for which our calculation gives reliable results (only
localization lengths smaller than a fraction of the impurities
cluster are considered). This behavior for ω > 0 is qualitative
similar to what is observed in monolayer graphene [24]. In the
valence band, there is a rapid increase of ξ (ω) as |ω| increases.

For the gated system, the impurity bands formed within the
gap of the pristine BLG are strongly localized. In contrast,
the states in the BLG bands tend to be much less localized,
in particular in the valence band (consistent with the small
sensitivity observed on the averaged LDOS, see Fig. 4).

IV. SUMMARY AND DISCUSSION

We have analyzed the effect of diluted adatoms on the
electronic structure of gated and ungated bilayer graphene.
The impurities are described as single orbital hybridized
with the pz orbital of one of the C atoms of the top
layer. We consider diluted systems, typically with impurity
concentrations ni ≈ 5 × 10−4 and with different distributions
on the two nonequivalent sites of the top graphene layer.

In the diluted limit studied in this work, and due to the
small adsorption energy difference of fluorine on the two
different sites, the most probable impurity distributions would
correspond to an almost random distribution of impurities on

FIG. 6. (Color online) Localization length in units of the average
distance between impurities for bias voltages and different impurity
distributions. Parameters as in Fig. 3. Dashed lines are the average
impurity spectral densities.
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the two sublattices. For the sake of concreteness, we consider
the case of 50% of the adatoms on each sublattice, illustrated
in the bottom panels of Fig. 6, for our following concluding
remarks.

The first observation is that for the same impurities and
the same concentration, the localization length is larger in
ungated BLG than in graphene. The localization length shows
a minimum for energies close to the impurity resonance, there
our results show that ξ (ω) is at least two times larger in
BLG than in graphene. The behavior of ξ (ω) at the Dirac
point (ω ≈ 0) shows a structure with a sharp minimum. In
second place, the effect of an electric field perpendicular to the
sample depends on the polarity of the field. The field induces
a gap in the pristine BLG that is partially filled by strongly
localized impurity states. However, the structure, distribution,
and localization length of these states depend on the field
polarization. For positive V a single impurity band covers the
upper part of the gap. There, all states are strongly localized
with a maximum of ξ (ω) at the center of the band. The impurity
spectral density shows a sharp resonance at the bottom of the
conduction band. This resonance is due to localized states that
are much more extended than those in the gap. In the valence
band the localization length is too large for a good estimation
with the system size used in the calculation. For negative V two
narrow impurity bands, separated from each other and from
the valence and conduction bands by small pseudogaps, are
obtained. In both bands the localization length shows marked
energy dependence with a maximum at the center of each band.
The states in the valence and conduction bands are much less
localized.

In systems with a weak energy dependence of the density of
states and the localization length around the Fermi energy EF ,
the resistance R(T ) is expected to show the Mott’s variable
range hopping (VRH) behavior. In two dimensional system
the VRH theory gives R(T ) ∝ exp[(T0/T )

1
3 ], where T0 is a

characteristic activation temperature given by

T0 = α

kB ρ(EF ) ξ 2(EF )
. (15)

Here α is a numerical constant (α ≈ 14), ρ(EF ) and ξ (EF ) are
the total density of states (DOS) and the localization length at
the Fermi energy, respectively. In biased BLG, where two
distinct strongly localized impurity bands may exist inside the
gap, one could expect deviations of R(T ) from a single VRH
theory. In that case, a generalization of Eq. (15) to the case of
two narrow impurity bands might be needed.

Finally, due to the dependence of the low-energy electronic
structure on the polarity of the electric field, the model predicts
a dependence of the transport properties on the sign of V .
Such asymmetry is not clearly observed in experiments with
fluorinated graphene [46]. If all impurities where adsorbed
on the B1 sublattice these asymmetries would be difficult to
observe due to the similarities on the DOS and the localization
length obtained for the two polarities, see top panels of Fig. 6.
This scenario, however, is very unlikely. On the other hand,
it has been reported that bilayer graphene samples grown on
SiO2/Si may show charge inhomogeneities with variations of
the electronic density up to 1011 cm2. Such inhomogeneities,
which locally shift the (electro) chemical potential in different
regions of the sample, could also mask the asymmetries.
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The case of a quantum dot connected to two superconducting leads is studied by using the narrow-band limit
to describe the superconducting degrees of freedom. The model provides a simple theoretical framework, almost
analytical, to analyze the interplay between the Kondo effect, superconductivity, and finite temperature. In the
quantum dot Kondo regime, the model is completely characterized by the ratio �/J , with � the superconducting
gap and J an effective antiferromagnetic exchange coupling between the dot and the leads. The model allows us
to calculate, at any temperature T , the equilibrium Josephson current through the dot in a very straightforward
way as a function of �/J . The behavior of the current allows us to distinguish the four types of hybrid junctions:
0, 0′, π ′, and π . The presence of the 0- and 0′-junction configurations are intrinsically linked to the Kondo
effect in the quantum dot, while the π - and π ′-junction configurations are driven by the superconductivity in the
leads. The Josephson critical current has a non-monotonic behavior with temperature, that may be used for the
experimental characterization of the fundamental 0 − π transition. The model allows us to obtain easily a phase
diagram �/J vs temperature, from where we can obtain an overall picture on the stability of the different types
of junctions. From the explicit analytical expressions for the ground-state, low-energy excitations, free energy,
and Josephson current, it is easy to understand the physical nature of the main features of the critical current and
the phase diagram. The results, obtained with a minimum of numerical effort, are in a good qualitative agreement
with more demanding calculational approaches aimed to solve the full model.

DOI: 10.1103/PhysRevB.91.045442 PACS number(s): 74.50.+r, 72.15.Qm, 75.20.Hr

I. INTRODUCTION

The interplay between the Kondo physics and the Josephson
current through a quantum dot (QD) connected to supercon-
ducting reservoirs has triggered an intense interest on this
topic in recent years [1]. Before that, early and pioneering
experiments in semiconductor quantum dots (QD) coupled to
normal (no-superconductor) metallic leads already attracted
the attention of the physics community since they provide a
unique tool to recreate the electronic and magnetic properties
of many different isolated atomic systems immersed in a metal-
lic matrix [2]. Among the more attractive features of the QD’s
systems is the possibility of changing in a controllable way the
parameters characterizing the dots (i.e., the discrete energy lev-
els of the single-electron states, the total number of electrons,
the Coulomb repulsion among the localized dot electrons, the
hybridization with the leads, etc.). Due to this fact, it is possible
to study with unprecedented detail many different physical
phenomena such as the Coulomb blockade [3], the Kondo
effect [4,5], and different electronic transport properties [3,6].

On the other side, the traditional Josephson effect involves
two macroscopic superconductors with a weak link, usually an
insulating barrier, between them. Each superconductor is char-
acterized by an order parameter or phase ϕ, and if it happens
that there is a difference of phase �ϕ between the two super-
conductors, a dissipationless supercurrent may flow through
the weak link, I (�ϕ) = Jc sin(�ϕ), with Jc being the junction
critical current, which depends both on the size of the super-
conducting gap, and on the transmission amplitude of the weak
link [7]. This sinusoidal dependence of the Josephson current
with the phase difference �ϕ is the landmark of the Josephson

effect, and is widely used in standard superconducting devices
such as the SQUIDs (superconducting quantum interference
devices) [8] and superconducting quantum bits or qubits [9].

The possibility of replacing the normal metallic leads by
superconducting ones added a new twist to the QD-atomic
systems analogy commented above: in 1977 it was predicted
that magnetic impurities in the insulating layer could lead to
a reversal of the Josephson current in a Josephson junction,
I (�ϕ) = −Jc sin(�ϕ) [10]. This situation was characterized
as the “π -junction” behavior [11]. And since the quantum
dot behaves in many ways like atomic magnetic impurities,
the question arises quite naturally: will it be possible to have
π -junction behavior for a quantum dot connected to two super-
conductor leads? And the answer is yes, both from the exper-
imental and the theoretical point of view. On the experimental
side, researchers have explored the consequences of replacing
the thin insulating barrier between the two superconductors by
a nanoscale superconducting or normal metal bridge [12], a
carbon nanotube [13,14], or a semiconductor quantum dot
[15], as commented above. This latter case is the one to
which the present work is devoted. The interplay between
Kondo screening and superconductivity has been also recently
studied with unprecedented experimental detail in these hybrid
systems [16]. The coupling of two superconductors through
a ferromagnetic link has been also experimentally realized
[17]. An exciting new research avenue has been open since
the observation of signatures of Majorana fermions in hybrid
superconductor-semiconductor nanowire devices [18].

On the theoretical side, the “standard” model towards an
understanding of this very interesting problem has been the
Anderson impurity model (representing the dot) connected
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to Bardeen-Cooper-Schrieffer (BCS) superconducting leads.
A complete and update review on these hybrid systems
may be found in Ref. [19]. In spite of the simplifications
leading to the setting of the model, its solution still is a
formidable task, due to the simultaneous presence of strong
correlations inside the dot, superconductivity in the leads,
and intrinsic temperature effects. As a consequence, different
theoretical schemes have been used to attack the problem,
including quantum Monte Carlo (QMC) calculations [20],
numerical renormalization group (NRG) approaches [21,22],
the noncrossing approximation [23,24], and the functional
renormalization group (FRG) [22]. In order to obtain the model
results, most of these methods require large numerical effort.
Among other interesting theoretical schemes applied recently
to these hybrid systems we can cite also the expansion in
powers of the inverse of the superconducting gap size [25]
and the continuous time quantum Monte Carlo approach [26].
A generalized Schrieffer-Wolff transformation has been also
used to simplify the analysis of the coupling between the QD
and the superconducting leads of the standard model [27]. The
aim of this paper is to present a much simpler approach which
qualitative describes the basic physics involved in the interplay
between the Kondo effect and the Josephson current, at zero
and finite temperature.

In the following section we introduce the model Hamil-
tonian and set up the narrow-band limit to this problem. In
Sec. III, we obtain and analyze the free energy, the equilibrium
Josephson current, and provide a global phase diagram of the
model. Finally, Sec. IV consists of the conclusions.

II. MODEL

The standard model to describe the physics of a quantum
dot coupled to two superconducting leads (L and R) can be
written as

H = Hs + Hd + Ht, (1)

where Hs corresponds to the superconducting leads, Hd

describes the QD by the Anderson impurity model, and Ht

is the tunneling Hamiltonian between the QD and the leads.
The leads are considered to be s-wave superconductors and
described by a BCS-like Hamiltonian, as follows:

Hs =
∑
k,p,σ

εkc
†
k,p,σ ck,p,σ −

∑
k,p

�s[e
iϕpc

†
k,p,↑c

†
k,p,↓ + H.c.],

(2)

where εk is the energy of the state k in the leads, and c
†
k,p,σ

(ck,p,σ ) creates (annihilates) an electron with spin σ , in the lead
p (L or R) and momentum k. �s is the superconducting gap
and ϕp is the phase of the superconducting order parameter
in the p lead. The two leads are assumed to be identical
except for the phases ϕL and ϕR . Without loss of generality we
take ϕL = −ϕR = ϕ/2, which implies that ϕL + ϕR = 0, and
�ϕ = ϕL − ϕR = ϕ.

The QD Hamiltonian is given by

Hd =
∑

σ

εd d†
σ dσ + U d

†
↑d↑d

†
↓d↓ , (3)

where d†
σ (dσ ) creates (annihilates) an electron with spin σ on

the QD with energy εd and the interaction U (>0) is of the
order of the charging energy e2/2C, with C the capacitance
of the QD. Both subsystems, the QD and the superconducting
electrons, are coupled via the tunneling or hybridization term,

Ht =
∑
k,p,σ

tp(d†
σ ck,p,σ + H.c.), (4)

where tp is the matrix element of tunneling between the QD
and the p lead. Our aim here is to set up the simplest model that
still retains the essential features of the interplay between the
Josephson current and Kondo effect. To this end, following
our previous work [28], and the work by Vecino et al. [29]
and Bergeret et al. [30], by integrating out the electronic
degrees of freedom of the superconducting leads [31], we
can obtain a simplified model Hamiltonian H̃s to describe the
superconducting leads given by

H̃s = −�(eiϕ/2c
†
L↑c

†
L↓ + e−iϕ/2c

†
R↑c

†
R↓ + H.c.), (5)

where � is an effective pairing potential in the leads and c
†
L(R)σ

(cL(R)σ ) creates (destroys) an electron in the lead L(R) with
spin σ . In Eq. (5) we have taken the Fermi energy in the leads
as the origin of energies. Following this approach, we take
an effective Hamiltonian to describe the coupling between the
QD and the leads given by

H̃t =
∑
p,σ

t(d†
σ cp,σ + H.c.), (6)

where t is an effective hybridization parameter. With this
approximation an effective “narrow-band” Hamiltonian for the
system is obtained:

H̃ = H̃s + Hd + H̃t . (7)

This simplification prevents us from making a quantitative
comparison with experiments. However, as we will see, the
qualitative conclusions of our model are physically valid, the
conceptual ingredients remain intact, and the physics involved
is transparent. Before we proceed with the study of the physical
properties of H̃ , it is useful to define new leads operators:
α†

σ := (c†
Lσ + c

†
Rσ )/

√
2 and γ †

σ := (c†
Lσ − c

†
Rσ )/

√
2. Thus H̃t

can be written as

H̃t =
∑

σ

√
2t

(
d†

σασ + H.c.
)
. (8)

Only lead symmetric operators ασ and α†
σ couple directly to

the dot, through an enhanced tunneling matrix element
√

2 t .
The H̃s , in terms of the new operators, reads

H̃s = −�{cos (ϕ/2)[α†
↑α

†
↓ + γ

†
↑γ

†
↓ + H.c.]

+ sin (ϕ/2)[i(α†
↑γ

†
↓ − α

†
↓γ

†
↑) + H.c.]}. (9)

Finally, when the parameters U , εd , and t are such that
the QD level occupation approaches one, it is possible to
describe the physics of the system with a reduced Hamiltonian
that couples only the QD spin to the leads [32,33]. This
reduced Hamiltonian includes an antiferromagnetic (Kondo)
interaction between QD and superconducting spins. In this
limit, the contribution from Hd + H̃t in Eq. (7) may be
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approximated by the Kondo interaction

H̃K = J

2
(s+

α S−
d + s−

α S+
d ) + J sz

αSz
d, (10)

where s+
α = α

†
↑α↓, s−

α = α
†
↓α↑, sz

α = (α†
↑α↑ − α

†
↓α↓)/2, J

(= 4t2/|εd |) > 0 is an effective antiferromagnetic coupling
between the dot and the leads, and the different components
of the dot spin S = 1/2 read S+

d = d
†
↑d↓, S−

d = d
†
↓d↑, and

Sz
d = (d†

↑d↑ − d
†
↓d↓)/2. The limit U → ∞ has been taking

in obtaining Eq. (10), preventing strictly the dot double
occupancy [32,33]. Thus, in the Kondo regime of the QD,
an effective model Hamiltonian for the system is obtained

H̃ = H̃s + H̃K. (11)

The Hilbert space corresponding to the Hamiltonian given
by Eq. (11) comprises just 32 states, corresponding to the
four possible occupations (0, ↑, ↓, and ↑↓) of each lead
and the two occupations (↑, ↓) of the dot. This space can be
written as follows: (I) one-particle (dot) states (2): |σ 〉 = d†

σ |0〉
(with |0〉 the vacuum state); (II) two-particle states (8): α

†
σ ′ |σ 〉

and γ
†
σ ′ |σ 〉; (III) three-particle states (12): α

†
↑α

†
↓|σ 〉, γ

†
↑γ

†
↓|σ 〉,

and α
†
σ ′γ

†
σ ′′ |σ 〉; (IV) four-particle states (8): α

†
↑α

†
↓γ

†
σ ′ |σ 〉 and

γ
†
↑γ

†
↓α

†
σ ′ |σ 〉; (V) five-particle states (2): α

†
↑α

†
↓γ

†
↑γ

†
↓|σ 〉. Note

that the subspaces with even (2,4) and odd (1,3,5) number of
electrons are mixed to be the superconducting Hamiltonian
H̃s . Nevertheless, the exact solution of the problem reduces
to the diagonalization of one 4 × 4 and four 2 × 2 matrices
as the full Hilbert space is drastically block diagonalized.
From the eigenvalues, the partition function is calculated from
which the analytical expression for the free energy and the
associated Josephson current as a function of the parameters
is immediately obtained. Since the zero-temperature results
presented in the first part of the next section are for the
Kondo-limit Hamiltonian H̃ of Eq. (11), this prevents us from
a quantitative comparison with the zero-temperature results of
Refs. [29] and [30], corresponding to the more general model
of Eq. (7). The results from the two models agree, of course,
once the parameters U , εd , and t of the latter are tuned towards
the Kondo limit, as explained above Eq. (10).

The narrow-band or “zero-bandwidth” approximation lead-
ing to our effective hybrid superconductor-quantum dot Hamil-
tonian of Eq. (7) has been applied successfully to study a
variety of different problems in the past years. Introduced
first in the context of valence fluctuating problems [34–36]
and for the study of the effect of magnetic impurities in
superconducting matrices [37,38] has been applied later to
the study of the electrical transport properties of semicon-
ductor quantum dots [28], and also to calculate the magnetic
correlations between two-magnetic impurities in a metallic
matrix [39]. In all cases, this simple approach has been in
good qualitative agreement with more elaborate theoretical
approaches, and provided a transparent physical view of
complicated many-body problems, like the Kondo effect. The
combination of simplicity and right physics motivate also some
authors to discuss the narrow-band limit or zero-bandwidth
model in several textbooks [40–42].

III. RESULTS AND DISCUSSION

A. Zero temperature

At zero temperature, the model is completely characterized
by the dimensionless parameter (�/J ) and the phase ϕ which
is determined by looking for the minimum of the ground-state
energy. As we will see, for any value of (�/J ), this minimum
corresponds either to ϕ = 0 or ϕ = π .

There is a critical value � = �c = (1 + √
17)J 	 0.64J

(to be derived below) below which (i.e., for � < �c) the
localized magnetic moment in the QD is screened by the
Kondo effect, and the ground state is a spin singlet. This
regime corresponds to ϕ = 0 and it is known as the 0 or 0′
junction regime (see below). The singlet ground-state energy
of H̃ and the corresponding eigenvector can be obtained
easily from the lowest eigenvalue of the following 2 × 2
matrix:∣∣∣∣∣−3J/4 − � cos(ϕ/2) − λ � sin(ϕ/2)

� sin(ϕ/2) � cos(ϕ/2) − λ

∣∣∣∣∣ = 0. (12)

The solution is trivial and we obtain

λ0,1(ϕ) = −3J

8
[1 + R3,1(ϕ)], (13)

with

Rm,n(ϕ) =
√

1 − (−1)n
16�

mJ
cos (ϕ/2) + 64�2

(mJ )2
(14)

for 0 � ϕ � π and Rm,1(ϕ) > Rm,2(ϕ). The eigenvalues are
denoted by λS,i(ϕ), with the first index either S = 0 (singlet),
S = 1/2 (doublet), or S = 1 (triplet). The second index just
enumerates the S-type solutions in ascending order (i = 1, the
ground state).

The corresponding eigenvector associated with the eigen-
value (13) is given by

|0,1〉(ϕ) = a1(ϕ)
1√
2

(1 + γ
†
↑γ

†
↓)

1√
2

(α†
↑|↓〉 − α

†
↓|↑〉)

+ a2(ϕ)
i√
2

(−1 + α
†
↑α

†
↓)

1√
2

(γ †
↑|↓〉 − γ

†
↓|↑〉),

(15)

where

a1(ϕ) = 1√
2

[
1 + 1 + 8� cos (ϕ/2)/(3J )

R3,1(ϕ)

]1/2

(16)

and

a2(ϕ) = − 1√
2

[
1 − 1 + 8� cos (ϕ/2)/(3J )

R3,1(ϕ)

]1/2

. (17)

For ϕ = 0, a1(0) = 1, a2(0) = 0, Eq. (13) gives the lowest
eigenvalue λ0,1(0) = −3J/4 − �, and the ground state re-
duces to

|0,1〉(0) = 1√
2

(1 + γ
†
↑γ

†
↓)

1√
2

(α†
↑|↓〉 − α

†
↓|↑〉). (18)

|0,1〉(0) shows the product of two independent subspaces:
only the α fermions are coupled to the electron in the
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dot and produce a singlet state. That is, in simplified
terms, the physics that governs the Kondo effect in the
QD. The other factor (γ fermions) represents the super-
conductivity in the leads as a mixing of zero and two
electrons with opposite spins. The weight of the second
component with coefficient a2(ϕ) increases by increasing
ϕ from zero, but always is fulfilled that a1(ϕ) � |a2(ϕ)|.

For � > �c, the ground state is a doublet characterized by
a reversal of the sign of the Josephson current-phase relation
(ϕL − ϕR = π ), this is the π -junction regime and the minimum
ground-state energy corresponds to ϕ = π . The ground state
can be obtained from the lowest eigenvalue λ1/2,1(ϕ) and the
corresponding eigenvector [b1(ϕ),b2(ϕ),b3(ϕ),b4(ϕ)] of a 4 ×
4 matrix, given by

∣∣∣∣∣∣∣∣∣

−J/2 − λ
√

3J/4 0 0√
3J/4 −λ 2� sin(ϕ/2) 0

0 2� sin(ϕ/2) −λ −2� cos(ϕ/2)

0 0 −2� cos(ϕ/2) −λ

∣∣∣∣∣∣∣∣∣
= 0. (19)

For ϕ = π , we obtain the ground-state energy λ1/2,1(π ),
and we can write the doublet ground state as

|1/2,1〉(π ) = b1√
6

[(α†
↑γ

†
↓ + α

†
↓γ

†
↑)|σ 〉 − 2α†

σ γ †
σ |σ 〉]

+ b2√
2

(α†
↑γ

†
↓ − α

†
↓γ

†
↑)|σ 〉

+ ib3√
2

(1 + α
†
↑α

†
↓γ

†
↑γ

†
↓)|σ 〉

+ ib4√
2

(α†
↑γ

†
↓ + α

†
↓γ

†
↑)|σ 〉, (20)

where b1 = b1(π ), b2 = b2(π ), b3 = b3(π ), and b4 = b4(π ) =
0. The first term in |1/2,1〉(π ) gives the contribution due to the
antiferromagnetic coupling (Kondo) between the spin S = 1
in the leads and the spin S = 1/2 in the dot and it represents
the contribution of the Kondo effect in the π regime. When
� is increased this term goes to zero. On the contrary, the
second and third term involves the unscreened spin 1/2 in
the dot. The second term shows the electrons in the leads in a
superconducting singlet state and |b2|2 → 1/2 for large values
of �. Finally, the third term represents a superconducting
contribution and it increases when � is increased from the
�c (|b3|2 → 1/2). Therefore, for � 
 �c, from Eq. (19) we
obtain λ1/2,1(π ) 	 −2� − 3J 2/(64�) and the ground state
can be approximated by b1 	 −√

3J (1 + 0.25J/�)/(8
√

2�),
b2 	 1/

√
2, and b3 	 [−1 + 3J 2/(128�2)]/

√
2. From the

“crossing” condition λ1/2,1(π ) = λ0,1(0) = −3J/4 − �, the
analytical expression of �c can be obtained exactly as �c =
J (1 + √

17)/8 	 0.64J .
In Fig. 1, we show the ϕ dependence of eigenvalues

λS,i(ϕ), with S = 0, S = 1/2, and S = 1, for �/J = �c/J .
For S = 0 (full lines) they are given in ascending ordering
by Eq. (13) and λ0,2(ϕ) = −3J/8[1 + R3,2(ϕ)], λ0,3(ϕ) =
−3J/8[1 − R3,2(ϕ)], and λ0,4(ϕ) = −3J/8[1 − R3,1(ϕ)]. For
S = 1/2 the figure shows (dashed lines) the four eigenvalues
of Eq. (19) [λ1/2,i(ϕ) for i = 1,2,3,4]. For S = 1 (dotted
lines) the analytical expressions for the displayed eigenvalues
are λ1,1(ϕ) = J/8[1 − R1,1(ϕ)], λ1,2(ϕ) = J/8[1 − R1,2(ϕ)],
λ1,3(ϕ) = J/8[1 + R1,2(ϕ)], and λ1,4(ϕ) = J/8[1 + R1,1(ϕ)].

Considering spin degeneracies, altogether 24 eigenvalues
are shown in Fig. 1 (4 belonging to singlet states, 8 corre-
sponding to doublet states, and 12 belonging to triplet states).

The remaining eight eigenvalues are independent of ϕ, and they
do not become the ground state for the range of parameters
used in this work. It is interesting to note that for exactly
this particular value of �, λ0,1(0) = λ1/2,1(π ), which marks
the zero-temperature boundary between the junction 0like
behavior (� < �c) to the junction π -like behavior (� >

�c). Some useful symmetry properties of the eigenvalues
are as follows. Defining ϕ′ = π − ϕ, the eigenvalues of the
4 × 4 matrix of Eq. (19) satisfy λ1/2,i(ϕ′) = λ1/2,i(−ϕ′).
This is easily proved by checking that the quartic equation
for the λ’s that results from Eq. (19) remains invariant

0.0 0.2 0.4 0.6 0.8 1.0
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

Δ/J=0.64

λ S
,i /

J

φ/π

 2-4 part. S=0
 1-3-5 part. S=1/2
 2-4 part. S=1

FIG. 1. ϕ dependence of eigenvalues λS,i(ϕ), with S = 0, S =
1/2, and S = 1, for �/J = 0.64. For each �, the point of intersection
between the two lowest eigenvalues, λ0,1(ϕ∗) = λ1/2,1(ϕ∗), defines
ϕ∗(�). For this particular case, ϕ∗(� = �c) ∼ 0.45π . For �/J =
0.75 (not shown), ϕ∗ = 0, and λ0,1(0) = λ1/2,1(0); for �/J > 0.75
(not shown), λ0,1(ϕ) > λ1/2,1(ϕ) for all ϕ.

045442-4

30



HYBRID QUANTUM DOT–SUPERCONDUCTING SYSTEMS: . . . PHYSICAL REVIEW B 91, 045442 (2015)
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λ
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λ
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(0)

λ
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FIG. 2. Lowest energy levels of H̃ as a function of �/J . For
� < �c 	 0.64J we can observe the singlet (solid line) ground-state
energy λ0,1(0), and for � > �c the doublet (dashed line) ground-
state energy λ1/2,1(π ) is observed. The thin vertical line denotes the
transition point.

under the change ϕ′ → −ϕ′. On the other side, using the
analytical expressions for the singlet states, it results that
λ0,1(ϕ′) = λ0,2(−ϕ′), and that λ0,3(ϕ′) = λ0,4(−ϕ′). In brief,
the full spectrum shown in Fig. 1 is invariant under the
change ϕ′ → −ϕ′. In Fig. 9 of Ref. [22], the first and
second many-body excited states of the full model given
by Eq. (1) have been obtained, using the NRG. Look-
ing at the corresponding low-energy region of the full
spectrum in Fig. 1, the similarity is quite encouraging.
The results in Ref. [22] are, however, for finite U .

In Fig. 2, we show the lowest energy levels λS,i(ϕ) of
Fig. 1, for ϕ = 0, and π , as a function of �/J . The figure
shows λ0,1(0) = −3J/4 − �, the eigenvalue of |0,1〉(0),
λ1/2,1(π ), the eigenvalue of |1/2,1〉(π ), λ0,1(π ) = −3J/8 −√

9J 2/64 + �2, λ1/2,1(0), and λ1/2,2(0). The analytical ex-
pressions for these two last eigenvalues are

λ1/2,1(0) = −3J

4
θ

(
0.375 − �

J

)
− 2�θ

(
�

J
− 0.375

)
(21)

and

λ1/2,2(0) = −3J

4
θ

(
�

J
− 0.375

)
− 2�θ

(
0.375 − �

J

)
.

(22)

Here, θ (x) = 1 if x > 0, and θ (x) = 0 if x < 0. It is interesting
to observe at this point that at � = 0.75J , λ0,1(0) = λ1/2,1(0);
this marks the zero-temperature boundary between the π - and

π ′-junction behavior (see below). In other words, for �/J >

0.75, λ1/2,1(ϕ) is the ground state of the system for any value
of ϕ.

It is instructive at this point to compare the results displayed
in Figs. 1 and 2 with the equivalent results displayed in Figs. 4
and 5 of Ref. [29], for the same narrow-band model, but
for finite U . The link between both models is given by the
antiferromagnetic Kondo coupling for finite U ,

J (U ) = 4t2U

|εd |(U + εd )
, (23)

which for U 
 |εd | coincides with the expression given
before, J (U → ∞) → J = 4t2/|εd |. In some sense, the three
parameters involved in the calculations of Ref. [29] (t , U , εd ),
are collapsed in a single parameter J (U ) in Eq. (23), which for
large U coincides with our J . First note that for t/� = 1.2 and
εd/� = −10 (parameters corresponding to Fig. 4 in Ref. [29]),
J = 4t2/|εd | = 0.576� → �/J 	 1.74. And since for this
value of the unique parameter �/J (in our model) the system
is well inside the π -phase regime, it may be expected that as
U increases, the system of Ref. [29] progressively enters in
this regime. This is exactly the tendency observed in Fig. 4 of
Ref. [29]: for example, panel (d), corresponding to U/� = 18,
has a value of �/J (U ) 	 0.77, just above the threshold value
of 0.75 found in our case for having a π -type ground state
for any value of ϕ (see caption in Fig. 1). Passing to the
results in Fig. 5 of Ref. [29], from Eq. (23) we obtain that
�/J (U ) 	 0.11 for panel (a), and that �/J (U ) 	 0.43 for
panel (b). According to our model, for small values of �/J the
crossing point ϕ∗(�/J ) is close to π , as observed in panel (a).
On the other side, for �/J 	 0.43 the system is in the 0′ phase,
as observed in panel (b). Regarding the zero-temperature
“phase diagram” displayed in Fig. 6 of Ref. [29], the
same is out of the reach for our model, as a result of working
in the large-U (infinite) Kondo limit.

The Josephson current I (ϕ) through the quantum dot can
be obtained using I (ϕ) = (2e/�)dF (ϕ)/dϕ, where F (ϕ) is the
free energy of the system. At zero temperature, the free energy
becomes the ground-state energy, and for 0 � ϕ � ϕ∗(�),
from Eq. (13) it is straightforward to obtain the analytical
expression

I0(ϕ)

I0
=

[
1 + 16�

3J
cos

(ϕ

2

)
+ 64�2

9J 2

]−1/2

sin
(ϕ

2

)
,

� 0, (24)

while, for ϕ∗(�) � ϕ � π ,

Iπ (ϕ)

I0
= 3�

16JA1(ϕ)
sin(ϕ) � 0, (25)

with

Ai(ϕ) = λ̄3
1/2,i(ϕ) + 3

8
λ̄2

1/2,i(ϕ)

− 3J 2 + 64�2

32J 2
λ̄1/2,i(ϕ) − �2

2J 2
. (26)

Here I0 = e�/� is the critical current of a transparent
single-mode junction, λ̄1/2,i(ϕ) = λ1/2,i(ϕ)/J , and ϕ∗(�/J )
is defined, for each �, as the intersection point between the
two lowest eigenvalues, λ0,1(ϕ∗) = λ1/2,1(ϕ∗) (see Fig. 1). In
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obtaining Eq. (25), the quartic equation resulting from Eq. (19)
has been used, for the direct evaluation of dλ1/2,1(ϕ)/dϕ. From
Eqs. (25) and (19), it is easy to prove that Iπ (ϕ − π/2) =
Iπ (π/2 − ϕ), and then that Iπ (ϕ) has an extremum at ϕ = π/2;
in consequence Iπ (π/2) is the minimum possible value of
Iπ (ϕ).

The signs of I0(ϕ) and Iπ (ϕ) are opposite, and this is the
most distinctive feature that distinguishes the 0 junction from
the π -junction regime. The difference in sign is evident from
the opposite slopes in Fig. 1 of λ0,1(ϕ) and λ1/2,1(ϕ), and
also from the analytical expressions in Eqs. (24) and (25).
From a more microscopic point of view, the positive slope of
λ0,1(ϕ) comes from the fact that the gain in energy for the
singlet ground state is optimum for ϕ = 0. From Eq. (18),
it is quite clear that in |0,1〉(0) the α electrons are fully
devoted to build the Kondo singlet, while the γ electrons are
exclusively involved in the superconductivity. Increasing ϕ,
a2(ϕ) = 0 and both α and γ electrons are involved in building
the Kondo singlet. But as the γ electrons are not directly
coupled to the QD, the gain in energy is smaller. For ϕ = π ,
from Eq. (9) is clear that the superconductivity is only possible
for “mixed” α-γ pairs, and this is in direct conflict with
the Kondo singlet. Regarding the negative slope of λ1/2,1(ϕ),
from Eq. (21), λ1/2,1(0) = −2�; in this configuration, all
gain in energy comes from the superconductivity, with zero
Kondo contribution. Increasing ϕ, λ1/2,1(ϕ) gain energy both
from the superconductivity and by the Kondo effect, and the
energy decreases. For ϕ = π , the ground state is |1/2,1〉(π )
in Eq. (20): the mixed pairs α-γ found the way to contribute
both to the superconductivity (term proportional to b2), and to
a kind of spin-1 Kondo effect (term proportional to b1).

Depending on the value of �/J , four zero-temperature
configurations are then (in principle) possible for the junction.

(a) ϕ∗(�/J ) = π , and the Josephson current is given by
Eq. (24) for 0 � ϕ � π . This is the 0-junction regime, which
is not realized for any finite value of �. One way to see this is
from the very same Eq. (24), according to which I0(π )/I0 = 0,
and this is not possible.

(b) 0 < ϕ∗(�/J ) < π , with λ0,1(0) < λ1/2,1(π ). This is the
0′-junction regime, valid for � < �c.

(c) 0 < ϕ∗(�/J ) < π , but λ0,1(0) > λ1/2,1(π ). This is the
π ′-junction regime, valid for �c < � < 0.75J .

(d) ϕ∗(�/J ) = 0, and the Josephson current is given by
Eq. (25) for 0 � ϕ � π . This is the π -junction regime, and it
is realized for �/J � 0.75.

The Josephson current is positive both in the 0- and
0′-junction regimen, and negative in the π and π ′-junction
regime.

It is important to note that in the 0′- and π ′-junction
configurations the Josephson current is given by two different
functions at right and left of ϕ∗(�/J ), which gives rise to a
discontinuity given by

�I0−π [ϕ∗(�/J )] := I0[ϕ∗(�/J )] − Iπ [ϕ∗(�/J )] > 0.

(27)

This is shown in Fig. 3. For � 
 �c, λ1/2,1(ϕ) → −2� −
3J 2 sin2(ϕ/2)/(64�). Evaluation of Ai(ϕ) in Eq. (26) with
this approximation for λ1/2,1(ϕ), and replacing in Eq. (25),

FIG. 3. (Color online) Zero-temperature Josephson current
I (ϕ)/I0 as a function of ϕ, for different values of �/J . All curves,
except the ones for �/J = 0.75 and 1, have a discontinuity at
ϕ∗(�), indicated by the vertical thin straight line. The size of the
discontinuity is given by Eq. (27). τ = kBT .

yields the leading contribution

Iπ (ϕ)

I0
≈ − 3J 2

64�2
sin(ϕ). (28)

This equation describes the zero-temperature Josephson cur-
rent well inside the π -junction regime. The zero-temperature
results displayed in Fig. 3 look quite similar to the ones in
Fig. 4 of Ref. [22], obtained using both the FRG and the NRG
for the full model, and for finite U .

Since the discontinuity in I (ϕ)/I0 displayed in Fig. 3 is
exactly located at ϕ∗(�/J ), from here it is possible to follow
the evolution of ϕ∗(�/J ) for increasing values of �/J . For
small values of this parameter, ϕ∗(�/J ) ∼ π , and then it
decreases monotonically as �/J increases, reaching zero
when �/J = 0.75. For larger values of �/J , the junction
is in the π regime, and ϕ∗(�/J ) = 0.

Zero-temperature I (ϕ)/I0 vs ϕ diagrams have been ob-
tained previously through the solution of the full standard
model of Eq. (1) [22]. The similarity with the results presented
in Fig. 3 is remarkable. This gives the first hint of what is one
of the messages of the present work: that besides the drastic
simplification introduced by the narrow-band approximation,
after it the model still retains all the important physical
ingredients of the original model, reproducing in a qualitative
way their results. This conclusion is extended to the finite-
temperature case in the following section.
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B. Finite temperature

At finite temperatures, it is straightforward to obtain the free
energy of the system as a function of the model parameters.
We can write F (ϕ) = −kBT ln [Z(ϕ)], with Z(ϕ) the partition
function given by

Z(ϕ) = 2 exp

(
3βJ

8

) 2∑
n=1

cosh[3βJR3,n(ϕ)/8]

+ 6 exp

(
−βJ

8

) 2∑
n=1

cosh[βJR1,n(ϕ)/8]

+ 2
4∑

i=1

exp[−βλ1/2,i(ϕ)] + 4

[
1 + exp

(
−βJ

4

)]
,

(29)

where β = 1/(kBT ), kB being the Boltzmann constant. The
first and the second terms in Z(ϕ) give the contribution due
to the mixing of two-particle and four-particle states with
total spin S = 0 and S = 1, respectively. The third term
gives the contribution of eigenvalues of Eq. (19). Finally,
the last term gives the contribution of four states of S = 1/2
and zero energy corresponding to 1√

2
(α†

↑α
†
↓ − γ

†
↑γ

†
↓)|σ 〉 and

1√
2
(1 − α

†
↑α

†
↓γ

†
↑γ

†
↓)|σ 〉, and other four three-particle states

with S = 3/2 and energy J/4. Being independent of ϕ, these
eight states play no role in what follows. Since the full energy
spectra is invariant under the change ϕ′ → −ϕ′, F (π − ϕ) =
F (ϕ − π ), and F (ϕ) enters with zero slope at ϕ → π .

In Fig. 4 we show F (ϕ) as a function of ϕ, for τ/J = 0.01,
and different values of �/J . Depending on the value of �/J ,

FIG. 4. (Color online) Free energy F (ϕ) as a function of ϕ

[measured from F (ϕ = 0)], for τ/J = 0.01 and different values of
�/J . F (ϕ) enters with zero slope at the limiting values ϕ = 0,π .

we can observe two different absolute minimum of the free
energy either at ϕ = 0 or π , and one maximum at 0 < ϕ < π .
In the region of parameters where this maximum exists, it
allows us to identify the finite temperature 0′-junction regime
when the absolute minimum of F (ϕ) corresponds to ϕ = 0, and
the π ′-junction finite-temperature behavior when the absolute
minimum of F (ϕ) occurs at ϕ = π [20]. For small values
of �/J , F (ϕ) shows the 0-junction behavior, the physics is
dominated by the Kondo effect, and we can see the minimum of
F (ϕ) at ϕ = 0, with a weak dependence of ϕ (see solid line for
�/J = 0.1). Increasing �/J the maximum at ϕ = π moves
up (�/J = 0.2,0.3). For �/J 	 0.306, the free energy shows
the transition from the 0-junction to 0′-junction behavior,
and for 0.306 � �/J � 0.631 the 0′-junction behavior can
be observed (�/J = 0.35,055). For �/J 	 0.631, where
F (ϕ = 0) 	 F (ϕ = π ), the model gives the transition from
0′ to π ′ behavior. For 0.631 � �/J � 0.744, the free energy
corresponding to the π ′-junction behavior can be observed
(�/J = 0.64,0.70). Finally, for �/J 	 0.744 the transition
from π ′ to π junction takes place and the figure shows the
π -junction behavior of the free energy for �/J = 0.75.

From the free energy it is easy to write the Josephson current
explicitly as

I (ϕ)

I0
= sin (ϕ/2)

Z(ϕ)

{
2 exp(3βJ/8)

2∑
n=1

sinh[3βJR3,n(ϕ)/8]

(−1)n−1R3,n(ϕ)

+ 6 exp(−βJ/8)
2∑

n=1

sinh[βJR1,n(ϕ)/8]

(−1)n−1R1,n(ϕ)

+ 3�

8J
cos (ϕ/2)

4∑
i=1

exp[−βλ1/2,i(ϕ)]

Ai(ϕ)

}
. (30)

From Eq. (30) we obtain I (0) = I (π ) = 0. The fact that
I (0) = 0 is explicit from the equation above. On the other side,
I (π ) = 0 is a consequence of the symmetry properties of the
eigenvalues under the change ϕ′(= π − ϕ) → −ϕ′ discussed
previously.

In Fig. 5, we can see the ϕ dependence of the Josephson
current through the QD for τ/J = 0.01 and �/J ranging from
0.05 to 1. Three types of behavior can be observed: (I) for
small values of �/J , the 0-junction regime, where the Kondo
physics is important and the current is positive (�/J = 0.05,
0.10, 0.20, and 0.30), (II) the crossover regime (0′ and π ′
junction), for �/J = 0.55 and 0.70, where the current shows
positive and negative values, and (III) the π -junction regime,
where the current is negative, has a sinusoidal behavior,
and is small (see �/J = 0.75 and 1). These results are in
a good qualitative agreement with the results obtained in
Ref. [20] using Monte Carlo simulations [43]. Comparison
between the zero-temperature and finite-temperature results of
Figs. 3 and 5, respectively, reveals how the zero-temperature
discontinuities �I0−π [ϕ∗(�/J )] are transformed in broadened
transitions, located essentially at the same ϕ∗(�/J ). At
difference with the T = 0 results, however, the maximum in
I (ϕ)/I0 shows a nonmonotonic behavior with increasing �,
first increasing (0.05 → 0.10), and then decreasing (0.10 →
0.20 → 0.30 → 0.55).
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FIG. 5. (Color online) Josephson current I (ϕ)/I0 as a function of
ϕ, for τ/J = 0.01 and different values of �/J .

Figure 6, which is the same as Fig. 5, but for τ/J = 0.10,
shows some important differences. In the first place, the
amplitude of the Josephson current is about five times smaller
as compared with the amplitudes in Fig. 5. Second, besides the
nonmonotonic behavior in the regime of small �, the current
also shows a second nonmonotonic behavior in the regime of
intermediate �’s. Clearly, for this temperature I (ϕ)/I0 has a
minimum in his amplitude for 0.55 � �/J � 0.60, increases
for increasing �, and then decreases again for �/J = 1. This
somehow nontrivial behavior of the Josephson current with
temperature and the strength of the unique parameter �/J is
better displayed by looking at the critical current Ic/I0.

Proceeding, in Fig. 7 we show the critical current Ic/I0

as a function of �/J , for different values of temperature,
in Fig. 8 we show the critical current as a function of τ/J ,
for different values of �/J , and in Fig. 9 we depict the
“phase diagram” of the hybrid junction in �/J vs τ/J space.
Starting with the analysis of Fig. 9, the full line shows
the transition from the π ′ regime at lower T ,�’s to the
π regime at higher T ,�’s. At zero temperature this transition
occurs at �/J = 0.75, as discussed above. The dashed line
shows the transition from the 0′ to the π ′ regime. It starts at
zero temperature at �c = J (1 + √

17)/8 	 0.64J , and then
decreases monotonically with temperature. The transition from
the 0 to the 0′ regime is indicated by the dotted line, and the case
is that the 0-junction regime occurs only at finite temperatures.
At τ � 0.25 and �/J → 0, all the curves collapse in one
curve, where only one transition is possible from the 0 to
the π regime. However, we must take into account that we
neglected the temperature dependence of � and then we
consider our results reliable only for � � τ . The thin dashed

FIG. 6. (Color online) Josephson current I (ϕ)/I0 as a function
of ϕ, for τ/J = 0.1 and different values of �/J . I (ϕ)/I0 has a
nonmonotonic behavior both in the regime of small and intermediate
values of �/J .

straight line represents the limit � = τ , meaning that the part
of the phase diagram below this line is not reliable. The thin full

FIG. 7. (Color online) Critical current Ic/I0 = maxϕ |I (ϕ)|/I0 as
a function of �/J for different values of τ/J . In all cases Ic/I0 → 0
for � → 0.
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FIG. 8. (Color online) Critical current Ic/I0 as a function of tem-
perature, for several values of the superconducting order parameter.
All curves have a finite value at τ = 0, smaller than 1.

0.00 0.05 0.10 0.15 0.20 0.25
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

 0-0'
 0'-π'
π'-π

0'

π'

0

π

Δ/
J

τ/J
FIG. 9. Phase diagram in �/J , τ/J space. The analytical zero-

temperature intercepts of the 0-0′, 0′-π ′, and π -π ′ boundaries are 0,
�c/J = (1 + √

17)/8 	 0.64, and 0.75, respectively. The thin full
straight line corresponds to � = 10τ , while the thin dashed straight
line represents � = τ .

straight line corresponds to � = 10τ and represents the line
over which the authors in Ref. [20] perform the calculations.
For the transitions, their results give (�/kBTK ∼ 0.51)0−0′ ,
(�/kBTK ∼ 0.875)0′−π ′ , and (�/kBTK ∼ 1.1)π ′−π . Our re-
sults, in the Kondo limit (U → ∞), are (�/J ∼ 0.4)0−0′ ,
(�/J ∼ 0.6)0′−π ′ , and (�/J ∼ 0.7)π ′−π . In spite of the
fact that the model parameters are not identical and the
calculations are very different, our model results are in good
quantitative agreement. The main message beyond the results
in Fig. 9 is the fact that the Kondo-related 0- and 0′-junction
configurations are dominant for �/J � 0.75 and τ/J � 0.25,
and that by increasing �/J or/and τ/J the π ′- and π -junction
configurations become dominant. As we will see below, the
fundamental 0′-π ′ boundary manifests clearly in the junction
critical current, a fact that may be used for its experimental
characterization.

Figure 7 displays then the behavior of the critical current
as one moves vertically in the phase diagram, changing �/J

at fixed τ . At zero temperature Ic/I0 decreases monotonically
with �/J . For �/J � 0.70, Ic/I0 is given by the maximum
value of I0(ϕ)/I0. From Eq. (24) and considering that I0(ϕ)/I0

reaches its maximum value at ϕ∗(�/J ) (see Fig. 3), we obtain
that

Ic

I0
= I0(ϕ∗)

I0
(31)

in this Kondo-dominated regime. For �/J � 0.70, Ic/I0 is
given by the negative of the extreme value of Iπ (ϕ)/I0, which
is (approximately) located at ϕ/π = 1/2. That is,

Ic

I0
	 −Iπ (π/2)

I0
(32)

in this superconductivity-dominated regime. According
Eq. (28), for �/J 
 1, Ic/I0 ∼ 3J 2/(64�2). The transition
from one regime to the other is indicated by a change in slope
for �/J ≈ 0.70. It is interesting to note that the change of
regime from Eq. (31) to (32) occurs close (but not exactly) to
the 0′ → π ′ transition in Fig. 9, slightly above the boundary,
but clearly inside the π ′-junction regime [44]. For τ = 0,
the current first increases (from zero) with �/J to reach a
maximum at small values of �/J and then decreases when
�/J is increased. This first maximum in the curve for Ic/I0

vs �/J is then a natural consequence of the condition I (ϕ =
0) = 0 for �/J = 0 at any τ [Eqs. (24) and (30)], and the fact
that in the Kondo-dominated regime, the current must decrease
for increasing �/J . Consistent with this, the Kondo-induced
first maximum in Ic/I0 decreases with increasing temperature
showing the progressive loss of the Kondo correlations in
the 0 and 0′ regimes. At very low temperatures, the critical
current is essentially dominated by the singlet ground state
(Kondo effect) of Eq. (15) that yields high values of Ic/I0

close to the limiting value 1 (τ/J = 0.001,0.01). When τ

is increased, the thermal excitations progressively destroy
the Kondo correlations given an important reduction of
the critical current (τ/J = 0.03, 0.06, 0.1, 0.15, and 0.2).
Simultaneously, the zero-temperature change of regime (slope
discontinuity) around 0.7 evolves towards a local minimum for
Ic/I0 located close to the finite-temperature 0′ − π ′ boundary
in Fig. 9 [20]. The appearance of this minimum has a straight-
forward explanation. Since the boundary between the 0′ and π ′
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regimes is defined by the condition that
∫ π

0 dϕ I (ϕ) = 0, for
this to be true, the amplitudes of the positive (Kondo-driven)
and negative (superconductivity-driven) contributions to I (ϕ)
should be essentially the same, and relatively small (see, for
example, the case �/J = 0.6 in Fig. 6). Beyond this point, the
negative component increases and the positive component de-
creases (see, for example, the cases �/J = 0.65,0.7 in Fig. 6),
opening the way for the existence of a minimum for the critical
current close to the boundary 0′ − π ′. In brief, this minimum
marks the change from a Kondo-dominated regime (for �’s
to the left of the minimum) to a superconductivity-dominated
regime (for �’s to the right of the minimum). The presence of a
minimum in the curve Ic/I0 vs �/J is also in good qualitative
agreement with the QM results of Ref. [20], made on the single-
temperature line τ = �/10. From their data, however, it is not
possible to observe the first increase of Ic/I0 for small values
of �/J , presumably due to the fact that their first (smallest)
value of �/TK (the equivalent of �/J here) is already large
[45]. Also, the existence of a local minimum was characterized
by these authors as a “subtle many-body effect,” for which
we provide here a simple explanation, making the reasonable
assumption that it is also valid for the full “standard” model.
For increasing values of τ/J , the local minimum moves to
smaller values of �/J , since the strength of the Kondo effect
diminishes as the temperature rises. For large values of �/J ,
all critical current curves collapse to the one corresponding
to the zero-temperature limit, which goes to zero as (J/�)2,
as shown above. This is the reason for the existence of a
second maximum beyond the local minimum. Interestingly,
for τ/J � 0.15, the first maximum is smaller than the second
one, and also we can see the crossings of curves (τ/J = 0.15
and τ/J = 0.2) at �/J ∼ 0.5. This suggests the existence of
an “anomalous” regime at small values of the critical current,
such that when τ is increased, Ic/I0 is also increased.

We display such anomalous behavior in Fig. 8, using
for now the critical current Ic/I0 as a function of τ/J ,
for different values of �/J . For �/J � 0.75, at any value
of temperature the junction is π type (see Fig. 9), and
Ic/I0 decreases monotonically with τ/J (�/J = 0.75). For
�/J = 0.65 we can observe, at low temperatures, a different
behavior of Ic/I0, with a change in slope around the transition
between 0′ and π ′ regimes. For �/J = 0.55 the curve shows
how the change in slope at τ/J ∼ 0.125 evolves towards
a smooth local minimum. Similar behavior is obtained for
�/J = 0.45, �/J = 0.35, and �/J = 0.25, where we can
see a well defined minimum for τ/J ∼ 0.18, τ/J ∼ 0.21, and
τ/J ∼ 0.23, respectively. For higher values of τ/J beyond this
minimum, Ic/I0 shows the anomalous behavior commented
on above, increasing with increasing temperature. This kind of
behavior has been observed experimentally in Ref. [17], where

the coupling of two superconductors through a ferromagnet
link was studied. As in the previous case of Fig. 7, these minima
in Fig. 8 mark the transition from a Kondo dominated regime at
low temperatures to a superconductivity dominated regime at
higher temperatures. As before, the minima are located slightly
above the 0′ − π ′ boundary in Fig. 9.

IV. CONCLUSIONS

We have applied the narrow-band approximation to analyze
the Josephson current through a quantum dot connected
between superconducting electrodes, when the dot is in the
Kondo limit. The model is completely characterized by the
dimensionless parameter �/J , with � the superconducting
order parameter, and J the antiferromagnetic Kondo exchange
strength. Each of the two narrow-band superconducting banks
can be occupied by zero, one, or two electrons at most,
and this simplifies drastically the calculations, without losing
any of the main physical ingredients of the full standard
model. As a proof of that, we have reproduced all the
known zero- and finite-temperature features of the full model,
as follows: (i) qualitative agreement between the first and
second many-body excited states of the full model and the
lowest-lying eigenvalues of the present narrow-band model;
(ii) four types of hybrid junction configurations (0, 0′, π ′, π );
(iii) a nonmonotonic behavior of the junction critical current,
at fixed temperature and for increasing values of �/J . The
simplicity of the model allows us to provide a transparent
physical explanation for each of these features, something
that is not always possible with the much more involved
calculations needed for the full model.

We also provide evidence for a nonmonotonic behavior
of the critical current for increasing temperatures, at fixed
values of �/J , and just before the junction enters in the
π -junction regime. This finding should be possible to be
checked experimentally. And, finally, we summarize our
findings in a global phase diagram in the space �/J , kBT /J ,
showing the evolution and stability of the four possible
junction configurations with superconductivity strength and
temperature. This global phase diagram should be useful for
further experimental and theoretical developments alike, by
providing an overall picture of the hybrid junction system.
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ABSTRACT

Ternary group-IV alloys have a wide potential for applications in infrared devices and optoelectronics. In connection
with photovoltaic applications, they are among the most promising materials for inclusion in the next generation of
high-efficiency multijunction solar cells, because they can be lattice matched to substrates as GaAs and Ge, offering the
possibility of a range of band gaps complementary to III–V semiconductors. Apart from the full decoupling of lattice and
band structures in Ge1–x–ySixSny alloys, experimentally confirmed, they allow preparation in a controllable and large range
of compositions, thus enabling to tune their band gap. Recently, optical experiments on ternary alloy-based films, photode-
tectors measured the direct absorption edges and probed the compositional dependence of the direct gap. The nature of the
fundamental gap of Ge1–x–ySixSny alloys is still unknown, as neither experimental data on the indirect edges nor electronic
structure calculations are available, as yet. Here, we report a first calculation of the electronic structure of Ge1–x–ySixSny
ternary alloys, employing a combined tight-binding and virtual crystal approximation method, which proved to be useful
to describe group-IV semiconductor binary alloys. Our results confirm predictions and experimental indications that a 1 eV
band gap is indeed attainable with these ternary alloys, as required for the fourth layer plan to be added to present-day
record-efficiency triple-junction solar cells, to further increase their efficiency, for example, for satellite applications. When
lattice matched to Ge, we find that Ge1–x–ySixSny ternary alloys have an indirect gap with a compositional dependence
reflecting the presence of two competing minima in the conduction band. Copyright © 2013 John Wiley & Sons, Ltd.
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Major advances in epitaxial growth techniques have con-
tributed to an improved understanding of the properties
of group III–VI materials and their alloys [1–3]. Modern
semiconductor technology requires materials with a pre-
cise prescription of both lattice parameter and band gap,
which has motivated the study of ternary and quaternary
alloys in order to be able to tune them independently [1–4].

The most efficient solar cells currently in produc-
tion use lattice-matched Ge/GaAs/GaInP triple-junctions
grown on bulk Ge substrates. Although these architec-
tures can achieve 39% efficiency by using solar concen-
trators (at 500 suns) [5], incorporating a fourth junction
could provide further improvements in efficiency [4]. The
material in this fourth junction should ideally be lattice

matched to Ge and have a band gap of �1 eV. However,
prior to recent advances that make it possible to grow
device-quality Ge, GeSn, and GeSiSn alloys on Si sub-
strates, there had been no materials reasonably suitable to
meet these requirements [1,6–11]. The emergence of the
Ge1–x–ySnxSiy alloys provides the opportunity to incor-
porate them as a fourth junction in solar cells, taking
advantage of the possibility of widely adjustable band gaps
at a fixed lattice parameter identical to that of Ge. These
materials can also be grown directly, at low cost, on large
wafer size Si platforms [9,12]. Experimental results have
shown a full decoupling of lattice constant and band struc-
ture for Ge1–x–ySnxSiy [8,9] alloys and have suggested
that the Ge lattice-matched alloys might have a tunable

Copyright © 2013 John Wiley & Sons, Ltd. 112
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band gap over the 0.8–1.4 eV range [9]. Recently, the
fabrication of working prototype devices on group-IV plat-
forms was reported [12]. In particular, GeSiSn photodiodes
on Ge(100) substrates compatible with current multijunc-
tion solar cell architectures were produced, as well as
similar devices on Si(100) substrates. The latter exhibit
inferior crystal quality, induced by the lattice mismatch,
but if their photovoltaic performance could be improved,
huge cost reductions would ensue. Optical responsivity
measurements confirmed [12,13] that defect-free ternary
Ge1–x–ySnxSiy alloys lattice matched to Ge(001) sub-
strates possess direct absorption edges between 0.88 and
0.98 eV for small Si (x� 0.2) and Sn (y� 0.05) con-
centrations. The compositional dependence of the direct
gap was then derived, indicating important (and compo-
sitional dependent) bowing effects. Notwithstanding the
large atomic size differences between the components of
the ternary alloy, no dramatic deterioration of the I–V
or optical characteristics of the diodes was found when
the total doping into Ge was increased, at those small
Si and Sn concentration ranges, indicating that SiGeSn is
behaving like a conventional alloy and can be incorporated
into working devices [13]. Quantum efficiency measure-
ments yield values of at least 76% in the devices grown
on Ge [12].

In this paper, we report our electronic structure calcu-
lation for Ge1–x–ySixSny ternary alloys. We used a com-
bined tight-binding (TB) and virtual crystal approximation
(VCA) approach, originally introduced for group-IV bulk
pure elements and binary alloys by Jenkins and Dow [14],
which we extended here in order to describe the ternary
alloys. Basically, we consider the ternary system as an
“effective binary alloy”: one component corresponding to
Ge , and the second corresponding to a binary Si-Sn alloy.
Here, we report the electronic structure results obtained
in our TB + VCA approach for the concentration ranges
relevant for the envisaged applications in solar cells [9],
such that the lattice parameter of the ternary alloy equals
that of pure Ge, in order to avoid residual tension/strain
effects. The compositional formula for the ternary
alloy lattice matched to Ge is Ge1–Z(SiˇSn1–ˇ )Z , with
ˇ = 0.79 [9].

The TB calculations for electronic band structures are
useful because, besides their simplicity, many features
can be incorporated by suitably choosing the TB param-
eters. When applied to Ge, these methods proved not to
be straightforward, because a naive calculation consider-
ing only sp3 orbitals does not reproduce essential features
such as the indirect band gap and the bandwidths. This
arises from the mixing of d electrons in the conduction
bands of Ge, which for Si or C are not important, whereas
for Sn and Pb are responsible for their metallic behavior.
The role of d electrons could be mimicked by introduc-
ing a pseudo-orbital s*, without increasing the size of
the TB Hamiltonian. Finer properties, such as the exciton
spectrum of Ge cannot be explained without introducing
spin–orbit interactions. It is well-known that the TB + VCA
approach gives excellent predictions for many substitu-

tional binary semiconductor alloys [15,16], in particular
for the electronic structure in the energy range around the
band gap. In 1984, Newman and Dow[16], presented a
complete TB model consisting of an sp3s* orbital basis for
the binary Ge1–ySiy alloy, using a simple VCA [17], which
provides an excellent description of the electronic struc-
ture of this binary alloy, which smoothly evolves between
the limiting cases corresponding to the pure components
as a function of alloy concentration. In 1987, Jenkins and
Dow [14] presented a complete TB model for the binary
Ge1–ySny substitutional alloy, including spin–orbit[18], s*
orbitals, and second-neighbor interactions[19], and exam-
ined several properties of the binary alloy by using VCA.

In our extension of the TB + VCA approach of Jenk-
ins and Dow [14] for the Ge1–x–ySixSny ternary alloys,
we will use the same 20-orbital TB basis (s, p, s* states)
they had introduced for the group IV elements, including
second-neighbor [14,18] and also spin–orbit interactions
[14,16]. Thus, we consider the following averages for the
TB + VCA Hamiltonian matrix of the ternary alloy:

Hii = (1 – x – y) [Ge] + x [Si] + y [Sn];

Hij =
h
(1 – x – y)[Ge]{aGe}2 + x[Si]{aSi}

2

+ y [Sn] {aSn}2
i

{a(x, y)}–2 (1)

where Hii and Hij, respectively, denote the diagonal and
non-diagonal matrix elements of the Hamiltonian, and
subindices i and j refer to the TB-orbital states. By [Ge],
[Sn], and [Si], we refer to the TB Hamiltonian parameters
for Ge and Sn, which are given in Ref. [14], whereas for Si
are those given in Ref. [19]. The lattice parameters for pure
Ge, Sn, and Si, respectively, are as follows: aGe = 5.65 Å,
aSn = 6.46Å, and aSi = 5.43Å [20], and we are assuming
that Vegard’s law[21] is valid for the lattice parameter of
the ternary alloy, a(x, y) = (1 – x – y)aGe + xaSi + yaSn .

In Figure 1, we exhibit the TB + VCA band structure
obtained for each of the two “effective binary alloy” com-
ponents, which form the lattice-matched ternary alloy, pure
Ge, and SiˇSn1–ˇ alloy with ˇ = 0.79. Ge is seen to
exhibit an indirect gap (0.7 eV, i.e., close to the experi-
mental value of 0.67 eV at 300 K [20]) determined by the
maximum of the valence band at � , the Brillouin zone
center of the face-centered cubic diamond lattice, and the
minimum of the conduction band located at L. Notice that
Si0.79Sn0.21 also possesses an indirect gap (0.87 eV) deter-
mined by the maximum of the valence band at � and the
minimum of the conduction band here located near X (as
in pure Si). Meanwhile, for Si0.79Sn0.21 in TB + VCA, we
obtain for the direct gap (at �): E0 = 2.98 eV, slightly
smaller than the expected value of 3.15 eV obtained, if one
uses a linear interpolation between the pure Si (4.1) and
˛-Sn (–0.4 eV) direct gap values [9].

Figure 2 exhibits the electronic structure we obtained in
TB + VCA for the Ge1–Z(SiˇSn1–ˇ )Z ternary alloys lat-
tice matched to Ge (ˇ = 0.79)[9] and amplified around
the gap region. We plotted the band structure obtained for
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Figure 1. Tight-binding and virtual crystal approximation band
structure E(Ek) for Si0.79Sn0.21 and pure Ge, along with the
relevant Brillouin zone paths of the face-centered cubic diamond
lattice. Brillouin zone symmetry points: � = (0, 0, 0), L =

(2� /a)(1/2, 1/2, 1/2), X = (2� /a)(1, 0, 0), U = (2� /a)(1, 1/4, 1/4), and
K = (2� /a)(3/4, 3/4, 0), being a the lattice parameter.

Figure 2. Tight-binding and virtual crystal approximation
band structure for ternary alloys lattice matched to Ge:
Ge1–Z (Si0.79Sn0.21)Z , shown amplified near the gap. Alloy con-

centrations as indicated in the figure.

the different alloy compositions: Z = 0.05, 0.08, 0.10, 0.15,
0.25, 0.30, 0.40, and 0.50, corresponding to the same sam-
ples experimentally studied in Refs. [8], [9]. Notice that
the band structure changes smoothly and monotonously
as a function of the alloy concentration Z. The energy
of the maximum of the upper valence band, located at
� , is seen to be practically independent of concentration.
Moreover, as expected from the electronic structure of the
two components of the “effective binary alloy”, pure Ge
and Si0.79Sn0.21 of Figure 1, for the relatively small Sn-
concentrations shown in Figure 2, all ternary alloys formed
also possess indirect band gaps. Whereas in general, the
conduction band of the ternary alloy has four competing
minima, located respectively at � , U (orK), L (as in pure
Ge), and the minimum located near X (as in pure Si), only
the latter two are seen to define the fundamental (indirect)
gap for the ternary alloys depicted in Figure 2, which were
experimentally studied in Refs. [8], [9]. In these cases,

(a)

(b)

Figure 3. (a) Tight-binding and virtual crystal approximation
total density of states for Ge1–x–ySixSny lattice matched to Ge
(alloy compositions indicated in figure) compared with pure
Ge DOS (dotted line). Inset: amplification around the gap. (b)
Tight-binding and virtual crystal approximation total DOS (solid
line) and partial densities of states (s-DOS: dotted line, p-DOS:

dashed line) for Ge0.75Si0.20Sn0.05.

we found that the indirect gap is determined by the mini-
mum of the conduction band at L for all Ge compositions
1 – Z � 0.674 (with indirect gap values ranging from
0.758 eV at Z = 0.05 to 1.081 eV at Z = 0.326). Instead,
it is interesting to notice that for smaller Ge compositions
Z > 0.326, the relevant minimum of the conduction band,
determining the indirect gap, has shifted to the Si-related
one near X, whereas, for example, the indirect gap value
obtained at Z = 0.5 is 1.092 eV. In connection with these
results, it is interesting to mention that one of the final
remarks of Ref. [8] was that future experimental and theo-
retical works should concentrate on determining the nature
and energy of the indirect edges of these ternary alloys,
being of outmost significance the elucidation of the con-
duction band structure, because of the indications for near
overlap of various minima they found—as our electronic
structure calculations now confirm.

In Figure 3(a), we show the total density of states (DOS)
obtained in TB + VCA for the ternary alloy Ge1–x–ySixSny
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Figure 4. Compositional dependence of the band gap of
Ge1–Z (Si0.79Sn0.21)Z , matched alloys. Present (Tight-binding and
virtual crystal approximation) results: indirect gap (thick solid
line) and direct gap at � (dashed line). Other data included for
comparison (experimental points and fits, from Refs. [9,13,25]:

see text for details) correspond to the direct gap.

compared with pure Ge. The inset shows an amplification
of the DOS in the energy range around the gap for several
alloy compositions, which ensure the same alloy lattice
parameter as in pure Ge [8,9]. The smooth dependence
on composition is again observed here. In Figure 3(b), we
show the total and partial densities of states obtained in
TB + VCA for Ge0.75Si0.20Sn0.05. The partial DOS shown
corresponds to the projections of the total DOS onto the p
and (s + s*) orbital subspaces of the TB basis. Notice that
near the band gap, most of the DOS has p character, except
for a peak in the s-partial DOS that is located just above
the gap.

In Figure 4, we present our results respectively for the
direct (E0TB+VCA ) and the indirect (EITB+VCA ) band gaps of
the ternary alloy Ge1–Z(Si0.79Sn0.21)Z lattice matched to
Ge, as a function of the total doping Z into Ge. Our band
gap results (in eV) can be fitted as follows:

E0TB+VCA (Z) = 0.800 + 2.081 Z (2)

EITB+VCA (Z) =

�
0.700 + 1.169 Z , Z � ZC
1.061 + 0.062 Z , Z > ZC

(3)

where the indirect gap depends on a critical concentration:
Zc = 0.326, which in turn corresponds to respective critical
concentrations: xc = 0.258 of Si and yc = 0.068 of Sn. It
is clear that for the Ge lattice-matched ternary alloys stud-
ied, the fundamental gap is indeed predicted to be indirect
in TB + VCA approximation, as previously mentioned in
connection with Figure 2. Regarding their compositional
dependence, the direct gap depends linearly on composi-
tion, as might be expected in this approximation, whereas
the indirect gap clearly reflects the presence of two com-
peting minima in the conduction band, with concentration
ZC = 0.326 dividing two different linear regimes. For
compositions Z � 0.326, we find an indirect gap regime
determined by the conduction band minimum at L (as in

pure Ge), instead, for larger Z, the indirect gap is deter-
mined by the minimum located near X (related to Si). This
can be compared with the behavior of binary Ge1–xSix
alloys, where the indirect gap is known to change from
Ge-like to Si-like at a critical Si-concentration of x = 0.15
[22]. Thus, we find that a small amount of Sn (yc = 0.068)
present in the ternary alloy has a profound effect on the
indirect gap behavior modifying greatly (xc = 0.258 in
the ternary alloy vs. 0.15 in the binary) the critical Si-
concentration at which the gap changes from Ge-like to
Si-like.

For comparison with our TB + VCA results in Figure 4,
we have also included three sets of recent experimental
data, from which direct gap values of the ternary alloys lat-
tice matched to Ge were obtained, which we shall discuss
in the succeeding texts. The first set of experimental results
for the direct gap included in Figure 4 was reported by
D’Costa et al. in Refs. [8,9], who used room-temperature
spectroscopic ellipsometry on ternary alloy films and who
compared three different fits with their measured data.
They find that their experimental results for the direct gap
[9] are best described by a quadratic fit (thin solid line in
Figure 4) obtained assuming that the compositional depen-
dence of the direct band gap E0(Z) in the ternary alloy is
quadratic (as a result of phenomenological mixed bowing
effects[8,9]), namely:

E0(Z) = EGe
0 + AZ + BZ2 (4)

where, EGe
0 = 0.80 eV, A = 1.70 ˙ 0.42 eV, and B =

–1.62 ˙ 0.96 eV [9]. Figure 4 also shows the estimation
of the direct gap of the ternary alloy made in Ref. [9], by
linear interpolation (dotted line in Figure 4) between the
known values of the direct gaps for pure Ge (0.8 eV), Si
(4.1 eV), and ˛-Sn (–0.4eV) [23]. The increase of the band
gap value as a function of the total (Si + Sn) concentration
Z is mainly because of the larger value of the Si direct
gap. Our TB + VCA results for the direct gap (dashed line
in Figure 4) describe a linear dependence on Z but with a
smaller positive slope (because of the difference discussed
earlier between the direct gap values of SiˇSn1–ˇ , which
the TB + VCA and a simple linear interpolation predict)
somewhat closer to the experimental data. Notice that the
linear part of the quadratic fit of Equation (4) (dot-dashed
line in Figure 4), has a still smaller slope, although it is not
easy to infer what modifications in the TB + VCA approach
might achieve a similar effect. It would be interesting to
look into this problem in the light of the non-linearity
recently reported for the compositional dependence of the
lattice parameter in Ge1–ySny binary alloys [24].

The second set of experimental results for the direct gap
shown in Figure 4 was reported very recently by Beeler
et al. in Ref. [13], who measured the optical responsiv-
ity of ternary alloy photodetectors grown on Ge. The five
values of direct gap as a function of doping Z, (depicted
by empty triangles in Figure 4) obtained for respective five
devices, can be seen to lie slightly below the first set of
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experimental data discussed earlier [9], but agree with their
quadratic fit within the experimental error bars [13].

The third and most recent set of experimental data on
the direct gap of ternary alloys was obtained from high-
performance near-infrared (IR) photodetectors produced
with Ge1–Z(SiˇSn1–ˇ )Z layers on Ge(100) by Chi Xu
et al. [25]. The corresponding direct gap values appeared
and are included in Figure 4, depicted by empty cir-
cles, and are seen to be also consistent within error bars
with the experimental results [8,9,13] discussed earlier.
In particular, Chi Xu et al. fitted their data[25] by the
following:

E0(x, y) = 0.803 + (1.86˙0.34) x – (2.40˙1.4) y (eV).
(5)

Lastly, comparing our gap results with the experimen-
tal data included in Figure 4 discussed earlier, we find that
our TB + VCA prediction for the fundamental gap (i.e.,
the indirect gap, according to our calculations) lies close
to the direct gap values obtained in films [9] and even
closer to the gap values most recently reported in devices
[13,25], especially if one takes into account the relatively
large error bars for the experimental data and their fits
(Equation (4) and Equation (5)). Although further experi-
ments are needed to ascertain the true nature of the funda-
mental gap in these ternary alloys, the comparison of the
experimental direct and TB + VCA fundamental gap data
in Figure 4 is quite suggestive. Especially, considering the
fact that there has been mention of experimental limitations
making it difficult for a reliable identification of indirect
and direct gaps in closely related compounds. Indeed, for
binary Ge1–ySny alloys, it was mentioned that the direct
gap absorption could overlap with the indirect absorption
edge [26,27], thus making it difficult for the determina-
tion of the critical Sn-concentration (y*

c ) for the indirect to
direct gap crossover in these compounds. This may explain
the large spread of values reported for y*

c in the literature.
Starting from Atwater et al. [27], whose optical absorp-
tion experiments predicted 0.11 < y*

c < 0.15, Ladrón
de Guevara et al. [28] reported 0.10 < y*

c < 0.13 from
transmittance measurements, D’Costa et al. [26] reported
y*

c � 0.11 with ellipsometry experiments, and recently
Chen et al. [29] reported for the critical Sn-concentration
y*

c � 0.07 using photoluminescence. Theoretically, pre-
dictions for the critical Sn-concentration for the indirect
to direct gap crossover in the binary Ge1–ySny alloy yield

y*
c= 0.15 in TB + VCA [30], y*

c= 0.17 with a charge self-
consistent pseudo-potential plane wave method [31] and
y*

c= 0.11 with the empirical pseudopotential method with
adjustable form factors fitted to experimental data [32],
whereas with the full potential augmented plane wave plus
local orbital method within density functional theory y*

c=
0.105 [33].

Finally, we can also compare our TB + VCA predictions
for the indirect gap with the value estimated by D’Costa
it et al. in Ref. [8] for a ternary alloy sample not perfectly
lattice matched to Ge, namely Ge0.49Si0.4Sn0.11 (corre-
sponding to: Z = 0.51 and ˇ = 0.785). By modeling a

Ge/Ge0.49Si0.4Sn0.11 heterojunction using a combination
of known and extrapolated or assumed parameters, includ-
ing: band offsets, bowing parameters, and deformation
potentials to describe strain effects, they estimated an indi-
rect gap of 1.082 eV[8]. The latter value agrees well with
the result we obtain with TB + VCA, yielding an indirect
gap of 1.091 eV for Ge0.49Si0.4Sn0.11.

Finally, we relax the condition of lattice matching to
Ge and focus on the electronic and lattice structure of
Ge1–x–ySixSny ternary alloys, which may exhibit the tran-
sition from indirect gap to direct gap as a function of
concentration. Starting from the binary Ge0.75Sn0.25 alloy,
with a direct gap in TB + VCA [30], we will now study
ternary alloys with similar concentrations. We introduced
three parameters to characterize the alloys at this stage:

(i) � = Emin(Ek = �) – Emin(Ek = L), which measures the
energy difference between the two competing min-
ima (� and L) of the conduction band, at this Ge
concentration range: a negative value (� < 0) indi-
cates that the gap is direct, whereas � > 0 indicates
an indirect gap.

(ii) �a
1 = �a

aGe
= a(x,y)–aGe

aGe
: a parameter which mea-

sures the expansion (or contraction, if negative) of
the alloy lattice with respect to pure Ge.

(iii) �a
2 = �a

aGe1–ySny
=

a(x,y)–aGe1–ySny
aGe1–ySny

: a parameter

which measures the expansion (or contraction, if
negative) of the ternary alloy lattice with respect to
the lattice parameter of binary Ge1–ySny (aGe1–ySny ).

In Figure 5, we show the results obtained for alloys with
the same (75%) Ge content, smooth changes in the band-
structure are observed as a function of concentration, as
in all previous cases. Nevertheless, a crossover from the
direct gap in the binary Ge0.75Sn0.25 alloy to an indirect
gap in the ternary alloy is obtained as 1% of Sn is replaced

Figure 5. Tight-binding and virtual crystal approximation elec-
tronic structure of Ge1–x–ySixSny alloys with fixed Ge content:
x + y = 0.25 . Refer to inset for detailed alloy concentrations and
a table indicating corresponding values for the following param-
eters: � (sign indicates nature of gap: � < 0: direct gap; � > 0:
indirect gap), and the lattice expansion coefficients: �a

1 and �a
2,

defined in the text.
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Table I. Delta and lattice expansion coefficients for
Ge1–x–ySixSny alloys with fixed Sn content.

y = 0.25 alloys � (eV) �a
1 �a

2

Ge0.75Sn0.25 -0.003 0.0358 0
Ge0.74Sn0.25Si0.01 0.010 0.0355 -0.0004
Ge0.73Sn0.25Si0.02 0.024 0.0351 -0.0008
Ge0.72Sn0.25Si0.03 0.034 0.0347 -0.0011

Table II. Delta and lattice expansion coefficients for
Ge1–x–ySixSny alloys with fixed Si content.

x = 0.01 alloys � (eV) �a
1 �a

2

Ge0.75Sn0.24Si0.01 0.018 0.0340 0
Ge0.74Sn0.25Si0.01 0.010 0.0350 0.0010
Ge0.73Sn0.26Si0.01 0.003 0.0370 0.0030
Ge0.72Sn0.27Si0.01 -0.005 0.0380 0.0040

by Si. The replacement of Sn by Si is also accompanied
by a reduction of the alloy lattice parameter because of
the difference (rSi < rGe < rSn) in atomic radii [20], for
all ternary alloys included in Figure 5, an expansion of
the lattice is obtained with respect to pure Ge, whereas a
contraction is obtained with respect to the binary alloy.

Similar trends are observed analizing the results for the
ternary alloys with fixed Sn content (y = 0.25) included
in Table I, or with fixed Si content (x = 0.01) included in
Table II. Notice in Table II, that even in the presence of
Si in a ternary alloy with an indirect gap, a direct gap is
attainable if sufficient Sn is introduced to replace Ge.

In summary, we calculated the electronic structure of
Ge1–x–ySixSny extending TB + VCA [14] to describe these
ternary alloys. We analized the gap as a function of con-
centration for the ranges of most interest for technologi-
cal applications [4,8], that is, Ge1–Z(SiˇSn1–ˇ )Z ternary
alloys lattice matched to Ge (ˇ = 0.79). We found that
the fundamental gap is indirect, taking values between 0.7
and 1.1 eV for Z�0.5, thus confirming previous expecta-
tions, and close to the indications of optical measurements
(ellipsometry) [8,9], and very recent experiments on new
devices, ternary alloy-based photodetectors [13,25], for the
direct gap. The competition of two minima in the conduc-
tion band is clearly distinguishable in the compositional
dependence of the fundamental indirect gap dominating
the pure Ge-related minimum at L for Z � 0.326 and
the Si-related minimum near X for larger Z. Because
no previous electronic structure calculations or experi-
ments had thrown light on the fundamental indirect gap
of these ternary alloys, we believe that our work repre-
sents a useful contribution in this rapidly advancing and
active field, which will prompt new experiments to reli-
ably identify the indirect and direct band gaps. Our results
provide support to previous suggestions indicating that
these ternary alloys would be suitable (fourth) components
to integrate the multijunction heterostructures envisaged

for high-efficiency solar cells for satellites, allowing to
optimize the absorption frequency range [1,4,8,9].
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PACS 75.20.Hr – Local moment in compounds and alloys; Kondo effect, valence fluctuations,
heavy fermions

PACS 68.37.Ef – Scanning tunneling microscopy (including chemistry induced with STM)
PACS 73.20.-r – Electron states at surfaces and interfaces

Abstract – We study theoretically a square lattice of the organometallic Kondo adsorbate iron(II)
phtalocyanine (FePc) deposited on top of Au(111), motivated by recent scanning tunneling mi-
croscopy experiments. We describe the system by means of an effective Hubbard-Anderson model,
where each molecule has degenerate effective d-orbitals with xz and yz symmetry, which we solve
for arbitrary occupation and arbitrary on-site repulsion U . To that end, we introduce a gener-
alized slave-boson mean-field approximation (SBMFA) which correctly describes both the non-
interacting limit (NIL) U = 0 and the strongly interacting limit U → ∞, where our formalism
reproduces the correct value of the Kondo temperature for an isolated FePc molecule. Our results
indicate that while the isolated molecule can be described by an SU(4) Anderson model in the
Kondo regime, the case of the square lattice corresponds to the intermediate-valence regime, with
a total occupation of nearly 1.65 holes in the FePc molecular orbitals. Our results have important
implications for the physical interpretation of the experiment.

Copyright c� EPLA, 2015

The advances in nanotechnology and the degree of
control of different parameters in systems with strongly
interacting electrons provide a rich and challenging field
for the theoretical understanding of strongly correlated
materials, and for future applications in spintronics and
quantum information [1]. The strong repulsion between
3d electrons in the 3d series of transition-metal atoms
(TMAs) has led to the observation of the Kondo effect in
several systems in which these atoms [2–4] or molecules
containing them [5–11] are absorbed on noble-metal sur-
faces. In its simpler form, the Kondo effect arises when a
TMA has a (nearly) integer occupation of an odd number
of electrons and spin 1/2, and this spin is “screened”
by a cloud of conduction electrons in the metal, building
a many-body singlet ground state. As a consequence,
a narrow Fano-Kondo antiresonance (FKA) appears in
the differential conductance in scanning tunneling spec-
troscopy (STS) experiments. More exotic Kondo effects
involving even occupation and spin 1 [12,13], and orbital
degeneracy [10,14,15] were also observed. In particular,
it has been shown that STS for a system consisting on
a single iron(II) phtalocyanine (FePc) molecule (see the

inset of fig. 1) deposited on top of clean Au(111) (in the
most usual “on-top” configuration) can be explained in
terms of an effective SU(4) impurity Anderson model [10].
The four degrees of freedom correspond to the intrinsic
spin-(1/2) degeneracy times twofold degeneracy between
molecular orbitals with the same symmetry as the 3dxz

and 3dyz states of Fe, where z is the direction perpendic-
ular to the surface. The Kondo model is the odd-integer
valence limit of the impurity Anderson model, in which
localized electrons (like those of the 3d shell of a TMA)
are hybridized with a conduction band.

Experiments in which an array of effective “impurities”
(TMAs or molecules containing TMAs) are deposited on
metal surfaces constitute a further challenge to the theory
because they should be described by the periodic Ander-
son model, for which neither exact solutions nor accurate
treatments, like the numerical renormalization group, ex-
ist. Tsukahara et al. studied the STS of a square lattice
of FePc molecules on Au(111) [8]. They observed a split-
ting of the FKA near the Fermi level. A first hint to
the correct description of the system came soon when the
corresponding experiments for an isolated FePc molecule
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could be well described by the effective SU(4) impurity
Anderson model [10]. A natural step to construct a lat-
tice model is to introduce an effective hopping between
the molecules, which leads to a two-band Hubbard model
when the hybridization Hmix with the metallic states is ne-
glected. When Hmix is included, one obtains an orbitally
degenerate Hubbard-Anderson model. Lobos et al. [16]
derived this model and solved it using a slave-boson mean-
field approximation (SBMFA) for infinite on-site repulsion
U [17]. These authors were able to reproduce the observed
splitting of the FKA, which in simple terms can be inter-
preted as arising from split van Hove singularities due to
the anisotropic hopping terms in the Hubbard part of the
model.

However, there are several indications that the theory
needs to be improved in order to reproduce the experi-
mental details. For instance, the energy necessary to add
the first hole Ed ≈ −0.1 eV (see eq. (1)) was estimated
from ab initio calculations in the local density approxi-
mation (LDA), which obtained spectral density of Fe 3dxz

and 3dyz states 0.1 eV above the Fermi energy �F , which
we set as the origin of energies (�F = 0). However, as
described below, more accurate LDA+U calculations es-
timate Ed ≈ −1.6 eV. Since the value U = 1.8 eV was
estimated [10], Ed + U is small and in principle double
occupancy of holes cannot be neglected contradicting the
assumptions in ref. [16] (the hole occupancy is between
1 and 2). In addition, that theory does not allow to ob-
tain the position of the split dips in the FKA at the same
position as in the experiment, and an ad hoc voltage (hor-
izontal) shift in the differential conductance dI/dV was
necessary to fit the experiment. While a shift in dI/dV
(vertical) might be expected due to uncertainties in the
background contribution due to conduction electrons, a
voltage shift is more difficult to justify. As a comparison,
for a Co atom on Au(111) a SBMFA of the SU(2) impurity
Anderson model provides an excellent fit of the observed
dI/dV without the need of a voltage shift [18].

The above discussion shows the need of accounting for
a finite U and multiple occupancy at the impurity sites.
Kotliar and Ruckenstein originally implemented this idea
within the SBMFA [19], which was later generalized for
orbitally degenerate systems [20–22], and constitutes a
very successful tool for describing highly correlated sys-
tems [23–25]. However, as we show below, this approach
does not lead to the correct Kondo temperature for an
isolated molecule in the Kondo regime.

In this work we study the orbitally degenerate Hubbard-
Anderson model as an effective model to describe a square
lattice of FePc molecules on Au(111), for realistic pa-
rameters derived from the LDA+U . We construct a
SBMFA that gives the correct Kondo temperature for one
FePc molecule, and also reproduces very accurately the
non-interacting limits (NILs) U = 0, for both the impu-
rity and the lattice cases. Although physically we expect
U to be rather large (i.e., approx. 1.8 eV), reproducing
the exactly solvable NIL constitutes an important “san-

ity check” for the entire formalism and is important when
multiple occupancies cannot be neglected. To the best
of our knowledge, this is a novel theoretical development
which improves over previous SBMFAs for orbitally de-
generate correlated systems [20–22]. We also stress that
the formalism presented here is in principle generic and
applicable beyond the case of FePc/Au(111) molecules.

Our method allows for quantitatively accurate fits of the
experimental dI/dV , both for the isolated molecule and
for the square lattice. The fitting procedure allows to ex-
tract the parameters of our model. From here we conclude
that while the single FePc molecule is in the Kondo limit,
the lattice of FePc molecules is in the intermediate-valence
regime.

The Hamiltonian was derived in ref. [16]. We refer the
reader to that work for details. It can be split into three
parts. Hmol is a degenerate Hubbard model that describes
the effective molecular states and the hopping between
them, Hc contains the conduction states, and Hmix is the
coupling between molecular and conduction states:

H = Hmol + Hc + Hmix,

Hmol =

N�

ij

�
−

�

σ,ν

�
t2h

ν†
rij ,σhν

rij±aν ,σ + t1h
ν̄†
rij ,σhν̄

rij±aν ,σ

�

+ Ednrij
+

U

2
nrij

�
nrij

− 1
��

,

Hc =

N�

ij

�

ξσν

�ξc
ν†
rij ,ξ,σcν

rij ,ξ,σ,

Hmix = V

N�

ij

�

ξσν

�
hν†
rij ,σcν

rij ,ξ,σ + H.c.
�

. (1)

The operators hν
rij ,σ annihilate a hole (create an elec-

tron) in the state |νrij ,σ�, where ν = (x, y) denotes one
of the two degenerate molecular states with spin σ at site
with position rij = ia1 + ja2 of the square lattice, with
ai the Bravais lattice vectors in the directions x and y,
respectively. For simplicity we denote as x and y the or-
bitals with symmetry xz and yz. The operator for the
total number of holes at the molecule lying at site rij is
nrij

=
�

σν nν
rij ,σ, with nν

rij ,σ = hν†
rij ,σhν

rij ,σ. The mean-
ing of ν̄ is x̄ = y, and ȳ = x. The hopping t2 between x (y)
orbitals in the x (y) direction is larger than the hopping
t1 between x (y) orbitals in the y (x) direction.

Hc corresponds to a band of bulk and surface conduc-
tion electrons of the substrate. The operator crij ,ξ,σ anni-
hilates a conduction hole with spin σ and quantum number
ξ at position rij . Note that the form of Hmix and Hc as-
sumes that the molecular states of each Hubbard site rij

is hybridized with a different conduction band. This is an
approximation which is valid if the distance between the
Hubbard sites is R � 1/kF , with kF the Fermi momen-
tum of the metallic substrate [26–28], as it is the case in
our problem. In other words, the molecular states are well
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separated and if the hopping between them is neglected,
the system behaves as dilute system of impurities.

We use the subscript η to denote any of the four states
at each site (x ↑, x ↓, y ↑, y ↓). The basic idea of the SB
approach is to enlarge the Fock space to include bosonic
states which correspond to each state in the fermionic
description. For example, the vacuum state at site i is
now represented as e†

i |0�, where e†
i is a bosonic opera-

tor corresponding to the empty site; similarly s†
iηf†

iη|0�
represents the simply occupied state with one hole with
“color” η, d†

iη1η2
f†

iη1
f†

iη2
|0� corresponds to a state with

double occupancy and similarly for triple and quadruple
hole occupancy (we denote the bosons as t†

iη1η2η3
and q,

respectively). The fermion operators entering eq. (1) in
the new representation are given by

h†
rij ,η = zrij ,ηf†

rij ,η, (2)

z0
rij ,η = s†

rij ,ηerij
+

�

η1

d†
iη1ηsrij ,η1

+
�

η1<η2

t†iη1η2ηdrij ,η1η2
+ q†trij ,η1η2η3

, (3)

where all ηi �= η and where we assume zrij ,η = z0
rij ,η for

the moment. The bosonic operator z0
rij ,η corresponds to

the creation of the fermion η at site rij , in the bosonic
sector of the Hilbert space.

To restrict the bosonic Hilbert space to the physical
subspace, the following constraints must be satisfied at
each lattice site (in what follows we drop the site index
rij for simplicity):

1 = e†e +
�

η

s†
ηsη +

�

η1<η2

d†
η1η2

dη1η2

+
�

η1<η2<η3

t†η1η2η3
tη1η2η3

+ q†q,

h†
ηhη = s†

ηsη +
�

η1 �=η

d†
ηη1

dηη1
+

�

η1<η2 �=η

t†ηη1η2
tηη1η2

+ q†q. (4)

The interaction term in eq. (1) can be written as

HU = U

� �

η1<η2

d†
η1η2

dη1η2
+ 3

�

η1<η2<η3

t†η1η2η3
tη1η2η3

+ 6q†q

�
. (5)

The advantage of the SB representation is that using
eq. (5) in the saddle-point approximation, in which all
bosonic variables are replaced by numbers, the problem
is reduced to a non-interacting one, in which the values
of the bosons are obtained minimizing the free energy. A
shortcoming of this procedure is that using eqs. (2), (3),
the exactly solvable NIL U = 0 is not recovered after per-
formingthe mean-field approximation (MFA). In this limit,

all bosonic numbers become independent of position rij

and color η, they can be chosen real and positive and for a
total fermion occupation n = �nrij

�, calling p = n/4, one
has e2 = (1 − p)4 (probability of finding an empty site),
s2 = p(1−p)3, d2 = p2(1−p)2, t2 = p3(1−p) and q2 = p4.
This leads to z0

iη = [p(1−p)]1/2, while the correct result is

z0
η = 1 for U = 0. To remedy this problem for the SU(2)

case, Kotliar and Ruckenstein have replaced the z0
iη oper-

ator for another one ziη which is equivalent to z0
iη in the

restricted Hilbert space, but when evaluated in the MFA
for U = 0 gives zη = 1 [19] They have shown that with
this correction, the SBMFA is equivalent to the Gutzwiller
approximation. This procedure was generalized for an ar-
bitrary number M of colors [20–22]. For M = 4 we can
write (dropping again the site indices for simplicity)

zη = O
−1/2
ηL z0

η O
−1/2
ηR , (6)

OηL = 1 − A4 e†e − A3

�

η1 �=η

s†
η1

sη1

−A2

�

η1<η2 �=η

d†
η1η2

dη1η2
− A1 t†η1η2η3

tη1η2η3
, (7)

OηR = 1 − A1 s†
ηsη − A2

�

η1 �=η

d†
ηη1

dηη1

−A3

�

η1<η2 �=η

t†ηη1η2
tηη1η2

− A4 q†q, (8)

where in eq. (7) all ηi �= η. We have written the coefficients
Aj in eqs. (7), (8) so that the formalism is electron-hole
symmetric, giving the same zη for occupation n and 4 − n.
Note that z0

η gives a non-vanishing result on states which
do not contain η, while all terms of eq. (8) except the first

do contain this particle. Therefore z0
ηO

−1/2
ηR = z0

η. Simi-

larly, since z0
η creates this particle in the bosonic language,

and all terms except the first in eq. (8) project over states

which do not contain it, O
−1/2
ηL z0

η = z0
η. Then zη = z0

η

in an exact treatment. However this is no more true in
the MFA. Choosing Aj = 1, the second of eqs. (4) gives
�OηR� = 1− p, and by electron-hole symmetry �OηL� = p.
This implies �zη� = 1 for U = 0 recovering the correct NIL
in the SBMFA for any occupation.

Nevertheless, the widely used choice Aj = 1 leads to an
incorrect Kondo temperature TK for the impurity case in
the limit U → +∞. From exact Bethe ansatz results, the
Kondo temperature in this limit for the SU(N) Anderson
model is (except for a factor of the order of 1 that depends
on the way in which it is defined) [29]

TK � D exp

�
πEd

NΔ

�
, (9)

where a constant density of conduction states ρ per color
(spin and symmetry) extending from −D to D and the
Kondo regime −Ed � Δ are assumed, with Δ = πρV 2.
The problem is reduced to an effective one-fermion model,
in which the hybridization term is reduced by the factor
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�ziη� = z, the term HU is added, and the constraints of
eqs. (4) should be added. Using the first constraint one
can eliminate one of the bosons, and the second one is
taken into account by introducing a Lagrange multiplier
λ, leading to an effective impurity level at Ẽd = Ed + λ.
The Green function of the pseudofermions is

Gf
η(ω) = (ω − Ẽd + iΔ̃)−1, (10)

where Δ̃ = z2Δ is one of the definitions used for TK . The
change in energy due to the impurity becomes [29]

E =
1

π

�
−4Δ̃ + 2Δ̃ ln

�
Ẽ2

d + Δ̃2

D2

�
+4Ẽd arctan

�
Δ̃
Ẽd

��

− 4λ(s2 + 3d2 + 3t2 + q2) + 6U(d2 + 2t2 + q2).

(11)

For U → +∞, one has d = t = q = 0, and one can use
e2 = 1−4s2 (from eq. (4)). The condition ∂E/∂λ = 0 gives
Ẽd = Δ̃ cot(πs2) and minimizing eq. (11) with respect to
s one obtains

2Δ
π

∂z2

∂s
ln

�
Ẽ2

d + Δ̃2

D2

�
+ 8sEd = 0. (12)

In the Kondo limit, −Ed � Δ, the total occupation
n → 1, and then s → 1/2 and eq. (12) gives

Δ̃ =
D√
2

exp
πEd

CΔ
, C = −∂z2

∂s

���
s=1/2

. (13)

In order for this equation to be consistent with eq. (9),
minus the derivative of z2 evaluated at s = 1/2 should be
C = N = 4. Using eqs. (3), (6), (7), and (8), and taking
A4 = 1 (to have a finite z for n → 0) one obtains

z2 =
1 − 4s2

(4 − 3A3)(1 − A1s2)
, U → +∞, (14)

C =
16

(4 − 3A3)(4 − A1)
. (15)

Thus, using Aj = 1 leads to an incorrect exponential de-
pendence of TK on Ed for U → +∞. To remedy this, we
modify the coefficients Aj so that the condition C = 4
is satisfied, and at the same time we try to recover the
NIL U = 0 as accurately as possible. To reproduce the
NIL for n = 4p → 0, in which e2 � 1 − 4p, s2 � p, and
the rest of the bosons can be neglected, we must choose
A4 = A3 = 1. This gives OηR = p (see eq. (8)) and com-
pensates the factor

√
p of z0, while OηL → 1. Then, the

condition C = 4 implies A1 = 0. To determine the re-
maining coefficient we impose that the NIL for n = 1 is
also recovered. This leads to a quadratic equation for A2.
Its solution nearest to 1 gives A2 = 1.3185. Note that be-
cause of electron-hole symmetry, z = 1 also for n = 3 and
n → 4. We have represented the resulting z as a function
of n for U = 0. It is a very flat function with a value

near 1, and the maximum deviation is at n = 2 for which
z = 0.989. Therefore, our SBMFA reproduces accurately
not only the Kondo limit for one impurity at large U , but
also the NIL in the general case. Another possibility to
optimize the Aj is to relax the correct NIL for n → 0
and n → 4 and to ask that the formalism captures the
correct Kondo temperature TK � D exp[−πU/(16Δ)] for
Ed = −3U/2 such that the system is in the electron-hole
symmetric case (with n = 2) for large but finite U . This
condition would imply A2 = 2 ±

�
3/2. However, for re-

alistic parameters (as described below) this estimate gives
TK � 5× 10−7 K which is too small, indicating that these
values of Ed are not realistic. Thus, we keep the values of
Aj described above.

The differential conductance G(Vb) = dI/dVb measured
in STS experiments, is a non-equilibrium process in which
the conduction states of the tip of the scanning-tunneling
microscope at a bias voltage Vb hybridizes with a linear
combination lrij

of molecular and conduction states. This

amounts to adding a perturbation Vt

�
k(t†klrij

+ H.c.) to
the Hamiltonian, where tk refers to the tip states and
lrij

= α
��

η(crij ,η + qhrij ,η)
�
, where α is a normalization

constant. In the limit in which Vt is small, G(Vb) is propor-
tional to the density of states ρl(eVb) of the states lrij

at
the position rij of the tip [18,30]. Here q controls the ratio
of the hybridization of the tip with the molecular states
with respect to the corresponding value for the conduction
states (this interference is the physical origin of the Fano
effect). Once the Green function of the molecular states
Gh

rijη(ω) = z2
rij ,ηGf

rij ,η(ω) (see eq. (10) for the impurity
case) is obtained from the SBMFA, ρl(ω) = −Im[Gl(ω)]/π
is given by a simple expression obtained using equations
of motion [18]. One has

Gl
rij

(ω) =
�

η

[G0c
rij ,η(ω) + (V G0c

rij ,η(ω) + q)2Gf
rij ,η(ω)],

(16)
where G0c

rij ,η is the Green function of the conduction states
before adding the molecules (we take that corresponding
to a constant density of states ρ = 1/(2D) extending from
−D to D).

According to the estimations of LDA+U (see supple-
mental material of ref. [10]), for an isolated FePc molecule
on Au(111), U = 1.84 eV and the energy of the localized
molecular orbital is E0 = −3.91 eV. Therefore, the energy
necessary to add the first hole on a molecular orbital is
Ed = −(E0 + 3U) = −1.61 eV. In the rest of this work we
take U = 1.8 eV and for this system we take Ed = −1.6 eV
(for the square lattice of FePc molecules we modify Ed

as described below). We have chosen D = 3.65 eV and
ρ = 1/(2D). However, the relevant parameter which con-
trols the hybridization is the product Δ = πρV 2, while the
spectral density of the molecular states, as well as ρl(ω)/ρ0

depend very weakly on D.
To describe the case of a single FePc molecule, we take

Δ and q as fitting parameters. The resulting ρl(ω), except
for an additive constant, is proportional to the observed
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Fig. 1: (Color online) Change of the spectral density of the
operator sensed by the STM tip l (see text) as a function of
frequency for an isolated FePc molecule. The circles correspond
to 3.1G(ω/eV )−2.5, where G in arbitrary units was taken from
fig. 3(a) of ref. [10]. Parameters are U = 1.8 eV, Ed = −1.6 eV,
Δ = 11 meV and q = −0.03. The inset shows a scheme of the
FePc molecule.

G. In fig. 1 we represent the change Δρl(ω) in ρl(ω) after
addition of the impurity (last term in eq. (16)) which
should be proportional to the change in G, and is less
sensitive to the details of the conduction band. From the
fit we obtain Δ = 11meV and q = −0.03. Note that the
agreement with experiment near the Fermi energy is very
good. It is certainly better than the comparison between
two different experimental realizations (figs. 3(a) and (b)
of ref. [10] for zero magnetic field). For the parameters of
our fit, we obtain a total occupation of 1.01 holes (2.99
electrons) in the molecular states. The total probability
of double hole occupancy is 1.3% and that of having no
holes (4 electrons) is 0.14%. Therefore, we conclude that
the single FePc molecule is in the Kondo regime. These
results agree with those of Minamitani et al. [10] who used
the numerical-renormalization group to interpret the ex-
periments. However, those authors did not attempt to fit
the experiment.

To model the square lattice of FePc molecules on
Au(111), we need to introduce the intermolecular hop-
ping elements ti. We assume t2/t1 = 3 as estimated pre-
viously [16]. The SBMFA again reduces the problem to
an effective non-interacting one. The latter has the same
form as that explained in the supplemental material of
ref. [16], but in our case a finite U is used and there-
fore the quasiparticle weight z2

rij ,η is different and given
by eqs. (3), (6), (7), and (8) with A1 = 0, A2 = 1.3185,
and A3 = A4 = 1 as described above. Although for the
lattice, the model is not SU(4) symmetric, the effective

Fig. 2: Same as fig. 1 for a square lattice of FePc molecules.
The circles correspond to 0.28G(ω/eV )− 0.7, where G in arbi-
trary units was taken from ref. [8]. Parameters are U = 1.8 eV,
Ed = −1.828 eV, Δ = 11 meV t1 = 7.5 meV, and q = −0.006.

non-interacting problem retains this symmetry [31] and in
the homogeneous SU(4) symmetric solution zrij ,η = z in-
dependent of site, spin and orbital. In order to compare
with the experimental results for the square lattice [8],
we retain the same values of U and Δ as for the impu-
rity case, and use t1, q and Ed as fitting parameters. q
depends on the distance from the STM tip to molecules
and the surface and therefore one expects that it is dif-
ferent from the one-molecule case. Concerning Ed since
the molecules are negatively charged as they are placed
on the surface [10,32], one expects that Ed lowers for the
lattice due to interatomic repulsion, since holes are sta-
bilized. This agrees qualitatively with our findings. The
quantitative aspects will be discussed below.

The resulting change in the spectral density sensed by
the STM tip is shown in fig. 2. From the fit we obtain
t1 = 7.5meV, q = −0.006 and Ed = −1.828 eV. The
latter is a surprising result since Ed + U = −28meV has
become slightly negative, favoring double occupancy but
the system is in the intermediate-valence regime, because
this energy is of the order of Δ = 11meV. This value of
Ed is imposed by the position in voltage of the observed
differential conductance. Higher values of Ed increase the
electron occupation and shift the structure to the left. For
the parameters of fig. 2 we obtain a total occupancy of 1.65
holes (2.35 electrons). The total single hole occupancy is
0.34, the total probability of double hole occupancy is 0.65,
and other states can be neglected.

The drastic change in the charge of the molecular xz
and yz orbitals is surprising. We should note that first-
principle studies of the charges for isolated FePc [10,32]
and CoPc [33] on Au(111) indicate that in addition to
these orbitals, also the 3d orbitals of the TMAs with
symmetry 3z2 − r2 are partially occupied. Nevertheless,
Minamitani et al. showed that the spin of these orbitals
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is screened in a first-stage Kondo effect at higher energy
and that an effective model containing only xz and yz
orbitals as the localized ones describes the low-energy
physics [10]. When an isolated FePc molecule is placed
on the metal surface, a partial transfer of electrons takes
place from the metallic states and also from the xz and
yz orbitals to the 3z2 − r2 [32]. Our results suggest that
the latter charge transfer is enhanced for a lattice of FePc
molecules on Au(111). The intra-atomic inter-orbital re-
pulsion should favor this procedure, since a larger charge
in the 3z2 − r2 orbital increases the energy for occupying
xz and yz orbitals. These arguments suggest that a more
general model that includes 3z2−r2 localized states might
explain the change in the occupancy of xz and yz orbitals.

In summary, we have studied an array of FePc molecules
deposited on top of Au(111), described by an effective
Hubbard-Anderson model with degenerate effective or-
bitals with xz and yz symmetry. To that end, we have
introduced a generalized slave-boson mean-field approxi-
mation (SBMFA), which correctly describes both the non-
interacting (U = 0) and the strongly interacting (U → ∞)
limits. This is an important improvement over previ-
ous formulations of the SBMFA for strongly correlated
orbitally degenerate systems, which fail to describe the
Kondo limit. We stress that our method is generic and
has applications beyond the present case of FePc/Au(111).
Our results indicate that while the isolated FePc molecule
can be described by an SU(4) Anderson model in the
Kondo regime, the case of the square lattice corresponds
to the intermediate-valence regime, with a total occupa-
tion of nearly 1.65 holes in the FePc molecular orbitals.
This conclusion is imposed by the position in voltage of
the double-dip structure observed in dI/dV and is inde-
pendent of the details of the parameters. We believe that
the shift in Ed is partly due to intermolecular repulsion,
but it might also indicate a redistribution of charge among
the Fe 3d electrons that is beyond our effective model.
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Electromagnetic driving in a honeycomb lattice can induce gaps and topological edge states with a structure of
increasing complexity as the frequency of the driving lowers. While the high-frequency case is the most simple to
analyze we focus on the multiple photon processes allowed in the low-frequency regime to unveil the hierarchy of
Floquet edge states. In the case of low intensities an analytical approach allows us to derive effective Hamiltonians
and address the topological character of each gap in a constructive manner. At high intensities we obtain the
net number of edge states, given by the winding number, with a numerical calculation of the Chern numbers of
each Floquet band. Using these methods, we find a hierarchy that resembles that of a Russian nesting doll. This
hierarchy classifies the gaps and the associated edge states in different orders according to the electron-photon
coupling strength. For large driving intensities, we rely on the numerical calculation of the winding number,
illustrated in a map of topological phase transitions. The hierarchy unveiled with the low-energy effective
Hamiltonians, along with the map of topological phase transitions, discloses the complexity of the Floquet band
structure in the low-frequency regime. The proposed method for obtaining the effective Hamiltonian can be easily
adapted to other Dirac Hamiltonians of two-dimensional materials and even the surface of a three-dimensional
topological insulator.
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I. INTRODUCTION

A topological material or system (e.g., a quantum Hall in-
sulator or a topological insulator) has a bulk gap characterized
by a topological invariant bearing a nontrivial value [1,2].
The bulk-boundary correspondence establishes that when in
contact with the vacuum (or a trivial material) the interface
between the two media hosts conducting edge states [1].
Interestingly, the number and chirality of the edge states
are solely determined by the topological invariants computed
for the bulk systems. Recently, several studies signaled that
topological edge states can be engineered in an ordinary
material by applying a time-periodic driving [3–5]. This
sparked the interest of diverse communities from graphene
[6–12] and related materials [13,14] to topological insulators
[15,16], photonic crystals [17], and optical lattices [18–26],
aiming to tackle a plethora of issues: characterization of these
novel edge states [11,12], different signatures in magnetization
and tunneling [27,28], the proper invariants entering the bulk-
boundary correspondence [29–31], their statistical properties
[32,33], the role of interactions and dissipation [34–36], and
the associated two-terminal [37,38] and multiterminal (Hall)
conductance [36,39].

Floquet theory [40–44] is the prevalent tool for the study
of time-periodic Hamiltonians. Within Floquet theory, the
solutions of the time-dependent Schrödinger equation can be
conveniently cast in terms of the solutions of an eigenvalue
problem in a higher-dimensional space, the so-called Floquet
space [40,44] which is the direct product between the usual
Hilbert space and the space of time-periodic functions with
period T = 2π/�. The increased dimensionality is at the heart
of the richness arising in the Floquet quasienergy spectra.
Notably, when the driving opens a gap between two adjacent
Floquet replicas, other replicas (associated to different number

of photons) develop a hierarchy of ever smaller gaps, each of
them hosting chiral edge states. The ensuing structure, which
reminds us of Russian nesting dolls, progressively unfolds as
higher-order inelastic processes are explored.

While for high-frequency driving, i.e., of the order of or
larger than the bandwidth, the system’s stroboscopic evolution
[8] can be elegantly described by an effective time-independent
Hamiltonian [18,25,45], the opposite low-frequency regime
is trickier to deal with, but might be experimentally more
feasible for many materials like three-dimensional topological
insulators [46], graphene [6,11,12], or other two-dimensional
materials [13]. Moreover, it is in this regime that the mentioned
nesting structure appears and the determination of an effective
Hamiltonian and the characterization of the associated chiral
edge states become more challenging.

Here we address the nesting structure of the bulk gaps and
associated edge states in the Floquet quasienergy spectra of
honeycomb lattices. To do this we rely on the fact that these
gaps follow a hierarchy in which the gaps’ widths depend
on the order of the inelastic processes originating them. This
allows us to determine the number of edge states by looking
first at the largest energy scale (largest gap) and progressively
moving into the smaller (higher-order) gaps towards the gap
center. The hierarchy unfolds as new edge states bridge the
smaller gaps. Honeycomb lattices illuminated by an intense
circularly polarized laser have attracted much attention in
this context [47,48] but a detailed analysis for frequencies
spanning both high- and low-frequency regimes is missing.
Here we provide a systematic derivation of the effective
Hamiltonians at the crossings between Floquet bands together
with analytical expressions for the associated contributions to
the Chern numbers.

This work is organized as follows. In Sec. II we present the
Floquet Hamiltonian for an irradiated honeycomb lattice. In
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Sec. III we discuss the calculation of the Chern numbers of the
Floquet bands in terms of the low-energy (Dirac) Hamiltonian
and explain the hierarchy of the corresponding edge states.
The case of large driving intensity and frequency is analyzed
in Sec. IV, where a full map of the Chern number is obtained
by a direct numerical calculation using the bulk tight-binding
Hamiltonian. This enables us to show a phase diagram of the
topological phase transitions for a wide range of frequencies
and intensities of the driving field.

II. DRIVEN HONEYCOMB LATTICE

Let us consider a general system with a Hamiltonian
H0 (time-independent) in the presence of a time-periodic
perturbation V(t). The full Hamiltonian H(t) = H0 + V(t)
satisfies H(t + T ) = H(t), where the period T = 2π/� is
determined by the driving frequency �. Floquet’s theo-
rem guarantees the existence of a set of solutions of the
time-dependent Schrödinger equation of the form |ψα(t)〉 =
exp(−iεαt/�)|φα(t)〉, where |φα(t)〉 has the same time period-
icity as the Hamiltonian, |φα(t + T )〉 = |φα(t)〉 [41–44]—this
is the equivalent of the usual Bloch theorem for systems that
are periodic in real space. The Floquet states |φα(t)〉 are the
solutions of the eigenvalue equation HF |φα(t)〉 = εα|φα(t)〉,
where HF = H − i� ∂

∂t
is the so-called Floquet Hamiltonian

and εα is the Floquet quasienergy.
It is customary, and useful, to introduce the notion of

the Floquet space, formed by the direct product between
the Hilbert space and the space of time-periodic functions
with period T (spanned by the functions ein�t with n =
0,±1,±2, . . . ), so that |φα(t)〉 = ∑

n ein�t |uα
n〉. When writ-

ten in this basis, the Floquet Hamiltonian HF is a time-
independent infinite matrix H∞

F with copies of H0 in the
diagonal blocks or Floquet replicas (fixed n). Each diagonal
block is shifted in energy by n��. The time-dependent
perturbation enters only (if it has zero time-averaged value)
in the off-diagonal blocks that couple the different Floquet
replicas.

In analogy with the concept of the Brillouin zone for Bloch
electrons, the quasienergies can be restricted to a Floquet zone.
Indeed, for every solution |φα(t)〉 with quasienergy εα one
can construct another solution |φαm(t)〉 = exp(−im�t)|φα(t)〉
with quasienergy εαm = εα + m��, that corresponds to the
same physical state |ψα(t)〉. Therefore, the eigenvalues are
repeated at intervals of �� and they could be restricted to
the interval (−��/2,��/2]. While this reduced zone scheme
is the usual choice, we find it more convenient and more
insightful, for reasons that will become clear below, to work
in the extended zone scheme. In that case, to better interpret
the results, a useful magnitude that complements the spectral
information (see below) is the time-averaged “local” density of
states which can be computed as the density of states associated
to the Floquet Hamiltonian projected on the n = 0 Floquet
subspace [3,7]:

ρ̄a(ε) =
∑

α

δ(ε − εα)
∣∣〈a∣∣uα

0

〉∣∣2
, (1)

where |a〉 is an arbitrary state of the Hilbert space. In the
sum, the full set of quasienergies εα is kept to ensure that for
vanishing intensity of the time-periodic potential (and hence of

the coupling between the Floquet replicas) the original density
of states of the unperturbed system is recovered. Equation
(1) can also be cast in terms of the Floquet-Green function
[12,49]. It is worth noting that recent works point out the key
role played by the time averaged component of the Floquet
eigenstates [12,27,38,39], particularly when analyzing the
transport response of the driven system [39].

A. Floquet-Bloch Hamiltonian

A honeycomb lattice with a single orbital per site can be
described by the following tight-binding Hamiltonian:

HTB(t) =
∑

i

εi c
†
i ci −

∑
〈i,j〉

[γij (t) c
†
i cj + H.c.]. (2)

Here c
†
i and ci are the electronic creation and annihilation

operators at site i with energy εi , respectively, and γij is the
nearest-neighbor hopping matrix element. We neglect the spin
degree of freedom throughout this work as it does not play any
role.

The effect of the circularly polarized electromagnetic
field E(t) can be described in a gauge such that E(t) =
−(1/c) ∂ A/∂t , where A(t) = A0(cos �t, sin �t) is the vector
potential—this describes the situation of normal incidence.
Hence, the time-dependent field enters the Hamiltonian
through the hopping matrix elements (Peierls substitution):

γij (t) = γ exp

(
i
2π

0

∫ rj

r i

A(t) · d�

)
, (3)

where 0 is the magnetic flux quantum.
Following a similar procedure as in Refs. [50,51] we arrive

at the Floquet-Bloch Hamiltonian, HF (k) = ∑
m,n Hm,n +

δm,n��I , where Hm,n = 1/T
∫ ∞

0 ei�t(n−m)H (t)dt is the (n −
m) Fourier component of the time-dependent Hamiltonian.
Each diagonal block has copies of H0 that account for the
Floquet replicas; the hoppings between different lattice sites
within the same replica are the zeroth Fourier components of
γi,j (t). This is proportional to γ J0(z) up to a phase that depends
on the direction of the hopping, where J0(x) is the zeroth-order
Bessel function, z = A0ac2π/0 denotes the field intensity
from now on, and ac is the distance between nearest neighbors
in the honeycomb lattice. This dependence on J0(z) will lead to
many interesting behaviors of the topological characteristics
(of any driven lattice) when the intensity reaches a root of
J0(x). The first root at z0,1 � 2.4048 leads to a topological
phase transition that is further explained in Sec. IV.

B. Low-energy Hamiltonian

Close to the Dirac points (K and K ′ points), the band
structure of the honeycomb lattice is well described by a Dirac
Hamiltonian:

H(t) = �vF

[
σx

(
kx + e

�c
A0 cos �t

)

+ s σy

(
ky + e

�c
A0 sin �t

)]
, (4)

where vF denotes the Fermi velocity, σ = (σx,σy) are the Pauli
matrices for the pseudospin degree of freedom, and s = ±1 is
the valley index.
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For the K valley (s = 1) we obtain the Floquet Hamiltonian:

H∞
F (k)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .
...

...
...

... . .
.

· · · �� �vFk− 0 0 · · ·
· · · �vFk+ �� evF

c
A0 0 · · ·

· · · 0 evF
c

A0 0 �vFk− · · ·
· · · 0 0 �vFk+ 0 · · ·
. .

. ...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(5)

with k± = kx ± iky . Since the external driving is harmonic,
and in this approximation it enters linearly in the Hamiltonian,
only the Floquet replicas differing in ±1 photon will be
directly coupled with a relative strength η = evFA0/c�� [in
connection with the lattice Hamiltonian η = (3γ /2��)z].
Higher-order couplings between two replicas m and n are
indirect and of order O(η|n−m|).

III. HIERARCHY OF DRIVING INDUCED GAPS AND
EDGE STATES

The Floquet theory outlined in the previous section enables
a simple picture of how the driving (in our case circularly
polarized light) can lead to laser-induced gaps [3,6,7,52]. Here
we briefly highlight a few points that will be useful later on.
We start considering the low-energy Hamiltonian of Sec. II A.
For vanishing driving strength, we have the Floquet spectra
represented in Fig. 1(a) (we take here a projection along a
particular k direction around the K point). The effects of
the external driving are expected to be important wherever
the Floquet replicas corresponding to different values of the
Fourier index n become degenerate. This happens at half-
integer multiples of ��/2. In Fig. 1(a) the crossings at ε0 = 0
and ε1/2 = ��/2 are marked with gray circles. Interestingly,
for circularly polarized light all these degeneracies are lifted
(including the degeneracy between the bands with n = 0 at ε =
0) with different strengths. In the low intensity limit (η � 1),
the magnitude of each anticrossing [of order O(η�n)] is ruled
by the difference �n among the associated replicas, thereby
establishing a hierarchy. This is schematically represented in
Figs. 1(b) and 1(c).

Once the degeneracies develop into gaps, something
interesting in the physics of topological systems happens:
Edge states develop within each anticrossing and these states
can coexist with the continuum spectrum provided by other
Floquet bands (these bands also have a gap of smaller width).
The chirality and the robustness to disorder of such Floquet
edge states were explicitly shown in Ref. [11] and more
recently other authors pointed out that this could be a general
fact also in time-independent systems [53]. In the following
we will exploit the structure shown in Fig. 1 to systematically
and progressively unfold our Floquet Russian nesting doll. At
each step we will obtain an effective Hamiltonian describing
the corresponding anticrossing, and the number and chirality of
the edge states bridging it. The latter requires the determination
of the relevant topological invariants that we briefly discuss in
the next subsection. We then follow with our results for the
low- and high-frequency regimes.

FIG. 1. (Color online) (a) Sketch of the dispersion of the first
replicas around n = 0. The crossings occur at the Floquet zone center,
ε = 0, and at the Floquet zone borders ε = ±��/2 are depicted
with circles. Note that for ε = 0 the crossings involve replicas where
m + n = 0 and are of order η|n−m| (|n − m| even), while in the case
ε = ��/2 the crossings involve replicas where m + n = ±1 and are
of the order η|n−m| (|n − m| odd). (b) and (c) Cartoon representations
of different crossings for ε = 0 and ��/2 respectively, ordered
hierarchically according to their magnitude. The special case of the
first doll in (b) represents the anticrossings at the Dirac point of
the n = 0 replica. This occurs because of a second-order process
involving the emission and reabsorption of a photon.

A. Topological invariants for Floquet bands

The Chern number associated to a given Floquet-Bloch
band α is given by

Cα = i

2π

∮
C
〈uαk|∇k|uαk〉 · dk

= 1

π
Im

∫
BZ

〈
∂ky

uαk

∣∣∂kx
uαk

〉
d2k,

(6)

where |uαk〉 is the periodic part of the Bloch eigenfunction and
C is the contour of the Brillouin zone (BZ) [54]. Alternatively,
Eq. (6) can be cast in the form

Cα = 1

2π

∫
BZ

�αk · dSk, (7)

with

�αk = Im
∑
β �=α

〈uαk|∇kHk|uβk〉 × 〈uβk|∇kHk|uαk〉
(εαk − εβk)2

, (8)

where �αk is the Berry curvature. The peaks in the Berry
curvature that occur at the points in the BZ where the bands
are quasidegenerate yield the main contribution to Cα . If the
curvature decays fast enough (which happens when η → 0)
the sum of these contributions is the exact calculation of Cα .
We will make use of this fact in Sec. III B, where an effective
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Hamiltonian is derived for the quasidegenerate subspace. We
also note that though the topological invariants may seem
very abstract objects they have recently been measured in cold
matter experiments [55].

In periodically driven systems to accurately account for
the edge states one must rely on the winding number W (ε)
due to the infinite periodicity of the Floquet spectrum [4,29].
When the winding number is evaluated, inside a gap counts
for the net number of chiral edge states. In connection with the
Chern number, the difference of winding numbers evaluated
at energies enclosing a band yields the Chern number of that
single band. From now on, we will only need to evaluate the
winding number in the two distinct Floquet band gaps, the gap
at the center of the Floquet zone [W (ε0) = W (0)] and the gap
at the edge of the Floquet zone [W (ε1/2) = W (��/2)]. This
topological invariant can be obtained in terms of the evolution
operator but here we use an alternative approach proposed in
Ref. [29], that consists in truncating the Floquet Hamiltonian
between the replicas −M and M up to a sufficiently large M

(note that each extra replica adds two bands to the Floquet
spectrum). The difference between the number of chiral edge
states between the α and the (α + 1) Floquet bands will be
given by

W (εα) =
α∑

β=−(2M+1)

Cβ, (9)

for a quasienergy εα inside the gap, provided that enough Flo-
quet replicas are counted until the sum converges. This happens
when taking a larger M leaves W (εα) unchanged, meaning that
all relevant crossings between different replicas are included in
the Floquet zone. Notice then that the continuum Dirac model
is only appropriated as an approximation and requires a finite
number of replicas.

A direct evaluation of Eqs. (7) and (8) usually requires
the use of numerics and the highly peaked Berry curvature
renders the calculation easier for high frequencies. In this
regime we can characterize the topological properties of the
Floquet bands and the corresponding edge states using the bulk
Floquet Hamiltonian, as seen in Sec. IV.

B. Multiple photon processes for low-frequency driving

In this section we will apply a consistent method to obtain
the number of edge states inside the driving induced gaps for
the particular case of the honeycomb lattice. To do this we will
take advantage of the hierarchy of these gaps, which scale as
a power of η with the exponent being the number of photon
processes.

To obtain the winding numbers W (ε0) and W (ε1/2) asso-
ciated to the driving induced gaps at the Floquet zone center
and at the Floquet zone edge, respectively, we must calculate
the Chern numbers of all the Floquet bands below them. As
outlined by Eq. (8) the main contributions to the Chern number
of each band come from the points in the k space where
the energies are nearly degenerate. For a vanishing intensity
the degeneracies will appear at the crossings of the Floquet
replicas. When turning the electromagnetic field on, all the
degeneracies will be lifted, opening gaps at every avoided
crossing.

Let us use the limit of vanishing intensity to calculate the
Chern number Cα of the α band. This can be obtained as the
sum of all the contributions from the k-space regions where
an avoided crossing occurs. We will denote the contribution
coming from a point kp,α where the α band has avoided
crossings with the (α + 1) band as c

up
p,α , and if an avoided

crossing occurs at a (possibly different) point kp′,α with the
(α − 1) band it will be denoted by clow

p′,α . So the sum that
yields the Chern number is Cα = ∑

p c
up
p,α + ∑

p′ c
low
p′,α . Here

each contribution is obtained from Eq. (7) integrating only
near the avoided crossing—for any finite intensity this is an
approximate result but taking the limit where the intensity goes
to zero the calculation becomes exact.

Since each avoided crossing means a contribution to the
Chern number for the bands above and below it with opposite
signs (clow

p+1α = −c
up
p,α), when adding all the Chern numbers

up to the α band to obtain the winding number, most of these
contributions will cancel out except for the last ones (note
that the first band in the truncated Floquet spectrum has no
band below and no crossings clow

p,α; see Fig. 3). So we obtain
Wα = ∑

p c
up
p,α . Since these contributions are the only ones

that determine the number and chirality of the edge states we
can drop the superscript in the following.

We can see in Fig. 1 that the degeneracies appear at kp,0 =
2p k0 for the gap at the Floquet zone center (ε0), and kp,1/2 =
(2p + 1)k0 for the gap at the Floquet zone edge (ε1/2), being
vFk0 = �/2 and p being an integer number. In order to get
the contribution near the anticrossing between two replicas
it is sufficient to derive a 2 × 2 effective Hamiltonian, valid
close to kp,β , with β either zero or one-half. By writing this
Hamiltonian as

Heff
F (k,p,β) = vFhp,β(k) · σ + εβ I, (10)

one can obtain the contribution to the Chern number by
calculating

cpβ = 1

4π

∫
ĥp,β · (

∂kx
ĥp,β × ∂ky

ĥp,β

)
d2k, (11)

with ĥp,β = hp,β/|hp,β |.
To obtain an explicit form for Heff

F (k,p,β) we start by
making a unitary transformation of the pseudospin basis. The
basis {1/

√
2,± exp(iθk)/

√
2}T diagonalizes every diagonal

block in Eq. (5) (Floquet replica) describing the Dirac cone
with eigenvalues ±�vF|k| shifted by n�� for the nth Floquet
replica. As depicted in Fig. 1 replicas indexed by m and n will
cross at ε0 when m + n = 0, while the crossing will occur at
ε1/2 if m + n = 1. Hence, we must calculate the effective cou-
pling between the replicas (−m) and (m) or (m + 1) according
to whether we are evaluating cm,0 or cm,1/2. This is achieved by
a standard procedure based on the projected Green’s function
(or decimation procedure). Namely, if GF (ω,k) denotes the
Floquet Green’s function, GF (ω,k) = [ωI − H∞

F (k)]−1, we
define the effective Hamiltonian, in this case, as

Heff
F (k,p,β) = H0

F (k,p,β) − G̃−1
F (β��,kpβ), (12)

where G̃F (ω,kp,β ) = P
†
p,βGF (ω,kp,β)Pp,β is the Green’s

function projected on the degenerate subspace (n + m = 0
or m + n = 1) and evaluated at the crossing kp,β , Pp,β is
the corresponding projector operator, and H0

F (k,p,β) is the
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projected Floquet Hamiltonian in the absence of the radiation
field. Excluding the special case of the crossing at k0,0 treated
later, one readily finds, to the lowest nontrivial order in η (see
note [56]), that

hpβ(k) = ηs
β
p aβ

pk0
[

cos
(
sβ
pθk

)
x̂ + sin

(
sβ
pθk

)
ŷ
]

+(−k + sβ
pk0) ẑ, (13)

where s0
p = 2p, s

1/2
p = 2p + 1, tan θk = ky/kx , and a

β
p is a

numerical factor (see the Appendix). In order to calculate the
contribution to the Chern number, Eq. (11), it is necessary
to transform back to a k-independent basis since the unitary
transformation we used depends on θk. This implies a rotation
of the effective field h̃pβ = R(θk)hpβ . Using polar coordinates
we have

cpβ = 1

4π

∫
h̃pβ · (∂θ h̃pβ × ∂k h̃p,β )

1

|h̃p,β |3 dk dθ

= 1

4π

∫
hp,β · (∂θ hpβ × ∂khp,β )

1

|hp,β |3 dk dθ

+ 1

4π

∫
hp,β · (R−1∂θ R hp,β × ∂khp,β )

1

|hp,β |3 dk dθ.

(14)

Notice that we took advantage of the fast convergence of the
integrands and extended the integration to the entire k space.
The last integral gives zero for hp,β of the form of Eq. (13),
while the other can be done explicitly to obtain

cpβ = s
β
p

2

⎛
⎝1 + 1√(

ηs
β
p a

β
p/s

β
p

)2 + 1

⎞
⎠ . (15)

Retaining the lowest order in η consistent with the approxima-
tion made to obtain hp,β , we get

cpβ = sβ
p . (16)

This is one of our central results. The same derivation can be
obtained for the expansion around the K ′ valley, and the total
contribution (up to the proper order) to Cα is twice cp,β , one
per each valley. The equality (16) could have been anticipated
from Eq. (13) if one recalls that cp,β is related to the number of
times hp,β (k) winds around the Bloch sphere as k explores the
Brillouin zone. The angular dependence of hp,β (k) is related
to the effective coupling between the two degenerate replicas
through the intermediate ones. From the decimation procedure
one can infer that the factor in the angular dependence equals
the number of replicas decimated plus one or, in other words,
it is the difference between the Floquet indices of the two
replicas involved in the avoided crossing. The latter makes
clear that |sβ

p | is the order of the photon processes that lead to
the avoided crossing. Following this algorithm when looking
at the next crossing, p + 1, the involved replicas will be +2
replicas apart, so s

β+1
p = s

β
p + 2.

The only exception to this rule is the particular case of
c0,0 which only comes from the renormalization of the m = 0
replica and there are no intermediate replicas involved. In this
case we have

h0,0(k) = −2η2k0 x̂ + k ẑ. (17)

It is clear from the above expression that the value of c0,0 is
determined by the last integral in Eq. (14), leading to

c0,0 = − 1
2 . (18)

Since we must count both Dirac cones (K and K ′ valleys) to
get the total contribution to the Chern number, we get a total
of −1 for the edge state connecting the K and K ′ valleys.
This is the only case where a contribution with a minus sign
is observed and interestingly enough is a contribution where
the process involved is of the same order of c1,0 = 2. This
allows the edge states of the two K and K ′ valleys to mix with
each other and makes a total of 2(c0,0 + c1,0) = 3, which is
compatible with what is observed in Figs. 2(a) and 2(c).

Figure 2 depicts the averaged local density of states near
the edge of a semi-infinite plane for the radiated honeycomb
lattice, using the recursive Green’s-function method described
in Ref. [12]. Here we can also observe the higher-order gaps.
Since the width of the gap is of order η|n−m| we use a
logarithmic scale expanded around ε0 = 0 in Fig. 2(c) and
around ε1/2 = ��/2 in Fig. 2(d). This allows us to zoom in
the spectrum up to a cutoff quasienergy denoted by ε̃. This
threshold is imposed arbitrarily, but constrained by the number
of considered replicas and numerical precision. Note also that
the weights of different replicas decay exponentially as ηm for
the mth replica; this is evident from the logarithmic scale in
the color bar of Fig. 2.

The procedure presented in this section accounts for the
first orders of the generation of gaps and edge states and also
has the advantage of retaining the largest gaps and the primary
contributions to the averaged density of states. This procedure
is correct if the quasienergies of the replicas involved lie
within the van Hove singularities of each replica; otherwise,
deviations due to the inaccuracy of the low-energy Dirac
Hamiltonian appear and a full tight-binding model is required.

While there is a plethora of edge states appearing inside the
gaps, some states might not be measurable simultaneously. In a
transport experiment with nonirradiated leads only those which
contribute significantly to the time averaged density of states
will give a transport channel at the edge of the sample. In the
approach of small η the main contribution to the time-averaged
density of states will be given only by the first-order gap and its
associated edge state at ε ∼ ��/2, and to the second-order gap
for ε ∼ 0. For more details on the conductance for a transport
calculation we refer the reader to [39].

C. High intensity and high-frequency driving

Now, let us briefly comment on the regime of high
frequencies. Because of the reduced number of inelastic
processes imposed by the higher energy cost, this regime is
naturally less complex than the one addressed in the previous
section. Notwithstanding, other difficulties must be taken care
of. Indeed, for frequencies comparable to the bandwidth,
the low-energy approximation does not hold and the full
tight-binding Hamiltonian is better suited in this case. For low
intensities the system can still be solved perturbatively in the
Floquet space or exactly for the truncated Floquet Hamiltonian,
taking care of including at least all the Floquet replicas that
fit in the replicas bandwidth, namely, �/��, where � is the
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FIG. 2. (Color online) k-resolved local density of states near the edge of a semi-infinite honeycomb-lattice plane (in logarithmic scale in
color). The plane is irradiated with �� = 0.2γ and z = 0.05. In (a) the gap at ε0 is shown for both the K and K ′ valleys; in (b) the gap at ε1/2

is shown near the K valley only. In the lower panel (c) the energy scale is expanded exponentially around ε0 = 0γ up to a minimum cutoff
energy ε̃ � 3 × 10−8γ . In panel (d) the energy is expanded exponentially around ε1/2 = 0.1γ up to a minimum cutoff energy ε̃ � 6 × 10−10γ

[meaning that the interval (−ε̃,ε̃) is not shown]. The lower panels (c) and (d) show the nested hierarchy in powers of η of the developed gaps
and their edge states.

bandwidth [in our case � shrinks as 6γ J0(z), where z is the
driving intensity; see Sec. II A].

As the driving intensity is increased, higher-order inelastic
processes are reinforced. Consequently the solutions for the
infinite Floquet Hamiltonian are spread among more Floquet
replicas. To obtain a numerical solution we truncate the Floquet
Hamiltonian between the −M and M replicas. We must
include as many replicas as needed for the winding number to
converge. For example in Fig. 3, even though �/�� < 3, we
need five Floquet replicas to obtain the correct result.

The construction of the winding number is also depicted
in Fig. 3, where each Floquet band has its associated Chern
number at the left side, and the two relevant gaps at ε =
0 and ��/2 have their associated winding numbers. The
enhancement of the inelastic processes may lead to unexpected
topological phase transitions as discussed in Sec. IV.

IV. TOPOLOGICAL PHASE TRANSITIONS

In the previous section we showed that for low frequencies
there is a growing number of edge states as a larger number of
replicas are included in the calculation. There is, however, a
natural limitation to this procedure, when the k · p approach
no longer describes correctly the topology of the Floquet

bands involved. In the case of the honeycomb lattice the
van Hove singularity sets this energy threshold. The van
Hove singularities lie at energies of n�� ± γ for the nth
Floquet replica so it will be well described at the ε0 crossing
only for frequencies such that �� < γ/n, and at the ε1/2

crossing for �� < γ/(n − 1
2 ), assuming n � 1. To illustrate

this let us choose a frequency of �� = 0.05γ . In this case
the replicas from m = −20 to 20 are well described at ε0,
and the replicas m = −18 to 19 are well described at ε1/2. So
for low frequencies and moderate amplitudes the low-energy
approach ensures to take into account all relevant Floquet
replicas necessary for the calculation to converge, and to
accurately address the number and chirality of the edge states
relevant for transport.

As we increase the frequency, this number rapidly drops and
one must use the full tight-binding Hamiltonian to describe
the bands in a wider energy range. To find out how many
replicas are needed for the calculation of the Chern number to
converge one must look at the replicas that would reach the ε0

and ε1/2 points for vanishing intensity—for higher intensities
more replicas are needed as explained below.

The bandwidth of the nth replica lies between n�� ± 3γ ,
so it will be an overlap of different Floquet bands at frequencies
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FIG. 3. (Color online) Density of states near the edge of a
semi-infinite honeycomb lattice. The lattice is driven under an
electromagnetic field parametrized with frequency �� = 1.8γ and
intensity z = 1.2.

�� < 3γ /n for the ε0 crossing, and at �� < 3γ /(n − 1
2 ) for

the ε1/2 crossing (assuming n � 1 and vanishing intensity).
This behavior is shown in Fig. 4, where for low intensities
a topological phase transition occurs every time a new pair
of replicas enters in the description of the system. For low
intensities, the bandwidth of the replica shrinks proportionally
to γ J0(z) ≈ γ (1 − z2), which can be seen as down going
parabolas at �� = 3γ /n in Fig. 4(a) and at �� < 3γ /(n − 1

2 )
in Fig. 4(b).

The above deduction is based on the fact that for low inten-
sities the hoppings between one site in the nth replica and one

site in the mth replica are proportional to γ Jn−m(z) ∼ γ zn−m.
This means that for low intensities the dominant coupling is the
zeroth-order one, i.e., the one within the same photon subspace.
As one increases the intensity this assumption no longer holds
and the coupling between neighboring replicas can achieve
larger values, forcing the eigenfunctions that solve the Floquet
Hamiltonian to be spread among many Floquet subspaces
(replicas). For higher intensities the effects of introducing
a new replica in the calculation extend beyond the replica’s
bandwidth and to correctly address the topology of the system
one must include a larger number of replicas in the calculation.
This is the explanation for the lines with a positive slope in
Fig. 4 that mark a topological phase transition.

Another interesting behavior is the transition at z = 2.4048
for all frequencies, marked by a vertical line in Fig. 4(a) [and
less resolved in Fig. 4(b)]. At this point the hopping between
sites that belong to the same replica vanishes; this is the first
zero z0,1 of the Bessel function J0(x). Some numerical noise
can be seen in panels (a) and (b) for low intensity because of
the vanishing width of the highest-order gap considered, and
also there is noise at some lines depicting a topological phase
transition since the gap closes at every phase transition. The
calculation time rapidly grows as more replicas are considered,
which is the reason for the blank slices in the bottom left of
(a) and (b). For larger values of z a quasiperiodic pattern is
observed due to the Bessel functions quasiperiodicity. This
regime is not shown here because the intensities involved are
extremely high for a possible experimental realization and
for the assumptions made when modeling the electromagnetic
field, and the system can become unstable against slight
changes from circularly to elliptically polarized light, as
studied in [48] for high frequencies. Instead of the winding
number, a map of the Chern number is presented in [38].
Besides that, some phase transition could remain hidden
for the time averaged transport in a multiterminal scattering
configuration [39], since the corresponding edge states could
bear no weight in the time-averaged density of states.

V. CONCLUSIONS

Characterizing the topological properties of driven systems
in general, and honeycomb lattices in particular, is crucial
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FIG. 4. (Color online) Map of the winding number W (ε), calculated with the full Floquet-Bloch bulk Hamiltonian, for ε0 = 0 in panel
(a) and ε1/2 = ��/2 in panel (b). A maximum number of 11 replicas has been used throughout (M = 5).
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for many studies pursuing novel Floquet topological phases
[3,5,18,57]. In this paper we address the calculation of the
topological invariants in a wide range of parameters, from high
to low frequencies. The Floquet quasienergy structure becomes
progressively more complex when the frequency becomes
much smaller than the bandwidth. In particular, within a small
photon-energy range we find a nested structure of gaps of
different widths, which are proportional to a power of the
electron-photon coupling, the exponent being related to the
order of the inelastic processes.

Interestingly, Floquet edge states develop within each gap
even in the presence of a continuum of other Floquet bands
provided that the edge states and the continuum have very
different spectral weights among the replica’s subspace. This
allows one to devise a scheme for the determination of the
number and chirality of the edge states where this information
is progressively obtained as higher-order inelastic processes
are included. This procedure is limited by the ratio between
the system’s bandwidth and the driving frequency.

The first stage of the scheme presented here is the calcu-
lation of an effective Hamiltonian, which is done analytically.
This effective Hamiltonian is aimed at describing the Floquet
quasienergy structure, rather than the time evolution, and
allows one to compute the topological invariants in a broad
set of driving frequencies and intensities. For low frequencies
we have derived the contributions to the Chern numbers,
constructively matching the numerical results obtained using
recursive Green’s functions for the Floquet-Bloch tight-
binding Hamiltonian.

For higher frequencies and a vast set of intensities the
numerical evaluation of the winding number is summarized
in a map of topological phase transitions. The main features
are the lines that mark a topological phase transition where
different numbers of Floquet replicas become degenerate. This
allows one to tune the radiation parameters in order to obtain
a specific number of edge states.
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APPENDIX: EFFECTIVE HAMILTONIAN

In this section we deduce the effective Hamiltonian that
describes the crossing of different Floquet replicas, say the
replicas labeled by m and n. The crossings at ε0 occur for m =
−n and the crossings at ε1/2 occur for m = −n + 1, where
n � 1. The most simple way to evaluate the effective coupling
of the replicas is to make a change of basis that diagonalizes
each subspace of the Floquet Hamiltonian H∞

F (k) in Eq. (5)

to get

H̃∞
F (k,θk)

=

⎛
⎜⎜⎜⎜⎜⎜⎝

. . .
...

...
... . .

.

· · · H̃
(1)
0 (k) V (θk) 0 · · ·

· · · V (θk)† H̃
(0)
0 (k) V (θk) · · ·

· · · 0 V (θk)† H̃
(−1)
0 (k) · · ·

. .
. ...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(A1)

where

H̃
(n)
0 (k) = vF

(
k 0
0 −k

)
+ nvF2k0 I,

(A2)

V (θk) = ηk0e−iθk

(
1 eiλ

−e−iλ −1

)
,

where eiλ is the trivial phase between the two basis vectors
(in the following valued in λ = 0), θk is the angle between k
and the x axis, and 2vFk0 has replaced �� to make evident
the crossing point in the k space. As stated in Sec. III B the
values of the modulus of k where the replicas cross will be
kp,β = 2k0(p + β), where β = 0 or 1/2, according to whether
we are looking at the crossings at ε0 or ε1/2, respectively. The
next step is to apply the decimation procedure, thus eliminating
the replicas in between, to renormalize the effective hoppings
that couple the desired replicas (the renormalization of the
diagonal terms is irrelevant, for the purposes of calculating the
Chern numbers, and will be neglected for simplicity). In the
case that the replicas m = 0 and n = 1 it is straightforward to
see from Eq. (A1) that the effective Hamiltonian will be

Heff
F (k,0,1/2) = vF

(−k + 2k0 −ηk0e−iθk

−ηk0eiθk k

)
, (A3)

since there are no replicas in between to decimate. At the
same energy ε1/2 the next crossing will occur for the replicas
m = −1 and n = 2, and we will need two steps of decimation
for the replicas zero and one.

Then the decimation of two replicas will have the effect
of accumulating two orders more in the coupling strength and
in the phase factor, resulting in a coupling proportional to
η3e−3iθk . The calculation can be performed to easily obtain
the effective Hamiltonians. Expressed in terms of hp,β(k) the
calculation yields

h0,1/2(k) = − η ξ̂ 1 k0,1/2 + (−k + k0,1/2) ẑ,

h1,1/2(k)= −η3 ξ̂ 3 k1,1/2
3

16 + (−k + k1,1/2) ẑ,

h2,1/2(k) = −η5 ξ̂ 5 k2,1/2
80

3969 + (−k + k2,1/2) ẑ (A4)

. . . ,

where the unit vector ξ̂n = cos (nθk) x̂ + sin (nθk) ŷ winds n

times in the xy plane around the z axis as we move k, and
Heff

F (k,p,β) = vFhp,β(k) · σ + εβ I . Using this expression we
can evaluate Eq. (14) to calculate the contribution of these
crossings to the winding number, i.e., c0,1/2 = 1, c1,1/2 = 3,
c2,1/2 = 5, etc.

The same procedure can be applied to the crossings at ε0,
starting from the crossing of the replicas m = −1 and n = 1
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at k1,0, where only one decimation step is needed, giving a
effective coupling proportional to n2e−2iθk . The next crossing
of the replicas m = −2 and n = 2 will accumulate two orders
more in these factors, and so on. The explicit calculation gives

h1,0(k) = η2 ξ̂ 2 k1,0
1
2 + (−k + k1,0) ẑ,

h2,0(k) = η4 ξ̂ 4 k2,0
1

18 + (−k + k2,0) ẑ, (A5)

h3,0(k) = η6 ξ̂ 6 k3,0
9

3200 + (−k + k3,0) ẑ

. . . ,

where hp,β (k) is defined as before. It is straightforward to see
that c1,0 = 2, c2,0 = 4, c3,0 = 6, etc.

The only exception is the calculation of h0,0, which has
been already addressed by Oka and Aoki [3]. This time, the
effective Hamiltonian is the renormalized Hamiltonian of the

m = n = 0 replica which has a crossing of its own bands at
the Dirac point k0,0 = 0. The degeneracy is lifted due to the
coupling with the replicas ±1, and the effective Hamiltonian
is described by Eq. (17), and can be equally expressed as

h0,0(k) = −η2 2k0 x̂ + k ẑ. (A6)

In this case, it is important to rotate back to a k-independent
basis as explained in the text. This is done with the rotation
matrix:

R(θ ) =
⎛
⎝0 sin θ cos θ

0 − cos θ sin θ

1 0 0

⎞
⎠ , (A7)

that satisfies the following useful identity:

R−1∂θ R ĥp,β = x̂ × ĥp,β . (A8)
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Abstract We study the spin-dependent transmission through a potential barrier in
a zigzag graphene nanoribbon. In particular, we consider the effect of the magnetic
order of the ribbon induced by the modulation of the local density introduced by the
barrier. We model the system using an Anderson–Hubbard model that we treat in
the mean field approximation. We solve this problem self-consistently and calculate
the transmission coefficient using the recursive Green function method. We find that
Fano-like interference dips appear on one of the spin channels as the result of the
presence of spin polarized edge states in the barrier.

Keywords Graphene · Spin-dependent transport · Nanoribbons

1 Introduction

Since the early stages of graphene research, it has been recognized that graphene
ribbons with zigzag termination may present spin-polarized states [1]. The magnetic
instability arises from the presence of a flat band near the Dirac point. Such a band
originates from edge states that are strongly localized [2,3]. The presence of such
magnetic order has been studied using different approaches, such as Density Functional
Theory (DFT) calculations [4–6], Quantum Monte Carlo, and exact diagonalization [7]
or simply using a mean field approximation of the Anderson–Hubbard model [8–10].

In all cases, the results are similar provided the e–e interaction is assumed to be
relatively weak (U � t , in the Anderson–Hubbard model language, see below). The
nature of the magnetic order, whether the spin polarization at the edges of the ribbons
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has the same or the opposite orientation, depends on doping, being the antiferromag-
netic order the ground state of the neutral nanoribbon [4,8]. While the effect of such
magnetic ordering on the transport properties has been extensively discussed in the
literature, the interplay between modulated doping, induced by the presence of a gate
potential, for instance, and the type of ordering has not been explored that much. Here,
we study the electron transport through a graphene nanoribbon with a potential barrier
that generates a magnetic interface between the leads and the region of the barrier.

2 Model

The graphene ribbon is described by the following mean field Hamiltonian,

H = −t1
∑

〈i, j〉,σ
c†

iσ c jσ − t2
∑

〈〈i, j〉〉,σ
c†

iσ c jσ +
∑

i

(
Vgi n̂i + U

2
〈n̂i 〉n̂i − U

2
〈ŝi 〉 · ŝi ,

)

(1)

where c†
jσ (c†

jσ ) is the creation (anhilation) operator for an electron on site j and

spin σ , n̂i = ∑
σ c†

iσ ciσ ,τ is a vector operator formed by the Pauli matrices, ŝi =∑
σ,σ ′ c†

i,σ ′τσ ′σ ci,σ is the local spin operator, t1 (t2) is the hopping between nearest
(next-nearest) neighbors C atoms, U is the Anderson–Hubbard parameter that accounts
for the e–e interaction, and Vgi is the potential created by the gate electrode at site i .
The symbols 〈. . . 〉 and 〈〈. . . 〉〉 indicate sum over all sites and their nearest and next
nearest neighbors, respectively. Notice that the Hamiltonian (1) admits a non-colinear
magnetization [8,9]. In what follows we use U = 0.77t1, t2 = 0.1t1 and consider a
16 C atoms wide ribbon (8-ZGNR), see Fig. 1a.

3 Results

Firstly, we analyze the case of a uniform ribbon (Vgi = 0) and calculate the ground
state polarization as a function of the graphene’s doping δn. Since the largest spin
polarization occurs at the edges, we use the angle between the polarizations of the two
edges, θ = arccos(〈ŝ1〉 · 〈ŝ16〉/|〈ŝ1〉||〈ŝ16〉|), to characterize the magnetic order.

Figure 1b shows θ as a function of the doping δn (excess electrons per unit cell of the
ribbon). Clearly, a canted phase is more stable as soon as δn > 0 (this is consistent with
DFT results [11]), while the ferromagnetic phase becomes stable for δn > δnc. In all
this range, the magnitude of the edge magnetization remains approximately constant,
|m1| ≈0.25μB. This is shown in Fig. 1c, where the profile of the magnetization along
the width of the ribbon is plotted as a function of the doping. The numerical results
for θ (dots in Fig. 1b) can be fitted (line) with θ = π

√
1 − δn/δnc with δnc ∼ 0.055.

The ferromagnetic phase remains stable for larger doping, with the edge magnetization
gradually vanishing, up to a point (not shown) where the systems become nonmagnetic.
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Fig. 1 a Scheme of the graphene nanoribbon and the gate potential considered in this work. The unit cell
of the ribbon with lattice parameter a is indicated. b Angle θ between the polarization of the edges of the
ribbon (see text) as a function of the electron doping of the unit cell δn. c Magnetization profile along the
width of the ribbon as a function of δn (Color figure online)

Fig. 2 Spatial dependence of the local electron doping δn (squares), the edge magnetization (dots) and
the gate potential (thin dashed line) near the interface between the lead and the gated region (Color figure
online)

A spatial modulation of the electron density or doping of the ribbon, and hence of
the spin polarization, can be introduced by a non-zero gate potential. Here we analyze
the case where the gate potential is such that the local doping deep inside the gated
region is δn = 0.3, and so the ferromagnetic order is favored, while in the lead, the
system is nonmagnetic with the doping set to be δn = 0.6. Figure 2 shows the self-
consistent spatial dependence of both the local density and the edge magnetization
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Fig. 3 a Spin-dependent transmission as a function of the energy of the incident electron. b Band structure
of an infinite ribbon with the same electron density as in the leads (left) and in the middle of the barrier
(right) for the two spin cases. Shadow areas highlight the energy range where non-trivial effect occurs
(Color figure online)

near the interface between the lead and the gated region. Apart from the expected
Friedel-like oscillations inside the barrier, the result shows that the barrier leads to
a finite spin-polarized region. Notice that the change of the magnetization and the
density is more abrupt than the change of the gate potential.

Once the self-consistency is obtained, we can calculate the conductance in the linear
response regime using the Landauer approach. For that, we use the standard procedure
to obtain the transmission coefficient T from the Green function of the system.

Figure 3a shows the transmission as a function of the energy and the spin of the
incident electron, T↑ and T↓. There is a clear difference between the two spin orien-
tations. To understand this behavior we plot in Fig. 3b the spin-dependent bands of
an infinite ribbon with an electron density per unit cell corresponding to the one of
the leads (left panels) or to the one at the center of the gated region (right panels). We
then assume that these bands are a good description of the states in the leads and deep
inside the barrier and so the main features of the transmission can be understood in
terms of matching conditions between these states. Since the leads are paramagnetic,
the allowed states are the same for both spins: in the energy range shown in the figure,
there is only one incident transverse channel slightly above E ∼ −0.02t1 and there
are three channels below it. The bands plotted with thick dashed (thin solid) lines have
an even (odd) parity with respect to the center of the ribbon. This is important as parity
conservation imposes a restriction on the transmission through the potential barrier.
The ‘bands’ associated to the barrier states, on the other hand, have the following
characteristics and the corresponding effects on transport: (i) spin up case there is
a single featureless band of even parity. Because there is a single available channel
inside the barrier and it matches well with the even lead states, the transmission is
very close to one in almost all the energy span—except near the minimum of the even
lead band where the states with k ∈ [0.8π/a, 1.2π/a] are edge states [10] (ii) spin
down case below E ∼ −0.02t1, there is an odd band that couples well with the lead
channels leading to essentially perfect transmission. Above that energy there is no
odd channel in the leads and so these states do not participate in the transport. Above
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Fig. 4 a, b Transmission of down electrons in two different energy ranges that show Fano dips of different
shapes. c Scheme used to interpret the data (see text). d Comparison of the position of the resonant energies
(εn(kn)) with the band associated to the states inside the barrier (Color figure online)

E ∼ 0.03t1 the same happens, but with an even band involved. However, the even
band contains two channels in the energy range between these two cases (shadowed
area in the figure): the ones with k ∈ [0.8π/a, 1.2π/a], which are edge states [2,10],
and the ones outside that range, which are extended states (in the transverse direction)
as the lead modes. Both channels couple to the leads but in very different way leading
to interference effects that produce dips in the transmission as we explain below.

Figures 4a, b show T↓ in two different energy ranges in more detail inside the region
where the transmission present dips. These dips, that reach zero transmission at their
centers, can be understood as the interference between a transmission channel with a
continuous spectrum and a resonant channel (the well known Fano effect [12,13]).

A scheme of a model that contains this physics is shown in Fig. 4c. In our case,
the continuous channel is represented by the extended states of the even mode inside
the barrier, which are strongly coupled to the leads (τ hopping in the model) and
thus providing a channel with T ∼ 1. The role of the resonant states (with energy
ε) is played by the edge states inside the barrier, which are weakly coupled to the
leads (γ � t, τ ) due to the small overlap between these states and the extended lead
states. This very simple model can explain a dip in the transmission as the result of the
interference between the two transmission paths. In addition, the different shapes of
the dips can be understood from the fluctuations on the values of the model effective
parameters, which in the actual system arise from details of the wave function matching
between states in the leads and inside the barrier.

The reason why there are many resonant states can be found in the fact that these
edge states can be thought as having a discrete spectrum due to the confinement
induced by the magnetization profile. Indeed, if we assume that the confinement is
given by the length L of the region with non-zero magnetization, we expect that the
confined state will have a wave-vector kn � nπ/L + k0, where n is an integer number
and k0 a correction to the hard wall confinement. The position of the resonances (εn)
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will depend on the exact form of the energy dispersion and it is difficult to evaluate.
Nevertheless, to show that this interpretation makes sense, we extracted the position of
the Fano resonances in the transmission and plot them as a function of kn assuming that
the resonance at the highest energy corresponded to n = 31 and taking k0 = 0.78π/a
and L = 150a, the former parameter was chosen to fit the band and the latter taken
from the data in Fig. 2. This is shown in Fig. 4d and compared with the band for down
spins of a system with the same density as in the middle of the barrier. There is a very
good agreement that supports our interpretation.

4 Conclusions

We have shown that local gating in graphene ribbons can lead to strong fluctuation of
the spin-dependent transmission coefficient. This originates from the fact that local
gating can induce changes in the local magnetic order of the ribbon. In particular, in the
case of a ferromagnetic barrier, we showed that the presence of edge states with a poor
matching with the lead states generates Fano-like dips in the transmission. If the Fermi
energy falls near one of these dips, the current will be strongly polarized. Even though
we have presented results only for a 8-ZGNR, our results extend to wider ribbons.
One can envision that more exotic interfaces with different magnetic domains might
be possible, but that is beyond the scope of the present work. The recently developed
technique to grown high quality ribbons with atomically defined edges [14] might
open the door to study this type of magnetic effects on transport.
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Abstract We study the geometrical confinement effect in Bi2Sr2CaCu2O8+δ meso-
scopic vortex matter with edge-to-surface ratio of 7–12 %. Samples have in-plane
square and circular edges, 30 µm widths, and ∼2 µm thickness. Direct vortex imaging
reveals the compact planes of the structure align with the sample edge by introducing
topological defects. The defect density is larger for circular than for square edges.
Molecular dynamics simulations suggest that this density is not an out-of-equilibrium
property but rather determined by the geometrical confinement.

Keywords Vortex matter · Mesoscopic physics · Layered superconductors

1 Introduction

Understanding the confinement effects introduced by sample geometry is crucial for
characterizing the static and dynamic properties of mesoscopic vortex matter. This
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subject was actively investigated for low-temperature superconductors with dimen-
sions comparable or smaller than coherence length or penetration depth, λ [1–6].
Mesoscopic vortex matter in these materials has structural properties strongly influ-
enced by the geometry of the specimens [3], in contrast with results in macroscopic
samples for several compounds [7–10]. Confinement effects are in competition with
inter–vortex interaction that increases with field and temperature. Materials with an
important electronic anisotropy such as layered high-Tc’s have a quite large value of
λ and then inter–vortex interactions become more relevant.

Due to the technical difficulties in fabricating micron-sized samples of layered
high-Tc’s complex oxides, there are only few works in the literature investigating the
effect of confinement in vortex matter nucleated for these materials [11]. In this work,
we study this issue in the paradigmatic Bi2Sr2CaCu2O8+δ compound that presents a
rich vortex phase diagram governed by thermal fluctuations and extremely anisotropic
magnetic properties. In this compound, the phase diagram of macroscopic as well as
mesoscopic [21] vortex matter is dominated by a first-order transition [12,13] between
a solid phase at low temperatures and a liquid [14] or decoupled gas [15,16] of pancake
vortices at high temperatures. The vortex solid phase of macroscopic samples presents
quasi long-range positional order [17].

Here, we report on the structural properties of the mesoscopic vortex solid nucle-
ated in Bi2Sr2CaCu2O8+δ at low fields and with single-vortex resolution. We study
both, experimentally and with simulations, the effect of confinement and inter–vortex
interactions for samples with square and circular edges.

2 Methods

We engineered micron-sized superconducting samples from bulk Bi2Sr2CaCu2O8+δ

crystals (Tc = 89 K). We fabricated circular and square samples with typical dimen-
sions of 30 µm by means of optical lithography and subsequent physical ion-milling
of the negative of the samples [18]. Freestanding 2-µm-thick disks and cuboids are
obtained after cleaving the towers resulting from milling.

We directly imaged the solid vortex phase with single-vortex resolution by means
of magnetic decoration experiments performed at 4.2 K after field cooling [19]. In
these experiments, the evaporated magnetic nanoparticles land on the sample surface
at the places where the gradient of local inductance is maximum, therefore, decorating
the vortex positions. The imaged structure corresponds to the vortex solid frozen at
the temperature at which pinning sets in, Tfreez ∼ Tirr [7], of the order of 87–83 K for
the low fields studied here [20]. Decreasing the sample size down to microns does not
significantly affect the value of Tirr [21].

We also performed molecular dynamics simulations of interacting rigid three-
dimensional vortices in order to compare with the experimentally observed vortex
matter [22]. We studied the case of 30 µm diameter disks and focused on the density
of topological defects when varying the simulation cooling rate.
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Fig. 1 Magnetic decoration images of the mesoscopic vortex matter nucleated in field-cooling processes
in micron-sized Bi2Sr2CaCu2O8+δ samples. a Disk with 30 µm diameter and b cuboid with 30 µm sides
length, all samples with 2 µm thickness. Magnetic decorations were performed at 4.2 K and at applied
fields of 20 (left panel) and 40 Oe (right panel). The scale-bar corresponds to 10 µm (Color figure online)

3 Results and Discussion

Figure 1 shows snapshots of the mesoscopic vortex structure nucleated in the disk and
cuboid Bi2Sr2CaCu2O8+δ samples after field cooling down to 4.2 K at applied fields
of 20 and 40 Oe. The local induction calculated as the number of vortices times the
flux quantum yields B ∼0.75 H, a reduction due to demagnetizing effects (aspect ratio
of the disks and cuboids of ∼15). The direction of the compact planes of the vortex
structure in micron-sized specimens is affected by the confinement effect introduced
by the edges of the samples, particularly in the case of the outer shells of vortices. This
finding is in contrast to observations in macroscopic samples where the compact planes
are not in register with the edges [7]. The alignment is more evident in the Delaunay
triangulations of Fig. 2, a well-known geometrical algorithm that determines the first
neighbors for every vortex in the structure [17]. First-neighbors vortices are bounded
with lines, and non-sixfold coordinated ones are highlighted in gray. In the case of the
cuboid samples, irrespective of the vortex number (447 or 1092), one of the compact
planes of the structure is parallel to the sample edge. For the disks, only a few outer
shells of vortices mimic the sample edges, and the shell number depends inversely on
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Fig. 2 Delaunay triangulations of the mesoscopic vortex matter shown in Fig. 1. Disclinations are high-
lighted in gray; sixfold (non-sixfold)-coordinated vortices are indicated in blue (red). The scale-bar corre-
sponds to 10µm (Color figure online)

the vortex density. Towards the center of the sample, a rather ordered vortex crystallite
is formed without influence of the edges on the direction of the compact planes. The
transition between the orientation of the outer and inner shells is done via the plastic
deformations entailed by topological defects.

For the vortex structure studied here, these topological defects are generally discli-
nations, namely vortices with five or seven first neighbors, and pairs of them or screw-
dislocations associated to an extra plane of vortices. For example, isolated dislocations
are observed in the middle of the vortex structure nucleated in the cuboid at an applied
field of 40 Oe. The density of non-sixfold coordinated vortices, ρdef , strongly depends
on the local induction. In the case of macroscopic Bi2Sr2CaCu2O8+δ vortex mat-
ter, ρdef decreases exponentially on increasing field and saturates around 2 % for
B > 20 Gauss, see Fig. 3a. This is due to the enhancement of inter–vortex interaction
with increasing B. This magnitude follows the same field-evolution for mesoscopic
vortex matter but is at least 50 % larger than for bulk samples. In addition, ρdef is
always larger in disks than in cuboids for roughly the same vortex density. This can
be explained by considering that aligning a compact plane of vortices with the edges
of a cuboid does not imply to change the orientational order of the structure, whereas
in order to do so in a disk, the vortex planes have to bend.
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Fig. 3 Density of topological defects (non-sixfold coordinated vortices) in mesoscopic and macroscopic
Bi2Sr2CaCu2O8+δ vortex matter. a Experimental data as a function of applied field for the mesoscopic vor-
tex structures nucleated in macroscopic vortex matter, the 30 µm disk and cuboid, and results of simulations
for large cooling times. b Results from molecular dynamics simulations as a function of the simulations
cooling time (in thousands of steps of simulations) for the 30 µm disk and B = 15 Gauss (Color figure
online)

In the case of macroscopic samples, the structure observed by means of field-cooling
decorations at 4.2 K, and therefore its ρdef , is quite close to the equilibrium [17]. The
possibility of the increase on the ρdef on decreasing the system size being an out-
of-equilibrium phenomena cannot be discarded. In order to study this, we performed
molecular dynamics simulations of the mesoscopic vortex matter nucleated in a 30
µm disk with a vortex density corresponding to 15 Gauss. In particular, we performed
tests on the dependence of ρdef with the cooling rate, inversely proportional to the
time allowed to the system to relax. First, we performed simulations in a macroscopic
sample in order to find the pinning magnitude that has to be considered to reproduce
the observed ρdef . Then we used this pinning magnitude to perform simulations in
micron-sized samples. The results of ρdef as a function of the cooling rate, see Fig. 3b,
indicate that the observed experimental values correspond to the case of large cooling
times.

Therefore, we can ascertain that the amount of topological defects observed exper-
imentally in micron-sized samples is not an out-of-equilibrium feature and that the
observed structure is quite close to the equilibrium. This finding allows the estimation
of the excess energy induced by confinement effects in micron-sized samples. In the
case of bulk samples, the mean value of the inter–vortex interaction energy distribution
is slightly shifted upward with respect to the value for a perfect Abrikosov lattice with
the same vortex density [10]. Since after a field-cooling process, vortices are close to
equilibrium, this shifting can only be accounted by the effect of bulk pinning [10]. This
energy can be expressed, by unit length, as < εint >b − εAbr = εb

p, where b stands for
the bulk sample and < εint > is the mean value of the inter–vortex interaction energy
distribution, εAbr the value of the inter–vortex interaction energy in a perfect Abrikosov
lattice (a delta-function), and εp the pinning energy. In the case of mesoscopic vortex
matter, an extra term enters into the energy-balance, namely the confinement energy
εconf and therefore < εint >meso − εAbr = εmeso

p +εconf , where meso refers to the case
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of mesoscopic vortex matter and the energies are denoted similarly as in the previous
case. Assuming that the pinning magnitude is the same irrespective of the sample size,
then the excess energy due to confinement is εconf =< εmeso

int > − < εb
int >.

The inter–vortex interaction energy per unit length depends on the inter-vortex
distances ri j , and for a vortex i has a value εi

int = ∑
j 2ε0 K0(ri j/λ), with the sum

over neighbor vortices j , ε0 ∝ λ−2 the vortex line tension, and K0 the zeroth-order
modified Bessel function. In real cases, this magnitude is spatially inhomogeneous
due to the elastic and plastic deformations of the structure, and therefore there is a
distribution of εi

int with an almost Gaussian shape [10]. Only in the case of an ideal
Abrikosov lattice, this magnitude is space invariant, and its distribution is a delta
function. We have performed inter-vortex energy-distribution calculations in vortex
structures observed by magnetic decoration in the macroscopic samples from which
the disks and cuboids were engineered. We also performed the same calculations in
the mesoscopic vortex matter nucleated in the disks and cuboids at both applied fields.
Irrespective of the field, the mean values of < εmeso

int > are always larger than in
the case of macroscopic vortex matter, what can be reasonably ascribed to the extra
deformations introduced by the larger amount of topological defects nucleated in the
micron-sized samples. In accordance with this reasoning, the < εint >meso value is
always larger for the structure nucleated in the disks than in the cuboids by a 6–9 %
on increasing field. The relative excess confinement energy that measures the impact
of surface-to-volume effects, δe = εcon f / < εmeso

int >, is in the case of disks equal to
0.08 (0.01), larger(similar) than in the case of cuboids, 0.06 (0.01) for B = 15(30)

Gauss within an error of 0.01.

4 Conclusions

The edges of the samples do produce a geometrical confinement effect in mesoscopic
vortex matter made evident by the orientation of the outer shells of vortices with
compact planes parallel to the edges what produces a concomitant increase of the
density of topological defects. By means of molecular dynamics simulations, we show
that the density of defects found experimentally is not an out-of-equilibrium feature
but rather the effect introduced by geometrical confinement. By means of differences
in the mean value of the inter–vortex interaction of the mesoscopic and macroscopic
vortex structures, we are able to quantify the confinement energy per unit length. We
find that this energy is just 0.11 − 0.13ε0, slightly larger for the case of disks than for
the cuboid geometries.
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Abstract We studied the magnetic states of fluorine trimers on graphene by using spin-
polarized density functional calculations. We considered the absorption of fluorine
atoms on one side of the graphene sheet (cis-clusters). Several possible positions of the
fluorine atoms were considered to find the most energetically favorable configuration,
and its different metastable magnetic states were investigated.

Keywords Graphene · Ab initio · Fluorine adatoms

1 Introduction

The chemical modification of graphene has been the subject of intense experimental
and theoretical studies [1]. By attaching hydrogen, fluorine, or several other adatoms
to graphene, the sp2 hybridization of carbon atoms can be changed to sp3. In this way,
it is possible to change the electronic, magnetic, vibrational, the local structure, and in
general all the properties of graphene increasing its potential applications in electronic
devices.

Recently, graphene hydrogenation has been extensively studied both experimen-
tally [2–6] and theoretically, [7–10] and hydrogen clusters are the most studied clusters
on graphene. In Ref. [2], hydrogen dimers where studied in situ by Scanning Tunnel-
ing Microscopy (STM) images. A number of bright protrusions were observed which
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Fig. 1 Top view of four relaxed configurations of fluorine trimers on graphene. The red lines show the size
of the 5 × 5 graphene supercell containing 50 carbon atoms (black spheres) and 3 fluorine adatoms (yellow
spheres) (Color figure online)

can be attributed to hydrogen adsorbates. These experimental STM images were cor-
related with STM images obtained by ab initio calculations [4]. On the other hand, the
experimental research of fluorine clusters on graphene is still scarce. STM images of
fluorine monomers were reported for a low fluorine coverage in Ref. [11]. At these low
coverages, the formation of clusters is rare but small fluorine clusters can be observed.
For example, a STM image of a fluorine trimer was reported in the inset of Fig. 1 of
Ref. [11].

The graphene lattice has two equivalent sublattices of carbon atoms that are usually
denoted as A and B. These sublattices may become no longer equivalent after adatoms
adsorption. To emphasize this point, we can use the abbreviation NA, NB to denote a
cluster with NA adatoms in the sublattice A and NB adatoms in the sublattice B. In Ref.
[9] by using first-principles calculations of small clusters of hydrogen adatoms, it was
found that the energetically favored structures are those for which nI = |NA − NB | is
a minimum. They also found that the electronic ground state has |NA − NB | unpaired
electrons and therefore 0, 1, 2, and 3µB of magnetization in clusters up to four atoms,
with the total spin of the system S = nI /2 being also a minimum for the energetically
favored structures. For three adatoms there is always an imbalance between the two
graphene sublattices, and therefore all the hydrogen trimers were found to be magnetic
in Ref. [9].
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In this work, we analyze the magnetic behavior of four different configurations of
fluorine trimers. We found that two of the fluorine trimers are magnetic, while the
other two configurations are nonmagnetic. This result differs substantially from the
behavior of hydrogen trimers.

2 Computational Details

The calculations were performed by using spin-polarized Density Functional Theory
(DFT), as implemented in the simulation package Quantum-Expresso [12]. Exchange
and correlation effects were treated within the generalized gradient approxima-
tion (GGA) of the Perdew–Burke–Ernzerhoff (PBE) functional [13]. An ultrasoft
pseudopotential description of the ion-electron interaction was used together with a
plane-wave basis set for the electronic wave functions and the charge density, with
energy cutoffs of 40 and 400 Ry, respectively. The total energy calculations were
checked to be converged with a 6 × 6 × 1 grid of K-points and a Gaussian smearing
of 0.01 Ry. The two-dimensional behavior of graphene was simulated by adding a
vacuum region of 13 Å above it. In order to obtain the most stable configuration, the
fluorine trimers were studied in several configurations. All the structures were relaxed
using criteria of forces and stresses on atoms of 0.01 eV/Å and 0.2 GPa, respectively.
The convergence tolerance of energy in the calculations was set to 0.5 meV per atom.

3 Results

In the present work, we analyze four configurations of fluorine trimers. These config-
urations are among the most stable configurations for hydrogen trimers on graphene
[7], and we found that this is also the case for fluorine adatoms (An extended work
that will include a larger number of configurations is under way and will be reported
elsewhere). The top view of the relaxed positions of the considered fluorine trimers is
shown in Fig. 1. The configurations of Fig. 1 are ordered according to their binding
energy, starting with the most stable configuration represented in Fig. 1a. The fluorine
atoms of the configurations (a) and (d) are located almost exactly on top the respec-
tive carbon atoms, while on the contrary in the configurations (b) and (c) the fluorine
atoms are shifted from the position of the carbon atoms that are below them. This is a
consequence of a stronger Coulomb repulsion between fluorine atoms due to a shorter
distance between them in configurations (b) and (c). Löwding charges analysis show
that each F atom is charged and acquires around 0.3 electrons from graphene.

The properties of the trimers are summarized in Table 1. The energy differences
between the four configurations are smaller than 0.32 eV and the energy of the second
configuration is only 0.162 eV larger than the lowest energy configuration. For hydro-
gen dimers on the graphite (0001) surface, several metastable configurations have been
observed experimentally [4] with energy differences up to 0.8 eV with respect to the
most stable configuration. It is therefore expected that all of these configurations of
fluorine clusters could also be found experimentally as metastable clusters.

As we mentioned before, an interesting question is whether the fluorine trimers are
magnetic. We have found that two of these configurations are magnetic while the other
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Table 1 Properties of the trimer configurations considered in this work

Configuration Energy (eV) μtotal(µB/cell) μabs(µB/cell) �E (meV)

C1 0.0 0 0 –

C2 0.162 0.55 1.05 1.2

C3 0.289 0.65 1.29 3.1

C4 0.314 0 0 –

Energies (eV) are reported with respect to the energy of the most stable configuration (C1). μtotal and μabs
are the total and absolute magnetic moments of the supercell, and �E is the energy differences between
the magnetic and non-magnetic metastable states of each configuration

two are not magnetic as can be seen in Table 1. The total magnetic moments are close
to 0.5 Bohr magneton per supercell and the absolute magnetic moments are around
1.0 (µB/cell) in both cases.

If we compare fluorine trimers with hydrogen trimers, we can note important differ-
ences. In the case of hydrogen trimers, the lowest energy configuration is (c) followed
by (b), and (a) [7–9]. Then in general, the lowest energy configurations are more or
less the same in both cases but the order in energy is changed. More importantly, in the
case of hydrogen trimers all the configurations are magnetic and their magnetization
can be inferred from the imbalance between the two graphene sublattices as explained
in the introduction. Therefore, we have found that the behavior of fluorine trimers is
more complicated. If we analyze the four lowest energy configurations, two of them
are magnetic while the other two are nonmagnetic. This shows that the magnetic state
of F trimers cannot be inferred solely from the imbalance between the two graphene
sublattices.

Different types of adatoms can induce magnetism in graphene [14–18]. For the case
of transition metal adatoms (for example Fe and Ti, see Ref. [15]) the magnetization
is mostly concentrated at the adatom, this is also the case for N adatoms [18]. On the
other hand, for the hydrogen chemisorption the hydrogen induces magnetic moments
in the carbon atoms in a large region around the absorption point, [17] and an itinerant
magnetism was predicted in DFT calculations [17].

The spin polarization of the two fluorine trimer configurations is shown in Fig.
2. The behavior is similar to the hydrogen adatom-induced magnetism, in the
sense that the fluorine adatoms induce magnetic moments in the surrounding car-
bon atoms. The total magnetic moment of the supercell is in both cases close to
0.5µB, and it is distributed in the entire supercell. Therefore, the resulting mag-
netic moments of each atom are small around ±0.02 µB, and some carbon atoms
have larger magnetic moments of ∼0.1 µB. This can be appreciated qualitatively in
Fig. 2a and b.

The Partial Density of States (PDOS) of the magnetic trimers shows the presence of
strong spin-polarized peaks very close to the Fermi level (see Fig. 3). While these peaks
have a contribution from the fluorine atoms they are mainly due to the contribution
coming from the carbon atoms as can be inferred from the comparison between the
total DOS and the PDOS of the individual fluorine atoms in Fig. 3a and b. It is also
interesting to note that for both trimer configurations (but more clearly for Fig. 3a)
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Fig. 2 Top and side views of spin density corresponding to a C2 and b C3 configurations. Regions with
positive spin density are represented in red (dark gray) and regions with a negative spin density are shown
in light blue (light gray). Isosurfaces correspond to ρ↑ − ρ↓ = 1.3 × 10−6 e/ Å3 (Color figure online)

Fig. 3 Partial Density of States (PDOS) of the two magnetic configurations corresponding to a C2 and b
C3 configurations of Fig. 1

the peak at the Fermi level is isolated, i.e., has two gap regions above and below
the Fermi level. It is worth to mention that in our case we have periodic boundary
conditions and our results correspond to a periodic array of trimers. Figure 3 also
shows that spin polarization is mainly due to the shifting of the peaks at the Fermi
level.
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4 Conclusions

The magnetic properties of fluorine trimers on graphene show a rich behavior. We have
shown that for fluorine trimers the total spin (S) is not determined by the imbalance
between the two sublattices (S = |NA − NB |/2) as is the case for hydrogen clusters.
Some of the analyzed F trimers are not magnetic even when the graphene sublattices
are not balanced. This is also the case for an isolated fluorine atom [19].

The spin density plots show that the fluorine adatoms also induce small magnetic
moments on the surrounding carbon sublattices at distances given by the analyzed
5 × 5 graphene superlattice, containing 50 carbon atoms. A behavior that in this case
is similar to the behavior of small hydrogen clusters on graphene.

The energy differences between the magnetic states and the metastable non-
magnetic states of the fluorine clusters are small, of the order of 3 meV (∼35 K).

Acknowledgments This work was supported by the ANPCyT (under Grant No. PICT2012-0379).
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Gate-induced enhancement of spin-orbit coupling in dilute fluorinated graphene
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We analyze the origin of spin-orbit coupling (SOC) in fluorinated graphene using density functional theory
(DFT) and a tight-binding model for the relevant orbitals. As it turns out, the dominant source of SOC is the
atomic spin-orbit of fluorine adatoms and not the impurity-induced SOC based on the distortion of the graphene
plane as in hydrogenated graphene. More interestingly, our DFT calculations show that SOC is strongly affected
by both the type and concentrations of the graphene’s carriers, being enhanced by electron doping and reduced
by hole doping. This effect is due to the charge transfer to the fluorine adatom and the consequent change in
the fluorine-carbon bonding. Our simple tight-binding model, which includes the SOC of the 2p orbitals of F
and effective parameters based on maximally localized Wannier functions, is able to account for the effect. The
strong enhancement of the SOC induced by graphene doping opens the possibility to tune the spin relaxation in
this material.

DOI: 10.1103/PhysRevB.91.195408 PACS number(s): 73.22.Pr, 72.80.Vp, 85.75.−d, 81.05.ue

I. INTRODUCTION

Spin-based transport phenomena in graphene is a flourish-
ing area of research due to the expected long spin relaxation
lengths resulting from the small spin-orbit coupling (SOC)
of carbon atoms and the high carrier mobility. Due to these
exceptional properties, the great potential of graphene for the
study of new fundamental phenomena and for applications in
nanoelectronics is now extended to the study of spin-dependent
phenomena with possible applications in spintronics [1–4].
In this way the two-dimensional material, with unusual
electronic properties, became a model system in which the
big challenge is to control and manipulate both the charge and
the spin degrees of freedom. Concerning the spin properties,
the actual value of the spin relaxation rate of graphene
carriers is still a controversial issue: while the spin relaxation
times were initially thought to be very long [5–9], different
experiments [10–15] suggest that they are much shorter than
the theoretical predictions. This apparent controversy has
recently been challenged by the way experiments have been
interpreted [16].

Whatever the source of the spin relaxation mechanism,
an important issue for spintronics applications is the ability
to control it [3,4]. Sources of spin relaxation in graphene
are usually attributed to magnetic defects (vacancies [17–22]
or adatoms [9,23–37]), to the presence of extrinsic (adatom
induced) SOC [9,38,39], ripples [40], or, more recently, to a
combined effect of spin-orbit and pseudospin physics [41].

Adatoms, in particular, provide a possible course to engi-
neer spin-based effects. The nature of the SOC, however, might
be different for different adatoms. Very light atoms, such as H,
which are adsorbed on top of a single C atom and have a small
intrinsic atomic SOC, introduce SOC to the graphene carriers
by distorting the otherwise flat graphene sheet [9]. This is due
to the sp3-like structure adopted by the hybridized C atom
that induces a local coupling between the carbon pz and σ

orbitals. In that case, the effect of the atomic SOC of the C
atoms changes (locally) from being a second-order effect to a
first-order one with the corresponding increase of the effective
spin-flip processes in the graphene carriers. A characteristic

of this mechanism is that the resulting SOC is proportional to
the local lattice distortion [9]. On the other hand, more heavy
atoms can introduce spin effects by processes that involve
their own intrinsic SOC, i.e., where the spin-flip occurs in the
adatom orbitals and not on the C atoms. In the general case
both mechanisms are present.

The fluorine atom on graphene is adsorbed in a top
position. It bounds covalently to the C atom below it (we
will refer to it as the C0 atom), therefore introducing a local
distortion in the graphene lattice. However, owing to its strong
electronegativity, there is a charge transfer from the graphene
sheet to the F adatom [36,42,43]. This charge transfer to the F
adatom can be controlled by changing the carrier concentration
of graphene. Associated with this, there is an sp3-sp2-like
crossover of the hybridization of the C0 atom [42,43]. Since
this crossover causes a strong reduction of the lattice distortion,
one would expect, as suggested by the scenario described in
Ref. [9], that the induced SOC associated with it would also
decrease, thus providing a controllable way to reduce the spin
relaxation.

Here we show, using density functional theory (DFT)
calculations, that the SOC in dilute fluorinated graphene is
indeed strongly affected by the concentration of the graphene’s
carriers but, contrary to the expectations of the distortion-
induced mechanism mentioned above [9], it is enhanced by
electron doping and reduced by hole doping. This result is
validated by a simple tight-binding model, which accounts
both qualitatively and quantitatively for the effect, constructed
from the Wannier functions parameters obtained from the
ab initio calculations and that includes the F atomic SO as the
only source of spin-orbit coupling. In this way, our microscopic
model not only allows us to relate the F atomic SO with the
observed spin splitting of the bands but also explains its behav-
ior with doping. Our results then extends those of Ref. [39],
where the relevant role of the fluorine SOC was identified for
the neutral case, and give further justification to their effective
model from a multiorbital tight-binding perspective.

The rest of the work is organized as follows: DFT results
for the band structure and the projected density of states
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FIG. 1. (a) Electronic band structure for a 7 × 7 supercell containing 98 C atoms and a single F adatom. The horizontal dashed line indicates
the Fermi energy EF which is set to zero. (b)–(e) Projected density of states (PDOS) onto the pz (solid line) and px(y) orbitals (dashed line) for
the F adatom, the carbon bound to it (C0), one of the three nearest C atoms (Cn) of the latter, and a “bulk” (far from the adatom) carbon atom
(Cb). α, β, and γ label the closest bands to EF. The PDOS calculation uses a Gaussian smearing of 0.005 Ry.

(PDOS) for different geometries are presented in Sec. II. A
tight-binding model based on the calculations of the maximally
localized Wannier is introduced in Sec. III to discuss the
microscopic mechanism leading to SOC. We finally conclude
in Sec. IV.

II. DFT RESULTS

The DFT calculations were performed with the Quantum
ESPRESSO package [44] employing density functional theory
and the Perdew-Burke-Ernzerhoff (PBE) exchange-correlation
functional [45]. An ultrasoft description of the ion-electron
interaction was used [46] together with a plane-wave basis set
for the electronic wave functions and the charge density, with
energy cutoffs of 70 and 420 Ry, respectively. The electronic
Brillouin zone integration was sampled with a uniform k-point
mesh (3 × 3 × 1) and a Gaussian smearing of 0.005 Ry.
The two-dimensional behavior of graphene was simulated by
adding a vacuum region of 12 Å above it. All the structures
were relaxed using a criteria of forces and stresses on atoms
of 0.005 eV/Å and 0.3 GPa, respectively. The convergence
tolerance of energy was set to 10−5 Ha (1 Ha = 27.21 eV).
To correct for the dipole moment generated in the cell and
to improve convergence with respect to the periodic cell size,
monopole and dipole corrections were considered [47]. This
is particularly important in the doped cases. Doping of the
unit cell (added/removed electrons) was compensated by a
uniformly distributed background charge.

A. Electronic band structure

Let us first analyze the band structure of fluorinated
graphene in the absence of additional doping (neutral case).
Since we are interested in describing the SOC introduced
by a single impurity (corresponding to a diluted fluorinated
graphene sample), for our DFT calculations we use supercells
as large as possible (limited by the computational resources).
The use of large supercells is also important in the case of

F to avoid long-range Coulomb interactions among impuri-
ties as F adatoms acquire some charge when absorbed on
graphene [39,42,43].

Figure 1(a) shows the DFT electronic band structure for a
7 × 7 supercell containing 98 C atoms and a single F atom.
The Fermi energy EF has been set to zero, EF = 0. The path
in the reciprocal space is labeled using the standard notation for
the hexagonal Brillouin zone of the supercell lattice. Though
negligible on this scale, each band is split in two due to the
SOC—this is analyzed in detail in the next section. Since
one would naively expect to observe graphene’s Dirac cone
at the K point, it is instructive to mention why that is not
the case: our DFT supercell contains a single F atom and
consequently all impurities in our periodic system are on
the same graphene sublattice. This breaks off the sublattice
symmetry and opens a gap in the graphene spectrum [48,49].
Such gap is proportional to the impurity concentration and
hence to the supercell size. While this effect should not have
any relevance for the calculation of local parameters for a large
enough supercell, it is important to keep it in mind for a proper
interpretation of the results—the breaking of the sublattice
symmetry can be eliminated from the calculations, at the price
of increasing the F concentration or increasing the supercell
size, by including two F atoms on the supercell, one on each
sublattice.

To analyze the character of the bands, it is useful to look at
the weight of the corresponding states on the atomic orbitals
of each type of atom, that is, to look at the projected density of
states (PDOS). This is done in Fig. 1 for four different atoms
in the supercell: F (b), C0 (c), one of the three Cn carbon atoms
around C0 (d), and a “bulk” (far from the adatom) C atom (e).
The solid line corresponds to the pz orbitals while the dashed
one corresponds to the px(y) orbitals—in this energy range
the weight on the s orbitals is smaller than 0.02 eV−1. It
is apparent from the figure that the central band (labeled by
β) and the band below it (γ ) are the ones that contain the
impurity states as they carry a large weight on the pz orbitals
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FIG. 2. Same as Fig. 1 but for a 6 × 6 supercell containing 72 C atoms an a single F adatom. The last rightmost panels correspond to a C
atom far from the adatom in the same (e) and the opposite (f) sublattice. Notice that in this case there is a clear Dirac-like band and that the F
and the C0 atoms are essentially decoupled from it.

of the F adatom, the C0 atom, and its three nearest-neighbor
Cn atoms [37].

With the aim of understanding the adatom-induced SOC,
a very interesting situation occurs for supercells with a single
F and sizes of the form 3n × 3n with n an integer number. In
this case, the periodic perturbation potential induced by the
adatoms U (r), assumed to be local on each supercell, has the
right symmetry as to mix the two nonequivalent graphene’s
Dirac cones. Namely, the Fourier transform of the periodic
adatoms potential contains nonzero components Uk with k
connecting the two cones. Such admixture leads to a partial
decoupling of the graphene π band from the adatoms that
closes the gap induced by the sublattice symmetry break
and restores a single Dirac cone [50–52]. In addition, the
impurity band is more clearly developed. The corresponding
band structure is presented in Fig. 2 for a 6 × 6 supercell,
together with the PDOS. Notice that a Dirac cone can be
clearly identified and that in those bands there is essentially
no weight of the fluorine’s pz orbital which, in this energy
range, is mainly concentrated on the rather flat impurity band
[the β band in Fig. 2(a)]. This decoupling, which occurs for a
particular geometry, and though rather artificial, will help us
to separate different contributions to the SO splitting of the
bands.

B. Gate dependence of the spin-orbit splitting

We now turn our attention to the splitting of the bands
induced by the SOC and, in particular, to the effect of doping
on such splitting.

The main contribution to the SO splitting in this system
arises from the atomic SOC of the C and the F atoms. The
contribution from the C atoms is known to be a second-order
effect in flat graphene owing to the reflection symmetry of
the graphene’s plane: symmetry prohibits a direct coupling
between the pz and px(y) orbitals of adjacent C atoms—recall
that atomic SOC mixes p orbitals on the same lattice site. This
symmetry is locally broken in the presence of an adatom that
sits on top of a C atom due to the lattice distortion it introduces.
This was shown [9] to enhance the SOC by breaking the above-
mentioned selection rule. The resulting SOC is proportional
to the distortion of the lattice. The latter depends, in the case
of F adatoms, on the doping level of the graphene sheet due to

the charge transfer from the graphene to the F adatom [37,43].
Hence, one expects a strong dependence of the C contribution
to the SO splitting upon doping. Namely, since doping with
electrons (holes) reduces (enhances) the sp3 character of the
local hybridization of the C0 atom, we expect this contribution
to the SO splitting to decrease (increase).

The other source of SOC is the adatom itself. Contrary to
the case of H, the SOC in the F atom is not negligible and must
be accounted for. How this contribution changes with doping,
if it does, is however not obvious a priori.

The DFT results for the SO splitting of three bands for
the case of the 7 × 7 supercell [indicated as α, β, and γ

in Fig. 1(a)] are shown in Figs. 3(a)–3(c) for five different
doping concentrations: δn = 0,±1/2,±1 is the number of
additional electrons per unit cell (hence δn = 0 corresponds
to the neutral case). We find that the SO splitting changes for
all the bands, being enhanced by electron doping and reduced
by hole doping. This is just the opposite behavior that is
expected based on the distortion-induced SOC. We must then
conclude that the main contribution to the observed splitting is
not the atomic SO of the C atoms but the one coming from the
F adatoms [39]. To verify this, we repeated our calculation
but without including the SOC on the F—this is done by
using a scalar relativistic pseudopotential for the F atom as
implemented in the Quantum ESPRESSO code [44]. The
results are shown in Figs. 3(d)–3(f). There are two important
points to notice: (i) the magnitude of the splitting is reduced by
a factor of approximately five, consistent with the difference
in magnitude of the atomic SO between F and C (∼50 and
∼10 meV, respectively), and signaling that the main source
of SO is absent; (ii) the SO splitting shows now the expected
behavior as a function of doping for a deformation-induced
SO: it is reduced by electron doping and enhanced by hole
doping.

To further verify the origin of the SO splitting in fluorinated
graphene we have done the calculation keeping the SOC in
the F atom but using a 6 × 6 supercell that leads to the
decoupling of the π band from the adatoms as discussed
in the previous section. Quite interestingly, the bands show
now different behaviors [Figs. 4(a)–4(c)]: those with a small
weight on the fluorine’s pz orbitals (bands α and γ ) have a SO
splitting compatible in magnitude with a deformation-induced
SO and the corresponding dependence with doping. On the
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FIG. 3. (Color online) SO splitting of the α, β, and γ bands
indicated in Fig. 1(a) (7 × 7 supercell) for the cases where the SOC
of the F atom is included in the DFT calculation [(a)–(c)], and those
where it is removed [(d)–(f)] as a function of the doping, δn =
0, ±1/2, ±1 electrons per unit cell. The arrows indicate the direction
of increment of δn while the multiplication factors represent the
scaling used in the energy scale. Notice that the doping dependence
is just the opposite with and without SOC in the F atom.

other hand, the band with a large weight on the F (β) shows a
large SO splitting and the opposite doping dependence. Again,
this is confirmed by removing the SOC in F as shown in
Figs. 4(d)–4(f).

III. TIGHT-BINDING MODEL

The above results clearly demonstrate that in fluorinated
graphene the main source of SOC is the F adatoms, in
agreement with Ref. [39]. However, the origin of its strong
dependence on doping is not at all clear. To better understand
the underlying microscopic mechanism we now construct
a single-particle tight-binding model that includes the most
relevant orbitals, and later on the atomic SOC of F. Namely,
we consider a small cluster consisting of one F and four C
atoms (see Fig. 5) embedded in graphene. The Hamiltonian is
given by H = HF + HC + HFC. The first term describes the
isolated F atom

HF =
∑
ξ,σ

εpp
†
ξσpξσ +

∑
σ

εss
†
σ sσ , (1)

where p
†
ξσ creates an electron with spin σ in the 2pξ orbital

(ξ = x,y,z) and s†
σ creates an electron with spin σ in the 2s

orbital. Given the symmetry of the system, it is convenient,

0.0

1.0

2.0

3.0

4.0

5.0

6.0

M K Γ M

E
[m

eV
]

×100 (c)
γ

M K Γ M

×100 (f)
γ

0.0

1.0

2.0

3.0

4.0

5.0

6.0

E
[m

eV
]

β

(b)

δn

×40 (e)
β

δn

0.0

1.0

2.0

3.0

4.0

5.0

6.0

E
[m

eV
]

×100 (a)
α

×100 (d)
α

FIG. 4. (Color online) SO splitting as in Fig. 3 but for the 6 × 6
supercell. Notice that only the impurity band (β) maintains the doping
dependence of the F-induced SO splitting; the rest behave as the
C-induced SOC near the 
 point.

for the definition of the hopping parameters and for the sake
of comparison with the Wannier functions described below, to
work in a hybridized basis. To this end we define the following
creation operators [9]:

f †
zσ = As†

σ +
√

1 − A2 p†
zσ ,

f
†
1σ =

√
1 − A2

√
3

s†
σ − A√

3
p†

zσ +
√

2

3
p†

xσ ,

f
†
2σ =

√
1 − A2

√
3

s†
σ − A√

3
p†

zσ − 1√
6
p†

xσ + 1√
2
p†

yσ , (2)

f
†
3σ =

√
1 − A2

√
3

s†
σ − A√

3
p†

zσ − 1√
6
p†

xσ − 1√
2
p†

yσ .

The parameter A serves to interpolate between two extreme
cases: (i) A = 0, in which case f

†
zσ = p

†
zσ while the other

orbitals, f †
iσ , correspond to the standard sp2 hybrid orbitals; (ii)

A = 1/2, where all orbitals correspond to the sp3 hybridiza-
tion, with one of them pointing in the z direction. In terms of
these orbitals, the fluorine Hamiltonian takes the form

HF =
∑

σ

εz f †
zσ fzσ +

∑
i,σ

εf f
†
iσ fiσ +

∑
i �=j,σ

t1f f
†
iσ fjσ

+
∑
i,σ

t2f (f †
zσ fiσ + f

†
iσ fzσ ), (3)
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FIG. 5. (Color online) Schematic representation of the hy-
bridized orbitals used in the tight-binding model with their hopping
matrix elements.

where i,j = 1,2,3, and

εz = (1 − A2)εp + A2εs, εf = (1 − A2)

3
εs + (2 + A2)

3
εp,

t1f = (1 − A2)

3
(εs − εp), t2f = A

√
1 − A2

√
3

(εs − εp). (4)

The Hamiltonian of the C atoms is

HC =
∑

σ

ε0 c
†
0σ c0σ +

∑
i,σ

ε1 c
†
iσ ciσ + t ′

∑
i,σ

(c†
0σ ciσ + c

†
iσ c0σ )

+ t ′2
∑
i �=j,σ

c
†
iσ cjσ + Hg; (5)

here c
†
0σ and c

†
iσ (i = 1,2,3) create electrons with spin σ at

the pz orbitals of the central C atom (C0) and the side carbon
atoms (Cn), respectively, and Hg is the Hamiltonian of the rest
of the pz orbitals of the graphene sheet with energy εg and
hopping t . Finally, HFC includes the hybridization between
the F and C orbitals,

HFC = V
∑

σ

(f †
zσ c0σ + c

†
0σ fzσ )

+V ′ ∑
iσ

(f †
zσ ciσ + c

†
iσ fzσ )

+W
∑
i,σ

(f †
iσ c0σ + c

†
0σ fiσ )

+
∑
ij,σ

wij (f †
iσ cjσ + c

†
jσ fiσ ), (6)

where wij takes only two values: w1 if the f
†
i orbital “points”

towards the c
†
j orbital and w2 otherwise (see Fig. 5).

The next step is to properly estimate all the parameters:
energies of the hybridized orbitals and hopping matrix ele-
ments. This can be achieved with the help of the WANNIER90
code [53] as shown in the next section.

TABLE I. Tight-binding parameters (in eV) calculated by the
WANNIER90 program for different doping concentrations (number
of additional electrons per unit cell) in a 4 × 4 supercell. For a
description of the parameters see Fig. 5.

Doping −1 − 1
2 neutral + 1

2 +1

εz −10.43 −9.63 −8.72 −7.50 −5.40
εf −12.29 −11.45 −10.35 −8.86 −6.27
ε0 −0.08 0.25 0.38 0.31 0.36
ε1 −2.55 −1.91 −1.30 −0.80 −0.27
t ′ −2.45 −2.37 −2.31 −2.34 −2.71
t ′
2 −0.07 −0.09 −0.11 −0.09 0.13
t1f −5.34 −5.25 −5.15 −5.02 −4.85
t2f −3.99 −4.07 −4.17 −4.25 −4.33
V 3.34 3.31 3.11 2.48 1.11
V ′ −0.21 −0.18 −0.14 −0.06 0.09
W −3.47 −3.43 −3.18 −2.42 −0.88
w1 −0.54 −0.56 −0.56 −0.53 −0.42
w2 0.30 0.28 0.25 0.20 0.07
εg −2.08 −1.53 −0.99 −0.52 −0.34
t −2.85 −2.86 −2.87 −2.88 −2.90

A. Wannier functions

A simple way to build a tight-binding model from the
DFT results is to find the maximally localized Wannier
functions [54] that describe the DFT band exactly on the
energy range of interest (around EF, for instance) and
the rest of the spectrum only approximately, depending on
the number of orbitals used in the calculations. To this end,
we use the WANNIER90 code in a 4 × 4 supercell. While
our calculations include the σ orbitals between the C atoms,
required to properly describe the DFT band structure, here
we present only those parameters that are relevant for the
simplified tight-binding Hamiltonian described above which
is enough to capture the SO splitting of the energy bands
around EF. Table I presents such parameters for several doping
configurations.

The maximally localized Wannier functions obtained for
the c

†
0, c†

i , f †
z , and f

†
i orbitals are shown in Fig. 6. It is apparent

from the figure that the F orbitals can be interpreted as the
hybridized atomic orbitals described above while the C0 and
Cn orbitals need to be considered as “effective” orbitals (the
former being more sp3-like and the latter as a tilted pz-like
one).

The interpretation of the F orbitals as hybridized atomic
orbitals is also supported by the following: our tight-binding
model has three parameters (εs , εp, A) from where four
parameters are obtained [cf. Eqs. (4)]. These four parameters
are calculated independently in the WANNIER90. Hence, we
can use three of them, say (εz, εf , t1f ), to calculate (εs , εp,
A) and from them the value of tcalc

2f to be compared with the
value t2f shown in Table I. Such comparison, together with
the values obtained for εs , εp, and A, is shown in Table II.
Our results show that, within this model, the main effect of
doping on the F’s orbitals is to shift their energy up as more
electrons are added to the supercell and to slightly change the
hybridization parameter A (<10%). This energy shifting is
to be expected from a naive mean-field argument as doping
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FIG. 6. (Color online) Maximally localized Wannier functions as
obtained with the WANNIER90 code and used for the tight-binding
model. They correspond to (a) c

†
0, (b) one of the c

†
i orbitals, (c) f †

z ,

and (d) one of the f
†
i orbitals.

induces a charging of the F adatom [42,43]. We would like to
point out that while with this very simple model one cannot
expect to fit the value of t2f , the calculated hopping term
(tcalc

2f ) is quite reasonable and follows the overall trend with
doping—except for the extreme hole-doping case.

It is worth noticing that while there is an overall shift of all
energies with doping, the important magnitude is their relative
shift, which is by far larger in the F atom. This is the reason
for the change of the SOC as we discuss below.

Finally, we emphasize that the present calculation was done
in a 4 × 4 supercell which is relatively small as to avoid the
finite-size effects related to the long-range Coulomb repulsion
between F adatoms [39,43]—in our case the size is limited by
the heavy computational resources needed for the calculation
of the Wannier orbitals. Therefore, we may expect that our
tight-binding parameters will not be reliable for large electron
doping, where the finite-size effects are stronger. Yet, we will
show that they provide a good description of the SO splitting
of the bands.

TABLE II. Parameters of the model Hamiltonian HF . εs , εp , and
A are calculated by fitting the values of εz, εf , and t1f obtained by
the Wannier functions method. The value of t calc

2f is derived from the
former, being consistent with the Wannier calculation.

Doping εs (eV) εp (eV) A t calc
2f (eV) t calc

2f /t2f

−1 −26.45 −6.95 0.42 −4.31 1.08
− 1

2 −25.38 −6.20 0.42 −4.24 1.04
neutral −24.17 −5.20 0.43 −4.26 1.02
+ 1

2 −22.56 −3.84 0.44 −4.29 1.01
+1 −19.95 −1.42 0.46 −4.39 1.01

B. Spin-orbit coupling

As our DFT results show that the main source of SOC
comes from the F adatom, we will include in our tight-binding
model only the atomic SOC of the F—an extension to include
the effect of the SOC on the C atoms is straightforward. Such
term is of the form HSO

F = α L · S, with L and S the orbital
angular momentum and spin operators of electrons in the p

orbitals, respectively, and the SO parameter α ∼ 50 meV for
F [39,55]. In the {px↑, py↑, pz↑, px↓, py↓, pz↓} basis it takes
the following matrix form [56,57]:

HSO
F = α

2

⎛
⎜⎜⎜⎜⎜⎝

0 −i 0 0 0 1
i 0 0 0 0 −i

0 0 0 −1 i 0
0 0 −1 0 i 0
0 0 −i −i 0 0
1 i 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

. (7)

By adding HSO
F to the tight-binding Hamiltonian presented in

the previous section we can now compute the splitting of the
α, β, and γ bands for a given supercell and compare it with
the DFT data. This is done in Fig. 7 using the parameters of
Table I and taking α ∼ 40–50 meV. There are several points to
emphasize: (i) There is an overall good qualitative agreement,
which further corroborates our model. (ii) The value of the
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FIG. 7. (Color online) Comparison of the SO splitting of the α,
β, and γ bands obtained with the simplified tight-binding model
(solid lines) and the DFT results of Fig. 3 (dashed lines), excluding
the case of +1 electron doping. To obtain a good agreement we use
α = 40 meV while the rest of the tight-binding parameters are taken
from Table I.
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splitting and its behavior with doping is the correct one,
indicating that the F adatom is the dominant source of SOC.
(iii) Our model overestimates the effect of electron doping
(the +1 case is strongly overestimated and hence is not shown
in the figure). Presumably this is due to the finite-size effect
discussed in the previous section that affects our tight-binding
parameters. (iv) The central band (β) is the one that is better
described, as could be expected.

To better understand what are the microscopic spin-flip
processes that lead to the splitting of the bands it is useful to
take full advantage of the symmetry of the system around the
adatom and define new symmetrized orbitals as follows:

f
†
�σ = 1√

3

3∑
i=1

f
†
iσ , c

†
�σ = 1√

3

3∑
i=1

c
†
iσ , (8)

and

f
†
+σ = βf

†
1σ − f

†
2σ + β∗f †

3σ√
3

,

f
†
−σ = β2f

†
1σ + f

†
2σ + β∗2f

†
3σ√

3
,

c
†
+σ = βc

†
1σ − c

†
2σ + β∗c†

3σ√
3

,

c
†
−σ = β2c

†
1σ + c

†
2σ + β∗2c

†
3σ√

3
, (9)

where β = exp(iπ/3). Note that f
†
�σ = √

1 − A2 s†
σ − Ap

†
zσ

is the combination of the s and pz orbitals that is orthogonal
to f

†
zσ . In this basis, the full Hamiltonian decouples into

orthogonal subspaces with different spatial symmetry. The key
point is that this orthogonal spaces only couple through the
spin-flip term of the fluorine’s SOC. The Hamiltonian of the
rest of the graphene sheet can also be separated into two sectors
with different spatial symmetry—each one of these couple to
one of the c

†
� or c

†
± orbitals.

A scheme of the hierarchy of the hopping matrix elements in
H is shown in Fig. 8 for one of the two spin sectors—the other
one is analogous but with the time-reversal partners. Since
first-order (direct) spin-flip processes only occur between the
f

†
zσ , f †

�σ , and f
†
±σ̄ orbitals of the F adatom, any effective SOC

between C atoms must be induced by virtual processes that
involve them at intermediate steps. This is the way a spin-
splitting is induced in all bands. The scheme makes evident
a couple of things: (i) no virtual spin-flip process is allowed
between the F and the C0 atoms as they belong to the same
spin subspace, in agreement with the analysis of Ref. [39];
(ii) virtual spin-flip processes between C atoms necessarily
involve the mixing of the subspaces with opposite spatial
symmetry and hence the coupling between the f

†
±σ and the

c
†
±σ orbitals is crucial. The effect of doping enters by changing

(reducing or increasing) the energy difference between the F
and the C orbitals, making the virtual spin-flip processes more
or less effective.

Finally, it is useful to estimate from our model the effective
spin-flip coupling between the Cn atoms around C0 (i.e., an
effective term of the form �c

†
1↑c2↓ + �∗ c

†
2↓c1↑, for instance)

FIG. 8. (Color online) Scheme showing the most relevant hop-
ping parameters of Hamiltonian H. The orbital states decoupled by
symmetry only couple through the spin-flip term of the fluorine’s
SOC.

in order to compare with other models in the literature [9,39].
Following the standard procedure to eliminate the intermediate
states using Green’s functions, we get � ∼ 2 meV for the
neutral case. This effective SOC changes with doping: it
decreases up to roughly 20% for hole doping and increases up
to 60% for the cases shown in Fig. 7. This parameter is related
to the parameter �B

PIA introduced in Ref. [39]. Our result has
the same order of magnitude, indicating a large SOC induced
by the adatom, but differs by a factor ∼3.

IV. SUMMARY

We have analyzed the mechanisms governing the appear-
ance of SOC in fluorinated graphene. Our results allow us to
disentangle the different contributions of the SOC induced
on the graphene carriers and to make predictions on its
evolution with electron and hole doping. DFT calculations
of a F atom adsorbed on different graphene supercells show
significant spin splittings of the low-energy bands and give
a first indication of the dominance of the atomic SO of the
adatom in this case. The DFT results, combined with the
WANNIER90 code, allow finding the maximally localized
Wannier functions that correctly describe the bands on the
energy range of interest to build an effective tight-binding
model that includes effective π orbitals of the C atoms
and the 2s and 2p orbitals of the F atom. The so-obtained
tight-binding model fits the spin-splitting of the low-energy
bands and allows for a microscopic interpretation of the origin
of the SO effects and its doping dependence. We conclude
that the SOC in fluorinated graphene is dominated by the
intrinsic SO interaction in the F atoms, in agreement with the
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results of Ref. [39]. The charge transfer from the graphene to
the F orbitals has an important effect on the final spin-flip
coupling of the graphene carriers. This is mainly due to
the charge-transfer-induced energy shifts of the fluorine sp

orbitals that are mixed by the SOC [orbitals with energies εz

and εf in Hamiltonian (3)]. As this charge transfer can be
controlled by doping, the final SO effects can be controlled
by gating the sample. While hole doping produces a small
decrease of the SOC, electron doping can produce a significant
increase of the effect.

It is worth noting that our results show that the spin-splitting
at the K point of the Brillouin zone is always extremely
small. This is due to the symmetries of the supercells used
in the calculation and by no means implies that SO effects on
the low-energy states of samples with a random distribution
of F impurities will be negligible. To see this, consider the
single-impurity case. There, the important SO parameter is the
atomic SOC of the F atom α. As discussed in the previous
section, this parameter leads to an effective spin-flip coupling

between the C atoms, an effect that can be described by
an effective Hamiltonian including spin-flip processes in the
graphene carriers around the impurity site [39]. The spin-flip
cross section for this effective impurity model was calculated
in Ref. [9]. An important result of our work is to show that,
for fluorine impurities, the spin-flip coupling between the Cn

atoms (�) is much larger than what we could expect from the
atomic SOC of the C atoms and, even more important, that its
magnitude can be controlled by gating the sample.
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Recent experiments showed that the surface of a three-dimensional topological insulator develops gaps in the
Floquet-Bloch band spectrum when illuminated with a circularly polarized laser. These Floquet-Bloch bands are
characterized by nontrivial Chern numbers which only depend on the helicity of the polarization of the radiation
field. Here we propose a setup consisting of a pair of counterrotating lasers, and show that one-dimensional chiral
states emerge at the interface between the two lasers. These interface states turn out to be spin polarized and may
trigger interesting applications in the field of optoelectronics and spintronics.
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Introduction. Amid the excitement sparked by graphene
[1,2] and its record properties [3], the discovery of topological
insulators (TIs) [4,5] developed with surprising speed. Indeed,
TIs were predicted two years earlier in graphene [6], but the
necessary spin-orbit interactions were too weak for this to
be observed and a different playground was needed to realize
them [7]. Most TIs are three-dimensional (3D) materials as are
usual solids, but with a special property: They have a bulk band
gap while keeping states that propagate with unprecedented
robustness at the periphery of the sample [8,9]. These peculiar
states hold great promise for quantum computation [10] but at
the same time open up a major challenge: Controlling them is
particularly demanding for 3D TIs.

Encompassing the rapid progress in graphene photonics
[11] and optoelectronics [12,13], theoretical studies predicted
the formation of laser-induced band gaps [14] in graphene
when properly tuning the laser polarization, frequency, and
intensity [15–18]. More recently, these gaps were unveiled
at the surface of a TI through angle-resolved photoemission
spectroscopy (ARPES) [19]. This triggered great expectations
for achieving laser-assisted control not only in the form of
an on-off switch for the available states, but also because
theoretically nontrivial topological states [14,20,21] can be
induced on a diversity of materials [22–26], and also in
cold matter physics [27,28]. Exciting questions arise about
the nature of these novel states [29–44], the possibilities for
manipulating them [31], the associated topological invariants
[32–36], their statistical properties [37–40], and their two-
terminal [41,42] and multiterminal (Hall) responses [43,44].
Still, an experimental realization of the Floquet chiral edge
states is missing. Most studies considered two-dimensional
(2D) systems, except for Refs. [45,46], where the target was a
3D semiconductor.

Here, we show that, besides opening a band gap as in
Ref. [19], illuminating a 3D TI with a suitable set of lasers
can confine the surface states into one-dimensional states
which also bear a topological origin. The proposed setup
is represented in Fig. 1: two lasers with opposite circular
polarization incident perpendicularly to a face of a 3D TI.
This can be devised through, e.g., a single laser beam split into
two with opposite helicity. The interface between the lasers
is assumed to be shorter than the thermalization length so
that the occupations are determined by the (larger) regions

without radiation. As we will see below, this modification
of the experimental setup in Ref. [19] introduces Floquet
states propagating along the boundary where the polarization
changes. Our results follow from simulations of the Floquet
spectra based on low-energy models, which are further
supported by (i) a calculation of the topological invariants
and (ii) explicit calculations for a driven 3D lattice model.
Interestingly, we show that the resulting Floquet boundary
states, which arise from a topological transition between the
illuminated regions, carry spin-polarized currents.

Illuminated TIs and Floquet theory. We consider a low-
energy Hamiltonian describing the surface of a TI. Assuming
the (001̄) direction [47] and linear order in k, the effective
surface Hamiltonian reads H0 = �v(kyσx − kxσy), where σx

and σy are Pauli matrices describing the spin degree of
freedom. The time-dependent field is included through the
Peierls substitution k → k + eA(t)/�c, with A(t) the laser’s
vector potential. In the regions dominated by one of the two
lasers, i.e., |x| � x0, with x0 the characteristic length of the
lasers’ interface (see Fig. 1), we choose a circularly polarized
field Aτ (t) = A0[cos(τ�t + ϕ)ex + sin(τ�t + ϕ)ey], where
τ = ±1 sets the direction of rotation and ϕ determines its
orientation (measured from the x axis) at t = 0 and, as shown
later on, it becomes relevant at the interface’s region x ∼ 0.
The time-dependent Hamiltonian thus reads

Hτ (t) = H0 + γ sin(τ�t + ϕ)σx − γ cos(τ�t + ϕ)σy, (1)

where γ = veA0/c characterizes the strength of the pertur-
bation. A suitable description of the dc spectrum and the
topological properties of the system can be achieved through
the Floquet theory. By using Floquet’s theorem, we obtain a
time-independent Hamiltonian in Floquet space, defined as the
direct product R ⊗ T between the usual Hilbert space R and
the space of time-periodic functions T . This space is spanned
by the states |�σ ,m〉, where σ = {↑ , ↓} accounts for spin and
m is the Fourier index. The Floquet Hamiltonian writes

Hτ
F (k)=H0 ⊗ I+I ⊗ N� + iγ τ

∑
β=±

β e−iβτϕσβτ ⊗ 	β, (2)

where we use σ± = (σx ± iσy)/2. Such a Hamiltonian can be
imagined as a series of replicas (Floquet channels) of H0, each
one defined in a Fourier component of the driving. The static
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FIG. 1. (Color online) Scheme of the proposed setup where the
surface of a 3D TI is illuminated by two circularly polarized lasers
with opposite directions of rotation. The y axis defines the interface
region between the two lasers. The dashed line in the border indicates
that the system extends indefinitely in the x-y plane. Inset: Laser
intensities as functions of the x coordinate. At the interface, the two
lasers interfere and the total field becomes linearly polarized.

H0 enters in the diagonal part, together with the contribution
[N�]n,m = m��δn,m from the driving field, and the vector
potential couples, through [	β]n,m = δm,n−β , those channels
differing in their Fourier indices by 	m = ±1.

For the calculation of the laser-induced band gaps and
the associated Chern numbers, it is enough to consider a
homogeneous system defined at the TI’s surface through
Eq. (2). The underlying assumption is that �� is smaller
than the bulk gap, such that the states associated with the
bulk do not participate in the gap openings. As discussed in
Refs. [22,35], these laser-induced gaps are indeed depletions
of the time-averaged density of states which result from
weighting the Floquet spectrum on the m = 0 channel. By
assuming low intensities (γ /�� 	 1) we restrict ourselves
to the main contributions to the band gap openings around
ε = ��/2 and at the Dirac point ε = 0, henceforth called
the zone boundary (ZB) and the zone center (ZC) gaps,
respectively. These two gaps were described in Ref. [48],
obtaining 	1 ≈ γ and 	0 ≈ 2γ 2/�� for the ZB and ZC
gaps, respectively. Notice that a π/2 rotation along the z

direction of the spin coordinate system maps H0 to the
low-energy Hamiltonian describing a single valley in graphene
(H0 → �vk · σ ). Therefore, apart from a change in the Fermi
velocity, the laser-induced gaps show the same dependencies
in both systems [14,15,49].

The equivalence between Eq. (2) and the low-energy
description for illuminated graphene can be exploited even
further: In graphene, the laser-induced gaps are characterized
by nontrivial Chern numbers, and the bulk-boundary corre-
spondence leads to Floquet chiral states at the sample edges
[22,35,41]. Can similar states appear here? A first problem is
simply that the surface of a 3D solid cannot have a boundary.
This motivates our proposal of changing the light polarization
as in Fig. 1, thereby introducing an effective boundary (much
as a domain wall, as discussed in other examples [50–52])
where Floquet chiral states develop—by chiral we mean that
the direction of motion is fixed by the helicity of the two lasers.

Starting from Eq. (2), we proceed as in Refs. [35,53]: First,
we isolate each crossing where a band gap opens, and then
we compute a 2 × 2 effective Hamiltonian of the form Heff =

h · σ . The contribution to the Chern number of the lower band
can be calculated through the expression [9]

C = 1

4π

∫
d2k

h
h3

· (
∂kx

h × ∂ky
h
)
. (3)

In the ZB gap region, the band gap opening comes from the
crossing between the states |�+,0〉 and |�−,1〉. Here, |�±〉
refer to the conduction and valence band solutions of H0,
respectively, and the second index (0 or 1) indicates the Floquet
channel. By reducing the Floquet Hamiltonian to these states,
we obtain that the contribution to the Chern number is C1 = τ .
In the ZC region there are two processes related to the gap
opening. These consist of (i) the renormalization of |�±,0〉 due
to the coupling to the m = ±1 states, and (ii) the level crossing
between |�−,1〉 and |�+,−1〉, bridged by the m = 0 states. A
straightforward calculation of these two contributions yields
C0 = −τ/2 + 2τ = 3τ/2. While in graphene this half-integer
Chern number is compensated by spin and valley degeneracies,
in strong TIs, where the surface encloses an odd number of
Kramers degenerate Dirac points, a half-integer Chern number
results, for example, when exposing the material to a static
magnetic field [9,51,54–57].

Interface states in 3D TIs. A natural question relies on the
bulk-boundary correspondence in illuminated TIs associated to
the nonzero Chern numbers of the Floquet bands. In the present
case, since inverting the helicity of the circularly polarized
laser changes the sign of the Chern numbers, one expects the
generation of chiral states at the boundary between the two
regions.

To elucidate this question we proceed by solving the
proposed model at the laser’s interface. For simplicity in the
calculation we assume a sudden change in the laser’s direction
of rotation by assigning a different τ to each portion of the
system [according to Fig. 1, τ (x) ≡ −sgn(x)]. The resulting
differential equation therefore reads

∂x�(r) = Mτ (x)�(r), (4)

where Mτ = iσy(Hτ
F (ky ey) − εI)/v and �(r) =

eikyy(ψ↑,0,ψ↓,0,ψ↑,1,ψ↓,1)T contains the wave-function
coefficients ψσ,m(x) for the involved channels [58]. The
solutions to the above differential equation follow a standard
diagonalization of Mτ in the two regions with the appropriate
boundary condition [47] and is discussed in detail in the
Supplemental Material [59].

In Fig. 2 we show the resulting localized states in both the
ZB and ZC gaps in a configuration of ϕ = π/2, such that at
t = 0 the vector potentials point parallel to the interface’s di-
rection. Our calculations allow one to verify the bulk-boundary
correspondence. Indeed, the difference between forward and
backward propagating states (relative to the y axis) is always
fixed to the calculated difference between the Chern invariants
at each side of the interface, yielding 	C1 = −2 for the ZB gap
and 	C0 = −3 for the ZC gap. Other choices in the orientation
ϕ lead to changes in the dispersions of the chiral states but
keeping these numbers the same [59]. Although never crossing
the gaps, additional states localized at the interface are also
present—since they are not chiral, one could expect these states
to backscatter when encountering impurities in the sample.
In Fig. 2(a) (inset) we show the time-averaged probability
density, P̄ (x) = ∑

m,σ |ψσ,m(x)|2, associated with one of the
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FIG. 2. (Color online) Laser generation of interface states cross-
ing the (a) ZB and (b) ZC gaps. Gray regions indicate extended states
zones. The color scale shows the time-averaged spin texture 〈〈σx〉〉.
Inset: Time-averaged probability density P̄ for the state at ε = ��/2
in a solid line (black). The dotted line (green) shows the m = 0
component while the dashed line (purple) is for m = 1. Here we use
γ /�� = 0.2 and ϕ = π/2.

two localized states crossing the gap at ε = ��/2 (negative
ky). Here, the decay length depends inversely on the size of
the gap and, similarly to illuminated graphene [22,35], it is
independent of the microscopic details of the sample. In a more
realistic situation where the inversion of the laser helicity is
taken gradually over a finite length x0 (see below), the width of
these states shows a dependence also on the latter parameter x0.
It can be seen also that there is a pronounced asymmetry in the
contributions from the m = 0 and m = 1 channels to the over-
all probability density, which is particular to the relative angle
between ϕ and the direction of the interface. The other state de-
veloped at positive ky shows to have this asymmetry inverted.

Using the solutions of Eq. (4) we calculate the time-
averaged spin texture [35] associated with the Floquet bound-
ary states. Owing to the spin-momentum locking present in the
TI without radiation, there is a nonvanishing spin component in
the Floquet states, 〈〈σx〉〉 = 2

∑
m

∫
Re[ψ∗

↑,m(x)ψ↓,m(x)]dx,
i.e., the in-plane component perpendicular to the interface’s
direction. In all cases, 〈〈σx〉〉 is proportional to the group
velocity, as can be seen in Fig. 2. Since the direction of
propagation can be tuned by the lasers, these robust states could
be also interesting from the point of view of spin-polarized
transport at a desired region of the TI’s surface.

Three-dimensional lattice model and local density of states
(LDOS). Up to now our analysis is based on an effective
2D model for the surface states of a TI. This poses the
question on whether these properties can be reproduced in
a model accounting for the insulating bulk bands of a 3D TI.
We therefore consider a lattice Hamiltonian which satisfies
the four symmetries present in a strong TI [47]. By taking
a cubic lattice with parameter a, we obtain a tight-binding

description for an isotropic TI [51]. The vector potential
A(r,t) = ∑

τ=± Aτ (z,t)f (τx) enters through a Peierls’ sub-
stitution as a time-dependent modulation of the hopping
matrices coupling nearest neighbor sites. This accounts for
(i) a gradual change f (x) = [1 + exp(x/x0)]−1 of the laser
helicity, which produces a ϕ-oriented, linearly polarized field
at the interface region, and (ii) a photon absorption process
across the layers of the TI which manifests through a decay in
the laser intensity, A0(z) = a0ξ

−z/z0 . In our simulations, ξ and
z0 are adjusted in such a way that the laser becomes negligible
at the bottom face of the irradiated sample. The resulting lattice
Hamiltonian is derived in the Supplemental Material [59].

In Fig. 3 we show the time-averaged ky-resolved LDOS
(ρky

) [22,35] in a geometry [see Fig. 3(a)] where the solid is
infinite along the x and y directions, while in the z direction
it has Nz = 9 layers. A quantitative description is possible
by adjusting the model parameters to, e.g., those estimated in
Ref. [60], yielding larger values of Nz. In Fig. 3(b) we calculate
ρky

for the nonilluminated material, where the gapless surface
state crossing the bulk gap can be appreciated. Turning on
the lasers, we evaluate ρky

at different points of the sample.
Figure 3(c) shows the sample’s bulk region, where there is a
clear absence of states within the insulating bulk gap. When
moving to the top surface, to a region dominated by only
one of the two lasers, Fig. 3(d) reveals the ZB and ZC gaps
similar to those observed in Ref. [19]. Finally, once we arrive
at the interface region, Fig. 3(e) shows the emergence of chiral
states similar to those of Fig. 2. In the ZC region [bottom
panels in Fig. 3(f)], we can observe that, due to the small
width of the gap, the central state (forward mover) apparently
crosses it, reflecting the −τ/2 contribution to C0 from the
renormalization of the m = 0 states. Similar to Fig. 2(b)
there is, however, a small admixture which hybridizes this
forward mover state with the degenerate states around ky ∼ 0
(backward movers), and the final state crossing the gap shows a
negative slope, as required by 	C0. In this sense, the difference
in the number of states with opposite direction of motion
is again bounded to the calculated topological invariants C0

and C1 on each side of the interface and does not depend on
its specific shape. The details of the wave functions and of
the quasienergy dispersion, however, do depend on the angle
between the interface and the orientation ϕ of the linearly
polarized vector potential formed at that point [59].

Final remarks. In summary, we found that illuminating
the surface of a 3D TI with a pair of counterrotating
lasers generates chiral, one-dimensional states confined at the
interface region between the lasers. These states locate within
the recently measured laser-induced gaps in ARPES [19], for
which we believe a small modification of the experimental
setup would be enough for its observation. Additionally, these
states have a finite time-averaged spin texture subjected to the
spin-momentum locking effect of the bare material, making
them interesting from the point of view of spin-polarized
transport. Our calculations in the low-energy regime are
supported by simulations in a 3D lattice model, which accounts
for the interface zone. Given the topological character of the
Floquet bands, the qualitative properties of these interface
states (chirality and spin-momentum locking) remain unaf-
fected by the experimental details of the laser configuration
(e.g., fluctuations in their relative phase). Importantly, the
existence of the topological states is not bounded to the local
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FIG. 3. (Color online) Normalized ρky
in an isotropic model for a 3D TI with Lz = 9a: (a) Schematics of the considered setup indicating

the different points at which ρky
is evaluated. (b) At the surface of a static TI. (c) Irradiated sample at the insulator’s bulk (z = 5a). (d) At the

surface, away from the interface’s region, here only one of the two lasers dominates. (e) At the surface, across the interface’s region. (f) The
color scale used in all plots and a closeup of (e) at the ZB (top panel) and the ZC (bottom panels) regions. In all cases, the parameters used
for the static Hamiltonian are m0 = 0.4, m1 = 0.25, and m2 = 0.5 [51], and the laser parameters are �� = 0.2γ0, η0 = 2πa0a/�0 = 0.1 [59],
ϕ = π/2, x0 = 3a, ξ = 0.8, z0 = a, and include the Floquet channels m = {−1,0,1}.

recovery of the time-reversal symmetry at the interface [61].
Other choices in the setup including, e.g., the simultaneous
irradiation of different faces of the TI, are of great interest and
deserve further exploration since one could exploit different
spin textures and band curvatures [47,52] to achieve control
over the chiral states.
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We investigate theoretically the nonequilibrium transport through a molecular quantum dot as a function of
gate and bias voltage, taking into account the typical situation in molecular electronics. In this respect, our study
includes asymmetries both in the capacitances and tunneling rates to the source and drain electrodes, as well
as an infinitely large charging energy on the molecule. Our calculations are based on the out-of-equilibrium
noncrossing approximation (NCA), which is a reliable technique in the regime under consideration. We find
that Coulomb blockade edges and Kondo peaks display strong renormalization in their width and intensity as a
function of these asymmetries, and that basic expectations from Coulomb blockade theory must be taken with
care in general, especially when Kondo physics is at play. In order to help comparison of theory to experiments,
we also propose a simple phenomenological model which reproduces semiquantitatively the Coulomb blockade
edges that were numerically computed from the NCA in all regimes of parameters.
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I. INTRODUCTION

In the last decade, an enormous amount of research in
the field of nanoelectronics has been devoted to the study
of electronic transport through quantum dots. A seminal and
very versatile type of device is the gate-defined artificial atom
created at the two-dimensional electron gas confined in semi-
conducting heterostructures [1–4]. More recently, molecular
quantum dots [5–12] have gained an important momentum,
due to the possibility of playing with the chemistry of the
molecule, which compensates the reduced gate tunability
of these systems. In all these quantum dot setups, several
physical effects are generically observed when the system
is cooled at cryogenic temperatures: Coulomb blockade is
probably the major one, due to the large charging effects
in these nanoscopic quantum dots. In addition, more subtle
correlations show up due to the Kondo effect [13,14], which
implies a resonance at the Fermi energy in the spectral density
of the dot state, which in turn leads to an anomalous peak
in the differential conductance G(V ) = dI/dV at zero bias
voltage V .

However, important and unexpected correlation effects can
also take place in transport features at finite bias voltage. For
instance, Coulomb blockade edges were shown by Könemann
et al. [15] to present a strong width renormalization in the
situation of large tunnel asymmetries between source and drain
electrodes, that is also quite typical in molecular quantum dots
[16]. Enhancement of cotunneling features of excitation levels
(as a precursor of the Kondo effect) were also described by
Paaske et al. [17] and later widely observed. All these features
need to be incorporated in the current theoretical developments
of nonequilibrium quantum transport, which has so far mainly
focused on analyzing the main universal Kondo signatures in
G(V ) under many simplifying assumptions (such as symmetric

capacitive and tunnel coupling to the electrodes). In particular,
the experiment by Könemann et al. [15] investigated a
strongly confined semiconducting quantum dot coupled to two
conducting leads with highly asymmetric tunnel couplings,
and studied tunneling resonances at nearly opposite values
of V . While in the absence of interaction effects one expects
nearly the same intensity and width of the two resonances
(see Sec. III), the Coulomb blockade edge at positive voltage
was however nearly five times more intense and nearly two
times narrower than the peak at negative voltage. The authors
assumed that for negative voltage, the width in the spectral
density of the dot level is two times larger than for positive
voltage. This is based on the fact that the charge-transfer peak
(the one near the dot level Ed ) in the density of states of the
Anderson model is two times wider when the dot is occupied
[18,19]. However, as we shall show, the peak for negative
voltage corresponds to the intermediate-valence (IV) regime,
in which the width of the spectral density is approximately 3/2
times larger than in the empty-orbital regime. In addition, the
ratio of widths for negative and positive voltages depends also
on the asymmetries of the source and drain capacitances. Our
calculation will also be able to take into account the presence of
a Kondo resonance at small bias, which in previous Coulomb
blockade theory was clearly lacking [15].

In this paper, after a brief discussion of what is expected
in the absence of Coulomb interactions for asymmetric
coupling to the leads, we calculate the differential conductance
dI/dV in the Keldysh formalism within the noncrossing
approximation (NCA) [20,21]. The NCA reproduces well the
scaling relations with temperature T and bias voltage in the
Kondo regime [22] and was for example also successfully
used to interpret experimental results on a controlled crossover
between SU(4) and SU(2) Kondo states driven by magnetic
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field in a nanoscale Si transistor [23], as well as quantum phase
transitions involving singlet and triplet states in molecular
quantum dots [9]. It was also used recently to discuss
nonequilibrium Kondo spectroscopy in a system of double
quantum dots [24]. For asymmetric coupling to the leads,
we will also derive an analytical expression which describes
semiquantitatively the NCA results. This expression is used to
interpret the experiments of Könemann et al. [15] providing
a good agreement, and could be used for further studies of
molecular systems.

The paper is organized as follows. In Sec. II we explain
our main assumptions, and present the Hamiltonian and the
equation describing the current in the presence of a finite
bias. In Sec. III we compute for comparison the differential
conductance G(V ) in the absence of Coulomb interaction.
Section IV contains the NCA results for the nonlinear
conductance, and presents an analysis of the positions and
widths of the peaks displayed in G(V ) for different ex-
perimentally relevant conditions. In Sec. V we discuss the
experiment of Könemann et al., and end up in Sec. VI with a
summary.

II. MODEL AND ASSUMPTIONS

We consider either a single molecule or a small semicon-
ducting quantum dot coupled to two conducting leads. For
molecules or small dots, the separation between the levels δ

is much larger than the coupling to the leads �ν defined
below and we can include a single localized level of the dot in
the model. This reduces the heating effects always present in
small devices [25–27], because inelastic cotunneling processes
involving excitons in the dot [25,26] are inhibited. In fact,
for example comparison between theory and experiment for a
spin-1 Kondo effect in a molecule indicates that an equilibrium
temperature is well established at very low temperatures [7].
However, the regime of large voltage drop is in general
more difficult to address, and important heating could indeed
take place. Including phonons and thermalization effects is
still an open problem in the presence of Kondo correlations
to the best of our knowledge. Nevertheless, our study has
mainly focused on regimes where the molecule is in strong
contact with one of the two leads, which makes it in a good
equilibrium.

We neglect here the effects of phonons which are important
in large grains [26] and in molecules [28–31]. These effects
can be incorporated in our NCA formalism [32], and their
main manifestations are a narrowing of the peaks due to
renormalization of the hybridization and the Kondo tempera-
ture, and the appearance of small replicas of the peaks in the
conductance discussed here shifted at multiples of the phonon
frequencies.

We therefore consider the one-level Anderson impurity
model with infinite on-site repulsion U , an assumption that
is realistic for most molecular quantum dots, but also well
obeyed for very small semiconducting devices in the vicinity
of a charge-degeneracy point. The impurity states thus involve
a singlet configuration |s〉 together with a spin doublet |σ 〉
(σ = ↑ or ↓) corresponding to one additional electron (or
hole) in the dot, taking this particle from the left (L) or
right (R) conducting leads to which the dot is connected. The

Hamiltonian thus reads

H =
∑

σ

Ed |σ 〉〈σ | +
∑
νkσ

ενkc
†
νkσ cνkσ

+
∑
νkσ

(
V ν

k |σ 〉〈s|cνkσ + H.c.
)
, (1)

where the constraint |s〉〈s| + ∑
σ |σ 〉〈σ | = 1 is imposed. Here

c
†
νkσ create conduction states in the lead ν with spin σ

and wave vector k. The tunnel couplings of the quantum
dot to the leads are �ν = π

∑
k |V ν

k |2δ(ω − ενk), assumed
independent of energy ω, and we define the total hybridization
� = �L + �R . We take the sign of the bias voltage in such a
way that μL − μR = eV , where μν is the chemical potential
of lead ν. Note that the interchange of right and left leads
or electrons by holes is equivalent to a change of sign of
V . We take the arbitrary origin of energies at μR = 0. The
capacitance effects modify the energy necessary to add an
electron to the dot with the lever arm parameter α (which
depends on the source, drain, and gate capacitances) [15,16],
defined as

Ed = E0
d + αeV, (2)

where 0 � α � 1, and e is the electron charge (taken positive).
For the situation of symmetric voltage drop that is usually
considered, α is often taken near 1/2, but this may not be the
case in many experimental setups.

We obtain the conductance G = dI/dV differentiating the
current I (numerically from NCA results), which is given
by [33]

I = C

∫
dωρ(ω,V,Ed )[fL(ω) − fR(ω)],

(3)
C = 8πe�L�R

h�
,

where fν(ω) = f (ω − μν) is the Fermi distribution in each
lead, with f (ω) = 1/(eω/kT + 1), and ρ(ω,V,Ed ) is the
nonequilibrium (voltage-dependent) spectral density of the
impurity level.

III. NONINTERACTING RESONANT-LEVEL MODEL

Before discussing in more detail the complex effects of
Coulomb interactions, we present in this section a simplified
model that sheds light onto the expected behavior of the
differential conductance G(V ). The first assumption that we
make in this section is that the tunnel couplings to the leads
are very asymmetric. This hypothesis is realistic for molecular
quantum dots and also in the experiment of Könemann et al.
in Ref. [15]. We make here the choice �R � �L, so that
the system is in equilibrium with the right lead and the
explicit dependence on the voltage of the spectral density ρ(ω)
disappears [the dependence of ρ(ω) with V through Ed given
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by Eq. (2) remains]. Then one has

ρ(ω,V,Ed ) � ρR(ω,Ed ), (4)

where ρR(ω,Ed ) is the spectral density of the impurity states
in equilibrium with the right lead, for a dot energy given by
Eq. (2). Using Eqs. (2)–(4), one obtains at T = 0

G(V ) = CeρR

(
eV,E0

d + αeV
)

+αCe

∫ eV

0
dω

∂ρR

(
ω,E0

d + αeV
)

∂Ed

. (5)

In the limit of asymmetric capacitances α → 0, only the
first term survives and G(V ) is just a map of the spectral
density ρR(ω,E0

d ), as is usual with experiments with a scanning
tunneling microscope (STM). Therefore, in this limit, G(V )
has a single peak located at V = E0

d/e (the charge-transfer
peak), and no peak for the opposite bias voltage. In addition, a
Kondo peak at V = 0 can show up in the presence of Coulomb
interactions, if −E0

d � �.
The main assumption that we make in this section is to take

a noninteracting resonant level spectral density of width 2� at
half maximum, ρR(ω,Ed ) � ρ0(ω − Ed ), with

ρ0(ω − Ed ) = �/π

(ω − Ed )2 + �2
. (6)

This is a crude approximation which is certainly not valid in
the presence of interactions (it misses the important Kondo
anomaly), but it can describe qualitatively the position and
width of the Coulomb peaks in G(V ) derived from the
charge-transfer peak in the spectral density of the dot states,
which can be renormalized from bare values by the interaction,
as we discuss in Sec. IV B 2. Assuming, as in Eq. (6), that
∂ρR/∂Ed = −∂ρR/∂ω (but not ρR = ρ0 yet), the second term
of Eq. (5) can be easily evaluated and one obtains

G(V ) � Ce[(1 − α)ρR(eV,Ed ) + αρR(0,Ed )], (7)

noting that Ed displays an explicit dependence upon the
voltage from Eq. (2). While the assumption made above
for the derivatives of the current is not exactly true (even
in equilibrium) because of the dependence of the weight
and width of the peaks with Ed , this simple expression
reflects a general feature of the expected Coulomb peaks,
in connection to the charge-transfer peak of the equilibrium
spectral density ρR . Indeed, now G(V ) displays two finite bias
peaks, one that is similar to the STM case and is located at
voltage eV = Ed [namely eV = E0

d/(1 − α)], and a second
“intermediate-valence” (IV) peak at an opposite voltage value
such that Ed = E0

d + αeV = 0. In this latter case, the impurity
experiences indeed maximal charge fluctuations because the
level is located exactly on-resonance, and thus one can expect
a different width renormalization than for the STM peak, due
to the different influence of the Coulomb interaction, as we
will demonstrate later on. For positive E0

d (corresponding
to a vanishing charge in the dot, also called the empty
orbital regime), the STM peak lies at positive bias and
the IV peak is located at negative bias, and conversely for
negative E0

d (corresponding to a spin-degenerate odd charge
in the dot, also called the local-moment regime). Thus, if
ρR = ρ0 is assumed (which is valid only in the absence of
Coulomb interaction), the conductance G(V ) displays two

peaks as a function of voltage: (i) an “STM-like” peak at
V = E0

d/[(1 − α)e] of width 2�/[(1 − α)e] and maximum
intensity (1 − α)eC/�; (ii) an IV peak at V = −E0

d/(αe) of
width 2�/(αe) and maximum intensity αeC/�. Therefore,
in the absence of Coulomb interactions, the amplitude and
width renormalizations are related, and cannot reproduce the
experimental observations made in Ref. [15]. We now turn to a
full microscopic calculation of the problem, without recourse
to the many assumptions made above, that incorporates the
correct nature of the Coulomb blockade edges and Kondo
resonances for all parameters in the device.

IV. NCA RESULTS FOR THE INTERACTING MODEL

A. The equilibrium spectral density

We consider now Hamiltonian (1) in its full complex-
ity for the case of a finite bias voltage. The noncrossing
approximation (NCA) has proved in the past an excellent
technique to deal with large Coulomb interactions, and can be
extended to the present nonequilibrium situation. In order to
gain intuition, we first focus on the zero bias (V = 0) spectral
density of the localized level, which is shown on Fig. 1 for
low temperatures and three values of the dot energy level Ed ,
corresponding to the empty-orbital (Ed = 4�), local-moment
(Ed = −4�), and mixed-valence (Ed ∼ 0) regimes [34]. For
positive Ed the result is very similar to the noninteracting
resonant level prediction, Eq. (6), with a spectral width 2�,
except for the fact that the position of the peak is slightly shifted
to higher energy Eeff

d = 4.72�. This energy shift Eeff
d − Ed

is in very good agreement with the Haldane shift [35]
(�/π )ln(D/�) = 0.733� for the half bandwidth D = 10�

that we have used in the calculations. This is expected because
the NCA incorporates naturally the lowest order perturbative
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FIG. 1. (Color online) Equilibrium (V = 0) spectral density of
the localized state for the infinite-interaction Anderson model in the
empty-orbital regime (dashed line; Ed = 4�, T = 0.01�), in the
intermediate-valence (IV) regime (dash-dotted line; Ed = −0.733�,
T = �) [34], and in the local-moment regime (full line; Ed = −4�,
T = 0.01�) that shows an additional Kondo feature at low energy.
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terms of the development in the hybridization V ν
k . Note that

the small spike at the Fermi energy ω = 0 is an artifact of the
NCA in the empty-orbital regime.

In the local-moment regime at negative Ed , the charge-
transfer peak is nearly two times wider due to the underlying
extra spin degeneracy, as was discussed in the introduction and
in previous works [18,19], and the NCA correctly reproduces
this behavior. The total intensity is also reduced by correlation
effects, as discussed phenomenologically in Sec. IV B 2, and
the position of the peak is also shifted to higher energies. More
importantly, the screening of the spin-degenerate states leads
to a Kondo peak at the Fermi level, a nontrivial effect that the
NCA is able to describe properly.

Finally, the density of states for the mixed-valence situation
(Eeff

d = 0) shows a peak centered at the Fermi level as
expected, with a width of about 3� that interpolates between
the widths found in the empty-orbital and local-moment
regimes. The temperature in this calculation has been increased
to avoid a shortcoming of the NCA [34].

Regarding the conductance G(V ), these results anticipate
similarities and differences with the naive expectations based
on the noninteracting resonant level model discussed at the
end of the previous section (apart from the obvious lack of
Kondo resonance in the latter model). A minor point is that E0

d

should be replaced by an effective level E
0,eff
d , which includes

the Haldane shift. Based on Fig. 1 and Eq. (7) the width
of the STM-like peak in the empty-orbital regime should be
2�/[(1 − α)e], thus 4� at α = 1/2 for a symmetric voltage
drop (as for the noninteracting resonant level model). However,
the width of the STM peak in the local-moment regime should
rather be 4�/[(1 − α)e], thus 8� at α = 1/2. More subtly, the
IV peak (located at opposite voltage to the STM peak) should
have the same width for the empty-orbital and local-moment
regimes, namely 3�/[(1 − α)e], thus 6� at α = 1/2. These
general trends, that we will now examine microscopically
from full NCA calculations of the conductance, show that
the experimental analysis of the width of Coulomb blockade
peak must be done with care.

B. Conductance for asymmetric tunnel coupling to the leads

1. Numerical NCA results

In this subsection, we calculate the conductance using the
nonequilibrium formalism within the noncrossing approxima-
tion (NCA) [20,21] for a large choice of parameters. Details on
the technique are given for example in Ref. [36]. We choose
here asymmetric tunnel coupling to the leads �R = 60�L,
and set the reference energy scale as � = �L + �R = 1, with
a temperature T = 0.01 and a half bandwidth of the leads
D = 10. Owing to the large ratio �R/�L � 1, the impurity
is effectively in equilibrium with the right lead, although
the calculations were in practice performed using the full
out-of-equilibrium NCA.

In Fig. 2 we show G(V ) in units of the conductance
quantum G0 = 2e2/h for positive E0

d (empty-orbital regime)
and several values of capacitance asymmetries α. The small
spike at V = 0 is again an artifact of the NCA and should
be disregarded. For symmetric voltage drop, α = 1/2, the
discussion of Sec. III based on the noninteracting resonant
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FIG. 2. (Color online) Finite bias differential conductance G(V )
in the empty-orbital regime E0

d = 4� = 4 for several values of the
capacitance ratio α = 1/2,1/3,1/4 defined according to Eq. (2),
and with a hybridization ratio �R/�L = 60 (the impurity is here
in equilibrium with the right lead).

level predicts two peaks of equal width 4� and equal
height eC/(2�) at eV = ±2E

0,eff
d ≈ 9.4. However, the more

refined analysis of Sec. IV A, based on the general features
of the interacting spectral density, predicts different width
renormalization: a width 4� for the STM peak, and a width
6� for the IV peak. These trends are well described by the full
NCA calculation shown in Fig. 2. However, the conductance
G = dI/dV is not directly given by the spectral density, but
the dependencies of its effective width and weight with Ed

affect its shape [second term of Eq. (5)]. This is particularly
important for the IV peak, for which these dependencies
are larger. This will be discussed in more detail in the next
subsection. The width of the IV peak within the NCA is about
20% larger than 6�. This can be due to the above mentioned
effects or to the limitations of the NCA at low temperatures
in the IV regime. In any case, our results demonstrate that the
STM and IV peaks are generically asymmetrical, and that their
widths depend sensitively on the charge state present on the
quantum dot.

As α decreases, the tendencies predicted by the simple
analysis of Sec. III remain qualitatively valid. The position of
the STM peak tends to E0

d and its width to 2� in the limit
α → 0. In contrast, the IV peak broadens enormously and
moves to more negative values of V when the capacitances
become very asymmetric.

In Fig. 3 we show the results for the local-moment regime at
negative E0

d . In this case, both peaks are much broader than the
predictions of the naive expectations based on a noninteracting
resonant-level spectral density. Indeed, the STM peak now
lying at negative voltage shows strong interaction effects
(already witnessed in the spectral density in Fig. 1) that make
it twice broader than without interactions (the width is 8� for
symmetric voltage drop α = 1/2). The IV peak, now located
at positive bias voltage, displays again a width that is about
3/2 wider than the simple expectations outlined at the end of
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FIG. 3. (Color online) Finite bias differential conductance G(V )
in the local-moment regime E0

d = −4� = −4 for several values of
the capacitance ratio α = 1/2,1/3,1/4 defined according to Eq. (2),
and with a hybridization ratio �R/�L = 60.

Sec. III, due to combined charge fluctuations and Coulomb
effects (the width is 6� for α = 1/2). The IV peak is also
shifted to the left, since for α = 1/2 one would expect it
to lie at eV = 2E

0,eff
d ≈ 6.5�, while it is located at 5.7�.

While naively one would expect a ratio of maxima inversely
proportional to the width, the intensity of the STM peak is
smaller than expected, especially for α = 1/2. This further
correlation effect is discussed in the next subsection where
we present a more refined analytical approach. Again, as
α decreases, the width and intensity of both peaks evolve
in agreement with the expectations of the noninteracting
resonant-level model.

As expected, the most drastic difference from the noninter-
acting resonant-level model for negative E0

d is the appearance
of the Kondo peak at V = 0. Note that its main features are
independent of α, which will be discussed in Sec. IV C 2. We
now turn to a physical interpretation of the numerical NCA
result.

2. Phenomenological approach

The main reason for the failure of the noninteracting
resonant-level model to account for Coulomb blockade peaks
at asymmetric tunnel coupling to the leads is that the correct
width and weight of the peak in the impurity level spectral
density ρ(ω) both depend in a nontrivial way on the occupancy,
as discussed in Sec. IV A. One of the simplest ways to modelize
this effect is the alloy analogy approach to periodic Anderson
models, in which the electrons with spin down are frozen to
calculate the dynamics of electrons with spin up and vice
versa [37,38]. This approach is also related to the so-called
Hubbard-III approximation [39], in which the weight of the
charge-transfer peak near Ed for spin σ (or the lower Hubbard
band in a Hubbard model) is proportional to the number of
unoccupied states with the opposite spin, 1 − 〈n−σ 〉.

To correct the width inconsistency in the noninteracting
resonant-level model, we have fitted the width of the NCA

peak as a function of Ed at a temperature T = 2� (such that
the Kondo peak is absent and the width of the IV peak is well
behaved [34]), with other parameters taken as in Sec. IV B 1.
For simplicity, in this section and in Sec. V, we replace the
notation Eeff

d by Ed , incorporating the Haldane shift in the
latter. From this, we obtain that the effective half-width at half
maximum can be approximated as

�eff

�
= 3

2
− 1

2
tanh

(
Ed

2.77�

)
. (8)

This simple formula nicely interpolates between the empty-
orbital case (�eff = � for Ed � �) and the local-moment
regime (�eff = 2� for −Ed � −�), passing through the
mixed-valence regime [�eff = (3/2)� for |Ed | � �].

The above discussion suggests that a better description of
the single peak in the equilibrium local density of state can be
obtained using the improved formula:

ρR(ω,Ed ) = (1 − 〈nσ 〉)�eff/π

(ω − Ed )2 + �2
eff

, (9)

where 〈nσ 〉 = ∫
dωρR(ω)fR(ω) is the occupation of the dot

for a given spin, independent of the spin in the absence of an
applied magnetic field. Integration gives 〈nσ 〉 in terms of the
digamma function ψ(x):

〈nσ 〉 = 1/2 − R

3/2 − R

,

(10)

ν = 1

π
Imψ

[
1

2
+ �eff + i(Ed − μν)

2πT

]
.

Replacing then Eq. (9) in Eq. (3) gives the current:

I = C(1 − 〈nσ 〉)(R − L). (11)

Finally differentiating this expression, one obtains an analyt-
ical although lengthy expression for the differential conduc-
tance G(V ), which we do not reproduce here. At T = 0, G(V )
contains two terms which have the form of those included in
Eq. (7), plus some additional terms due to the dependence
of �eff and 〈ndσ 〉 with respect to Ed . These additional terms
affect the IV peak, for which the variation of �eff and 〈ndσ 〉 is
significant.

In Fig. 4 we compare the conductance G(V ) obtained
through this phenomenological approach to the full NCA result
in the empty orbital case E0

d = 4� (note that the Haldane
shift is included by hand in the level position within the
phenomenological approach). We remind the reader that for
α = 1/2, the noninteracting resonant-level model predicts a
symmetric G(V ) = G(−V ) conductance curve, which turns
out to be incorrect in the presence of strong Coulomb interac-
tion. The phenomenological approach is thus a considerable
improvement for the IV peak at negative voltage, although
some quantitative discrepancies remain. In particular, the
analytical expression gives an intermediate-valence peak a
little bit narrower and shifted towards V = 0, but the general
trends are well reproduced by the simple approach. In addition,
this discrepancy might be due to limitations of the NCA at low
temperatures in this regime.

In the local-moment regime for negative E0
d , as shown in

Fig. 5, the comparison is less satisfactory. The Kondo peak is
obviously missing in the phenomenological approach and the
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FIG. 4. (Color online) Differential conductance in the empty-
orbital regime E0

d = 4� = 4, for asymmetric tunnel couplings
(�R = 60�L), low temperature T = 0.01�, and two values of the
capacitance ratio α = 1/2,1/4. Full lines are the NCA simulations,
and dashed lines are the results from the phenomenological approach.

positions of the Coulomb peaks show also some deviations,
particularly for the IV peak now located at positive V . Nev-
ertheless, the intensities and the widths (which are larger than
those predicted by the noninteracting resonant-level model)
are semiquantitatively reproduced. The small discrepancy in
the position of the STM peak at negative V might be due to
some dependence with Ed of the Haldane shift, being smaller
for negative Ed . Having clarified the physics at play in the
asymmetric situation, which simplifies because the system
is in equilibrium with a single lead, we now consider the
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FIG. 5. (Color online) Differential conductance in the local-
moment regime E0

d = −4� = −4, with the same parameters as in
Fig. 4. Full lines are the NCA simulations, and dashed lines are the
results from the phenomenological approach.

problem in is full complexity for the regime of symmetric
tunnel couplings.

C. Conductance for symmetric tunnel coupling to the leads

1. Numerical NCA results

For symmetric tunnel coupling to the leads, an approxima-
tion like Eq. (4), which would permit us to reduce the problem
to the calculation of the spectral density at equilibrium,
is no longer possible. In Fig. 6 we show the results of
the nonequilibrium NCA calculation for symmetric tunnel
barriers, �L = �R = �/2, and parameters similar to those
of the experiment by Könemann et al. [15], but with negative
E0

d . In contrast to the results of Sec. IV B 1, the symmetry now
imposes that G(V ) = G(−V ) for �L = �R and α = 1/2.

While one would expect that the noninteracting resonant-
level model is meaningless in this nonequilibrium interacting
case, the symmetric coupling to the leads “blurs” in the
conductance the asymmetry due to correlation effects. The
simplest noninteracting resonant-level model with renormal-
ized parameters is indeed able to reproduce the Coulomb
blockade peaks obtained with the NCA (of course the Kondo
anomaly is not captured). Except for the small modification
of the α value, which is hard to justify, the changes in
the other parameters of the model are expected: a width
4.2 meV nearly two times larger than expected (2.30 meV)
because of correlation effects, an effective Ed shifted upwards
due to renormalization effects (the Haldane shift [35] is
1.04 meV for the half bandwidth D = 20 meV used in the
figure), and smaller intensity also due to correlation effects
(weight proportional to 1 − 〈n−σ 〉). We now turn to a detailed
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FIG. 6. (Color online) Differential conductance at symmetric
tunnel couplings, �L = �R , for parameters close to the experimental
measurement of Könemann et al. [15], namely � = 1.15 meV,
E0

d = −4.5 meV, T = 0.014 meV, and α = 0.425. The full line is the
nonequilibrium NCA calculation, while the dashed line corresponds
to a fit to the noninteracting resonant-level model with renormalized
parameters �eff = 2.1 meV, E0

d = −3.44 meV, α = 0.45, and a scale
reduction factor 0.355.
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description of the Kondo resonance for a large range of
parameters.

2. On the width of the nonequilibrium Kondo peak

In this section, we study the relation between the width of
the low bias Kondo resonance in the differential conductance
G(V ) (which is present for negative enough E0

d ) and the
Kondo peak in the equilibrium spectral density of the impurity
level ρ(ω). We define T G

K (resp. T
ρ

K ) as the energy scale
corresponding to half the width at half maximum of the peak in
G(V ) [resp. ρ(ω)] near V = 0 (resp. ω = 0). Both quantities
are on the order of the Kondo temperature, but differ from a
nonuniversal prefactor. Since the Kondo temperature is often
extracted experimentally from the differential conductance
curve, but theoretically the equilibrium density of states is
more standardly computed, for instance with the numerical
renormalization group (which has difficulties in grasping the
effect of finite bias voltage), we consider here systematically
the ratio T G

K /T
ρ

K , for several ratios of couplings to the
leads �R/�L, keeping � = �R + �L = 1 fixed, and also
for several values of the level position Ed . In this section
we keep Ed fixed and assume a symmetric voltage drop
μL = −μR = eV/2, as V is increased, and take the half
bandwidth D = 10. Both the differential conductance G(V )
and equilibrium density of states ρ(ω) are computed with the
NCA, the former with the nonequilibrium formalism, and the
latter at equilibrium [20,21,36]. The resulting ratio of Kondo
temperatures is shown in Table I.

It can be noticed from Table I that the ratio T G
K /T

ρ

K � 1 and
decreases towards unity when both the tunnel asymmetry ratio
R = �R/�L is increased and the impurity level position Ed is
decreased negatively, which can be understood as follows.
For large asymmetry of the tunnel coupling to the leads,
R � 1, the dot can be considered at equilibrium with the
right lead, and Eq. (4) becomes valid. Furthermore, in the
Kondo limit for fixed chemical potential μ, the Kondo peak
is insensitive to a small change in the localized level Ed ,
and remains close to the Fermi level. For |eV | � T

ρ

K this is
supported by Fermi-liquid approaches [40,41]. Thus, one can
drop the second term in Eq. (5) and G(V ) for |eV | < T

ρ

K gives
directly the spectral density of the dot state ρR(eV,E0

d ).
This effect is evident in Fig. 7, where the evolution of the
Kondo peak in conductance G(V ) with increasing asymmetry
ratio R is shown and compared to the equilibrium density of
states ρR(eV,E0

d ).

TABLE I. Ratio T G
K /T

ρ

K of the Kondo temperatures extracted
from finite bias conductance G(V ) and equilibrium density of states
ρ(ω), obtained for different values of the level energy Ed and various
asymmetry ratios �R/�L.

�R/�L Ed −2 −3 −4 −5 −6

1 1.59 1.45 1.33 1.31 1.30
2 1.50 1.19 1.078 1.09 1.08
5 1.29 1.03 1.008 1.003 ∼1
10 1.29 ∼1 ∼1 ∼1 ∼1
20 1.29 ∼1 ∼1 ∼1 ∼1
30 1.29 ∼1 ∼1 ∼1 ∼1
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ω ~ eV
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1
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e2 /h
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πΔ
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ω
)

R=1
R=5
R=30

FIG. 7. (Color online) Differential conductance near G(V ) (bro-
ken lines in red, corresponding to the left vertical scale), and
equilibrium spectral density of the quantum dot ρ(ω) (full line in
black, corresponding to the right vertical scale), computed for � = 1,
Ed = −4, and several tunnel asymmetry ratios R = �R/�L =
1,5,30. The coefficient A = 4�R�L/�2 is introduced to normalize
the conductance to the density of states.

V. COMPARISON WITH EXPERIMENT

In this last section, we discuss the experiment of Könemann
et al. [15]. This experiment corresponds to a value of E0

d that
is positive and very large (two orders of magnitude bigger than
�). This situation is very hard for the numerical solution of
the self-consistent NCA equations, but since the Kondo effect
does not take place, we can compare the experiment to the
phenomenological approach developed in Sec. IV B 2, which
takes into account the changes in both width and height of
the charge-transfer peak in the spectral density with the dot
level Ed . The experiment was done for highly asymmetric
tunnel coupling to the leads, so that the main assumption of
Sec. IV B 2 is fulfilled.

In the experiment, there is a peak at V = −9.7 mV with a
half-width of 76 μV and another one at V = 8.9 mV with a
half-width of 35.5 μV which is about five times more intense.
For α � 1/2 (as suggested in Ref. [15]), the noninteracting
resonant level model incorrectly predicts two peaks of equal
width and height at opposite voltages (see the end of Sec. III).
For α = 1/2, our more accurate phenomenological theory
predicts a ratio of about 3/2 between the width of the IV peak
at negative V and the STM peak at positive V , and not
a ratio of about 2. However, the fact that the positions of
the two peaks are not symmetric with respect to zero bias
shows that α is in fact different from 1/2. Using α = 0.45
to adjust the correct peak position, this provides an additional
contribution to the ratio in the peak widths. In Fig. 8 we display
our results for parameters close to the experiment. While we
are unable to reproduce exactly the intensities, positions, and
widths of both peaks, we obtain a semiquantitative agreement
with experiment. Our conductance curves can be fitted with
the sum of two Lorentzians: one located at V = −9.97 mV
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FIG. 8. Differential conductance using the phenomenological
model Eq. (11) for parameters corresponding to the experiment by
Könemann et al. [15]: � = 0.02 meV, E0

d = 4.5 meV, T = 0.01 meV,
and α = 0.45. Full (dotted) line corresponds to negative (positive)
bias voltage.

with half-width at half maximum 64 μV and peak value
1.17A, another one located at V = 8.18 mV, with half-width
at half maximum 36 μV and peak value 4.21A. In the
future, comparisons to further experimental data for molecular
quantum dots deep in the Kondo regime would be interesting,
in order to test our predictions.

VI. SUMMARY

Motivated by experiments with semiconducting and molec-
ular quantum dots [15,16], we have analyzed the complete
shape of the differential conductance G(V ) in the infinite-U
Anderson model connected to two leads, as a function of the
ratio of the potential drops between the dot and both leads, and
for various tunneling asymmetries. The simplest situation is the
one found in scanning tunneling spectroscopies, where both
the potential drop and tunneling rates are strongly asymmetric
towards the metallic surface on which a molecule is deposited.
As is well known in this situation, the conductance provides
exactly a measure of the equilibrium spectral density of the

quantum dot and displays only one Coulomb peak when volt-
age is aligned to the charge-transfer peak in the spectral density
(this peak position may contain renormalization effects). When
the impurity level is deeply negative, a local moment forms,
and the Kondo effect leads to an additional anomaly near zero
bias, both in the density of states and differential conductance.

The situation of an arbitrary ratio for the capacitance to
the source and drain is more complex (even still assuming
very asymmetric tunneling rates). We find that the Coulomb
peak position and width in this regime not only display trivial
changes expected from the modification of the capacitance
ratio, but are also corrected by many-body effects. As is
known from previous calculations [18,19] and reproduced
by our NCA results, the width of the charge-transfer peak
is about two times larger for large and negative level position
(local-moment regime) than for large and positive position
(empty-orbital regime). In addition, an extra Coulomb peak
appears at opposite voltage values to the peak found in the
STM situation, as expected from Coulomb blockade theory.
However, this peak has in general a different nature, and
relates to the intermediate-valence situation of the underlying
quantum impurity model, and displays accordingly a width
renormalization of about 3/2 compared to expectations based
on a noninteracting effective resonant-level model. All these
effects can be taken into account by a simple phenomenologi-
cal approach described in Sec. IV B 2, which is able to describe
well our numerical simulations (except for the presence of the
Kondo resonance) and agrees semiquantitatively with some
published experimental results (see Sec. V).

We also provided a general study of the Kondo temperature
extracted from the differential conductance (as typically done
in experiments), and made some precise connections to the
Kondo scale extracted theoretically from the equilibrium
spectral density. We find that the former scale can be up to
60% larger than the latter one, and that they coincide only for
asymmetric tunnel couplings deeply in the Kondo regime.

We hope that all these results will serve as guidelines for
interpreting more quantitatively experimental data obtained
from molecular quantum dots, since many-body effects can
quantitatively alter the predictions of basic Coulomb blockade
theory.
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(Received 31 March 2015; published 16 July 2015)

We study the effect of viscoelastic dynamics on the frictional properties of a (mean-field) spring-block system
pulled on a rough surface by an external drive. When the drive moves at constant velocity V , two dynamical
regimes are observed: at fast driving, above a critical threshold V c, the system slides at the drive velocity and
displays a friction force with velocity weakening. Below V c the steady sliding becomes unstable and a stick-slip
regime sets in. In the slide-hold-slide driving protocol, a peak of the friction force appears after the hold time
and its amplitude increases with the hold duration. These observations are consistent with the frictional force
encoded phenomenologically in the rate-and-state equations. Our model gives a microscopical basis for such
macroscopic description.

DOI: 10.1103/PhysRevE.92.012407 PACS number(s): 62.20.Qp, 05.10.Gg, 46.55.+d

I. INTRODUCTION

Friction is behind many phenomena of our every day life
experience such as the adhesion of car tires on the road
[1,2], the sound emitted by a violin [3,4], or the wear of
human articular joints [5]. Often, in these situations, the two
bodies in contact may display discontinuous dynamics, the
so-called stick-slip dynamics [6,7], in which periods of rapid
movement (slip) are followed by periods of relative rest (stick).
At the macroscopic scale the stick-slip motion is justified
by the empirical difference observed between the static and
dynamic friction coefficient, but a general explanation of this
phenomenon from first principles is not yet available. The
introduction of viscoelastic effects in the dynamics can be
the key for a microscopic theory of friction. In fact, we have
recently shown that viscoelastic solids sliding on a rough
substrate can display a stick-slip instability [8]. Interestingly
it was also pointed out that viscoelasticity is at the origin of
the observed precursors, the microslips occurring at the onset
of slip [9–11].

A scheme of the model studied in Ref. [8] is reproduced
for convenience in Fig. 1. It consists of an ensemble of
interacting blocks driven at velocity V on a rough substrate.
The macroscopic friction arises from the real area of solid-
substrate contact, which consists in the junctions between
asperities. When the block is stuck on the rough substrate, the
elastic energy of the spring k0 slowly accumulates over time
and is released when junctions break, letting the block move.
The rupture of a single junction can trigger further rupture,
with a characteristic time τ0 that characterizes the dynamics of
the block-substrate contact. In the quasistatic limit (V → 0+),
when the driving time scale τD is very slow compared to τ0,
the chain of events triggered by a single rupture can be very
large and is called an avalanche.

*francois.landes@gmail.com

In the case of purely elastic interactions between the blocks,
the macroscopic friction force, namely the average elongation
of the spring k0, is the control parameter of the depinning
transition, a second-order transition between a pinned phase
and a phase where the system slides at the driving velocity
V [12–16]. Viscoelastic interactions [17] change the nature
of the moving phase, inducing hysteretic behavior, as it was
shown by Marchetti et al. [18,19] in the context of the plastic
depinning transition of a vortex lattice.

FIG. 1. (Color online) Sketch of the viscoelastic interface model.
(a) The interface consists in blocks (labeled i,i + 1, . . . ) located
at the positions hi,hi+1, . . . (empty squares) and bound together
via a combination of springs (k1,k2) and dashpots (ηu). Driving is
performed via springs k0 linked to the position w = V t . (b, c) The
asperities that provide the contact (highlighted with ellipses) hinder
the sliding of the block on its substrate, with a random force f dis

i (hi)
acting as a microscopic static friction force. (c) The solid sled on the
substrate and the asperities under stress are changed.

1539-3755/2015/92(1)/012407(10) 012407-1 ©2015 American Physical Society
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In the quasistatic driving limit (τ0 � τD), the presence of
viscoelasticity (with a characteristic time τu) has been shown
to produce a rich phenomenology of the avalanche dynamics,
with main shocks, aftershocks, and spatiotemporal correlations
similar to that observed in seismology [8,20–24]. When the
viscoelastic relaxation is very fast compared to the driving
(τu � τD), these system-size avalanches can be understood as
a stick-slip dynamics of the mean-field model [8].

In the present paper we study the case where the driving
rate τD is of the same order of magnitude as the viscoelastic
time scale τu, but is still very slow compared to the duration
of each single avalanche: τ0 � τu � τD . We show that in this
limit, the system displays the basic features of dry friction. In
particular, when a uniform driving is applied, we observe a
transition between a stick-slip regime (slow driving, τu � τD)
and a steady-sliding regime (fast driving, τu � τD). When
the driving velocity is not constant, as in the case of the slide-
hold-slide protocol, our results display qualitatively the kind of
behavior observed in the experiments [25], most remarkably,
the existence of a peak in the friction force after the hold period,
which becomes larger as the hold time increases. It must be
noted that this kind of experiments on friction dynamics are
usually modeled using the so-called rate-and-state equations
[26,27], which incorporate the fact that the friction force does
not simply depend on the relative velocity between the two
nominal surfaces but also depends on the history of the contact,
via a macroscopic “state” variable θ . In our model this depen-
dence is encoded in the state of the microscopic viscoelastic
elements. In this way our model gives a microscopical basis
for the rate-and-state description of friction.

The paper is organized as follows. In Sec. II we briefly
present the model. In Sec. III we study the case of uniform
driving, and we complete this study with the slide-hold-slide
protocol in Sec. IV. We then interpret our results in terms of
rate-and-state formalism in Sec. V and conclude in Sec. VI.

II. MODEL

The equations of motion for the model pictured in Fig. 1
are derived in Appendix A:

η0∂thi = k0(w − hi) + k1∇2hi + f dis
i (hi) + k2∇2hi − k2ui,

(1)

ηu∂tui = k2∇2hi − k2ui. (2)

Here hi is the position of the block i, w = V t is the driving
term in the uniform driving protocol, and η0 is the damping
coefficient for the sliding of blocks relatively to the substrate.
The internal variable ui accounts for the dashpots elongation,
which induce the damping of the elastic force, k2(∇2hi − ui),
acting on the block i. The characteristic response time of
blocks is τ0 = η0/ max(k0, k1, k2), while the characteristic
readjustment time for the dashpots is τu = ηu/k2.

The random force f dis
i (hi) mimics the contacts between the

asperities of the block and those of the surface and acts as a
microscopic static friction force. When a contact is broken,
two things happen: (i) the block moves and redistributes stress
to neighboring blocks, and (ii) the asperities involved in the
junction are renewed, as sketched in Fig. 1(c). This renewal
process makes the asperity landscapes different for each block.

FIG. 2. (Color online) (a) Mean-field model of Eqs. (1) and (2).
(b) Equivalent model if the solution is stationary.

For simplicity, we consider that the random force f dis
i (hi)

acting on block i is completely independent from that acting
on other blocks.

Equations (1) and (2) were introduced in Ref. [8] and
studied in d = 2 and in mean field for V = 0+. Here we extend
the mean-field approximation [which corresponds to replace
the laplacian ∇2hi with h − hi , where h is the average location
of the blocks; see Fig. 2(a)] to the finite velocity case. Note that
this model couples the hi’s with h ≡ ∑

i hi/N ; i.e., it actually
represents N times the k2, ηu, k1 units. As it is usual in the
mean-field case, the values of the parameters are thus scaled
as k2/N, ηu/N, k1/N , to ensure the extensive character of the
total energy. We compute the macroscopic friction force

σ ≡ k0(w − h), (3)

accumulated in the system for different driving protocols and
adopt the so-called “narrow wells” approximation [13]. In this
scheme, the disorder f dis

i (hi) is modeled as a collection of
narrow pinning wells representing impurities, with spacings z

distributed as g(z) and with average z = ∫ ∞
0 zg(z)dz. As the

wells are very narrow, the disorder force f th
i (hi) that derives

from this potential is 0 everywhere except for countably many
points. Within this approximation each block is pinned in a
single narrow well (see Fig. 9 in Appendix A). For simplicity
we consider narrow wells of constant depth (and shape),
namely, the random thresholds are constant, f th

i = const. = 1.
Our model provides a description of the interface between

two solid surfaces where all dynamical properties are con-
centrated in one of them, and the other (the substrate) is
taken as inert. It has to be emphasized that the blocks have
to be considered as microscopic single contacts between the
surfaces, and as such they are individually given a rather trivial
and time-independent interaction law with the substrate. In
addition, the k1, k2, and ηu elements (and to a certain extent
also the k0 springs) must be considered as part of the surface
itself, the whole picture in Fig. 2 thus representing a small part
of the two solid surfaces in contact.

Note that here and in the rest of the paper, we give all
quantities in dimensionless form. In order to restore physical
units we need to reintroduce the units of the fundamental
quantities: distance along the h direction (z), along the surface
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(x), force (f), and time (t), so for instance the previous unit
value of f th means f th = 1f, spring constants k1,k2 are given
in units of fx2/z, k0 is in units of f/z, etc.

III. UNIFORM DRIVING PROTOCOL

At long times, under a driving performed at constant veloc-
ity V , the solution of Eqs. (1) and (2) becomes independent
of the initial condition and, in mean field, two phases are
observed: for small V we find a limit cycle solution that
corresponds to a stick-slip phase, whereas for large V a
stationary solution exists. The stationary value of the friction
force, σ (V ), can be computed analytically for g(z) = δ(z − z)
using the crucial remark that if a steady sliding regime exists
then in this regime h moves with velocity V . In particular, h =
V t − σ (V )/k0. In the stationary regime the k2-plus-dashpot
branch shown in Fig. 2(a) can also be thought of as connecting
hi with w = V t , instead of h, as indicated in Fig. 2(b). This
is so because the additional stretching induced by the time-
independent shift, w − h = σ (V )/k0, is quickly absorbed by
the dashpot, without altering the forces in any manner.

The model in Fig. 2(b) coincides with the one studied by
Dobrinevski, Le Doussal, and Wiese in Ref. [28] and can
be solved exactly. In particular the friction force writes (see
Appendix C)

σ (V ) = f th −
[
V ηu − zk2

ezk2/V ηu − 1

]
− z

2
(k0 + k1), (4)

and it is bounded by the two limiting values

σ (V → 0) = f th − z

2
(k0 + k1), (5)

σ (V → ∞) = f th − z

2
(k0 + k1 + k2). (6)

Note that:
(1) The friction force decreases as the driving velocity

increases, an effect called velocity weakening, and observed
in tribology experiments for different materials, especially at
very low velocities [25,29].

(2) The velocity weakening displays a characteristic 1/V

decay at large V .
(3) The dependence on k0 and k1 is limited to the last term

in Eq. (4), which accounts for a constant shift of the whole
σ (V ) curve.

Velocity weakening is a necessary link between the static
(V = 0) and kinetic (V > 0) friction coefficients, and as such
is known to be crucial in the triggering of instabilities in sliding
systems, leading to stick-slip motion [6] and to the existence
of earthquakes in sliding tectonic faults [30]. For a review
on nanoscale models of friction and experimental results
on nanotribology one should consult Ref. [31] or the letter
[32], which contains accessible references to the literature.
In our model, velocity weakening is a direct consequence
of the viscoelastic relaxation. In fact, the model without
viscoelasticity lacks any velocity dependence of the friction
force, as in that case there is no internal time scale to compete
with the driving time scale. It should be noted that the most
commonly observed velocity-weakening friction law is only
logarithmic in V but cannot be expected here because we

( )

FIG. 3. (Color online) Evolution of the stress σ over time for
three velocities. At slow driving, V = 0.001 (large amplitude), V = 5
(small amplitude), the stress oscillates periodically, with an amplitude
that we denote �σ (V ). At faster driving, V = 9.8 (lower curve,
almost always constant), the stress reaches a stationary value after
a very short transient. The precise choice of initial condition only
impacts the transient regimes. We used k0 = 0.01, k1 = 0.1, k2 = 0.9,
and z = 0.1.

introduced a single relaxation time scale in a mean-field model.
This echoes the results found in Ref. [33], where a 1/V

velocity-weakening law is found to occur in a noninteracting
block model with random friction coefficients, where the
relaxation time scale is present thanks to the noninstantaneous
slips. One may also note that we do not expect any of
the velocity-strengthening scenarios (as those proposed in
Ref. [34]) to occur either, since we do not account for any of
the faster mechanisms that become relevant under fast driving.

We now turn on the numerical study of the mean-field
version of Eqs. (1) and (2) using an uncorrelated distribution
of pinning wells, with mean z̄, namely g(z) = z̄−1e−z/z̄. In
practice we implement the Fokker-Planck method used in
Ref. [8], adapted to the case of finite driving velocity. All
technical details are left to Appendix B.

In Fig. 3, the evolution of the stress over time is compared
for three values of the velocity: at slow driving velocities the
stress σ (t) oscillates periodically with an amplitude denoted
�σ (V ), while at fast driving a stationary value is reached
[i.e., �σ (V ) = 0]. Note that the amplitude �σ (V ) of the
oscillations is also the width of the stress drops or “gaps”
that occur during the system-size events.

This behavior points to a bifurcation of the dynamics as
velocity is reduced. To study this effect, we report in Fig. 4 the
maximum and minimum of the friction force over time, as a
function of the driving velocity V , for various values of k0. We
observe that the stress gap vanishes smoothly at the transition
point V = V c, pointing to a “second-order” dynamical phase
transition in the order parameter �σ . In Fig. 5 we show the
full phase diagram of the system in the k0-V plane. There,
for various sets of (k1, k2) we observe a divergence of V c as
1/k0. This 1/k0 dependence at low k0 comes directly from the
uniform increase of the pulling force as k0V t and implies that
for any non zero values of k1, k2, and V , there will always be
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Δ
σ
(V

)

Vc

FIG. 4. (Color online) Friction force against driving velocity, for
different values of k0 (k0 = 0.3, 0.1, 0.01, 0.001, 0.0001, from left to
right); and constant k1 = 0.1, k2 = 0.9, z = 0.1. In the slow driving
regime (on the left), motion occurs mostly through the abrupt slips
during which stress falls from the stress before slip, σB (up), to the
stress after slip, σA (down). In the faster driving regime, the dynamics
is stationary and friction decreases with velocity. Crosses indicate the
values of V for which the numerical integration has actually been
performed.

a value of k0 below which some stick-slip dynamics occurs,
even at very large velocities.

In the stationary regime, our simulations confirm, overall,
the friction behavior of Eq. (4). In particular, in Fig. 6 we

stick-slip

steady slip

FIG. 5. (Color online) Phase diagram in the k0-V plane, for
different sets of (k1,k2) values: from bottom to top we used
(k1 = 0.0, k2 = 1.0), (0.1, 0.9), (0.5, 0.5), (0.9, 0.1). In the lower-
left region, the system behaves in a nonstationary way; i.e., we have
stick-slip motion. For k0 � k2, the system is never nonstationary, even
at quasistatic driving, as predicted in Ref. [35]. The bold dashed line
has slope one, indicating a scaling of the critical velocity as V c ∼ k−1

0

for small k0’s. The thin dashed vertical lines indicate the asymptotic
behavior V c → 0 when k0 → k−

2 .

FIG. 6. (Color online) Velocity weakening in the steady-slip
regime (V > V c), far from the critical point. We observe that σ

decreases when the velocity increases. For V → ∞, the decay in the
friction force toward the limiting large-velocity value σV =∞ goes as
∼V −1. Inset: plot in the log-log coordinates. The dashed line gives
the pure power law with exponent −1. We used the same color code
as in previous figures (curves that go to larger values are the lower
k0’s).

observe a clear velocity weakening with a characteristic 1/V

decay toward σ (V → ∞) = 1 − (k0 + k1 + k2)z̄/2.

IV. SLIDE-HOLD-SLIDE PROTOCOL

Slide-hold-slide experiments are an important tool in the
investigation of the tribology of solids. When the sliding of a
solid is interrupted for some time �t , the contacts at the surface
of the solid can strengthen over time, so that when sliding is
resumed, a peak in the friction force has to be overcome before
one recovers the stationary friction force. The amplitude of
the friction peak increases with the hold time �t since the
relaxation is more effective when it has more time to act.
Our model has all the necessary ingredients to reproduce the
peak in the friction force after a hold period. In fact, when
driven at a finite velocity, the viscoelastic elements do not
have the time to completely relax to the most convenient (i.e.,
lowest energy) configuration at each global position. If a hold
time is given to the system, the mechanical energy reduces as
the viscoelastic elements relax. Upon resuming driving, this
lower-energy configuration requires a larger stress to initiate
motion again. Thus the effect is expected to become stronger
as the hold time increases, saturating at hold times much larger
than the viscoelastic relaxation time.

To simulate this process, we set the driving velocity V to a
value at which a steady sliding is observed. Once we reached
a stationary dynamics, the driving is stopped for some time
interval �t and then resumed. The evolution of the friction
force during this protocol in our model is shown in Fig. 7
(left). The height of the friction peak as a function of the hold
time �t is shown in Fig. 7 (right).

We observe some similarities and some differences when
comparing our results with experimental observations. In
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FIG. 7. (Color online) Slide-hold-slide experiment. Left: Evolution of the stress σ over time under this protocol, around the time when
driving is resumed (t = 0.015 here). The driving velocity is V = 1000. Right: For many different hold times �t , we record the maximal
deviation (�σ )max from stationary stress (blue points). This deviation corresponds to the gap between static and kinetic friction coefficient. In
our model we observe a linear growth of the gap with �t while in experiments a logarithmic increase is measured. The dashed line gives the
purely exponential saturation: �σmax = �σ∞(1 − e−�t/τ ), with τ = 2 and �σ∞ ≡ �σmax(�t = ∞).

experiments, during the hold time the stress shows a relaxation
toward some lower value, something that is not observed in our
model. The reason is that stress relaxation can occur only if
some secondary avalanches (aftershocks) are triggered by the
viscoelastic relaxation. When the pinning thresholds f th have
a single value, then aftershocks are excluded and the decrease
cannot happen. However, in models with a wide distribution
of pinning thresholds this relaxation has been observed [20]
and is compatible with experiments.

Qualitatively, the friction peak is similar in our simulations
and in experiments: in both cases its height increases as a
function of the hold time, but in experiments the increase is
usually reported to be logarithmic, while here we observe an
exponential saturation at large �t . The reason for this differ-
ence is that our model contains only a single relaxation time
constant, which naturally defines a typical time scale, above
which the system is fully relaxed and thus no longer evolves.

V. ANALYSIS IN TERMS OF RATE-AND-STATE
EQUATIONS

It has been long realized that the friction force cannot be
described by a single valued function of the instantaneous
velocity. The history of the contact plays an important role in
determining the actual friction force. Our model is an example
of such a case, since the value of the friction force depends on
the state of the viscoelastic elements, which in turn depend on
the history of the system. We thus briefly recall the standard
rate and state formalism, and then show how it provides an
appropriate framework to understand our results.

A. The RS formalism

Phenomenologically, the behavior of frictional contacts has
been successfully described through the formalism named
rate-and-state (RS) friction, originated in the works of Di-
eterich and Ruina [26,27]. Instead of assuming that there
exists only a kinetic and a static friction coefficient, the RS

formalism assumes that the friction coefficient continuously
depends on the relative velocity v between the two surfaces
(the rate variable) and on a state variable usually called θ .
We recall that by definition, the friction coefficient μ acts as
a threshold for the friction force σ actually arising from the
contacts: we always have σ � μFN , where FN is the force
normally applied on the solid. The usual RS form for μ(v,θ ) is

μ(v,θ ) = μ0 + a log(v) + b log(θ/Dc), (7)

where a, b are positive constants. Note that we use a small v

to indicate the instantaneous velocity, which may differ from
the driving velocity V . The a term describes the so-called
“direct effect,” the increase of friction with increase of the
relative velocity commonly observed in many materials.

The state variable θ is supposed to follow a second equation,
usually written

θ̇ = 1 − θv

Dc

, (8)

where Dc is the “critical slip distance,” i.e., the amount of slip
(of the center of mass of the sliding block) necessary to break
a newly formed junction.

Under steady sliding, we have θ̇ = 0, θ = Dc/v, and the
RS Eqs. (7) and (8) simplify into

μ(v,θ ) = μ0 + (a − b) log(v). (9)

If b > a this equation describes the phenomenon of velocity
weakening, namely a reduction of the friction coefficient when
velocity increases. Velocity weakening is a crucial ingredient
involved in the description of seismic phenomena [30]. In
the case in which the contact is at rest (v = 0), we get
θ̇ = 1, i.e., θ (t) = θ0 + t , and according to Eq. (7) we obtain
an increase of the static friction coefficient with the time
of contact. RS equations have been used to describe the
behaviors of frictional systems under a variety of nonsteady
sliding conditions, providing an excellent phenomenological
description for numerous systems.
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B. Interpretation of our model in terms of RS equations

Under uniform driving, our model displays two features that
are common to many frictional systems: a velocity-weakening
friction law and a bifurcation to a stick-slip regime for low
driving velocities. We have described in Sec. III how the
velocity-weakening effect appears in the model. Now we will
see that assuming the existence of this effect, the bifurcation to
a stick-slip regime at low velocities is captured in all its detail
by the use of the RS formalism.

The usually assumed form Eq. (9) of the friction coefficient
is not appropriate to accurately describe the results observed
in our model in the steady sliding regime. On the one hand, our
model does not have any ingredient that could produce a direct
effect in the RS Eq. (7), suggesting that we should use a = 0.
On the other hand, the logarithmic b term is not appropriate in
our case, mainly because we have considered only a relaxation
mechanism that is described by a single time constant, the one
associated to the dashpot and k2 springs. Instead, from our
simulations of Sec. III (as for instance those in the right part
of Fig. 4) we can construct a simple analytical expression for
the friction coefficient in the steady sliding regime:

μsteady � f th − z̄

2
(k0 + k1 + k2) + 0.007

v + 0.078
, (10)

where the numerical values correspond to k1 = 0.1, k2 = 0.9,
and z = 0.1. We remark that this is just a simple, although
accurate fitting to the numerical results that allows the
analytical treatment presented below, but it has no additional
particular significance.

We now assume that under any nonsteady-sliding situation,
the value of the friction coefficient can still be written in terms
of the function found in the steady state. Using the fact that in
the steady state v ≡ Dc/θ , we write

μ(θ ) = f th − z̄

2
(k0 + k1 + k2) + 0.007

Dc/θ + 0.078
. (11)

The time evolution of θ will be assumed to be described by the
standard RS evolution, Eq. (8). The sliding contact is coupled
to a driving spring pulled at constant velocity V , so that the
pulling force reads

σ = (V t − x)k0, (12)

where x is the spatial average coordinate of the contact, i.e.,
ẋ = v. This force σ is also the actual instantaneous friction
force arising from the contacts. Our aim is now to determine
the temporal evolution of x and σ and reproduce the bifurcation
behavior that we obtained in Sec. III.

If steady sliding is assumed, the force μFN must balance
the pulling force, and we get θ = Dc/V , v = V . However,
steady sliding may be unstable due to the following process:
if at some moment x is stopped, the pulling force starts to
increase according to σ = σ 0 + V tk0. On the other hand, the
friction force starts to increase due to the increasing of θ ,
according to μ = μ(θ0 + t). If the initial increase of μFN

is more rapid than the increase of σ , the contact will stay
stuck as long as μFN > σ , until eventually the pulling force
becomes larger than the pinning force, and a rapid slip moves
the value of x to a new position. If μFN < σ , slip occurs and
is essentially instantaneous since we have not added inertia to

FIG. 8. Friction force as a function of velocity for the same set of
values as described in the caption of Fig. 4, using the RS formalism.
The form of the steady-sliding part of the curves is introduced by
hand. We used a value Dc = 0.06 to achieve the best fitting. The RS
formalism yields the form of σmax and σmin for V < V c.

the contact. During the slip stage, the value of θ is reduced
following Eq. (8), which in the rapid slip limit can be written
as dθ = −θdx/Dc and analytically integrated. Slip finishes
when σ drops below μFN again, and a new stick-slip cycle
begins. We have integrated Eqs. (11), (8), and (12) and in fact
obtained steady sliding for large V , and a stick-slip behavior at
small V , in which the value of σ oscillates between two values,
σmax and σmin. In Fig. 8 we plot the values of σmax and σmin (or
the single value σ in case of steady sliding) as a function of
V for the same set of k0 values used in Fig. 4. It can be seen
that the value of Dc enters in the problem only in combination
with the spring stiffness, as kDc. In Fig. 8 we used Dc = 0.06
to achieve the best fitting with the results of Fig. 4. We note
that as suggested by its original meaning, Dc is of the order
of z, which is the distance at which the correlations between
pinning forces disappears. In addition to the coincidence of
the two figures in the steady-sliding regime [which is enforced
by hand through the choice of the μsteady function in Eq. (10)],
we see that the RS formalism gives a very good coincidence
in the low-velocity, stick-slip regime.

A careful analysis of our RS equations near the bifurca-
tion point shows that the two values σmax and σmin depart
symmetrically from the branch of steady sliding and are
such that σmax − σmin ∼ (V c − V )1/2, which corresponds to
a Hopf bifurcation. Note, however, that the validity range of
these scalings becomes progressively smaller as k0 is reduced,
and in the k0 → 0 limit we get the scaling σmin ∼ const,
σmax − σmin ∼ (V c − V ).

VI. CONCLUSION

We have presented a detailed analytical and numerical
analysis of a viscoelastic model of friction in mean-field
approximation, in which the driving velocity competes with
the timescale of the viscoelastic effects within the system.

Our main findings are the following. At low driving
velocities, we obtain a stick-slip dynamics with amplitudes
of the stress oscillations that decrease with increasing driving
velocity (V ) or increasing driving stiffness (k0). Beyond a
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certain critical driving velocity (V > V c), the amplitude of
these oscillations becomes zero; i.e., the sliding is smooth.
The transition between stick-slip and smooth-sliding occurs
in a continuous manner and is very well described by a phe-
nomenological rate-and-state analysis. In the smooth-sliding
regime the friction force reduces as a function of the driving
velocity, reproducing the well known velocity-weakening
phenomenology. In our model, this effect is originated in
the existence of viscoelastic elements that set an additional
timescale for the dynamics. Finally, the response of our model
to intermittent driving allowed us to reproduce qualitatively an
important aspect of the aging of contacts, namely the increase
of the static friction with time of contact at rest. Overall, we
believe our model reproduces many well-known features of
real tribology and gives a well-defined model on which many
assumptions and predictions of phenomenological theories
(like rate-and-state equations) can be investigated in depth.
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APPENDIX A: DETAILED DERIVATION OF
THE EQUATIONS OF MOTION

We first study the one-dimensional case, as presented in
Fig. 9.

The interface is decomposed in blocks of mass m, labeled
i and moving along horizontal rails hi . The action of the
dashpot is to resist the change in φi − hi via viscous friction,
with a resulting force on hi given by ηu∂t (φi − hi). The
blocks move in a medium with some effective viscosity η

and we study the overdamped regime, m∂2
t hi � η∂thi . As

each block is described by two degrees of freedom hi and
φi , the time evolution is governed by two equations. We now
provide a pedestrian derivation of the equations, for the sake of
completeness. The first equation comes from the force balance
on hi :

η∂thi = f dis
i (hi) + k0(w − hi) + k1(hi+1 − hi)

+ k1(hi−1 − hi) + ηu∂t (φi − hi) + k2(φi−1 − hi).

(A1)

The second equation is derived from the force balance on φi :

0 = k2(hi+1 − φi) + ηu∂t (hi − φi), (A2)

where we assume that the internal degree of freedom φi has
no mass. Similarly, the force balance on φi−1 yields

0 = k2(hi − φi−1) + ηu∂t (hi−1 − φi−1). (A3)

In order to let the Laplacian term k2(hi+1 − 2hi + hi−1)
appear, we introduce the variable

ui ≡ φi − hi + hi−1 − φi−1, (A4)

which represents the elongation of the dashpot elements
connected to site i. We inject Eq. (A2) into Eq. (A1) to get rid
of the time derivatives, and we subtract Eq. (A3) from Eq. (A2)

k2 k1

hi φi
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FIG. 9. (Color online) Sketch of the one-dimensional viscoelas-
tic interface model. The interface itself (bold black line) consists in
blocks set at discrete lattice sites i, i + 1, . . . along the x axis (in
higher dimensions, x ∈ Rd ). The blocks can evolve along the z axis:
they are identified by their locations hi, hi+1, . . . (empty squares) and
bound together via a combination of springs (k1, k2) and dashpots
(ηu). The viscoelastic interaction introduces an internal degree of
freedom φi , represented by full squares (blue). Driving is performed
via springs k0 linked to the position w = V t (thin purple lines). The
disorder force f dis

i (red) for the site i derives from a disordered energy
potential Edis

i (z) (gray).

to obtain Eq. (A6):

η∂thi = f dis
i (hi) + k0(w − hi)

+ (k1 + k2)(hi+1 − 2hi + hi−1) − k2ui, (A5)

ηu∂tui = k2(hi+1 − 2hi + hi−1) − k2ui. (A6)

A more elegant notation using the Laplacian operator ∇2 is

η∂thi = f dis
i (hi) + k0(w − hi) + k1∇2

i hi + k2
(∇2

i hi − ui

)
,

ηu∂tui = k2
(∇2

i hi − ui

)
. (A7)

To generalize this to higher dimensions (on a square lattice),
one simply has to connect each block hi to its neighbors via
viscoelastic elements, using a single orientation per direction.
The equations obtained are exactly Eq. (A7) if we reinterpret
the label i as referring to d-dimensional space, the Laplacian
∇2 as the d-dimensional one, and the ui variable as

ui =
d∑

j=1

(φj − hj ) +
2d∑

j ′=d+1

(hj ′ − φj ′), (A8)

where indices j denote the d first neighbors, connected via
a dashpot followed by the spring k2 (and k1 in parallel) and
indices j ′ denote the last d neighbors, connected via the spring
k2 followed by a dashpot (and k1 in parallel).

We study the mean-field limit via the fully connected
approximation. In practice, each block position hi interacts
with the positions of all other blocks via N − 1 springs of
elastic constant k1/N (N being the number of blocks in the
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system) and via N − 1 viscoelastic elements (i.e., spring in
series with a dashpot). As usual for fully connected systems,
the final equation for the site i is obtained by replacing any
occurrence of �hi with h − hi .

APPENDIX B: THE NUMERICAL METHODS

In previous works [8,35] we showed how to translate the
stochastic dynamics into a master equation (or Fokker-Planck
equation), but only in the case in which V → 0. Here we
generalize the procedure to any velocity V . Our Cython code
is fully available [36].

It is useful to describe the dynamics using the local
variable, δi :

δi ≡ 1 − k0(w − hi) − (k1 + k2)(h − hi) + k2ui, (B1)

which represents the amount of additional stress that a site
can hold before becoming unstable: as long as δi > 0,∀i, the
block is stable and its position, hi , remains fixed when δi = 0
the block jumps to the next pinning well at a random distance
z: hi → hi + z. To define the dynamics in terms of δ variables,
we need to split it in a fast part δF and a relaxed one δR:

δF
i = 1 − k0(w − hi) − (k1 + k2)(h − hi),

(B2)
δR
i = k2ui,

such that δi = δF
i + δR

i . The blocks dynamics is controlled by
three processes:

(i) The avalanches. When a block is unstable (δi � 0),
it moves to the next pinning wells: δF

i → δF
i + z(k0 + k1),

with z drawn from g(z). Each jump z is followed by a stress
redistribution δF

j → δF
j − zk1/N . These drops can trigger

other instabilities. The characteristic duration of such an
avalanche is τ0 = η0/ max(k0, k1, k2).

(ii) The driving. External driving increases over time: for
instance w = V t in the uniform driving protocol. In terms of
δ, driving means that over a time step dt , δF

i → δF
i − k0V dt .

This driving can happen until a new instability is triggered [step
(i)]. The characteristic time scale of driving is τD = z/V .

(iii) The relaxation. In absence of instabilities, the hi’s are
constant, and Eq. (2) reduces to

δR
i (t) = k2(h − hi) + [

δR
i (t0) − k2(h − hi)

]
e
−k2

t−t0
ηu , (B3)

where t0 is the time at which the last avalanche occurred. Note
that hi does not evolve during relaxation or driving, so that
relaxation can happen until a new instability is triggered [step
(i)]. The characteristic time scale of relaxation is τu = ηu/k2.

In this paper we study the case τ0 � τu ∼ τD and focus
on the case of the mean-field model where fluctuations vanish
and the description of the system via a simple probability
distribution becomes exact. Indeed, the sole distribution P (δ)
does not provide enough information to fully characterize the
system and its evolution. We consider the joint probability den-
sity distribution P (δF , δR). The quantity P (δF , δR, t)dδF dδR

represents the probability for a site drawn at random to have
a particular set of values of δF , δR and can be computed
numerically starting from the dynamical rules that apply to
the δ’s.

To be concrete, we discretize P (δF , δR) with a bin ε. The
distribution probability is then a matrix Pi,j , where P (δF =

εi,δR = εj )dδF dδR = Pi,j . We use a time step dt = ε/k0V

and define the constant κ = k0 + k1 + k2.
The finite velocity is expressed through the fact that every

time there is some driving of w by a quantity dw = V dt , there
is also relaxation during a time dt . In particular, we define the
relaxation factor R(dt) = 1 − e−dtk2/ηu . For the avalanches,
two crucial quantities should be defined: (1) the fraction of un-
stable sites P tot

unst ≡ ε
∑

i,j |i+j<0 Pi,j = ε
∑

j

∑
i ′|(i ′+j<0) Pi ′,j ,

and (2) the stress redistribution P tot
unstz(k1 + k2) that follows the

stabilization of the unstable sites. When P tot
unstz(k1 + k2) > 1,

the avalanche increases geometrically over the time steps,
which is why it is practical to define a “critical” value
P c

0 = 1
z(k1+k2) .

The sketch of the algorithm is the following.
(1) Relaxation process:

(i) Compute j∞(i), the bin associated to the fully
relaxed state, δR

i,∞ = k2
κ

(δF − δF ):

j∞(i) = Int

[
k2

−i + ∑
i ′,j i ′P (i ′,j )

κ

]
.

(ii) Relaxation corresponds to shift1 Pi,j to Pi,j+Shift

(where Shift = Int{[j∞(i) − j ]R(dt)}), set r = 1 and per-
form the Avalanche process.
(2) Avalanche process: consists of driving and jumps.

(i) Driving:

Pi,j ← Pi,j + (Pi+1,j − Pi,j )r. (B4)

(ii) Compute Punst(j ) = ∑
i ′|i ′+j<0 Pi ′,j .

(iii) Jumps:

Pi,j ← Pi,j + ε

κ
g

(
ε(i + j )

κ

)
Punst(j ),

(B5)
Pi,j ← 0 if i + j < 0.

(iv) Compute P0 = ∑
i=−j Pi,j .

(v) If P0 � P c
0 , set r = 1 and perform the Avalanche

process again.
(vi) Else

(a) Compute P tot
unst = ∑

j Punst(j ).
(b) If P tot

unst � P c
0 /100, set r = min(1,P tot

unst/P
c
0 ) and

perform the Avalanche process again.
(c) Else, perform the Relaxation process.

Here we used the exponential distribution with z̄ = 0.2 and
an upper-length cutoff g(z) = 1/ze−z/z�(z)�(10 − z), where
� is the Heaviside function. We always used ηu = 1.

Above V c we consider that the stationary regime is reached
when the relative variation between the last three values of σ

does not exceed 1%. Below V c we ask that the stress drops
�σ of three consecutive global shocks change less than 1%.
Finally, the critical value V c is found by decimation: starting
with a very small Vmin = 1e−4 and very large Vmax = 1000,
simulations are repeated between the two boundaries until the
relative difference between those two boundaries is less than

1Instead of crudely taking the integer part of [j∞(i) − j ]R(dt), it
is numerically much more stable to split the shift over the two bins,
using a linear interpolation.
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FIG. 10. (Color online) Convergence of the stress to its limit
value σ (V ), as the binning ε decreases. We selected velocities V

close to but larger than V c for the five values of k0 studied (from top
to bottom: decreasing k0 and increasing V ). Convergence is reached
for the three largest values of k0.

1%. This means that a larger absolute tolerance is allowed for
larger values of V c.

An issue limiting higher precision is the presence of
numerical instabilities when approaching to the critical point.
In Fig. 10 the dependence of σ on the binning ε is shown.
For large values of k0 (0.3, 0.1, and 0.03), it is clear that we
converge toward a plateau σ (V ) when the binning decreases.
The small values of k0 represent a challenge, because the
precision required from the algorithm is ∼zk0. However,
comparing the expected values (dashed lines) and the behavior

at larger k0’s, it can be expected that smaller binnings would
produce the expected results.

APPENDIX C: ANALYTICAL SOLUTION FOR
THE STATIONARY REGIME

Let us now solve the model of Fig. 2(b). We call f 0(t),
f 1(t), and f 2(t) the forces coming from the branches with the
k0, k1, and k2 springs. The coordinate hi will jump to hi + z

each time

f 0(t) + f 1(t) + f 2(t) = f th. (C1)

Between jumps, the different forces behave as

f 0(t) = f 0
a + k1V t, (C2)

f 1(t) = f 1
a + k0V t, (C3)

f 2(t) = V η + (
f 2

a − V ηu

)
exp

(
−k2t

ηu

)
, (C4)

where the a subindexes on the right indicate values of the
forces right after the jump. This expression holds until the
next jump that occurs at time t ≡ z/V . At this moment,
the forces must satisfy Eq. (C1), and we obtain

f 0
b = f 0

a + k1z, (C5)

f 1
b = f 1

a + k0z, (C6)

f 2
b = V η + (

f 2
a − V ηu

)
exp

(
− k2z

V ηu

)
, (C7)

where the b subindex stands for the values right before the
jump. In addition, we have f 1

b = −f 1
a since the average value

of f 1 must vanish. Also, since the dashpot is rigid at the jump,
we get f 2

b − f 2
a = zk2. From all these equations all forces

(f 0
b , f 0

a , f 1
b , f 1

a , f 2
b , f 2

a ) can be calculated. In particular we
are interested in the average friction force σ which is given
by σ = (f 0

a + f 0
b )/2. Through a straightforward elimination

procedure we get the Eq. (4) given in the main text.
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We used a micromechanical torsional oscillator to measure the magnetic response of a twinned YBa2Cu3O7−δ

single crystal disk near the Bose glass transition. We observe an anomaly in the temperature dependence of the
magnetization consistent with the appearance of a magnetic shielding perpendicular to the correlated pinning of
the twin boundaries. This effect is related to the thermodynamic transition from the vortex liquid phase to a Bose
glass state.
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I. INTRODUCTION

The magnetic field–temperature phase diagram of vortex
matter in high temperature superconductors exhibits a variety
of thermodynamic phases and phase transitions whose prop-
erties are strongly influenced by the nature of the structural
defects in the superconductors [1]. Particularly interesting
is the case of spatially correlated defects, such as twin
boundaries and columnar tracks generated by heavy ion
irradiation, because they produce correlated pinning on the
vortex ensemble and can induce a new thermodynamic state
called Bose glass [2]. This Bose glass phase is characterized
by the collective alignment of the vortices into the correlated
defects and has two distinctive characteristics: a vanishing
of the linear electrical resistivity and a diverging elastic tilt
modulus [3]. As a result of this vortex localization, the Bose
glass phase will exhibit a transverse Meissner effect [3]: a
finite transverse critical magnetic field is required to tilt the
vortex lines away from the correlated defects. For magnetic
fields larger than this critical transverse field, the vortex system
acquires a tilted pinning state [4] where vortices are partially
locked along the correlated defects. In this state, usually
identified as the staircase configuration, the capability to shield
perpendicular magnetic fields is considerably reduced. The
transition from the high temperature liquid state to the Bose
glass phase will only occur when the angle between the
external magnetic field and the correlated defects is small
enough. Theory predicts that the angular dependence of the
Bose glass critical temperature has a sharp maximum when the
vortices are perfectly aligned with the correlated defects [3].

Many experiments to test this phase transition have been
performed in different superconductors with correlated defects
and can be classified in two groups: transport measure-
ments [5,6] and shielding current measurements [7,8]. From
the first group of experiments clear evidence for the transition
to a Bose glass state has been obtained through the scaling of
the voltage versus current data and the angular dependence of
the critical temperature. Although these measurements show
critical scaling its thermodynamic properties are hindered

*Deceased.

because of the out-of-equilibrium nature of the experiments.
On the other hand, magnetic measurements [9] have shown
evidence for an enhancement of the shielding capability to
perpendicular magnetic fields, but again these experiments
were done far from equilibrium and cannot discard that the ob-
served effects were due to some metastable configuration [9].
In this Rapid Communication we used a micromechanical
torsional oscillator to study the Bose glass transition in a
micron size twinned YBa2Cu3O7−δ crystal. Our results provide
direct evidence of the transverse Meissner effect characteristic
of this phase.

II. EXPERIMENTAL DETAILS

In this work we use a micromechanical oscillator device
similar to the one used by Chan et al. [10] and Decca
et al. [11,12] to obtain precise measurements of the Casimir
force. Micromechanical oscillators have been used as magne-
tometers for microscopic magnetic and superconducting sam-
ples [13] due to their high sensitivity [14], fast response, and
good performance at very high magnetic fields [15]. Our device
was fabricated using the multiuser process PolyMUMPs from
the commercial foundry Memscap (Durham, NC, USA). It
consists of a polysilicon paddle of 500 × 500 × 3.5 μm3

anchored to the substrate by two 200-μm-long parallel rods
of section 2 × 2 μm2 on each extreme. The torsional elastic
constant for this design is k = 5.41 × 10−9 N mrad−1. Two
symmetric electrodes placed on the substrate underneath
each flap allows the capacitive detection of the oscillator
displacement. In Fig. 1(a) we show a scanning electron
microscope picture of the device.

A circular YBa2Cu3O7−δ (YBCO) single crystal with ori-
ented twin boundaries is placed on top of the micromechanical
oscillator [Fig. 1(a)]. The circular disk was carved out from a
larger single crystal using a focused ion beam milling tool. The
disk final dimensions are 10 μm of thickness and a diameter
of 100 μm. The sample was glued to the micromechanical
oscillator with a submicron drop of Apiezon N vacuum grease
using glass micropipettes and hydraulic manipulators under
an optical microscope. Ultrasonic bonding was used to wire
bond 25 μm gold wires to connect the oscillator to a sapphire
substrate which was later mounted in a rotatable holder of an
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(a)

(b) (c)

FIG. 1. (Color online) (a) Scanning electron microscope image
of the polysilicon mechanical torsional oscillator with the super-
conducting YBa2Cu3O7−δ (YBCO) sample mounted on it. (b) Cross
section of the micromechanical silicon oscillator with the indication
of the relevant geometrical dimensions. (c) Polarized light microscopy
picture of the measured disk glued to the oscillator. The normal of
the twin planes were at 75◦ from the rotational axis of the paddle.

Oxford Teslatron variable temperature insert. The rotational
axis of the holder is perpendicular to the uniform magnetic
field generated by a superconducting magnet.

All data shown in this work were taken by sweeping
temperature while keeping constant the angle θH between
the magnetic field, �H, and the substrate. The experiments
were performed using a field cooling protocol, e.g., the data
were taken while lowering the temperature after applying
the magnetic field at temperatures higher than the critical
one. When the sample becomes superconducting, a magnetic
torque,

τ = �M × �H, (1)

appears in the sample and the torsional plate of the microme-
chanical oscillator will rotate around its torsional axis [11].
This rotation is counteracted by the restoring torque caused
by the deformation of the springs causing the plate to reach a
tilt angle α = τ/k, where k is the oscillator’s torsional spring
constant [11]. In our experiment, the tilt angle α was obtained
by measuring, with an Andeen-Hagerling AH 2700A bridge,
the capacitance between the oscillator paddle and each of the
electrodes symmetrically placed underneath. This capacitance
is modeled by the expression

C1,2 = ε0L

tan(±α)
ln

(
h0 + (d + w) tan(±α)

h0 + d tan(±α)

)
,

where L is the paddle length, h0 is the distance between the
oscillator and the electrodes at rest, d and w are the distances
that describe the electrode geometry, and the +, − signs
correspond to the electrodes 1 or 2, respectively [see Fig. 1(b)].
Each angular value we report was obtained from the average
of the measurements from both electrodes.

III. RESULTS

In Fig. 2 we plot the oscillator angular response as a function
of temperature for an applied magnetic field μ0H = 1 T
oriented at different angles close to the c-axis direction. We
observe several features in the data: first, for all measured

(a)

(b)
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FIG. 2. (Color online) (a) Angular displacement of the silicon
torsional oscillator, α, as a function of temperature with an applied
external magnetic field of 1 T for different orientations, θH , between
the substrate and the magnetic field. All data are take from field
cooling experiments, and show reversibility upon warming. For
angles |θH | < 1.5◦ the curves become nonmonotonic presenting a
maximal value at a given temperature. The inset sketch is a vectorial
representation of the sample magnetization indicating the different
angles involved in this experiment. In (b) we plot representative
data for small θH showing the symmetric response around the c-axis
direction.

angles the oscillator starts to deflect at 91.8 K coincident with
the superconducting critical temperature of the YBCO. The
deflection is symmetric for angles, θH , around the c axis,
and its magnitude increases as θH increases [in agreement
with Eq. (1)]. This indicates that the micro-oscillator behaves
essentially as a very sensitive magnetometer. Since the elastic
constant of the torsional spring of our oscillator is temperature
and field independent, for a fixed magnetization direction the
deflection angle is proportional to the sample magnetization.
The orientation of the magnetization for a given sample is
the result of two competing energies: the Zeeman energy,
minimized when the magnetization and the external magnetic
field are parallel, and an anisotropy energy (taking into account
the geometry and structure of the sample) minimized when the

020510-2

115



RAPID COMMUNICATIONS

THERMODYNAMIC EVIDENCE FOR THE BOSE GLASS . . . PHYSICAL REVIEW B 92, 020510(R) (2015)

(a)

(b)

-2

-1.5

-1

-0.5

 0

 80  82  84  86  88  90  92  94  96  98

M
 (

x1
04  A

/m
)

T (K)

 
 
 

Welp et al.

2 T
4 T
5 T

2T

4T

5T

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

 0

 0.01

 82  84  86  88  90  92  94  96  98  100

α  
(d

eg
.)

T (K)

 87.2

 87.4

 87.6

 87.8

 88

-1.5 -1 -0.5  0  0.5  1  1.5

T
 (

K
)

θ  (deg.)

−0.4 deg.

−0.6 deg.

−0.8 deg.

−1 deg.

−1.2 deg.

−1.4 deg.

H = 2T

FIG. 3. (Color online) (a) Magnetization of the superconducting
YBCO disk as a function of temperature for different applied mag-
netic fields. Continuous lines are data obtained from our experiments
and discrete points values extracted from Welp et al. [17]. (b) Angular
displacements of the oscillator as a function of temperatures for an
applied field of 2 T for values of θH close to zero. A clear shift to
lower values for T ∗ as |θH | increases is visible. The inset plots the
dependence of T ∗ as a function of the orientation, θH , for an applied
magnetic field of 2 T.

magnetization is aligned to an easy axis. For high temperature
superconducting samples, due to its anisotropy and platelike
shape, the direction of the reversible magnetization of the
YBCO disk is almost parallel to the c axis [16]. Therefore
our measurements in the high temperature range detect the
magnitude of the c-axis magnetization.

In Fig. 3(a) we plot the calculated values for the disk
magnetization as a function of temperature for different
magnetic fields overlaying the data from Welp et al. [17].

For a small range of angles around the c-axis direction
we observe a clear change of the behavior: At an angular
and field dependent temperature, T ∗, the tilt angle of the
micromechanical oscillator reaches a maximum indicating that
the magnetic torque exerted by the sample starts to diminish on
further lowering the temperature [see Fig. 2(b)]. This behavior
represents a sudden change in the temperature derivative of the

magnetization, dM
dT

, which is a thermodynamic signature for a
second order phase transition [18].

A simple explanation for the measured behavior can be
given in terms of the Bose glass model. At high temperatures,
where the vortex ensemble is in the liquid state, the sample
magnetization mainly points along the c axis of the crystals
due to sample geometry and material anisotropy. This magne-
tization exerts a “negative” torque on the sample-oscillator
system. As soon as the sample enters into the Bose glass
phase a transverse Meissner effect appears. The appearance
of this effect implies that the sample magnetization has an
extra component that is ≈90◦ away from the c axis. Such
magnetization component counteracts the torque generated
by the c-axis magnetization as is schematically shown in the
inset of Fig. 2(a). This behavior is what our micromechanical
magnetometer is reflecting, a reduction of the total torque
exerted by the sample.

Further evidence that this observed anomaly is related to
the Bose glass transition can be obtained by plotting T ∗ as
a function of the sample angle, θH , shown in the inset of
Fig. 3(b), for an applied field of 2 T. The cusplike shape of
the transition temperature predicted for this phase transition is
very clear. The data at this particular field shows an asymmetry
between negative and positive angles. We can rule out that this
effect is due to an experimental artifact such as a magnetic field
or temperature gradient at the sample position, an asymmetric
response of the oscillator, or a thermal decoupling between
the thermometer and the sample. One possibility for this
asymmetric condensation energy of the Bose glass phase is a
nonuniformity at the samples edges. In micron-sized samples
such as those reported here there is a significant fraction of
vortices that are affected by surface effects. We must also
remark that in a previous work [5] a change was observed in
the TBG vs θ dependence as a function of the applied magnetic
field. At low fields a linear dependence was reported and at
high fields a sharper cusplike functionality was found. In our
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FIG. 4. (Color online) (a) Displacement angle of the oscillator as
a function of temperature for different magnetic fields applied at an
angle θH = −0.4◦. Inset: Magnetic field versus temperature phase
diagram for the measured dM/dT discontinuity in comparison with
Bose glass critical temperatures obtained from transport measure-
ments reported by Grigera et al. [6] and Maiorov et al. [5].
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case we are measuring both dependencies at the same applied
magnetic field but at negative or positives angles.

In the inset of Fig. 4 we summarize the position of the
measured anomaly in a H -T phase diagram. For comparison,
data obtained from the scaling of transport measurements [5,6]
for similar crystals are plotted in the same graph, showing
perfect agreement with our data.

Figure 4 shows representative data taken at the same nomi-
nal θH at different magnetic fields. A clear field dependence for
the dM

dT
discontinuity is observable. Moreover, the curves for

all fields merge for temperatures above this feature indicating
that the magnetization has a close to 1/H dependence in
the reversible vortex liquid state. At temperatures closer to
the critical one this data overlap is lost, indicating that a
different scaling functionality must be taken into account. In
this temperature range three-dimensional thermal fluctuations
on the thermodynamic magnetization were observed [19].

IV. CONCLUSIONS

In summary we have presented experimental evidence
of the thermodynamic nature of the vortex system Bose

glass transition in high quality YBa2Cu3O7−δ single crystals.
The temperature and angular dependencies of the magnetic
response, measured by a high sensitive silicon micro-oscillator
are fully consistent with a continuous transition at TBG and
correspond to the appearance of a spontaneous magnetic
shielding to the perpendicular component of the magnetic
field.
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1. Introduction

The Kondo effect is one of the most studied phenomena 
in strongly correlated condensed matter systems [1] and con-
tinues to be a subject of great interest. The effect is character-
ised by the emergence of a many-body singlet ground state 
formed by the impurity spin and the conduction electrons 
in the Fermi sea. The binding energy of this singlet is of the 
order of the characteristic Kondo temperature TK below which 
the effects of the ‘screening’ of the impurity spin manifest 
themselves in different physical properties. The first observed 
manifestation of the Kondo effect was the logarithmic increase 
of the resistivity as the temperature is decreased in systems of 
magnetic impurities in metals [2]. The same type of behav-
iour is present in systems with orbital degeneracy but no spin 
degeneracy [3]. In recent decades, the research has moved to 
nanoscopic systems with semiconducting [4–7] or molecular 
[8–10] quantum dots (QDs), with a single ‘impurity’, in which 

different parameters like on-site energy and hybridisation of 
the impurity with the conduction electrons can be controlled 
very well.

In recent years there has been research on Kondo systems 
in which in addition to the spin degeneracy, there is also
degeneracy in other ‘orbital’ degrees of freedom such that 
the complete symmetry of the system is very high, corre-
sponding to the SU(4) Lie group [11–31]. Some examples are
quantum dots in carbon nanotubes [15–22], silicon nanow-
ires [23], and organic molecules deposited on Au(1 1 1)
[25, 26].

More recently a double QD with strong interdot capacitive 
coupling, and each QD tunnel-coupled to its own pair of leads 
has been experimentally studied [28, 32]. The occupation of 
one QD or the other plays the role of the orbital degree of 
freedom, and behaves as a pseudospin. The pseudospin regime 
of the Kondo transport in similar devices had been demon-
strated experimentally previously [33, 34]. The occupations, 
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the tunneling matrix elements (coupling to the leads) and the 
voltages at the four leads can be controlled independently. In 
this work we concentrate on the regime in which starting with 
the ground state for an even number of electrons in both QDs, 
assumed a singlet, an additional electron or hole is added 
to one QD resulting in a spin doublet ground state. For two 
added electrons the system also displays some rich physics 
[35]. The changes in the occupation, Kondo temperature and 
other properties when the same gate voltage is applied to both 
QDs is discussed in [36].

Theoretically, the system was studied, among others, by 
Trocha using scaling, slave bosons and equations of motion 
out of equilibrium [37], by Büsser et al [27], who proposed 
it for controlling spin-polarised currents, and is now a subject 
of intense research [28–31, 38, 39]. Comparing experiment 
with numerical-renormalisation-group (NRG) calculation, 
Keller et al found evidence of SU(4) Kondo behaviour [28]. 
However, using renormalised perturbation theory (RPT) with 
parameters obtained from NRG, Nishikawa et al concluded 
that the experimental system is not in the SU(4) regime, par-
ticularly because of the relatively small value of the interdot 
repulsion U12 in comparison with other parameters [30].

In addition, in spite of the great tunability of the param-
eters, it is difficult to reach the SU(4) condition Γ = Γ1 2, where 
Γ = Γ + Γi Si Di and Γνi is the coupling of the source (ν = S) or 
drain (ν = D) lead with dot i. The total coupling of dot i, Γi, 
corresponds to the line width of the local spectral density of 
dot i in the absence of Coulomb repulsion and is inferred from 
experiment with the aid of theory [28]. Instead, the energy of 
the relevant partly occupied level at each dot Ei is easier to 
control directly by the different applied voltages, as described 
in the supplementary material of [32].

The purpose of the present work is to study to what 
extent the loss of SU(4) symmetry caused by unequal cou-
plings Γ ≠ Γ1 2 can be restored by tuning the energy difference 
δ = −E E2 1 in a regime of parameters in which intrasite Ui

and intersite U12 repulsions are much larger than the Γi. This is 
related to the concept of emergent symmetry, i.e. the fact that 
new symmetries not realised in the Hamiltonian describing 
the system can emerge at low energies [40].

We use the non-crossing approximation (NCA), which has 
proved in the past an excellent technique to deal with large 
Coulomb interactions and has the advantage of been easily 
extensible to the non-equilibrium case of finite bias voltages 
[23, 29, 41–44]. It reproduces well the scaling relations with 
temperature T and bias voltage in the Kondo regime [45] and 
was, for example, also successfully used to interpret experi-
mental results on a controlled crossover between SU(4) and 
SU(2) Kondo states driven by a magnetic field in a nanoscale 
Si transistor [23], as well as quantum phase transitions 
involving singlet and triplet states in molecular quantum dots 
[9]. Using NCA we have previously studied the conductance 
of the system of two capacitively coupled quantum dots in 
the general case of different finite bias voltages Vi applied to 
each dot [29]. We have discussed the conditions to observe 
an SU(4) → SU(2) crossover under an applied pseudo-mag-
netic field δ, and non-trivial crossed effects of changes in the 
conductance through one QD as a voltage being applied to 

the other [29]. Recently the general non-equilibrium case has 
been studied using equations of motion [39]. However, as in 
most previous theoretical studies of the system, Γ = Γ1 2 was 
assumed. An alternative to studying the non-equilibrium case 
for small Vi might be to use RPT [30, 46–48], but its extension 
to the two-dot case and finite Vi seems difficult because of the 
presence of many parameters [30].

In this paper we calculate the spectral densities ρi of each 
dot. They can be addressed experimentally in a situation with 
very asymmetric coupling to the source and drain leads for 
each dot i, changing only the voltage to the less coupled lead. 
In fact, a ratio Γ Γ =/ 10Si Di  or 0.1 is enough for the differential 
conductance I Vd /d  to represent accurately ρi [29, 44], and a 
ratio 12 has been used in some experiments [32]. The main 
effect of the different total couplings of both dots Γ ≠ Γ1 2 is 
to introduce an effective pseudo-Zeeman splitting δeff. This 
can be understood by a straightforward generalisation of the 
scaling treatment of Haldane [49] for the simplest impurity 
Anderson model (corresponding to the one-dot case) [37]. 
This δeff can be compensated by tuning the gate voltages so 
that δ δ= − = −E E2 1 eff leading to an SU(4) behaviour at low 
energies.

This paper is organised as follows. The model is explained 
in section 2. In section 3 we explain the main differences in 
the spectral densities in the regimes of SU(4) or SU(2) sym-
metry and the ‘transition’ between them. Section 4 describes 
the effect of different total couplings to the leads Γ ≠ Γ2 1. 
In section  5 we describe how tuning the energy levels can 
compensate the effect of different couplings in a restricted 
energy range. Section 6 contains a summary and a discussion.

2. Model

The system is described by an Anderson model which con-
tains as localised configurations a singlet ∣ ⟩s  with an even 
number of particles in each dot and two spin doublets σ∣ ⟩i
(i   =   1 or 2) with one additional electron (or hole) in QD i. 
In general, it is cumbersome to express these states in fully 
second quantised form. One exception is the singlet-triplet 
model used to describe the observed quantum-phase transi-
tion in C60 devices [9], for which the ‘translation’ is explicitly 
given in [50].

There are four conduction bands which correspond to sepa-
rate source and drain leads for each dot. The Hamiltonian is

∑ ∑

∑

σ σ ϵ

σ

= ∣ ⟩⟨ ∣+ ∣ ⟩⟨ ∣+

+ ( ∣ ⟩⟨ ∣ + )
σ ν σ

ν ν σ ν σ

ν σ

ν
ν σ

H E s s E c c

V s c

i i

i H.c. ,

s i

i k

k k k

k
i k

i
i

†
i

i

i

(1)

where ν σc ki
†  creates conduction states at the source (ν = S) or 

drain (ν = D) lead, and νVi  is the hopping between the lead ν
and dot i, assumed independent of k. Since other charge con-
figurations are excluded, the model assumes infinite on-site 
repulsions Ui and interdot repulsion U12.

The tunnel couplings of each QD to the leads are 
π δ ω ϵΓ = ∑ ∣ ∣ ( − )ν

ν
νV2i i kK

2 , and we take the unit of energy 
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Γ = Γ + Γ = 11 S1 D1  unless otherwise stated. We assume (without 
loss of generality) Γ ⩽ Γ2 1

3. The SU(4) → SU(2) crossover

For future comparison, in this section we review briefly the 
well-known effect of Zeeman or pseudo-Zeeman splitting on 
the spectral density of the SU(4) Anderson model [11, 14, 17, 
21, 23], and the effects of temperature. In particular, in [17] 
four different theoretical approaches were used to study both 
the linear and nonlinear conductance for different values of 
the symmetry-breaking field.

In figure 1 we show the spectral density of states per spin at 
each dot ρ ρ=1 2 (the spin subscript is dropped) in an SU(4)-
symmetric case = = −E E 41 2  and Γ = Γ = 11 2 . We take the 
half band width D   =   10 for all the calculations presented 
here. The density ρi corresponds to the operators σ∣ ⟩⟨ ∣i 0  (see 
[43] for details). The density of states shows two peaks. The 
charge-transfer one is broad. Its half width at half maximum 
is near Γ1 (two times that in the non-interacting case [44]). 
The Kondo peak near the Fermi level has a half width at half 
maximum of the order of the Kondo temperature TK. As a con-
sequence of the increase of degeneracy, the Kondo effect is 
stronger than for the usual SU(2) case. We remind the reader 
that the Kondo temperature for the infinite-U SU(N) Anderson 
model is π≈ [ ( Δ)]T D E Nexp /K 1 , where D is half the band width 
and Δ = Γ/21  [1]. The NCA reproduces correctly this result 
[51].

From half the width of the spectral density we obtain 
=( )T 0.012K

SU 4 . In comparison with the SU(2) case with the 
same TK, the Kondo resonance is displaced to higher energies 
and the maximum is clearly above the Fermi energy, which we 
set as the origin of energies (ϵ = 0F ). In fact, the SU(4) case is 
characterised by a high derivative of ρ ω( )i  at the Fermi level, 
leading to a large thermoelectric power [24].

Although the symmetry is broken immediately when even 
a tiny pseudo-Zeeman splitting δ is introduced, the changes in 

physical quantities like conductances for each dot and occupa-
tions are not appreciable until δ becomes of the order of ( )TK

SU 4

[14]. This is expected and has been discussed previously in 
the context of NRG calculations of thermodynamic proper-
ties [52]. In particular, the Kondo temperature δ( )TK  obtained 
from the width of the Kondo peak displays initially a plateau 
and then decreases strongly for δ > ( )TK

SU 4 . We have noticed 
previously that our NCA results for δ( )TK  can be very well 
represented by a simple equation derived from a variational 
wave function

δ π δ δ= {( + ) [ ( Δ)] + } −T D D Eexp / 2 /4 /2.K 1
2 1/2 (2)

times a factor of the order of 1 (0.606 for the parameters used) 
[21].

For δ > ( )TK
SU 4  the changes in the spectral density at low 

temperatures are dramatic, as shown in figure 2 (the inter-
acting part of the NCA self energy remains well behaved at 
the relevant frequencies3). The density of the dot that cor-
responds to the lowest lying level (1 in our convention) dis-
plays two peaks: one at energy near δ−  which corresponds 
to a splitting of the SU(4) Kondo peak due to a pseudomag-
netic field, in analogy to the splitting of the ordinary SU(2) 
Kondo peak under a magnetic field [53, 54], and another 
one at the Fermi energy, which corresponds to the SU(2) 
Kondo peak associated with the remaining spin degeneracy. 
With increasing δ, the SU(2) Kondo peak narrows (fol-
lowing equation  (2)), and shifts towards the Fermi energy. 
The density of the dot that corresponds to the highest lying 
level (ρ2) displays only a peak near δ+  but no peak near the 

Figure 1. Density of states at each dot as a function of energy at 
low temperature T   =   5.10−3   =   0.42 TK in the SU(4) case E1   =   −4 
and Γ = Γ = 11 2 . The inset is a detail close to the Fermi level.
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Figure 2. Density of states of dot 1 (main figure) and dot 2 (inset) 
as a function of energy at low temperature = × −T 1.8 10 4 for 
E1   =   −4, δ= +E E2 1  with δ = 0.5 and Γ = Γ = 11 2 .
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3 The interacting part of the self energy, which for our problem is diagonal 
in the dot index can be defined as ω ω ωΣ ( ) = − + Δ − [ ( )]E Gi 1/i i i

int , where 
ω( )Gi  is the Green function for dot i. We have verified that ω[Σ ( )]Im 1

int  is 
positive ( ωΣ ( )1

int  is causal) for all parameters used in figures 2 and 3. Instead, 
ωΣ ( )2

int  is slightly negative at the smallest temperature used ( =T 0.000 18)  
for frequencies between  −0.36 and 0.31. However, as it is clear from 
figure 3, the spectral density of dot 2 is negligible in this region. Thus, this 
failure of causality does not affect the peak in ρ2.
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Fermi energy. We find that the width of both inelastic peaks 
is of the order of ( )TK

SU 4  for small δ (but δ > ( )TK
SU 4  in order

to ensure that the inelastic peaks are split from the SU(2) 
Kondo peak) and increases with increasing δ. This behaviour
is reminiscent of the evolution of the peaks of the ordinary 
SU(2) Kondo model under an applied magnetic field, which 
has been studied by Bethe ansatz techniques [54]. We note 
that the simplest mean-field slave-boson approximation used 
in similar problems [24, 37, 55] renormalises in the same 
fashion the widths of the peaks related to both levels, and 
therefore does not reproduce correctly the width of the ine-
lastic peaks in the spectral densities.

It is interesting to see the evolution of the side peaks at 
δ±  with temperature. This is shown in figure 3. At high tem-

peratures δ>T  both spectral densities are similar. As the tem-
perature is lowered below δ the side peaks start to develop. 
In addition, as the total occupation of dot 1, = +↑ ↓n n n1 1 1 , 
increases and that of dot 2 (n2) decreases, the charge transfer 
peak of dot 1 (2) increases (decreases). In the figure, due to 
the restricted energy range, only the tail of this peak is visible, 
but the above mentioned effect is clear. The changes in ni as 

a function of δ were studied before [14, 30]. At temperatures 
of the order of δ( )TK  and below ( ( ) ∼ × −T 0.5 4.4 10K

4 in the 
figure), the Kondo peak develops in ρ1. The width of both side 
peaks is of the order of ( ) = ( )T T0K K

SU 4 .
It is important to recall that in general, in the presence of 

both Zeeman and pseudo-Zeeman splitting, the spectral den-
sity at the Fermi level at zero temperature for dot i and spin σ
is related to the corresponding occupation by the Friedel sum 
rule generalised for orbital degeneracy [56]. We assume that 
the Γi and the unperturbed densities of conduction states are 
independent of energy. Since δ( )TK  is always much smaller 
than typical scales of variations of these parameters, this 
assumption is realistic. In this case, the Friedel sum rule sim-
plifies to [21, 56]

ρ ϵ
π

π( ) =
Δ

( )σ σn
1

sin .i F
2

i (3)

At δ = 0 the four occupations σni  are slightly below 1/4 
(the total occupation is below 1 because of a finite small occu-
pation of the singlet ∣ ⟩0 ). For finite δ and high temperatures 
in comparison with δ, also all σni  are slightly below 1/4. As 
the temperature decreases below δ, with δ large in compar-
ison with ( )T 0K , σn1  increases towards 1/2 while σn2  decreases 
towards 0. The Friedel sum rule implies that at T   =   0, π ρΔ σi
is slightly below 1/2 in the SU(4) case, while well inside the 
SU(2) regime, π ρΔ →σ 11  (or slightly below) and π ρΔ →σ 02 . 
The NCA has an error of the order of 15% in the Friedel sum 
rule, but the tendencies are well reproduced [21].

4. Effect of different couplings for degenerate levels

Starting from degenerate levels = =E E Ed1 2 , the main effect 
expected from different total hybridisations Γ ≠ Γ1 2 is to gen-
erate an effective pseudo-Zeeman splitting δ = * − *E Eeff 2 1 , 
where *Ei  are renormalised energy levels [37]. This can be seen 
generalising the theory used by Haldane based on poor man’s 
scaling to find *E  for the case of one level [49]. One proceeds 
by integrating out the states near the top (with energy   +   D) 
and bottom (energy  −D) of the conduction band. The local-
ised state can be empty with energy e0 or occupied with 
energy σei . After renormalisation, the energy necessary to add 
one localised particle is * = −σ σE e ei i 0. The renormalisation is 
caused by the possible processes of destroying an electron in 
the localised level and creating it in the conduction band, or 
vice versa. When being integrating out, each state near the 
bottom of the conduction band contributes to lowering the 
energy of the empty state e0 by

∑ +σ

σV

E D
.

di

i
2

(4)

Similarly, the states near the bottom of the conduction band 
lower the energy of the occupied state σei  by

−
σV

D Ed
.i

2

(5)

Scaling down to a cutoff C one obtains

Figure 3. Density of states of (a) dot 1 and (b) dot 2 as a function 
of energy for different temperatures. Parameters as in figure 2.
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∑π
* = Γ − Γσ

σ
σ σ

′
′ ⎜ ⎟

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎛
⎝

⎞
⎠E

D

C

1

2
ln .

j

ji i (6)

In our case, in which the couplings are independent of spin, 
this leads to an effective splitting

δ
π

= (Γ − Γ) ⎜ ⎟⎛
⎝

⎞
⎠

D

C

1

2
ln .eff 2 1 (7)

This equation has been obtained before by Trocha [37].
In figure  4 we display the spectral density of states for 

three cases with Γ > Γ1 2. A comparison with the results of the 
previous section  indicates that the effects of different total 
coupling to the leads for both dots are similar to those of a 
splitting of the energy levels. The Kondo peak at the Fermi 
energy narrows and displaces towards the Fermi energy and a 
side peak appears for each dot, at negative (positive) energies 
for the more (less) coupled dot. For the case Γ = 0.92 , only 
10% less than Γ1, the side peak in ρ1 appears as a shoulder to 
the left of the Kondo peak rather than being well separated, 
because the effective splitting δ ≈ 0.029eff  is of the order of 
the Kondo temperature for Γ = 1i , =( )T 0.012K

SU 4 . The results 
shown in this figure are consistent with previous calculations 
using NRG (figure 5 of [17]) in which the total density of 
states is presented [17]. The difference is that the side peaks 
look broader in the NRG results. This may be caused by the 
well known lack of resolution of NRG calculations at finite 
energies [57, 58].

The positions of the side peaks allow us to infer the values 
of the effective splitting within the NCA. They are listed 
inside figure 4 as δ̃ and represented in figure 5 together with 
the result of equation (7) with a cutoff = ∣ ∣C E /2d . In his scaling 
calculation, Haldane used a cutoff of the order of Γi [49], while 
in a recent detailed study of the prefactor of the Kondo tem-
perature of the SU(4) case, Filipone et al used α= ∣ ∣C E /d

with α of the order of 1 [31]. We obtain a better agreement 
with the NCA results using the latter choice. The good agree-
ment between both approaches (in spite of the corresponding 

limitations of each one) seems to confirm the physical picture 
of the main effect of different couplings.

5. Restoring SU(4) symmetry

After the results of the previous section, the question arises 
as to whether on introducing a real splitting δ = −E E2 1 such 
that it compensates the effect of different couplings (so that 
δ δ+ = 0eff ), the SU(4) symmetry can be restored in the 
low-energy properties tested by conductance measurements. 
Clearly the symmetry remains broken at the Hamiltonian 
level, so that one cannot expect a higher symmetry at all ener-
gies. Therefore, we search for indications of a low-energy 
emergent symmetry [40].

In figure 6 we show the temperature dependence of the total 
occupations (adding both spins) at each dot for a splitting such 
that δ δ+ ≈ 0eff  according to the results of the previous sec-
tion. At high temperatures, of the order of Γ, ≈n n1 2, although 
n2 (the occupation of the less hybridised doublet lying at lower 
energy) is slightly larger. As the temperature is lowered by two 
orders of magnitude, the situation is similar, although −n n2 1

first increases slightly and then decreases. At temperatures 
below ( )TK

SU 4 , −n n2 1 changes sign and increases in magni-
tude, signaling a complete loss of SU(4) symmetry for →T 0. 
However, it is possible to tune δ so that the condition =n n2 1

(implied by SU(4) symmetry) is satisfied at any given temper-
ature. Conversely, for a given δ, T can be varied so that =n n2 1

at δ= ( )T Tocc . In fact, the choice δ δ= − eff with δeff extracted 
from the position of the satellite peaks is a good initial guess, 
but tuning δ, δ( )Tocc  can be reduced by orders of magnitude, 
as shown in figure 7. This tuning is very time consuming for 
our numerical procedure used to solve the self-consistent set 
of NCA equations (for details see for example [43]) because 
the whole procedure has to be repeated for several ‘guessed’
values of δ near δc, where δc is defined by δ( ) =T 0occ c . In addi-
tion, the NCA cannot reach arbitrarily small temperatures. 
It is interesting to note that we find that δ( )Tocc  has a nearly 
exponential dependence near δc. As δ is varied between  −0.13 
and  −0.131, Tocc decreases from 10−2(of the order of ( )TK

SU 4 ) to 
10−4. Note that for sufficiently negative δ (δ δ< c), n2 remains 
larger than n1 and there is no crossing point with =n n1 2.

Figure 4. Density of states of dot 1 (full lines) and dot 2 (dashed 
lines) as a function of frequency for low temperatures (T   =   5.10−5), 

= = −E E 41 2 , Γ = 11 , and several values of Γ2. The inset shows a 
detail near the Fermi energy.
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If =n n1 2 at T   =   0 (for δ δ= c), the Friedel sum rule equa-
tion  (3) also implies that the spectral densities at the Fermi 
energy are equal: ρ ρ( ) = ( )0 01 2 . This is difficult to test in a con-
ductance measurement, because the conductance through dot i 
is proportional to the asymmetry factor = Γ Γ (Γ + Γ )A 4 /i Si Di Si Di

2, 
and these factors are not easy to be determined precisely [28, 
32]. However, as we have explained, the line shape of the 
spectral densities are very different in the SU(4) and SU(2) 
regimes, not only because of the presence of the satellite peaks 
but also due to the different shape of the Kondo peak, which in 
turn implies, for example, a different temperature dependence 
of the equilibrium conductances [17, 24, 28].

In figure  8 we show the evolution of the low-tempera-
ture densities of states with δ, as the crossing point =n n1 2

is approached lowering δ from 0. The first rather obvious 
change is that as n1 decreases and n2 increases, the weight 
of the corresponding charge-transfer peaks near ω = = −E 4d

changes roughly proportionally to ni until they become almost 

Figure 6. Total occupations of dot 1 (black, larger at lower 
temperature) and dot 2 (red) as a function of temperature for E1   =   −4, 

δ= +E E2 1 , Γ = 11 , and (a) Γ = 0.52 , δ = −0.13, (b) Γ = 0.72 , 
δ = −0.08 and (c) Γ = 0.92 , δ = −0.03. The case δ = 0 (dashed lines) 
is shown for comparison.

 0

 0.2

 0.4

 0.6

 0.8

 1

10-4 10-3 10-2 10-1 100

ni

T

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

10-4 10-3 10-2 10-1 100

ni

T

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

10-4 10-3 10-2 10-1 100

ni

T

(c)

Figure 7. Total occupations of dot 1 (black, larger at low T) and 
dot 2 (red) as a function of temperature T for Γ = 0.52 , and several 
values of δ = − − − − −0,   0.12,   0.13,   0.1305,   0.131,   0.1311. Other 
parameters as in figure 6.

 0.2

 0.4

 0.6

 0.8

10-5 10-4 10-3 10-2 10-1 100

ni

T

δ=-0.1311

δ=-0.131

δ=-0.1305

δ=-0.13
δ=-0.12 δ=0

Figure 8. Spectral density of dot 1 (black, larger at low ω) 
and dot 2 (red) as a function of energy ω for several values of 

δ− : 0, 0.05, 0.1, 0.12, 0.13, 0.1305 and 0.1309. The upper 
figure corresponds to an extended energy range. The temperature is 

≈ −T 5.10 5. Other parameters as in figure 7. The curves for δ ≠ 0 are 
shifted with a vertical offset for clarity.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

-5 -4 -3 -2 -1  0  1

ρi

ω

-0.131

-0.1305

-0.13

-0.12

-0.1

-0.05

 0

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6
 1.8

-0.2 -0.1  0  0.1  0.2

ρi

ω

-0.131

-0.1305

-0.13

-0.12

-0.1

-0.05

 0

J. Phys.: Condens. Matter 27 (2015) 335601

123



L Tosi et al

7

coincident. The changes near the Fermi energy are more 
subtle and they resemble the opposite of those reported in 
section 3: the side peaks move towards the Fermi energy, the 
Kondo resonance in ρ ω( )1  broadens and displaces partially to 
higher energies, a Kondo resonance appears in ρ ω( )2  and both 
densities tend to merge.

As explained at the beginning of this section, we do not 
expect that for any parameters, ρ ω( )1  and ρ ω( )2  coincide for all 
energies. In figure 9 we compare both densities at δ= ( )T Tocc

for a 10% mismatch in the Γi. The charge-transfer peaks look 
identical, but the maxima of the Kondo resonances differ by 
about 10%, being higher for dot 2 (the lowest lying and least 
hybridised level). The magnitude of ρ ( )0i , the densities at the 
Fermi level are also slightly different being ρ ρ( ) > ( )0 02 1  by 
around 10%. This might be an effect of finite temperature or 
due to the inaccuracy of the NCA to reproduce the Friedel 
sum rule equation (3). In any case, the shape of both densi-
ties are characteristic of the SU(4) regime and they are quite 
similar.

Depending on the particular property that is being studied, 
the tuning of the parameters is slightly different to get the 

effective SU(4) symmetry for this property. This is illustrated 
in figure 10, where the densities of states are compared for 
two conditions different from =n n1 2 discussed above. At the 
top of figure 10, the parameters are tuned in such a way that 
the densities coincide at the Fermi level: ρ ρ( ) = ( )0 01 2 . This 
condition renders the densities of states very similar in the 
whole energy range. The occupations are slightly different, 
n1   =   0.470 and n2   =   0.465, signaling a deviation from the 
Friedel sum rule, equation (3) is valid at T   =   0. The maximum 
of the Kondo resonance of the doublet 2 (that with the lowest 
energy) is higher, although both maxima lie nearly at the same 
position, and the shape of the resonance corresponds to the 
SU(4) Kondo effect. However, the half widths at half max-
imum are slightly different: =T 0.0098K1  and =T 0.0091K2  for 
doublets 1 and 2, respectively.

At the bottom of figure 10, the parameters are chosen to 
get the same value of the maximum of the Kondo resonance 
ρ ρ=1

max
2
max. When this condition is satisfied, the weight of 

the charge transfer peak (and the corresponding occupation 
ni) for each doublet differs, being larger for dot 1. The reso-
nance in ρ2 is displaced slightly to the right with respect to ρ1. 
However, both densities of states near the Fermi level are very 
similar. This implies that in suitable conductance experiments, 
the conductance through both dots Gi(V) are proportional. 
These experiments correspond to asymmetric arrangements 
such that the coupling to the source and drain leads differs by 
a factor of an order of 10 or more, and ( ) =G V I Vd /di i i is meas-
ured, where Ii is the current through dot i and Vi is the voltage 
of the lead (source or drain) less coupled to dot i [29, 44]. This 
is a situation similar to that in scanning-tunneling-spectros-
copy experiments. In the conditions at the bottom of figure 10, 

( ) ( ) =G V G V A A/ /1 2 1 2, where the constant asymmetry factors 
are = Γ Γ (Γ + Γ )A 4 /i Si Di Si Di

2.

6. Summary and discussion

We have considered an Anderson model that describes two 
capacitively coupled quantum dots, each one connected 
to a drain and a source lead in the Kondo regime with one 
electron (or hole) added to a singlet configuration. We have 
investigated the possibility that the SU(4) symmetry, lost at 
the Hamiltonian level when the total couplings to the leads 
are different (Γ ≠ Γ1 2), can be restored at low energies as an 
emergent symmetry [40], by changing the difference of on-
site energies δ = −E E2 1. We find that for small tempera-
tures (specifically lower that the Kondo temperature of the 
SU(4) Kondo effect ( )TK

SU 4 ), it is possible to tune δ such that 
the Kondo resonances for each dot sensed by suitably chosen 
conductance experiments are proportional. Specifically at 
this value of δ, the conductance through each dot Gi(V) in a
configuration of voltages similar to those used in scanning-
tunneling-spectroscopy experiments, have the same line
shape within experimental errors and reflect the characteristic
shape of the SU(4) Kondo resonance in the spectral density. 
However, for this value of δ, the total occupations ni for each
dot are slightly different, indicating the absence of full SU(4) 
symmetry at large energies.

Figure 9. (a) Occupation as a function of temperature and (b), 
(c) spectral density at δ= ( )T Tocc  as a function of energy of dot 
1 (black) and dot 2 (red), for Γ = 11  and Γ = 0.92 , E1   =   −4, and 
δ = −0.031.
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The temperature dependence of the conductances at not 
too high temperatures also corresponds to the SU(4) regime 
rather that the SU(2) one, since it is given by the energy and 
temperature dependence of the densities ρi. However, slight 
differences in the line shape of both conductances can appear 
as a function of temperature, because both spectral densities 
and occupations do not have exactly the same temperature 
dependence.

The present study assumed infinite intradot (Ui) and 
interdot (U12) Coulomb repulsions, which in practice means 
that only two configurations with N and N   +   1 (or N  −  1) 
particles are included, and all other configurations lie high in 
energy and can be neglected. This can be adjusted experimen-
tally for low enough Γi. When in addition to the singlet with 
N particles and the four states with N   +   1 (N  −  1) particles, 
configurations with N   +   2 (N  −  2) particles are important, the 
system has SU(4) symmetry only for Γ = Γ1 2 and =U Ui12 . In 
this case the sector with ±N 2 particles is six-fold degenerate. 
In practice, <U Ui12  reduces the symmetry to SU(2) × SU(2) 
if =U U1 2 and to SU(2) if in addition either ≠U U1 2 or Γ ≠ Γ1 2. 

In these conditions, restoring SU(4) symmetry at low energies 
tuning the on-site energies Ei is not possible.

From the theoretical point of view it remains to study 
more accurately with alternative techniques, to what extent 
the SU(4) symmetry is kept at the lowest energies. The NCA 
is not reliable at temperatures well below the Kondo one, 
where the Friedel sum rule is not reproduced with a devia-
tion of about 15% at very low temperatures. Combining NRG 
and RPT, the low-energy Fermi-liquid properties and the 
symmetry of the low-energy effective Hamiltonian might be 
studied in detail. A difficulty for numerical studies is the fine 
tuning in δ required to obtain a manifestation of SU(4) sym-
metry in a given property.
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By means of ab initio calculations we study the effect of O doping of Au chains containing a nanocontact
represented by a Ni atom as a magnetic impurity. In contrast to pure Au chains, we find that with a minimum
O doping the 5dxz,yz states of Au are pushed up, crossing the Fermi level. We also find that for certain
O configurations, the Ni atom has two holes in the degenerate 3dxz,yz orbitals, forming a spin S = 1 due to
a large Hund interaction. The coupling between the 5dxz,yz Au bands and the 3dxz,yz of Ni states leads to a
possible realization of a two-channel S = 1 Kondo effect. While this kind of Kondo effect is commonly found
in bulk systems, it is rarely observed in low dimensions. The estimated Kondo scale of the system lies within
the present achievable experimental resolution in transport measurements. Another possible scenario for certain
atomic configurations is that one of the holes resides in a 3dz2 orbital, leading to a two-stage Kondo effect, the
second one with SU(4) symmetry.

DOI: 10.1103/PhysRevB.92.085120 PACS number(s): 73.23.Hk, 71.10.Hf, 75.20.Hr

I. INTRODUCTION

In modern nanoscience, tailoring the electronic transport
through atomic-size conductors has turned into a duty, as
it is a powerful tool for detecting nanomagnetism. Atomic-
size contacts can be experimentally obtained by different
techniques, particularly in a mechanically controllable break
junction (MCBJ) experiment, where the formation of one-
dimensional atomic chains of several kinds of elements is
possible [1–6]. Since the achievement of the first freestanding
atomic chains of gold atoms in 1998 [2,3], the search for
other elements that could also form atomic chains has been
intense and active. For instance, in the last few years it has
been possible to strengthen the bonds in a suspended chain
and to achieve a higher probability of chain producibility by
adding external absorbates during the chain formation process.
It is known that low-coordinated atoms are chemically more
reactive than in bulk [7]; thus, chains are expected to be even
more reactive than nanoparticles, opening the possibility for
molecular absorbates to dissociate, even at low temperatures.
For instance, oxygen (O) atoms are expected to be incorporated
in the chains, as predicted in several previous works [8–13].

Due to outstanding experimental achievements in the last
decades, it is nowadays possible to design nanodevices as tools
for detecting nanomagnetism by conductance measurements
through atomic metal contacts. One can indirectly sense the
presence of magnetism by detecting zero-bias anomalies,
usually originated in the Kondo screening of the spin, if a
magnetic impurity is bridging the contact.

In previous works, Lucignano et al. [14] and Miura
et al. [15] studied the electronic structure and the Kondo
conductance through a Ni impurity embedded in a monoatomic
Au wire. The Ni atom in the Au chain has two low-energy
geometries: bridge (B) and substitutional (SUB). While in the
B configuration, the usual one-channel Kondo (1CK) effect
of spin S = 1/2 was reported theoretically, no Kondo physics
was predicted in the SUB configuration. This is due to the

fact that in the SUB geometry (of higher total energy but
probably accessible at large stress, as is the case in a MCBJ
experiment), the empty spin-down Ni state orbitals are a 3dxz,yz

degenerate pair with angular momentum projection |m| = 1. In
this geometry the Ni impurity has S � 1 and these magnetic
orbitals are “spectators” as they cannot be screened due to
their orthogonality to the m = 0 Au conduction band. Indeed,
transport experiments in Au chains indicate that the conduction
channel is a single 6s band [16,17]. We remind the reader
that the Kondo effect requires that band states of the same
symmetry of the localized states lie at the Fermi energy.

As was previously mentioned, O impurities in the Au
chain are expected during its real formation under an open
atmosphere. A dramatic effect of the incorporated O impurities
to the Au chains was found in our recent ab initio calculations
[18]. They can modify the band structure of the metallic host,
pushing up the bands that are close to the Fermi level, thus
establishing conduction through the 5dxz and 5dyz electrons
of Au. In these conditions, the spin of the Ni impurity, in
the SUB geometry, formed by the localized 3dxz,yz electrons,
can be screened by conduction electrons of the O-doped Au
chain and Kondo physics is expected. A similar feature was
obtained in O-doped Au chains containing a magnetic S = 3/2
Co impurity [19,20]. Remarkably, the examples of Ni-Au-O
and Co-Au-O systems are expected to be realizations of Kondo
models where an arbitrary spin S is screened by n channels,
and were solved exactly by the Bethe ansatz [21–24]. For
n = 2S the models present Fermi liquid properties, while for
n > 2S non-Fermi-liquid behavior is obtained and for n < 2S

the systems are singular Fermi liquids [25]. We must warn
the reader that the non-Fermi-liquid behavior requires SU(n)
symmetry which is difficult to achieve in real systems. For the
S = 1/2 two-channel model, the effect of several symmetry-
breaking perturbations was discussed by Sela et al. [26].
The presence of anisotropy also modifies the low-temperature
behavior [19,20,27,28].
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In this paper, we focus on a Ni magnetic impurity
embedded, in a SUB configuration, within an O-doped Au
chain. We study the effects of the presence of O impurities
on the symmetry of the Au conduction bands close to the
Fermi level as well as on the spin state of the Ni impurity.
This symmetry determines the nature of the screening of
the impurity spin, giving rise to the possibility of the
system to exhibit some kind of Kondo effect. In particular,
we found a stable configuration in which the model that
describes the system corresponds to a spin S = 1 screened
by two conduction channels. Using parameters coming from
ab initio calculations, we build the model Hamiltonian which
corresponds to a generalized Anderson impurity model. After
a Schrieffer-Wolff transformation we prove that the effective
low energy model is a S = 1, 2-channel Kondo model. We
analyze this model at zero temperature and give an estimation
of the expected Kondo temperature (TK ) for this system.

For other atomic configurations, corresponding to
metastable states, the ab initio results suggest a sixfold
degenerate ground state of the Ni atom, with one hole in
a 3dz2 orbital and another one in either a 3dxz or a 3dyz

orbital in an S = 1 state. This is analogous to the situation
of Fe iron(II) phtalocyanine molecules on Au(111), where a
two-stage Kondo effect takes place, screening first the spin
1/2 of the 3dz2 hole and then that of the orbitally degenerate
remaining hole in an SU(4) Kondo effect [29].

The paper is organized as follows. In Sec. II we provide the
details of our DFT first-principles calculations and show the
band structure for the different hosts and the consequences of
these structures on the systems with an embedded Ni impurity.
Some effect of correlations in the Ni 3d shell are discussed in
Sec. III. In Sec. IV we present the Kondo model, obtained by
a Schrieffer-Wolff transformation of the S = 1 two-channel
Anderson model, and obtain the Kondo temperature. Finally,
a summary and discussion are given in Sec. V.

II. Ab initio RESULTS: SYMMETRY OF THE Au
CONDUCTION BANDS AND Ni HOLES

We perform ab initio calculations based on density
functional theory (DFT) using the full potential linearized
augmented plane waves method, as implemented in the WIEN2K

code [30]. The generalized gradient approximation for the
exchange and correlation potential in the parametrization of
PBE [31] and the augmented plane waves local orbital basis
are used. The cutoff parameter which gives the number of
plane waves in the interstitial region is taken as RmtKmax = 7,
where Kmax is the value of the largest reciprocal lattice vector
used in the plane waves expansion and Rmt is the smallest
muffin-tin radius used. The number of k points in the Brillouin
zone is enough, in each case, to obtain the desired energy and
charge precisions, namely 10−4 Ry and 10−4 e, respectively.
The muffin-tin radii were set to 2.23 bohrs for Ni, 1.91 bohrs
for Au atoms, and 1.69 bohrs for the O impurities.

In all the studied cases we consider a simple hexagonal
lattice with the chains aligned in the z direction. The lattice
parameter c depends on the number of atoms of the considered
chains and the lattice parameter in the x,y plane a (=b) =
15 bohrs was checked to be large enough to avoid artificial
interactions between the periodic replicas of the wire. We have
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FIG. 1. (Color online) Electronic band structure (left) and or-
bitally decomposed projected density of states (PDOS) per spin
(right) of the Au monoatomic chain at the GGA equilibrium
distance d

eq

Au-Au = 4.9285 bohr. The Hubbard U parameter set in this
calculation is U = 4 eV.

chosen a hexagonal cell (and not a tetragonal one, for example)
because the splitting of the Ni 3d orbitals is the same as that of
the isolated wire. In other words, the 3d orbitals split into the
same irreducible representations in the point groups D6h and
D∞h (or C6v and C∞v if the horizontal x,y plane of symmetry
is lacking).

As a first step, we analyze the case of a Au monoatomic
chain and its band structure. Usually, DFT calculations yield
a spurious magnetization in Au wires, due to self-interaction
errors, which shift the 5dxz,yz (|m| = 1) bands of the Au wire
up to the Fermi energy. One route to avoid this spurious result
is to increase the Au-Au distance in the chains during the
calculations [14,15]. We pick up another route to tackle this
problem and, as suggested by Sclauzero and Dal Corso [32],
we include a Hubbard U correction of U = 4 eV in the 5d-
electron Au manifold. It is noteworthy to say that with the
additional energy gap the Au chain restores the experimental
conductance properties. In the calculations reported in Fig. 1,
the above mentioned magnetization is completely suppressed
in the chain at the equilibrium distance of d

eq

Au-Au = 4.9285
bohrs.

In O-doped Au chains, we relax the Au-O distance for
the case of AuO diatomic chain (two-atom unit cell) and,
afterwards, we take the same bond length, d

eq

Au-O = 3.625
bohrs, for all the studied chains. We consider several O dopings
to find which the minimal amount of O is needed to push the
projected 5dxz,yz density of states of all Au atoms towards the
Fermi level. In this way, the |m| = 1 symmetry conduction
channel through all the Au atoms in the chain is opened. In
all the studied cases—i.e., 50% (AuO), 33.3% (Au2O), 25%
(Au4O), and 14% (Au6O)—we include the same Hubbard
U = 4 eV in the 5d electrons of Au and perform self-consistent
calculations. We find that the 5dxz,yz orbitals of Au, up to the
third neighbors of the O impurity, cross the Fermi level, due
to the large hybridization with the oxygen 2px,y states. This is
shown in Fig. 2, where we plot the 5dxz,yz density of states of
the Au atom located farthest away from the O atoms, for some
selected dopings. From this we can conclude that an O doping
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FIG. 2. (Color online) Top: 5dxz,yz projected density of states
of the Au atom located farthest away from the O atom. Bottom:
Schematic representation of the chains. The unit cell is shown for each
case and the arrows indicate the Au atom whose projected density of
states is shown in the top panel.

of 14% is enough to transform the Au bands into conducting
channels. We consider below a doping of ≈19% (3/16).

Once the minimum amount of O present in the Au chains
is set, we include the Ni impurity in our calculations. The
question that arises then is where to put the O atoms and the
Ni impurity within the Au chain. We assume that the O atoms
are not bonded to the Ni impurity and relax the Au-Ni bond
length for a diatomic Ni-Au chain, giving d

eq

Au-Ni = 4.4805
bohrs, in excellent agreement, within 0.05%, with that obtained
by Miura et al. [15]. For a chain containing 12 Au atoms, 3
O atoms, and 1 Ni impurity within the unit cell, we take the
corresponding bond lengths as d

eq

Au-Ni = 4.4805 bohrs, deq

Au-O =
3.625 bohrs, and d

eq

Au-Au = 4.9285 bohrs. In consequence, the
Ni-Ni distance in the z direction is larger than 70 bohrs and,
therefore, we assume that the Ni-Ni magnetic interaction is
negligible.

To find out if the O’s position, with respect to the Ni
atom, changes the spin-state of the Ni impurity or its hole’s
symmetries, we explore several configurations, always keeping
the same amount of O in the Au chain. In Table I we introduce
the different cases studied and their corresponding Ni magnetic
moments as well as the occupation numbers (in electrons)
obtained by integrating the minority band separated in the
different symmetries, within the Ni-muffin-tin sphere. The
last entry corresponds to a metastable solution, whose energy
is 85 meV higher than that of the previous entry. Note that

for the 3dz2 symmetry the maximal occupation could be as
much as n(3dz2 ) = 1, whereas n(3dxy,x2−y2 ) = n(3dxz,yz) � 2
as they both are twofold-degenerate states. Based on the data
shown in the table, we can distinguish between two extreme
cases for the stable solutions: the one called “sym O–4th nn”
and the one denominated “sym O–2nd nn”. In the former
case, the Ni atom is placed in the center of the O-doped Au
chain and it has two O atoms symmetrically located as fourth
neighbors. The 3dz2 orbital is almost completely filled and the
twofold-degenerate orbitals 3dxz,yz are almost empty. As the O
atoms approach the Ni impurity, the 3dxz,yz orbitals increase
their filling while the 3dz2 orbital moves towards the Fermi
level decreasing its occupancy until it becomes almost half
filled in the case called “sym O–2nd nn”. In this last case, the
Ni impurity has two O atoms at second-neighbor positions.
Note that for the metastable configuration, with one O atom
as third and another as fourth nearest neighbors (“no-sym
1O–3rd nn”), the minority 3dz2 state is almost empty. The
small energy difference (85 meV) between the metastable and
stable configurations suggests a near degeneracy between the
triplet of the Ni 3d8 configuration with two holes occupying the
m = ±1 states (or 3dxz,yz orbitals) and the two triplets with one
hole in the m = 0 (3dz2 ) state and another one with m = ±1.
In the calculations there is always a finite splitting, larger than
0.5 eV, positive or negative of the peaks in the minority spectral
density for m = 0 and m = ±1, but this is probably due to the
exchange and correlation potential included in the DFT, since
a partial occupation of one state pushes the other up in energy.

In Fig. 3 we show the partial density of states projected
onto the different symmetries of the Ni impurity, for two
of the above mentioned cases. The Ni impurity develops
a magnetic moment of μNi = 1.37μB in the “sym O–4th
nn” configuration and, as also found for the Ni impurity
embedded in a Au monowire [15], the Au atoms at both sides
of the Ni atom develop a small induced magnetic moment
of around 0.18μB . The calculated Ni magnetic moment is
μNi = 1.33μB in the “sym O–2nd nn” case, and the induced
magnetic moment in the Au atoms located at both sides of
the Ni impurity is around 0.31μB . The enhancement of this
last induced magnetic moment is due to the proximity of the
O atoms [See sketch of Fig. 3(b)].

In spite of the fact that the spin state of the Ni impurity in
both configurations is almost the same, the hole’s symmetries
are different. It can be seen from Fig. 3(a) that the empty
spin-down Ni orbitals (holes) are the 3dxz,yz, while the
other orbitals remain occupied. The different band fillings
change, depending on the position of the O impurities. Upon
approaching the O atoms towards the Ni impurity, the 3dxz,yz

orbitals begin to be filled, while the 3dz2 one begins to be
unoccupied, as shown in Fig. 3(b). One also observes in this
figure that the minority 3dz2 state lies at the Fermi level and
the density corresponding to the 3dxz,yz states is split in two
around the Fermi level, suggesting a near degeneracy of the
m = 0 and m = ±1 states as in the case when the O atoms
are third and fourth nearest neighbors of Ni, already discussed
above. In all the treated cases, the 3dxy,x2−y2 states are the most
localized, as they lie perpendicular to the chain, thus having a
small hybridization. Nevertheless, we observe that the position
of these filled degenerate orbitals might change depending on
O proximity.
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TABLE I. Symmetry-dependent d-band minority spin fillings of the Ni atoms (in electrons) for the selected studied cases. The color coding
of the schematic representation of the chains is the one presented in Fig. 3(a).

amehcss’llectinUesaC n(3dz 2 ) n(3dxy ,x 2 −y 2 ) n(3dxz ,y z ) µNi (µB )

sym O-4th nn 0.92 1.87 0.56 1.37

sym O-3rd nn 0.86 1.69 1.00 1.11

sym O-2nd nn 0.63 1.60 1.21 1.33

no-sym 1O-2nd nn 0.67 1.58 1.18 1.31

no-sym 1O-3rd nn 0.91 1.82 0.72 1.26

idem above metastable 0.27 1.53 1.67 1.26

In order to determine the anisotropy constant D, taken into
account in the term HD = DM2

2 of the Hamiltonian defined
in Eq. (1) of Sec. IV, we introduce the spin-orbit interaction
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FIG. 3. (Color online) Ni impurity in a 19% O-doped Au chain.
In each case, the unit cell and the density of states projected onto
different symmetries are shown. (a) Case “sym O–4th nn”: Two O
atoms are symmetrically positioned as Ni-fourth neighbors. (b) Case
“sym O–2nd nn”: Two O atoms as Ni-second neighbors.

in the Ni impurity and perform self consistent calculations
within the fully relativistic approximation. For the “sym
O–4th nn” case we obtain a magnetocrystalline anisotropy
energy, MAE, equal to E‖ − E⊥ ∼ 10 meV, where E‖ (E⊥)
is the total energy corresponding to the total magnetization
pointing along (perpendicular to) the chain’s axis. Therefore,
we obtain that the easy magnetization axis is perpendicular
to the chain. To calculate the value of D we proceed as
in Ref. [33]. The expectation value of the anisotropy in
the state |11〉 of maximum projection in the z direction is
clearly 〈11|HD|11〉 = D. By rotating this state, one obtains
that the state of maximum projection in the x direction is
|11x〉 = |10〉/√2 + (|11〉 + |1 − 1〉)/2, and 〈11x|HD|11x〉 =
D/2. From the energy difference D ∼ 20 meV.

III. EFFECTS OF CORRELATIONS IN Ni

In this section we investigate the effects of correlations
in an isolated 3d8 configuration on the relative stability of
the two possible ground states discussed above: spin triplet
with total angular momentum projection Lz = 0 with one hole
with m = 1 and the other with m = −1, or two triplets with
Lz = ±1 (one hole with m = 0 and the other with m = ±1).
We also provide an alternative estimation of the anisotropy
parameter D. Since the GGA underestimates correlations that
affect the orbital polarization of the d states [34–37], this
calculation is an important complement to the ab initio results
presented above.

The 3d8 configuration has 45 different states (the number
of ways to put two indistinguishable holes in 10 spin-orbitals).
The second quantized form of the Coulomb repulsion written
in the basis of the 10 spin-orbitals contains many different
terms (density-density, exchange, and hopping of pairs involv-
ing different orbitals) but can be parametrized in terms of three
Coulomb integrals F0, F2, and F4 [37,38]. We have solved
exactly the 45 × 45 matrix of the Hamiltonian corresponding
to the 3d8 configuration, containing crystal-field splitting and
all the above mentioned Coulomb terms in the d shell, as
described for example in Refs. [37,38]. In a later step, to calcu-
late D, we include the spin-orbit coupling ĤSOC = λ

∑
i l̂i · ŝi .

We have considered the Coulomb integrals F2 = 0.16 eV,
F4 = 0.011 eV, and λ = 0.08 eV from a fit of the low-energy
spectra of late transition metal atoms. F0 does not modify the
differences between energies within one configuration.

For the crystal-field splitting, we took two different
sets of parameters. From the ab initio results presented in
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Fig. 3(a) for the minority states, we estimate −1.85, −1, and
−0.3 eV for the on-site energy of the states with m = ±2,
0, and ±1, respectively. For the latter, which is unoccupied,
we have subtracted a correlation term included in the GGA,
which we estimate to be 0.5 eV. In the second set we assume
that the m = 0 and m = ±1 states are degenerate, with the
same average distance to the m = ±2 states as before. This is
equivalent to take −1.2 eV for the energy of the electrons with
x2 − y2 and xy symmetry and 0 for the remaining three. Note
that in the last case, in the absence of interactions, the above
mentioned two-hole possible ground states with Lz = 0 and
Lz = ±1 are degenerate. We find that interactions stabilize the
triplet with Lz = 0 by 0.30 eV. For the first set of parameters,
the stabilization energy for this triplet, which is 0.7 eV in the
absence of interactions, is increased to 0.88 eV in the present
calculation. The difference 0.18 eV can be ascribed to the
effect of correlations.

When spin-orbit is included we obtain D = 8.5 (16.7) meV
for the first (second) set of parameters. The sign and order of
magnitude agree with the ab initio results.

IV. Ni IMPURITY WITHIN AN O-DOPED Au CHAIN:
KONDO EFFECT

According to the results of the previous section, different
model Hamiltonians can be formulated depending on the O
position relative to the Ni impurity. In general, for the Ni 3d8

configuration, the triplet ground state with Lz = 0 is the most
stable in the ab initio calculations and is further stabilized by
correlations. Therefore in this section, we analyze this case in
more detail. The situation with two degenerate triplets with
Lz = ±1 is very similar to the physics of an organic molecule
in a metallic substrate and will be addressed in Sec. V.

To be specific, the system we are interested in, represented
by the first row of Table I, namely “sym O–4th nn”, is the one
in which the symmetries of the Ni holes are well defined in
the orbitals α = yz,xz. Moreover, this case presents a larger
hybridization with the host as can be seen in the broader density
of states of these orbitals, see Fig. 3, leading to a larger Kondo
scale. Taking into account the ab initio results presented in
the previous section, the charge fluctuations in the Ni impurity
are mainly due to the interchange between the state with two
holes and virtual excitations to states with only one hole in
either the 3dyz or 3dxz orbital (see Fig. 4). Furthermore, both
configurations are magnetic with spin S = 1 and S = 1/2 for
two and one holes, respectively. The spin-orbit coupling (SOC)
in the Ni atom induces a splitting D between the projections
Sz = 1 and Sz = 0 of the triplet that belongs to the total spin
S = 1.

FIG. 4. (Color online) Schematic representation of Ni holes and
their tunneling to the Au leads for the case “sym O–4th nn”.

With this information, we propose a Hamiltonian that
describes the system, and that is given by [39]

H =
∑
M2

(
E2 + DM2

2

)|M2〉〈M2| +
∑
αM1

Eα|αM1〉〈αM1|

+
∑
νkασ

ενkc
†
νkασ cνkασ +

∑
M1M2

∑
ανkσ

Vν

〈
1M2

∣∣∣∣1

2

1

2
M1σ

〉

× (|M2〉〈αM1|cνkασ + H.c.), (1)

where Ei and Mi represent the energies and the spin projec-
tions along the chain, chosen as the quantization axis, of states
with i = 1,2 holes in the 3d shell of the Ni impurity. The state
with two holes and maximum spin projection is denoted by
|1〉 = d̂

†
xz↓d̂

†
yz↓|0〉, where |0〉 represents the 3d10 configuration

and the operator d̂†
ασ creates a hole with symmetry α = xz,yz

and spin projection σ . The states with one hole in the Ni atom
can be constructed by removing an α hole. The other relevant
states with two and one holes can be obtained by using the
spin lowering operators.

The operator c
†
νkασ creates a hole in the 5d shell of the Au

atom with symmetry α, where ν = L,R denotes the left or
the right side of the Ni atom, respectively. The hopping Vν

characterizes the tunneling between the Ni and Au states.

Kondo regime

To describe the spin fluctuations, i.e., the Kondo regime
in which the charge fluctuations are frozen, we perform a
Schrieffer-Wolff transformation. The effective low energies’
Hamiltonian is then

Heff =
∑
ναν

ενkc
†
νkασ cνkασ

+
∑
αν

|Vν |2
2

{ |1〉〈1| + |−1〉〈−1|
E1 − D − E2

+ |0〉〈0|
E1 − E2

}
n̂cαν

+ J‖
∑

α

Szs
z
α + J⊥

∑
α

(
Sxs

x
α + Sys

y
α

)
, (2)

where n̂cαν = ∑
kσ c

†
νkασ cνkασ , the spin of the xz orbital

is sxz = ∑
γβ d

†
xzγ σ γβdxzβ/2 where γ and β are spin in-

dices, and similarly for the yz orbital. J‖ = |V |2
E1−E2−D

, J⊥ =
1/2( |V |2

E1−E2−D
+ |V |2

E1−E2
), and |V |2 = (|VL|2 + |VR|2)/2. The

middle term represents a renormalization of the local energies
and the potential scattering and is unimportant for understand-
ing the Kondo effect. The final term represents the exchange
interaction between the impurity spin S and the corresponding
ones of the O-doped Au bands sα , J‖ and J⊥ being the
longitudinal and perpendicular couplings. This exchange term
corresponds to the anisotropic Kondo Hamiltonian, HK :

HK = J‖
∑

α

Szs
z
α + J⊥

∑
α

(
Sxs

x
α + Sys

y
α

)
. (3)

Notice that in the absence of any anisotropy interaction,
D = 0, the model reduces to JS · (syz + sxz), which is a
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spin-1 two-channel, n = 2, Kondo model with J = |V |2
E1−E2

,
which is a Fermi liquid [21–24,40]. The Kondo temperature
for our model can be estimated from the usual expression
TK ∼ e1/2Jρc(EF ) in which ρc(EF ) corresponds to the value of
the density of states of the conduction band at the Fermi level,
EF . The only change with those associated to the spin-1/2
one-channel model enters in the change of the exchange
coupling J , a half in our case as compared to the spin-1/2
one-channel [41].

For a numerical evaluation in terms of the ab initio
parameters we use the fact that Jρc(EF ) = 


πεd
, being 
 =

πV 2ρc(EF ) and εd = E1 − E2 ∼ −Exz. We estimate 
 from
the half maximum width of the 3dα density of states, which
corresponds to 2
 ∼ 0.23 eV, and |Exz| ∼ 0.23 eV from its
energy position. Thus, we estimate a Kondo temperature close
to TK ∼ 400 K, and therefore the zero-bias anomaly should be
observed in transport measurements.

As stated in Sec. II, we find that the value of the anisotropy
constant D is of the order of D ∼ 15 meV ∼ 180 K. Studies
of similar models by the numerical renormalization group
suggest that for D < TK (as in this case) an energy scale D∗
much smaller than D is dynamically generated. For example,
for the underscreened S = 1 Kondo model with positive D,
D∗ ≈ exp[−c(TK/D)1/2]. While for D = 0 the conductance
reaches its maximum value at T = 0, when D = 0 and for
T < D∗ the conductance drops abruptly [27]. A similar D∗
was found in an underscreened S = 3/2 model which displays
non-Fermi-liquid behavior for T < D∗ [19].

Thus, while for temperatures above D∗, the model exhibits
the features of the isotropic S = 1 two-channel model, and the
splitting of the triplet states can be in practice neglected for
T � D∗, at temperatures below D∗ one expects a change of
regime and a drop in the conductance. This is a general feature
of the models for which the spin degeneracy of the impurity
is removed [28], as in the underscreened S = 1 Kondo model
with anisotropy [27].

V. SUMMARY AND DISCUSSION

By means of ab initio calculations we determined that in a
Au chain an O doping of 14% is enough to push the Au 5d

bands towards the Fermi level. With this amount of O atoms,
the 5dxz,yz orbitals of all the Au atoms present in the chain
are conduction bands, normally below the Fermi level when
not doped. Within this minimal concentration of dopants, we
studied the effect of the O atoms on the spin state of a Ni
magnetic impurity embedded in the O-doped Au chain, as well
as the symmetry properties of the unoccupied bands (holes).
We showed that when the O atoms are fourth neighbors of
the Ni impurity, the S = 1 spin state of the Ni atom comes
from its 3dxz,yz empty states. This is a triplet with total angular
momentum projection Lz = 0. Upon approaching the O atoms
towards the Ni impurity, the 3dxz,yz begin to be filled, while
the 3dz2 starts to be unoccupied, preserving the S = 1 spin.
Therefore a transition to a Ni 3d8 configuration with two
triplets with Lz = ±1 becomes possible, although correlations
stabilize the Lz = 0 triplet.

After the description of the system and of the first-principles
calculations, we introduced a mixed valence model for the Ni-
O-Au chain in the substitutional configuration for Ni, assuming
that the Ni impurity for two holes is in the Lz = 0 state. This
can be viewed as a generalized Anderson impurity model,
which includes not only the charge fluctuations (between
3d8 and 3d9 Ni configurations) but also the spin ones. By
means of a Schrieffer-Wolff transformation we prove that
the model can be mapped onto a two-channel spin-1 Kondo
model. The SU(2) symmetry of the conduction channels
of the O-doped Au chain allows for a full screening of
the spin of the Ni impurity. We found that the associated
Kondo temperature is experimentally accessible and that it
is of the order of TK ∼ 400 K. Therefore, at low enough
temperatures as compared with the Kondo one, the system
behaves as a Fermi liquid and a zero-bias anomaly should
appear in transport measurements. We also found that even if
the low-energy model corresponds to an anisotropic one, the
expected behavior should be similar to the isotropic case due
to the fact that the anisotropy constant is found to be smaller
than the isotropic Kondo temperature. A small energy scale
D∗ is dynamically generated, below which the conductivity
should drop. We hope that this work stimulates an accurate
many-body calculation of D∗ which might be compared with
the D∗ ≈ exp[−c(TK/D)1/2] behavior obtained in similar
models [19,27].

As pointed out in the seminal work by Nozières and
Blandin [40], if the relation n = 2S is satisfied (as is actually
the case), then, at temperatures below the characteristic one
given by the Kondo temperature, T � TK , the physics of
the system is expected to be the same as that for a Fermi
liquid. This is an example of a fully screened higher spin
Kondo effect. Most of the transition metals in bulk conducting
materials are described by this kind of totally screened Kondo
phenomena [41]. However, this is not the usual behavior in
low dimension and therefore our model represents a possible
experimental realization of this kind of physics. Other low-
dimensional examples of a two-channel spin-1 Kondo effect
can be found in quantum dots (QDs). Specifically, Pustilnik
and Glazman [42,43] studied the possibility of having a spin-1
QD coupled to two screening channels which fully screen the
QD spin. However, they found that even with a small difference
between the two antiferromagnetic coupling constants (which
corresponds to a real situation), the physics of the QD is
expected to be dominated by the underscreened one-channel
spin-1 Kondo model, leading to a two-stage Kondo effect
[44]. Fortunately, our model based on the O-doped Au chain
has the advantage of having a protected SU(2) symmetry
between the two conducting channels due to the cylindric
symmetry.

The case with two degenerate triplets in the 3d8 configura-
tion, in which one hole occupies the 3d orbital of z2 symmetry
and the other one can be occupied by another hole with xz or
yz symmetry, is completely analogous to the case of iron(II)
phtalocyanine molecules on Au(111) [29]. In this case, due to
the different hybridization of the Fe orbitals with the substrate
(as in our case, the hopping is larger for the z2 orbital), a
two-stage Kondo effect takes place. First, the spin of the z2

orbital is screened. It is difficult for us to estimate the Kondo
scale for this screening due to the uncertainty in the position of
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the 3dz2 state. The remaining degrees of freedom, the orbital
(xz or yz) degeneracy, and spin 1/2 of the remaining hole are
screened in a rather exotic SU(4) Kondo effect. The effects of
the orbital degeneracy become evident when the molecules are
assembled in a lattice [45–47]. It would be certainly interesting
to find an SU(4) Kondo effect in nanoscopic chains.

ACKNOWLEDGMENTS

This work was partially supported by PIP No. 112-200801-
01821, No. 00273, No. 112-201201-00069, and No. 00832
of CONICET, and PICT 2010-1060 and 2013-1045 of the
ANPCyT, Argentina.

[1] A. I. Yanson, G. Rubio-Bollinger, H. E. van den Brom, N. Agraı̈t,
and J. M. van Ruitenbeek, Nature (London) 395, 783 (1998).

[2] H. Ohnishi, Y. Kondo, and K. Takayanagi, Nature (London) 395,
780 (1998).

[3] R. H. M. Smit, C. Untiedt, A. I. Yanson, and J. M. van
Ruitenbeek, Phys. Rev. Lett. 87, 266102 (2001).

[4] G. Rubio-Bollinger, S. R. Bahn, N. Agraı̈t, K. W. Jacobsen, and
S. Vieira, Phys. Rev. Lett. 87, 026101 (2001).

[5] M. Ryu and T. Kizuka, Jpn. J. Appl. Phys. 45, 8952 (2006).
[6] R. Vardimon, M. Klionsky, and O. Tal, Nano Lett. 15, 3894

(2015).
[7] F. Barnett, H. Haekkinen, A. Scherbakov, and U. Landman,

Nano Lett. 4, 1845 (2004).
[8] F. D. Novaes, A. J. R. da Silva, E. Z. da Silva, and A. Fazzio,

Phys. Rev. Lett. 96, 016104 (2006).
[9] S. R. Bahn, N. Lopez, J. K. Nørskov, and K. W. Jacobsen, Phys.

Rev. B 66, 081405(R) (2002).
[10] W. H. A. Thijssen, D. Marjenburgh, R. H. Bremmer, and J. M.

van Ruitenbeek, Phys. Rev. Lett. 96, 026806 (2006).
[11] S. D. Napoli, A. Thiess, S. Blügel, and Y. Mokrousov, J. Phys.:
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Abstract – The dynamical mean-field theory (DMFT) has become a standard technique for the
study of strongly correlated models and materials overcoming some of the limitations of density
functional approaches based on local approximations. An important step in this method involves
the calculation of response functions of a multiorbital impurity problem which is related to the
original model. Recently there has been considerable progress in the development of techniques
based on the density matrix renormalization group (DMRG) and related matrix product states
(MPS) implying a substantial improvement to previous methods. In this paper we review some of
the standard algorithms and compare them to the newly developed techniques, showing examples
for the particular case of the half-filled two-band Hubbard model.

perspective Copyright c� EPLA, 2015

Introduction. – The research on materials having
strong electron-electron correlations due to interactions in
local orbitals has attracted a great deal of attention in re-
cent years. This is due to their fascinating properties like
high-temperature superconductivity, colossal magnetore-
sistance or heavy-fermion behavior, and their sensitivity
to external fields which makes them attractive in view of
applications. In these materials, strong electron correla-
tions play a central role and represent a major challenge
for the understanding and control of the different phe-
nomena. In spite of the important success of the meth-
ods based on density functional theory (DFT) [1] in the
electronic-structure calculations of weakly correlated ma-
terials, major difficulties are found when dealing with f or
d electron systems where the screened local interaction en-
ergy is of the order of the conduction electron bandwidth.
The DFT-based local density approximation (LDA) [2]
and its generalizations are unable to describe accurately
the strong electron correlations.

To overcome these difficulties, the dynamical mean-
field theory (DMFT) and its cluster versions were devel-
oped [3–8], which allow to extend these methods and treat
the dynamical electron correlations in a reliable way. The
DMFT has become one of the basic methods to calculate
realistic electronic band structure in strongly correlated
systems. The combination of the DMFT with LDA had

allowed for band structure calculations of a large vari-
ety of correlated materials (for reviews see refs. [9,10]),
where the DMFT accounts more reliably for the local
correlations [11,12].

A recent alternative proposal, the density matrix em-
bedding theory, DMET, was developed, which relies on
the embedding of the wave functions of a local cluster
fragment (instead of the local Green functions) in a self-
consistent finite environment [13,14] and which seems to
be a good alternative to the DMFT.

A key point of the DMFT method is the solution of an
associated quantum impurity problem where the fermionic
environment of the impurity has to be determined self-
consistently until convergence of the local Green function
and the local self-energy is reached. This approach is exact
for the infinitely coordinated system (infinite dimensions),
the non-interacting model and in the atomic limit. There-
fore, the possibility to obtain reliable DMFT solutions of
lattice Hamiltonians relies directly on the ability to solve
(complex) quantum impurity models.

During the early stages of the development of the
DMFT, several quantum impurity solvers were proposed
and used successfully such as the iterated perturbation
theory (IPT) [15–18], exact diagonalization (ED) [19], the
Hirsch-Fye quantum Monte Carlo (HFQMC) [17,20–23],
non-crossing approximations (NCA) [24], and the
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numerical renormalization group (NRG) [25–29]. These
methods were good enough to allow for the calculation of
the metal-insulator transitions and other low-lying energy
properties. However, they suffered from important draw-
backs that had to be overcome if other interesting proper-
ties were to be calculated, such as systems having a larger
number of bands, other kinds of interactions (such as spin-
orbit and electron-phonon coupling, etc.), and interband
hybridization. Among the drawbacks, one can mention the
sign problem and the difficulty in reaching low tempera-
tures in the HFQMC algorithm [30], the failure of the NCA
in obtaining a reliable solution for the metallic state, the
limitation to few lattice sites, far from the thermodynamic
limit of the ED and the reduced high-energy resolution of
the NRG technique (see improvements to this in ref. [31]).

More recently, several other impurity solvers have been
developed that overcome (at least partially) many of these
problems among which we can mention the density matrix
renormalization group (DMRG) [32–36], the continuous-
time quantum Monte Carlo (CTQMC) [37–41] and the
fluctuation exchange approximation (FLEX) [42]. The
CTQMC works at lower temperatures than the HFQMC
but still suffers from sign problems for certain models,
e.g., with interband hybridization and, most importantly,
it also requires an analytical continuation of the Green
functions from the imaginary to the real frequency axis
which makes it unreliable for some physical quantities in-
volving higher-energy bands [43]. In addition, FLEX is
limited to a certain range of interaction strengths [44].
We will expand on the DMRG variant below.

Other methods proposed as impurity solvers include
the equation of motion technique (used in a bath with
separate low- and high-energy degrees of freedom for
single- and multiple-orbital Hamiltonians) [45–47], the
quasicontinuous-time solver [48], an improved IPT ap-
proach for large interactions [49] (which can be compared
with the local moment approach, also developed to deal
with strong interactions and arbitrary fillings [50]), and
a two-mode approximation based on Gutzwiller varia-
tional approach [51]. Also recently proposed are meth-
ods based on exact diagonalization (ED) improved by
the use of a restricted active basis set for the impu-
rity [52], by a stochastic distribution approach [53] and
by an augmented version which involves finite tempera-
ture and cluster perturbation [54]. Other promising meth-
ods have been proposed based on configuration-interaction
approximations to ED and from the quantum chemical
perspective [55].

In recent years the so-called slave-boson approach [56]
in the mean-field approximation [57–59] has been general-
ized to preserve the symmetries of the Hamiltonian in the
multiorbital case. The rotationally invariant slave-boson
mean-field theory (RISB) [60–63], provides a real-axis de-
scription of the low-energy excitations of the system. Its
main advantages are the lack of finite-size effects and the
speed at which solutions of the quantum impurity problem
can be found. The lattice version of RISB is equivalent

to the multiband Gutzwiller wave function approxima-
tion [64]. Recently, these low-energy techniques have
been interfaced with LDA calculations [65–71]. In the
sections below, we present the RISB formalism an com-
pare some results with those calculated within the DMRG
framework.

A recent important extension of the DMFT equations
concerns its application to treat problems out of equi-
librium, extending it to the Keldysh formalism [72–74].
In this context, an interesting improvement [75] performs
an exact mapping of the action of the equations onto
a single impurity Anderson model with time-dependent
parameters.

For newcomers to the field, it is recommendable to
visit the TRIQS and ALPS code libraries containing
state-of-the-art methods for solving interacting quantum
systems [76,77].

The DMRG as an impurity solver of the DMFT.
– It has been shown that the density matrix renormaliza-
tion group (DMRG) [78–81] can be used very reliably to
solve the related impurity problem within DMFT [32–34].
By using the DMRG to solve the related impurity prob-
lem, the density of states is obtained directly on the real
axis (or with a very small imaginary offset) being this its
major advantage as compared, for example, to QMC tech-
niques. In addition, no a priori approximations are made
and the method provides equally reliable solutions for both
gapless and gapful phases. More significantly, it provides
accurate estimates for the distribution of spectral intensi-
ties of high-frequency features such as the Hubbard bands
and their structure, which are of main relevance for the
analysis of x-ray photoemission and optical-conductivity
experiments, among others.

Other techniques using alternative methods for the cal-
culation of dynamical properties within the DMRG have
been proposed [35,36] and, more recently, methods us-
ing the time evolution DMRG algorithm (time-evolving
block decimation, TEBD) [82] for the one- and two-orbital
models were shown in [83] (see below).

In the context of the DMRG and the related ma-
trix product states (MPS) as impurity solvers within
the DMFT, recent developments include the kernel poly-
nomial method (Chebyshev expansion for Green func-
tions) [84–86], the block Lanczos approach [87], a pole
decomposition technique within the correction-vector
method for the dynamics [88] and the application to non-
equilibrium DMFT using MPS [89]. In this work the
authors explore other geometries for the impurity bath
showing an increased efficiency for the star environment.

It was recently realized that converging the DMFT loop
on the the imaginary-frequency axis rather than the real-
frequency axis reduces the computational costs by orders
of magnitude because the bath can be represented in a
controlled way with far fewer bath sites and, crucially, the
imaginary-time evolution does not create entanglement.
The imaginary-time setup can therefore treat much more
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sophisticated model Hamiltonians, opening the possibility
of studying more complicated and realistic models and
performing cluster dynamical mean-field calculations for
multiorbital situations. The price to be paid is a reduced
resolution on the real-frequency axis [90].

Model and implementation. – As an example of an
implementation of the DMRG impurity solver, in this pa-
per we describe the half-filled two-orbital Hubbard model
on a square lattice including a Hund coupling:

H =
�

i

hi − t
�

�ij�mσ

�

c†
imσcjmσ

�

, (1)

where i, j are the sites of a square lattice and brackets
indicate nearest neighbors, m indicates each of the two
orbitals and σ is the spin of the electron, whose creation
and destruction operators are c† and c, respectively.

Defining ni and si as the on-site charge and spin
operators, respectively, a rotationally invariant on-site
Hamiltonian is

hi =
U

2
n2

i +
J

2
s2

i − µni. (2)

For µ = 2U and ferromagnetic J (J < 0) the ground
state of hi is a triplet and the total Hamiltonian reads

H =

�

U −
3

4
J

�

�

im

nim↑nim↓ + U
�

iσσ′

n1σn2σ′

+ J
�

i

Si1 · Si2 − t
�

�ij�mσ

�

c†
imσcjmσ

�

+

�

−3

2
U +

3

8
J

�

�

i

ni, (3)

where Sim is the spin operator of orbital m at site i.
Applying DMFT to this model leads to a mapping of the
original lattice model onto an associated quantum impu-
rity problem in a self-consistent bath. In the particular
case of the two-orbital Hubbard model, the associated
impurity problem is the single-impurity Anderson model
(SIAM) with two levels, where the hybridization func-
tion Δ(ω), which in the usual SIAM is a flat density of
states of the conduction electrons, is now to be determined
self-consistently.

The DMFT iterations are given as follows: Starting
from a guessed hybridization Δ(ω+iη) for the impurity, its
Green function G(ω+iη) is obtained using some numerical
method. At this point we introduce the DMRG [32] to cal-
culate the dynamics using Lanczos [91] or the correction
vectors for an array of discretized energies ω [92,93]. From
this we can compute the self-energy Σ(ω+iη) = G−1−g−1

0 ,
where g0 is the non-interacting Green function correspond-
ing to Δ(ω + iη). The self-energy allows us to compute
the Green function on a lattice, in this case on a square
lattice (SL):

GSL(ω + iη) =
�

kx,ky

1

ωsl(kx, ky) + ω + iη − Σ(ω + iη)
,

(4)

where ωsl(kx, ky) = t(cos(kx) + cos(ky)) with t = 1/2 to
have a band of half-width D = 1. All energies are given
in units of D. The lattice Green function GSL defines a
new non-interacting Green function g−1

0 = G−1
SL+Σ which,

in turn, defines a new hybridization t2Δ(w) = ω + iη −
g−1
0 (ω + iη) which is the seed to restart the cycle. The

procedure is repeated until converged lattice or impurity
Green functions are obtained (typically between 5 to 10
iterations) [94].

To implement the algorithm we consider [95,96] a gen-
eral representation of the hybridization function in terms
of continued fractions that define a parametrization of
Δ(ω+ iη) in terms of a set of real and positive coefficients.
As we are here dealing with two levels, each one will be hy-
bridized to its own bath. The hybrization can be written
simply as a continued fraction (“chain geometry” [97]),

Δm(ω) =
t2

ω − a1m −
b21m

ω−a2m−...

. (5)

The ajm and bjm coefficients represent the on-site energy
and nearest-neighbor hopping for the sites of a non-
interacting chain (not related to the sites of the original
lattice, eqs. (1)–(3)), with Hamiltonian

HSIAM = Hat +
�

m,σ

⎛

⎝

NC−1
�

j=1

bjmc†
jmσcj+1,mσ

+

NC
�

j=1

ajmc†
jmσcjmσ + tc†

1mσdmσ + h.c.

⎞

⎠. (6)

Here Hat = U
2 N2 + J

2 S2 − µN , where N and S are the
total charge and spin operators of the impurity, d†

mσ cre-
ates an electron with spin projection σ on orbital m of the
impurity and c†

imσ creates an electron at site i of the non-
interacting chain of NC sites. This cut-off on the length
of the chains corresponds to a cut-off in the representa-
tion of the continued fraction for the impurity and leads
to finite-size effects in the spectra.

In fig. 1, we show the DMFT+DMRG results for the
densities of states (DOS), πA(ω + iη) = −ImG(ω + iη)
for several values of the local interaction U and a finite
ferromagnetic J = −0.1. We have kept around 256 states
in the DMRG decimation procedure and our results were
benchmarked with exact diagonalization calculations for
smaller systems.

This figure depicts the transition between the insulat-
ing (large-U) and the metallic (small-U) regimes, show-
ing the lower and upper Hubbard bands in both cases.
Since our intention in this paper is to briefly review the
new methods developed to solve the impurity within the
DMFT, we will not analyze the results in detail, but only
mention the main physical properties and the comparison
between different, albeit complementary, methods. Here
we can clearly see the existence of some structure in the
upper and lower Hubbard bands, mainly, the presence of
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Fig. 1: (Color online) Converged densities of states for the half-
filled two-band Hubbard model on the square lattice (1) show-
ing the transition from the metallic to the insulating phases.
Here L = 2NC + 2 = 42 sites, J = −0.1 and η = 0.2 (which
leads to a slightly enhanced DOS in the gap for the insulating
states).

Fig. 2: (Color online) DMFT results for the spectral density
of a half-filled two-band Hubbard model in the metallic regime
on the Bethe lattice (extracted from ref. [85] with permission)
using three different quantum impurity solvers: Chebyshev-
expanded matrix product states, numerical renormalization
group, and continuous-time quantum Monte Carlo.

a marked peak in the inner, low-energy, side of the bands.
This feature is ubiquitous in recent results for this model
and has yet to be fully understood. We can also see an
incipient peak in the middle of each band in the insu-
lating regime, which seems to be reminiscent of the van
Hove peak present in the non-interacting half-filled square
lattice. In a separate and more detailed paper we will
show results for the metal-insulator transition as a func-
tion of J [98].

To illustrate other reliable techniques mentioned in
the text, in fig. 2 we show results using three of the
numerical methods mentioned above (Chebyshev expan-
sion of MPS, NRG and analytically continued QMC) for
the calculation of the spectral density for a related two-
orbital Hubbard model on the Bethe lattice (see [85] and
references therein). The observed disagreement at high
energies is due to different broadening convolutions.

Fig. 3: (Color online) Comparison of DMFT spectral func-
tions of a half-filled two-orbital Hubbard model in the metal-
lic regime on the Bethe lattice (extracted from ref. [83] with
permission), using other three different quantum impurity
solvers: real-time dynamics, MPS, QMC+maximum entropy
and QMC + Padé approximants.

To complete the comparison between DMFT impurity
solvers based on DMRG-related methods, such as MPS,
we show in fig. 3 the spectral functions calculated us-
ing other recently developed techniques (for the specific
model and parameters used, please refer to [83]). In this
case, results based on Fourier-transformed real-time dy-
namics with matrix product states (TEBD) show a much
richer structure than the previously used methods based
on QMC, thus providing a much more reliable tool to
study electronic structure in correlated materials.

Rotationally invariant slave-boson mean-field
theory. – In the so-called slave-boson approach [57,58],
the Hilbert space of the on-site Hamiltonian hi (see
eq. (1)) is described using an enlarged space which includes
fermion (quasiparticle) operators with identical structure
as the original (physical) operators, and a set of auxil-
iary bosonic degrees of freedom. To recover the origi-
nal Hilbert space, a set of constraints is imposed on the
fermionic and bosonic degrees of freedom. The advantages
of this approach become clear in the mean-field approxi-
mation, where the bosonic degrees of freedom are replaced
by their mean values. Since the local interaction terms in
the Hamiltonian can be represented by a quadratic form
in the bosons, the mean-field approximation reduces the
fermionic action to a quadratic form in the quasiparticle
operators, together with a set of parameters (the mean
value of the bosonic operators) that can be calculated in
a variational way. The result is a set of non-interacting
fermions having a reduced intersite hopping matrix ele-
ment due to the interactions. The usual interpretation is
that the mean-field approach produces a description of the
low-energy quasiparticles which have a renormalized mass.

It was shown by Li et al. [59] who studied the single-
orbital Hubbard model that, in order to correctly describe
spin fluctuations, it is necessary to properly symmetrize
the bosonic Hilbert space which, in turn, makes the theory
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spin-rotational invariant. Recently, these ideas have been
generalized in a consistent and general way in ref. [60]
where it was also shown that other advantages, such as
the ability to study general forms of the interacting Hamil-
tonian, or to describe systems in which the quasiparticle
weight is non-diagonal, are in close relation with having a
rotationally invariant formalism.

In this approach the auxiliary boson operators have two
indices {φAB} associated to eigenstates |A� and |B� of hi

having the same charge parity. To obtain a one-to-one
mapping with the original Hilbert space, time-independent
Lagrange multipliers λ0 and Λ are used to enforce the
following constraints:

�

A,B,C

φ†
CAφCB�B|Ô|A� = Ô, (7)

where Ô = {1, f †
αfβ} and f †

α creates a quasiparticle in the
orbital α ≡ mσ.

The physical operators are represented by a linear com-
bination of the quasiparticle operators.

d† → f†R†, (8)

where d† = (d†
1, . . . , d

†
M ), and the R matrix is a function

of the boson fields such that the matrix elements in the
new representation are identical to the original ones [60].

In the quantum impurity problem, the kinetic energy
is accounted for by the coupling of the atomic states to
the electron bath which is described by the hybridization
matrix νd, and can be written as Hv = 1

2d
†νdd. Using

eq. (8) this can be written in terms of the quasiparticle
operators f . We get Hv = 1

2 f
†νf f . To construct the

action of the system, we write the interaction terms as a
function of the bosons, and the fermionic action, which is
quadratic on the fermion fields, reads

Sf = −
T

2

�

n

f†(iωn)G−1(iωn)f(iωn), (9)

where T is the temperature,

G(iωn) = [iωnI − νf − Λ]
−1

, (10)

and I the identity matrix. We replace the bosons with
time-independent complex numbers and integrate the
fermions,

Z = Tr
�

e−Sf
�

. (11)

The free energy Ω = −T ln[Z] in the saddle-point approx-
imation, including the constraints, reads

Ω = −TTr ln[−G−1(iωn)] − λ0 +
�

ACD

φ∗
AD {δCDλ0

+ δCDEA − �C|f†Λ f |D�
�

φAC , (12)

where EA is the eigenenergy of state |A�.
The saddle-point equations are obtained performing

partial derivatives of Ω with respect to the bosons and
the Lagrange multipliers.
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Fig. 4: (Color online) Quasiparticle weights Z vs. U/Uc(J =
0). Top: DMRG results, Uc(J = 0)/D = 3.2. Bottom: RISB
results for D/T = 10000, Uc(J = 0)/D = 4.8.

We have solved the model of eq. (1) using RISB as an
impurity solver. In fig. 4, we compare the results for the
quasiparticle weight, Z, obtained from the DMRG calcu-
lations and the RISB formalism. It is well known that
slave-bosons methods tend to overestimate the metallicity
of a system. This is reflected in a larger value of Z for a
given value of the interaction U , and of the critical inter-
action, Uc, at which the metal-insulator transition occurs.
The figure shows that in the present problem when U is
renormalized by the critical interaction of the J = 0 calcu-
lation, a good agreement between the methods is achieved
for non-zero values of J . Interestingly, for J �= 0, there is a
jump from finite values of Z to zero at the metal-insulator
transition. We used the RISB formalism to analyze the
behavior of the lattice free energy at the transition and
confirm that the transition is of first order for finite values
of J while it is of second order for J = 0.

Conclusions and perspectives. – Recent advances
in numerical techniques for the resolution of multiorbital
quantum impurity problems have made the implementa-
tion of the dynamical mean-field theory (DMFT) possi-
ble in model Hamiltonians and density-functional–based
methods for the calculation of strongly correlated materi-
als in a realistic way. Here we review several techniques
which have proven useful to calculate spectral densities
and other physical properties of these materials.

In particular, we focus on the density matrix renormal-
ization group (DMRG)-based techniques and compare re-
sults with the rotationally invariant slave-boson (RISB)
spectra. Both methods are complementary: RISB al-
lows for approximate calculations in the thermodynamic
limit of the low-energy properties at a relatively low
computational cost. DMRG (or its equivalent MPS im-
plementation) is a controlled numerical method which al-
lows for the calculation of spectral densities directly on the
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real axis at all energy scales. As an example, we solved
a two-orbital Hubbard model including a Hund coupling
term J on a square lattice. We found a metal-to-insulator
transition as a function of the local repulsion U which is
of second order for J = 0 and becomes of first order for
J �= 0. These new proposals for calculating spectral func-
tions on the real axis show a richer structure in the corre-
lated bands when compared to more traditional methods
for response functions on the imaginary axis.

New techniques relying on the optimization of Hilbert
spaces from the quantum information perspective [99,100]
such as the DMRG and extended methods including MPS
and tensor networks in general, are being developed. They
will be able to tackle more complex multiorbital Hamilto-
nians and cluster DMFT approximations to treat spatially
extended correlations. They are likely to produce more
reliable calculations of higher-energy spectra with impor-
tant implications on physical magnitudes such as optical
conductivity, and non-equilibrium properties of complex
correlated systems.
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Kotliar G., in preparation.
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We discuss the size distribution N (S) of avalanches occurring at the yielding transition of mean-field (i.e.,
Hebraud-Lequeux) models of amorphous solids. The size distribution follows a power law dependence of the
form N (S) ∼ S−τ . However (contrary to what is found in its depinning counterpart), the value of τ depends
on details of the dynamic protocol used. For random triggering of avalanches we recover the τ = 3/2 exponent
typical of mean-field models, which, in particular, is valid for the depinning case. However, for the physically
relevant case of external loading through a quasistatic increase of applied strain, a smaller exponent (close to 1)
is obtained. This result is rationalized by mapping the problem to an effective random walk in the presence of a
moving absorbing boundary.

DOI: 10.1103/PhysRevE.92.042135 PACS number(s): 05.40.Fb, 83.50.−v, 83.60.La, 05.10.Gg

I. INTRODUCTION

The yielding transition of an amorphous solid material
occurs when the externally applied shear stress σ exceeds
a critical value σc. We restrict to consider athermal systems
(i.e., formally in the zero temperature limit) in the absence
of creep dynamics and after an eventual transient period after
the application of load. In this case, for σ < σc the system
is blocked and remains in this state indefinitely. As σ > σc

the system enters a plastic flow regime in which the strain
in the system increases linearly with time. This is referred
to as a plastic flow regime. The transition at σ = σc is the
yielding transition. At σc the system is in a critical state, and the
dynamics proceeds via avalanches of all sizes, characterized
by its size distribution N (S).

In addition to matching the results of different experimental
measurements [1–5], the previous scenario has gained con-
sensus after an important effort in the numerical modeling of
the phenomenon. On one side, some studies have undertaken
atomistic simulations (in either two or three dimensions) [6–
11], representing the individual particles interacting through
appropriate potentials. Others have taken the route to represent
the system at the mesoscopic scale, by discretizing space,
and encoding the plastic response of the system in the
internal evolution of each discrete element [12–18]. In most
of these cases (for an exemption, see [19]) the additional
simplifying assumption is made that only a scalar parameter
describing the deformation (instead of the full strain tensor) is
considered.

From all these studies, the idea has emerged that plas-
ticity proceeds through the mechanical destabilization and
reaccommodation of small groups of particles in the system.
These elemental plastic units are usually referred to as shear
transformation zones [20,21]. Due to direct elastic interaction,
a region of the system that yields plastically affects the stress
in the rest of the system via some interaction kernel and can
trigger additional plastic events in different spatial position,
potentially producing a large rearrangement that we call an
avalanche. We focus here on the case in which external
driving onto the system is quasistatic; we do not study effects
associated with the finite deformation rate (for consideration of
these effects, see [8,17,22]). We notice that, strictly speaking,
the quasistatic limit is the only case in which individual
avalanches can be unambiguously identified.

The previous description of plastic yielding shares many
features with the case of depinning transitions of elastic
manifolds on disordered energy landscapes [23,24], where the
existence of a quasistatic dynamics consisting of avalanches is
well known. This has led many researchers to try to put both
phenomena in a common framework [12,13,17,25,26]. How-
ever, some differences exist between the two cases that have
important practical consequences. On one side, for depinning,
destabilization at a given position has a destabilizing effect on
any other position; namely, the interaction kernel is positive
definite. Instead, in the plastic yielding case it turns out (as
derived from a seminal calculation by Eshelby [27]) that the
elastic interaction kernel has alternating signs along different
spatial directions [28]. Thus, a plastic reaccommodation at
a given position can have both a destabilizing or a stabilizing
effect at some other location. It turns out that this, together with
the long range nature of the elastic interaction kernel [27,28],
has an important influence in the properties of the model.

For our purposes, the most important difference that appears
is in the form of the function P (x) describing the density
of shear transformation zones that destabilize if a local
additional stress x is applied. Whereas P (x) ∼ x0 in depinning
models [23], P (x) ∼ xθ , with θ > 0 in the plastic yielding
case [16,29]. As we will see, this difference may have an
important effect in the size distribution of avalanches.

The size distribution of avalanches N (S) is an important
quantity in both depinning and plastic yielding since it can be
accessible in experiments [30]. It typically follows a law of
the form

N (S) = S−τ f (S/Smax), (1)

with a large size exponential cutoff represented by the function
f . Right at the transition, Smax diverges and we get a pure
power law characterized by the exponent τ . Both experiments
and simulations [9,17,22,31] have found values of τ typically
in the range 1–1.5 [32], depending on the kind of system
analyzed and the spatial dimension of the problem.

Here we restrict our analysis to the case of mean-field
models, which apply in the limit of high dimensional systems.
The mean-field description of the depinning transition [23,33]
is known to produce a critical size distribution of avalanches of
the form N (S) ∼ S−τ , with τ = 3/2. It has to be mentioned
that this value of τ stands for (at least) two quite different
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protocols used to trigger avalanches in the system [34]. In one
case (random loading) one site is chosen at random and the
local stress is increased until the site destabilizes. In the second
case (uniform loading) the stress on the system is increased
uniformly over all sites until the first site becomes destabilized.
In both cases τ = 3/2 is found for depinning.

The mean-field description of the plastic yielding transition
is considered to be the model introduced by Hebraud and
Lequeux [17,35,36]. Although the exponent τ = 3/2 has been
suggested to be valid also in the case of plastic yielding [26],
there has not be a rigorous determination of the size distribution
of avalanches in this model. We will show that, for this model,
the value of τ that is obtained is dependent on the loading
mechanism applied. While for random loading the value τ =
3/2 is obtained, uniform loading produces a smaller value
of τ , close to 1. The reason for the difference between the
results for two loading protocols (which is not observed in
the depinning case) will be seen to be related to the above
mentioned difference between the form of P (x) in the two
cases.

We present the model to be studied in the next section.
The analytical treatment of the problem is given in Sec. III,
and results of numerical simulations are presented in Sec. IV.
Section V contains the conclusions. Some additional analysis
of the behavior near criticality (particularly the form of
the cutoff of the avalanche distribution) is presented in the
Appendix.

II. THE MODEL

Hebraud and Lequeux [35] considered a mean-field model
of the plastic yielding transition. We discuss here a small
variation of the original model in the limit of quasistatic
loading. We consider the system divided into N parts (referred
to as “sites” for convenience), each of them carrying a stress yi ,
i = 1, . . . ,N , which defines the instantaneous configuration
of the system. The configuration is stable as long as all yi

are lower than a plastic threshold value, taken for simplicity
to be uniform, of value 1. It will be more convenient [16]
to describe the model in terms of the variables xi ≡ 1 − yi .
Each xi represents the additional stress necessary to destabilize
site i. The dynamics proceeds according to the following
rules.

(a) On a stable configuration, the stress is increased until an
instability is produced (the precise form of this stress increase
is given below) and an avalanche starts. Suppose i is the site
that becomes unstable (i.e., xi = 0).

(b) xi is increased a quantity (1 + k)u, where u is a random
quantity, of order 1 [below we take u to be exponentially
distributed: p(u) = u−1 exp(−u/u), u > 0], and k is a control
parameter that will characterize the stress decrease during an
avalanche (see below) [37]. Criticality will be obtained in the
limit k → 0.

(c) All xj are changed by a quantity η/
√

N − u/N , where
η is a Gaussian variable, with zero mean and fixed standard
deviation η0.

(d) Steps (b) and (c) are repeated over all destabilized sites
(those with xi < 0) [38], until all sites become stable (this
defines the end of the avalanche). Then we return to (a).

This model is a mean-field description of plastic yielding
when η0 > 0, and it also represents the case of depinning when
η0 = 0.

Below we analyze two different destabilization mechanisms
for step (a). The natural physical situation corresponds to
externally increase uniformly the stress onto the system until
the first site destabilizes. This means to look for the smallest
x value in the system, say xmin, and add this additional stress
to the system. This is equivalent to say that all x’s in the
system are reduced in the quantity xmin. This is referred to as
uniform loading. Also, and mainly for comparison purposes,
we also consider the case of random loading. This is obtained
by choosing one site at random and setting the corresponding
value of x to zero, without changing the values of x at other
sites.

The instantaneous stress σ in the model is defined as
σ = 1

N

∑
i(1 − xi). The size S of an avalanche is conveniently

defined as the sum of all u values generated during the
avalanche. According to the previous rules, an avalanche of
size S generates a reduction of stress in the system of value
kS/N . As k → 0 the average size of avalanches goes to infinity
and there is a broad distribution of avalanche sizes in this limit.
For finite k, there is typically a maximum size Smax of the
avalanches that are generated.

The previous rules indicate that each site reaching the x = 0
border is reinserted at x = (1 + k)u; then x = 0 is an absorbing
border. Each reinserted site also produces random kicks (of
intensity η/

√
N ) plus a systematic decrease (of value −u/N )

on all other sites. In terms of a fictitious time that counts the
number of sites that reach the x = 0 border, these two terms
can be described as diffusive and convective, respectively.

In the thermodynamic (large N ) limit, the equilibrium
distribution of x values is characterized by a probability density
P (x), such that NP (x)�x gives the number of sites with x

within the small interval �x. The form of P (x) is determined
as a balance between the contribution from steps (b) and (c)
above that each site reaching x = 0 produces. In an equilibrium
situation the total change �P produced by a single site being
destabilized and reinserted must vanish, and this means that
P (x) satisfies the equation (for k → 0) [39],

�P = 0 = D

N

∂2P

∂x2
+ 1

N

∂P

∂x
+ 1

N
[DP ′(0) + P (0)]p(x),

(2)

with D = η2
0/2 of step (c) above and P (x) = 0 for x < 0.

The three terms of the right-hand side represent, respectively,
the effect of diffusive and convective variations of x [the two
terms in the change of xj at step (c)] and the effect of reinserted
sites [step (b)]. The amplitude of the reinserted term, namely
DP ′(0) + P (0), takes into account that sites can reach the
x = 0 border due to the diffusive or convective evolution.

There is an important difference in the equilibrium form
of P (x) when D = 0, or D > 0. In the first case (in which
the previous model describes depinning) P (x) is immediately
obtained from (2) as

P (x) = P (0)
∫ ∞

x

p(x)dx. (3)
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In particular, P (x) goes to a nonzero value when x → 0. For
D > 0, due to the diffusive term and the absorbing boundary
condition, P (x) goes to zero at x = 0 [16,17]. Moreover, the
rate of sites crossing the x = 0 border due to the diffusive
term is proportional to dP/dx|x=0, and for this quantity to
be finite, the form of P (x) must be P (x) ∼ Ax for small x.
This is a mean-field result that does not hold for short range
interactions, where a form P (x) ∼ xθ with a nontrivial θ is
expected [16]. The forms of P (x) for different values of D are
presented in Sec. IV.

III. RESULTS FOR AVALANCHE STATISTICS

In order to calculate the avalanche statistics, the continuous
description provided by the P (x) function is not sufficient.
In fact, what this distribution tells is that each single site
reaching x = 0, produces changes in the x values of all other
sites such that on average an additional site reaches x = 0.
However, in order to describe avalanche-size distributions, we
must consider fluctuations.

A. Random loading

In random loading, a randomly chosen site is set to x = 0
and triggers an avalanche that develops according to points (b)
and (c) of the model description. It is important to mention
that the choice of a random site does not alter the form of P (x)
in the system in any way (this will not be the case for uniform
loading, in general). It is convenient at this point to describe
the dynamics of the system in terms of a discrete “time unit”
corresponding to one step of points (b) and (c) of the dynamical
protocol described above. Namely, at each discrete time, one
kick is given to every site according to (c), and one destabilized
site is reinserted according to (b). Let us call ni the cumulative
number of destabilized sites until time t ≡ i. The condition
for an avalanche started at t = 0 to survive until time t = i is
that ni � i. The avalanche stops as soon as ni < i.

Since, once destabilized, sites are reinserted through a
random process (implied by the random values of the u

parameter) the exact values of xi are locally uncorrelated.
Due to this uncorrelated behavior, the stochastic process ni

corresponds to a Poisson process with a unitary rate per time
step. Defining the stochastic process mi as mi = ni − i, we see
that the avalanche lasts until the first time i0 in which mi0 = 0.
Note that as one single site is reinserted at each time step, i0

measures also the avalanche size; i.e., S ≡ i0.
In the large i limit, mi is a symmetric Gaussian variable,

with probability distribution p(mi) given by

p(mi) = 1√
2πi

exp

(
−m2

i

2i

)
(4)

and the previous description corresponds to its survival
probability in the presence of an absorbing boundary at the
origin. This surviving probability is well known [40] to go
as t−1/2. The size distribution of avalanches is given by the
probability density of the random walk being absorbed at time
t , namely by the time derivative of the surviving probability,
which gives N (S) ∼ S−3/2, i.e., τ = 3/2. We emphasize that
the previous method shows that this result is valid for random
loading in the cases η0 = 0 (depinning) and η0 > 0 (plastic

yielding) as it only depends on the fact that the number of sites
reaching the instability threshold is an uncorrelated stochastic
process with constant rate.

B. Uniform loading

In the uniform loading case, in order to start an avalanche
we look for the smallest x value in the system, say xmin, and
add this additional load to all sites. This is equivalent to saying
that all x’s in the system are reduced in the quantity xmin, which
produces a shift of the P (x) function by xmin. The question is
if this shifting of P (x) may bring some observable effect. We
will see that the answer depends on whether we are considering
the case η0 = 0 or η0 > 0.

For η0 = 0 (depinning case) the form of P (x) tends to
a constant as x → 0, i.e., P (x) ∼ P (0) for small x. When
shifting the distribution by xmin to start the avalanche, we
modify P (x) to a new P̃ (x) given by P̃ (x) = P (x + xmin) ∼
P (0) (to leading order). This means that the form of P (x) is not
greatly affected by the xmin shift. In fact, results of numerical
simulations described below show that both loading protocols
produce the same avalanche distribution N (S) ∼ S−3/2 in the
η0 = 0 case.

However, the situation is different in the case η0 > 0. Now
P (x) ∼ Ax for small x, and a shift of the distribution by xmin

transforms it to P̃ (x) = P (x + xmin) ∼ Ax + Axmin, namely
the probability distribution gets a constant correction near x =
0, which qualitatively modifies its form. This produces an
important change in the avalanche-size distribution as we show
now.

Suppose we have the distribution P (x) = Ax + A0. The
linear part generates a flux of sites through the x = 0 border
characterized by the Poissonian stochastic process ni . The
average rate of this process is easily seen to be equal to
AD, and since we have one site arriving per unit time, we
conclude that A = 1/D. The constant term A0 produces the
destabilization of additional sites, whose contribution has to
be taken into account. Let di be the number of additional sites
that destabilize at or before time i, originating in the constant
term A0. Now the stochastic process to be considered in order
to determine the size of the avalanches is m̃i = ni − i + di ;
i.e., the avalanche survives as long as m̃i � 0. We need to
characterize the contribution di from A0. Due again to the
fact that sites that contribute to the constant A0 are totally
uncorrelated, di is a (cumulative) Poissonian process; however,
its average rate depends on time. The time dependence of the
average rate di can be calculated simply noticing that it gives
the average number of sites that are absorbed at x = 0, starting
from a distribution with constant value A0 for all x > 0. The
average number di can be obtained by direct integration of the
diffusion equation with this initial condition, and the result is

di = 2A0

√
Di

π
. (5)

The condition for an avalanche to survive until time i is
then m̃i = mi + 2A0

√
Di/π � 0. In other words, the original

condition mi � 0 is now replaced with mi � −2A0
√

Di/π ;
i.e., the absorbing boundary that was originally at i = 0 now
retracts in time as ∼ i1/2.
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FIG. 1. The τ (R) function obtained from the mapping to the
survival probability of a random walk of variance σ 2 = t in the
presence of an absorbing wall that recedes as −R

√
t . We also show

the distribution of R values according to its probability distribution
p(R) and the value of τ � 1.09 obtained for its average value.

The effect of such a moving absorbing boundary condition
on a random walk has been studied in the literature (see,
for instance, Refs. [41–43]). The important point that makes
the problem analytically solvable is that the position of the
absorbing boundary has the same dependence in time that
the internal diffusive dynamics, and this makes it possible
to transform the problem to a single ordinary differential
equation [44]. The survival probability is thus observed to
remain a power law in time, but with a nonuniversal exponent.
The value of τ depends on the coefficient R ≡ 2A0

√
D/π of

the square root time behavior in Eq. (5) [assuming a normalized
underlying random walk, as in Eq. (4)]. It is found that τ = 3/2
for R = 0, and τ → 1 when R → ∞. We see the full form of
this dependence in Fig. 1.

In order to calculate the actual value of R, we must
determine what value of A0 is appropriate in our case. It
turns out that we do not have a unique value of A0, but a
continuous distribution. In fact, given a starting distribution
P (x) = Ax, the lowest x value, which defines xmin, is itself a
random variable, with distribution

p(xmin) = Axmin exp

(
−Ax2

min

2

)
. (6)

We can write xmin = x0/
√

A, where x0 follows the normalized
distribution

p(x0) = x0 exp

(
−x2

0

2

)
. (7)

The values of A0 are obtained from A0 = Axmin = √
Ax0,

giving for R the value (remember that A = 1/D)

R = 2x0√
π

. (8)

We can estimate a typical value of τ as the one corresponding to
x0 equal to its average value (x0 = √

π/2). This gives R = √
2,

which, entered in Fig. 1, gives τ � 1.09. However, we must
notice that different avalanches are produced with different

FIG. 2. The local exponent τeff as a function of the avalanche size
S. The value of τeff is a very weakly decreasing function of S.

x0 values, and the final distribution of avalanche sizes has to
be calculated as a composition from avalanches taken from
distributions with different τ values according to

NTOT(S) =
∫ ∞

Smin

dτp(τ )N (S(τ )), (9)

where p(τ ) = p(x0)dx0/dτ (taken from data in Fig. 1) is the
probability of different values of τ , and N (S(τ )) = CτS

−τ ,
with Cτ a normalizing constant. Taking the minimum size
of avalanches to be Smin ≡ 1 results in Cτ = (τ − 1), and
a numerical evaluation of the expression (9) produces a
nonperfect power law, which can be characterized by an
effective, local exponent τeff defined as

τeff ≡ d ln[NTOT(S)]

d ln S
. (10)

The result of this evaluation can be seen in Fig. 2. As we move
to larger values of S, τeff is more dominated by the terms with
the smallest τ in Eq. (9), and τeff decreases. It has to be noticed,
however, that for this effect to be appreciable we must really
move to extremely large values of S. As a rule of thumb, we
can say that in the present model τ values between 1.1 and 1.2
will be observed.

IV. NUMERICAL SIMULATIONS

We present here results of numerical simulation of the
model described in Sec. II, which will confirm the scenario de-
scribed in the previous section. In all the simulations presented
the values of u are taken from an exponential distribution with
mean value of 1, namely u = 1, p(u) = exp (−u). In this case,
in the thermodynamic limit the equilibrium form of P (x) for
k → 0 can be readily found by integrating Eq. (2) and is given
by

P (x) = 1

1 − D
(e−x − e−x/D). (11)

The form of P (x) for different values of η0 at criticality
(k → 0) is shown in Fig. 3. Note that it must be D < 1 for
the solution to exist. As explained before, the main feature
of these curves is their behavior near x = 0. We see that that
P (x) ∼ x0 for η0 = 0, whereas P (x) ∼ x1 for η0 	= 0.
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FIG. 3. (Color online) Form of the function P (x) for different
values of η0, in the k → 0 limit. The left panel contains results of
simulations with N = 10 000. The right panel shows the analytical
limit for N → ∞. The crucial characteristic of these curves is
the behavior near x = 0. Note that P (x) ∼ x0 for η0 = 0, whereas
P (x) ∼ x1 for η0 	= 0.

Next, we present results for the avalanche-size distributions.
Results in Fig. 4 correspond to the depinning case (η0 = 0).
They were obtained in systems with N = 105. It is seen that
the size distribution N (S) is a power law N (S) ∼ S−3/2 that
is cut off at large avalanche size at some characteristic typical
maximum size Smax, which increases as k decreases. We can
obtain the increase law of Smax with k as follows. An avalanche
of size S generates a reduction in the stress of value Sk/N . This
quantity is (on average) compensated by the stress increase in
the loading stage. For the η0 = 0 case, this increase is given, on
average, by u/N , and since u = 1 we get S = k−1. Also, S is
related to Smax through S ∼ S2−τ

max , which gives Smax ∼ k− 1
2−τ ,

and in the present case with τ = 3/2, we get Smax ∼ k−2, which
is well satisfied by the results in Fig. 4. Note that the results
for η0 = 0 show no difference for the two different driving

FIG. 4. Simulations in a model with N = 105 and η0 = 0 (i.e.,
depinning case). Avalanche-size distribution for decreasing values
of k. Results for the two different loading protocols (uniform
and random) are shown, and they are seen to be equivalent. The
distribution observed has the form N (S) ∼ S−3/2 exp(−S/Smax). The
dependence of Smax on k is shown in the inset and is Smax ∼ k−2.

FIG. 5. Same as Fig. 4 but for η0 = 1 in the random loading case.
The results are seen to be similar to the case of depinning (η0 = 0),
with an avalanche-size distribution with an exponent τ = 3/2 and a
large size cutoff Smax ∼ k−2.

protocols, namely random or uniform loading, according to
the arguments given in the previous section.

Now we move to the analysis of the plastic yielding case
(η0 	= 0). In this case, the two loading protocols generate
different results. For random loading we find a power law
distribution with τ = 3/2 (Fig. 5), equivalent to that found in
the depinning case. In the case of uniform loading the results
are different, as expected from the analysis of the previous
section. In Fig. 6 we see the decay of number of avalanches
with size. On the range of sizes displayed in Fig. 6, a decaying
exponent τ � 1.1 can be estimated as k decreases. Notice the
rather strong overshoot of the size distributions near Smax,
which we analyze in the Appendix.

To gain some insight on the results in Fig. 6, we present
some additional analysis concerning the avalanche size and
the values of xmin at which they are triggered. In Fig. 7 we see
the distribution of values of xmin obtained along a simulation
with N = 105, k = 0.1. We see that the distribution follows

FIG. 6. (Color online) Simulations for η0 = 1, N = 105 in the
uniform loading case. It is seen that as k decreases, a power law
with a value smaller than the standard τ = 3/2 value is observed.
The existence of a rather strong overshoot at the range on the largest
avalanches observed is also apparent.
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FIG. 7. (a) The distribution of values of xmin in a simulation with
N = 105 and η0 = 1, k = 0.1. The continuous line is the analytical
expectation given by Eq. (6).

very closely the distribution given by Eq. (6), which, in turn,
originates in the linear distribution of x values near x = 0.

In addition, if avalanches are independent, and they follow
the results from the theory of the previous section, we should
expect a different decaying exponent for avalanches if they are
classified according to the value of xmin at which they were
triggered. In order to check for this, in the inset to Fig. 8 we
show partial size distributions of avalanches restricted to given
intervals of values of xmin that trigger them. If we concentrate
in the low size part of this plots, the results follow a trend
compatible with the theoretical analysis: Avalanches started
with smaller xmin have a distribution with a decaying exponent
close to 3/2, while those with larger xmin produce a distribution
with a slower decaying exponent. However, there seems to be
systematically lower values in the simulations compared to
that seen with the theoretical results.

There is an additional effect in the uniform loading plastic
yielding case that deserves to be mentioned. For depinning,
or random loading plastic yielding, we have argued that the

FIG. 8. (Color online) The τ exponent of partial distribution
of avalanches in the simulation of the previous figure, classified
according to the value of xmin at which avalanches are triggered.
In the inset we see an example of the distributions and the low size
ranges (thick straight lines) used to extract the τ exponent. The three
curves in the inset correspond to the three points in the main plot
indicated by arrows.

mean size of the avalanches must satisfy the relation Sk ∼ 1,
since the average external load between avalanches is order
1. In the case of uniform loading in plastic yielding, the
average loading between avalanches is order Nxmin ∼ √

N .
So in this case we have Sk ∼ √

N , or S ∼ √
N/k. Introducing

the size of the largest avalanches in the system Smax we
get Smax ∼ (

√
N/k)1/(2−τ ). This indicates that the size of the

largest avalanches in the system are not completely determined
by the value of k. There is also a direct dependence on N . In
particular, at any fixed value of k, Smax becomes arbitrarily
large as N → ∞. This effect has been pointed out in some
plastic yielding models [31], where an anomalous τ � 1
exponent for the avalanche-size distribution has also been
reported. Both of these effects may thus have a justification on
the basis of the the present discussion.

V. CONCLUSIONS

In this paper we have studied the avalanche-size distribu-
tions in mean-field models of the plastic depinning transition.
The main conclusion is that, contrary to the case of elastic
depinning, where the mean-field exponent is well defined and
given by τ = 3/2, here the result depends on details of the
driving mechanism. We have shown that for plastic depinning,
the τ = 3/2 exponent is recovered in the case of random
loading, where each avalanche is started by making unstable
a random site. However, the physical loading mechanism
must be considered to be that of uniform loading, where
stress is increased uniformly in the system until an instability
is obtained. This mechanism produces a significantly lower
exponent, τ � 1.1–1.2. The origin of this effect was elucidated
by mapping the present problem to the survival probability
of a random walk in the presence of a moving absorbing
boundary. In addition, this mapping provides insight into the
size crossover for cases in which the system is not right at
criticality.

The present results call for attention to the precise desta-
bilization mechanism used in different models of plastic
depinning. It is likely that the effects discussed here persist
in the non-mean-field case, where a more realistic symmetry
and interaction range of the elastic kernel is considered. The
kind of variation of the τ exponent in those cases remains to
be elucidated.
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APPENDIX: THE APPROACH TO CRITICALITY AND THE
LARGE SIZE OVERSHOOT

Already noticed (in connection with data in Fig. 6) is the
important size effect observed at large avalanche sizes, where
an excess number of avalanches (compared with the results
for random loading, Fig. 5) is observed. In order to study this
effect in more detail, it is not enough to consider the critical
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(k = 0) case, but it is necessary to analyze the form in which
the system evolves when a finite k is reduced towards 0.

We restrict here to the plastic depinning case (η0 	= 0). The
modifications in the balance equation (2) produced by a finite
k are different in the cases of uniform or random loading. In
the case of random loading, a finite k produces (according to
the rules of Sec. II) that the reinsertion does not occur at the
position u, but at u(1 + k). This alters the argument of p and
the normalization of the last term in (2). In addition, for finite
k, the average size of the avalanche S = 1/k is finite, and we
must take into account that one out of 1/k sites is destabilized
by the random mechanism that initiates the avalanche. As this
random selection is made on the actual distribution P (x), this
produces a negative term −kP/N per destabilized site in the
balance equation, which finally reads

0 = D

N

∂2P

∂x2
+ 1

N

∂P

∂x
− kP

N
+ DP ′(0)

N (1 + k)
p[x/(1 + k)].

(A1)

In the case of uniform loading, we still have the change
u → u(1 + k) in the reinsertion term, but now the uniform
loading mechanism produces a shift of P in a quantity xmin

every S destabilized sites. This gives a correction δP in
the balance equation that is equal to δP = (dP/dx)dx =
(dP/dx)(xmin/S) = (dP/dx)(k/N), where the last equality
follows (on average) from the balance between the stress
increase during loading (xmin), and the stress decrease during
avalanche (kS/N ). Finally, the balance equation for uniform
loading takes the form

0 = D

N

∂2P

∂x2
+ 1 + k

N

∂P

∂x
+ DP ′(0)

N (1 + k)
p[x/(1 + k)]. (A2)

For our choice p(x) = exp(−x) the solutions to both
equations are

P (x) = e− x
1+k − e− x(1+√

1+4kD)
2D

1 + k − 2D

1+√
1+4kD

(A3)

for random loading and

P (x) = e− x
1+k − e− x(1+k)

D

1 + k − D
1+k

(A4)

for uniform loading.
In the limit N → ∞, the distribution of avalanches is

controlled by the form of these expressions near x = 0. Close
to criticality, we must search for the leading terms in an
expansion in powers of k. For random loading, linearizing
Eq. (A3) near x = 0, and writing the coefficient to first order
in k we obtain

P (x) � x

D
[1 − k(1 − D)], (A5)

where we see that as k → 0, P (x) tends to the critical form
P (x) = x/D. The finite value of k provides a cutoff in the
size distribution of avalanches. In fact, in the mapping to the
random walk problem, the linear in k term of the previous
expression corresponds to an absorbing moving wall at mi =
ki(1 − D)/D (in the notation of Sec. III). This problem can
be analytically solved and provides an avalanche distribution

given by

N (S) ∼ S−3/2 exp[−Sk2(1 − D)2/4D2]. (A6)

This gives a size cutoff Smax that increases a 1/k2 as k → 0
and results that fit nicely the curves in Fig. 5.

For uniform loading instead, it is easily verified that
Eq. (A4) is independent of k to first order in x [45]. This
means that in order to obtain an avalanche cutoff we must
expand to second order in x. The result (to first order in k in
the coefficient of x2) is

P (x) � x

D
− 1

D
[D + 1 + k(1 − D)]x2. (A7)

This form of P (x) allows to explain in detail the behavior
observed in Fig. 6 for the uniform loading case. In fact, when
k = 0 we are at criticality, and we can describe the avalanche
distribution through the model of Sec. III, of the survival of
a random walk, where the loading to xmin corresponds to the
presence of a retracting absorbing wall at ∼ −xmin

√
t . The

linear in k term in Eq. (A7) corresponds to an additional current
through the absorbing wall that has to be subtracted (because
it has a negative coefficient) from the total. The contribution
from this term to the number of destabilized sites until time t

is given by −4k (1−D)√
Dπ

t3/2. It represents an additional “forward
movement” of the absorbing wall that is ultimately responsible
for the decaying of the random walk in a finite time (i.e.,
avalanches have a maximum value). We end up with the
problem of an unbiased random walk m(t) with an absorbing
boundary b(t) moving with the law

b(t) = −xmint
1/2 + kt3/2 (A8)

(some nonessential coefficients have been set to 1 in this
expression). It is straightforward to numerically simulate this
process, finding the size of the avalanches as the first time t0 at
which m(t0) = b(t0), namely when the walk is absorbed, and
then doing statistics on the values of t0. The results are shown
in Fig. 9. Simulations are presented for different k values,
whereas xmin are taken from its known distribution [Eq. (6)].

FIG. 9. (Color online) Dotted lines represent the size distribution
of avalanches described by the absorbing of a random walk m(t) by
a wall located at b(t) = −xmint

1/2 + kt3/2. Results are presented for
different k values. The values of xmin are taken from their expected
distribution in our problem [Eq. (6)]. The continuous curve is a fitting
to the analytical expression (A10), using a single average xmin value.
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The results give a nice verification of the form of the cutoff
that was observed in the full simulations of Fig. 6.

We notice that an analytical solution to the survival
probability of a random walk in the presence of the absorbing
wall as in Eq. (A8) is not known. However, the form
of the cutoff can be heuristically determined by inserting
Eq. (A8) in the asymptotic form expected for a solution of
the diffusion equation of the random walk at large x, namely
∼exp(−x2/2t), which gives for the cutoff the form

∼ exp (−k2S2/2 + xminkS). (A9)

We can thus expect the form of N (S) to be given by

N (S) ∼ S−τ exp (−k2S2/2 + xminkS), (A10)

where τ is given as a function of xmin in Sec. II. In Fig. 9 we
see that this gives a remarkably good fitting of the numerical
results. From Eq. (A10) it is clear that the intensity of the
overshoot becomes larger as xmin increases [46]. Note also
that the scaling of Smax as 1/k is immediate from expression
(A10).
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We analyze the low-energy properties of a device with N + 1 quantum dots in a star configuration. A central
quantum dot is tunnel-coupled to source and drain electrodes and to N quantum dots. Extending previous results
for the N = 2 case, we show that, in the appropriate parameter regime, the low-energy Hamiltonian of the
system is a ferromagnetic Kondo model for an S = (N − 1)/2 impurity spin. For small enough interdot tunnel
coupling, however, a two-stage Kondo effect takes place as the temperature is decreased. The spin 1/2 in the
central quantum dot is Kondo-screened first, and at lower temperatures the antiferromagnetic coupling to the
side-coupled quantum dots leads to an underscreened S = N/2 Kondo effect. We present numerical results for
the thermodynamic and spectral properties of the system, which show a singular behavior at low temperatures
and allow us to characterize the different strongly correlated regimes of the device.

DOI: 10.1103/PhysRevB.92.165416 PACS number(s): 72.10.Fk, 73.21.La

I. INTRODUCTION

Ferromagnetic and underscreened Kondo models are ex-
amples of quantum impurity problems where the low-energy
properties cannot be described using Fermi-liquid theory [1,2].
In these models, a local magnetic moment decouples asymptot-
ically at low energies from a noninteracting electron reservoir
leading to a singular behavior in the thermodynamic, dynamic,
and transport properties of the impurity [3–9]. The resulting
asymptotically free magnetic moment is extremely sensitive
to a Zeeman splitting, and at zero temperature it is easily
polarized by any nonzero external magnetic field. The lifting
of the degeneracy by the magnetic field changes the nature
of the ground state driving the system into a Fermi liquid
regime. This extreme sensitivity to external fields could be used
in nanoscopic devices to control the electronic and thermal
transport and to generate spin currents [10].

Underscreened Kondo physics has been recently reported in
spin-1 molecular junctions and multilevel quantum dots where
a single channel (not counting spin) in the electrodes is relevant
for the screening process for a wide range of temperatures
[11–14]. In these systems, however, the magnetic moment is
expected to be fully screened at low enough temperatures since
the coupling to a second conduction channel cannot be ruled
out by symmetry considerations. Quantum dot (QD) devices in
semiconductor heterostructures offer the possibility of tuning
the parameters and setting the geometry to obtain different
quantum impurity models [15]. Devices having three QDs in
a star configuration have been shown to lead to the spin-1/2
ferromagnetic Kondo model [16–19]. The realization of such
devices would allow the first unambiguous measurement
of ferromagnetic Kondo physics. Here we show that by
including additional side-coupled QDs, the system can be
used to construct, by appropriately setting the parameters, the
ferromagnetic Kondo model for a spin S = (N − 1)/2, where
N is the number of side-coupled QDs, and the underscreened
Kondo model for a spin S = N/2.

In the weak QD-electrode coupling regime, the low-energy
properties of the device are dominated by the ground-state
manifold of the isolated QD array, which, as we show below,
has spin S = (N − 1)/2 and is ferromagnetically coupled to

the electrodes. In the opposite regime, the magnetic moment
of the central QD is screened through a regular Kondo effect
leading to a local Fermi liquid of quasiparticles [1]. The
side-coupled QDs form a spin S = N/2 that is antiferro-
magnetically coupled to the central QD. To fully quench the
associated magnetic moment through Kondo screening, 2S

conduction electron channels would be needed. As we show
below, there is a single conduction channel available, and the
magnetic moment is only partially screened. In both regimes
and in the crossover between them, there is an asymptotically
free S = (N − 1)/2 local magnetic moment at low energies.

We calculate numerically the properties of devices with
up to six QDs, and we obtain the expected logarithmic
behavior in the thermodynamic and dynamic properties in the
ferromagnetic and underscreened Kondo regimes and in the
crossover between them.

The rest of the paper is organized as follows: In Sec. II we
present the model for the N + 1 QD device. In Sec. III we
show that in the appropriate parameter regime, the low-energy
properties can be described by an S = (N − 1)/2 ferromag-
netic Kondo model. Section IV presents the numerical results,
using the density matrix extension of Wilson’s numerical
renormalization group (DM-NRG), for the spectral density
of the central QD and the magnetic susceptibility. Finally, in
Sec. V we present our conclusions.

II. MODEL

We consider N + 1 QDs, with a single relevant electronic
level on each QD,1 coupled in a star configuration (see Fig. 1).
The device is described by the following Hamiltonian [19]:

H = HC + Ht + HV + Hel. (1)

Here HC describes the electrostatic interaction on the QDs,

HC =
N∑

�=0

⎛⎝ε�

∑
σ=↑,↓

n̂�σ + U�n̂�↑n̂�↓

⎞⎠, (2)

1For a small enough quantum dot, the transport properties are
governed by its lowest unoccupied or the highest occupied orbital.
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FIG. 1. (Color online) Schematic representation of a five-QD
device in a star configuration. The charging energies U� and hopping
matrix elements t� for each QD are indicated in the figure. VL and VR

are the tunnel couplings to the left and right electrodes, respectively.

where n̂�σ = d
†
�σ d�σ is the electron number operator of the

�th QD, U� > 0 is its charging energy, and σ is the electron
spin projection along the ẑ axis. The level energy ε� can
be controlled experimentally via a gate voltage Vg�, ε� �
−Cg�Vg�, where Cg� is the capacitance of QD � with its
corresponding gate electrode.

Ht =
∑

σ

N∑
�=1

(t�d
†
�σ d0σ + H.c.), (3)

describes the tunneling coupling between the central QD (� =
0) and the N side-coupled QDs. Finally,

HV =
∑

ν=L,R

∑
k,σ

(Vkνd
†
0σ cνkσ + H.c.) (4)

describes the coupling between the central QD and the left
(L) and right (R) electrodes, which are modeled by two
noninteracting Fermi gases:

Hel =
∑
ν,k,σ

εkc
†
νkσ cνkσ . (5)

III. LOW-ENERGY HAMILTONIANS

A. Decoupled impurity

We first analyze the nature of the eigenstates of HQD =
HC + Ht , which describes the system of QDs decoupled
from the electrodes. We focus on the regime with a single
electron on average on each QD, and we perform a Schrieffer-
Wolff transformation [valid for ε� < 0, ε� + U� > 0, and
t� � min(|ε�|,ε� + U�)] to decouple the high-energy empty
and double occupied states on each QD.

Up to second order on the tunnel coupling term Ht ,
the Hamiltonian reads HQD = HJ + HW + HC . Here HW

describes density-density interactions between the central and
the side-coupled QDs [20], and HJ describes the exchange
interaction between the central QD and the side-coupled QDs:

HJ =
N∑

�=1

J�S0 · S�, (6)

where S� = ∑
σσ ′ d

†
�

σσσ ′
2 d�σ ′ and σ is a vector composed

by the Pauli matrices σ = (σx,σy,σz). The antiferromagnetic

exchange couplings J� > 0 are given by

J� = 8t2
�

(
U0 + U�

(U0 + U�)2 − 4(ε0 − ε�)2

)
. (7)

For the spin Hamiltonian of Eq. (6), two sublattices can
be defined with no interaction between spins on the same
sublattice, one formed by the central QD (sublattice A) and the
other formed by the side-coupled QDs (sublattice B). Under
these conditions, the Lieb-Mattis theorem [21] states that the
ground state of the system has total spin S = |SA − SB |, where
SA (SB) is the maximum possible total spin on sublattice A (B).
This implies that the ground state of the isolated QD system
will have total spin S = (N − 1)/2.

If we consider identical couplings J� = J between the QDs,
the spin Hamiltonian reduces to an antiferromagnetic exchange
coupling HJ → JS0 · SD between the spin on the central QD
and the total spin of the side-coupled QDs SD = ∑N

�=1 S� and
it can be readily solved. The eigenstates of HJ can be obtained
adding the angular momenta of the two sublattices L =
S0 + SD. Using JS0 · SD = J (L2 − S2

D − S2
0 )/2 we obtain the

corresponding eigenvalues:

EL=SD± 1
2

= −J

2

[
∓ (SD + 1) + 1

2

]
. (8)

The minimum energy is obtained for the maximum possible
SD = N/2, which results in L = (N − 1)/2 as expected from
the Lieb-Mattis theorem. The corresponding eigenstate is

|L,Lm〉 = 1√
2SD + 1

(√
SD + Lm + 1

2
|↓〉

∣∣∣∣SD,Lm + 1

2

〉

−
√

SD − Lm + 1

2
|↑〉

∣∣∣∣SD,Lm − 1

2

〉)
, (9)

where SD = N/2, |σ 〉 and |SD,Sz〉 are the eigenstates of S2
0

and S2
D , respectively, with projections σ and Sz along the ẑ

axis, and Lm is the projection of the total angular momentum
along the same axis.

B. Ferromagnetic Kondo Hamiltonian

In this subsection, we include the coupling to the electrodes
and show that, in the appropriate parameter regime, the ferro-
magnetic Kondo model for an impurity spin S = (N − 1)/2
describes the low-energy spin dynamics of the N + 1 QD
device. Toward that end, it is convenient to rewrite the coupling
between the central QD and the electrodes [see Eq. (4)] as

HV = V
∑

σ

(d†
0σ c1σ + H.c.), (10)

where V = √∑
kν |Vkν |2 and c1σ = 1

V

∑
kν Vkνckνσ destroys

an electron on the state |�1〉 of the electrodes to which the
central QD is coupled.

To calculate the ferromagnetic coupling, we perform a
second-order perturbation theory in HV (Schrieffer-Wolff
transformation) neglecting potential scattering terms and re-
taining only the magnetic coupling between the band electrons
and the ground-state manifold of the isolated QD array [see
Eq. (9)]. Following the notation and procedure of Ref. [19] for
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J� = J we obtain an exchange coupling that is given by

JK =
〈L,Lm + 1|d†

0↑
1

HQD−Eg
d0↓ − d0↓ 1

HQD−Eg
d

†
0↑|L,Lm〉√(

L + 1
2

)2 − (
Lm + 1

2

)2
,

where L = SD − 1/2 = (N − 1)/2, Eg = EL=SD−1/2, and we
have neglected the energy of the conduction electrons, com-
pared to the charging energies, since we are focusing our
analysis on the low-energy properties of the system. We finally
obtain a ferromagnetic coupling

JK = − 16V 2

(N + 1)[J (N + 2) + 2U0]
(11)

for the Kondo Hamiltonian

HK = JKL · s + Hel, (12)

where s = ∑
σσ ′ c

†
1σ

σσσ ′
2 c1σ ′ is the spin operator of the local

state of the electrodes. This result, which extends the N = 2
analysis of Baruselli el al. to arbitrary N , assumes that the
ground-state manifold of the isolated QD is only relevant at
low energies. As we will see below, this is not the case if the
coupling to the electrodes is strong enough.

To show this, we perform the Schrieffer-Wolff transfor-
mation taking HV as a perturbation without projecting to the
ground-state manifold of the isolated QD array. We obtain the
following Hamiltonian:

H1 =
N∑

�=1

J�S0 · S� + JV S0 · s + Hel, (13)

where JV = 8V 2/U0 is an antiferromagnetic coupling. To
arrive at Eq. (13), we have discarded potential scattering terms
for simplicity, and we have assumed NJ� � U0. In the case
in which J� = J � JV , we expect the low-energy physics to
be dominated by the ground state of the isolated QD array,
and we project H1 into its manifold: H1 → 〈m|H1|m′〉, where
|m〉 ≡ |L,Lm〉. After the projection, the first term of H1 turns
into a constant that we discard. The projection of the second
term can be evaluated using the Wigner-Eckart theorem-based
result [22]:

〈m|S0|m′〉 = 〈m|S0 · L|m〉
L(L + 1)

〈m|L|m′〉, (14)

which for the states of Eq. (9) is

〈m|S0|m′〉 = − 1

N + 1
〈m|L|m′〉. (15)

The minus sign of the proportionality coefficient between S0

and L leads to a ferromagnetic coupling JK = −JV /(N + 1)
between s and L out of an antiferromagnetic coupling between
s and S0, and to recover HK as written in Eq. (12). Note,
however, that to calculate JV we have assumed NJ � U0. If
this is not the case, we obtain JV = 16V 2

(N+2)J+2U0
and recover

the Kondo coupling of Eq. (11) for the case J� = J .
In the general situation in which the J� are not all identical,

the Hamiltonian HJ no longer commutes with S2
D . The ground

state of the isolated QD array [which is described by Eq. (6)] is,
for a given Lm, a superposition of the N states that have total
spin angular momentum L = (N − 1)/2, of which a single

one has SD = N/2 while the remaining N − 1 states have
SD = N/2 − 1. It can therefore be written as

|L〉GS = cos θ

∣∣∣∣L,SD = N

2

〉
+ sin θ

∣∣∣∣L,SD = N

2
− 1

〉
, (16)

where θ is a real number. Projecting H1 into the ground-state
manifold, we obtain a Kondo coupling:

JK =
(

− cos2 θ

N + 1
+ sin2 θ

N − 1

)
JV , (17)

which, as we show in the following section, is always
ferromagnetic and attains its maximum absolute value for
uniform couplings (J� = J ). The minimum absolute value of
JK is zero and is obtained in the limit where one of the J�

couplings dominates over the others (e.g., J� �=1/J1 → 0).

C. Proof of JK < 0

Here we show that the Kondo coupling of Eq. (17) is
negative for arbitrary values of N and J� > 0. To calculate
JK from Eq. (17), only the coefficient θ from the ground-state
wave function of the isolated QD array [see Eq. (16)] needs
to be obtained. It can be calculated diagonalizing the N × N

Hamiltonian matrix associated with the ground-state subspace,
which we managed to do analytically for arbitrary N only in
a few highly symmetric cases. To show that the coupling is
ferromagnetic, however, it suffices to obtain a lower bound on
the value of cos2 θ . Toward that end, we propose a ground-state
wave function of the form

|ψ〉 =
∑

i

αi |Si〉, (18)

where the αi are real numbers and the

|Si〉 = 1√
2

(|↓↑ · · · ↑〉 − | ↑ · · · ↑↓
i

↑ · · · ↑〉) (19)

are “singlets” between the central QD and the ith QD, with
the rest of the spins parallel. Here, the ket |a0a1 · · · aN 〉 is a
state in the Fock basis where the spin projections along the
z axis for the spin-1/2 on each QD are given by the a�. The
|Si〉 form a nonorthogonal basis of the subspace with total
angular momentum L = (N − 1)/2 where the ground state is
to be found according to the Lieb-Mattis theorem. This makes
a variational calculation of the αi exact for the ground-state
wave function. Applying HJ to the proposed wave function,
the following linear combination of the |Si〉 is obtained:

HJ |�〉 =
∑

i

⎧⎨⎩−3

4
αiJi + 1

2

∑
j �=i

(
αi

Jj

2
− αjJi

)⎫⎬⎭|Si〉,

(20)

from which the variational energy Evar = 〈�|HJ |�〉 can be
calculated,

Evar = −3

4

∑
i

Ji

⎧⎨⎩∑
j

αiαj + 1

6

∑
j �=i,k �=j,k �=i

αjαk

⎫⎬⎭, (21)

165416-3

153
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which has to be minimized under the normalization constraint:

〈�|�〉 = 1

2

(∑
i

αi

)2

+ 1

2

∑
i

α2
i = 1. (22)

Since all the coefficients in the quadratic form of Eq. (21)
have the same negative sign, the αi that minimize it will also
have the same sign and can be chosen as positive (αi > 0)
without loss of generality. The coefficient θ can be calculated
from the projection of |�〉 on the state

|Lz = L,SD = N/2〉 =
√

2

N (N + 1)

∑
i

|Si〉, (23)

which leads to

cos θ = 〈�|Lz = L,SD = N/2〉 =
√

N + 1

2N

∑
i

αi . (24)

Replacing the calculated cos θ in Eq. (17) results in

JK = JV

N − 1

⎡⎣1 −
(∑

i

αi

)2
⎤⎦. (25)

Due to the positiveness of αi , we have(∑
i

αi

)2

=
∑

i

α2
i +

∑
i

∑
j �=i

αiαj �
∑

i

α2
i , (26)

which using the normalization condition of Eq. (22) leads to∑
i α

2
i � 1 and (∑

i

αi

)2

� 1. (27)

Combining Eqs. (27) and (25), we finally obtain JK � 0,
showing that the coupling is ferromagnetic. When one of the
couplings dominates over the others, J� �=1/J1 → 0, we have
α1 = 1, α� �=1 = 0, and JK = 0. The maximum JK in absolute
value is obtained for symmetric couplings J� = J for which

α� =
√

2
N(N+1) and JK = −JV /(N + 1).

D. Two-stage Kondo regime

The projection of H1 to the ground-state manifold of the
isolated QDs is justified if the energy gap between the ground
state and the first excited state is much larger than the coupling
energy to the electrodes. If we assume the opposite situation
JV � J�, the low-energy physics can no longer be described
by the ferromagnetic Kondo Hamiltonian. For J� → 0, the
model reduces to the usual spin-1/2 Kondo Hamiltonian, and
the local magnetic moment of the central QD is screened at
temperatures below the Kondo temperature [23],

T 0
K = D

kB

√
ρ0JV exp[−1/ρ0JV ], (28)

where D is a high-energy cutoff, and ρ0 is the local density
of states of the electrodes at the effective state |�1〉 evaluated
at the Fermi energy. The local density of states at the central
QD presents an Abrikosov-Suhl resonance of width ∼kBT 0

K ,
and the local low-energy properties can be described by a

Fermi liquid with quasiparticles having a renormalized mass
∝1/T 0

K [1].
If we turn on a small J� = J � kBT 0

K , the local spins on
the side-coupled QDs couple antiferromagnetically to the local
renormalized Fermi liquid at the central QD. This situation has
been analyzed for N = 1 using NRG and a slave-boson mean-
field approach in Ref. [24]. The main conclusion is that for
J < kBT 0

K there is a second Kondo effect with a characteristic
temperature:

T �
K ∼ T 0

K exp
[−πkBT 0

K/J
]
, (29)

which corresponds to a Kondo effect due to the antiferromag-
netic coupling J between a spin-1/2 and a Fermi liquid having
an effective bandwidth D̃ ∼ kBT 0

K and a local density of states
at the Fermi level ρ̃0 ∼ 1/πkBT 0

K .
As we show below, for N > 1 the situation is analogous to

the N = 1 case in the J � T 0
K regime. The main difference

is that for N = 1 the spin on the side-coupled QD is fully
screened, while for N > 1 the conduction electron channel
available at the central QD is unable to fully screen the local
magnetic moments at the side-coupled QDs, leading to an
underscreened Kondo effect. A numerical analysis shows that
the characteristic temperature of the underscreened Kondo
effect is well described by Eq. (29).

IV. NUMERICAL RESULTS

We calculate the thermodynamic and spectral properties
of the QD system using Wilson’s numerical renormalization
group [23,25–30] with the density matrix extension [31] and z

trick [30] to improve the accuracy of the low-temperature prop-
erties and the high-energy resolution of the spectral densities,
respectively. The electron bath provided by the electrodes is
characterized by the hybridization �(ω) = πρ0(ω)V 2, where
ρ0(ω) is the local density of states of the electrodes at the orbital
|ψ1〉 to which the central QD is coupled. For simplicity, we
take � as energy-independent and its support within the range
[−D,D], where D is the half-bandwidth of the conduction
electron band. In what follows, we select energy units such
that D = 1, and we take the Fermi energy at εF = 0.

A. Ferromagnetic to underscreened crossover (N = 2)

Figure 2 presents the zero-temperature spectral density
of the central QD A0(ω,T = 0) in an N = 2 device, with
identical QDs (U� = U , ε� = −U/2), for different values of
the interdot tunnel coupling t� = t . In this parameter regime,
there is a single electron on average on each QD. For t = 0,
we obtain an Abrikosov-Suhl resonance at the Fermi level
associated with the screening of the magnetic moment of the
central QD. The full width at half-maximum of the resonance
is ∼kBT 0

K and its height at the Fermi level A0(ω = 0) = 2/π�

according to Friedel’s sum rule [32] for the Anderson model.
There are also two peaks at ω � ε0 and U0 + ε0 associated
with charge fluctuations.

When a small coupling t between the QDs is included,
the spectral density develops a dip and vanishes at the Fermi
level. The dip is associated with the underscreening of the
magnetic moment of the side-coupled QDs and leads to a
complete suppression of the spectral density at the Fermi level

165416-4

154



FERROMAGNETIC AND UNDERSCREENED KONDO . . . PHYSICAL REVIEW B 92, 165416 (2015)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

-1 -0.5 0 0.5 1

π
Δ

A
0
(ω

)/
2

ω[U ]

t

0.0

1.0

-0.01 0 0.01
π
Δ

A
0
(ω

) /
2

ω[U ]

t

0.0

25.0

−20 −10 0

[π
Δ

A
0
(ω

) /
2]

−
1
/
2

ln(ω/T 0
K)

t

FIG. 2. (Color online) Spectral density of the central QD of a
device with two side-coupled QDs (N = 2). The parameters are
U� = U = 0.4, ε� = −U/2, � = 0.04π , and t� = t = 0, 0.015, 0.02,
0.025, 0.03, 0.05, 0.07, 0.09, 0.11, and 0.13. Left inset: plot of
A0(ω)−1/2 as a function of ln(ω) to make clear the singular behavior of
the spectral density at low energies for t �= 0. Right inset: low-energy
detail of the spectral density for t� = t = 0, 0.015, 0.02, 0.025, and
0.03.

at zero temperature. This dip can be interpreted in terms of a
Kondo hole formed as a consequence of the strong coupling
between the side-coupled QDs and the central QD. For N =
2, the vanishing of the spectral density at the Fermi level
is contrary to the expectations from Fermi liquid theory and
Luttinger’s theorem [33], which predict for this system in the
wide-bandwidth limit [34]

AFL
0 (ω = 0,T = 0) =

∑
σ

sin2(Nσπ )

π�
, (30)

where Nσ is the total occupancy per spin of the QD array.2 In
the absence of a magnetic field we have N↑ = N↓, and in the
electron-hole symmetric situation we have Nσ = (N + 1)/2
and

AFL
0 (ω = 0,T = 0) =

{
0 for odd N,

2/π� for even N.
(31)

For t > 0 the spectral densities of Fig. 2 do not satisfy
Eq. (31), indicating a non-Fermi-liquid (NFL) behavior and a
nonvanishing Luttinger integral [35]. In the left inset to Fig. 2
we plot [A0(ω)]−1/2 as a function of ln(ω), which shows a linear
behavior at low energies consistent with a singular behavior of
the form

A0(ω → 0) � b

ln2(|ω|/kBT0)
(32)

at low energies, as expected for the ferromagnetic and
underscreened Kondo models [6,36]. The width of the dip
increases with increasing t (see the right inset to Fig. 2) and
suppresses the Abrikosov-Suhl resonance. For large enough t

the Kondo effect associated with the screening of the central
QD does not develop and the system is in the ferromagnetic

2More precisely, the displaced charge. See Ref. [32].
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FIG. 3. (Color online) Behavior of the low-energy scale kBT0 as
a function of the interdot antiferromagnetic coupling J = 4t2/U for a
system with two side-coupled QDs. Other parameters are as in Fig. 2.
The lines represent the behavior of the Kondo temperature in the two
correlated regimes. The dashed style line is the Kondo scale for a
ferromagnetic model. The solid style line is a fit using the formula
for the second-stage Kondo temperature [see Eq. (29)] with fitting
parameters c1 = 0.9, c2 = 3.8.

Kondo regime. The behavior of the low-energy scale kBT0 as a
function of J = 4t2/U confirms this crossover from two-stage
underscreened to ferromagnetic Kondo effects for J ∼ kBT 0

K .
Fitting the numerical A0(ω → 0) using Eq. (32), we obtained
T0 as a function of J , which we plot in Fig. 3. The dependence
of T0 on J for J � kBT 0

K is consistent with an underscreened
Kondo regime T0 ∼ T �

K [see Eq. (29)]. For J � kBT 0
K , the

temperature scale T0 is consistent with a ferromagnetic Kondo
regime with a coupling JK given by Eq. (11).

The underscreened and ferromagnetic Kondo regimes can
also be identified through the behavior of the magnetic
susceptibility contribution χQD of the QD array as a function
of the temperature. The magnetic susceptibility χQD can be
calculated assuming a coupling term

HB = μ · B (33)

between the magnetic moment of the QD array μ =
geμB

∑
� S� and an external magnetic field B. For a free

total spin L, the temperature dependence of the magnetic
susceptibility follows a Curie law:

χQD = C

T
, (34)

where C = (geμB)2L(L + 1)/3 is the Curie constant. In the
general case, the spin in the QD is not free, and several
spin multiplets may be relevant at a given temperature.
It is nevertheless useful to define a temperature-dependent
magnetic moment squared, μ2(T ) = χQDT , to analyze the
screening processes. The QD array contribution to the mag-
netic susceptibility is calculated, using the NRG, from the
fluctuations of the magnetization at zero field subtracting
the contribution from the electrodes [23]. In Fig. 4 we plot
μ2 as a function of temperature. In the high-temperature
regime (kBT � U, t,�), all states of the QD array are equally
probable, which leads to μ2 ∼ 3/8(geμB)2, with each QD
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FIG. 4. (Color online) Magnetic moment squared of a triple QD
device as a function of the temperature for different values of the
interdot hopping t . All parameters are as in Fig. 2 except for the
t = 0 curve, which is not shown here. In the two-stage Kondo
regime (4t2/U � kBT 0

K ) there is a two-peak structure, while in the
ferromagnetic Kondo regime (4t2/U � kBT 0

K ) there is a single peak.
The expected values of μ2 in four limiting cases (see the text) are
indicated on the right axis. In the whole range of values of t , the
low-temperature behavior is logarithmic, as shown in the inset.

contributing ∼1/8(geμB)2 to the magnetic moment. For J �
kBT 0

K , μ2(T ) has two peaks as a function of the temperature.
The high-temperature peak at T ∼ U/kB is associated with
the formation of a spin-1/2 magnetic moment on each of
the QDs, which for three isolated QDs would lead to an
increase in μ2 up to 3/4(geμB)2. The Kondo screening of the
magnetic moment of the central QD leads to a decrease in μ2

as the temperature is lowered, which for J → 0 would reach
a plateau at 1/2(geμB)2 associated with the two remaining
uncoupled magnetic moments on the side-coupled QDs. The
low-temperature peak in μ2 is due to the coupling of the
magnetic moments of the side-coupled QD (through the central
QD) to form a triplet state with spin S = 1 [the magnetic
moment squared associated with a spin 1 is 2/3(geμB)2].
For lower temperatures, the spin triplet is partially screened
by the Kondo quasiparticles at the central QD, leading to a
residual magnetic moment μ2

0 = 1/4(geμB)2 as T → 0, due
to an asymptotically free spin-1/2.

As J increases (t increases), the two peaks in μ2 decrease
their amplitude, and for J � kBT 0

K the low-temperature peak
disappears. In the latter regime, the magnetic moments of the
QDs couple to form a spin-1/2 at a temperature T ∼ J/kB , and
the two screening processes of the J � kBT 0

K regime do not
take place. The spin-1/2, which is coupled ferromagnetically
to the electrodes, decouples asymptotically as the temperature
is lowered [37], leading to a zero-temperature magnetic
moment μ2

0 = 1/4(geμB)2.
In the whole range of values of t �= 0 explored, the low-

temperature magnetic moment presents a singular behavior of
the form

μ2 ∼ μ2
0

(
1 − 1

ln(T/T̃0)

)
, (35)

as expected from the Bethe ansatz solutions of the under-
screened and ferromagnetic Kondo models [38–40]. This is
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FIG. 5. (Color online) Spectral density of the central QD A0(ω)
for devices with N = 1, 2, 3, 4, and 5 side-coupled QDs. The
devices are in the two-stage Kondo regime J = 0.004. The other
parameters are U0 = 0.4, ε0 = −0.2, and � = 0.04π . Left inset:
plot of A0(ω)−1/2 as a function of ln(ω) to make clear the singular
behavior of the spectral density at low energies for N > 1. Right
inset: low-energy detail of the spectral density.

illustrated in the inset to Fig. 4 plotting (μ2 − μ2
0)−1 and a

function of ln(T ). Fitting the μ2 data with the expression of
Eq. (35), we find μ2

0 � 1/4(geμB)2 and a temperature scale
T̃0 ∼ T0.

B. N dependence of the low-energy properties

To reduce the computational cost of the numerical calcula-
tions, we consider in what follows a weak interdot coupling
regime where we can decouple the degrees of freedom
associated with the empty and double occupied states in the
side-coupled QDs and describe the coupling between QDs
using Eq. (6). For simplicity, we also focus our analysis on
the electron-hole symmetric situation and J� = J . We have
checked numerically that our conclusions hold for a wide range
of parameters where these conditions are not met, breaking
the electron-hole symmetry and the symmetry of the exchange
couplings.

The analysis of the previous section can be extended for
any number of side-coupled quantum dots. As was shown
in Sec. III C, for a weak coupling of the central QD to
the electrodes kBT 0

K � J , the low-energy Hamiltonian of
the system is a ferromagnetic Kondo model for a spin S =
(N − 1)/2. As we show below, in the opposite situation in
which J � kBT 0

K this is not the case. As the temperature
is lowered below T 0

K , the magnetic moment of the central
QD is screened, and at lower temperatures (T < J/kB) a
magnetic moment S = N/2 forms on the side-coupled QDs,
which is partially screened below a characteristic temperature
∼T �

K � T 0
K .

Figure 5 presents the spectral density of the central QD for
systems with up to five side-coupled QDs. The systems are
in the two-stage Kondo regime, and A0(ω) presents the same
qualitative features for all values of N . Two charge-transfer
peaks associated with the spectrum of the central QD are
located at ω = ε0,U + ε0 and a central peak of width T 0

K with a
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FIG. 6. (Color online) Same as in Fig. 5 for devices with N = 2,
3, 4, and 5 side-coupled QDs in the ferromagnetic Kondo regime,
J = 0.4. Left inset: plot of A0(ω)−1/2 as a function of ln(ω) to make
clear the singular behavior of the spectral density at low energies
for N > 1. Right inset: N dependence of the low-energy scale kBT0.
Numerical data (filled dots) and theory (dashed style line).

dip at the Fermi level of width ∼kBT �
K . Due to the electron-hole

symmetry considered, the spectral density vanishes exactly at
the Fermi level, which disagrees with the expectations from
Fermi liquid theory for odd N . The ground state, however, is
not a Fermi liquid for any N > 1. The right inset in Fig. 5
shows that the quadratic behavior expected for a Fermi liquid
is only obtained for N = 1. For larger values of N the spectral
density vanishes logarithmically, as described by Eq. (32),
which is confirmed plotting A0(ω)−1/2 as a function of ln(ω)
(see the left inset in Fig. 5).

The spectral density in the ferromagnetic Kondo regime is
presented in Fig. 6 for systems with up to five side-coupled
QDs. There is no Abrikosov-Suhl resonance in this case, but
there is a suppression of the density of states at low energies.
For ω → 0, a logarithmic behavior is obtained (see the left
inset in Fig. 6) with a characteristic scale T0 that is shown in the
right inset of the figure. T0 shows the expected behavior T0 ∼
D/kB

√|ρ0JK | exp(−1/ρ0JK ), with JK given by Eq. (11), as a
function of N , which is presented as a dashed line in the figure.

The low-energy thermodynamic properties show a different
behavior as a function of the temperature in the ferromagnetic
and two-stage Kondo regimes. Figure 7 presents the magnetic
moment squared μ2(T ) of the QD array as a function of the
temperature. We also present, as a reference, the values of
μ2(T ) for the QDs decoupled from the electrodes (V = 0).
As expected in both the ferromagnetic Kondo and the under-
screened Kondo regimes, the low- and high-temperature limits
coincide with the isolated QD array results. In the T → 0 limit,
both in the underscreened and in the ferromagnetic Kondo
regimes, the QD array has a magnetic moment μ2

0 = μ2(T =
0) = S(S + 1)/3 = (N2 − 1)/12 as expected for a spin S =
(N − 1)/2 ferromagnetically coupled to the electrodes and to
a spin S = N/2 underscreened by the conduction electrons. In
the opposite limit, kBT � V,J�,U0, the QD array is effectively
decoupled from the electrodes and from each other, and there
is a contribution to the magnetic moment of N/4 from the
side-coupled QD and of 1/8 from the central QD leading to
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FIG. 7. (Color online) Magnetic moment squared of the QD
array for devices with N = 2, 3, 4, and 5 QDs side-coupled
to the central QD. (a) Two-stage Kondo regime (J = 0.004).
(b) Ferromagnetic Kondo regime (J = 0.4). The other parameters
are as in Fig. 5. The dashed lines correspond to the magnetic moment
squared for the isolated QD array (V = 0).

μ2(T → ∞) = (2N + 1)/8. In both regimes, μ2 approaches
the zero-temperature limit in a logarithmic way, as described
by Eq. (35) with μ2

0 � (N2 − 1)/12 and T̃0 ∼ T0.
In the ferromagnetic Kondo regime, μ2(T ) deviates only

slightly from the isolated QD array results. The coupling to the
electrodes produces a small deviation that vanishes logarithmi-
cally as the temperature is lowered and the QD array effectively
decouples from the electrodes. In the underscreened Kondo
regime, however, the behavior of μ2(T ) is more complex and
the two Kondo screening processes can be observed as the
temperature is lowered. For kBT � U0, a magnetic moment
forms in the central QD, leading to an increase in μ2, which at
lower temperatures is screened by the conduction electrons.
For thermal energies lower than J , the spins on the side-
coupled QD form a magnetic moment associated with a spin
S = N/2 leading to a peak in μ2 that reaches ∼N (N + 1)/12
for kBT ∼ J . The magnetic moment is partially screened
leading to a logarithmic reduction of μ2 as T → 0.

V. SUMMARY AND CONCLUSIONS

We have analyzed the properties of an N + 1 QD dot device
in a star configuration, and we showed that, as a function of the
tunnel coupling V between the central QD and the electrodes,
there is a crossover between a ferromagnetic Kondo regime and
a two-stage Kondo regime. In the weak-coupling regime, the
low-energy properties are described by a ferromagnetic Kondo
Hamiltonian for a spin S = (N − 1)/2 impurity. In the strong-
coupling regime, two Kondo effects take place successively as
the temperature is lowered: a first stage where the spin-1/2 of
the central QD is screened by a regular Kondo effect, and a
second stage where a spin S = N/2 in the side-coupled QDs
is partially screened and reduced to a spin S = (N − 1)/2 in
the ground state. In the full range of values of V �= 0, the
ground state of the system has spin S = (N − 1)/2 and the
low-energy dynamic and thermodynamic properties have a
singular behavior.
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A numerical analysis of systems with up to five side-
coupled QDs shows a singular behavior in the low-energy
spectral density of the central QD, which determines the
linear transport properties of the device and is accessible
experimentally via spectroscopic measurements, in which one
of the electrodes is weakly coupled to the central QD. We will
present in a forthcoming publication the thermoelectric and
magnetoelectric properties of the device, which also show clear
signatures of the singular low-energy behavior of the device
and allow us to distinguish the different strongly correlated
regimes.

This QD device would allow the observation of the so far
elusive ferromagnetic Kondo effect for a spin S � 1/2 and the

underscreened Kondo effect for a spin S � 1. Devices with
more than five QDs may be difficult to construct, therefore
limiting the maximum value of the spin in the impurity models.
The models described could be also applied to magnetic
molecules coupled to electrodes or arrays of magnetic atoms
on metallic surfaces [41].
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Using different techniques, and Fermi-liquid relationships, we calculate the variation with the applied magnetic
field (up to second order) of the zero-temperature equilibrium conductance through a quantum dot described by
the impurity Anderson model. We focus on the strong-coupling limit U � �, where U is the Coulomb repulsion
and � is half the resonant-level width, and consider several values of the dot level energy Ed , ranging from the
Kondo regime εF − Ed � � to the intermediate-valence regime εF − Ed ∼ �, where εF is the Fermi energy. We
have mainly used the density-matrix renormalization group (DMRG) and the numerical renormalization group
(NRG) combined with renormalized perturbation theory (RPT). Results for the dot occupancy and magnetic
susceptibility from the DMRG and NRG + RPT are compared with the corresponding Bethe ansatz results for
U → ∞, showing an excellent agreement once Ed is renormalized by a constant Haldane shift. For U < 3� a
simple perturbative approach in U agrees very well with the other methods. The conductance decreases with the
applied magnetic field for dot occupancies nd ∼ 1 and increases for nd ∼ 0.5 or nd ∼ 1.5 regardless of the value
of U . We also relate the energy scale for the magnetic-field dependence of the conductance with the width of the
low-energy peak in the spectral density of the dot.

DOI: 10.1103/PhysRevB.92.195113 PACS number(s): 75.20.Hr, 71.27.+a, 72.15.Qm, 73.63.Kv

I. INTRODUCTION

In past years an enormous amount of research in the field
of nanoscience has been devoted to the transport through
semiconducting [1–7] and molecular [8–17] quantum dots
(QDs) and to manifestations of the Kondo effect in these
systems. The semiconducting QDs are artificial atoms created
in two-dimensional electron gases by a suitable application of
electrostatic voltages and are characterized by a high tunability
of the parameters. By contrast in the molecular QDs, the
molecule itself can be changed.

Many of these systems are described by the Anderson model
for a magnetic impurity with spin-1/2 [Eq. (1) below], with
constant hybridization V between the impurity level and the
conduction electrons, whose unperturbed density of states, ρ,
can also be assumed to be constant. The main parameters
of this model can be taken as the energy Ed of the level
localized in the QD relative to the Fermi energy, which we
take as εF = 0, half the resonant level width � = πρV 2 (in the
literature sometimes the total width � = 2� is used), and the
Coulomb repulsion U . As we shall see, the conduction electron
bandwidth 2D also plays a role, although a minor one. In the
Kondo regime, −Ed � � and Ed + U � �, all quantities
depend on a single energy scale, TK ∼ D

√
ρJ exp[−1/(ρJ )],

with J = 2V 2U/[−Ed (Ed + U )] [18], and the localized spin
at the QD is compensated by the conduction electrons resulting
in a singlet ground state and maximum conductance (unitary
limit) at temperatures T � TK [4,6].

*aligia@cab.cnea.gov.ar

Recent experiments have studied the scaling laws for the
conductance through one QD in the Kondo regime for small
(�TK ) bias voltage Vb, temperature T , and applied magnetic
field [5,6,14]. This stimulated further theoretical work on
the subject concentrated mainly on the effect of a finite
(although small) bias voltage, which is a tough nonequilibrium
problem [19–26]. While it would be desirable to express
the nonequilibrium properties in terms of thermodynamic
ones, this task seems possible only for a limited number
of coefficients in the expansion of the conductance [24].
Instead, at T = 0 and at equilibrium (Vb = 0), the magnetic-
field dependence of the conductance, characterized by the
coefficient cB which was addressed theoretically recently
[27–29], can be expressed in terms of the magnetic suscep-
tibility and the second derivative of the dot occupancy with
respect to the magnetic field ∂2nd/∂B2 (Ref. [28]), using an
extension of the Friedel sum rule [30] to a finite magnetic field
for a spin conserving impurity model [31,32], used before in
magnetotransport through quantum dots [33–35].

The effects of the magnetic field in systems of one and sev-
eral QDs have been studied before experimentally [1,36–40]
and theoretically [33,34,41–49] using several methods. The
coefficient cB has been calculated using the numerical renor-
malization group (NRG) and a “superperturbation” approach
[25] recently [27,29]. Unfortunately, the results presented in
Ref. [27], while fixed to the exact value (π/4)2 at the symmetric
point Ed = −U/2 for which the dot occupancy nd = 1 [see
Eq. (6)], become increasingly inaccurate as the system moves
towards the intermediate valence regime, because they miss
a term proportional to ∂2nd/∂B2 (Ref. [28]). The effect of
this term is responsible for the difference between the top line
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FIG. 1. (Color online) cB vs Ed for U = 3� obtained by different
methods.

and the middle line in Fig. 1. However well inside the Kondo
regime, for large U and 0.85 � nd � 1.15, the deviation is
only a few percent [50]. Correct results were later presented
[29], but only in the weak-coupling regime U � 3�. For
U → ∞, the coefficient cB was calculated using a slave-boson
mean-field approximation (SBMFA) [28]. However, direct
comparison with the NRG results shows that the SBMFA does
not provide a reliable dot occupancy nd [52], and since nd and
its second derivative with respect to the magnetic field enter
the expression of cB [see Eq. (6)], the results of Ref. [28] are
only qualitatively valid.

On the other hand, for U � 3�, the possibility to reach the
Kondo regime (−Ed � � and Ed + U � �) is questionable
and limited in any case to the symmetric situation Ed = −U/2.
In general, in the Kondo regime, the spectral density presents
two charge-transfer peaks at Ed and Ed + U of total width
4� and a Kondo peak at the Fermi energy of total width
∼2TK [53–55]. In the symmetric case Ed = −U/2, only one
peak (at the Fermi level) is present for U � 3� [56], and
as we discuss in this work, its half width at half maximum
for U = 3� is 0.54�. The similarity of all energy scales
and in particular the large TK implies that one has to reach
magnetic-field energies gμBB of the order of U to obtain a
splitting in the spectral density twice gμBB [34], which is a
distinctive signature of Kondo physics [41–44,60]. For smaller
magnetic fields the splitting is smaller. A splitting roughly
consistent with 2gμBB was observed in nonequilibrium
transport through QDs [1,36–38]. More recent experiments
obtain a somewhat larger splitting. This is probably due to
the fact that these experiments should not be interpreted in
terms of the equilibrium spectral density and nonequilibrium
calculations are necessary [34,45–47]. In any case, to detect
clearly the splitting one needs devices for which TK � U .

Experimentally in semiconductor QDs a wide range of
values of U/� are possible. Typical values of U are around
1–2 meV [1,5,7], and � can vary between 10 and 200 μeV,
leading to ratios U/� near 10 in the first experiments [1], 2
and 4.5 in the two devices studied by Kretinin et al. [6], and
larger than 50 in a recent system of two QDs [7]. In contrast in
molecular QDs the expected order of magnitude of U is ∼1 eV

for small molecules [13,16] or ∼0.1 eV for large molecules
[9], while typical values of � are of the order of ∼1 meV
[13,16]. Thus, the ratio U/� is several orders of magnitude
and in practice one can take U → ∞. These facts indicate the
need to extend the reliable calculations of cB (so far limited to
the weak-coupling regime U � 3�) to more realistic values.

In addition, the molecular QDs are characterized by a
high asymmetry of the coupling of the QD to the leads, and
as a consequence, the shape of the differential conductance
G = dI/dVb near zero applied bias voltage Vb reproduces the
spectral density of the Kondo peak [55,61]. This renders it
possible to relate the energy scale of cB with the width of the
measured zero-bias anomaly as we discuss.

In this work we calculate cB as a function of Ed for several
values of U and in particular in the strong-coupling limit U →
∞. We also calculate the half width at half maximum �ρ of
the low-energy peak in the spectral density of the dot for
for several values of Ed and U . As Ed increases from the
symmetric case Ed = −U/2, cB decreases, changes sign in
the intermediate-valence regime Ed ∼ 0 (where the occupancy
nd ∼ 0.6), and becomes large and negative in the empty-orbital
regime Ed > 0. As a function of nd , cB looks qualitatively
similar for all values of U .

The paper is organized as follows. In Sec. II we present
the model and equations that relate cB with thermodynamic
quantities. In Sec. III we describe briefly the different methods
used. Section IV contains the results and Sec. V is a summary.

II. MODEL AND FORMALISM

The model is an Anderson impurity one in which a single
localized level in a QD is hybridized with two conducting
leads,

H =
∑
νkσ

ενkc
†
νkσ cνkσ +

∑
σ

Edndσ + Und↑nd↓

+
∑
νkσ

(Vνkd
†
σ ckσ + H.c.) − gμBBsz, (1)

where c
†
νkσ creates a conduction electron at the lead ν with

momentum k and spin σ in the conduction band, d†
σ creates

an electron in a localized level of the QD, ndσ = d†
σ dσ ,

and sz = (nd↑ − nd↓)/2. By considering appropriate linear
combinations of the electrons of both leads, the model is
mapped into a single-channel model with resonant-level half
width at half maximum � = π

∑
νk |Vνk|2δ(ω − εk), which

we assume to be independent of energy ω.
At zero temperature (T = 0) and at equilibrium (bias

voltage Vb = 0), the contribution to the conductance of each
spin for a given magnetic field Gσ (B) is proportional to the
corresponding density of states of the dot level ρdσ (ω,B) at the
Fermi energy ω = 0 [55,62]. In turn, this quantity is related to
the occupancy for the corresponding spin by the Friedel sum
rule [30] generalized to finite B [31–33]:

ρdσ (0,B) = sin2(πndσ )

π�
, (2)

where for simplicity we denote as ndσ the expectation value
of the corresponding operator. This allows us to express the
change of conductance by an applied magnetic field in terms
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of the occupancies:

G(B)

G(0)
= ρd↑(0,B) + ρd↓(0,B)

ρd↑(0,0) + ρd↓(0,0)
. (3)

Expanding ndσ up to second order in B one has [28]

ndσ (B) = nd

2
+ χB

gμB

σ + ∂2nd

∂B2

B2

4
+ O(B3), (4)

where nd = nd↑ + nd↓, χ is the magnetic susceptibility, σ = 1
(−1) for spin up (down), and the quantities in the second
member except B are evaluated at B = 0.

From these equations, and defining cB and T0 (an energy
scale of the order of TK ) by [27–29]

G(B)

G(0)
= 1 − cB

(
gμBB

T0

)2

, χ = (gμB)2

4T0
, (5)

one obtains

cB = π2

16
(1−c2)−c

π

2

(
T0

gμB

)2
∂2nd

∂B2
, with c= cot

(πnd

2

)
.

(6)

III. METHODS

As explained in the previous section, the calculation of the
coefficient cB that describes the magnetic-field dependence of
the conductance at equilibrium and zero temperature reduces
to the calculation of the dot occupancy nd , the magnetic
susceptibility χ , and the second derivative of the occupancy
with the magnetic field ∂2nd/∂B2. We have used four methods
to calculate these quantities.

A. Density-matrix renormalization group

We used the density-matrix renormalization group
(DMRG) [63] to solve the impurity Anderson model for
U/� = 3 and 8 and also for the infinite U case. The band was
discretized using a Wilson chain [18], with the discretization
parameter . This presents benefits that have already been
introduced in the literature [64–66]. In the range of parameters
considered, the results do not change significantly when
increasing the number of sites N beyond a certain value
N∗(), as we have numerically verified for several values
of . We found that setting  = 4, N = 50, and retaining
m = 600 states was enough to assure convergence, being the
truncation error (the weight of the neglected states in the
density matrix) 10−6 in the worst case, reassuring the reliability
of the calculation. The DMRG results in this paper correspond
to these values of , N , and m.

As a consequence of this discretization, the density of
conduction states at the Fermi level ρ(0) decreases with
respect to the continuum limit  → 1. We have calculated
ρ(0) numerically for the Wilson chain without the dot and
determined the hybridization V of the dot with the first site
of the chain from the condition πρ(0)V 2

 = �.
We have chosen a half bandwidth D = 100� since the

ratio D/� is very large in real systems. We have calculated
the ground-state energy and the occupancy of the impurity for
different values of the magnetic field B, which was applied to
the impurity site only, as in Eq. (1). For the calculation of the

susceptibility and ∂2nd/∂B2, the general criterion used was
to calculate the ground-state energy and magnetization at the
dot for ten different values of the magnetic field B such that
Bmin < B < Bmax, where gμBBmin = 0.005T 0

K , and Bmax ≈
150Bmin. The curves were smooth and very well approximated
by linear or quadratic polynomials, depending on the case.
The susceptibility was calculated both as the derivative of the
magnetization of the dot with respect to B fitting the curve with
a straight line through the origin and as the second derivative of
the ground-state energy with respect to B fitting with a quartic
polynomial and extracting the coefficient of the quadratic term.
In all cases the agreement was complete.

B. Numerical renormalization group plus renormalized
perturbation theory

We have used the standard NRG [67,68] to calculate the
occupancy nd and its second derivative with respect to the
magnetic field ∂2nd/∂B2. The latter was obtained calculating
nd for nearly ten different magnetic fields in the interval 0 <

gμBB < �̃, where �̃ is defined below, and fitting the points
with a B2 dependence.

We used the discretization parameter  = 3.5 and truncated
the spectrum, after the fifth iteration, keeping up to 2000 states.
In contrast to the DMRG calculations, we take D = 10� and
do the numerical calculations using the hybridization V =√

AV between the dot and the first conduction site in the
Wilson chain, where � = πV 2/(2D) and

A =  + 1

2 − 2
ln. (7)

This expression has been suggested to obtain the correct Kondo
temperature in the Kondo limit [67,69].

For the magnetic susceptibility χ one has the problem
that in the Kondo regime (large U and � � |Ed |,Ed + U ) it
oscillates as the iterations increase (lowering the temperature).
One way to solve this problem is to use  � 1 and average
over several realizations of the logarithmic grid [70], but we
obtained only a moderate improvement. A better method is to
use the full density matrix within the NRG, although still in
the strong-coupling limit; values of the Wilson ratio R above
2 and about 3% larger than the exact ones were obtained [70].
Here we have obtained renormalized parameters Ẽd , �̃, and Ũ

that describe the low-energy physics, following the procedure
explained by Hewson et al. in Ref. [71]. The only difference is
that we interpret that in Eq. (42) of that paper, the first member
refers to �̃, the renormalized � for  �= 1, which is related
to �̃ by �̃ = A�̃. From the renormalized parameters,
the susceptibility is obtained accurately using renormalized
perturbation theory (RPT) to second order in Ũ/(π�̃) [32].
The result is

χ = (gμB)2ρ̃d (0)R/2, (8)

where the Wilson ratio and the quasiparticle spectral density
at the dot are

R = 1 + Ũ ρ̃d (0), (9)

ρ̃d (ω) = �̃/π

(ω − Ẽd )2 + �̃2
. (10)
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Using this procedure we obtain for example for U = 10�

and Ed = −U/2, a Wilson ratio R = 1.9939, while the exact
result from the Bethe ansatz (see Sec. III C) is 1.9957 and the
NRG with the full density matrix gives 2.024 [70].

The quasiparticle spectral density is modified by the
renormalized interaction Ũ [32]. To calculate the width of
the resulting renormalized spectral density we use ordinary
perturbation theory (PT) [57,58] to second order in Ũ/(π�̃),
taking Ẽd as the effective dot energy. Since even for U → ∞,
Ũ/(π�̃) is of the order of 1 (see Table II), the second-order
results are accurate enough. To illustrate the consistency of
the procedure, if one uses directly PT for U = 3� in the
symmetric case Ed = −U/2, one obtains a half width at half
maximum �ρ of the low-energy peak in the spectral density
of the dot, only about 2% higher (�ρ = 0.558�) than the
result �ρ = 0.545� that comes from determining first the
renormalized parameters by NRG and then using PT. As T0,
�ρ is also of the order of the Kondo temperature TK in units
for which the Boltzmann constant kB = 1.

C. Bethe ansatz

As a check to the results obtained with the methods
described above, we have calculated the occupancy and
magnetic susceptibility for U → ∞ and several values of
a shifted dot energy E∗

d at T = 0 using integral analytical
expressions obtained with the Bethe ansatz in Ref. [72] and
as a particular case of a more general model in Ref. [73].
Some tricks to deal with singularities in the integrals were
used, which are explained in the Appendix of Ref. [74].
Unfortunately, obtaining an analytical exact expression for
the second derivative of the occupancy with the magnetic field
∂2nd/∂B2 is very difficult and is beyond the scope of the
present paper. This precludes giving exact results for cB out of
the symmetric case Ed = −U/2.

In the symmetric case, Zlatić and Horvatić have shown
that the exact results for the magnetic susceptibility and
the quasiparticle weight z = �̃/� can be expressed as a
convergent power series [75]. We have evaluated this series
using a FORTRAN program in quadruple precision. From these
results we have derived the renormalized parameters and the
Wilson ratio for comparison.

D. Interpolative perturbative approximation

For small values of U/� one may use the interpolative
perturbative approximation (IPA), which is a modification of
the PT approach to second order in U/� modified to reproduce
exactly the atomic limit U/� → +∞ [76–79]. In addition, the
on-site term is split as

∑
σ Edndσ = ∑

σ Eeff
d ndσ + ∑

σ (Ed −
Eeff

d )ndσ , where the second term is included in the perturbation
and Eeff

d is determined to optimize the results. In particular,
in Ref. [79], Eeff

d was determined to satisfy the Friedel sum
rule. Results for the conductance through a QD using the IPA
[80] agree with more recent ones using the finite-temperature
DMRG method [81].

Here we use the spin-dependent version in which Eeff
dσ

depends on spin and is determined self-consistently for each
spin to satisfy the corresponding Friedel sum rule, Eq. (2)
[34]. Comparison with exact results without the magnetic

field shows that the IPA provides very accurate values for the
occupancy nd as a function of Ed for U/� � 6. The maximum
deviation is less than 1% for U/� = 6 [74].

IV. RESULTS

In this section, we provide results of the coefficient cB of
the magnetic-field dependence of the conductance [see Eq. (5)]
and the energy scale T0 as a function of the energy level of
the QD Ed which is easily controlled by a gate voltage in
transport experiments. Since T0 is determined by the magnetic
susceptibility χ [see Eq. (5)], which is not accessible in
transport experiments, we also provide a relation between T0

and the half width at half maximum of the spectral density
�ρ . In experiments with high asymmetry in the coupling
between the dot and both leads and in the Kondo regime,
the differential conductance as a function of bias voltage
G(Vb) = dI/dVb directly represents the Kondo peak in the
spectral density [55,61]. For less asymmetry and entering in the
intermediate-valence regime, the half width at half maximum
of the zero-bias peak in G times the electric charge e (�G)
increases to about 1.6 �ρ but remains of the same order of
magnitude for U → ∞ [55]. We focus our study on three
values of U/�: 3, which is the largest value for which previous
NRG results were reported [29]; U → ∞, which corresponds
to the molecular QDs; and an intermediate case, U/� = 8,
which is a reasonable value for semiconducting QDs in the
Kondo regime.

A. U/� = 3

In Fig. 1 we represent the coefficient of the magnetic-field
dependence of the conductance [see Eq. (5)] as a function
of the on-site energy for U = 3� and three different methods.
Because of a particular electron-hole symmetry (see Sec. II C 1
of Ref. [51]), cB(Ed ) = cB(−U − Ed ), or in other words,
for −U � Ed � −U/2, cB is the specular image around
Ed = −U/2 of the results represented in Fig. 1. Our DMRG
(NRG + RPT) results were obtained in intervals of �/4 (�/2)
between the symmetric case Ed = −U/2 and Ed = 0. These
results agree between them and also with the corrected NRG
ones of Merker et al. [29]. To compare with these results, we
have digitalized the results of c′

B given in Fig. 1 of Ref. [29]
and used the relation

c′
B

cB

=
(

T
sym

0

T0

)2

=
(

χ

χ sym

)2

, (11)

where the superscript “sym” refers to the symmetric case Ed =
−U/2. There is a small discrepancy for Ed = 0, where the
results of Merker et al. [29] lie slightly above ours. This might
be due to the fact that their results were calculated directly
from the conductance, while ours use only thermodynamic
quantities and are expected to be more accurate. In fact we
have also calculated cB from the conductance derived from the
spectral density calculated with the full-density-matrix NRG
for a few points, but the results show some deviations from the
results obtained with the DMRG and the NRG + RPT using
Eq. (6).

We also show in Fig. 1 the result of cB within the
DMRG including only the first term of cB [neglecting the
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second negative term proportional to ∂2nd/∂B2 in Eq. (6)]
and compare with it the corresponding result in Fig. 6 of
Ref. [27]. There is again a good agreement with the results
of Ref. [29], indicating a coincidence (except for deviations
imperceptible in the figure) between the corresponding results
for the occupancy nd in the range of Ed studied. Although not
shown in the figure, the first term of cB (which depends only
on the occupancy nd ) within the NRG + RPT and the IPA also
coincides with the results shown, because all these methods
provide accurately values for nd . Instead the full result requires
the calculation of the magnetic susceptibility χ and ∂2nd/∂B2

for which the IPA fails at large U as explained below.
The correction due to the second derivative of the occu-

pancy, being moderate for nd > 3/4 [50], becomes significant
in the intermediate-valence regime nd ∼ 0.5, in particular
at Ed = 0, where it leads to a change of sign in cB . The
effect of this correction (or in general the difference between
different approximations for cB) is not so evident in the
curve c′

B vs Ed because the magnetic susceptibility decreases
strongly as Ed enters in the intermediate-valence regime
(particularly for large U ) and then the values of |c′

B | are largely
reduced with respect to cB [by a factor of 5.5 according to
Eq. (11) for Ed = 0]. The different approaches lead to the
exact result cB = c′

B = π2/16 ≈ 0.617 in the symmetric case
Ed = −U/2 [27–29,82], and for large enough U the values
of c′

B lie near zero for Ed = 0, even neglecting ∂2nd/∂B2,
because of the factor (T sym

0 /T0)2.
The values of cB obtained using the IPA lie slightly below

those of the other methods (in c′
B vs Ed the maximum deviation

is near 0.02). We have verified that the occupancy is very
well reproduced by the IPA (with an underestimation of the
order of 1%) in agreement with a previous comparison with
Bethe ansatz results [74]. Therefore, the first term (positive in
the range of Ed shown) of cB in Eq. (6) is well reproduced.
However, the remaining negative term is overestimated due to
an underestimation of the magnetic susceptibility χ (overesti-
mation of T0) by 6% and an overestimation of ∂2nd/∂B2 that
reaches of the order of 10% for Ed near −�. The accuracy
of the IPA depends strongly on the perturbation parameter
U/(π�). For example in the symmetric case Ed = −U/2, the
IPA result for χ is below the Bethe ansatz results by 15% for
U = 4� and by only 1.4% for U = 2�.

One disadvantage of cB with respect to c′
B is that the

energy scale used as a reference, T0, depends on Ed [see
Eq. (5)] and one needs to know two numbers for each Ed

(cB and T0) to describe the magnetic-field dependence of the
conductance. An advantage is that T0 is of the order of the
Kondo temperature, which in turn is proportional to the width
2�G/e of the zero-bias peak in the conductance (which is
experimentally accessible) and to the width 2�ρ of the spectral
density of the dot state. All these quantities are of the order
of the quasiparticle level width �̃. In Table I we give values
obtained from the RPT + NRG of these quantities, except �G.
This width is addressed in Ref. [55] where it is shown that in
the Kondo regime for strongly asymmetric leads (as usual in
molecular QDs) �G = �ρ [61].

The Bethe ansatz result of �̃ for Ed = −1.5� is 0.6522,
slightly larger than the RPT + NRG result 0.639 tabulated.
This is due to the fact that for this calculation we used a finite
half bandwidth D = 10� that affects the Kondo temperature.

TABLE I. Effective parameters, half width of the spectral density
�ρ , and ratio �ρ/T0 obtained from NRG + RPT for U = 3� and
several values of Ed .

Ed/� �̃/� Ẽd/�̃ Ũ/(π�̃) �ρ/�̃ �ρ/T0

−1.5 0.639 0 0.738 0.835 0.944
−1 0.671 0.196 0.732 0.848 0.885
−0.5 0.754 0.421 0.716 0.883 0.766
0 0.845 0.700 0.698 0.930 0.581

However the Wilson ratio 1.738 is almost the same as the
exact one, 1.741. The ratio �ρ/T0 evolves from near 1 in the
symmetric case Ed = −U/2 to near 1/2 for Ed = 0. From the
data given in Table I and Fermi-liquid relations one can obtain
the occupancy

nd = 1 − 2

π
arctan

(
Ẽd

�̃

)
, (12)

which coincides in general within 1% with the corresponding
result obtained directly with the NRG.

B. U → ∞
Experimentally, the on-site energy of the dot level Ed is

controlled by the gate voltage and determined by capacitance
effects of all applied gate voltages [7,55,83,84] (see for
example the Supplemental Material of Ref. [7]). The position
of the Coulomb blockade edges and the related charge-transfer
peaks in the spectral density of the dot level are determined
by a shifted energy E∗

d which contains the effects of a
renormalization due to the hybridization with the leads [55,85].
This shift is significant when both the half bandwidth D and
the Coulomb repulsion U are much larger than �, as in many
realistic systems. In particular for U → ∞, the calculation by
Haldane [85] based on poor man’s scaling gives

δ = E∗
d − Ed = �

π
ln

(
D

α�

)
, (13)

where α ∼ 1. Experimentally, E∗
d is accessible but not Ed .

For example at temperatures above the Kondo temperature, a
maximum in the equilibrium conductance takes place for E∗

d =
0, or for finite E∗

d Coulomb edges appear for bias voltages such
that Vb = ±E∗

d/e [55].
In order to compare the DMRG results for the occupancy

nd and the magnetic susceptibility χ for fixed Ed with the
corresponding analytical Bethe ansatz (in which D → ∞ is
assumed) as a function of E∗

d , we have to determine the shift
δDMRG. We obtain that both functions nd and χ shifted by
the same δDMRG = 1.53� coincide with the corresponding
Bethe ansatz results, as shown in Fig. 2. This result is
consistent with Eq. (13) which gives δ = 1.47� for D = 100�

and α = 1. The same happens with the NRG + RPT results
using δNRG = 1.00�. For large negative values of Ed/� the
occupancy flattens near 1, and the susceptibility increases
strongly due to the exponential dependence of the Kondo
temperature TK on E∗

d and the fact that χ is proportional to
1/TK in the Kondo regime.

Once the shifts δ are determined, we can represent cB as
a function of E∗

d using both methods. The results are shown
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-5 -4 -3 -2 -1 0 1
Ed*

0

0.5

1

1.5

2

2.5

n d
,

χ 
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nd NRG 
χ  Bethe ansatz
χ  DMRG 
χ  RPT-NRG

FIG. 2. (Color online) Occupancy and scaled magnetic suscepti-
bility χ∗ = χ�/[100(gμB )2] for U → ∞ as a function of the shifted
dot energy for different techniques.

in Fig. 3. For E∗
d/� < −2, as the occupancy nd > 0.84 and

the system is in the Kondo regime, cB > 0.5, indicating a
small to moderate deviation from the value (π/4)2 ≈ 0.617 of
the symmetric case. In this region, the correction due to the
second (negative) term of cB in Eq. (6) is below 1%. Instead,
for E∗

d/� > −2, cB decreases rapidly and changes sign for
E∗

d/� ≈ 0, in the middle of the intermediate-valence region.
In Table II we list the renormalized parameters and ratios

of different quantities proportional to TK obtained with
the NRG + RPT. As it is expected in the Kondo regime
−Ed � � and Ed + U � �, the Kondo temperature depends
exponentially on Ed for Ed/� < −2. However, in this regime,
particularly for Ed/� = −3, the ratios �ρ/�̃ and �ρ/T0

are almost constant, near 0.7 and 0.85, respectively. Instead,
entering the intermediate-valence regime, �ρ/�̃ slightly
increases and �ρ/T0 strongly decreases.

-4 -3 -2 -1 0 1Ed*

-1.5

-1

-0.5

0

0.5

cB

DMRG
NRG-RPT

FIG. 3. (Color online) cB vs E∗
d for U → ∞ obtained by DMRG

and NRG + RPT.

TABLE II. Effective parameters, half width of the spectral density
�ρ , and ratio �ρ/T0 obtained from NRG + RPT for U → ∞ and
several values of Ed .

Ed/� �̃/� Ẽd/�̃ Ũ/(π�̃) �ρ/�̃ �ρ/T0

−6 2.51 × 10−4 0.0937 1.009 0.706 0.892
−5 1.21 × 10−3 0.118 1.014 0.705 0.886
−4 5.79 × 10−3 0.160 1.025 0.703 0.873
−3 0.0270 0.243 1.054 0.699 0.838
−2 0.115 0.416 1.136 0.693 0.740
−1 0.356 0.766 1.317 0.716 0.530
0 0.640 1.338 1.594 0.793 0.286

C. U/� = 8

In Fig. 4 we show the cB for U = 8� obtained by the
DMRG and the NRG + RPT. While the results of both
methods coincide in the Kondo regime (Ed � −2� in the
figure) there are some deviations in the intermediate valence
regime. This is due to the fact that for finite U the Haldane
shift δ depends on Ed , being 0 in the symmetric case
Ed = −U/2, positive for Ed > −U/2, and larger for larger
D. Therefore, the DMRG results calculated with D 10 times
larger, correspond to larger E∗

d in general, but for both
techniques E∗

d = Ed in the symmetric case.
Table III displays the renormalized parameters and ra-

tios �ρ/�̃ and �ρ/T0 obtained with the NRG + RPT. As
in the case U → ∞, these ratios are nearly constant in
the Kondo regime (although the variation is more pro-
nounced as before) −Ed � � and Ed + U � �, while in
the intermediate-valence regime, �ρ/�̃ increases and �ρ/T0

decreases markedly (although not so strongly as for U → ∞).
The Bethe ansatz result of �̃/� = 0.1326 for Ed/ = −4� is
about 10% larger than the NRG + RPT result. As for U = 3�

this difference is due to the effect of the finite bandwidth 2D of
the conduction band on the Kondo temperature and practically
does not alter the Wilson ratio.

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
Ed

-0.75

-0.5

-0.25

0

0.25

0.5cB

DMRG
NRG-RPT

FIG. 4. (Color online) cB vs Ed U = 8� obtained by DMRG and
NRG + RPT.
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TABLE III. Effective parameters, half width of the spectral
density �ρ , and ratio �ρ/T0 obtained from NRG + RPT for U = 8�

and several values of Ed .

Ed/� �̃/� Ẽd/�̃ Ũ/(π�̃) �ρ/�̃ �ρ/T0

−4 0.120 0 0.985 0.715 0.902
−3 0.143 0.101 0.987 0.718 0.895
−2 0.235 0.247 1.004 0.724 0.845
−1 0.457 0.510 1.040 0.759 0.699
−0.5 0.609 0.515 1.060 0.802 0.573
0 0.746 0.977 1.081 0.857 0.430

D. cB as a function of occupancy

In Fig. 5 we represent our main results of cB as functions
of the occupancy and the corresponding result for U → ∞
obtained previously using the SBMFA [28]. We also include
the results using the IPA (see Sec. III D) for U = 2. Despite the
very different values of U used, all curves look qualitatively
similar. There is a slightly more pronounced decrease of cB

vs 1 − nd for smaller values of U ; cB changes sign at nd ∼
0.64 for U = 2 and at nd ∼ 0.57 for U → ∞. Curiously, the
SBMFA gives values that lie in between those for U = 3� and
those for U = 8�, although it is intended for U → ∞.

V. SUMMARY

Using different techniques (mainly the DMRG and the
NRG + RPT) we have calculated the coefficient of the
magnetic-field dependence of the conductance [see Eq. (6)]
for several values of U focusing on the strong-coupling limit
U � TK . As it is known, cB = (π/4)2 in the symmetric case
Ed = −U/2, where the occupancy nd = 1. As Ed increases or
decreases, cB decreases and changes sign in the intermediate-
valence cases where E∗

d ∼ εF or E∗
d + U ∼ εF , where E∗

d is
a renormalized energy that includes the Haldane shift (which
is important for large U ) and εF is the Fermi energy. In these
cases (related by a special electron-hole transformation) the
occupancy nd is near 0.6 or 1.4, respectively.

0 0.1 0.2 0.3 0.4 0.5 0.6
1-<nd>

-2

-1.5

-1

-0.5

0

0.5

cB

U=∞DMRG
U=∞ NRG-RPT
U=8 DMRG 
U=8 NRG 
U=3 DMRG 
U=3 NRG
SBMFA
U=2 IPA

FIG. 5. (Color online) cB vs 1 − nd for different values of U

obtained by DMRG and NRG + RPT, and for U → ∞ using slave
bosons in the mean-field approximation.

We have also provided quantitative results for the ratio
of the energy scale of the magnetic-field dependence of the
conductance and the magnetic susceptibility T0 [see Eq. (6)]
with the half width at half maximum of the spectral density
�ρ . For devices in which the coupling to the left and right leads
are very different, this quantity coincides with the half width
at half maximum �G of the zero-bias peak in G times the
electric charge e and is experimentally accessible [55,61] For
more symmetric devices �G/�ρ increases and some values
are tabulated in Ref. [55]. When cB is represented as a function
of the occupancy nd for different values of U , the curves cB (nd )
look qualitatively similar.
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B 87, 165132 (2013).

[28] A. A. Aligia, Phys. Rev. B 90, 077101 (2014).
[29] L. Merker, S. Kirchner, E. Muñoz, and T. A. Costi, Phys. Rev.
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[75] V. Zlatić and B. Horvatić, Phys. Rev. B 28, 6904 (1983).
[76] A. Martı́n-Rodero, M. Baldo, F. Flores, and R. Pucci, Solid State

Commun. 44, 911 (1982).
[77] A. Martı́n-Rodero, E. Louis, F. Flores, and C. Tejedor, Phys.

Rev. B 33, 1814 (1986).
[78] A. Levy Yeyati, A. Martı́n-Rodero, and F. Flores, Phys. Rev.

Lett. 71, 2991 (1993).
[79] H. Kajueter and G. Kotliar, Phys. Rev. Lett. 77, 131 (1996).
[80] A. A. Aligia and C. R. Proetto, Phys. Rev. B 65, 165305

(2002).
[81] I. Maruyama, N. Shibata, and K. Ueda, J. Phys. Soc. Jpn. 73,

3239 (2004).
[82] A. Camjayi and L. Arrachea, J. Phys.: Condens. Matter 26,

035602 (2014).
[83] J. Könemann, B. Kubala, J. König, and R. J. Haug, Phys. Rev.

B 73, 033313 (2006).
[84] J. Park, Ph.D thesis, University of California, 2003.
[85] F. D. M. Haldane, Phys. Rev. Lett. 40, 416 (1978).

195113-9

167



Magnetic excitations of perovskite rare-earth nickelates: RNiO3

Ivon R. Buitrago a,b,n, Cecilia I. Ventura b,c

a Instituto Balseiro, Univ. Nac. de Cuyo and CNEA, 8400 Bariloche, Argentina
b (CONICET) Centro Atómico Bariloche-CNEA, Av. Bustillo 9500, 8400 Bariloche, Argentina
c Universidad Nacional de Río Negro, 8400 Bariloche, Argentina

a r t i c l e i n f o

Article history:
Received 4 February 2015
Received in revised form
8 June 2015
Accepted 20 June 2015
Available online 24 June 2015

Keywords:
Magnetic excitations
Intermediate phase
Nickelates

a b s t r a c t

To gain insight into the ground state of perovskite nickelates RNiO3 (R: rare-earth), in particular charge
disproportionation of the Ni ions and the magnetic configuration, we studied the magnetic excitations of
the collinear, orthogonal and intermediate phases proposed for these materials. We used a localized spin
model, including two kinds of Ni-spin magnitudes to describe an eventual charge disproportionation. For
the magnetic couplings, we considered Heisenberg-like interactions up to next-nearest-neighbors, for
the ferromagnetic and antiferromagnetic couplings present in the collinear phases. To describe the non-
collinear phases, as proposed for other multiferroics, we considered Dzyaloshinskii–Moriya-type cou-
plings to allow for the possibility of a relative angle θ, between nearest-neighbor spins in the two dif-
ferent magnetic sublattices. Using a simplified spin chain model for these compounds, we first analysed
the stability of the collinear, orthogonal, and intermediate phases in the classical case. We then explored
the quantum ground state indirectly, calculating the spin excitations obtained for each phase, using the
Holstein–Primakoff transformation and the linear spin-wave approximation. For the collinear and or-
thogonal ( /2θ π= ) phases we predict differences in the magnon spectra, concretely in the number of
magnon branches or the magnitude of the magnon gap, which would allow to distinguish between these
phases, and in particular probe the charge disproportionation, in future experiments such as inelastic
neutron scattering or resonant inelastic X-ray scattering.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

The ferroelectric oxides with magnetic ordering have attracted
much attention since they offer the possibility of controlling the
electric polarization or the magnetic ordering by applying mag-
netic or electric fields, respectively, a desirable feature in the de-
sign of electronic devices [1]. However, finding these multiferroic
oxides has not been an easy task. Though there are some of them
which have a simultaneous ferroelectric character and magnetic
ordering, usually the coupling between these is very weak and
therefore poorly controlled with applied fields. In 2004 Efremov
et al. [2] suggested that in manganites (RMnO3 R: rare-earth), in
addition to simultaneous charge and magnetic ordering, a charge
disproportionation (CD) of the Mn ions would be needed for these
materials to become multiferroic. This CD means that instead of
the nominal valence Mn3+, mixed valences Mn 3 δ( − )+ and Mn 3 δ( + )

should be present.
The perovskite nickelates RNiO3 (R: rare-earth) also have been

studied as potential multiferroic compounds. A certain degree of
charge disproportionation in the Ni ions has been confirmed by
high resolution synchrotron powder diffraction [3]: instead of the
nominal Ni3+ valence, they can have the mixed-valence state
Ni 3 δ( − )+ and Ni 3 δ( + )+, though agreement has not been reached on
the precise value of δ (e.g. for NdNiO3, 0.0δ = [4] and 0.29δ = [5]
were reported) as we will detail below. Also, the magnetic ground
state is not yet clear: as we will describe below, collinear [6] and
non-collinear [7] Ni–O magnetic structures have been proposed to
explain neutron diffraction and soft X-ray resonant scattering re-
sults in these compounds, and more recently a canted anti-
ferromagnetic spin arrangement was proposed on the basis of
magnetic susceptibility measurements [8]. This scenario is re-
miniscent of the situation in the half-doped manganites.

Van den Brink and Khomskii [9] discussed about the possibility
of ferroelectricity related to charge disproportionation in rare
earth perovskite nickelates of the type RNiO3 (R¼rare earth). In
fact, in 2000 Mizokawa et al. [10] had studied a multiband d–p
model for perovskite transition metal oxides, suggesting that it
could describe those nickelate compounds, and found an anti-
ferromagnetic ground state with charge ordering centred either in
the O–2p orbitals, for relatively large charge-transfer energy (as in
PrNiO3 and NdNiO3), or with charge-ordering in the transition
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metal 3d orbitals, for negative charge transfer energies (relevant
for YNiO3).

These nickelates (R¼rare-earth, or Y) present a metal–insulator
transition [11–13] at temperature TMI, and antiferromagnetic or-
dering below the Néel temperature T TN MI( ≤ ) with a possible or-
dering of Ni 3 δ( − )+ and Ni 3 δ( + )+ ions [3–7,14–18], with various values
of the charge disproportionation δ as discussed below. As one
example, in NdNiO3 it was found that T T 200MI N= = K [6,11].

In 2009, Giovanettiet al. [19] showed by first principles calcu-
lations, that in nickelates simultaneous charge and magnetic or-
dering could be present, as well as a charge disproportionation of
the Ni ions, and electrical polarization would thus be induced. In
their work, they calculated the electrical polarizations obtained for
three of the magnetic phases previously proposed for nickelates,
along with a specific charge ordering of Ni2+ and Ni4+ ions corre-
sponding to a charge disproportionation of δ¼1. The magnitude
and direction of the electrical polarization induced would indicate
the underlying magnetic order in these oxides, at present still not
clear.

As shown in Fig. 1, the magnetic orderings which they studied
[19] are (i) the S-collinear phase first proposed by Garcia et al. [6] in
X-ray diffraction (XRD) and neutron diffraction (ND) experiments
for PrNiO3 and NdNiO3, and later by Fernández et al. [15] for
HoNiO3; (ii) the T-collinear phase proposed by Giovannetti [19];
and (iii) the N-non-collinear phase proposed by Scagnoli et al.
[7,20] for NdNiO3 based on soft X-ray resonant scattering at the
Ni-L2,3 and Nd-M edges.

The S-collinear phase (see Fig. 1) is characterized [19] by a
checkerboard charge order of Ni 3 δ( − )+ and Ni 3 δ( + )+ ions, corre-
sponding to spins S1 and S2 respectively, along with a magnetic
structure defined by the propagation vector k 1/2, 0, 1/2= ( ), not
seen in other perovskite oxides. This involves alternating ferro-
magnetic (FM) and antiferromagnetic (AF) couplings along the
three pseudocubic axes such that every Ni-spin is coupled FM with
three of its nearest neighbors (NN) and AF with the remaining
ones. Regarding the magnetic cell, this structure can be pictured as
formed by ab planes stacked in the c direction in the form
AþAþA�A� , where in A� all spins are inverted with respect to
Aþ . Notice that on each plane, there are FM zigzag chains along b,

which are coupled AF to each other. Experimentally, the direction
of the moments within each plane appears to be either along a [6],
or in the ac plane [14,15]. Notice that the T-collinear phase differs
from the S-phase in the stacking of the zig-zag chains between
adjacent planes: in the S-phase all zig-zag chains point in the same
direction, whereas in the T phase in alternate planes they point in
opposite directions [19]. The N-non-collinear phase has the same
charge order as both collinear phases considered [19]. However, its
magnetic structure corresponds to a spin spiral in which the spins
in FM planes perpendicular to the [101] direction appear rotated
around the [010]-axis between consecutive planes. Note that this
N-non-collinear phase is different from other non-collinear phases
proposed for nickelates: in Ref. [15], these planes are alternatively
FM and AF, while in Ref. [17] the FM ab planes are stacked and
rotated 76θ ≈ ° along [001]. Apart from these phases, recently a
canted antiferromagnetic spin arrangement was suggested on the
basis of magnetic susceptibility measurements [8].

A wide set of values has been reported for the charge dis-
proportionation δ found in different rare-earth nickelates, as we
describe next. For PrNiO3 and NdNiO3, the first studied com-
pounds, δ¼0 according to Refs. [4,6]. However, more recently δ∼
0.21 was reported for PrNiO3 [16], whereas for NdNiO3 a value of

δ∼ 0.29 was estimated in Ref. [5] while Ni 2.5 ′δ( ± )+ states with
0.16δ′ ∼ follow from Ref. [7]. For YNiO3 in Ref. [14] δ∼ 0.28 was

estimated, which coincides with the value in the study through
the whole series of R¼Y, Ho, Er, Tm, Yb, Lu in Ref. [3], where
δ¼0.28, 0.38, 0.32, 0.36, 0.33, 0.33, were respectively reported. For
HoNiO3, nevertheless, a larger value δ∼ 0.48 can be estimated from
the reported magnetic moments in Ref. [15]. For TmNiO3 and
YbNiO3, from isomeric shifts in Ref. [18], δ∼ 0.14 and 0.16 re-
spectively, were estimated, values which correspond to approxi-
mately half the indicated CD in Ref. [3]. For DyNiO3 in Ref. [17] δ∼
0.52 is found for the non-collinear phase which best agrees with
their experiments.

In the present work, as a first approach to the study of the
problem in nickelates, we study the magnetic excitations of a one-
dimensional (1D) chain, like the ones included in the collinear and
non-collinear phases analysed in Ref. [19]. We used the localized
spin model to be presented in the next section, where the

Fig. 1. (Reproduced from Ref. [19, Fig. 1].) Schematic view of the charge and magnetic structures of RNiO3 oxides. (a) Collinear up–up–down–down magnetic structure [6]
and (b) non-collinear magnetic structure [7].
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possibility of charge disproportionation is included by considering
Ni-spins with eventually different magnitudes. Regarding mag-
netic couplings, in our model we include the minimal set required
to describe the collinear as well as the non-collinear phases pro-
posed, that is, FM nearest-neighbor (NN) and AF next-nearest-
neighbor (NNN) Heisenberg-like interactions, and to describe non-
collinear phases also a NN Dzyaloshinskii–Moriya-type (DM)
coupling [21,22], to allow for the possibility of a relative angle θ
between NN spins in different magnetic sublattices.

We analyse the stability of the collinear, orthogonal, and in-
termediate phases in the classical model. Then, we explore the
quantum ground state indirectly, by calculating the spin excita-
tions obtained for each phase, showing that for the collinear and
orthogonal (θ¼π/2) phases proposed, differences in the magnon
spectrums are to be expected, which would allow us to distinguish
between them in future experiments. To our knowledge, the only
inelastic neutron experiments yet performed in these compounds
correspond to the study of RNiO3 (R¼Pr, Nd, Sm, Eu and Pr Lax x1− )
by Rosenkranz et al. [23] who exclusively focused in the in-
vestigation of the crystal-field interaction at the R3þ sites.

2. Simplified chain model: generic intermediate phase

In order to describe the main ground state phases proposed for
nickelates mentioned in previous section, we study a simplified
chain model and propose a generic phase, which we call the “in-
termediate phase” which, as respective limiting cases, can describe
the collinear and the orthogonal phases. As a first approach, here
the three-dimensional nickelate compounds are studied using a
simplified model: representing them by chains of localized spins,
shown by dashed lines in Fig. 2a.

In the localized spin model we consider two kinds of Ni-spins
with different magnitudes in order to describe the charge dis-
proportionation. As shown in Fig. 2b, and to take into account the
phases proposed in experiments [6,7,14,15] along the chains we
consider a unit cell composed of four spins: two of them with
magnitude S1 representing the Ni 3 δ( − )+ sublattice, and two other
ones with magnitude S2 for Ni 3 δ( + )+, with δ being a measure of the
Ni charge disproportionation (CD). The main difference between
the experimentally proposed collinear and orthogonal phases is
the relative orientation between the two antiferromagnetic sub-
lattices, which we describe by angle θ characterizing the inter-
mediate phase, shown in Fig. 2b. Notice that the sign of θ will
determine the “helicity of the spin chain”. The collinear phase
[6,14,15,19] is characterized by θ¼0, while the orthogonal phase
[7,19] corresponds to θ¼π/2 and all chains have equal helicity. It is

worth mentioning that in Ref. [15] a slightly different non-colli-
near phase is proposed: with 0.44θ π∼ , and anisotropic helicity
(along the z direction, alternating “helicity is proposed for con-
secutive chains”).

Regarding magnetic couplings, in our model we include FM
nearest-neighbor (NN) and AF next-nearest-neighbor (NNN) Hei-
senberg-like interactions, to describe the collinear phases. To de-
scribe non-collinear phases, the model also includes a NN Dzya-
loshinskii–Moriya-type (DM) coupling [21,22], like the one pre-
viously used in Ref. [24] to analyse the spin excitations in the
distorted NiO2 planes in La2NiO4, in order to allow for the possi-
bility of a relative angle θ between NN spins in the two different
magnetic sublattices. We found that the minimal model of loca-
lized spins which could describe the single chains present in the
two limiting phases experimentally proposed [6,7], as well as the
generic intermediate phase with other θ values as in Ref. [15],
requires the inclusion of those three magnetic couplings. In par-
ticular, if we picture the 4-spin unit cell as formed by two “dimers”
(plotted in different colours/linewidths in Fig. 2b), an “intra-di-
mer” ferromagnetic (FM) coupling F and a Dzyaloshinskii–Moriya
(DM) like coupling K are required, as well as a NNN anti-
ferromagnetic (AF) coupling A in each magnetic sublattice (see
Fig. 2b).

With the above considerations, we studied the following spin
chain Hamiltonian:

S S y S S S SF K A
1n m D

n m
n m D

n m
n m

n m
, / , / ,

∑ ∑ ∑= − · + ·( × ) + ·
( )〈 〉 ∈

′

〈 〉 ∈

′

〈〈 〉〉

where D indicates spins inside dimers, n m,〈 〉 or n m,〈〈 〉〉 indicate
nearest-neighbor (NN) or next-nearest-neighbor (NNN) spins, re-
spectively. Here, all couplings are considered positive, and the sign
of K determines the helicity of the spin chain: K 0> produces a
counterclockwise rotation like in Fig. 2b, while K 0< would induce
a clockwise rotation. The primes refer to the use of θ-rotated local
spin quantization axes for S2-spins, as detailed later.

3. Results and discussion

3.1. Phase stability in the classical model

As a first step, we analyse the classical behaviour of the spin
chain model of Eq. (1). The energy of the generic intermediate
phase characterized by angle θ, per unit cell, for the case of clas-
sical spins is obtained as

F

A

K
Θ

Θ

S1 S2 S1 S2

x

z

Fig. 2. (a) Schematic view of the charge and magnetic orderings under discussion for RNiO3 oxides. With dashed lines we represent the spin chains present, object of our
present study. The charge disproportionation Ni 3 δ( − )+ and Ni 3 δ( + )+ is represented, respectively, by large (gray) and small (black) circles. (b) Generic intermediate phase, for
one spin chain, i.e. a spin wave, with spins of alternate magnitude. Here the S1-sublattice is considered fixed, while the S2-sublatttice is rotated by an angle θ with respect to
the former.

I.R. Buitrago, C.I. Ventura / Journal of Magnetism and Magnetic Materials 394 (2015) 148–154150

170



E S S S S2 F cos K sin A 2I 1 2 1
2

2
2( ) ( )θ θ θ( ) = − + − + ( )

in terms of the magnetic coupling parameters F, K, and A.
Fig. 3a shows a phase diagram in (F, K) space, obtained by

comparing the classical energies of three phases: the collinear
( 0θ = ), the orthogonal ( /2θ π= ) and the /4θ π= intermediate
phases for A¼1 and equal spin magnitudes S S1 2= .

To explore the dependence on angle θ, one can also compare
analytically the energies given by Eq. (2) for a generic θ-angle
intermediate phase, with the energies of the collinear and the
orthogonal phases. The two boundaries for the three observed
regions in (F, K) space (like shown in Fig. 3a, for /4θ π= ) are found
to be given by linear functions, with respective θ-dependent
slopes as shown in Fig. 3b:

m m
1 cos

sin
,

cos
1 sin 31 2

θ
θ

θ
θ

= − =
− ( )

independent of the sublattice spin magnitudes. Thus, fixing the
angles of the phases included, the phase diagram in (F, K) space
would not be modified even if different spin values were used, as

the energies of the different phases are rescaled proportionally. In
Fig. 3b the angular dependence of m1 and m2 is exhibited.

From (2) one can also obtain the angle minθ which leads to the
intermediate phase with minimum classical energy, for any set of
coupling parameters:

⎛
⎝⎜

⎞
⎠⎟

dE
d

0 arctan
K
F

.
4

I
min

θ
θ

θ
( )

= ⇒ =
( )

Notice that minθ is independent of NNN coupling parameter A, and
only depends on the “intra-dimer” coupling ratio: K/F. In Fig. 3c
we plot minθ along specific lines in parameter space, marked in
Fig. 3a. We show the monotonously decreasing minθ as a function
of F, for K 0.3= and, as could be expected, confirm that for F 0=
the orthogonal phase /2θ π= represents the stable ground state.
The monotonous increase of minθ with K, for F 0.3= , is also shown,
and we here confirm that for K 0= the collinear phase 0θ = is
stable. Notice also, in Fig. 3c, that the /4θ π= intermediate phase
will only be stable when K F= .

Finally, in Fig. 4a and b the classical energies of the collinear
phase, the orthogonal phase and the minθ θ= intermediate phase

Fig. 3. Analysis of stability of the different phases in the classical model. Parameters: A 1= ; S S 0.51 2= = . (a) Classical phase diagram including the /4θ π= intermediate
phase, the collinear phase ( 0θ = ) and the orthogonal ( /2θ π= ) phase. (b) Angular dependence of the slopes of phase boundaries m1 and m2 given by Eq. (3). (c) minθ as a
function of F , for K 0.3= (dashed line); minθ as a function of K, for F 0.3= (dotted line).

Fig. 4. Classical energy of the collinear, orthogonal and minθ θ= intermediate phases as a function of coupling parameters F in (a), and K in (b) Other parameters: A 1= ;
S S 0.51 2= = .
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are plotted as functions of F and K. It becomes clear that, with our
simplified model, for each (F, K) set of parameters, one inter-
mediate phase (the one with minθ θ= ) is always the classically
stable ground state, merging with the proposed collinear and or-
thogonal phases in the appropriate limits.

3.2. Calculation of the quantum spin excitations

To calculate the quantum magnons of our chain model for
nickelates at low temperatures, given by Hamiltonian (1), we start
by performing a local rotation of the S2 sublattice spin quantiza-
tion axes by an angle θ, with respect to the S1 sublattice, using the

following transformation S Sn
y

n
y( = )′ :

S S S S S Scos sin , sin cos 5n
x

n
x z

n
z

n
x z

1 1θ θ θ θ= − = + ( )′ ′ ′ ′

Next, with the Holstein–Primakoff transformation the Ha-
miltonian is rewritten in terms of bosonic operators, and the
Linear Spin Wave approximation (LSW) is used:
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where (a a,† ) operators refer to the spin up sublattice, and (b b,† ) to
the spin down sublattice. Though the resulting Hamiltonian in-
cludes one, two and three operator terms, in LSW we consider
only those written in terms of two operators. One operator terms
change the energy of ground state. Introducing the Fourier trans-
form of the boson operators, we obtain the following Hamiltonian:

Fig. 5. Magnons for RNiO3 nickelates obtained with our spin chain model for different parameters. Inter-dimer AFM coupling A 1= ; spins: S S 0.51 2= = , other parameters as
detailed in subcaptions. Unless otherwise stated: collinear phase with 0θ = (solid line); orthogonal phase with /2θ π= (dashed lines); minθ -intermediate phase (dot-dashed
lines). (a) Points of (F, K) space, where the predicted quantum magnons are shown next. Colour-depth indicates the value of classical angle minθ , as indicated by the scale
included. Unless otherwise stated: A 1= , S S 0.51 2= = . (b) Magnons obtained with intra-dimer couplings: F 0.5= , K 0= (■ in (a)), for different phases. Solid line: collinear
phase ( 0 minθ θ= = ). Dashed line: orthogonal phase ( /2θ π= ). Dotted lines: collinear phase ( 0 minθ θ= = ) for S1¼0.6 and S2¼0.4. (c) Magnons corresponding to F 0.5= ,
K 0.3= (▴ in (a)). Here, the intermediate phase that minimizes the classical energy corresponds to angle: 30.9minθ = °. (d) Magnons corresponding to F 0.5= , K 0.5= (⋆ in
(a)). Here 45minθ = °. (e) Magnons corresponding to F 0.3= , K 0.5= (♦ in (a)). Here 59minθ = °. (f) Magnons corresponding to F 0= , K 0.5= (• in (a)). Orthogonal phase
( /2 minθ π θ= = ): dashed lines: for S S 0.51 2= = ; dotted lines: for S1¼0.6 and S2¼0.4.
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with the coefficients defined as S S S1 2( )= :
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Finally, by paraunitary diagonalization of the Hamiltonian, we
determine the energies of the magnon excitations.

3.2.1. Magnon predictions for the different phases
In the following, we discuss the quantum magnons obtained

for Hamiltonian (7) using different pairs of (F, K) couplings, as
detailed in Fig. 5a. The AFM coupling between “dimers”, A 1= , was
considered as unit of energy, and except for Fig. 5b the spin
magnitudes were chosen as S S 0.51 2= = , which corresponds to

0δ = .
In all cases we obtained 16 eigenbands, corresponding to the

16� 16 Hamiltonian matrix of which only the 8 positive branches
describe magnon excitations.

First, notice that with the different pairs of (F, K) couplings
used, in Fig. 5b–f we are exhibiting the quantum magnons which
correspond to the intermediate phase with lowest classical energy
corresponding to angles minθ ranging from 0 to π/2.

Now, notice that the lowest magnon branch both in Fig. 5b and
f is identical to the spin excitation of an antiferromagnetic chain. In
Fig. 5f, the lowest branch corresponds to the collinear phase
( 0θ = ) with parameters F 0= , K 0.5= , hence in (8) the effect of K
on the magnons disappears, due to the sin θ factor. Thus, the only
non-vanishing coupling term in the Hamiltonian is determined by
A, hence the antiferromagnetic chain excitation is obtained. In
contrast, in Fig. 5b the lowest branch corresponds to the ortho-
gonal phase ( /2θ π= ) with parameters F 0.5= , K 0= . In this case,
in Eqs. (8) the effect of F does not disappear as K in the previous
one. Nevertheless we checked that the dispersion of an anti-
ferromagnetic chain results even when F → ∞. This can be un-
derstood because in this limit the system behaves as an anti-
ferromagnetic chain composed of dimers, each of them consisting
of two consecutive spins coupled by F.

As shown in Fig. 5b, the magnons obtained for the collinear
phase (solid line), which is the classically stable phase, are all
degenerate. We checked that these excitations correspond to spin–
flips between two NNN inter-dimer spins: i.e. in sites 1 and 3, or
2 and 4 with the notation of Fig. 2b. Both of these spin flips involve
the same energy cost related to coupling A, thus being degenerate.
As one would expect, we find that considering a certain degree of
charge disproportionation, i.e. S S1 2≠ in the model, some degen-
eracies are broken due to the lower symmetry of the system: we
exemplify this in Fig. 5b by including the case S1¼0.6, S2¼0.4
(δ¼0.2), plotted with dot-dashed lines. This effect is largest at the
Brillouin zone edge X.

Regarding the orthogonal phase, Fig. 5f shows its excitations for
F 0= and K 0.5= (• in Fig. 5a), case in which it corresponds to the

classical stable phase. Notice that turning on the K coupling also
reduces the symmetry of the system and, as previously mentioned,
breaks magnon degeneracies. Though the analysis of the obtained
excitation modes is more complex for this phase, the symmetry
breaking of the two highest magnon branches can be understood
as follows. The highest energy magnon branch (with energy ∼
0.5 at Γ, in Fig. 5f) involves spin–flip excitations between two NN
inter-dimer spins in sites 1 and 4, and in sites 2 and 3, involving an
energy cost related to A and K couplings. A lower energy cost is
payed exciting the magnon branch below it (with energy ∼ 0.4 at
Γ, in Fig. 5f), which we checked corresponds to spin excitations of
two NNN inter-dimer spins (i.e. between spins 1 and 3, and spins
2 and 4), in which case only the K coupling is affected.

It is also interesting to compare the effect of the charge dis-
proportionation in the two cases exhibited in Fig. 5b and f. While,
as discussed above, in the collinear phase of Fig. 5b degeneracies
are clearly split by δ, we observe that in the orthogonal phase
depicted in Fig. 5f no new degeneracy splittings appear, in addition
to those originated by the presence of the DM coupling K. In fact,
the main q-dependent effect produced by δ in the orthogonal
phase is to increase the size of the magnon gap between the upper
and lower pairs of branches originated by K. According to our re-
sults, the different numbers of magnon branches observed might
thus be used to distinguish between the collinear and orthogonal
phases, and even to quantify the charge disproportionation.

Also, Fig. 5b–f shows that in the parameter ranges considered
none of these phases becomes unstable, with all excitation en-
ergies being positive. Even though this does not allow us to in-
directly determine which of the studied phases would represent
the ground state of our chain, it is plausible to infer that the
quantum ground state should be similar to the intermediate phase
that minimizes the classical energy (i.e. I minθ : plotted with dot-
dashed lines in Fig. 5). This might be justified observing that, in
Fig. 5b–f, the minθ -intermediate phase has excitations with higher
energy than the other phases, thus it seems more difficult to create
excitations and eventually destabilize the minθ -intermediate phase.

4. Summary

A simplified localized spin chain model was proposed to study
the generic intermediate phase in nickelates, able to describe a
variable charge disproportionation and relative orientation of
consecutive spins along the chain.

The model includes the following magnetic couplings: nearest-
neighbor (NN) and next-nearest-neighbor (NNN) Heisenberg-like
interactions, respectively for the ferromagnetic and anti-
ferromagnetic couplings present in the collinear phases. To de-
scribe the non-collinear phases, we also consider a NN Dzya-
loshinskii–Moriya [21,22]-type coupling to allow for the possibility
of a relative angle between the different magnetic sublattices.

We studied (i) the classical stability of the collinear, orthogonal,
and intermediate phases, as possible ground states for these
compounds; and (ii) the quantum ground state indirectly, by cal-
culating the spin excitations resulting from each of those phases.

Our classical results show that for each set of NN (intra-dimer)
ferromagnetic and DM magnetic couplings, always an inter-
mediate phase characterized by an angle minθ , corresponds to the
most stable classical ground state. From the measurements of the
two Ni spin magnitudes by Fernandez et al. [15], in terms of our
model one can obtain the following estimation for the relative
orientation of consecutive spins along the chain, 80θ ∼ °, and in-
tra-dimer coupling ratio: K/F 6∼ .

Regarding the quantum magnetic excitations: with our sim-
plified model, we predict the spin excitations to be expected for
the collinear [6,15] and the orthogonal phases [7,19] so far
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proposed for these compounds, as well as those of the inter-
mediate phase. For the collinear and orthogonal (θ¼π/2) phases,
we predict differences in the magnon spectra which would allow
us to distinguish between them in future experiments, such as
inelastic neutron scattering or resonant inelastic X-ray scattering,
where magnon dispersion measurements are not yet available to
our knowledge. In particular, the number of magnon branches
would differ between these phases, and the charge dis-
proportionation present might also be quantified: either by the
number of branches in the collinear phase or by the size of the
magnon gap in the orthogonal phase.

Our present study represents a first step towards an under-
standing of the complex three-dimensional ground state of rare-
earth nickelates, to enable comparison with future measurements
of the magnon dispersion. Inelastic neutron scattering or resonant
inelastic X-ray scattering results would be especially desirable in
these compounds, since the available neutron diffraction data
could not discriminate between the different ground states pro-
posed. Material specific ingredients, as well as the different pos-
sibilities of three-dimensional stacking, should be considered in
future research work. Also, if no obvious signs of destabilization of
any of these phases are observed in the predicted magnons, a di-
rect study of the quantum phase diagram would be important.
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Orbital-based exchange (x) correlation (c) energy functionals, leading to the optimized effective potential
(OEP) formalism of density-functional theory (DFT), are gaining increasing importance in ground-state DFT, as
applied to the calculation of the electronic structure of closed systems with a fixed number of particles, such as
atoms and molecules. These types of functionals prove also to be extremely valuable for dealing with solid-state
systems with reduced dimensionality, such as is the case of electrons trapped at the interface between two different
semiconductors, or narrow metallic slabs. In both cases, electrons build a quasi-two-dimensional electron gas, or
Q2DEG. We provide here a general DFT-OEP formal scheme valid both for Q2DEGs either isolated (closed) or
in contact with a particle bath (open), and show that both possible representations are equivalent, being the choice
of one or the other essentially a question of convenience. Based on this equivalence, a calculation scheme is
proposed which avoids the noninvertibility problem of the density response function for closed systems. We also
consider the case of spontaneously spin-polarized Q2DEGs, and find that far from the region where the Q2DEG
is localized, the exact x-only exchange potential approaches two different, spin-dependent asymptotic limits. As
an example, aside from these formal results, we also provide numerical results for a spin-polarized jellium slab,
using the new OEP formalism for closed systems. The accuracy of the Krieger-Li-Iafrate approximation has been
also tested for the same system, and found to be as good as it is for atoms and molecules.

DOI: 10.1103/PhysRevB.92.235145 PACS number(s): 31.15.E−, 71.10.Ca, 71.15.Mb

I. INTRODUCTION

One of the main goals of current density-functional theory
(DFT) [1,2] is the systematic improvement of the predictive
power of the formalism. At zero temperature, which is the
case discussed here, this predictive power is intrinsically
related to the quality of the exchange (x) correlation (c)
energy functional Exc = Ex + Ec. As the exact exchange
correlation functional is unknown, and DFT gives no clue on
how to proceed to fulfill this goal, many alternatives have been
suggested and crystallized in practical calculation schemes.
Among them one can cite the local-density approximation
(LDA), already introduced in the work by Kohn and Sham [2],
taking as reference system the three-dimensional interacting
homogeneous electron gas. Later, more sophisticated func-
tionals along this line were developed, including dependen-
cies on the gradients [3,4] (GGA’s) and Laplacians [5,6]
(Laplacian-level meta-GGA’s) of the density. Most of the
functionals used in calculations for bulk solid-state systems
belong to this type. We will refer to them as density-based
functionals.

This standard approach has some difficulties, however, in
situations of reduced dimensionality, such as is the case for
carriers (usually electrons) trapped at the interface between
two different semiconductors, forming the so-called quasi-
two-dimensional electron gases (Q2DEGs). Within this con-
text, orbital-based functionals [7–9], which depend explicitly
on Kohn-Sham (KS) orbitals and eigenvalues, but implicitly
on the density, proved to be quite valuable. Among other

advantages, these orbital-based functionals adapt automat-
ically to situations of reduced dimensionality, through the
spatial extension and the anisotropy of the orbitals (for
example, extended in one plane, but localized along the
direction perpendicular to the plane). Orbital-based function-
als, for instance, are able to cover the full dimensionality
crossover from the strict two-dimensional (2D) limit to the
three-dimensional (3D) regime [10].

Compared with density-based functionals, the implicit
dependence with density of orbital-based functionals has the
consequence that the basic DFT evaluation of functional
derivatives with respect to the density becomes more involved.
The optimized effective potential (OEP) method [11,12] is
especially suited for dealing with these implicit functionals
within a KS-DFT framework. If the Hartree-Fock expression
for the exchange energy functional Ex is used, and the
correlation functional Ec is neglected, the OEP method
is equivalent to the exact x-only implementation of KS
theory. Several advantages have been reported from x-only
OEP calculations for closed systems, either localized (atoms
and molecules) or extended (solids). Among them, we can
cite the cancellation of the spurious Hartree self-interacting
energy [13], correct high-density limit [14], great improvement
in the KS eigenvalue spectrum [15,16], semiconductor band
structure and excitations [17–20], and nonlinear optical prop-
erties [21]. Concerning its application to Q2DEGs, we have
developed and applied the formalism to the calculation of the
electronic structure of n-doped semiconductor quantum wells,
considered as open systems: In Ref. [22], an orbital-based
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correlation functional has been introduced, and the corre-
sponding correlation potential generated through the OEP
formalism. Closed Q2DEGs systems have been also consid-
ered using the same formalism, like the study of metallic
slabs in the jellium approximation for the positive charge
of the ions [23–25], and recent calculations for realistic
semiconductor and insulator slabs [26,27]. The aim of this
work is (a) to provide a general OEP formalism valid both
for open and closed Q2DEGs, and determine the precise
relationship between them; and (b) to generalize the formalism
to the spin-dependent case, allowing for different spin-density
polarizations.

This work is divided in three parts. The first one (Secs. II
and III) is dedicated to define the open and closed systems
and the convenient representations (i.e., sets of variables) to
describe them. With these elements precisely defined, the OEP
equations for open and closed systems are derived. Based
on them, the relation between the corresponding open and
closed potentials is found: they differ by a spin-independent
constant. The results of this part are general, i.e., not restricted
to orbital-dependent functionals. The second part (Sec. IV)
is dedicated to obtain explicit orbital-dependent expressions
for the main elements of the formalism. First, explicit orbital
expressions are derived for the potential functional derivatives
and the derivatives with respect to orbital occupations, in the
open- and closed-system representations. Using these basic
results, explicit orbital-dependent expressions for the density
response function and the magnetic susceptibility are obtained.
For closed systems, it is found that the density response
function is singular and nondiagonal in the spin variable,
while for open systems it is diagonal in spin and nonsingular,
thus invertible. These results, combined with those of the first
part, have various important consequences, as for example the
possibility of obtaining the closed-system potential (up to a
spin-independent constant) by using the open-system density
response function, which is invertible. Also, the magnetic
susceptibility of the open system is insensitive to differences in
spin channel filling, while that of the closed system is strongly
dependent on it. Next, the OEP equations are recast in terms
of the so-called orbital shifts. Written in this form, two exact
conditions for the OEP potential are found. These are of great
relevance, both from the formal and the practical points of
view. As for example, these can be enforced during the self-
consistency loop to improve convergence. They also determine
both the asymptotic limit (open case) and the relative position
of the spin-up and -down components of the potential (open
and closed cases). For spin-polarized systems, it is found that
both spin components of the exact x-only exchange potential
tend to different asymptotic limits in the vacuum region. In the
third part of the work (Sec. V) we provide numerical results
for a spin-polarized metallic jellium slab. The main purpose
is to provide an example on how to use the newly developed
OEP formalism for closed systems. The OEP potential for
the exchange-only case is calculated and compared with the
LDA and Krieger-Li-Iafrate (KLI) approximations. It is found
that, while LDA gives a fully ferromagnetic configuration, the
OEP leads to a partial antiferromagnetic ground state. The
KLI approximation gives results very close to OEP. The OEP
potential is found to tend to different asymptotic values for
different spin components, confirming the theoretical findings.

II. QUASI-TWO-DIMENSIONAL ELECTRON GAS: OPEN
AND CLOSED SYSTEMS

In the Q2DEG the electrons are confined in one spatial
direction by a confinement potential (hereafter the quantum
well), while they are free to move in the perpendicular direc-
tion. If translational invariance in the x-y plane is assumed, and
the confinement coordinate is z, the single-particle KS orbitals
can be written as a product of a plane wave along ρ = (x,y)
and a so-called subband orbital in z:

ψiσk(r) = 1√
A

eikρξiσ (z), (1)

where k = (kx,ky) is the in-plane wave vector, A is the area
of the Q2DEG, i is the subband index, and σ the spin index,
which can take the values +1,−1 (respectively ↑,↓, depending
on context). Some assumptions have been made already by
writing Eq. (1). In the first place, the full factorization between
the solution in the x-y plane and the z direction is only valid
for a local potential [28]. However, since the OEP method
lies within the framework of the KS implementation of DFT,
the factorization implies no lack of generality, owing to the
locality of the KS potential. On the other side, the assumption
of translational invariance in the x-y plane implies some lack
of generality. According to the results in Ref. [29], however, the
assumption is well justified for the relatively high 2D densities
found typically in Q2DEGs. The energies Eiσk = k2/2 + εiσ

of the single-particle KS orbitals in Eq. (1) are the sum
of a continuous free-electron spectrum k2/2 corresponding
to the in-plane movement, and a discrete subband spectrum
εiσ related to the confined motion in the quantum well. The
subband orbitals ξiσ (z) are obtained from the KS equation for
the confinement coordinate[

−1

2

∂2

∂z2
+ Vsσ (z)

]
ξiσ (z) = εiσ ξiσ (z), (2)

where the KS potential Vsσ (z) = Ve(z) + VH(z) + Vxcσ (z),
with Ve(z) the external potential, VH(z) the Hartree potential,
and Vxcσ (z) the xc potential. If not stated otherwise, Hartree
atomic units are used throughout this work [30]. In a collinear
spin situation as we are considering here, the subband wave
functions in Eq. (2) can be taken to be real without loss of
generality. The main quantity in spin-dependent DFT is the
spin-resolved 3D electronic density [1], that is given by

nσ (z) =
∑

i

θiσ niσ ξiσ (z)2, (3)

where the occupation factors niσ are

niσ = μ − εiσ

2π
, (4)

and θiσ ≡ θ (niσ ), with θ (. . .) the Heaviside step function:
θ (x) = 1 if x > 0 and θ (x) = 0 if x < 0. μ denotes the
chemical potential. The total number of electrons per unit area
is

η =
∑
iσ

θiσ niσ = Ns

2π
μ −

∑
iσ

θiσ

2π
εiσ , (5)

where Ns = ∑
iσ θiσ is the total number of occupied subbands.

Let us note that, as given above, nσ (z), niσ , and η are dimen-
sionless densities; to recover the corresponding dimensions,
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the right-hand side should be multiplied by a−3
0 , a−2

0 , and
a−2

0 , respectively. Along the text we will use the term “areal
density” to refer to η, which is a positive real number. Typically,
this areal density is about 1014–1015 electrons/cm2 for the
case of metallic jellium slabs, and about 1011 electrons/cm2

for the case of Q2DEGs in semiconductor quantum
wells.

We will consider two distinct physical situations. In one
of them, the confined electron gas in the quantum well can
exchange electrons with a particle reservoir that fixes the
chemical potential μ; we call this the open system. The second
situation corresponds to an isolated quantum well with fixed
areal density η; we will refer to this case as the closed system.
Both cases impose different constraints on the density that
can be expressed in terms of the possible density variations as
follows:

δμnσ (z ∈ reservoir) = 0, (6)∫
δηnσ (z) dz = 0, (7)

where δrnσ (z) denotes a spin-density variation that leaves r

unchanged. The superscript r = μ (η) is used to indicate the
open (closed) case. The integrals on z run from z = −∞ to ∞
in the case r = η, while they exclude the region of the reservoir
for r = μ. The first condition [Eq. (6)] is sufficient for the
reservoir to keep a fixed chemical potential μ. Moreover, by
definition the reservoir’s density is not affected by arbitrary
density variations in the region of the Q2DEG. This constraint
implies that the energy optimization in the KS scheme applies
only to the Q2DEG region and not to the reservoir, whose
density is fixed, and its change of total energy per unit area
is accounted simply by −μ�η with �η = ∑

σ

∫
δμnσ (z) dz.

The second condition [Eq. (7)] expresses the fixed areal density
constraint by restricting the density variations to only those
which leave η unchanged.

In all the following developments, η and μ will be two
fundamental variables of our Q2DEG. In some restricted
sense, the areal density η is somehow equivalent to the total
number of electrons N of a finite system, like an atom or
molecule. For instance, we have shown in Ref. [24] that the
x-only OEP potential and the associated work function of a
jellium metallic slab suffers abrupt changes as η changes, in
particular every time the occupation factor niσ corresponding
to the highest slab discrete subband becomes infinitesimally
occupied. This is qualitatively similar to the case of the exact
exchange correlation potential and the chemical potential of
finite systems, that have abrupt changes as N passes through
integer values [31,32].

III. OEP EQUATIONS FOR THE Q2DEG

Framed in the KS implementation of the DFT formalism,
the OEP method gives an integral equation for the spin-
dependent xc potential Vxcσ (r) ≡ δExc/δnσ (r), where Exc

is the exchange correlation energy. This integral equation is
written in terms of the density response function χσσ ′(r,r′) =
δnσ (r)/δVsσ ′ (r′) and δExc/δVsσ (r) [12]. In evaluating both
these potential functional derivatives, the question arises as

to how to properly account for the two different physical
situations that we are considering: A given potential variation
δVsσ (z) in the Q2DEG will in general lead to different density
variations for open and closed systems, therefore, it is expected
that the OEP equations for both cases will differ.

In the following, the xc energy of the system (or any
approximation to it) will be represented by a spin-density
functional F[{nσ (z)}] = Exc, where {nσ (z)} denotes the set
of spin-up and -down densities {nσ (z)} ≡ {n↑(z),n↓(z)}. In
several indicated cases F will also represent an arbitrary
functional of the density, therefore, we use this symbol so
as to preserve the compactness of the derivations. In order
to unambiguously define the potential functional derivatives
appearing in the OEP formulation, it becomes necessary
to work with a set of variables that determines {nσ (z)}
unequivocally. We will call such a set of variables a rep-
resentation. Suitable representations are, e.g., {Vsσ (z), μ} or
{Vsσ (z), η}. In considering open Q2DEGs, it is convenient to
work with the first representation, as δμ = 0. In the closed
case, where δη = 0, the second representation turns out to be
more convenient. Accordingly, we will call the set {Vsσ (z), μ}
the open-system representation, and the set {Vsσ (z), η} the
closed-system representation.

We will make use of the auxiliary noninteracting KS sys-
tem, whose energy Es = Ts + A

∑
σ

∫
dz Vsσ (z)nσ (z), with

Ts the noninteracting kinetic energy functional. The energy
optimization of the KS system (plus the reservoir in the open
case) for r = constant leads to

δTs = −A
∑

σ

∫
dz[Vsσ (z) − μ]δrnσ (z). (8)

The term proportional to μ in this equation is only relevant
in the open case, as it vanishes in the closed system by virtue
of Eq. (7). Additionally, we will make use of the restricted
density response function, as defined by

χr
σσ ′(z,z′) := δnσ (z)

δVsσ ′ (z′)

∣∣∣∣
r

. (9)

The notation δnσ (z)/δVsσ ′(z′)|r means that the variation is
made by keeping r and Vsσ ′(z′) fixed (with σ = − σ ); for
the sake of simplicity in notation, this is just denoted by
the symbol r . From Eq. (9), we can express an r-conserving
density variation by

δrnσ (z) =
∑
σ ′

∫
dz′χr

σσ ′(z,z′)δVsσ ′ (z′). (10)

In Secs. III A and III B, we obtain the OEP equations for open
and closed Q2DEGs, respectively. The relation between the
corresponding potentials obtained from them is then analyzed
in Sec. (III C).

A. Open systems in the open-system representation

We consider an open system in contact with a particle
reservoir which fixes the chemical potential μ. The total energy
of the interacting system plus the reservoir is

E = Ts + A

∫
dz[Ve(z) − μ]n(z) + EH + F . (11)
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In terms of the open-system representation, the optimization
of the total energy for fixed μ can be carried out with the help
of Eqs. (8) and (10):

δμE

A
= −

∑
σ ′

∫
dz′

{∑
σ

∫
dz[Vsσ (z) − VH (z) − Ve(z)]

×χ
μ

σσ ′(z,z′) − 1

A

δF
δVsσ ′ (z′)

∣∣∣∣
μ

}
δVsσ ′ (z′) = 0. (12)

The KS potential Vsσ (z) that optimizes the total energy must
fulfill this equation for an arbitrary variation δVsσ ′ (z′); from
these types of considerations the name optimized effective
potential originates [33]. Therefore, the optimum Vsσ (z) is
the one that makes zero the term in curly braces. Hence, if
we call V

μ
sσ (z) to the optimizing KS potential, it satisfies the

integral equation∑
σ

∫
dz

[
V μ

sσ (z) −VH (z) −Ve(z)
]
χ

μ

σσ ′(z,z′) = 1

A

δF
δVsσ ′ (z′)

∣∣∣∣
μ

.

By defining V
μ

Fσ (z) := V
μ
sσ (z) − VH (z) − Ve(z), we arrive at

the OEP equation for the open system in the open-system
representation:

1

A

δF
δVsσ (z)

∣∣∣∣
μ

=
∑
σ ′

∫
dz′V μ

Fσ ′(z′)χμ

σ ′σ (z′,z). (13)

If C is a spin-independent constant, {Vsσ (z), μ} and {Vsσ (z) +
C,μ + C} define the same density {nσ (z)}. Therefore, F ,
being a functional of the density alone, must satisfy

F[Vsσ (z) + C,μ] = F[Vsσ (z), μ − C]. (14)

This property can be recast in a different form: If C is an
infinitesimal, the left-hand side in Eq. (14) is, to first order
in C,

F[Vsσ (z) + C,μ] = F[Vsσ (z), μ] + C
∑

σ

∫
dz

δF
δVsσ (z)

∣∣∣∣
μ

.

Analogously, for the right-hand side of Eq. (14) we can write

F[Vsσ (z), μ − C] = F[Vsσ (z), μ] − C
∂F
∂μ

∣∣∣∣
Vs	

,

where Vs	 means that the partial derivative with the chemical
potential is done keeping fixed both spin components of the
KS potential [34]. Equating the two equations above we arrive
at the following identity:∑

σ

∫
dz

δF
δVsσ (z)

∣∣∣∣
μ

= − ∂F
∂μ

∣∣∣∣
Vs	

. (15)

The only assumption in deriving this equation was that F is
a functional of the spin density, therefore, its applicability is
not limited to the xc energy functional. Summing on σ and
integrating on z on both sides of Eq. (13), we can therefore
apply Eq. (15) to the two potential functional derivatives in the
resulting expression to obtain

1

A

∂F
∂μ

∣∣∣∣
Vs	

=
∑

σ

∫
dz V

μ

Fσ (z)
∂nσ (z)

∂μ

∣∣∣∣
Vs	

. (16)

This equation will be used in Sec. III C to obtain the relation
between the OEP potentials for open and closed systems.

B. Closed systems in the closed-system representation

The derivation for this case is completely analogous
to Eqs. (11)–(13), but now in terms of the representation
{Vsσ (z), η} and without considering the reservoir. The OEP
equation for closed systems is then

1

A

δF
δVsσ (z)

∣∣∣∣
η

=
∑
σ ′

∫
dz′V η

Fσ ′(z′)χη

σ ′σ (z′,z). (17)

If C is a spin-independent constant, {Vsσ (z),η} and {Vsσ (z) +
C,η} determine exactly the same density {nσ (z)}. Therefore,
the density functional F must satisfy

F[Vsσ (z) + C,η] = F[Vsσ (z),η]. (18)

For small C, we can write to first order in C

F[Vsσ (z) + C,η] = F[Vsσ (z),η] + C
∑

σ

∫
dz

δF
δVsσ (z)

∣∣∣∣
η

,

which we can equate to Eq. (18) with the result∑
σ

∫
dz

δF
δVsσ (z)

∣∣∣∣
η

= 0, (19)

i.e., a constant spin-independent shift in the potential, at
constant η, will not change F . The same considerations
made after Eq. (15), regarding its applicability to arbitrary
density functionals, apply also to Eq. (19). Therefore, it can
be used, for example, with F = nσ ′(z′), to readily show the
singularity of the density response function in the closed-
system representation (see Sec. IV B 1).

Note that Eq. (17) is invariant upon the addition of a
spin-independent constant to V

η

Fσ ′(z′), as
∑

σ ′
∫

dz′ δnσ ′(z′) =
δη = 0.

C. Relation between open- and closed-system potentials

In this section, we will find the relation between the
potentials V

μ

Fσ (z) and V
η

Fσ (z) defined by Eqs. (13) and (17),
respectively. Implicit in the derivation is the assumption that
the density functional F is well defined for both the open and
closed systems, i.e., for arbitrary areal density and chemical
potential. If we substitute the potential functional derivatives
appearing in the OEP equation for open systems [Eq. (13)]
by Eq. (A3) of Appendix A [note that for the replacement on
the right-hand side of Eq. (13) we must consider the particular
case F = nσ ′(z′) in Eq. (A3)], we reobtain after simple algebra,
and by virtue of Eq. (16), the OEP equation for closed systems
[Eq. (17)] with V

η

Fσ (z) replaced by V
μ

Fσ (z). This means that if
V

μ

Fσ (z) is a solution of Eq. (13), then it will also be a solution
of Eq. (17). On the contrary, if V

η

Fσ (z) is a solution of the
OEP equation for closed systems [Eq. (17)], it will not in
general be a solution of the OEP equation for open systems
[Eq. (13)]. The reason for this is that V

η

Fσ (z) is defined within
an additive constant, while V

μ

Fσ (z) is not. In order to find the
precise relation between them, we begin by applying Eq. (A4)
of Appendix A to the potential functional derivatives on both
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sides of Eq. (17) with the result

1

A

δF
δVsσ (z)

∣∣∣∣
μ

=
∑
σ ′

∫
dz′ V η

Fσ ′(z′)
δnσ ′ (z′)
δVsσ (z)

∣∣∣∣
μ

+
(

1

A

∂F
∂η

∣∣∣∣
Vs	

−
∑
σ ′

∫
dz′ V η

Fσ ′(z′)
∂nσ ′(z′)

∂η

∣∣∣∣
Vs	

)
× δη

δVsσ (z)

∣∣∣∣
μ

. (20)

Taking into account that δη = ∑
σ ′

∫
dz′ δnσ ′(z′), Eq. (20) can

be recast as

1

A

δF
δVsσ (z)

∣∣∣∣
μ

=
∑
σ ′

∫
dz′ [V η

Fσ ′(z′) + C
] δnσ ′ (z′)
δVsσ (z)

∣∣∣∣
μ

,

where C is identical to the parentheses on the right-hand side of
Eq. (20). Comparing the equation above with the OEP equation
for open systems [Eq. (13)], we get the precise relation between
the open- and closed-system potentials, namely,

V
μ

Fσ (z) = V
η

Fσ (z) + 1

A

∂F
∂η

∣∣∣∣
Vs	

−
∑
σ ′

∫
dz′ V η

Fσ ′(z′)
∂nσ ′(z′)

∂η

∣∣∣∣
Vs	

. (21)

For F = Exc, this equation relates the two exchange corre-
lation potentials V

μ
xc σ (z) and V

η
xc σ (z) of our Q2DEG under

the open-system (constant μ) and closed-system (constant η)
constraints.

As discussed above, as V
μ

Fσ (z) is also a solution of Eq. (17),
V

η

Fσ (z) can be replaced by V
μ

Fσ (z) in Eq. (21) and the open-
system potential then fulfills

1

A

∂F
∂η

∣∣∣∣
Vs	

=
∑

σ

∫
dz V

μ

Fσ (z)
∂nσ (z)

∂η

∣∣∣∣
Vs	

. (22)

This condition, toghether with Eq. (17) with V
η

Fσ (z) replaced
by V

μ

Fσ (z), provides a way of obtaining the open-system
potential using the closed-system representation. Such a
calculation scheme is fully analogous to that presented for
finite systems in Ref. [35], as can be seen by comparing
with Eqs. (36) and (13) of that work. However, while in
the closed-system representation both Eqs. (17) and (22) are
needed to find the open-system potential, in the open-system
representation Eq. (13) (this work) alone suffices. The reason
for that is that the condition of Eq. (22) [which is equivalent to
Eq. (16), as will be shown in Sec. IV A 4] is already contained
in the OEP equation in the open-system representation (see
Sec. III A).

IV. OEP FOR ORBITAL FUNCTIONALS IN THE Q2DEG

The OEP formalism is well suited for orbital-based xc

energy functionals, as in such a case the potential functional
derivatives appearing in the formulation can be explicitly
obtained from the chain rule for functional derivatives, with
the subband orbitals and occupations as intermediate variables,
and first-order perturbation theory. Accordingly, we develop
in this section the OEP formalism for orbital-based functionals
of the type

F = F[{ξ iσ , niσ }], (23)

where the set of orbital variables {ξiσ , niσ } include, in
general, both occupied and unoccupied subbands. We begin by

finding explicit orbital-dependent expressions for the various
restricted derivatives of an arbitrary orbital functional F ,
namely, δF/δVsσ (z)|r and ∂F/∂r|V s	, r = μ, η (Sec. IV A).
Next, we obtain explicit orbital expressions for the KS density
response function (Sec. IV B 1) and the macroscopic magnetic
susceptibility (Sec. IV B 2). In each case, the differences
between the open and closed cases are analyzed. Using these
results, the OEP equations are recast in terms of the so-called
orbital shifts (Sec. IV C) and, in terms of them, explicit
expressions for the OEP potential are found (Sec. IV E).
Finally (Sec. IV F), the asymptotic limit of the x-only OEP
potential V r

x σ (z → ∞) is studied.

A. Calculation of restricted derivatives of orbital-based
functionals

In this section, we will use the chain rule for functional
derivatives with {ξiσ , niσ } as intermediate variables. We begin
with the calculation of the two main derivatives appearing
in the open-system representation, i.e., δF/δVsσ (z)|μ and
∂F/∂μ|Vs	 .

1. Calculation of δF/δVsσ (z)|μ
Using the chain rule we get

δF
δVsσ (z)

∣∣∣∣
μ

=
∑
iσ ′

∫
dz′ δF

δξiσ ′(z′)
δξiσ ′(z′)
δVsσ (z)

∣∣∣∣
μ

+
∑
iσ ′

∂F
∂niσ ′

δniσ ′

δVsσ (z)

∣∣∣∣
μ

. (24)

From first-order perturbation theory, the potential functional
derivative of the KS orbitals is

δξiσ ′(z′)
δVsσ (z)

= δσσ ′ξiσ (z)Giσ (z′,z), (25)

Giσ (z′,z) =
∑
j �=i

ξjσ (z′)ξjσ (z)

εiσ − εjσ

, (26)

independently of μ. For the potential functional derivative of
the occupations in the right-hand side of Eq. (24), we have
from Eq. (4) and first-order perturbation theory

δniσ ′

δVsσ (z)

∣∣∣∣
μ

= −δσσ ′

2π
ξiσ (z)2. (27)

Replacing Eqs. (25) and (27) in (24) we obtain

δF
δVsσ (z)

∣∣∣∣
μ

=
∑

i

∫
dz′ δF

δξiσ (z′)
ξiσ (z)Giσ (z′,z)

− 1

2π

∑
i

∂F
∂niσ

ξiσ (z)2. (28)
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2. Calculation of ∂F/∂μ|Vs�

The electronic structure remains unchanged as long as Vsσ

remains fixed, therefore, it is not necessary to consider changes
in the shape of the KS orbitals when evaluating ∂F/∂μ|Vs	 .
Using Eq. (4) we get

∂F
∂μ

∣∣∣∣
Vs	

=
∑
iσ

∂F
∂niσ

∂niσ

∂μ

∣∣∣∣
Vs	

= 1

2π

∑
iσ

∂F
∂niσ

. (29)

Note that this result is also obtained if we integrate
on z both sides of Eq. (28), taking into account that∫

dz ξiσ (z)Giσ (z′,z) = 0 due to the orthogonality of the KS
orbitals and also the property of Eq. (15).

We continue in the following with the remaining derivatives
related to the closed-system representation.

3. Calculation of δF/δVsσ (z)|η
Applying the chain rule, we have

δF
δVsσ (z)

∣∣∣∣
η

=
∑
iσ ′

∫
dz′ δF

δξiσ ′(z′)
δξiσ ′(z′)
δVsσ (z)

∣∣∣∣
η

+
∑
iσ ′

∂F
∂niσ ′

δniσ ′

δVsσ (z)

∣∣∣∣
η

. (30)

The result for the derivative δξiσ ′(z′)/δVsσ (z)|η is identical
to Eq. (25) because the subband wave functions are fully
determined by Vsσ (z) [this can also be seen from Eq. (A4)
with F = ξiσ (z) and the fact that ∂ξiσ /∂η|Vs	 = 0]. For the
potential functional derivative of the occupation factors we
have, taking into account Eqs. (A3) and (29) with F = niσ ′

and Eq. (27),

δniσ ′

δVsσ (z)

∣∣∣∣
η

= 1

2π

[
δμ

δVsσ (z)

∣∣∣∣
η

− δσσ ′ξiσ (z)2

]
. (31)

The functional derivative of the chemical potential is obtained
from Eq. (5) together with the first-order perturbation theory
result δεiσ /δVsσ ′ (z) = δσσ ′ξiσ (z)2:

δμ

δVsσ (z)

∣∣∣∣
η

= 1

Ns

∑
i

θiσ ξiσ (z)2. (32)

Inserting Eq. (32) in (31) we have

δniσ ′

δVsσ (z)

∣∣∣∣
η

= − 1

2π

∑
j

[
δσσ ′δij − θjσ

Ns

]
ξjσ (z)2. (33)

Finally, substituting in Eq. (30)

δF
δVsσ (z)

∣∣∣∣
η

=
∑

i

∫
dz′ δF

δξiσ (z′)
ξiσ (z)Giσ (z′,z)

− 1

2π

∑
ijσ ′

[
δσσ ′δij − θjσ

Ns

]
∂F

∂niσ ′
ξjσ (z)2. (34)

By comparing Eqs. (34) and (28), we obtain

δF
δVsσ (z)

∣∣∣∣
η

= δF
δVsσ (z)

∣∣∣∣
μ

+ 1

2πNs

∑
iσ ′

∂F
∂niσ ′

∑
j

θjσ ξjσ (z)2,

(35)

in agreement with Eq. (A3), as can be verified taking into
account additionally Eqs. (29) and (32).

4. Calculation of ∂F/∂η|Vs�

With the same considerations previous to Eq. (29) and
applying the chain rule, we have

∂F
∂η

∣∣∣∣
Vs	

=
∑
iσ

∂F
∂niσ

∂niσ

∂η

∣∣∣∣
Vs	

.

The partial derivatives of the occupation factors niσ can be
readily obtained from their definition in Eq. (4) and the result

∂μ

∂η

∣∣∣∣
Vs	

= 2π

Ns

,

that can be obtained from Eq. (5) and the fact that
∂εiσ /∂η|Vs	 = 0. Combining everything we get

∂F
∂η

∣∣∣∣
Vs	

= 1

Ns

∑
iσ

∂F
∂niσ

. (36)

Comparing Eq. (36) with (29) we obtain, additionally,

∂F
∂η

∣∣∣∣
Vs	

= 2π

Ns

∂F
∂μ

∣∣∣∣
Vs	

.

This result shows that Eqs. (16) and (22) are equivalent.

B. Density- and spin-density response functions

1. Density-density response function

As an application of the results obtained in Sec. IV A, we
derive here explicit orbital expressions for the density response
function χr

σσ ′(z,z′) as defined in Eq. (9), for r = μ, η. Setting
F = nσ (z) in Eq. (28), we obtain

χ
μ

σσ ′(z,z′) =
∑

i

∫
dz1

δnσ (z)

δξiσ ′(z1)
ξiσ ′(z′)Giσ ′(z1,z

′)

− 1

2π

∑
i

∂nσ (z)

∂niσ ′
ξiσ ′(z′)2. (37)

From Eq. (3), we obtain

δnσ (z)

δξiσ ′(z1)
= 2 δσσ ′δ(z − z1)θiσ niσ ξiσ (z),

∂nσ (z)

∂niσ ′
= δσσ ′θiσ ξiσ (z)2

to find, after corresponding replacements in Eq. (37),

χ
μ

σσ ′(z,z′) = 2 δσσ ′
∑

i

θiσ niσ ξiσ (z)Giσ (z,z′)ξiσ (z′)

− δσσ ′

2π

∑
i

θiσ ξiσ (z)2ξiσ (z′)2. (38)

For the fixed η case, we make analogous replacements to
Eq. (34) with the result

χ
η

σσ ′(z,z′) = 2δσσ ′
∑

i

θiσ niσ ξiσ (z)Giσ (z,z′)ξiσ (z′)

− 1

2π

∑
i,j

[
δσσ ′δij − θjσ ′

Ns

]
θiσ ξiσ (z)2ξjσ ′(z′)2

(39)
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or, in a more compact form,

χ
η

σσ ′(z,z′) = χ
μ

σσ ′(z,z′) + 1

2πNs

∑
ij

θiσ θjσ ′ξiσ (z)2ξjσ ′(z′)2.

(40)

For an arbitrary perturbation of the KS potential δVsσ (z),
there will be a charge transfer between the quantum well
and the particle reservoir at fixed μ in the open system. In
contrast, in the closed system such a perturbation will cause a
charge transfer between subbands. From Eq. (40), we see that
χ

η

σσ ′(z,z′) is nondiagonal in spin, therefore, the perturbation
will cause in general a net charge transfer between subbands
with different spin component. In terms of the density response
function, the change on the total charge for the spin projection
σ can be written as

δrησ =
∑
σ ′

∫
dz dz′ χr

σσ ′(z,z′)δVsσ ′ (z′).

For the open case r = μ, using Eq. (38) we get

δμησ = − 1

2π

∑
i

θiσ δVs iσ , (41)

where we have used that
∫

dz ξiσ (z)Giσ (z,z′) = 0 and δVs iσ

is defined by

δVs iσ =
∫

dz ξiσ (z)2δVsσ (z). (42)

Consistently with Eq. (38), that is diagonal in spin, we find
from Eq. (41) that a change in the KS potential for spin
component σ does not affect the occupation of the opposite
spin component. For the closed case r = η we find, resorting
now to Eq. (39),

δηησ = Nsσ

2πNs

∑
i

θiσ δVs iσ − Nsσ

2πNs

∑
i

θiσ δVs iσ ,

which implies

δηησ = − δηησ ,

i.e., a flow of charge δηησ from one spin component to the
other, as expected for a closed system. In the equations above,
Nsσ = ∑

i θiσ is the number of occupied subbands with spin
component σ .

From Eqs. (38) and (39), the following symmetry properties
for the density response functions are verified:

χ
μ

σσ ′(z,z′) = χ
μ

σσ ′(z′,z) = χ
μ

σ ′σ (z,z′),

χ
η

σσ ′(z,z′) = χ
η

σ ′σ (z′,z).

We also derive∑
σ ′

∫
dz′χμ

σσ ′(z,z′) = −
∑

i

θiσ

2π
ξiσ (z)2,

∑
σ ′

∫
dz′χη

σσ ′(z,z′) = 0,

that is, the density response function for the Q2DEG closed
system is singular, as in the case of solids [18,19]. In contrast,
for the open Q2DEG system, it is nonsingular and can be
inverted [22,36]. The issue of the invertibility of the density

response function is discussed further in the following. The
fact that the density response function for finite systems in
closed and open environments is different has been already
discussed in Ref. [37].

2. Spin-density and macroscopic magnetic susceptibility

Up to now, we have used only spin-resolved variables
in the representations of the Q2DEG. Additional convenient
variables for spin-polarized systems are the total density
n(z) and the magnetization density m(z), which relate to the
spin-resolved density through

n(z) =
∑

σ

nσ (z), (43)

m(z) = −μB

∑
σ

σ nσ (z), (44)

with μB being the Bohr magneton. In the KS system, n(z) and
m(z) couple, respectively, to the scalar potential Vs(z) and the
magnetic field Bs(z):

Vs(z) =
∑

σ

Vsσ (z)/2, (45)

Bs(z) = −
∑

σ

σVsσ (z)/(2μB), (46)

which can be equally used, together with the areal density η

(chemical potential μ), to build alternative representations of
the Q2DEG for closed (open) systems. In analogy to Eq. (9),
we can define the spin-density response function

χr
mm(z,z′) = δm(z)

δBs(z′)

∣∣∣∣
Vs,r

(47)

with r = μ, η. The response function in the equation above
relates to their spin-density counterparts in Eq. (9) by

χr
mm(z,z′) = μ2

B

∑
σσ ′

σσ ′χr
σσ ′(z,z′). (48)

The magnetic susceptibility χr
mm is defined by Eq. (47).

In terms of it, the macroscopic magnetic susceptibility,
representing the total magnetic polarization m induced by a
homogeneous (i.e., independent of z and ρ) magnetic field Bs ,
is given by

∂m

∂Bs

∣∣∣∣
Vs,r

=
∫

dz dz′ χr
mm(z,z′). (49)

In order to obtain the macroscopic magnetic susceptibility,
we begin by replacing Eq. (48) in (49) and then replace
χr

σσ ′(z,z′) in the resulting expression by Eqs. (38) and (39)
for open and closed systems, respectively. The calculation is
straightforward, with the result

∂m

∂Bs

∣∣∣∣
Vs,μ

= Nsμ
2
B

2π
, (50)

∂m

∂Bs

∣∣∣∣
Vs,η

= Nsμ
2
B

2π

[
1 −

(
Ns↑ − Ns↓

Ns

)2
]

(51)

= 2μ2
B

π

(∑
σ

1

Nsσ

)−1

. (52)
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From Eq. (50), we see that the KS magnetic susceptibility
for an open system is independent of the distribution of
electrons between the up and down subbands. This contrasts
with the closed-system case: From Eq. (51) we see that the
result depends on how electrons distribute in the different spin
components. When Ns↑ = Ns↓ (e.g., the spin-unpolarized con-
figuration) the susceptibilities for open and closed Q2DEGs
coincide. However, in the ferromagnetic case (Ns↑ = Ns ,
Ns↓ = 0), while the susceptibility for the open system remains
finite, it becomes zero for the closed system. This is the
expected result because a closed system with a ferromagnetic
configuration is saturated: incrementing B will not change
the total magnetization because the number of electrons can
not increase in the majority spin component. In contrast, in
the open case, the reservoir can always provide electrons to
increase the induced magnetization. This notable difference
between the static noninteracting susceptibilities for open and
closed systems is a consequence of the respective constraints
and points to the importance of accurately accounting for them
into the theory. It also suggests analogous differences for the
interacting susceptibilities. For Ns = 2, Eq. (50) reproduces
the Pauli paramagnetic susceptibility of a strict 2D noninter-
acting electron gas [38]. In the limit Ns � 1, one recovers the
expression for the 3D homogeneous noninteracting electron
gas [39].

C. OEP equations in terms of the orbital shifts

The OEP equations can be conveniently formulated in terms
of the orbital shifts ψr

F iσ (z). The orbital shift for subband iσ

represents the first-order variation of the KS orbital ξiσ (z)
due to a perturbation �V r

F iσ (z) = θiσV r
Fσ (z) − uF iσ (z) where

uF iσ (z) is the orbital potential given by [40]

uF iσ (z) = 1

2Aniσ

1

ξiσ (z)

δF
δξiσ (z)

. (53)

Accordingly, from Eq. (25), in terms of the Green’s function
Giσ the orbital shifts are given by

ψr
F iσ (z) =

∫
dz′�V r

F iσ (z′)Giσ (z′,z)ξiσ (z′), (54)

from which the orthogonality property
∫

dz ψr
F iσ (z)ξiσ (z) = 0

is derived.
Replacing Eqs. (28) and (38) on the left and right sides of

Eq. (13), respectively, and rearranging terms, we obtain the
OEP equation for the open system in terms of the shifts:∑

i

niσ ξiσ (z)ψμ

F iσ (z) = 1

4π

∑
i

C
μ

F iσ ξiσ (z)2, (55)

where the scalars Cr
F iσ are defined by

Cr
F iσ = θiσV

r

F iσ − 1

A

∂F
∂niσ

, (56)

V
r

F iσ =
∫

dz ξiσ (z)2V r
Fσ (z). (57)

Similarly, if we replace Eqs. (34) and (39) on the left and
right of Eq. (17), respectively, the OEP equation for the closed

system is obtained:∑
i

niσ ξiσ (z)ψη

F iσ (z)

= 1

4π

∑
i

[
C

η

F iσ − θiσ

Nsσ C
η

Fσ + Nsσ C
η

Fσ

Ns

]
ξiσ (z)2. (58)

Integrating over z both sides of Eqs. (55) and (58) and using
the orthogonality between the shifts and the KS orbitals, we
obtain the following conditions on the scalars Cr

F :

C
μ

Fσ = 0, (59)

C
η

Fσ = C
η

Fσ ≡ C
η

F , (60)

where the overline indicates C
r

Fσ = ∑
i C

r
F iσ /Nsσ , which in

the case of occupied-orbital functionals (i.e., functionals that
depend exclusively on occupied KS orbitals and occupations)
is simply an average of the Cr

F iσ ’s over occupied subbands.
In the strict ferromagnetic case Nsσ �= 0 and Nsσ = 0, the
optimization of Eq. (12) is performed only for the relevant
spin component σ , while the component σ is ignored. This
leads, for the closed case, to an OEP equation identical to
Eq. (58) but without the term proportional to C

η

Fσ . Therefore,
in the strict ferromagnetic case the condition of Eq. (60) plays
no role. Returning to the general case Nsσ ,Nsσ �= 0, the spin
independence of C

η

Fσ given by Eq. (60) allows to define a
spin-independent scalar C

η

F . With this a more compact form
of the OEP equation for closed systems [Eq. (58)] can be
written:∑

i

niσ ξiσ (z)ψη

F iσ (z) = 1

4π

∑
i

[
C

η

F iσ − θiσC
η

F
]
ξiσ (z)2.

(61)

Upon addition of a spin-independent constant K to V r
Fσ (z), the

shifts remain unchanged, while the scalars transform according
to C

r

Fσ → C
r

Fσ + K and Cr
F iσ → Cr

F iσ + θiσK . Then, if
V

η

Fσ (z) is a solution of Eq. (61), V
η

Fσ (z) + K is a solution
too, in agreement with the conclusions of Sec. III B for the
closed-system potential. On the other side, if a spin-dependent
constant Kσ is added to the solution V

η

Fσ (z), the scalars
transform according to C

η

Fσ → C
η

Fσ + Kσ . Therefore, by
virtue of Eq. (60), the shifted potential V η

Fσ (z) + Kσ will not be
a solution unless Kσ = Kσ = K . In other words, the condition
of Eq. (60) fixes the relative position of the potentials V

η

Fσ (z)
and V

η

Fσ (z). For the open system, in contrast, if V
μ

Fσ (z) is a
solution of Eq. (55), V

μ

Fσ (z) + K will not be a solution of it
because a term proportional to K appears on the right-hand
side. Thus, V

μ

Fσ (z) is completely determined by Eq. (55).
Finally, let us define Ṽσ (z) ≡ V

η

Fσ (z) − C
η

F . By following
similar arguments as before, it can be readily verified that
ψ

η

F iσ (z) = ψ̃iσ (z) and C
η

F iσ = C̃iσ + θiσC
η

F , where ψ̃iσ (z)
and C̃iσ are obtained, respectively, from Eqs. (54) and (56)
with V r

Fσ = Ṽσ (z). Replacing these expressions for ψ
η

F iσ (z)
and C

η

F iσ in Eq. (61) we see that Ṽσ (z) satisfies an equation
that is formally identical to Eq. (55). This means that V μ

Fσ (z) =
Ṽσ (z), i.e., the two self-consistent solutions for closed and open
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systems are intrinsically linked by the relation

V
μ

Fσ (z) = V
η

Fσ (z) − C
η

F , (62)

in agreement with Eq. (21). Since V
η

Fσ (z) is determined up
to a floating constant, choosing the condition C

η

F = 0 to
fix this constant leads to an exact matching of both OEP
potentials. This condition is equivalent to the condition of
Eq. (22) which fixes the floating constant for the open-system
potential when calculated in the closed-system representation.
The fact that V

μ

Fσ (z) and V
η

Fσ (z) are so simply related as
above is one of the main findings of this work since it opens
the way to perform calculations for a given Q2DEG closed
system using OEP equations for a Q2DEG open system, and
vice versa, depending just on convenience. For instance, the
noninvertibility of the density response function for closed
Q2DEG systems is an obstacle for the numerical evaluation
of V

η

Fσ (z), starting from Eq. (17). The same problem arises in
solid-state applications of the OEP method, where it is solved,
for example, by expressing the OEP equations in a restricted
reciprocal space G excluding the G = 0 component [18,19].
We offer here an alternative solution to this problem: Solve
the OEP equations for the system of interest in an open
environment, for which the density-response function is
invertible [36], and then return to the physical closed situation
using Eq. (62).

Equation (62) tells us that for given values of η and μ, as
determined from Eq. (5), the corresponding OEP potentials
differ by a constant. This constant is arbitrary because V

η

Fσ (z),
which enters in the definition of the constant in Eq. (56),
is defined up to an arbitrary constant. Nevertheless, as the
right-hand side of Eq. (62) is invariant upon addition of a spin-
independent constant to V

η

Fσ (z), this arbitrariness of C
η

F does
not affect the important result that the open-system potential is
completely determined. A few remarks regarding its relation to
finite systems and solids are in order here: As explained above,
setting C

η

F = 0 makes the two potentials identical, therefore
the choice C

η

F = 0 is equivalent to the exact condition C
μ

F = 0
of Eq. (59) which fixes the open-system potential. This exact
condition is in full analogy to the Eq. (13) of Ref. [35] for
finite systems, as discussed above in relation to Eq. (22). Also,
the exact condition C

μ

F = 0 leads to a discontinuity in the
open-system exchange (exchange correlation) OEP potential
every time a new subband begins to be occupied, as shown
in Ref. [40] (Ref. [22]). For closed Q2DEGs, as those studied
in Refs. [23–25], the same types of discontinuities appear.
This is in analogy to the discontinuities in finite systems [31]
and solids [32] when the total number of electrons N passes
through integer values. The issue of the discontinuities in
finite systems of the derivative of the exchange correlation
energy with respect to the particle number, and of the
exchange correlation potential, and of the static and dynamic
exchange correlation kernel when passing through integer
values of N has been exhaustively discussed recently in
Refs. [35,41,42].

The relevance of Eqs. (59) and (60) should be emphasized
here, as follows. (i) Both constraints are already contained in
the defining OEP equations for open [Eq. (55)] and closed
[Eq. (61)] systems. In other words, if the solution to any of
these two equations is found, the respective constraints of

Eqs. (59) or (60) are automatically satisfied. It is important
to stress the fact that Eq. (59) is a consequence of the OEP
equations for open systems, and should not be confused
with the so-called “HOMO constraint” as applied to finite
systems (see Ref. [43] and Sec. IV F). Although the constraints
of Eqs. (59) or (60) are already contained in the OEP
equations, knowing about their existence is extremely useful
for the numerical solution of the OEP equations, either as a
means to verify the accuracy of the numerical results, or by
forcing their satisfaction through the self-consistent iterative
numerical loop. We have found crucial this last application
for achieving the self-consistent numerical results presented
in the following. More discussions about these points are
given in Sec. V, devoted to the numerical results. (ii) The
one-subband limit (either N↑ = N↓ = 1 or Nσ = 1,Nσ �= 1)
for occupied-orbital functionals of Eqs. (55) and (61) is
interesting since it admits an analytical solution, and it is
physically relevant [44]. In this situation, the right-hand side
of both equations becomes zero, and the analytical solutions
are V r

Fσ (z) = uF1σ (z), with the constraints C
μ

F1σ = 0 and
C

η

F1↑ = C
η

F1↓ = C
η

F1. As in the general case, the solution
V

η

Fσ (z) is defined up to a floating constant. For F = Ex ,
the analytical expression for uF1σ (z) is given in Eq. (46) of
Ref. [45]. (iii) Equation (60) admits an interesting physical
interpretation. As discussed in Appendix B, its satisfaction
guarantees that the total energy of an interacting closed system
be an extremal with respect to density magnetization variations
δm.

As a final remark to this section, let us emphasize that
the OEP equations for open [Eq. (55)] and closed [Eq. (61)]
situations derived here are valid both for the case where the
functional F depends on occupied orbitals alone (as is the
case of the exchange functional), and also for the case where
it depends on occupied and unoccupied orbitals (as is the case
of the correlation energy functional derived in Refs. [22,45]
for the Q2DEGs in semiconductor quantum wells).

D. OEP equations as first-order density shifts

A known property of the OEP potential for occupied-
orbital functionals is that the density is unchanged to first
order upon the orbital-dependent perturbation �Vxciσ (r) =
Vxcσ (r) − uxciσ (r) (see, e.g., Ref. [46]). Here we show, also for
occupied-orbital functionals [47], that the potentials defined by
the OEP Eqs. (55) and (58) fulfill this important property. In
the present case the derivation is more involved because the
right-hand side in Eqs. (55) and (58) is not zero. This term, that
comes from taking into account variations in the occupations,
is exactly zero in the usual OEP approach in which orbital
occupations are kept fixed [8,9].

Using similar arguments as those to derive Eqs. (38)
and (39), it can be shown that for an orbital-dependent
perturbation �V r

F iσ (z) of the KS potential, the first-order
change in the density is

δμnσ (z) = 2
∑

i

θiσ niσ ξiσ (z)ψμ

iσ (z) − θiσ

2π
�V

μ

F iσ ξiσ (z)2

(63)
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for an open system, and

δηnσ (z)

= 2
∑

i

θiσ niσ ξiσ (z)ψη

iσ (z) − 1

2π

∑
i

θiσ

×
[
�V

η

F iσ − Nsσ �V
η

F iσ + Nsσ �V
η

F iσ

Ns

]
ξiσ (z)2 (64)

for a closed system. The overline indicates an integral
analogous to Eq. (42). For occupied-orbital functionals F that
can be explicitly written as functionals of the set {kFiσ ξiσ (z)}
(with kFiσ = θiσ n

1/2
iσ the subband Fermi momentum), as is the

case, for example, for all explicit density functionals as well
as the exact-exchange energy functional, it can be shown (see
Appendix C) that

uF iσ = 1

A

∂F
∂niσ

. (65)

This implies that the scalars in Eq. (56) fulfill

Cr
F iσ = �V

r

F iσ . (66)

Replacing Eq. (66) in Eqs. (63) and (64), we see immediately
that the fulfillment of the OEP equations (55) and (58) for an
occupied-orbital functional F implies that

δrnσ (z) = 0. (67)

This equation admits a very appealing physical interpre-
tation: The potential V r

Fσ (z) that optimizes the energy of
the interacting Q2DEG is such that the first-order change
in the density vanishes when the KS system is perturbed with
the orbital-dependent perturbation �V r

F iσ (z).
If the restriction over occupied-only functionals is lifted,

one arrives at

δrnσ (z)

2
= −

unocc∑
i

niσ ξiσ (z)ψr
F iσ (z)

+ 1

4π

unocc∑
i

[
Cr

F iσ − θiσC
r

F
]
ξiσ (z)2, (68)

where the summations on the right-hand side run over
unoccupied orbitals. In this case, an interpretation of the OEP
potential as made after Eq. (67) does not seem to be possible
because there is not an obvious reason for the right-hand side
of Eq. (68) to be exactly zero.

E. Explicit expressions for V r
Fσ (z) in terms of the shifts

By virtue of the completeness of the basis formed by the
single-particle KS orbitals, it can be shown using Eqs. (26)
and (54) that the shifts satisfy the following differential
equation:

[Hsσ (z) − εiσ ]ψr
F iσ (z) = −[

�V r
F iσ (z) − �V

r

F iσ

]
ξiσ (z),

(69)

where the KS Hamiltonian Hsσ (z) is identical to the expression
in square brackets on the left-hand side of Eq. (2). Using this
result and Eq. (2), after some algebra it is possible to find that

the potential V r
Fσ (z) can be written as the sum of two terms

V r
Fσ (z) = V

r,KLI
Fσ (z) + V

r,�
Fσ (z), (70)

where the first term is to be identified with the Krieger-Li-
Iafrate (KLI) approximation [48]

V
r,KLI
Fσ (z) =

∑
i

θiσ niσ ξiσ (z)2

nσ (z)

[
uF iσ (z) + �V

r

F iσ

]
, (71)

and the second term is

V
r,�
Fσ (z) =

∑
i

θiσ niσ

2nσ (z)

[
ξiσ (z)ψr

F iσ (z)′′ − ξiσ (z)′′ψr
F iσ (z)

]
,

(72)

where the prime denotes derivation with respect to z. Up to
now, we have not taken into account the OEP equation and
therefore Eq. (70) is trivial in the sense that it is verified for
arbitrary V r

Fσ (z). In order to incorporate the OEP equation, we
derive twice Eqs. (55) and (61) with respect to z and use the
conditions on the C

r

Fσ from Eqs. (59) and (60). Restricting to
the case of occupied-orbital functionals F one gets, after some
algebra,

V
r,�
Fσ (z) = −

∑
i

θiσ niσ

nσ (z)

d

dz

[
ψr

F iσ (z)ξiσ (z)′
]

+
∑

i

θiσ

Cr
F iσ − C

r

Fσ

8πnσ (z)

d2ξiσ (z)2

dz2
. (73)

Equations (70), (71), and (73) together with the corresponding
conditions from Eq. (59) or (60) completely determine the
potential V r

Fσ (z). They must be solved self-consistently. It
should be clear at this point that the set of Eqs. (55) and (61) is
fully equivalent to Eqs. (70) plus the constraints of Eqs. (59)
and (60). The use of one set of equations or the other is just
a question of convenience; in our case, we have used the
form (70) for the numerical calculations, and the forms (55)
or (61) for obtaining analytical results, like the asymptotic
limits to be discussed following.

Since our OEP equations and the associated constraints
are different from the ones used usually in deriving the KLI
approximation, some justification is needed for the label “KLI”
in Eqs. (70) and (71). In the first place, the explicit expression
for V

r,KLI
Fσ (z) in Eq. (71) is identical to the one in previous

works [9]. Second, by following the steps in Ref. [8], it can be
shown that ∫

dz nσ (z) V
r,�
Fσ (z) = 0. (74)

In words, the meaning of this equation is that the weighted
average of the terms in V r

Fσ beyond the KLI approximation
is zero. This is exactly the same that has been found in
previous works, and used as argument to justify both the
approximation and its well-documented good performance for
localized systems such as atoms and molecules [8], and also
for extended systems [26,27].

F. Asymptotic limits for x-only OEP

Here, we will be mainly concerned with the asymptotic
limit of V

η
x σ (z), that is, in the special case when F = Ex is the
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exact-exchange energy functional. Solving Eq. (62) for V
η
x σ (z)

and taking the limit z → ∞,

V η
x σ (z → ∞) = V μ

x σ (z → ∞) + C
η

x . (75)

Now, in previous works we have already obtained that [22,40]

V μ
x σ (z → ∞) → �V

μ

xmσ σ = V
μ

xmσ σ − uxmσ σ , (76)

with i = mσ being the last occupied (the more energetic)
energy level corresponding to spin σ . Using Eq. (62) once
more,

V
μ

xmσ σ = V
η

xmσ σ − C
η

x , (77)

and replacing in the previous equation,

V μ
x σ (z → ∞) → V

η

xmσ σ − uxmσ σ − C
η

x . (78)

Returning to Eq. (75),

V η
x σ (z → ∞) → �V

η

xmσ σ = V
η

xmσ σ − uxmσ σ . (79)

Since in the closed system V
η
x σ (z) is defined up to a

floating constant, one can choose (either for σ =↑ or σ =↓,
but not for both) that V

η
x σ (z → ∞) → 0 by imposing the

condition �V
η

xmσ σ = 0, that implies that V
η

xmσ σ = uxmσ σ . On
the other side, the other spin component of the exchange
potential, V

η
x σ (z), is fully determined by the constraint in

Eq. (60), and has then the asymptotic limit V
η
x σ (z → ∞) →

�V
η

xmσ σ = V
η

xmσ σ − uxmσ σ , which in general will be different
from zero. Regarding the open system, its asymptotic limit
is given by Eq. (76). In this case, if n↑ �= n↓ and both
densities are different from zero, the spin-dependent OEP
exchange potential tends to two different constant values
far in the vacuum region. In the spin-unpolarized case, the
asymptotic limit V

η
x σ (z → ∞) = V

η
x σ (z → ∞) := V

η
x (z →

∞) → �V
η

xmσ σ = �V
η

xmσ σ := �V
η

xm. Fixing the floating

constant by the standard choice �V
η

xm = 0, then V
η
x (z →

∞) → 0. The spin-unpolarized asymptotic limit in the open
system has been discussed in Ref. [40]. It has been shown
there that V

μ
x σ (z → ∞) = V

μ
x σ (z → ∞) := V

μ
x (z → ∞) →

�V
μ

xmσ σ = �V
μ

xmσ σ := �V
μ

xm. And since �V
μ

xm �= 0 in gen-
eral, the OEP exchange potential of the spin-unpolarized open
system tends to a well-determined single finite value in the
asymptotic region.

In the context of finite systems such as atoms and molecules,
the equivalent to the condition V

η

xmσ σ = uxmσ σ has been
obtained in several works, either by appealing to fractional
particle numbers [48], from scaling arguments [49], or from
analyzing the asymptotic limit of the corresponding x-only
OEP equations [8]. This constraint, denoted in this context as
the “HOMO constraint,” is very useful in helping for solving
the intrinsic invertibility problem of the density-response
function for this type of system [43]. An important difference,
however, is that this “HOMO constraint” is applied in finite
systems to both spin components, while in our Q2DEG case
we have found that it only can be applied to one of the two
spin components (closed case) or to none of them (open case),
for a spin-polarized situation. As discussed above, this has the
consequence that the asymptotic value of the “unconstrained”
spin component of the OEP potential has in general a nonzero

asymptotic value. A numerical example of this behavior is
given in the next section.

V. NUMERICAL EXAMPLE FOR A JELLIUM
METALLIC SLAB

The jellium-slab model for a metallic surface represents an
example of Q2DEG [50,51]. In this model, the positive ions
inside the metal are replaced by a uniform 3D slab charge
distribution n+(z) (the jellium):

n+(z) = n0 θ

(
d

2
− |z|

)
, (80)

where d is the width of the slab with edges at z = − d/2 and
z = d/2 and n0 = η/d [52]. The attractive jellium confines the
movement of electrons in the z direction, while they are free to
move along the translational invariant x-y plane. Defined this
way, the slab has global (but not local) neutrality. The same
model has been studied in the past for the spin-unpolarized
case [23–25]. We want here to give a numerical example of
the utility of the spin-dependent OEP formalism for closed
Q2DEGs developed in the previous sections, for a concrete
spin-polarized situation.

The calculation of the x-only OEP (x-OEP) spin-dependent
exchange potential for the closed system V

η
x σ (z) amounts to

the numerical solution of Eqs. (70), (71), and (73), imposing
the fulfillment of Eq. (60). In the case of the x-only KLI
(x-KLI) approximation, the last term in the right-hand side of
Eq. (70) was removed. In all the results shown following, the
correlation potential has been neglected.

This set of equations has to be solved in a self-consistent
procedure. The standard way, which we have applied, consists
of the following steps: (i) Solve the Kohn-Sham equations
[Eq. (2)] for each spin projection with an initial approximated
KS potential. We have used as initial potential V

η,KLI
sσ (z) =

Ve(z) + VH(z) + V
η,KLI
x σ (z) in the case of x-OEP. (ii) Use the

resulting orbitals ξiσ (z) and energies εiσ to obtain the orbital
potentials uxiσ (z) and then solve the differential equation
Eq. (69) for the orbital shifts ψ

η

xiσ (z). (iii) Insert the orbitals,
subband occupations, orbital potentials, and orbital shifts in
Eqs. (70), (71), and (73) to obtain an improved V

η
x σ (z). (iv)

Update the KS potential using a mixture of the initial KS
potential and the new one. (v) Self-consistently solve the
Kohn-Sham equations with the improved approximation. (vi)
Repeat these steps until convergence is achieved. Step (ii),
where the orbital potentials and orbital shifts are numerically
determined, is by far the more demanding step of the x-OEP
self-consistent loop regarding the computational time. This
step is the main difference with the self-consistent x-KLI
loop, where the calculation starts from an x-LDA seed for
the initial KS potential and there is no need of solving the
differential equation for the shifts [53]. This, together with the
fact that the mixing factor used in step (iv) may be greater
in the self-consistent x-KLI loop, combines in yielding great
savings of computational cost, and as we will show, with only a
small loss of accuracy as compared to the x-OEP result. More
details on the numerical technique for solving the Q2DEG’s
OEP equations are given in Refs. [23–25].

Inside the iterative self-consistent loop we have used the
invariance upon the addition of a spin-independent constant to
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FIG. 1. Upper panel: total [n(z)] and spin-dependent densities
[nσ (z)]. Full lines are for the x-OEP case, dashed and dotted lines
correspond to the x-KLI and x-LDA approximations, respectively.
Lower panel: magnetizations m(z) = μB [n↓(z) − n↑(z)]. The slab
parameters are rs = 5.0 and d = 0.8 λF .

V
η
x σ (z) in order to enforce the limit V

η

s↑(z → ∞) → 0 for the
most populated spin component, chosen here (arbitrarily) as
the up-spin component; this is equivalent to the assumption
that V

η

x ↑(z → ∞) → 0. As discussed above, if i = m↑ is
the last occupied slab discrete level corresponding to the
most populated spin component, this assumption is enforced
by the constraint �V

η

xm↑↑ = V
η

xm↑↑ − uxm↑↑ = 0. With this
choice and the condition given by Eq. (60), the less populated
spin component (σ =↓) of the x-OEP and x-KLI exchange
potentials is fully determined.

Densities and magnetizations for a narrow slab with rs = 5
and d = 0.8 λF (with λF as defined in Ref. [30]) are shown
in Fig. 1, for three different approximations: x-LDA, x-KLI,
and x-OEP. While the total densities are essentially the same
in the three approximations, spin-discriminated densities are
much more sensitive to which approximation is used, leading
to the different magnetizations shown in the lower panel. It
is interesting to compare m(z) for the x-LDA and the x-OEP
calculations. In the x-LDA case (dotted line), m(z) < 0 in
the full z range, corresponding to a ferromagnetic ground
state. Conversely, the x-OEP gives a slightly antiferromagnetic
configuration with m(z) < 0 on the sides of the slab and
m(z) > 0 close to the center. This result is counterintuitive:
As compared to x-OEP, the x-LDA potential underestimates
the exchange interaction, therefore, it is natural to expect that
x-OEP would favor a global ferromagnetic configuration more
strongly than LDA.

Nevertheless, this result can be understood on the basis that,
separately for each spin component, the x-OEP potential favors
spatial charge accumulation more effectively than x-LDA, in
order to maximize the negative exchange interaction energy.
Under this basic fact, we can analyze the different potentials
and densities for each spin component.
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FIG. 2. External plus Hartree (dotted lines), exchange (dashed
lines), and Kohn-Sham (full lines) self-consistent potentials for the
x-OEP, x-KLI, and x-LDA approximations (upper, middle, and lower
panels, respectively), for the same slab of Fig. 1. For z < 0, the σ = ↓
(minority-spin component) electronic structure is shown; for z > 0,
the σ = ↑ (majority-spin component) electronic structure is shown.
μ is the chemical potential, and the horizontal straight lines represent
the spin-dependent KS eigenvalues εiσ . In the upper panel, the x-KLI
KS potential has been included, for comparison.

As displayed in Fig. 2, for σ =↓ (minority-spin compo-
nent), the x-OEP potential is deeper than the x-LDA one, as
can be seen from the difference � = Vx ↓(−d/2) − Vx ↓(0):
�(OEP)  0.0716 H > �(LDA)  0.0602 H. Therefore, the
spin-down x-OEP potential favors charge accumulation in the
center more effectively than x-LDA. The case for σ =↑ is
more involved because there are two occupied subbands. Due
to symmetry considerations, the subband of lowest energy
ξ1↑(z) is symmetrical around the center of the slab, while
ξ2↑(z) is antisymmetrical and therefore exactly zero in the slab
center. As a consequence, it turns out to be more favorable
to accumulate charge on the sides of the slab through the
building of a barrier in the middle. The height of this barrier is
roughly given by �b = Vx ↑(0) − Vx ↑(min), where Vx ↑(min)
is the potential’s minimum. We have �b(OEP)  0.0211 H >

�b(LDA)  0.0095 H. In sum, the combined effect of a deeper
potential for σ =↓ and a higher middle barrier for σ =↑
leads to a slight antiferromagnetic configuration for x-OEP,
not observed in the x-LDA result. The x-KLI magnetization
lies in-between the x-LDA and x-OEP.

An interesting feature regarding the results displayed in
Fig. 2 is the much slower decay of the x-OEP and x-KLI
exchange potentials, as compared with the x-LDA. This has
been already discussed for the spin-unpolarized situation,
were it has been found that V

η

x ↑(z → ∞) = V
η

x ↓(z → ∞) →
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the slab center is at z = 0. Full curves represent V η

x σ (z), with σ = ↑
(σ = ↓) for the majority- (minority-) spin component. The dashed
curve is an approximate asymptotic limit for the many-subband
x-OEP exchange potential (see text for more details), and the two
arrows on the right signal the two different asymptotic limits for the
↑ and ↓ exchange potentials.

− e2/z, both for the x-OEP and x-KLI approximations
[23–27]. The x-LDA exchange potential, on the other side,
decays much more rapidly, following the exponential decay of
the density displayed in Fig. 1.

We have included in the top panel of Fig. 2 the KLI results
for the spin-dependent KS potentials of the middle panel;
clearly the KLI potentials are hardly distinguishable from
the full OEP exchange potentials, suggesting once more the
accuracy of the KLI approximation as applied to Q2DEGs [40].

We display in Fig. 3 an enhanced view of the upper panel of
Fig. 2, for small enough energies, and for values of z deep in the
vacuum region (z � d). The asymptotic limit of the minority-
spin component (with just one occupied subband) is given
by V

η

x ↓(z → ∞) → V
η

x1↓ − ux1↓ − e2/z  0.0065 H − e2/z.
On the other side, the asymptotic limit for the majority-
spin component (with two occupied subbands) is given by
V

η

x ↑(z → ∞) → V
η

x2↑ − ūx2↑ − e2/z = −e2/z, according to
our choice of the floating constant for V

η
x σ (z) discussed above

(V
η

x2↑ − ux2↑ = 0). For z = 15 λF , we obtain that V
η

x ↓(z =
15 λF )  0.0024 H, while V

η

x ↑(z = 15 λF )  − 0.0041 H, in
good agreement with the results displayed in Fig. 3. The
important point here is that V η

x ↑(z → ∞) �= V
η

x ↓(z → ∞), and
there is no possible choice of the unique floating constant that
allows the matching of the two asymptotic limits. This is a con-
sequence of the crucial constraint imposed by Eq. (60). This
is true, of course, if n↑ �= n↓. If n↑ = n↓, the spin-unpolarized
case, V

η

x ↑(z) = V
η

x ↓(z), so both potentials approach the same
asymptotic limit automatically, and the choice for the floating
constant defines the (arbitrary) zero of energy or vacuum level.
It should be noted that the dashed curve in Fig. 3 corresponds
to an accurate analytical approximation for V

η

x ↑(z), valid in
the asymptotic regime; the explicit expression for it is given
by Eq. (35) in Ref. [24].

VI. CONCLUSIONS

In summary, we have generalized the optimized effective
potential implementation of ground-state DFT, as applied
to quasi-two-dimensional electron gases in two important
directions: (a) open versus closed systems, and (b) spin-
unpolarized versus spin-polarized configurations. Regarding
the first item, we have found that the OEP potentials for the
open and closed possible representations of a given physical
system are just related by a simple spin-independent constant:
V

η

F,σ (z) = V
μ

F,σ (z) + C
η

F . This essentially means that both
descriptions lead to the same results for the density, as
for any other ground-state physical magnitude, and that the
choice of which representation to use is mainly a question
of convenience. For instance, quasi-two-dimensional electron
gases at the interface between two different semiconductors are
usually represented as open systems, while metallic jellium
slabs are usually represented as closed systems. This work
suggests that these choices are not unique, and that both types
of systems may be represented equivalently as open or closed.
As a consequence, a calculation scheme is advanced to avoid
the noninvertibility problem of the density-response function
for closed Q2DEG systems.

Regarding the second issue, we have found the fundamental
conditions of Eqs. (59) and (60). In the case of spin-polarized
systems, their satisfaction implies that both spin-up and -down
OEP potentials are different for all values of the position
coordinate, even far in the vacuum region for the jellium slab
model of a metallic surface. This results from the fact that for a
spin-polarized system we have two different asymptotic limits
for the spin-up and -down OEP potentials, but just a single
spin-independent floating constant for the closed system, and
no floating constant at all for the open case. This crucial
point has been illustrated through the numerical solution of a
spontaneously spin-polarized narrow metallic slab, for which
the x-OEP exchange potential has been obtained exactly.
The x-KLI approximation for the same system has been
also tested, and found to be quite accurate, similarly to its
well-documented accuracy found in non-condensed-matter
systems, such as atoms and molecules.
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APPENDIX A: RELATION BETWEEN OPEN- AND
CLOSED-SYSTEM POTENTIAL FUNCTIONAL

DERIVATIVES

Consider a variation δVsσ ′ (z′) = εδσσ ′δ(z − z′), δη = 0 in
the {Vsσ ,η} representation, with ε a small real number. For this
variation, the change in a density functional F will be

δF = ε
δF

δVsσ (z)

∣∣∣∣
η

. (A1)
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Now, consider an equivalent variation in the {Vsσ ,μ} repre-
sentation, that is, one with the same δVsσ ′ (z′) as above and a
variation δμ that keeps the areal density unchanged. Such δμ

is easily found by applying Eq. (A1) to F = μ − Vsσ ′ (z′):
δμ = εδμ/δVsσ (z)|η. With this result, we can express the
variation δF in Eq. (A1) in the representation {Vsσ ,μ} as

δF = ε
δF

δVsσ (z)

∣∣∣∣
μ

+ ε
∂F
∂μ

∣∣∣∣
Vs	

δμ

δVsσ (z)

∣∣∣∣
η

. (A2)

We can now equate Eqs. (A1) and (A2) to find the following
relation between fixed-η and fixed-μ functional derivatives:

δF
δVsσ (z)

∣∣∣∣
μ

= δF
δVsσ (z)

∣∣∣∣
η

− ∂F
∂μ

∣∣∣∣
Vs	

δμ

δVsσ (z)

∣∣∣∣
η

. (A3)

In an analogous fashion, considering first a variation with δμ =
0 and the equivalent variation δη that leaves μ unchanged in
the {Vsσ ,η} representation, the related equation is obtained:

δF
δVsσ (z)

∣∣∣∣
η

= δF
δVsσ (z)

∣∣∣∣
μ

− ∂F
∂η

∣∣∣∣
Vs	

δη

δVsσ (z)

∣∣∣∣
μ

. (A4)

APPENDIX B: PHYSICAL INTERPRETATION OF EQ. (60)

We begin by writing the total energy of the interacting
system as

E = Ts + A

∫
dz Ve(z)n(z) + EH + F (B1)

= Es + EH − A

∫
dz VH(z)n(z)

+F − A
∑

σ

∫
dz VFσ (z)nσ (z). (B2)

The ground-state density is obtained from optimizing Eq. (B1)
with respect to the density. To perform an equivalent opti-
mization using Eq. (B2) it is essential to realize that the KS
potential Vsσ in Es = Ts + A

∑
σ

∫
dz Vsσ (z)nσ (z), as well as

its components VH and VFσ , must be kept fixed when varying
the density (or equivalent representing variables). Otherwise,
the optimized functional is not the same as the fundamental
one of Eq. (B1).

Taking as independent variables the set {Vs,Bs,η}, the
optimization of Eq. (B2) with respect to Bs is written

∂E

∂Bs

∣∣∣∣
Vsη

= ∂Es

∂Bs

∣∣∣∣
Vsη

+
[

∂F
∂Bs

∣∣∣∣
Vsη

− A
∑

σ

∫
dz VFσ (z)

∂nσ (z)

∂Bs

∣∣∣∣
Vsη

]
= 0. (B3)

The analogous term to the one in square brackets for the
Hartree component is zero, therefore, it is not written in the
above equation. Only the macroscopic component has been
taken in writing Eq. (B3). By definition, both E and Es are
optimized at the same density, therefore, the term in square

brackets in Eq. (B3) must be zero:

∂F
∂Bs

∣∣∣∣
Vs,η

− A
∑

σ

∫
dz VFσ (z)

∂nσ (z)

∂Bs

∣∣∣∣
Vs,η

= 0. (B4)

This is just a form of the OEP equation: The optimized
potential VFσ (z) must satisfy Eq. (B4) in order to have
a common density (equivalently a common set {Vs,Bs,η})
optimizing both E and Es .

For an orbital-based functional F , we can apply now
the chain rule to the magnetic field functional derivative
∂F / ∂Bs |Vs,η

. We do not include derivatives with respect to
orbital shapes, as they remain fixed for a uniform (i.e., z and
ρ independent) change of Bs :

∂F
∂Bs

∣∣∣∣
Vs,η

=
∑
iσ

∂F
∂niσ

∂niσ

∂Bs

∣∣∣∣
Vs,η

, (B5)

subsequent application of the chain rule with respect to Vsσ

gives, for the magnetic field derivative on the right-hand side,

∂niσ

∂Bs

∣∣∣∣
Vs,η

=
∑
σ ′

∫
dz dz′ δniσ

δVsσ ′ (z′)

∣∣∣∣
η

δVsσ ′ (z′)
δBs(z)

∣∣∣∣∣
Vs,η

. (B6)

The first derivative on the right-hand side is given by
Eq. (33). The second is easily obtained from Vsσ (z) =
Vs(z) − μBσBs(z), with the result δVsσ ′ (z′)/δBs(z) =
−μBσ ′δ(z − z′). In sum, after integrating the resulting ex-
pression and taking into account the value of the magnetic
susceptibility for the closed system [Eq. (51)], we obtain

∂F
∂Bs

∣∣∣∣
Vs,η

= μB

2

∂m

∂Bs

∣∣∣∣
Vs,η

∑
iσ

σ

Nsσ

∂F
∂niσ

. (B7)

Applying Eq. (B7) to the first term of Eq. (B4) and to
the derivative of nσ (z) in the second term, we obtain, after
using (38) and integrating on z,

∂F
∂Bs

∣∣∣∣
Vs,η

− A
∑

σ

∫
dz VFσ (z)

∂nσ (z)

∂Bs

∣∣∣∣
Vs,η

= μB

2

∂m

∂Bs

∣∣∣∣
Vs,η

∑
σ

σC
η

Fσ = 0 (B8)

with C
η

Fσ as defined in Sec. IV C. The second equality in
Eq. (B8) is the same as the condition (60) for closed systems.
Taking into account the first equality in Eq. (B8), together with
Eq. (B3) and the definition δG|Vsη ≡ ∂G/∂Bs |VsηδBs , for G an
arbitrary functional of {Vs,Bs,η}, we can write

δE|Vs,η
= δEs |Vs,η

+ μB

2

(∑
σ

σC
η

Fσ

)
δm|Vs,η

. (B9)

Thus, the second equality of Eq. (B8) (or equivalently [60])
expresses the stability of the closed interacting system with
respect to the total magnetization m.
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APPENDIX C: RELATION BETWEEN uF,iσ AND ∂F/∂niσ

FOR ORBITAL FUNCTIONALS F
For functionals that depend explicitly on the set

{piσ (z) = kFiσ ξiσ (z)}, we can apply the chain rule for func-
tional derivatives to obtain

∂F
∂niσ

=
∑
jσ ′

∫
dz

δF
δpjσ ′(z)

∂pjσ ′(z)

∂niσ

= 1

2n
1/2
iσ

∫
dz ξiσ (z)

δF
δpiσ (z)

(C1)

and
δF

δξiσ (z)
=

∑
jσ ′

∫
dz′ δF

δpjσ ′(z)

δpjσ ′(z)

δξiσ (z)
= n

1/2
iσ

δF
δpiσ (z)

. (C2)

From Eqs. (C1) and (C2) we conclude that

∂F
∂niσ

= 1

2niσ

∫
dz ξiσ (z)

δF
δξiσ (z)

, (C3)

which, taking into account Eq. (53), implies Eq. (65). A
relation analogous to Eq. (C3) was obtained for the case of
the exact-exchange energy functional in Ref. [48]. Here, we
see that this property is generally valid for all functionals that
admit an explicit representation in terms of {piσ (z)}.
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[32] L. J. Sham and M. Schlüter, Phys. Rev. Lett. 51, 1888 (1983).
[33] When F = Ex , the formalism is also denoted as exact exchange

or EXX.
[34] Note that we use the symbol δ to denote a variation with respect

to a position-dependent variable, while we use the usual symbol
∂ for partial derivatives with respect to a position-independent
variable.

[35] M. Hellgren and E. K. U. Gross, Phys. Rev. A 88, 052507 (2013).
[36] S. Rigamonti, F. A. Reboredo, and C. R. Proetto, Phys. Rev. B

68, 235309 (2003).
[37] S. Kurth, C. R. Proetto, and K. Capelle, J. Chem. Theory

Comput. 5, 693 (2009).
[38] G. F. Giuliani and G. Vignale, Quantum Theory of the Electron

Liquid (Cambridge University Press, Cambridge, 2005), p. 164.
[39] G. Bastard, in Wave Mechanics Applied to Semiconductor

Heterostructures (Les Editions de Physique, Les Ulis Cedex,
France), p. 14.

[40] S. Rigamonti, C. R. Proetto, and F. A. Reboredo, Europhys. Lett.
70, 116 (2005).

[41] M. Hellgren and E. K. U. Gross, Phys. Rev. A 85, 022514
(2012).

[42] M. Hellgren and E. K. U. Gross, J. Chem. Phys. 136, 114102
(2012).

235145-15

189



S. RIGAMONTI, C. M. HOROWITZ, AND C. R. PROETTO PHYSICAL REVIEW B 92, 235145 (2015)

[43] S. Hirata, S. Ivanov, I. Grabowski, R. J. Bartlett, K. Burke, and
J. D. Talman, J. Chem. Phys. 115, 1635 (2001).

[44] F. A. Reboredo and C. R. Proetto, Phys. Rev. B 67, 115325
(2003).

[45] S. Rigamonti and C. R. Proetto, Phys. Rev. B 73, 235319 (2006).
[46] S. Kummel and J. P. Perdew, Phys. Rev. B 68, 035103 (2003).
[47] This restriction is a consequence of the occupied-orbital depen-

dence of the density.
[48] J. B. Krieger, Y. Li, and G. J. Iafrate, Phys. Rev. A 45, 101

(1992).
[49] M. Levy and A. Görling, Phys. Rev. A 53, 3140 (1996).

[50] N. D. Lang and W. Kohn, Phys. Rev. B 1, 4555
(1970).

[51] N. D. Lang and W. Kohn, Phys. Rev. B 3, 1215 (1971).
[52] n0 is given by n0 = 3/(4πr3

s a
3
0 ), with rs being the dimensionless

electron-density parameter defined as the radius of a sphere
containing one electron on average, and a0 being the Bohr
radius.

[53] By x-LDA we mean that in the KS equations the actual
exchange potential Vxσ (z) is replaced by the exchange potential
of a uniform electron gas with the local density V LDA

xσ (z) =
−[12nσ (z)/π ]1/3.

235145-16

190




