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un medio desordenado. V. Jeudy, A. Mougin, S. Bustingorry, W.
Savero Torres, J. Gorchon, A. B. Kolton, A. Lemâıtre, J.-P. Jamet,
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Introducción

La División Teoŕıa de la Materia Condensada (Gerencia de F́ısica, CAB, CNEA) tiene como objetivo:

• Entender en la problemática teórica de la f́ısica de los materiales condensados duros y blandos, de
interés básico o aplicado, y asesorar en temas afines a sectores de la Institución y de la sociedad.
La materia condensada incluye a materiales sólidos, sistemas nanoestructurados, biológicos, molec-
ulares, vidrios, redes y sistemas complejos.

• Realizar estudios de las propiedades estructurales, estad́ısticas, termodinámicas, mecánicas, cuánticas,
electrónicas, magnéticas, ópticas, emergentes y de transporte de sistemas condensados, colabo-
rando con los sectores de la Institución a nivel teórico y en la interpretación de los resultados
experimentales en la temática.

• Desarrollar las técnicas anaĺıticas y numéricas de alta performance necesarias para estos estudios.

• Aportar a la formación de recursos humanos y a la divulgación de la ciencia en la sociedad.

Presentamos aqúı la tercera publicación anual interna del grupo incluyendo información sobre las
ĺıneas de investigación, miembros del grupo, estudiantes, visitantes, las tesis de doctorado, de maestŕıa
y de licenciatura realizadas o en progreso, colaboraciones y subsidios, eventos y reuniones, además de
otras actividades relevantes realizadas durante 2016.

Entre los hechos destacables podemos mencionar la elección y nombramiento de Carlos Balseiro como
Director del Instituto Balseiro y de Daniel Doḿınguez como Vicedirector. Adicionalmente se comenzó con
la obra del Data Center para albergar al cluster de cálculo del grupo y otras facilidades computacionales
del CAB.

También resaltamos los siguientes reconocimientos: Mención Premio Masperi a Mat́ıas Grassi (codi-
rigido por Sebastián Bustingorry), el ICAM Sponsored QuantEmX Scientist Exchange Award para Yuriel
Núñez Fernández, y la Mención Premio Giambiagi a mejor tesis Doctoral a Néstor Ghenzi (dirigida por
Pablo Levy y Maŕıa José Sánchez).

Esperamos que esta recopilación sirva como memoria de la trayectoria del grupo y de su evolución.
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Integrantes

Investigadores permanentes
1. Blas Alascio. Investigador Consulto.

2. Armando A. Aligia. CNEA – CONICET.

3. Roberto J. Allub. CONICET.

4. Carlos A. Balseiro. CNEA – CONICET.

5. Sebastian Bustingorry. CONICET.

6. Pablo S. Cornaglia. CONICET.

7. Daniel Doḿınguez. CONICET.

8. Daniel J. Garćıa. CONICET.

9. Karen Hallberg. CONICET. Jefe de grupo.

10. Alexander D. Hernández Nieves. CONICET.

11. Eduardo Jagla. CONICET.

12. Alejandro B. Kolton. Investigador Independiente CONICET.

13. César R. Proetto. CNEA – CONICET.

14. Maŕıa José Sánchez. CONICET.

15. Jorge Simonin. CNEA – CONICET.

16. Gonzalo Usaj. CONICET.

17. Cecilia I. Ventura. CONICET.

Investigadores postdoctorales
1. Nirvana B. Caballero. CONICET (abril 2016 – marzo 2018).

2. Daniel A. Lovey. CONICET (abril 2014 – marzo 2016).

3. Alexandra Valentim. CONICET (mayo 2016 – abril 2018).
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Estudiantes de Doctorando
1. Alejandro Andrade Hoyos. CONICET (abril 2012 – marzo 2017).

2. Luis E. Aragón. CONICET (abril 2012 – marzo 2017).

3. Ivón R. Buitrago Piñeros. CONICET (diciembre 2011 – marzo 2017).

4. Jorge Facio. CONICET (abril 2012 – marzo 2017).

5. Joaqúın Fernández Trillini. CONICET (abril 2014 – marzo 2019).

6. Ana Laura Gramajo. CONICET (abril 2015 – marzo 2020).

7. Robert Guzmán Arellano. CONICET (abril 2010 – marzo 2017).

8. Angiolo Huaman. CONICET (abril 2016 – marzo 2021).

9. Franco Mangussi. CONICET (abril 2016 – marzo 2021).

10. Daniel Miravet. ANPCyT – CONICET (julio 2014 – junio 2019).

11. Yuriel Núñez Fernández. CONICET (abril 2013 – marzo 2018).

12. Hector P. Ojeda Collado. CONICET (abril 2015 – marzo 2020).

13. Jagger Rivera Julio. CONICET (septiembre 2012 – agosto 2017).

Estudiantes de Maestŕıa
1. Miguel Ángel Carvajal Rivero. Instituto Balseiro (agosto 2016 – diciembre 2017).

2. Iván Fernández Aguirre. Instituto Balseiro (agosto 2016 – diciembre 2017).

3. Diego Rodrigo Flores Marozzi. Instituto Balseiro (agosto 2016 – diciembre 2017).

4. Lucila Peralta Gavensky. Instituto Balseiro (agosto 2015 – diciembre 2016).

5. Yasuo Oda. Instituto Balseiro (agosto 2016 – diciembre 2017).

Estudiantes de Diploma ICTP
1. Alan Zambrano. Instituto Balseiro (2016). (febrero 2016 – junio 2016).







Ĺıneas de Investigación actuales

Sistemas electrónicos nanoestructurados
Temas: Qubits superconductores. Memorias cuánticas. Grafeno. Aislantes topológicos en y fuera de

equilibrio. Propiedades de transporte de carga y esṕın. Transistores moleculares. Propiedades ópticas.
Gases de electrones bidimensionales acoplados. Sistemas cuánticos forzados.

Investigadores: Aligia, Balseiro, Allub, Cornaglia, Doḿınguez, Garćıa, Hallberg, Hernández, Proetto,
Sánchez, Simońın, Usaj.

Maestrandos/Diploma: Peralta Gavensky.
Doctorandos: Huamán, Andrade Hoyos, Rivera Julio, Miravet, Fernández Trillini, Ojeda Collado,

Mangussi.

F́ısica estad́ıstica aplicada a la materia condensada
Temas: Paredes de dominio. Vórtices superconductores. Teoremas de fluctuación. Terremotos y

fricción. Sistemas v́ıtreos.
Investigadores: Bustingorry, Doḿınguez, Jagla, Kolton.
Maestrandos/Diploma: Fernández Aguirre, Grassi.
Doctorandos: Aragón.
Posdoc: Caballero.

Dispositivos y aplicaciones
Temas: Memorias resistivas. Dispositivos semiconductores.
Investigadores: Proetto, Simońın, Sánchez.

Modelización de materiales
Temas: Ciencia de materiales computacional: Cálculos ab-initio (DFT), cálculos con interfaz gráfica

(GPGPU), campo medio dinámico (DMFT), renormalización (NRG, DMRG). Estructura electrónica y
magnetismo de sistemas fuertemente correlacionados. Diseño de nuevas funcionales de intercambio y
correlación. Efectos de desorden: interacción electrón-fonón.

Investigadores: Alascio, Aligia, Balseiro, Cornaglia, Garćıa, Hallberg, Hernández, Bustingorry, Kolton,
Proetto, Ventura.

Maestrandos: Carvajal.
Doctorandos: Núñez Fernández, Facio, Buitrago, Rivera Julio.
Posdoc: Valentim.
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Información cuántica en materia condensada y teoŕıa de campos
Temas: Optimización de métodos numéricos para sistemas cuánticos correlacionados. Control de

entrelazamiento en dispositivos de estado sólido y qubits.
Investigadores: Doḿınguez, Sánchez, Hallberg, Cornaglia.
Maestrandos: Oda, Flores.
Doctorandos: Gramajo, Núñez Fernández.



Subsidios

CONICET

– PIP 2012–2014 (extendido) Estructura Electrónica y Transporte Cuántico en Sistemas Nanoscópicos.

– PIP 2013–2015 (extendido) Formación, estructura y movimiento de paredes de dominio en sistemas
ferromagnéticos.

– PIP 2013–2015 (extendido) Estudio teórico de la estructura electrónica y el transporte cuántico en
sistemas nanoscópicos: transistores moleculares, grafeno.

– PIP 2014–2016 Estructura electrónica y propiedades ópticas de sistemas de dimensionalidad re-
ducida: desarrollo y aplicación de métodos de cálculo basados en funcional densidad.

– PIP 2015–2017 Modelización de nuevos materiales con electrones fuertemente interactuantes.

– PIP 2015–2017 Propiedades electrónicas de sistemas cuántico fuera del equilibrio.

– PIP 2015–2018 Dispositivos de estado sólido para computación cuántica: teoŕıa y experimento.

MINCyT

– PICT 2012 Estructura electrónica y propiedades ópticas de sistemas de dimensionalidad reducida:
desarrollo y aplicación de métodos de cálculo basados en funcional densidad.

– PICT RAICES 2012–1069 Estudio realista de propiedades electrónicas y magnéticas de nuevos
materiales con técnicas anaĺıticas y numéricas de avanzada.

– PICT 2013–1045 Propiedades electrónicas de materiales y estructuras complejas.

– PICT 2014–1382 Dispositivos de estado solido para computacion cuantica. Teoria y Experimentos.

– MINCYT-ECOS (Francia) 2013–2015 (extendido) Dinámica de paredes de dominio en peĺıculas
delgadas con anisotroṕıa perpendicular.

– MINCYT-FWO (Bélgica) 2015–2017 Propiedades estáticas y dinámicas de nuevos materiales bidi-
mensionales.

– MINCYT-ECOS (Francia) 2016-2019 Avalanchas y Fluctuaciones en la Deformación Plástica de
Sólidos.

Universidad Nacional de Cuyo

– SECTyP UNCuyo 2016–2017 Sistemas cuánticos forzados en materia condensada.

– SECTyP UNCuyo 2016–2018 Estudio de materiales con correlaciones electrónicas fuertes.

– SECTyP UNCuyo 2016–1018 Control cuántico de dispositivos de estado sólido.
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Colaboraciones

Internacionales

– Laboratoire de Physique des Solides, Francia

– Ecole Normale Superieure de Paŕıs, Francia

– Ecole Polytechnique, Paris, Francia

– LPTMS, University Paris-Saclay, Francia

– Institute Neel, Grenoble CNRS, Francia

– Laboratoire de Photonique et Nanostructures – CNRS, Francia

– Universite Paris-Diderot, Paŕıs, Francia

– Département de Physique de la Matière Condensée UniGe, Suiza

– Instituto Max-Planck para la f́ısica de microestructuras, Halle, Alemania

– Universidad Humboldt, Berĺın, Alemania

– Nanogune, San Sebastián, España

– Universidad ”La Sapienza”, Roma, Italia

– Institute for Complex Systems, National Research Council, Italia

– Departamento de F́ısica, Univ. de Parma, Italia

– Departamento de F́ısica, Univ. de Salerno, Italia

– Departamento de F́ısica, Univ. Carabobo, Venezuela

– Instituto de F́ısica, UNAM, México

– Tyndall Nat. Institute, Cork, Irlanda

– Universidad de Zaragoza, España

– Departamento de F́ısica, FCFM, Universidad de Chile

– UNESP-Universidade Estadual Paulista, Departamento de F́ısica, Bauru, SP, Brasil

– IFUSP, Univ. de Sao Paulo, Sao Paulo, SP, Brasil

– Instituto de F́ısica “Gleb Wataghin,” UNICAMP, Campinas, SP, Brasil

– CCNH, Universidade Federal do ABC (UFABC), Santo André, SP, Brasil

– Instituto de F́ısica, Universidade Federal de Uberlândia, Uberlândia, MG, Brasil
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– Massachusetts Institute of Technology, EEUU

– Rutgers University, EEUU

– Universidad de Tokio, Japón

Nacionales

– Universidad Nacional de San Luis

– Universidad del Litoral, Santa Fe

– INIFTA, La Plata

– IFIR, Universidad Nacional de Rosario

– Centro Atómico Constituyentes, CNEA, Buenos Aires.

– Departamento de F́ısica e IFIBA, FCEN-UBA, Buenos Aires

– ICAS, Buenos Aires

– Universidad de Mar del Plata

– Universidad Nacional del Sur, Bah́ıa Blanca

Locales

– Resonancias magnéticas

– F́ısica estad́ıstica e interdiciplinaria

– Bajas temperaturas

– Colisiones atómicas y f́ısica de superficies

– Part́ıculas y campos



Formación de Recursos Humanos

Tesis Doctorales
1. José Daniel Querales Flores. Propiedades electrónicas de nuevos materiales: Aleaciones

para nanoelectrónica, superconductores basados en Fe, y basados en BiS2. Directora: Dra.
Cecilia Ventura.

Tesis de Maestŕıa
1. Mat́ıas Pablo Grassi. Dinámica de paredes de dominios y estad́ıstica de avalanchas en

peĺıculas deltadas de Pt/Co/Pt. Director: Dr. Javier Curiale. Co-director: Dr. Sebastian
Bustingorry.

2. Lucila Peralta Gavensky. Espectroscoṕıas de pump & probe aplicadas al estudios de aislantes
topológicos de Floquet. Director: Dr. Carlos Balseiro.

3. Jazḿın Aragón Sánchez. Visualización directa y modelado de la transición sólida orden-
desorden en la materia de vórtices en superconductores. Directora: Dra. Yanina Fasano.
Co-director: Alejandro Kolton.

Trabajos Especiales de Licenciatura
1. Miguel Ángel Carvajal Rivero. Implementación numérica del intercambio exacto en el marco

de la teoŕıa de funcional densidad. Director: Dr. Alexander Hernández-Nieves.

2. Iván Fernández Aguirre. Modelado numérico de la plasticidad de sólidos amorfos. Director:
Dr. Eduardo Jagla.

3. Diego Rodrigo Flores Marozzi. Entrelazamiento cuántico en sistemas electrónicos. Directora:
Dra. Karen Hallberg.

4. Oda Yasuo. Renormalización en teoŕıa de campos y sus aplicaciones a la f́ısica de altas
enerǵıas y a sistemas fuertemente correlacionados en materia condensada. Director: Dr.
Gonzalo Torroba. Co-directora: Dra. Karen Hallberg.
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Organización de eventos

1. III Taller de Teoŕıa de la Materia Condensada, 16/4 (Karen Hallberg).

2. XIV Taller Regional de F́ısica Estad́ıstica y Aplicaciones a la Materia Condensada (TREFEMAC2016),
04/05 al 6/05; y la Escuela asociada: Aplicaciones no convencionales de la F́ısica Estad́ıstica:
Econof́ısica y Sociof́ısica, 28/04 al 03/05 (Sebastian Bustingorry - coorganizador).

3. School and Workshop on Quantum Driven Systems, 21/11 al 02/12 (Daniel Doḿınguez, Maŕıa
José Sánchez, Gonzalo Usaj y Pablo Cornaglia).
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Visitantes

Ver http://fisica.cab.cnea.gov.ar/solidos/calendar.html. Por orden cronológico:

1. Alejandro Ferrón, Instituto de Modelado e Innovación Tecnológica, CONICET-UNNE. 22/02 al
26/02 (5 d́ıas).

2. Pablo Tamborenea, Instituto de F́ısica de Buenos Aires, CONICET-UBA. 28/03 al 01/04 (5 d́ıas).

3. Txema Pitarke, Universidad del Páıs Vasco, España. 25/04 al 29/04 (5 d́ıas).

4. Victor Purrello, Universidad Nacional de Mar del Plata. 02/05 al 20/05 (19 d́ıas).

5. Álvaro Gonzales Garćıa, Universidad del Norte, Colombia. 08/06 al 15/07 (38 d́ıas).

6. Pablo Bolcatto, Instituto de F́ısica del Litoral, CONICET-UNL. 19/09 al 23/09 (5 d́ıas).

7. Rafael Barrio, Universidad Nacional Autónoma de México, México. 10/10 al 18/10 (9 d́ıas).

8. Amnon Aharony, Ben-Gurion University and Tel Aviv University, Israel. 24/10 al 29/10 (6 d́ıas).

9. Ora Entin-Wohlmam, Ben-Gurion University and Tel Aviv University, Israel. 24/10 al 29/10 (6
d́ıas).

10. Suchi Guha, University of Missouri, USA. 31/10 al 01/11 (2 d́ıas).

11. Carsten Ullrich, University of Missouri, USA. 31/10 al 01/11 (2 d́ıas).

12. Cristian Ferreyra, Centro Atómico Constituyentes. 07/11 al 18/11 (12 d́ıas).

13. Arturo Leos Zamorategui, Université Pierre e Marie Curie and Université Paris Diderot, Francia.
14/11 al 16/12 (33 d́ıas).

14. Pablo Roura-Bas, Centro Atómico Constituyentes. 28/11 al 28/02/2017 (3 meses).

15. Denis Feinberg, Insitute Neel – Université Grenoble Alpes .02/12 al 12/12 (10 d́ıas).
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Recent experiments have demonstrated the efficacy of chiral helically shaped molecules in polarizing the
scattered electron spin, an effect termed chiral-induced spin selectivity. Here we solve a simple tight-binding
model for electron transport through a single helical molecule, with spin-orbit interactions on the bonds along
the helix. Quantum interference is introduced via additional electron hopping between neighboring sites in the
direction of the helix axis. When the helix is connected to two one-dimensional single-mode leads, time-reversal
symmetry prevents spin polarization of the outgoing electrons. One possible way to retrieve such a polarization
is to allow leakage of electrons from the helix to the environment, via additional outgoing leads. Technically, the
leakage generates complex site self-energies, which break unitarity. As a result, the electron waves in the helix
become evanescent, with different decay lengths for different spin polarizations, yielding a net spin polarization
of the outgoing electrons, which increases with the length of the helix (as observed experimentally). A maximal
polarization can be measured at a finite angle away from the helix axis.

DOI: 10.1103/PhysRevB.93.075407

I. INTRODUCTION

One of the most promising subfields of spintronics is
organic spintronics [1–3], which exploits organic materi-
als to manipulate and control spin currents. Recently, this
emerging field has experienced significant progress with the
remarkable discovery of spin-dependent transport through
chiral organic molecules at room temperature. This so-called
chiral-induced spin selectivity (CISS) effect was first observed
in double-stranded DNA molecules (dsDNA) [4–6]. Whereas
dsDNA molecules were found to act as highly efficient
spin filters, no CISS effect was found in single-stranded
DNA (ssDNA) molecules [5]. However, recent experiments
found spin polarization of electrons transmitted through a
bacteriorhodopsin (bR) [7,8], a protein composed of seven
parallel single α-helices, when the bR was embedded in
a purple membrane which was adsorbed on a variety of
substrates. These experiments have proved that the CISS effect
results from the intrinsic properties of the helical molecules,
and is almost independent of the substrate [7]. Additionally, a
self-assembled monolayer of a different α-helical protein was
used to demonstrate the operation of a chiral-based magnetic
memory [9].

Following these experimental observations, several groups
have attempted to explain the theory behind the CISS
effect [10–17]. In one approach, tight-binding models are
used to study electron transport through helical molecules
in the presence of spin-orbit interaction (SOI) [10–13]. In
a second approach, a spin-dependent scattering problem is
solved in a three-dimensional potential with chiral helical
symmetry [14–16]. The authors of Ref. [17] studied the effect

*matityas@post.bgu.ac.il

of strong SOI in a metallic substrate on the spin polarization
of photoelectrons due to angular momentum selection.

A natural source of spin polarization is the SOI [18–20]. On
a one-dimensional (1D) wire, this interaction can be removed
by a gauge transformation [12,21,22]. The effect of SOI
becomes nontrivial if one allows for quantum interference,
via more than one electronic path. The simplest model of a
spin filter is thus a two-path interferometer [23–27]. However,
when the interferometer is connected to single input and output
1D single-mode leads there is no spin polarization unless
one breaks time-reversal symmetry [28,29]. This fact stems
from symmetry considerations of the scattering matrix [28],
which show that the combination of unitarity and time-reversal
symmetry leads to a twofold degeneracy of transmission
eigenvalues [30,31]. Due to this Kramers degeneracy of
transmission eigenvalues, a finite spin polarization is forbidden
in a two-terminal setup with single-mode leads [29]. Indeed,
spin filtering does arise from the competition between the SOI
and a magnetic Aharonov-Bohm flux [23–27]. Alternatively,
it has been shown that spin polarization can be obtained in a
two-terminal interferometer in the absence of magnetic flux,
by assuming leakage of electrons from the interferometer to
the environment, via side leads [32]. As shown earlier, such
a leakage breaks unitarity, and gives rise to complex site
self-energies [33]. Some of these physical sources for spin
polarization have been used in the literature. Reference [13]
has introduced hopping between further neighbor sites along
the helix, which gives rise to quantum interference. The
recent observation of the CISS effect in protein-like heli-
cal molecules [7,8], as opposed to ssDNA molecules, was
attributed to the differences in such terms between these
two systems [13]. Apparently, the hopping amplitudes in the
protein-like helical molecules are larger than those in the
ssDNA due to smaller distances between the nucleobases.
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References [12–14] also introduced phase-breaking processes
(either via Büttiker probes [34] or via complex potentials in
the Hamiltonian [35]). The latter processes may indeed result
from the experimentally observed electron capture by DNA
molecules [36,37].

In this paper we present a simple tight-binding model
for nonunitary electronic transport through a single helical
molecule, which contains SOI on the nearest neighbor (NN)
bonds along the helix, and quantum interference, generated
via hopping of electrons to the neighboring sites parallel
to the helix axis. The unitarity is broken by allowing for
leakage of electrons to side leads, which are connected to
each site on the helix. We expect similar results for any model
which generates complex site self-energies on the helix sites.
The simplicity of the model allows an analytical solution,
including a systematic analysis of the roles played by the
various physical processes. In particular, we reproduce the
experimentally observed increase of the relative outgoing spin
polarization with the increase of the helix length, and find the
direction of the maximal polarization.

The paper is organized as follows. Our model is defined in
Sec. II and solved for the band structure of the infinitely long
helix, assuming arbitrary SOI-induced spin rotation matrices
within a unit cell in Sec. III. We then solve the scattering
problem for a finite system (Sec. IV) and introduce a complex
site self-energy, due to leakage of electrons into absorbing
channels (Sec. V). The spin polarization of the transmitted
electrons is studied in Sec. VI for the general model defined
in Secs. II–IV. In Sec. VII we introduce specific expressions
for the SOI-induced spin rotation matrices corresponding to a
helical geometry and study the resulting spin polarization in
this case. We discuss and summarize the results in Sec. VIII.

II. THE MODEL

To keep the model analytically tractable, we assume that
electrons can hop between NN sites with hopping amplitude
J or along the axial direction, to the N th neighbor, with a
hopping amplitude J̃ [Fig. 1(a)]. The helical molecule can
then be mapped onto a one-dimensional chain of M unit cells

n=1

(b)

n = N

2

(a)

31
4

N

z

J

R

E

h

Δϕ

J̃

J̃
m=1 m=2 m = M

J

FIG. 1. Tight-binding model of a single helical molecule with
radius R, pitch h, and twist angle �ϕ. Electrons can hop between
adjacent sites along the helix with hopping amplitude J or vertically
to the N th neighbor with hopping amplitude J̃ . Spin-orbit interaction
is assumed to act only between NN sites. (a) Schematic view of the
helical molecule. (b) Mapping of the model onto a one-dimensional
chain of M unit cells, each containing N sites.

(labeled by m = 1,2, . . . ,M), with a basis consisting of N

sites (labeled by n = 1,2, . . . ,N ), as shown in Fig. 1(b).
The Hamiltonian we study is

Hmol = ε0

M∑
m=1

N∑
n=1

c†
m,ncm,n

−
M∑

m=1

N∑
n=1

[Jc
†
m,n+1Vncm,n + J̃ c

†
m+1,ncm,n + H.c.],

(1)

where c
†
m,n = (c†

m,n,↑,c
†
m,n,↓) is the creation operator at site

m,n (with c
†
m,N+1 = c

†
m+1,1) and Vn is the unitary matrix which

describes the spin precession due to the SOI for an electron
hopping from site m,n to site m,n + 1. This matrix is given
by [38]

Vn = eiKn·σ , (2)

with σ being the vector of Pauli matrices and

Kn = λ dn,n+1 × En,n+1, (3)

where λ is the parameter representing the SOI strength, dn,n+1
is the vector along the bond between site m,n and its NN
site m,n + 1, and En,n+1 is the average electric field acting
on an electron which moves along this bond. For simplicity,
we assume that the SOI affects only the NN bonds and not
the axial bonds. As shown below, a spin-independent scalar
hopping amplitude J̃ is sufficient for the demonstration of the
CISS effect [39].

In Secs. III–VI we study the band structure of an infinitely
long chain and the scattering problem through a finite chain
assuming arbitrary unitary matrices V1, . . . ,VN . This allows
for an arbitrary structure of the molecule within each unit cell.
This also makes the model general and applicable to other
systems different from helical chiral molecules, for instance
mesoscopic quantum networks. We then employ the specific
geometry of a helix in Sec. VII to study the spin polarization
of the electrons transmitted through a single helical chiral
molecule.

III. BAND STRUCTURE

To study the band structure of the chain we apply periodic
boundary conditions to the Hamiltonian (1); that is, c

†
m+M,n =

c
†
m,n. The Hamiltonian (1) can then be diagonalized in the

orbital space by first applying the Fourier transform

c†
m,n = 1√

M

∑
k

c
†
k,ne

−ikm, (4)

where k = 2πr/M (r = 1, . . . ,M) is the wave vector (in units
of Na, where a is the distance between NN sites). Using also
the identity

∑M
m=1 e−i(k−k′)m = Mδk,k′ , the Hamiltonian (1)

then reads

Hmol =
N∑

n=1

∑
k

[(ε0 − 2J̃ cos k)c†
k,nck,n

− (Jc
†
k,n+1Vnck,n + H.c.)]. (5)
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Performing the gauge transformation

c
†
k,n = a

†
k,ne

−ikn/NVn/NVNVN−1 × · · · × Vn,
(6)

V ≡ VNVN−1 × · · · × V1,

the Hamiltonian (5) reduces to

Hmol =
∑

k

N∑
n=1

[ε0 − 2J̃ cos k]a†
k,nak,n

− J
∑

k

[
e−ik/N

N∑
n=1

a
†
k,n+1V1/Nak,n + H.c.

]
. (7)

Applying a second Fourier transform,

a
†
k,n = 1√

N

N∑
p=1

a
†
k,pe−2πipn/N , (8)

and using the identity
∑N

n=1 e−2πi(p−p′)n/N = Nδp,p′ , one finds

Hmol =
∑

k

N∑
p=1

a
†
k,pHp(k)ak,p, (9)

where the spin space Hamiltonian for each band index p is

Hp(k) = ε0 − 2J̃ cos k − J [V1/Ne−i(k+2πp)/N + H.c.]. (10)

Since V is a unitary matrix, it can always be written as

V = eiθ n̂·σ , (11)

where n̂ is a unit vector and the angle θ is a measure of the
strength λ of the SOI. In the limit of vanishing SOI, λ → 0,
one has Vn → 1 for n = 1, . . . ,N and therefore V → 1, or
equivalently θ → 0. At small λ, an expansion of V shows that
θ is linear in λ. In Sec. VII we present a specific model of
the helix, which gives an explicit dependence of θ on λ [see
Eqs. (40) below]. The matrix (11) describes the spin precession

of the electron after completing one turn along the helix (i.e.,
transport from site m,n to site m + 1,n). Upon completing one
turn, the electron’s spinor is rotated by an angle 2θ about the
direction n̂. The eigenvalues of the Hamiltonian (10) then read

Ep,σ (k) = ε0 − 2J̃ cos k − 2J cos

(
k + 2πp − σθ

N

)
, (12)

where σ = ±1 corresponds to the eigenspinors |±n̂〉 of the
spin projection along n̂; i.e., n̂ · σ |σ n̂〉 = σ |σ n̂〉. With M 	
1, k becomes quasicontinuous and the band structure consists
of 2N spin-resolved bands. The spin degeneracy has been lifted
by the SOI but time-reversal symmetry is still conserved. As a
result, the bands described by Eq. (12) are Kramers degenerate,
satisfying Ep,σ (k) = E−p,−σ (−k). The band structure (12) is
plotted in Fig. 2 with k lying within the first Brillouin zone
(−π < k � π ), for ε0 = 0 and N = 3 and for various values
of J̃ /J and θ .

For a given energy E on the left-hand side of Eq. (12),
the solutions with real (complex) wave vector k describe
propagating (evanescent) waves. In an infinite chain one
has to consider only the propagating solutions. The number
of propagating waves for a given energy can be deduced
graphically by considering the number of crossings of a
horizontal line (corresponding to the given energy) in the band
structure (Fig. 2). As seen in Fig. 2, at a given energy E

upward propagating solutions (v = dE/dk > 0) come in pairs
of opposite spins |±n̂〉. These spins are independent of the
wave vector k and the band index p. As a result, conduction
electrons occupy states below the Fermi energy in pairs of
opposite spins. The total spin cancels out completely, leading
to zero spin polarization of the transmitted electrons.

The arguments presented above are valid for an infinitely
long chain. To study transport through a helical molecule in
more detail (and to compare with the experiments) requires
the solution of a scattering off a finite helix.
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FIG. 2. Band structure of the infinite helix for N = 3 sites in each unit cell. The site energy is ε0 = 0 and the values of J̃ /J and θ are
specified in the legend of each panel. Solid (black) and dashed (red) bands correspond to spin up and down along the vector n̂, respectively.
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IV. SCATTERING PROBLEM

We assume that the chain is connected to two ideal
semi-infinite one-dimensional leads with hopping amplitude
J0, free of SOI, at the left (l � 1) and right (l � NM) edges
of Fig. 1(b). Consider now a scattering state at a given energy
E,

|ψl〉 =
{|χin〉 eik0(l−1) + r |χr〉 e−ik0(l−1), l � 1,

t |χt 〉 eik0(l−NM), l � NM,
(13)

with |χin〉, |χr〉, and |χt 〉 being the normalized incoming,
reflected, and transmitted spinors, respectively, and the wave
vector k0 (in units of the lattice constant of the leads) satisfying
the dispersion relation E = −2J0 cos k0.

The solution of the scattering problem is obtained by
solving the tight-binding Schrödinger equations for the spinors
|ψm,n〉 (1 � n � N , 1 � m � M). For l = 1 and l = NM the
solutions inside and outside the chain coincide provided that

|χin〉 + r |χr〉 = |ψ1,1〉,
(14)

t |χt 〉 = |ψM,N 〉.
The equations inside the chain (1 � n � N , 2 � m � M −

1) read

(E − ε0) |ψm,1〉 = −JVN |ψm−1,N 〉 − JV
†

1 |ψm,2〉
− J̃ (|ψm−1,1〉 + |ψm+1,1〉),

(E − ε0) |ψm,n〉 = −JVn−1 |ψm,n−1〉 − JV †
n |ψm,n+1〉

− J̃ (|ψm−1,n〉 + |ψm+1,n〉), (15)

2 � n � N − 1,

(E − ε0) |ψm,N 〉 = −JVN−1 |ψm,N−1〉 − JV
†
N |ψm+1,1〉

− J̃ (|ψm−1,N 〉 + |ψm+1,N 〉).
Similarly, the corresponding tight-binding equations for the N

sites in the unit cell m = 1 are [40]

(E − y0) |ψ1,1〉 = 2iJ0 sin k0 |χin〉 − JV
†

1 |ψ1,2〉 − J̃ |ψ2,1〉,
(E − ε0) |ψ1,n〉 = −JVn−1 |ψ1,n−1〉 − JV †

n |ψ1,n+1〉
− J̃ |ψ2,n〉, 2 � n � N − 1, (16)

(E − ε0) |ψ1,N 〉 = −JVN−1 |ψ1,N−1〉 − JV
†
N |ψ2,1〉

− J̃ |ψ2,N 〉 ,

whereas those in the unit cell m = M are

(E − ε0) |ψM,1〉 = −JV
†

1 |ψM,2〉
− JVN |ψM−1,N 〉 − J̃ |ψM−1,1〉,

(E − ε0) |ψM,n〉 = −JVn−1 |ψM,n−1〉 − JV †
n |ψM,n+1〉

− J̃ |ψM−1,n〉, 2 � n � N − 1,

(E − y0) |ψM,N 〉 = −JVN−1 |ψM,N−1〉 − J̃ |ψM−1,N 〉 . (17)

Here y0 = ε0 − J0e
ik0 and we substituted r |χr〉 = − |χin〉 +

|ψ1,1〉 and t |χt 〉 = |ψM,N 〉 from Eqs. (14).
To solve Eqs. (15) we apply the same transformation as in

Sec. IV [see Eqs. (4) and (6)]; that is,

|ψm,n〉 = eikmeikn/NV †
n × · · · × V

†
NV−n/N |ϕn〉 . (18)

The wave vector k will be determined below. Equations (15)–
(17) then reduce to

(E − ε0 + 2J̃ cos k) |ϕ1〉 = −Je−ik/NV1/N |ϕN 〉
− Jeik/NV−1/N |ϕ2〉,

(E − ε0 + 2J̃ cos k) |ϕn〉 = −Je−ik/NV1/N |ϕn−1〉
− Jeik/NV−1/N |ϕn+1〉, (19)

2 � n � N − 1,

(E − ε0 + 2J̃ cos k) |ϕN 〉 = −Je−ik/NV1/N |ϕN−1〉
− Jeik/NV−1/N |ϕ1〉 ;

(E − y0 + J̃ eik)eik(1+1/N)V−1/N |ϕ1〉
+ Jeik(1+2/N)V−2/N |ϕ2〉 = 2iJ0 sin k0V |χin〉,

(E − ε0 + J̃ eik) |ϕn〉 + Je−ik/NV1/N |ϕn−1〉
+ Jeik/NV−1/N |ϕn+1〉 = 0, (20)

2 � n � N − 1,

(E − ε0 + J̃ eik) |ϕN 〉 + Je−ik/NV1/N |ϕN−1〉
+ Jeik/NV−1/N |ϕ1〉 = 0;

(E − ε0 + J̃ e−ik) |ϕ1〉 + Je−ik/NV1/N |ϕN 〉
+ Jeik/NV−1/N |ϕ2〉 = 0,

(E − ε0 + J̃ e−ik) |ϕn〉
(21)

+ Je−ik/NV1/N |ϕn−1〉 + Jeik/NV−1/N |ϕn+1〉 = 0,

2 � n � N − 1,

(E − y0 + J̃ e−ik) |ϕN 〉 + Je−ik/NV1/N |ϕN−1〉 = 0.

Looking at Eqs. (19)–(21), one sees that they become simple
if we set the |ϕn〉’s to be eigenstates of V . In particular, the
solution of the eigenvalue problem (19) gives the same band
structure Ep,σ (k) (σ = ±1 is a spin index and p = 1,2, . . . ,N

is a band index) as in Eq. (12) and the corresponding
eigenspinors

|ϕn,p,σ 〉 = e2πinp/N |σ n̂〉 . (22)

At a given energy E, the dispersion relations (12) can be
written as

E − ε0 + 2J̃ cos(Ny) + 2J cos

(
θ

N

)
cos y

= −2Jσ sin

(
θ

N

)
sin y, (23)

where y = (k + 2πp)/N . The left-hand side is a polynomial
of degree N in x = cos y. Squaring the two sides of this
equation gives a polynomial of degree 2N in x, yielding 2N

solutions {xj = cos yj , j = 1,2, . . . ,2N}. For a specific value
of σ , substituting each of these solutions into Eq. (23) identifies
sin yj,σ , and hence eiyj,σ = xj + i sin yj,σ . For each energy E

and spin σ , the solutions of Eq. (15)–(17) must therefore be
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linear combinations of the corresponding 2N solutions,

|ψm,n,σ 〉 = e−iσ θn/NV †
n · · · V †

N

2N∑
j=1

Aσ
j eiyj,σ (mN+n) |σ n̂〉 . (24)

The amplitudes Aσ
j are determined by Eqs. (16) and (17). If

|χin〉 = |n̂〉, then one finds that A−
j = 0, and all the spinors

|ψm,n〉 have only σ = 1. Similarly, if |χin〉 = |−n̂〉, one has
A+

j = 0, and all the spinors |ψm,n〉 have only σ = −1. The
remaining amplitudes are found by solving the 2N linear
equations

2N∑
j=1

[E − y0 + Jei(yj,σ −σθ/N) + J̃ eiyj,σ N ]ei[yj,σ (N+1)−σθ/N]Aσ
j

= 2iJ0 sin k0e
iσθ ,

2N∑
j=1

[E − ε0 + 2J cos(yj,σ − σθ/N ) + J̃ eiyj,σ N ]

×eiyj,σ (N+n)Aσ
j = 0, 2 � n � N,

(25)
2N∑
j=1

[E − ε0 + 2J cos(yj,σ − σθ/N ) + J̃ e−iyj,σ N ]

×eiyj,σ (MN+n)Aσ
j = 0, 1 � n � N − 1,

2N∑
j=1

[E − y0 + Je−i(yj,σ −σθ/N) + J̃ e−iyj,σ N ]

×eiyj,σ N(M+1)Aσ
j = 0.

Using Eq. (14), it then becomes clear that for |χin〉 = |n̂〉
(|χin〉 = |−n̂〉) the reflected electron is also polarized along
n̂ (−n̂), while the transmitted electron is described by
t |χt 〉 = |ψM,N,σ 〉 = V

†
N

∑2N
j=1 Aσ

j ei[yj,σ N(M+1)−σθ] |σ n̂〉, and
thus |χt 〉 = |σ n̂′〉, where

|σ n̂′〉 ≡ V
†
N |σ n̂〉 . (26)

In the general case, it is convenient to write |χin〉 in the basis
|±n̂〉 and conclude that r |χr〉 = R |χin〉 and t |χt 〉 = T |χin〉,
with the 2 × 2 reflection and transmission amplitude matrices

R = r↑↑ |n̂〉 〈n̂| + r↓↓ |−n̂〉 〈−n̂| ,
T = t↑↑ |n̂′〉 〈n̂| + t↓↓ |−n̂′〉 〈−n̂| , (27)

with the the reflection and transmission amplitudes

rσσ = −1 + e−iσ θ(1+1/N)
2N∑
j=1

Aσ
j eiyj,σ (N+1),

tσσ = e−iσ θ

2N∑
j=1

Aσ
j eiyj,σ N(M+1). (28)

From now on, let us concentrate on the case N = 2 and
demonstrate the above procedure for this simple case. For a
given energy E, the dispersion relations (12) yield the wave
vectors inside the chain as the solutions of a quartic equation

in x ≡ cos (k/2 + πp),

4J̃ 2x4 + 4J J̃ cos

(
θ

2

)
x3 + [2J̃ (E − ε0 − 2J̃ ) + J 2]x2

+ (E − ε0 − 2J̃ )J cos

(
θ

2

)
x + 1

4
(E − ε0 − 2J̃ )2

− J 2 sin2

(
θ

2

)
= 0. (29)

This equation has four solutions for x. Each solution xj (j =
1,2,3,4) leads to two opposite values of yj,σ , corresponding to
waves propagating in opposite directions and carrying opposite
spins (this follows from time-reversal symmetry, as discussed
above).

V. LEAKAGE

For real values of ε0, some solutions of Eq. (29) correspond
to real values of the wave vector k = 2y. These propagating
wave solutions yield four energy bands (two bands for each
spin), similar to those shown in Fig. 2. At each energy E,
these waves come in pairs of opposite spins and therefore
do not give rise to spin splitting. For energies in the gaps
between these bands, the solutions for y become complex, and
the corresponding waves become evanescent. The imaginary
part of y corresponds to the inverse decay length of the
wave function. For real values of ε0, the coefficients of the
polynomial equation (29) are real. Therefore, if y is a complex
solution, then its complex conjugate y∗ is also a solution.
Combining this with the time-reversal symmetry, it follows that
evanescent solutions also come in pairs of opposite spins with
the same decay lengths. Consequently, the net spin polarization
of the scattered electrons still vanishes. This agrees with
symmetry considerations of the scattering matrix [28,30],
which show that the combination of unitarity and time-reversal
symmetry forbids a finite spin polarization in a two-terminal
setup with single-mode leads [29].

In this paper we consider the possibility of generating
a finite spin polarization in a two-terminal setup by break-
ing the unitarity of the scattering matrix. Specifically, we
adopt the same approach as in Refs. [32] and [33], and consider
the leakage of electrons out of the system. Each site on the
helix is connected to an absorbing channel, modeled as a
one-dimensional tight-binding chain (free of SOI) whose site
energies are set to zero. The hopping amplitude on the first
bond of each absorbing channel is Jx , whereas the other bonds
have a hopping amplitude J0. By assuming only outgoing
waves on these absorbing channels, it was shown in Refs. [32]
and [33] that the sole effect of these channels is to introduce
a complex site self-energy for each site of the original chain,
i.e., ε0 → ε̃0 with

ε̃0 = ε0 − |Jx |2eiq

J0

, (30)

where q is the wave vector (in units of the lattice constant of
the leads) of the outgoing waves in the absorbing channels,
determined by the dispersion relation E = −2J0 cos q.

With the leakage, ε̃0 is always complex, and all the
solutions for the wave vectors Ny acquire finite imaginary
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parts. In contrast to the unitary case (real ε̃0), the evanescent
waves associated with opposite spins now have different
decay lengths. This opens up the possibility for a finite spin
polarization, as discussed in detail below. It is important to note
that one has to consider interference terms (represented by J̃

in our model) in order to achieve a finite spin polarization,
even if ε̃0 is complex. As discussed in the introduction, the
SOI can be gauged out if J̃ = 0, resulting in a trivial problem
with zero spin polarization. The technical reason for this can
also be seen from Eq. (12). With J̃ = 0, the solutions for
y become y±,σ = σθ/N ± arccos [(ε̃0 − E)/2J ], so that the
solutions with σ = 1 have the same decay lengths as those
with σ = −1, and no net spin polarization appears.

In the next sections we study quantitatively the spin polar-
ization for N = 2 and identify the direction of maximum polar-
ization n̂′ for an arbitrary value of N using Eq. (26). We show
that some important conclusions regarding the direction of the
spin polarization of the transmitted electrons can be obtained
for an arbitrary value of N . This includes, for example, the
reversal of the spin polarization along the z axis with reversal
of the helix chirality, as found experimentally (see Sec. VII).

VI. SPIN POLARIZATION

Equation (27) shows that for an incoming electron
polarized along ±n̂, the reflected and transmitted waves are
polarized along ±n̂ and ±n̂′, respectively. For an unpolarized
incident beam, we use the second of Eqs. (27) to write the
polarization of the outgoing beam along n̂′ as

Pn̂′ ≡ Tr[T †(n̂′ · σ )T ]

Tr[T †T ]
= |t↑↑|2 − |t↓↓|2

|t↑↑|2 + |t↓↓|2 . (31)

Figure 3 shows the spin polarization along the direction n̂′
[Eq. (31)] and the reflection and transmission coefficients for
an incoming spin up (R↑ ≡ |r↑↑|2 and T↑ ≡ |t↑↑|2) and spin
down (R↓ ≡ |r↓↓|2 and T↓ ≡ |t↓↓|2) along the direction n̂. No
spin polarization is achieved when either Jx = 0 or J̃ = 0. A
finite value of J̃ gives rise to quantum interference whereas a
finite Jx breaks unitarity and yields a complex site self-energy,
and therefore different decay lengths for upward propagating
waves with opposite spins. Figure 4 shows the decay lengths
(the inverse of the imaginary part of the wave vector) in units of
the lattice constant as a function of Jx (in units of J0) for a situ-
ation in which a pair of opposite spins are propagating upward
(v = dE/dk > 0) inside the chain (the parameters are the
same as in Fig. 3). The decay lengths of both waves decrease
when Jx increases but have a different value for each spin.

In our nonunitary model the total transmission decreases
with increasing length of the molecule. However, since the
decay is larger for one of the spin components, the polarization
is expected to increase with increasing length of the molecule,
as shown in Fig. 5. Both these conclusions are in agreement
with the experimental observations [5,6].

The results in Figs. 3 and 5 depend on the hopping
amplitudes J, J̃ , and Jx . When we set all of these amplitudes
to be equal to J0 we find much larger values of P , at smaller
values of θ . For M = 6, we find |P | ≈ 0.4 at θ = 0.05π and
|P | ≈ 0.8 at θ = 0.15π . Since none of these parameters are
known for specific experimental systems, it is not easy to
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FIG. 3. Spin polarization (solid blue) in a chain of M = 6 unit
cells (other parameters are N = 2, J = 1.5J0, J̃ = 0.6J0, and Jx =
0.2J0) (a) as a function of energy (in units of J0) with θ = 0.4π

and (b) as a function of θ with E = 0 (center of the band). The
spin polarization vanishes (dashed magenta) if either Jx = 0 (unitary
chain), J̃ = 0 (NN chain), or θ = 0 (no SOI). Inset: Reflection (black)
and transmission (green) coefficients for spin up (solid) and spin down
(dashed). The red line is the sum these coefficients.

estimate values of θ which are needed to achieve a significant
polarization. We return to this issue in the next section.

Our simple model allows studying the polarization along an
arbitrary direction m̂ = (cos δ sin γ, sin δ sin γ, cos γ ). With
|n̂′〉 = cos ( α

2 ) |↑〉 + eiβ sin ( α
2 ) |↓〉, where |↑〉 and |↓〉 are the

eigenstates of σz, a straightforward calculation gives the
polarization along m̂ as (see more details in Appendix A)

Pm̂ = Pn̂′ [cos α cos γ + sin α sin γ cos(β − δ)]. (32)
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FIG. 4. Decay length of a pair of spin up (solid black) and spin
down (dashed red) as function of Jx/J0 for N = 2, J = 1.5J0, J̃ =
0.6J0, θ = 0.4π , and E = 0. The inset shows the band structure
corresponding to the chosen parameters, and the pair of opposite spins
propagating upward inside the chain (v = dE/dk > 0) at energy
E = 0 is indicated by blue points.
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FIG. 5. Spin polarization along n̂′ as a function of the number
of unit cells M for various values of θ , with E = 0, J = 1.5J0,
J̃ = 0.6J0, and Jx = 0.2J0.

Equation (32) reveals that |Pm̂| � |Pn̂′ | and the maximal
polarization is obtained along the direction n̂′. Hence our
model suggests that the spin polarization in the experiments,
measured along the z axis, is not the maximum polarization.
One may achieve a larger polarization by measuring the spin
of the transmitted electrons along a different direction n̂′. To
characterize the direction n̂′ in more detail, one should specify
the spin rotation matrices V1, . . . ,VN [see Eqs. (2) and (3)]. In
the next section we employ a helical geometry and introduce
specific spin rotation matrices to study the spin polarization of
helical molecules.

VII. SPIN POLARIZATION IN A HELICAL GEOMETRY

The model presented in Sec. II allowed an arbitrary set of
SOIs on the N bonds within each unit cell along the helix
(allowing, e.g., different sites within the unit cell). The results
presented so far depended only on the product matrix V , and
hence only on the angle θ . In order to present an explicit
relation between the SOI strength λ and the angle θ we now
present a simpler model, in which all the bonds within the unit
cell are identical, except for the rotation around the helix axis.

For a helix of radius R and pitch h [see Fig. 1(a)] the vector
dn,n+1 is given by (the z axis is chosen as the symmetry axis
of the helix)

dn,n+1 = 2R sin(0.5�ϕ)(−snx̂ + cnŷ) + h

N
ẑ, (33)

where sn = sin [(n + 0.5)�ϕ], cn = cos [(n + 0.5)�ϕ], and
�ϕ = ±2π/N is the twist angle between nearest neighbors,
with the plus (minus) sign corresponding to right-handed
(left-handed) chirality. For a SOI induced by the confinement
of the electron to the cylinder which contains the helix, the
electric field can be assumed to be radial [see Fig. 1(a)] [12,41],

En,n+1 = E0(cnx̂ + snŷ). (34)

Inserting Eqs. (33) and (34) into (3), we obtain

Kn = λ̃ên, (35)

where λ̃ = λE0� is a dimensionless parameter with � =√
(h/N)2 + [2R sin (0.5�ϕ)]2 being the length of each bond,

and the unit vector ên is

ên = 1

�

[
h

N
(−snx̂ + cnŷ) − 2R sin(0.5�ϕ)ẑ

]
. (36)

The spin rotation matrices are then related by a similarity
transformation,

Vn = U−nVNUn,
(37)

U = e±i(π/N)σz ,

where the two signs correspond to right-handed and left-
handed helix, respectively. Since UN = −1, we can express
the unitary matrix V [Eqs. (6) and (11)] as

V ≡ VNVN−1 × · · · × V1 = −(VNU )N. (38)

Using Eqs. (2), (35), (36), and (37), we obtain

VNU = eiφ n̂·σ (39)

with (see Appendix B for more details)

cos φ = cos

(
π

N

)
cos λ̃ + 2R

�
sin2

(
π

N

)
sin λ̃,

nx sin φ = ∓ h

N�
sin

(
2π

N

)
sin λ̃,

(40)

ny sin φ = h

N�
cos

(
2π

N

)
sin λ̃,

nz sin φ = ±
[

sin

(
π

N

)
cos λ̃ − R

�
sin

(
2π

N

)
sin λ̃

]
.

Comparing Eqs. (11), (38), and (39) we identify θ = Nφ + π ,
which gives the relation between θ and the SOI strength rep-
resented by λ̃ [42]. We can then readily identify the direction
of maximum polarization n̂′ = (cos β sin α, sin β sin α, cos α),
defined by Eq. (26) (see Appendix B). It should be emphasized
that Eqs. (40), (B3), and (B4) depend only on the SOI strength
and on the geometrical parameters characterizing the helix.
They are independent of the complex site self-energy or the
electron energy.

Let us discuss now the order of magnitude of θ . In the limit
λ̃ = λE0� � 1, one finds θ ≈ 2N sin (π/N )RE0λ, so that θ

is proportional to the SOI strength [see also discussion after
Eq. (11)]. In vacuum, one has λ = e/(4mec

2), where e and
me are the free electron charge and mass, respectively, and
c is the speed of light. If we estimate the radial confining
field using typical values for the electric field in light atoms,
E0 ≈ 5 × 1011 V/m (for which the SOI is of the order of a few
meV), and set R ≈ 5 Å, we obtain θ/π ≈ 2.5 × 10−4. Similar
values are expected for carbon nanotubes, since in this case
the SOI is of the order of the SOI in atomic carbon (i.e., a few
meV) [43]. However, the experimental results indicate that the
observed spin polarization in chiral helical molecules cannot
be explained using SOI of the order of a few meV [5–8,44].
The explanation of the observed spin polarization magnitude
requires the SOI to be two or three orders of magnitude
larger than the SOI in carbon systems. In the previous section
we saw that our model yields significant values of the spin
polarization (as measured, e.g., in Refs. [5–8]) assuming
values of θ , and therefore λ, which are one or two orders
of magnitude larger. Such an enhanced SOI may result from
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band structure effects (e.g., a smaller effective mass), as in
narrow-gap semiconductors with strong Rashba SOI [19,20].
However, the details of the mechanism for strong SOI in chiral
helical molecules are yet to be clarified.

Equations (B3) and (B4) can be used to investigate the
spin polarization along an arbitrary direction [see Eq. (32)].
In particular, the experimentally measurable spin polarization
along the z axis, Pẑ, is of special interest. Experiments reveal
that this quantity differs by a sign for molecules with opposite
chiralities. This observation is analytically reproduced by our
model; the polarization along the z axis is given by Eq. (32)
with γ = 0; that is,

Pẑ = Pn̂′ cos α. (41)

Combining Eqs. (40) and (B3) one finds that cos α, and hence
Pẑ, reverses sign when the chirality is reversed.

VIII. DISCUSSION AND CONCLUSIONS

We have presented a simple tight-binding model for elec-
tron transport in the presence of SOI in which spin polarization
is generated by nonunitary hopping. Our model takes interfer-
ence of electronic waves into account by considering hopping
terms beyond NN ones. Although our model resembles that
of Refs. [12] and [13], there are several important differences.
First, we consider only two hopping paths at each site. This
simplifies the model and allows an analytical solution. One
can then study in more detail the direction of maximum
spin polarization. Second, we allow arbitrary SOI interactions
on the bonds within each unit cell, which may imitate the
internal structure of the helical molecules. This also makes
our model applicable to other systems such as mesoscopic
interferometers made of narrow-gap semiconductors with
strong SOI. Third, our mechanism for the generation of a
complex self-energy, due to electron leakage to side leads,
differs from those of Refs. [12] and [13].

At first look, our nonunitary effect may seem artificial.
However, such a leakage out of the helical molecules and
into the surrounding environment may in fact be the cause for
the observed decay of the total current through the molecules
with the molecule’s length. Interestingly, our model also
reproduces the experimentally observed increase in the spin
polarization with the molecule’s length. Our leakage may
also mimic in a very simplified way complex effects such
as electron capturing by DNA molecules [36,37], as well
as a variety of other phase-breaking processes. In general, a
given microscopic phase-breaking mechanism (e.g., electron-
electron or electron-phonon interactions) can be incorporated
by a suitable choice of the complex self-energy function using

the nonequilibrium Green’s function formalism. However,
phase-breaking processes are usually introduced by relatively
simple phenomenological models [45]. One phenomenologi-
cal model for the inclusion of such processes was proposed by
Büttiker [34], in which phase-breaking processes are modeled
by an additional electron reservoir coupled to the system via
fictitious voltage probes, subject to the condition of zero net
current. These Büttiker probes remove electrons from the
phase-coherent region and subsequently reinject them without
any phase relationship. Another phenomenological model
introduces phase-breaking processes by adding a spatially
uniform pure imaginary potential to the Hamiltonian [35]. The
latter model is similar to our approach. These two models were
compared in Ref. [46] and the limit in which they are equivalent
was identified. In the context of the CISS effect, the authors
of Refs. [12] and [13] employed Büttiker’s method, whereas
in Ref. [14] a phenomenological imaginary potential was
introduced. In terms of the tight-binding formalism used here,
both methods are expected to give a complex site self-energy
which results in a spin splitting as discussed above.

The analytical solution of our simple model also suggests
that one may achieve a larger CISS effect by measuring the
spin polarization along an axis different from the z axis,
conventionally used to measure the CISS effect. We identify
the direction of this axis in terms of the SOI strength and the
geometrical parameters characterizing the helix. Finally, we
show analytically that the spin polarization along the z axis
changes sign when the chirality of the helix is reversed, also
in agreement with experiments.

As we noted, coupling the molecule to two terminals and
assuming time-reversal symmetry cannot yield a nonzero spin
polarization. In some sense, our leakage model overcomes
this problem by adding many more terminals, in which the
electrons only go away from the molecule. An alternative way
to achieve a nonzero spin polarization is to use a multiterminal
setup, namely a system with more than single input and output
leads [47]. In the context of our model one may consider N in-
put and output leads, connected to each of the N sites in the left-
most and rightmost cells (m = 1 and m = M). Such a model,
which does not break unitarity, will be discussed elsewhere.
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APPENDIX A: CALCULATION OF THE POLARIZATION ALONG AN ARBITRARY AXIS

The eigenspinors of the spin projection n̂′ · σ along the direction n̂′ = (cos β sin α, sin β sin α, cos α) are

|n̂′〉 =
(

cos
(

α
2

)
eiβ sin

(
α
2

)
)

, |−n̂′〉 =
(

sin
(

α
2

)
−eiβ cos

(
α
2

)
)

. (A1)

Using the second of Eqs. (27), we obtain

T T † = |t↑↑|2 |n̂′〉 〈n̂′| + |t↓↓|2 |−n̂′〉 〈−n̂′| =
(

|t↑↑|2 cos2
(

α
2

) + |t↓↓|2 sin2
(

α
2

)
1
2e−iβ sin α(|t↑↑|2 − |t↓↓|2)

1
2eiβ sin α(|t↑↑|2 − |t↓↓|2) |t↑↑|2 sin2

(
α
2

) + |t↓↓|2 cos2
(

α
2

)
)

. (A2)
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Thus, for an arbitrary direction m̂ = (cos δ sin γ, sin δ sin γ, cos γ ) we find

Tr[T †T ] = Tr[T T †] = |t↑↑|2 + |t↓↓|2,
(A3)

Tr[T †(m̂ · σ )T ] = Tr[T T †(m̂ · σ )] = [cos α cos γ + sin α sin γ cos(β − δ)](|t↑↑|2 − |t↓↓|2),

from which one obtains Eq. (32).

APPENDIX B: CALCULATION OF THE MAXIMUM POLARIZATION DIRECTION n̂′

Using Eq. (36) the matrix VN is

VN = eiλ̃êN ·σ =
(

cos λ̃ ± i 2R
�

sin
(

π
N

)
sin λ̃ h

N�
e∓πi/N sin λ̃

− h
N�

e±πi/N sin λ̃ cos λ̃ ± i 2R
�

sin
(

π
N

)
sin λ̃

)
. (B1)

Combining the second of Eqs. (37) and Eq. (B1), we find

VNU =
[

cos

(
π

N

)
cos λ̃ + 2R

�
sin2

(
π

N

)
sin λ̃

]
1

+ i

(
±[

sin
(

π
N

)
cos λ̃ − R

�
sin

(
2π
N

)
sin λ̃

] −i h
N�

e∓2πi/N sin λ̃

−i h
N�

e±2πi/N sin λ̃ ∓[
sin

(
π
N

)
cos λ̃ − R

�
sin

(
2π
N

)
sin λ̃

]
)

. (B2)

Comparing this form with Eq. (39) one arrives at Eqs. (40). Using Eq. (26), one can operate with V
†
N on |±n̂〉 to find the direction

of maximum polarization n̂′ = (cos β sin α, sin β sin α, cos α). A straightforward algebra gives

cos α = h

N�

[
4R

�
sin2

(
π

N

)
sin2 λ̃ − cos

(
π

N

)
sin(2λ̃)

]
nx ∓ h

N�

[
2R

�
sin

(
2π

N

)
sin2 λ̃ + sin

(
π

N

)
sin(2λ̃)

]
ny

+
(

1 − 2h2

N2�2
sin2 λ̃

)
nz, tan β = ±Anx + Bny ∓ Cnz

Dnx ± Eny + Fnz

, (B3)

with

A = h2

2N2�2
cos

(
2π

N

)
sin2 λ̃ + R

�
sin

(
π

N

)
sin(2λ̃),

B = 1

2

{
cos(2λ̃) + h2

N2�2

[
1 + cos

(
2π

N

)]
sin2 λ̃

}
,

C = h

N�

[
R

�
sin

(
2π

N

)
sin2 λ̃ + 1

2
sin

(
π

N

)
sin(2λ̃)

]
,

(B4)

D = 1

2

{
cos(2λ̃) + h2

N2�2

[
1 − cos

(
2π

N

)]
sin2 λ̃

}
,

E = h2

2N2�2
sin

(
2π

N

)
sin2 λ̃ − R

�
sin

(
π

N

)
sin(2λ̃),

F = h

N�

[
2R

�
sin2

(
π

N

)
sin2 λ̃ + 1

2
sin

(
π

N

)
sin(2λ̃)

]
.
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The ground-state electronic configuration of three coupled bidimensional electron gases has been determined
using a variational Hartree-Fock approach, at zero magnetic field. The layers are Coulomb coupled, and tunneling
is present between neighboring layers. In the limit of small separation between layers, the tunneling becomes
the dominant energy contribution, while for large distance between layers the physics is driven by the Hartree
electrostatic energy. Transition from tunneling to Hartree dominated physics is shifted towards larger layer
separation values as the total bidimensional density of the trilayers decreases. The interlayer exchange stabilizes
a “balanced” configuration, where the three layers are approximately equally occupied; most of the experiments
are performed in the vicinity of this balanced configuration. Several ground-state configurations are a consequence
of a delicate interplay between tunneling and intersubband exchange.

DOI: 10.1103/PhysRevB.93.085305

I. INTRODUCTION

Single-layer quasi-two-dimensional electron gases (2DEG)
such as those formed at the interface between two dissimilar
semiconductors can be routinely driven to a many-body
interaction regime by application of a strong magnetic field
of several Teslas perpendicular to the 2DEG layer [1]. By
increasing the magnetic field, the 2DEG first enters in the
integer quantum Hall regime and then in the fractional quantum
Hall regime [2].

Multilayer coupled 2DEG’s like trilayer systems offer much
more possibilities for the theoretical [3–5] and experimen-
tal [6–12] search of the involved physics, even at zero magnetic
field. New single-particle effects like layer (site) energies,
tunneling coupling between layers, and many-body effects as
the interlayer Coulomb coupling should be included, with the
two later effects being strongly dependent on the separation
between layers.

We provide in this paper an exhaustive theoretical study of
trilayer systems at zero-magnetic field, within the framework
of a Hartree-Fock mean field approximation, already used for
bilayer systems [13] and also for a simplified version of the
trilayer system considered here [4]. The model, schemati-
cally illustrated in Fig. 1, includes intralayer and interlayer
(hopping) kinetic energies (not considered in Ref. [4]), site
(layer) energies (also not considered in Ref. [4]), intralayer
and interlayer exchange energies, and the usually dominant
Hartree electrostatic energy. An additional external parameter
is the total density of the system: We will see that as the density
decreases, the trilayer system is driven to a single-particle
tunneling dominated regime.

By doing a numerical minimization of the total energy
of the system over all the internal variables, we have found
a zero-temperature extremely rich phase diagram for the
possible ground-state configurations. These full numerical

*dmiravet@gmail.com
†proetto@cab.cnea.gov.ar

results may be qualitatively understood as resulting from the
diverse scaling properties of the different energy contributions
to the total energy of the system, with respect to the external
variables like the total density or the distance between layers.
Interestingly, we have found that at zero magnetic field and
for close enough layers the physics of the trilayer system
becomes dominated by single-particle effects both in the
high-density limit (dominated by the intralayer kinetic energy)
and in the low-density limit (dominated by the hopping or
tunneling and site energies). The interaction dominated regime
is then restricted to intermediate densities (exchange) and large
separations between layers (Hartree). The wide ground-state
exploration in the available parameter space (distance between
layers, total electronic density, tunneling coupling) provided
in this paper may serve as a qualitative guide for the design of
experimental trilayer systems.

The rest of the paper is organized in the following way: In
Sec. II we explain the model and introduce the variational
Hartree-Fock method we use to obtain the expression for
total energy of the system. Analytical and numerical ground
states resulting from the minimization of the system total
energy are presented in Sec. III. Section IV is devoted to the
conclusions. In the two appendices we discuss some limits and
the physics beyond the interlayer exchange energy contribution
(Appendix A), and we explain how to model the hopping
parameter dependence with the layer separation (Appendix B).

II. MODEL

Typically, a semiconductor trilayer system is realized
experimentally by confining three GaAs quantum wells among
AlAs or AlxGa1−xAs barriers of variable width and height,
which gives a control on the tunneling coupling t among
layers. Usually, the central GaAs quantum well is designed
with a larger width than the two side wells with the purpose of
populating the central well, which tends to be less populated
than the two side wells [14,15]. In our model of Fig. 1,
we can simulate this feature by imposing, for instance, that
ε2 < ε1 = ε3.

2469-9950/2016/93(8)/085305(10) 085305-1 ©2016 American Physical Society
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FIG. 1. Schematic view of the three layer system. Each layer of
area A has a two-dimensional electronic number density given by n1,
n2, and n3. Charge neutrality is provided by two positively charged
layers located at z = ± h (not shown), with h � d . The layers are
coupled by the hopping t and the Coulomb interaction. ε1, ε2, and ε3

are the site or layer energies.

The model for our Coulomb and tunneling coupled trilayer
system is represented schematically in Fig. 1 and defined
through the corresponding Hamiltonian in Eq. (1). It consists
of three strictly two-dimensional metallic layers, at a distance
d between them. Two other layers, located at z = ± h along
the z axis (h � d) provide the compensating positive charge
densities. Neighboring metallic layers are coupled through
the tunneling term t (hopping), while all layers are Coulomb
coupled through the interlayer Coulomb interaction.

In detail, the Hamiltonian of our model is as follows,

Ĥ =
∑
jkσ

εjkc
†
jkσ cjkσ − t

∑
j1j2kσ

(
c
†
j1kσ cj2kσ + c

†
j2kσ cj1kσ

)

−
∑
jkσ

∑
m

Vjm(0) pm c
†
jkσ cjkσ + A

2

∑
mn

Vmn(0) pmpn

+
∑

j1k1σ1
j2k2σ2

q

Vj1j2 (q)

2A
c
†
j1k1+qσ1

c
†
j2k2−qσ2

cj2k2σ2cj1k1σ1 , (1)

with A denoting the area of each layer. Here, c
†
jkσ (cjkσ )

is a creation (annihilation) operator for an electron in layer
j (j = 1,2,3), with two-dimensional momentum k and spin
σ (↑ or ↓). Each one of the five terms in the Hamiltonian
represents a different physical contribution to the total energy.
The first corresponds to the sum of the layer and kinetic
energy of electrons in each layer, with εjk = εj + �2k2/2m∗
(m∗ being the electron effective mass of the well-acting semi-
conductor). The second term represents the quantum tunneling
of electrons among different layers, with a hopping amplitude
parametrized by t (>0); j1 �= j2, and the sum is restricted to
neighboring layers. The last three Coulomb-related terms rep-
resent the attractive ion (positive layer)-electron interaction,
the ion (positive layer)-ion (positive layer) interaction, and the

repulsive electron-electron interaction, respectively. pm (m =
L,R) denotes the uniform density of the two layers located at
the left and right of the three central layers. The system fulfills
a global neutrality condition, N = n1 + n2 + n3 = pL + pR ,
where N represents the total two-dimensional number density,
and nj (j = 1,2,3) are the number densities of each metallic
layer. Finally, Vij (q) = 2πe2

εq
e−qdij , with dij = 0,d,h; ε is the

dielectric constant of the well-acting semiconductor (∼12.5
for GaAs). For t = 0 and ε1 = ε2 = ε3, the model reduces
to the one studied previously in Ref. [4]. The layer energies
are changed at will in real samples by the application of
back and front gates, which in our case are represented by
the two positively charged layers at ±h. In this paper we
consider only the symmetric configurations, i.e., pL = pR ,
and ε1 = ε3 > ε2.

The presence of the last electron-electron interaction term
in Eq. (1) implies that no exact solution is available for the
model and forces us to attempt its approximate solution. For
this, we will employ a Hartree-Fock variational approximation,
widely used for the bilayer case, either at zero [13] or with
magnetic field [16–18], and also used in the previous trilayer
zero-tunneling and zero-site energy study [4]. But before that,
we find it convenient to perform an exact transformation of the
Hamiltonian, by defining the following operators:

a
†
kσ = cos2

(
θ

2

)
e−iφ c

†
1kσ +

√
2 sin

(
θ

2

)
cos

(
θ

2

)
c
†
2kσ

+ sin2

(
θ

2

)
eiφ c

†
3kσ ,

b
†
kσ = − sin θ√

2
e−iφ c

†
1kσ + cos θ c

†
2kσ + sin θ√

2
eiφ c

†
3kσ , (2)

c
†
kσ = sin2

(
θ

2

)
e−iφ c

†
1kσ −

√
2 sin

(
θ

2

)
cos

(
θ

2

)
c
†
2kσ

+ cos2

(
θ

2

)
eiφ c

†
3kσ ,

with 0 � θ � π , and 0 � φ < 2π . The new operators satisfy
fermion anticommutation relations {αkσ ,α

†
k′s ′ } = δk,k′δσ,σ ′ ,

while all other anticommutators vanish. The transformation to
the “subband” basis a

†
kσ , b

†
kσ , c

†
kσ from the “layer” basis c

†
1kσ ,

c
†
2kσ , c†

3kσ is defined by the two angles θ and φ. For θ = φ = 0,
both basis are the same. For θ = π/2,φ = 0, a†

kσ , b†
kσ , and c

†
kσ

are creation operators for electrons in the ground (symmet-
ric, no nodes), first-excited (antisymmetric, one node), and
second-excited (symmetric, two nodes) subband states of the
trilayer system. The canonical transformation of Eq. (2) may
be considered as a general rotation in a three-dimensional
pseudospin Hilbert space of a pseudospin spinor pointing
in the n̂ = (sin θ cos φ, sin θ sin φ, cos φ) direction, with the
layer index j playing the role of the pseudospin components.
In the ground state, the direction of n̂ is determined by the total
energy minimum. The coefficients in the 3 × 3 transformation
matrix in Eq. (2) are obtained from the eigenstates of the 3 ×
3 matrix n̂(φ,θ ) · S = nx(φ,θ )Sx + ny(φ,θ )Sy + nz(φ,θ )Sz,
with Sx , Sy , and Sz being the components of the 3 × 3 angular
momentum matrices corresponding to unit pseudospin (or
angular momentum) [19]. Write in the a,b,c basis, the hopping
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term in Eq. (1) becomes diagonal for the choice φ = 0,θ =
π/2, but our variational ansatz given by Eq. (3) below is
more flexible and allows φ and θ to take any value within
their permissible range. On the other side, the transformation
of Eq. (2) is not the more general one, considering that the
angles φ and θ may be, in principle, σ and k dependent. For
simplicity, we have not included these dependences in our
calculations.

After expressing the Hamiltonian in Eq. (1) in term
of the subband operators, we have taken the expectation
value of the transformed Hamiltonian with the follow-
ing Hartree-Fock variational ansatz for the ground state
vector [20],

|
0〉 =
k6�kc↓∏

k6

c
†
k6↓

k5�kc↑∏
k5

c
†
k5↑

k4�kb↓∏
k4

b
†
k4↓

k3�kb↑∏
k3

b
†
k3↑

×
k2�ka↓∏

k2

a
†
k2↓

k1�ka↑∏
k1

a
†
k1↑|0〉. (3)

Here, kaσ , kbσ , and kcσ are the Fermi wave vectors for electrons
with spin σ in subbands a, b, and c, respectively. If any of the
six kασ = 0, this means that the corresponding subband is
empty. We obtain, after a lengthy calculation

〈
0|Ĥ |
0〉
Ry∗ N

= 2

r2
s

[E0(ηa↑,ηa↓,ηb↑,ηb↓,ηc↑,ηc↓,θ,φ)],

= 2

r2
s

[
E K

0 + E T
0 + E H

0 + E X-intra
0 + E X-inter

0

]
,

(4)

where

E K
0 =

∑
ασ

η2
ασ + r2

s

2

{
ε∗

2

[
(ηa + ηc)

sin2 θ

2
+ ηb cos2 θ

]

+ ε∗
1

[
ηa cos4

(
θ

2

)
+ ηb

sin2 θ

2
+ ηc sin4

(
θ

2

)]

+ ε∗
3

[
ηa sin4

(
θ

2

)
+ ηb

sin2 θ

2
+ ηc cos4

(
θ

2

)]}
, (5)

E T
0 = − r2

s√
2

t∗ (ηa − ηc) sin θ cos φ, (6)

E H
0 = −2d∗

{
ηb(ηa + ηc) + 2ηaηc

+ sin2 θ

2

[
(ηa − ηc)2 + 2η2

b − ηb(ηa + ηc)
]

− sin4 θ

8
(ηa − 2ηb + ηc)2

}
, (7)

E X-intra
0 = −8 rs

3π

∑
ασ

η3/2
ασ , (8)

and

E X-inter
0 = rs sin2 θ

∑
σ

∫ ∞

0
dq(1 − e−2d∗q/rs )

× (Iaaσ + 2Ibbσ + Iccσ − 2Iabσ − 2Icbσ )

− rs sin4 θ

8

∑
σ

∫ ∞

0
dq(3 − 4e−2d∗q/rs + e−4d∗q/rs )

× (Iaaσ + 4Ibbσ + Iccσ + 2Iacσ − 4Iabσ − 4Icbσ ).

(9)

Here, rs = 1/(a∗
0

√
πN ) is the dimensionless two-dimensional

density parameter, a∗
0 = ε�2/e2m∗ is the effective Bohr radius

of the well-acting semiconductor, and Ry∗ = m∗e4/(2ε2�2)
is the effective Rydberg. For GaAs as well-acting material,
m∗  0.067m0 with m0 denoting the bare electron mass, and
ε  12.5, resulting in Ry∗  5.83 meV, and a∗

0  98.7 Å.
Also, ηα = ∑

σ ηασ , ηασ = ∑
k〈α†

kσαkσ 〉/AN are the total and
spin-discriminated subband occupation factors, d∗ = d/a∗

0 is
the distance from the central layer to the two lateral layers
(in units of the effective Bohr radius a∗

0 ), t∗ = t/Ry∗, and
ε∗
i = εi/Ry∗. The expression for the quantities Iαβσ (q) is

given in Appendix A. These exchange integrals correspond
to the overlap area between two Fermi circles, with radius
kα,σ and kβ,σ , with the circles’ centers separated by a distance
q. The overlap area is maximum for q = 0, and decreases
as q increases; when q � kα,σ + kα,σ the superposition area
(and the associated exchange integral) becomes zero. All
energies in Eq. (4) are given in units of N Ry∗, i.e., in units of
energy per unit area. As defined above, all 0 � ηασ � 1, and∑

ασ ηασ = 1.
EK

0 corresponds to the sum of the intralayer kinetic and
layer energy contributions. For the case ε∗

1 = ε∗
2 = ε∗

3 , the layer
energy contribution reduces to an uninteresting constant term,
which only depends on the total electron density [4]. ET

0 is
the tunneling or interlayer kinetic energy and is the only term
where the angle φ appears. EH

0 is the Hartree electrostatic
energy, and E X-intra

0 and E X-inter
0 are the intrasubband and

intersubband exchange-energy contributions, respectively. For
a given set of external parameters (rs , d∗, t∗, ε∗

1 , ε∗
2 , ε∗

3), the
ground-state energy E0 depends on eight variational param-
eters: ηa↑,ηa↓,ηb↑,ηb↓,ηc↑,ηc↓,θ,φ. However, the neutrality
condition ηa + ηb + ηc = 1 allows us to eliminate one of
the six subband occupation factors. Regarding the hopping
term, since sin θ � 0 for 0 � θ � π , for having ET

0 � 0, the
condition is that (ηa − ηc) cos φ � 0. As noted above, the total
energy in Eq. (4) is invariant under the exchange of the subband
labels “a” and “c”, and as the angle φ only enters through
the hopping term ET

0 , its value is just determined by the
sign of ηa − ηc. For example, by assuming that we restrict
ourselves to the configurations with ηa � ηc, the optimum
value for φ is φ = 0. Having assumed instead that ηa � ηc for
all possible configurations, the optimum value for φ will be
φ = π . Both choices are equivalent, and we have adopted here
the first one: ηa � ηc,φ = 0. Under these constraints, E0 has
been minimized numerically with respect to the remaining six
variational parameters: five occupation factors and the layer
mixing angle θ . The corresponding results are presented in
Figs. 2–7 and Tables I–III.

The scaling with rs and d∗ of the different energy contri-
butions deserves some discussion. In the low-density limit,
rs grows since it is inversely proportional to the square root
of the density, and the physics is dominated by the tunneling
and layer contributions, which are single-particle effects. On
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FIG. 2. Ground-state phase diagram, in the rs − ε∗
2 plane, for

d∗ = t∗ = 0. The meaning of the different symbols is given in Table I.

the other side, in the high-density limit rs is small, and the
main contributions to the total energy come from the intralayer
kinetic and Hartree terms. For large enough d∗, on the other
side, the system always becomes dominated by the Hartree
term, which favors an effective bilayer configuration with the
central well empty and with electrons distributed equally in the
two side layers [14,15]. The intralayer exchange interaction of

FIG. 3. Ground-state phase diagram, in the rs − t∗ plane, for d∗ =
ε∗

2 = 0. The meaning of the different symbols is given in Table II.

FIG. 4. Ground-state phase diagram, in the rs − t∗ plane, for d∗ =
0, and ε∗

2 = − 0.5. For t∗ � 0.2, all configurations are the same as
in Fig. 3. For 0 < t∗ � 0.2, the configurations A, B, and F are the
same as in Fig. 2. The three remaining configurations C, D, and E
are similar to the corresponding ones in Fig. 2 regarding the subband
occupancies, but with θ �= 0.

FIG. 5. Ground-state phase diagram, in the rs − d∗ plane, for
ε∗

2 = 0 and with the layer separation dependent hopping t∗(d∗),
as explained in the text. For small values of d∗, the ground-state
configurations are the same as Fig. 3. For large values of d∗, the
meaning of the different symbols is given in Table III. The straight line
corresponds to the approximation given in Eq. (13) for the boundary
between α and β configurations.
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FIG. 6. Ground-state configurations in the parameter space rs −
d∗, for ε∗

2 = − 0.8. The new configurations P 3′ and P 3′′ are
as follows: P 3′, ηa↑ = ηc↑ = x, ηb↑ = 1 − 2x,θ = 0; P 3′′, ηa↑ =
x, ηb↑ = y, ηc↑ = 1 − x − y, θ = π/2. The two empty circles cor-
respond to the experimental sample of Ref. [8] (see text).
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FIG. 7. Layer occupation factors for a trilayer with d∗ = 2,
ε∗

2 = − 0.8, and t∗(d∗ = 2) = 0.05. In the upper (lower) panel spin
discriminated (undiscriminated) occupation factors are shown. At
the tiny dashed vertical lines, there is a change in the ground-state
configuration.

TABLE I. Ground-state configurations for d∗ = t∗ = 0. In all
cases θ = 0. Note that for φ = θ = 0, the subband occupation factors
are the same as the layer occupation factors. The symbol “sp” is used
to identify spin-polarized states, while “ml,” “bl,” and “tl” represent
monolayer, bilayer, and trilayer configurations, respectively.

Configuration ηa↑ ηa↓ ηb↑ ηb↓ ηc↑ ηc↓

A: sp, ml 0 0 1 0 0 0
B: ml 0 0 1

2
1
2 0 0

C: bl 1 − 2x 0 x x 0 0
D: bl 1−2x

2
1−2x

2 x x 0 0
E: tl y y x x 1 − 2x − 2y 0
F: tl 1−2x

4
1−2x

4 x x 1−2x

4
1−2x

4

Eq. (8) scales linearly with rs , is always negative, and is im-
portant in favoring spin-polarized ground-state configurations.
Regarding the interlayer exchange contribution of Eq. (9), its
scaling with rs and d∗ is less trivial, mainly due to the presence
of the ratio d∗/rs in the arguments of the exponentials. As
discussed in Appendix A, in the limit d∗/rs � 1, and by
expanding the exponentials this term acquires a leading linear
dependence in d∗, like the Hartree electrostatic contribution. In
the opposite limit d∗/rs � 1, the exponential terms are small
and the interlayer exchange scales linearly with rs . According
to our numerical evidence, this term is always positive and,
in consequence, its optimum configuration is either θ = 0
or the spin-balanced case ηaσ = ηbσ = ηcσ , as in both cases
E X-inter

0 = 0.

III. RESULTS

The total energy in the 6-parameter space is plagued
by local minima, that makes the task of finding the global
minimum a difficult numerical challenge. We also have
to minimize fulfilling the constraint 0 � ηi � 1, with the
minimum being just at the boundary in some cases. To carry
out the minimization we have partitioned the 6-parameter
space in (typically) 106 regions. Starting from a central point
for each region, we find a local minimum using a Simplex
algorithm [21]. Then we found the global energy minimum
as the minimum among all regions. That procedure is easy to
parallelize; in particular we have implemented it using MPI
(Message Passing Interface) facilities [22].

Before discussing the full numerical results, we find it
convenient to analyze some particular limits of the trilayer
system, which admits either analytical or semianalytical

TABLE II. Ground-state configurations for d∗ = ε∗
2 = 0. In all

cases θ = π/2.

Configuration ηa↑ ηa↓ ηb↑ ηb↓ ηc↑ ηc↓

α: sp, tl 1 0 0 0 0 0
β: tl 1

2
1
2 0 0 0 0

γ : tl x x 1 − 2x 0 0 0
δ: tl x x 1−2x

2
1−2x

2 0 0
ε: tl x x y y 1 − 2x − 2y 0
ζ : tl x x y y

1−2x−2y

2
1−2x−2y

2
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TABLE III. Ground-state configurations for ε∗
2 = 0, with the

layer separation dependent hopping t∗(d∗), and for large values of
d∗. Configuration P3 is present between P4 and P5, but not visible
in the figure because it is very narrow. The symbol “sp*” is used to
indicate that this configuration is degenerated with a nonpolarized
configuration obtained flipping the spin of a component.

Configuration ηa↑ ηa↓ ηb↑ ηb↓ ηc↑ ηc↓ θ

P 2’: sp, tl x 0 1 − x 0 0 0 π/2
P2: sp*, bl 1

2 0 0 0 1
2 0 0

P3: bl x 1 − 2x 0 0 x 0 0
P4: bl 1

4
1
4 0 0 1

4
1
4 0

P5: tl x x 1 − 4x 0 x x 0
P6: tl x x 1−4x

2
1−4x

2 x x 0

solutions. Most of the ground-state configurations will appear
already in these simple limits, helping the understanding of
the general cases discussed later.

A. d∗ = 0 limit

In the limit of small distance between layers, the expression
for the ground-state energy simplifies greatly,

E0(d∗ = 0)

2/r2
s

=
∑
ασ

(
η2

ασ − 8 rs

3π
η3/2

ασ

)
− t∗ r2

s√
2

(ηa − ηc) sin θ

+ ε∗
2 r2

s

2

[
(ηa + ηc)

sin2 θ

2
+ ηb cos2 θ

]
, (10)

having made the choice ε∗
1 = ε∗

3 = 0, ε∗
2 �= 0. We display in

Fig. 2 the ground-state phase diagram which results from the
numerical minimization of Eq. (10), for the case t∗ = 0 [23].
The more prominent feature here is the growing of configura-
tion B (ηb↑ = ηb↓ = 1/2) with respect to all configurations at
lower values of rs , as − ε∗

2 increases. This is clear physically:
as θ = 0, the configuration B is equivalent to η2↑ = η2↓ = 1/2,
and a negative value of ε∗

2 favors the central well filling. The
boundary between configurations A and B does not depend on
ε∗

2 , since the energy of the term proportional to ε∗
2 is the same

in both configurations [see Eq. (10)]. The value rs = 2.011,
which is the boundary between A and B is determined then
by the balance between the intralayer kinetic energy and
the intralayer exchange term. Indeed, for ε∗

2 = 0 we can
apply the analytical considerations from Ref. [4], according
to which the critical density at which a transition occurs from
a configuration with p equally occupied components to another
configuration with p + 1 equally occupied components is
given by r (0)

s (p,p + 1) = 3π (1/
√

p + 1/
√

1 + p)/8. We ob-
tain: r (0)

s (1,2)  2.011, r (0)
s (2,3)  1.513, r (0)

s (3,4)  1.269,
r (0)
s (4,5)  1.116, and r (0)

s (5,6)  1.008. These analytical
results are exactly the transition points at ε∗

2 = 0 in Fig. 2,
obtained numerically. For t∗ = 0 (the case analyzed in Fig. 2),
exists the symmetry ηa ↔ ηc. This means, for example, that
configuration C, corresponding to ηb↑ = ηb↓ = x, and ηa↑ =
1 − 2x, is degenerate with the configurations ηa↓ = 1 − 2x,
or ηc↑ = 1 − 2x, or ηc↓ = 1 − 2x. For finite t∗, we will see
how some of these degeneracies are broken. Configurations
A and B are the only cases that we have found in the
present paper where the trilayer is actually a single layer

from the point of view of the electronic distribution, with all
electrons located in the central layer. The fully spin-polarized
configuration A is preferred over the unpolarized configuration
B at densities such that rs � 2.011 by the action of the
intrasubband exchange term in Eq. (10), which always favors
spin-polarized configurations. As most of the transitions in
this paper, at the boundary between A and B configurations,
the occupation factors change abruptly.

As a way to understand the effect of the hopping parameter
t∗, we display the ground-state configurations in the parameter
space rs − t∗, for d∗ = ε∗

2 = 0 in Fig. 3. From Eq. (10) with
ε∗

2 = 0, the tunneling energy attains its minimum value with
the choice θ = π/2, ηa > ηc. In the low-density limit rs � 1,
the tunneling term is the dominant contribution and all the
electrons are in the a-type subband (either in the α or β

configurations). In the high-density limit rs � 1, the physics
is dominated by the intrasubband kinetic energy term, whose
energy is optimized (lower) by spreading electrons among
the three subbands a, b, and c. The intrasubband exchange
energy contribution, scaling linearly with rs and favoring spin
and pseudospin polarized states, plays an important role at
intermediate densities, by favoring spin-polarized configura-
tions over spin-unpolarized configurations as rs increases (i.e.,
β → α, δ → γ , ζ → ε). For increasing t∗, the configuration β

becomes more stable and gains area in the parameter space at
the expense of the remaining configurations at higher densities.
In other words, at constant rs , the occupancy of the bonding
a-type subband increases with t∗, for all rs < r (0)

s (2,3) =
1.513, until the system falls into β configuration.

At first sight it is not clear why the ground-state configu-
rations for d∗ = t∗ = ε∗

2 = 0 displayed in Figs. 2 and 3 are
not the same. The point here is that in Fig. 2 (3) we display
the configurations which are the ground states for finite values
of ε∗

2 (t∗). The case where the three external parameters d∗,
t∗, and ε∗

2 strictly vanish is somehow ill defined, as the total
energy then reduces to just the first two terms in Eq. (10)
that left the angle θ undetermined. Since any value of θ is
allowed, the ground-state configuration is not unique. The
same consideration applies to the results displayed in Fig. 2 of
Ref. [4].

The competition between the tunneling strength parameter
t∗ and the central layer energy ε∗

2 is shown in Fig. 4. For
0 < t∗ � 0.2, the ε∗

2-driven configurations of Fig. 2 are the
ground-state ones; for larger values of the tunneling parameter,
the t∗-driven configurations of Fig. 3 are the ones with
lower energies. The boundary between configurations A and α

may be easily determined from Eq. (10), and found to be
t∗ = − ε∗

2/(2
√

2). For ε∗
2 = − 0.5, this gives t∗  0.18, in

agreement with the numerically calculated boundary in Fig. 4.
The boundary does not depend on rs , due to the equivalent
occupation factors in configurations A (one fully occupied
spin-polarized layer) and α (one fully occupied spin-polarized
subband), and the identical quadratic scaling with rs of both
tunneling and ε∗

s energy contributions. For the same reason,
the boundary between the B and β configurations does not
change with rs .

Considering configurations C, D, and E, they are similar to
the ones found in Fig. 2 regarding the occupancies, but with
θ �= 0. The minimizing angle θ may be found from Eq. (10),
as follows. Calling s = sin θ , and given the simplicity of the
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s dependence in the last terms, E0(d∗ = 0) may be optimized
analytically with respect to s,

dE0(d∗ = 0)

ds
= 0 → sopt =

√
2 t∗(ηa − ηc)

ε∗
2 (ηa − 2ηb + ηc)

. (11)

This is quite reasonable: for t∗ �= 0, and given that in
configurations C, D, and E, ηa �= ηc, the system gains some
tunneling energy by allowing that θ �= 0, although it is found
numerically in all cases that the value of the minimizing angle
is small.

It is worth emphasizing that at the (A,α) boundary crossing,
the trilayer system suffers an abrupt reaccommodation of the
electronic charge. This is easily seen from the following set
of equations relating the occupation densities in the layer and
subband basis:

η1σ = cos4

(
θ

2

)
ηaσ + sin2 θ

2
ηbσ + sin4

(
θ

2

)
ηcσ ,

η2σ = sin2 θ

2
(ηaσ + ηcσ ) + cos2 θ ηbσ ,

η3σ = sin4

(
θ

2

)
ηaσ + sin2 θ

2
ηbσ + cos4

(
θ

2

)
ηcσ . (12)

Since in the A configuration ηb↑ = 1 and θ = 0, this means
in real space that η2↑ = 1. In the α configuration, since
instead ηa↑ = 1 and θ = π/2, this translates in real space
to the distribution η1↑ = η3↑ = 1/4, η2↑ = 1/2. In words, at
the (A,α) transition the system passes from a monolayer to a
trilayer configuration, as tunneling increases. It is interesting
to note that a “balanced” configuration in the {1,2,3} layer
space is also a “balanced” configuration in the {a,b,c} subband
space.

B. Numerical results for the full model

In Fig. 5 we display the numerical results for the ground-
state configurations, in the rs − d∗ plane, with the layer
distance dependent hopping t∗(d∗), as given by Eq. (B2) in
Appendix B. For d∗ � 1, the hopping is sizable (t∗(0)  1),
and the ground-state configurations are the same as in Fig. 3.
For d∗ � 1, the Hartree term instead becomes predominant,
and the zero-tunneling and zero-site energy ground-state con-
figurations of Ref. [4] are obtained. The quadratic scaling of ET

0
with rs , however, stabilizes the tunneling-driven configurations
as rs increases. In other words, for enough large values of
rs , the trilayer system always enter in a tunneling dominated
regime. The configuration labeled P 2′, which is different
from the spontaneous interlayer coherent state P1 configu-
ration found previously (ηb↑ = 1,θ = π/2) [4], results from a
competition between the hopping and intersubband exchange
contributions. The P 2′ configuration may be understood as a
compromise between the tunneling stabilized β configuration,
and the Hartree induced P2 configuration. In passing from β

to P2, θ vanishes and the system looses tunneling energy. In
P 2′, on the other side, the system keeps the gain in tunneling
energy by allowing θ �= 0, but at the same time minimizes to
some extent the intersubband exchange energy contribution by
inducing a more “balanced” subband space configuration (one
subband is occupied in β, two subbands are occupied in P 2′).

Another interesting feature of the phase diagram in Fig. 5
is the behavior of the frontier between the α (spin-polarized)
and β (non-spin-polarized) configurations. For d∗ = 0, the
limit is in the expected value of rs = 2.011 (as in Fig. 3).
However, when d∗ grows and the associated d∗-dependent
hopping t∗(d∗) diminishes, the frontier between polarized and
nonpolarized configurations is moved to lower densities. Even
for the lowest density considered (at rs = 3.0), it is possible
to find a situation with the trilayer in a paramagnetic config-
uration. This is due to the d∗ dependence of the intersubband
exchange contribution. As explained in Appendix A, in the
limit d∗/rs → 0, one gets a linear dependence with d∗ for this
term, as shown in Eq. (A5). Considering that the tunneling
and Hartree energies are the same in α and β configurations,
the boundary between both can be found by imposing the
condition that the sum of the intrasubband kinetic energy, and
the intra- and intersubband exchange energies be the same in
both cases. In the limit d∗/rs → 0, one can use the expansion
in Eq. (A5) for the intersubband exchange energy and obtain
the equation for the boundary

rαβ
s (d∗) = 3π

8

(
1 + 1√

2

)(
1 + 3d∗

4

)
 2.011

(
1 + 3d∗

4

)
,

(13)

valid to linear order in d∗. The important point here is
that the gain in energy of the β configuration comes from
the intersubband exchange interaction, which in turn is a
consequence that the tunneling between layers is finite,
allowing a subband mixing angle θ �= 0. For even higher d∗’s,
the β configuration turns into P 2′. When the layers are more
separated, the angle θ flips from π/2 to 0, the system lost
tunneling energy and configuration P2 becomes the one with
the lowest energy.

The only difference between Fig. 5 and Fig. 6 is that in
the former ε∗

2 = 0, while in the latter ε∗
2 = − 0.8. The main

consequences are the disappearance of configurations P2 and
P4 of Fig. 5 in Fig. 6, being replaced by configurations P 3′
and P 3′′, and the growing stability of the tunneling-driven
configurations on the left-hand side of the diagram. This last
feature is easy to understand: By doing ε∗

2 < 0 the occupation
of the central layer increases, and this favors the stability of
the α and β configurations particularly, that when translated to
layer space have a central layer with twice the occupancy of the
two side layers. This effect is also reflected in configurations
γ , δ, ε, ζ , although somehow in a less strength, due to
the decreasing influence of tunneling and layer energies for
decreasing rs .

Regarding the disappearance of the P2 and P4 configura-
tions which are present in Fig. 5 but not in Fig. 6, this is due
to the fact that both configurations have zero occupancy of the
central layer, and this is in direct conflict with the fact that
ε∗

2 < 0. The new stable configurations P 3′ and P 3′′, on the
other side, have a finite occupancy of the central layer.

As in the ε∗
2 = 0 case, the non-spin-polarized configuration

β is still present even at low densities (rs > 2.0) and low and
medium interlayer distances. However, when d∗ increases (and
consequently, the hopping decreases) the configuration A is
stabilized. This configuration implies that all the electrons are
in the central layer with the same spin projection. It is stabilized
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by the exponential decay of the tunneling parameter with d∗,
that somehow recreates the situation in Fig. 2, in the limit
of low densities. For larger d∗, the Hartree energy becomes
important and a situation with the three layers occupied, like
P 3′, is preferred.

Finally, we display in Fig. 7 the layer occupancies as
function of rs , for fixed d∗ (2), t∗ (0.05), and ε∗

2 ( −
0.8) [8]. For rs → 0, the layer occupancies in the figure are
well reproduced by the analytical estimates given in Ref. [4],
according to which the layer occupation factors in the P6
configuration are given by

ηa = ηc = 1

3

(
1 + ξ

2

)
ηb = 1

3
(1 − ξ ), (14)

with ξ (d∗) = (1 + 3/4d∗)−1. Evaluating these expressions at
d∗ = 2, we obtain that ηa = ηc = 5/11  0.45, ηb = 1/11 
0.09, in good agreement with the numerical values at rs = 0 in
Fig. 7. To obtain these analytical estimates, only the intralayer
kinetic and Hartree energy contributions to the total energy
are considered, as dictated by the scaling behavior of the total
energy in the high-density limit. This abrupt redistribution of
charge among the layers is reminiscent of the abrupt charge
transfer between the ground- and first-excited subbands of a
single semiconductor quantum well, observed experimentally
in Ref. [24] and discussed theoretically in Ref. [25].

For increasing rs , the sequence of transitions is as follows:
P6 → P5 → P 3′ → P 3′′ → P 3′ → A. The transitions P6
→ P5, P5 → P 3′, and P 3′ → A are clearly discontinuous,
as at each one of them a given layer occupation factor
abruptly passes from a finite value to zero. The interesting
“re-entrant” sequence P 3′ → P 3′′ → P 3′, on the other side,
involves only smooth occupation changes at the boundaries.
The full sequence can be understood as a consequence of
the progressive filling of the central well as rs increases. The
quadratic scaling with rs of the term proportional to ε∗

2 in
Eq. (5) makes this term to become dominant for large rs ,
culminating with the stabilization of the A configuration, where
all electrons are in the central layer and fully spin polarized.
The “re-entrant” sequence P 3′ → P 3′′ → P 3′ is interesting,
since it reflects once more the importance of the interlayer
exchange energy contribution EX-inter

0 and its competition with
the tunneling energy ET

0 . In the P 3′ configuration, θ = 0, as
this is one of the two possible ways to cancel the positive
contribution of EX-inter

0 , although that leads to a vanishing of
the gain in tunneling energy too. But for 1.68 � rs � 2.05, the
P 3′′ “balanced” configuration becomes the one with the lowest
energy. Here, since η1↑  η2↑  η3↑, EX-inter

0 is minimized
using the second option available for making it as small as
possible: equal occupancy of all the subbands. This allows
that θ �= 0 and leads to a gain of the tunneling energy. As rs

increases further, the equal occupancy constraint cannot be
maintained anymore, and the system returns to the unbalanced
P 3′ ground-state configuration but now with a preferential
occupancy of the central layer.

It should be noted that the three parameters d∗, t∗, and
ε∗

2 used in Fig. 7 were directly obtained from the triple
semiconductor quantum well system studied experimentally
in Ref. [8], as explained in Appendix B. After adjustment
of these parameters, our model reproduces qualitatively the

main features of the more elaborated calculations reported in
Ref. [8], using density-functional theory in the local density
approximation. Due to the associated computational cost,
these types of calculations are usually restricted to a given
particular set of parameters. In particular, it is reported in
Ref. [8] that η1  η2  η3  1/3 at N  10.8 × 1010 cm−2

(rs  1.74, corresponding to the upper empty white circle in
Fig. 6), and that η1/η2  η3/η2  2 at N  16.7 × 1010 cm−2

(rs  1.4, corresponding to the lower empty white circle in
Fig. 6) [26]. These LDA determined layer occupation factors
are in good qualitative agreement with the ones from our
model, as shown in Fig. 7. This gives us some confidence
that our simple model is able to reproduce the results of more
elaborate calculations, and that it may be useful for the design
of real samples and for understanding the physics of trilayer
semiconductor systems.

One may wonder how much of the findings of this paper
can be extrapolated to other apparently similar 2DEG’s,
as for example those formed at the interface between two
band insulators, such as SrTiO3 and LaAlO3 [27]. These are
fascinating systems, showing evidence of superconducting and
ferromagnetic properties, simultaneously [28]. Unfortunately,
our simple theoretical model is not suitable for capturing the
main physics needed for describing these 2DEG’s at oxide in-
terfaces. In the first place, the experimental results suggest the
presence of two type of carriers at the interface [29]: one type
is mobile, and presumably responsible for the superconducting
features, and the other type of carriers seems to be localized,
and responsible for the magnetic (ferromagnetic) features. Our
model has only mobile carriers, which are the ones that gives all
the possible ground states presented above. Another important
difference is that we have assumed from the very outset that
our semiconductor-based 2DEG has translational invariance
in the x-y plane, an assumption that seems to be not justified
in the case of the 2DEG at oxide interfaces [28]. Lastly, all
the evidence in this latter case points to the importance of
correlation effects in describing their physics [30], beyond the
reach of our variational HF approximation, which on the other
side is reasonable for the treatment of the weakly-correlated
semiconductor systems discussed here.

IV. CONCLUSIONS

The possible ground-state configurations of a trilayer
system have been determined, within the framework of a
variational Hartree-Fock approximation. The metallic layers
are Coulomb coupled through the interlayer Hartree and
exchange interactions and also due to the tunneling between
the neighboring layers. At high density the system becomes
quite simple, as the only remaining terms in the total energy
in this regime are the intralayer kinetic energy and the Hartree
classical contribution. The low-density regime is dominated
by two single-particle effects introduced in this paper: the
tunneling between layers and the site energies. The interlayer
exchange interaction is found to play an important role, helping
in the stabilization of the balanced configuration, in whose
vicinity most of the experimental samples are designed. It is
expected that the results presented in this paper for a wide
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range of parameters may serve as a qualitative guide for the
design of experimental samples and also be useful for the
understanding of the physics of trilayer semiconductor systems
at zero magnetic field.

ACKNOWLEDGMENTS

D.M. acknowledges the support of ANPCyT under Grant
No. PICT-2012-0379. C.R.P. and P.G.B. thank Consejo Na-
cional de Investigaciones Cientı́ficas y Técnicas (CONICET)
for partial financial support and ANPCyT under Grant No.

PICT-2012-0379. We acknowledge Shinichi Amaha for moti-
vating us to perform the present study and for many stimulating
discussions.

APPENDIX A: SOME ANALYTICAL RESULTS FOR THE
INTEREXCHANGE ENERGY CONTRIBUTION

Considering that EX-inter
0 is the only contribution to the total

energy whose dependence with rs and d∗ is not fully explicit
from its definition in Eq. (9), we find it convenient to analyze
here some limits for it, where analytical results are available.
In the first place, the integrals Iαβσ (q) in Eq. (9) are given by

Iαβσ (q) = ηασ�(
√

ηβσ − √
ηασ − q) + ηβσ�(

√
ηασ − √

ηβσ − q) + π−1�(
√

ηασ + √
ηβσ − q)�(q − |√ηασ − √

ηβσ |)

×
⎧⎨
⎩ηασ

⎡
⎣cos−1

(
q + K0

2
√

ηασ

)
−

(
q + K0

2
√

ηασ

)√
1 −

(
q + K0

2
√

ηασ

)2
⎤
⎦

+ ηβσ

⎡
⎣cos−1

(
q − K0

2
√

ηβσ

)
−

(
q − K0

2
√

ηβσ

)√
1 −

(
q − K0

2
√

ηβσ

)2
⎤
⎦

⎫⎬
⎭ , (A1)

and Iαβσ (q) = Iβασ (q). Here, K0 = (k̄2
ασ − k̄2

βσ )/q, with k̄ασ = kασ /kF , and kF = √
4πN . For α = β, the expression simplifies

to

Iαασ (q) = 2ηασ

π
�(2

√
ηασ − q)

⎡
⎣ cos−1

(
q

2
√

ηασ

)
−

(
q

2
√

ηασ

)√
1 −

(
q

2
√

ηασ

)2
⎤
⎦. (A2)

In the limit d∗/rs → 0, and to the first order in d∗/rs , the term E X-inter
0 can be calculated explicitly:

E X-inter
0

(
d∗

rs

→ 0

)
 2d∗ sin2 θ

∑
σ

∫ ∞

0
dq q(Iaaσ + 2Ibbσ + Iccσ − 2Iabσ − 2Icbσ )

− d∗ sin4 θ

2

∑
σ

∫ ∞

0
dq q(Iaaσ + 4Ibbσ + Iccσ + 2Iacσ − 4Iabσ − 4Icbσ ). (A3)

Using the relation [13]

2
∫ ∞

0
(Iαασ + Iββσ − 2Iαβσ )dq q = (ηασ − ηβσ )2, (A4)

it follows from Eq. (A3) that

E X-inter
0

(
d∗

rs

→ 0

)
 d∗ sin2 θ

(
1 − sin2 θ

2

) ∑
σ

[(ηaσ − ηbσ )2 + (ηcσ − ηbσ )2] + d∗ sin4 θ

4

∑
σ

(ηaσ − ηcσ )2. (A5)

From the above expression it is easy to see that since in this
limit E X-inter

0 is always positive, it is minimized either for
θ = 0 or when all subbands are equally occupied. Assuming
the case θ �= 0, the equally occupied situation may be realized
in two different ways: (i) spin-polarized, with ηa↑ = ηb↑ =
ηc↑ = 1/3 and all spin-down occupancies equal to zero, and (ii)
spin-unpolarized situation with all subband occupancies for
both spins equally occupied and having the value 1/6. Owing
to the presence of the remaining contributions to the total
energy, the spin-polarized situation is more stable in the low-
density limit, while the spin-unpolarized situation is preferred
in the high-density limit.

APPENDIX B: DERIVATION OF THE TUNNELING
PARAMETER t∗(d∗)

In a tight-binding-like approximation, the hopping pa-
rameter between two neighboring semiconductor quantum
wells separated by a distance d may be estimated from the
expression [1]

t(d) =
∫

φloc(z − d) Vb(z) φloc(z) dz. (B1)

Here, φloc(z − d) and φloc(z) are the envelope normalized
wave functions corresponding to the left and right quan-
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tum wells, respectively, and Vb(z) is the potential barrier
between the two wells. Consistently with our trilayer model
in Fig. 1, we have approximated each quantum well by
an isolated attractive delta potential of strength α. Within
this model, φloc(z) = √

α∗/(2a∗
0 ) exp (−α∗|z|/2a∗

0 ), Vb(z) =
−α[δ(z) + δ(z − d)], with α having units of energy times
length, and α∗ = α/(a∗

0 Ry∗). Replacing in Eq. (B1), and
imposing the constraint that t∗(0)  1 (a reasonable physical
choice), we obtain

t∗(d∗) = exp

(
−α∗d∗

2

)
. (B2)

The free parameter α∗ can be fixed now by imposing the second
condition that for a given value of d∗, the hopping parameter

should be equal to some convenient value, usually taken from
a more elaborate calculation. Solving equation above for α∗,
it yields

α∗ = −2 ln(t∗)

d∗ . (B3)

As an example of the use of these equations, using Eq. (3.6) in
Ref. [3], the value of t∗ may be estimated from the electronic
subband structure of a particular trilayer. For instance, using
the local-density-approximation theoretical results in Ref. [8]
corresponding to a trilayer with d∗  2, we obtain that
t∗  0.05. Replacing in Eq. (B3), α∗  2.97. This gives us
the dependence of the hopping parameter with the distance
between layers employed in Fig. 6. The parameter ε∗

2 was
estimated by following the considerations of Hanna and
MacDonald in Ref. [3] for the same trilayer system.
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We study Landau-Zener-Stückelberg (LZS) interferometry in multilevel systems coupled to an Ohmic quantum
bath. We consider the case of superconducting flux qubits driven by a dc+ac magnetic fields, but our results can
apply to other similar systems. We find a dynamic transition manifested by a symmetry change in the structure
of the LZS interference pattern, plotted as a function of ac amplitude and dc detuning. The dynamic transition
is from an LZS pattern with nearly symmetric multiphoton resonances to antisymmetric multiphoton resonances
at long times (above the relaxation time). We also show that the presence of a resonant mode in the quantum
bath can impede the dynamic transition when the resonant frequency is of the order of the qubit gap. Our results
are obtained by a numerical calculation of the finite time and the asymptotic stationary population of the qubit
states, using the Floquet-Markov approach to solve a realistic model of the flux qubit considering up to ten energy
levels.

DOI: 10.1103/PhysRevB.93.064521

I. INTRODUCTION

In recent years, the experimental realization of Landau-
Zener-Stückelberg (LZS) interferometry [1] in several systems
has emerged as a tool to study quantum coherence under
strong driving. LZS interferometry is realized in two-level
systems (TLS), which are driven with a time periodic force.
The periodic sweeps through an avoided crossing in the energy
level spectrum result in successive Landau-Zener transitions.
The accumulated phase between these repeated tunneling
events gives place to constructive or destructive interferences,
depending on the driving amplitude and the detuning from the
avoided crossing. These LZS interferences have been observed
in a variety of quantum systems, such as Rydberg atoms
[2], superconducting qubits [3–15], ultracold molecular gases
[16], quantum dot devices [17–25], single spins in nitrogen
vacancy centers in diamond [26,27], nanomechanical circuits
[28], and ultracold atoms in accelerated optical lattices [29].
Several other related experimental and theoretical works have
studied LZS interferometry in systems under different shapes
of periodic driving [30–35], in two coupled qubits [36], in
optomechanical systems [37], and the effect of a geometric
phase [38]. Furthermore, experiments in superconducting flux
qubits under strong driving have allowed to extend LZS
interferometry beyond two levels [6]. In this later case, the
multilevel structure of the flux qubit, with several different
avoided crossings in the energy spectrum, exhibited a series
of diamond-like interference patterns as a function of dc flux
detuning and microwave amplitude [6,39].

Driven two-level systems have been extensively studied
theoretically in the past. Under strong time-periodic driving
fields, phenomena such as coherent destruction of tunneling
(CDT) [40,41] and multiphoton resonances [42,43] have been
analyzed. The influence of the environment has been studied
within the driven spin-boson model, [44] applying various
techniques like the path-integral formalism [45], or the solution
of the time dependent equations for the populations of the

density matrix [44–49], either as an integrodifferential kinetic
equation [46], or considering for weak coupling the underlying
Bloch-Redfield equations [45,47], or using the decomposition
of the quantum master equation into Floquet states [44,48], or
performing a rotating-wave approximation [49]. However, the
theoretical results for driven TLS in contact with a quantum
bath [44–49] present some discrepancies with the experiments
of LZS interferometry, particularly in the flux qubit [3–6].
In fact, these works typically predict population inversion
[45–49], which has not been observed in the experiments of
Refs. [3–6]. In a recent work we showed [50] that for the case
of a nonresonant detuning, population inversion arises for very
long driving times and it is mediated by a slow mechanism of
interactions with the bath. This long-time asymptotic regime
was not reached in the experiment.

Here, we will study in full detail the LZS interference
patterns of the flux qubit, by considering the dependence
with dc flux detuning in addition to the dependence with
microwave amplitude. To this end, we calculate numerically
the finite time and the asymptotic stationary population of
the qubit states using the Floquet-Markov approach [44,50],
solving a realistic model of the flux qubit in contact with an
Ohmic quantum bath. For the time scale of the experiments
we find a very good agreement with the diamond patterns of
Ref. [6]. For longer-time scales, we find a dynamic transition
within the first diamond (which corresponds to the two level
regime), manifested by a symmetry change in the structure
of the LZS interference pattern. We also consider the case of
an structured quantum bath, which can be due to a SQUID
detector with a resonant plasma frequency �p. Different types
of LZS interference patterns can arise in this case, depending
on the magnitude of �p.

The paper is organized as follows. In Sec. II, we present
the model for the flux qubit and we review the basics of
LZS interferometry. In Sec. III, we show our results for the
emergence of a dynamic transition in the LZS interference
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pattern at long times. In Sec. IV, we give our conclusions and
Appendix is included to describe in detail the Floquet-Markov
formalism used in this paper.

II. REVIEW OF LANDAU-ZENER-STÜCKELBERG
INTERFEROMETRY OF THE FLUX QUBIT

A. The flux qubit

Superconducting circuits with mesoscopic Josephson junc-
tions are used as quantum bits [51] and can behave as
artificial atoms [52]. A well studied circuit is the flux qubit
(FQ) [53–55], which, for millikelvin temperatures, exhibits
quantized energy levels that are sensitive to an external
magnetic field. The FQ consists on a superconducting ring
with three Josephson junctions [53] enclosing a magnetic flux
� = f �0, with �0 = h/2e. The circuits that are used for the
FQ have two of the junctions with the same Josephson coupling
energy, EJ,1 = EJ,2 = EJ , and capacitance, C1 = C2 = C,
while the third junction has smaller coupling EJ,3 = αEJ

and capacitance C3 = αC, with 0.5 < α < 1. The junctions
have gauge invariant phase differences defined as ϕ1, ϕ2,
and ϕ3, respectively. Typically, the circuit inductance can be
neglected and the phase difference of the third junction is: ϕ3 =
−ϕ1 + ϕ2 − 2πf . Therefore the system can be described with
two independent dynamical variables. A convenient choice
is ϕl = (ϕ1 − ϕ2)/2 (longitudinal phase) ϕt = (ϕ1 + ϕ2)/2
(transverse phase). In terms of this variables, the Hamiltonian
of the FQ (in units of EJ ) is [53]

HFQ = −η2

4

(
∂2

∂ϕ2
t

+ 1

1 + 2α

∂2

∂ϕ2
l

)
+ V (ϕl,ϕt ) , (1)

with η2 = 8EC/EJ and EC = e2/2C. The kinetic term of the
Hamiltonian corresponds to the electrostatic energy of the
system and the potential term corresponds to the Josephson
energy of the junctions, given by

V (ϕl,ϕt ) = 2 + α − 2 cos ϕt cos ϕl − α cos(2πf + 2ϕl).
(2)

Typical flux qubit experiments have values of α in the range
0.6–0.9 and η in the range 0.1–0.6 [6,54]. In quantum
computation implementations [53,54], the FQ is operated at
magnetic fields near the half-flux quantum, f = 1/2 + δf ,
with δf � 1. For α � 1/2, the potential V (ϕl,ϕt ) has two
minima at (ϕl,ϕt ) = (±ϕ∗,0) separated by a maximum at
(ϕl,ϕt ) = (0,0). Each minima corresponds to macroscopic
persistent currents of opposite sign, and for δf � 0 (δf � 0)
a ground state |+〉 (|−〉) with positive (negative) loop current
is favored.

In Fig. 1, we plot the lowest energy levels En as a function
of δf = f − 1/2, obtained by numerical diagonalization of
HFQ [56]. In this case, we set η = 0.25 and α = 0.8, close to
the experimental values employed in flux qubits experiments
[6,53]. Negative (positive) slopes in Fig. 1, correspond to
eigenstates with positive (negative) loop current. A gap 
ij

opens at the avoided crossings of the ith level of positive slope
with the j th level of negative slope at δf = fij . For our choice
of device parameters, the avoided crossing of the two lowest
levels at δf = f00 = 0 has a gap 
00 = 3.33 × 10−4 (in units
of EJ ). At larger δf , we find the avoided crossing with a third
level at f01 = −f10 = 0.0161 with gap 
01 = 
10 = 2.16 ×
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f
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s
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*

FIG. 1. Lowest energy levels of the flux qubit as a function of
flux detuning δf , for the qubit parameters η = 0.25 and α = 0.80
considered throughout this work. Energy is measured in units of
EJ and flux in units of �0. The gaps at the avoided crossings are
indicated as 
ij . Black lines correspond to “longitudinal” modes and
red lines to “transverse” modes (see text for description). The blue
arrows at the bottom of the plot illustrate the relation between ac
driving amplitudes and level crossing positions for a particular dc
flux detunning δf ∗

dc. The indicated values correspond to the edges of
the spectroscopic diamonds of Fig. 3 for the given δf ∗

dc.

10−3, and next the avoided crossing at f02 = −f20 = 0.0323
with gap 
02 = 
20 = 8.26 × 10−3. (There are also energy
levels that correspond to excited transverse modes [57], plotted
with red lines in Fig. 1, but they have a negligible contribution
to the dynamics considered here).

The two-level regime, involving only the lowest eigenstates
at E0(δf ) and E1(δf ), corresponds to |δf | � f01, such that the
avoided crossings with the third energy level are not reached.
In this case, the Hamiltonian of Eq. (1) can be reduced to a
two-level system [53,58]

HTLS = −ε

2
σ̂z − 


2
σ̂x, (3)

in the basis defined by the persistent current states |±〉 =
(|0〉 ± |1〉)/√2, with |0〉 and |1〉 the ground and excited
states at δf = 0. The parameters of HTLS are the gap

 = 
00 and the detuning energy ε = 4πIpδf . Here, Ip =
α|〈+| sin 2ϕl|+〉| = α|〈−| sin 2ϕl |−〉| is the magnitude of the
loop current, which for our case with α = 0.8 and η = 0.25 is
Ip = 0.721 (in units of Ic = 2πEJ /�0).

B. Landau-Zener-Stückelberg interferometry

Landau-Zener-Stückelberg (LZS) interferometry is per-
formed by applying an harmonic field on top of the static
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field with

δf → δf (t) = δfdc + fac sin (ω0t). (4)

If the ac driving amplitude is such that |δfdc ± fac| < f01,
which is fulfilled for fac < f01/2, the quantum dynamics can
be described within the two-level regime. In this case, we
use ε(t) = ε0 + A sin(ω0t) in the Hamiltonian of Eq. (3), with
ε0 = 4πIpδfdc and A = 4πIpfac.

When fac > |δfdc|, the central avoided crossing at δf = 0 is
reached within the range of the driving amplitude, δfdc ± fac.
In this case, the periodically repeated Landau-Zener transitions
at δf = 0 gives place to LZS interference patterns as a function
of δfdc and fac, which are characterized by multiphoton
resonances [42] and coherent destruction of tunneling [40],
as we describe below.

There are multiphoton resonances when [42] E1(δf ) −
E0(δf ) = nω0 (where ω0 is written in units of EJ /� and
energies in units of EJ ). If ω0 � 
, these resonances
are at ε0 = nω0 [1,43,44,48]. Calling fω = ω0/4πIp, the n

resonance condition can also be written as δfdc = nfω. An
example of the dynamic behavior in an n = 2 resonance is
shown in Fig. 2(a), calculated as described in Ref. [59] (see also
Appendix for details of the calculation). In this case, the FQ
is driven with frequency ω0 = 0.003 (for EJ /h ∼ 300 GHz
it corresponds to ω0/2π ∼ 900 MHz). The dc detuning is
δfdc = 0.00066, corresponding to δfdc/fω = 2 (since fω =
ω0/4πIp = 0.00033). The FQ is started at t = 0 in the
ground state |�(t = 0)〉 = |0〉, and the probability of having
a positive loop current is calculated, P+(t) = |〈�(t)|+〉|2.
Since for δfdc > 0 we have |0〉 ≈ |+〉, the initial probability
is P+(t = 0) ≈ 1. The red-dashed line in Fig. 2(a) shows
the time dependence of P+(t). The resonant dynamics is
clearly seen: the FQ oscillates coherently between positive
and negative current states. Therefore the probability P+(t)
oscillates between 0 and 1, having a time averaged value of
P+ = 1/2. In contrast, Fig. 2(b) shows the time dependence
of P+(t) in an off-resonant case, for δfdc/fω = 4.58. We see
that for off-resonance the FQ stays in the positive loop current
state, since P+(t) fluctuates around P+(t) � 1.

For Aω0 � 
2, it has been shown, in a rotating wave
approximation, that the average probability P+ near a n−
photon resonance is [1,3,43,48]

P+ = 1 − 1

2


2
n

(nω0 − ε0)2 + 
2
n

. (5)

At the resonance, ε0 = nω0, Eq. (5) gives P+ = 1/2 and
away of the resonance P+ � 1. The width of the resonance
is δε = |
n| = 
|Jn(A/ω0)| = 
|Jn(fac/fω)|, with Jn(x) the
Bessel function of the first kind. This gives a quasiperiodic
dependence as a function of fac for δfdc fixed near the
resonance. In particular, at the zeros of Jn(x), the resonance is
destroyed, giving P+ = 1 instead of P+ = 1/2, a phenomenon
known as coherent destruction of tunneling [40,41]. Plots of
P+ as a function of flux detuning δfdc and ac amplitude fac

give the typical LZS interference patterns, which have been
measured experimentally by Oliver et al. in flux qubits [3–6],
and have also been observed in other systems [7–29].

Equation (5) corresponds to ideally isolated flux qubits,
neglecting the coupling of the qubit with the environment.
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+
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FIG. 2. Probability of a positive loop current P+ state as a function
of time, for a flux qubit driven with frequency ω0 = 0.003 (in units
of EJ /�). (a) δfdc = 0.00066 (second resonance) and fac = 0.0007.
(b) δfdc = 0.00151 (off resonance) and fac = 0.00245. (c) Same as
(b) but for a long time scale. Red dashed line shows the results in the
nondissipative case and the black line corresponds to the dissipative
case with an ohmic bath at T = 20 mK.

The dynamics of the FQ as an open quantum system is
usually characterized by the energy relaxation time tr ≡ T1

and the decoherence time tdec ≡ T2. Several phenomeno-
logical approaches have taken into account relaxation and
decoherence in LZS interferometry, obtaining a broadening
of the Lorentzian-shape n− photon resonances of Eq. (5).
For example, in Ref. [1], a Bloch equation approach is used,
obtaining for zero temperature:

P+ = 1 − 1

2

�2
�1


2
n

(nω0 − ε0)2 + �2
�1


2
n + �2

2
, (6)

with �1 = 1/T1 and �2 = 1/T2. Similar results were obtained
by Berns et al. [4], considering a Pauli rate equation with an
effective transition rate that adds to �1 a driving induced rate
W . The latter was obtained assuming that decoherence is due
to a classical white noise in the magnetic flux, an approach
that is valid for time scales smaller than the relaxation time
and larger than the decoherence time, for T1 > t � T2. The
case of low frequency 1/ω noise has been considered in a
similar approach [60,61], finding a Gaussian line shape for the
n resonances instead of the Lorentzian line shape.
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III. DYNAMIC TRANSITION IN LZS INTERFERENCE
PATTERNS

A. The driven flux qubit with an Ohmic bath

The description of the LZS interference patterns with phe-
nomenological approaches like Eq. (6) gives a good agreement
with most of the experimental results [6,39]. However, they
rely on approximations valid either for large frequencies,
or for low ac amplitudes, or for time scales smaller than
the relaxation time. Here, we will study LZS interferometry
using the Floquet formalism for time-periodic Hamiltonians
[42,44,48,59], which allows for an exact treatment of driving
forces of arbitrary strength and frequency. The time-dependent
Schrödinger equation is transformed to an equivalent eigen-
value equation for the Floquet states |α(t)〉 and quasienergies
εα , which can be solved numerically. (See the Appendix for
details.) To describe relaxation and decoherence processes, we
consider that the qubit is weakly coupled to a bath of harmonic
oscillators. The Markov approximation of the bath correlations
is performed after writing the reduced density matrix ρ̂

of the qubit in the Floquet basis, ραβ(t) = 〈α(t)|ρ̂(t)|β(t)〉
[44,48,50]. By following this procedure, the quantum master
equation obtained for ραβ is valid for periodic driving forces
of arbitrary strength. (In contrast, the standard Born-Markov
approach is valid for small driving forces.) The obtained
Floquet-Markov quantum master equation is [44,48,50]

dραβ (t)

dt
=

∑
α′β ′

�αβα′β ′ ρα′β ′ , (7)

�αβα′β ′ = − i

�
(εα − εβ)δαα′δββ ′ + Lαβα′β ′ . (8)

The coefficients Lαβα′β ′ depend on the spectral density J (ω) of
the bath, the temperature T , and on the qubit-bath coupling.
Using the numerically obtained Floquet states |α(t)〉, we can
calculate the coefficients Lαβα′β ′ , and then we compute the
solution of ραβ(t) as described in Appendix.

Here, we will consider the dynamics of a FQ coupled to a
bath with an ohmic spectral density [44,48,50]

J (ω) = γωe−ω/ωc ,

with ωc a cutoff frequency. The Ohmic bath mimics an unstruc-
tured electromagnetic environment that in the classical limit
leads to white noise. We consider γ = 0.001, corresponding
to weak dissipation [3,6], and a large cutoff ωc = 1.0EJ /� �
ω0. The bath temperature is taken as T = 0.0014EJ /kB

(∼20 mK for EJ /h ∼ 300 GHz).
Experimentally, the probability of having a state of positive

or negative persistent current in the flux qubit is measured
[3,6,54]. The probability of a positive loop current measure-
ment can be calculated in general as [50,59]

P+(t) = Tr[�̂+ρ̂(t)]

with �̂+ the operator that projects wave functions on the
ϕl > 0 subspace, as described in Appendix. In Fig. 2, the black
lines show the population P+ as a function of time obtained
from the numerical solution of Eq. (7), taking the ground state
|0〉 as initial condition, and compared with the isolated FQ (red
dashed lines) discussed in the previous section. In Fig. 2(a),
for the n = 2 resonance, we see that the population P+(t)

has damped oscillations that tend to the asymptotic average
value of P+ = 1/2 for large times. On the other hand, for the
off-resonant case of Figs. 2(b) and 2(c), we see that there is
a clear difference between the short time behavior of P+(t),
shown in Fig. 2(b), and the large time behavior shown in
Fig. 2(c). Moreover, we observe that P+(t) tends to asymptotic
values that are very different than in the isolated system.
For the particular case shown in the plot, we find population
inversion, i.e., P+ < 1/2, in the asymptotic long time limit, a
phenomenon we discussed in Ref. [50] for off-resonant cases.
In the following, we will see how this change of behavior in
the long time is reflected in the full LZS interference pattern
as a function of δfdc and fac.

B. Dynamic transition in LZS interferometry

In Figs. 3(a) and 3(b), we show an intensity plot of P+
as a function of δfdc and fac, calculated at a time near
the experimental time scale of Refs. [3,4,6], texp = 1000τ ,
with τ = 2π/ω the period of the ac driving. For fac <

f01/2, we observe an LZS pattern modulated by multiphoton
resonances and coherence destruction of tunneling, which can
be described within a good approximation with Eq. (6). This
LZS interference plot is very similar to the experimental results
of Refs. [3,6]. Furthermore, for higher ac amplitudes, we find
a pattern of “spectroscopic diamonds,” also in good agreement
with experiments [6]. The diamond structure obtained for high
ac amplitudes can be related to the energy level spectrum
of Fig. 1, for a fixed dc flux detuning f01 > δfdc > 0, as
follows [6,39]. The first diamond, D1, starts when the 
00 = 


avoided crossing at δf = f00 = 0 is reached by the amplitude
of the ac drive, i.e., when f00 = δfdc ± fac = 0. This defines
an onset ac amplitude f s

D1 = δfdc. The first diamond ends
when the nearest second avoided crossing is reached (with gap

01) at the ac amplitude f e

D1 = f01 − δfdc. Then the second
diamond, D2, starts when the other second avoided crossing
is reached, at f s

D2 = δfdc − f10, and it ends when the next
avoided crossing is reached at f e

D2 = f02 − δfdc. Similarly,
the third diamond, D3, starts at f s

D3 = δfdc − f20, and so on.
The analysis of the positions of the resonances as a function
of fac and δfdc was the route followed in Ref. [6] to obtain
the parameters characterizing the different avoided crossings
of the flux qubit.

The FQ of Refs. [3,6] have short decoherence times
(tdec ∼ 20 ns > τ = 2π

ω0
∼ 1–10 ns) and large relaxation times

(tr ∼ 100 μs). The typical duration of the driving pulses in
these experimental measurements (texp ∼ 3 μs) is in between
this two time scales, tdec < texp < tr . Due to this time-scale
separation, a model with classical noise [4], valid for t � tr ,
can qualitatively explain the experimentally observed behavior
of P+ within the first diamond, through Eq. (6) [1,3]. Moreover,
a multilevel extension of the model of Ref. [4] can also describe
the higher order diamonds (provided one gives as an input
parameter the positions fij and the gaps 
ij of the avoided
crossings) [39].

For large times t � tr , one would expect naively, that
after full relaxation with the environment, a blurred picture
of the LZS interference pattern of Fig. 3(a) with broadened
resonance lobes should be observed. The asymptotic P + ≡
limt→∞〈P+(t)〉τ , averaged over one period τ , is shown in

064521-4

45



DYNAMIC TRANSITION IN LANDAU-ZENER- . . . PHYSICAL REVIEW B 93, 064521 (2016)

0 0.01 0.02 0.03 0.04
f
ac

0

0.2

0.4

0.6

0.8

1

P
+

D1 D2 D3

(c)

f
D1

s f
D1

e
f
D2

s
f
D2

e
f
D3

s

(b)

(a)

FIG. 3. Landau-Zener-Stückelberg interference patterns. Showed
are intensity plots of P+ as a function of the driving amplitude fac

and dc detuning δfdc for (a) t = 1000τ , time scale of the experiments,
and (b) asymptotic regime for t → ∞. In (a) we mark the ac
amplitudes defined in the text that correspond to the edges of the
spectroscopic diamonds for a given δf ∗

dc. (c) P+ for δfdc = 0.00151
as a function of the driving amplitude fac, at t = 1000τ (blue
dashed line) and asymptotic average population P + (black line).
The calculations were performed for ω0 = 2π/τ = 0.003EJ /� and
ohmic bath at T = 0.0014EJ /kB ∼ 20 mK. Vertical lines separate
diamond regimes D1, D2, D3, described in the text.

Fig. 3(b). (P + can be calculated exactly after obtaining nu-
merically the right eigenvector of �αβα′β ′ with zero eigenvalue.
See Appendix for details.) Surprisingly, we see in Fig. 3(b) that
the asymptotic behavior of P+ gives a qualitatively different
LZS interference pattern within the first diamond, and not
a mere blurred version of Fig. 3(a). In particular, a cut at
constant δfdc is shown in Fig. 3(c). There we see clearly that
within the first diamond regime, f s

D1 < fac < f e
D1, the value

of P+ at the experimental time scale is very different than
the asymptotic value P +. On the other hand, beyond the first
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FIG. 4. (a) Population P+ as a function of the dc flux detuning
δfdc for the flux qubit driven with fac = 0.00245 and ω0 = 2π/τ =
0.003EJ /�, and coupled to an ohmic bath at T = 20 mK (for
EJ /h ≈ 300 GHz). Red line with squares: t = 1000τ . Black line with
circles: asymptotic (t → ∞) average population P +. Blue line with
triangles: time averaged population in the isolated system. Horizontal
orange line: indicates the P+ = 0.5 level to help to identify when
there is population inversion. The flux detuning δf is normalized by
fω = ω0/4πIp , such that the n-photon resonances are at δf = nfω.
(b) Enlarged view around the n = 2 resonance. The green dashed line
is a plot of the best fit with Eq. (6), while a plot of Eq. (5) (not shown)
falls exactly over the blue dotted line.

diamond, for fac > f e
D1, the results of P+(texp) and P + are

nearly coincident.
In Fig. 4, we show P+ versus δfdc, for fac = 0.00245, within

the first diamond. The blue line with triangles corresponds
to the solution of the isolated system, which shows dips
where P+ ≈ 1/2 that correspond to the n-photon resonances
at δfdc/fω = n. The red line with squares corresponds to
P+(texp), which shows values of P+ smaller than in the isolated
case (due to effect of decoherence and relaxation) and in
agreement with the experiments. The asymptotic P + is also
shown in Fig. 4 (black line with circles), which is lower
than P+(texp). Figure 4(b) shows in detail the behavior near
the n = 2 resonance. The isolated case shows a dip with a
Lorentzian shape accurately described by Eq. (5). The open
system at the experimental time scale shows a broadened
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FIG. 5. Intensity plots of the population P+ as a function of δfdc and driving time t for the flux qubit driven with fac = 0.00245 and
ω0 = 0.003EJ /�, and different temperatures. In (a) and (b), time is plotted in linear scale up to times of the order of the duration of the driving
pulses in the experiments. In (c) and (d), time is plotted in logarithmic scale showing the dynamic transition to antisymmetric resonances for
large times, when t � tr . The flux detuning δfdc is normalized by fω = ω0/4πIp , such that the n-photon resonances are at δf = nfω, and time
is normalized by the driving period τ = 2π/ω0. T values are given in millidegrees of Kelvin, corresponding to devices with EJ /h ≈ 300 GHz.

peak for P+(texp), partially consistent with a description like
Eq. (6), except that near the resonance the behavior of P+
versus δfdc becomes antisymmetric around δfdc/fω = n. In the
asymptotic steady regime, P + versus δfdc is antisymmetric
in a wide region around δfdc/fω = n, showing population
inversion (P + < 1/2) below the resonance, for δfdc/fω � n.

The temporal evolution from symmetric to antisymmetric
resonances can be seen in detail in Fig. 5, where we show an
intensity plot of P+ as a function of δfdc and the duration time t ,
for fac = 0.00245. Two different temperatures are considered,
a low temperature T = 1.4 mK < 
 in Figs. 5(a) and 5(c), and
T = 20 mK > 
 in Figs. 5(b) and 5(d). The relaxation time
tr for the driving amplitude considered in Fig. 5 is tr ≈ 1720τ

(as we will see in Sec. III C, tr depends on fac). Figures 5(a)
and 5(b) are for duration times up to the time scale texp ∼
1000τ of the experiments, for the two different temperatures.
We see that within this time scale texp < tr , the resonances are
symmetric. In Figs. 5(c) and 5(d), the duration time is plotted

in logarithmic scale and the evolution at very large times is
shown. We see that at a time t ∼ tr the resonances start to
change form, becoming asymmetric in the long time limit.
The asymmetry is stronger for low temperatures, in particular
for T < 
 there is full inversion of population on one side of
the resonances.

Figure 5 shows that, as a function of time, there is a dynamic
transition manifested by a symmetry change in the structure
of the LZS interference pattern. The dynamic transition is
from nearly symmetric resonances at short times (t � tr )
to antisymmetric resonances at long times (t � tr ). This is
clearly illustrated in Fig. 6 where an enlarged view of a part of
the first diamond is shown. Figure 6(a) corresponds to P+(texp)
and shows the characteristic features observed in experiments:
(i) P+ ≈ 1 away from the resonances, (ii) there are resonance
lobes where P+ ≈ 0.5, and (iii) the n-resonance lobes are
limited by the points where there is coherent destruction of
tunneling (CDT), given by Jn(fac/fω) = 0. On the other hand,
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FIG. 6. Dynamic transition in the LZS interference pattern
from (a) resonance lobes for t = 1000τ ∼ texp, to (b) triangular
checkerboard pattern for asymptotic long times. Enlarged views
of Figs. 3(a) and 3(b), respectively, showing a sector of the first
diamond including the n = 5,6,7 multiphoton resonances. The flux
detuning δf is normalized by fω = ω0/4πIp , such that the n-photon
resonances are at δf = nfω.

in the asymptotic regime, [Fig. 6(b)], the pattern of symmetric
n-resonance lobes is replaced by a pattern of antisymmetric
resonances, which form a triangular checkerboard picture
defined by triangles with P+ < 0.5 and P+ > 0.5 alternatively,
with their vertices located at the CDT points. We name, in
short, the former pattern of LZS interferometry as “symmetric
resonances” (SR) and the latter as “antisymmetric resonances”
(AR).

C. Relaxation, decoherence, and the bath-mediated population
inversion mechanism

The asymptotic AR interference patterns show population
inversion (PI) on one side of a multiphoton resonance, as seen
in Figs. 4(b), 5(c), and 5(d). This makes P+ antisymmetric
around the resonance. If we fix δfdc at a value in between
two resonances, the probability oscillates around P+ = 1/2
as function of fac, showing PI whenever a “triangle” with
P+ < 1/2 is traversed. This is shown in Fig. 7(a).

The underlying mechanism of this population inversion can
be understood by analyzing the contribution to relaxation of
virtual photon exchange processes with the bath [49,50]. As
we show in Appendix, within the first diamond regime, the
total relaxation rate �r can be decomposed as

�r = �(0) +
∑
n�=0

�(n) ,
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FIG. 7. (a) Asymptotic average population P + for the same
case. The dashed vertical lines highlight one of the regions of fac

where there is population inversion. (b) Terms �(n) that contribute
to the relaxation rate as a function of the driving amplitude fac.
The calculations were performed for δfdc = 0.00151, ω0 = 2π/τ =
0.003EJ /�, and an ohmic bath at T = 20 mK (for EJ /h ≈ 300 GHz).

with �(n) the relaxation rates due to virtual n-photon transitions
to bath oscillator states [48–50]. In Fig. 7(b), we plot �(n) as
a function of fac for the same δfdc considered in Fig. 7(a).
We show the cases with n = 0, ± 1, where �(0) describes the
relaxation without exchange of virtual photons, corresponding
to the “conventional” dc relaxation mechanism, while �(±1)

correspond to the ac contribution due to the exchange of one
virtual photon with energy ±�ω0. We show in Fig. 7 that,
whenever there is population inversion, the dc relaxation terms
vanish (�(n=0) ≈ 0), while the �(n=−1) term is the largest one.
This indicates that the relevant mechanism leading to PI is
a transition to a virtual level at energy E0 + �ω0 > E1 (one
photon absorption, n = −1), followed by a relaxation to the
level E1 [49,50].

To better understand why the AR patterns have not been
observed yet in current experiments, we now analyze the time
scales of relaxation and decoherence. To this end, we calculate
numerically the full relaxation rate �r and the decoherence
rates �αβ , from the eigenvalues of the �αβα′β ′ matrix, as
discussed in Appendix. In Fig. 8, we show the relaxation rate
�r and two decoherence rates �αβ , as a function of the driving
amplitude fac for δfdc = 0.00151 (away from a n resonance).
For fac = 0, the relaxation rate �r corresponds to the 1/T1

measured experimentally, i.e., �r = 1/tr → �1 = 1/T1 when
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FIG. 8. Relaxation rate �r and decoherence rates �ab and �cd

as a function of the driving amplitude fac. The calculations were
performed for δfdc = 0.00151, ω0 = 2π/τ = 0.003EJ /� and an
ohmic bath at T = 20 mK (for EJ /h ≈ 300 GHz). Vertical lines
separate diamond regimes D1 and D2 described in the text.

fac → 0. Since to a good approximation the density matrix
becomes diagonal in the Floquet basis in the asymptotic regime
[44], the decoherence rate �ab shown in Fig. 8 corresponds
to the decoherence between the |a〉 and the |b〉 Floquet
states. When fac → 0, �ab → �2 = 1/T2, since in this limit
it corresponds to the decoherence between the two lowest
energy levels. We also plot in Fig. 8 the rate �cd , which is the
decoherence rate between the |c〉 and the |d〉 Floquet states. At
fac = 0 it corresponds to the decoherence between the third
and the fourth energy level.

For small fac, below the onset of the first diamond (fac <

f s
D1), the relaxation and decoherence rates stay in values

similar to the undriven case. However, when fac > f s
D1, we

see in Fig. 8 that both rates depend strongly on fac. Above
the onset of the first diamond, the overall behavior is that
the decoherence rate �ab increases and the relaxation rate
�r decreases as a function of fac. Therefore, within the first
spectroscopic diamond, the difference between decoherence
and relaxation is much larger than in the undriven case
(�ab � �r ). This explains the important difference between
P+(texp) and P +, within the first diamond in Fig. 3, due to
the large time window where AR patterns can be observed for
�−1

ab < texp < �−1
r .

Beyond the first diamond, for fac > f e
D1, the relaxation rate

�r increases strongly with fac, becoming nearly of the same
order of the decoherence rates within the second diamond and
above. This behavior is a consequence of the fact that when
more than two-levels are involved in the dynamics, there are
several possible decay transitions between energy levels that
contribute to a faster relaxation of the system. Therefore, in
the second diamond and beyond, decoherence and relaxation
rates become comparable. For this reason, P+(texp) ≈ P+ in
this case, since the relaxation time is significantly reduced and
thus �−1

ab ∼ �−1
r < texp.

Although previous works have found PI for the asymptotic
regime of two level systems [45,46,49,60], the time-dependent
dynamics with different time scales has been overlooked. In
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FIG. 9. Schematic plot of the two low-energy levels E0,E1 and
the two virtual levels Ep0,Ep1 as a function of the flux detuning δf ,
for the flux qubit coupled with an structured bath with a resonant
mode at frequency �p . The location of the “virtual crossings” at ±fp

are also indicated. The inset shows a plot of the spectral density J (ω)
of the structured bath.

fact, the relevant point from our findings is that the asymptotic
regime is difficult to reach in the experiment, since PI needs
long times (t � tr � tdec) to emerge when mediated by the
bath.

D. Effect of a resonant mode in the bath

The measurement of the state of the FQ is performed with a
read-out dc SQUID, which is inductively coupled to the qubit
[3,6,55,62]. This modifies the bath spectral density by adding
a resonant mode at the plasma frequency �p of the SQUID
detector. The so-called “structured bath” spectral density is
given by [62]

J (ω) = γω�4
p(

�2
p − ω2

)2 + (2πκω�p)2
, (9)

with 2πκ�p the width of the resonant peak at ω = �p [see
the inset of Fig. 9 for a schematic plot of J (ω)].

Here, we study the effect of this resonant mode at �p on
LZS interferometry, in the case �p > ω0. To this end, we
calculate the asymptotic P + using the spectral density of
Eq. (9), considering different values of �p, with κ = 0.001
fixed.

In Fig. 10, we show the intensity plots of P + as a function
of (δfdc,fac) for �p = 0.08 and �p = 0.02. As it is evident,
the diamond patterns are strongly affected by the structured
bath. In the case of �p = 0.08, we observe in Fig. 10(a) that
the (δfdc,fac) region formerly occupied by the first diamond
in the Ohmic case [shown in Fig. 3(b)] is now divided in three
parts: two new subdiamonds indicated as regimes (I) and (III),
and the region in between them, indicated as regime (II). When
lowering �p, the regime (III) becomes more predominant, as
can be seen in Fig. 10(b) for �p = 0.02.
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FIG. 10. Landau-Zener-Stückelberg interference patterns for a
flux qubit in contact with a structured bath. We show intensity
plots of the asymptotic average population P+ as a function of the
driving amplitude fac and dc detuning δfdc for (a) �p = 0.08 and
(b) �p = 0.02. We indicate in the plot the regions corresponding to
the regimes (I), (II), and (III) described in the text.

From now on, to describe the above mentioned changes of
the first diamond, we restrict to the two lowest levels of the
FQ. It has been shown that a two-level system coupled to a
structured bath that has a localized mode at �p is equivalent to
a two-level system weakly coupled to a single mode quantum
oscillator with frequency �p, and both coupled to an Ohmic
bath [63,64]. In fact, most of the results discussed in this
section can be qualitatively interpreted by assuming that at
low energies there are two virtual levels at Ep0 = E0 + ��p

and Ep1 = E1 + ��p, as sketched in Fig. 9. These virtual
levels are not stable and decay fast to their “underlying” energy
level, i.e., Ep0 → E0 and Ep1 → E1. The three regimes found
in Fig. 10 can be understood by considering that there are
two “virtual crossings” when E1(δf ) = Ep0(δf ), at the field
detunings

δf = ±fp ≈ ±�p/4πIp,

as shown schematically in Fig. 9. The boundaries of these
subdiamonds can be defined in a similar way as in Sec. III B,
replacing f01 by fp in the argument (when fp < f01). This
gives that the subdiamond of regime (I) is within the limits
f s

D1 < fac < fp − δfdc, and the subdiamond of regime (III)
is within the limits δfdc + fp < fac < f e

D1 (assuming 0 <

δfdc < fp). However, since the virtual levels Ep0 and Ep1 are
not truly stable, the regimes (II) and (III) show interference
patterns that are different than the analyzed in the previous
section, as we describe below.

Regime (I): antisymmetric resonances. If the nearest (in
energy scale) virtual bath mode at Ep0 is never reached within
the driving interval δfdc ± fac, the behavior is the same as
the one analyzed previously for the Ohmic bath in Figs. 3(b)
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FIG. 11. An enlarged view of the same section of the first
diamond shown in Fig. 6 for the Ohmic bath. (a) For �p = 0.08.
(b) For �p = 0.02.

and 6(b). The only difference is that the AR interference pattern
is now within a smaller sub-diamond, since it is limited by the
condition E1 − E0 < �p within the driving interval.

Regime (II): symmetric resonances. In this case, one of
the virtual crossings of E1 with Ep0 is reached within the
driving interval δfdc ± fac. Therefore transitions from the E1

level to the virtual level at Ep0 are possible. Since this later
virtual level is unstable, the system decays to the ground state
at E0. By going repeatedly through this process during the
periodic driving, population is pumped from the E1 level to
the ground state at E0, providing a ‘cooling’ mechanism.
The transitions via the unstable mode at Ep0 lead to a fast
relaxation of the system, before the slow mechanisms of
bath mediated population inversion, discussed in Sec. III C,
can take place. This impedes the dynamic transition to
antisymmetric resonances. In this way, the interference pattern
with symmetric resonant lobes remains in the asymptotic
regime. This is shown in Fig. 11(a), which corresponds to
an enlarged section of the regime (II) of Fig. 10(a).

Regime (III): sideband resonances. In this case, the two
virtual crossings of E1 with Ep0 are reached within the driving
interval δfdc ± fac. This makes possible to access also the
Ep1 level through Landau-Zener transitions at δf = 0, which
allows for new “sideband” resonances involving the Ep0 and
Ep1 levels, in addition to the direct resonances at E1 − E0 =
nω0. When Ep1 − E0 = nω0, called a blue sideband resonance
[63], the qubit resonates between the E0 and the Ep1 levels.
However, the Ep1 virtual level is unstable and it decays to the
E1 level. In this way, the ac drive is continuously pumping
population from the ground state to the excited state at E1,
leading to full inversion of the qubit population: P + ∼ 0.
When E1 − Ep0 = nω0, called a red sideband resonance [63],
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the qubit resonates between the E1 and the Ep0 levels. In
this case, the Ep0 virtual level decays fast to the E0 level,
and thus the ac drive is continuously pumping population
from the E1 level to the ground state, leading to P + ∼ 1.
In Fig. 11(b), we can see in detail the sideband resonance
patterns that characterize this regime, with alternating P+ ∼ 0
and P+ ∼ 1. This type of resonances have been analyzed in
Ref. [63], within a perturbative approach for �p < ω0. In that
case, only the regime (III) is realized. On the other hand, when
�p > ω0, the three regimes described above are possible.

To observe the subdivision of the first diamond in the three
regimes, the crossing of E1 with Ep0 should occur before the
avoided crossing of E1 with E2. This means that the condition
fp < f01 is required, or �p < 4πIpf01. For the typical flux
qubit parameters considered in this work, this later condition
corresponds to �p � 0.15. The SQUID detectors used in the
measurements of Refs. [3,4,6] have typically �p ∼ 10 GHz,
which is �p ∼ 0.2 in our normalized units. Therefore in the
case of these LZS interferometry experiments, the effects of
the resonant mode at �p are negligible, and everything is
within the regime (I) of asymptotic asymmetric resonances.
On the opposite side, the flux qubits studied in Ref. [55]
have �p � 
 � ω0, which situates them deeply in the case
of the regime (III). In fact, the n = 1 blue and red sideband
resonances have been observed in Ref. [55]. However, in
these devices, the oscillator mode of the SQUID detector is
strongly coupled to the qubit, while Eq. (9) is valid for weak
coupling. A full analysis in this case has to consider a quantum
oscillator with frequency �p coupled to the qubit within the
system Hamiltonian, see Refs. [55,63]. In any case, our results
show that it will be interesting to perform experiments on
LZS interferometry using SQUID detectors with low �p and
weakly coupled to the qubit, to observe the three regimes
shown in Figs. 10 and 11.

IV. CONCLUSIONS

To summarize, by performing a realistic modeling of the
flux qubit, we were able to analyze the time dependence of the
LZS interference patterns (as a function of ac amplitude and
dc detuning) taking into account decoherence and relaxation.

We found an important difference between the LZS patterns
observed for the time scale of current experiments and those
for the asymptotic long time limit: a symmetry change in
their structure. This is a dynamic transition as a function of
time from a LZS pattern with nearly symmetric multiphoton
resonance lobes to antisymmetric multiphoton resonances.
This transition is observable only when driving the system
for very long times, after full relaxation with the bath degrees
of freedom (t � tr ).

The large time scale separation, tr � tdec, present in the
device of Ref. [6] explains why in their case the asymptotic
LZS pattern is beyond the experimental time window. It will
be interesting if experiments could be carried out for longer
driving times in this device. For example, measurements of
curves of P+ at growing time scales near a multiphoton
resonance, could show the transition from symmetric to
antisymmetric behavior.

Another interesting finding is the dependence of the LZS
interference patterns on the frequency �p of the SQUID

detector. Different types of LZS interference patterns can
arise, depending on the magnitude of �p. In particular, we
showed that the resonant mode at �p can impede the dynamic
transition when �p is of the order of the qubit gap, in the regime
(II) discussed in Sec. III D. In principle, the frequency �p can
be varied (in a small range) by varying the driving current of
the SQUID detector [55] or with a variable shunt capacitor.
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APPENDIX: FLOQUET-MARKOV FORMALISM FOR THE
PERIODICALLY DRIVEN FLUX QUBIT

1. Periodically driven isolated flux qubit

Since the FQ of Eq. (1) is driven with a magnetic flux f (t) =
fdc + fac sin(ω0t), the Hamiltonian is time periodic H(t) =
H(t + τ ), with τ = 2π/ω0. In this case, it is convenient
to use the Floquet formalism, that allows to treat periodic
forces of arbitrary strength and frequency [42,44,48,59,65,66].
According to the Floquet theorem [42], the solutions of the
Schrödinger equation are of the form

|�(t)〉 =
∑

α

cαe−iεα t/�|α(t)〉,

where cα are time independent coefficients and εα are the
so-called quasienergies. The Floquet states |α(t)〉 are time-
periodic,

|α(t)〉 = |α(t + τ )〉,
and satisfy the eigenvalue equation

ĤF (t)|α(t)〉 = εα|α(t)〉,
where ĤF (t) = H(t) − i�∂/∂t is defined as the Floquet
Hamiltonian. The time periodicity of H(t) and |α(t)〉 makes
convenient to use the Fourier representation,

H(t) =
∑

k

Hke
−ikω0t , (A1)

|α(t)〉 =
∑

k

|αk〉e−ikω0t . (A2)

Therefore we can rewrite the Floquet eigenvalue equation as∑
q

[Hk−q − �kω0Iδk,q]|αq〉 = εα|αk〉 (A3)

with I the identity.
For the driven FQ, we write H(t) = H0 + W (t) with H0 =

HFQ(fdc) [the time independent part of the Hamiltonian of
Eq. (1)], and

W (t) = αEJ sin[2πfac sin (ω0t)] sin(2πfdc + 2ϕl)

+ 2αEJ sin2[πfac sin (ω0t)] cos(2πfdc + 2ϕl). (A4)

064521-10

51



DYNAMIC TRANSITION IN LANDAU-ZENER- . . . PHYSICAL REVIEW B 93, 064521 (2016)

In the energy eigenbasis of H0, given by H0|n〉 = En|n〉,
Eq. (A3) can be written as∑

m,q

[
(En − �kω0)δkqδnm + Wnm

k−q

]〈m|αq〉 = εα〈n|αk〉 (A5)

with

Wnm
k = ω0

2π

∫ 2π/ω0

0
〈n|W (t)|m〉eikω0t dt, (A6)

The static eigenvalues En and eigenstates |n〉 are ob-
tained by numerical diagonalization of H0, using 2π -periodic
boundary conditions on �ϕ = (ϕ1,ϕ2) and a discretization grid
of 
ϕ = 2π/M (with M = 256) [56]. Then, the Wnm

k are
evaluated from Eqs. (A6) and (A4), where the matrix elements
〈n| sin (2πfdc + 2ϕl)|m〉 and 〈n| cos (2πfdc + 2ϕl)|m〉 have
been calculated using the obtained eigenstates |n〉. In order
to solve the Floquet eigenvalue problem numerically, we have
to truncate the Eq. (A5) both in the Fourier indices k,q and the
in the number of energy levels of H0 considered [59]. The
truncated eigenproblem is of dimension Nd = (2K + 1)Nl

where K = max|q − k| is defined by the maximum value of
the Fourier index and Nl by the number of levels considered in
the diagonalization of H0. The obtained Floquet states 〈n|αk〉
and quasienergies εα contain all the information to study the
quantum dynamics of the system described above.

An alternative method, which is more efficient for large Nl ,
is to consider the time evolution operator U (t2,t1), which in
the Floquet representation can be expanded as

U (t2,t1) =
∑

α

e−iεα (t2−t1)|α(t2)〉〈α(t1)|.

Since |α(t + τ )〉 = |α(t)〉, the Floquet state |α(t)〉 is an eigen-
vector of U (t + τ,t) with eigenvalue e−iεατ . Therefore it is
possible to calculate the Floquet states and quasienergies from
the diagonalization of U (t + τ,t). Numerically, one needs to
compute the evolution operator U (t,0) within a period, for
0 � t � τ . Taking discretized time steps of length δt = τ/Mτ ,
we use the second-order Trotter-Suzuki approximation

U (tj+1,tj ) ≈ e−iH0
δt
2 e−iW (tj + δt

2 )δt e−iH0
δt
2

for times tj = jδt , and we compute the product U (tn,0) =
�n−1

j=0U (tj+1,tj ) for n � Mτ , starting with U (0,0) = I . The
Floquet states are then obtained as eigenvectors of U (τ,0) ≡
U (tMτ

,0). We diagonalize numerically the hermitian matrix
C = i(1 + U )(1 − U )−1, solving C|α(τ )〉 = cα|α(τ )〉, where
cα = cotan(εατ/2) and |α(0)〉 = |α(τ )〉, The Floquet states at
any time are then calculated as |α(tn)〉 = eiεαtnU (tn,0)|α(0)〉,
and their Fourier components |αk〉 can be obtained using
a fast Fourier transform routine. We find that for Nl � 4
this numerical procedure is more efficient than the direct
diagonalization of Eq. (A5).

Experimentally, the probability of having a state of positive
or negative persistent current in the flux qubit is measured
[3,6,54]. The probability of a positive current measurement
(“right” side of the double-well potential) can be calculated,
for δf � 1, integrating the probability |�(ϕl,ϕt )|2 within the
subspace with π > ϕl > 0 [59]:

P+(t) =
∫ π

0
dϕl

∫ π

−π

dϕt |�( �ϕ)|2,

where �ϕ = (ϕl,ϕt ) and �( �ϕ) = 〈�ϕ|�〉. For later generaliza-
tions, it is better to define the projector corresponding to a
positive current measurement:

�̂+ =
∫

π>ϕl>0
d �ϕ | �ϕ〉〈 �ϕ|,

in terms of this operator, we have P+(t) = 〈�(t)|�̂+|�(t)〉 ≡
〈�̂+〉. For an initial condition |�0〉 at t0, we can express P+(t)
in the Floquet basis as

P+(t) =
∑
α,β

e−i(εα−εβ )(t−t0)〈α(t0)|�0〉〈�0|β(t0)〉πβα(t)

with πβα(t) = 〈β(t)|�̂+|α(t)〉. In experiments, the initial time,
or equivalently the initial phase of the driving field seen
by the system in repeated realizations of the measurement,
is not well defined. Then, the quantities of interest are the
probabilities averaged over the initial times t0 [42,59,65].
Using the properties of the Floquet functions, the average over
the initial phase time t0 gives

ei(εα−εβ )t0 |β(t0)〉〈α(t0)| → δαβ

∑
k

|αk〉〈αk|,

and we obtain

P+(t) =
∑

α

παα(t)

(∑
k

|〈αk|�0〉|2
)

.

It is worth noticing that averaging over the initial phase
time of the driving field is equivalent to defining a density
matrix ρ(t) = |�(t)〉〈�(t)| which, due to the average over
t0, is diagonal in the Floquet basis, ραβ = 〈α(t)|ρ(t)|β(t)〉 =
δαβ

∑
k |〈αk|�0〉|2.

Finally, we average within a period over the observation
time t , to obtain a time independent “stationary” probability
P + ≡ P+(t). After defining the time-averaged projector in the
Floquet basis as

παβ = 〈α(t)|�̂+|β(t)〉 =
∑

k

〈αk|�̂+|βk〉,

we obtain the simple result

P + =
∑

α

πααραα

with ραα = ∑
k |〈αk|�0〉|2. Numerically, after diagonalization

of H0, we compute the matrix elements of the projector
πnm = 〈n|�̂+|m〉 = ∫

π>ϕl>0 �∗
n( �ϕ)�m( �ϕ)d �ϕ, with �n( �ϕ) =

〈�ϕ|n〉 [59]. Then, for each ω0 and fac, the Floquet states
and quasienergies are obtained, and the coefficients παβ =∑

k,n,m πn,mα∗
k,nβk,m are evaluated (with αk,n = 〈n|αk〉).

As an example, we calculate P+ for the driven FQ in the
two-level regime, as described by the Hamiltonian HFQ ≈
HTLS of Eq. (3). At zero temperature, and in the absence of
driving (fac = 0), the isolated FQ is in the ground state. In
this case, the probability P+ is simply the projection of the
ground state on the subspace of positive persistent current, and
we have P+ = 〈0|�̂+|0〉 = π00. For δfdc = fdc − 1/2 > 0, we
have P+ ≈ 1 except near δfdc = 0 where P+ = 1/2, as can be
seen in Fig. 12(a). (While for δfdc < 0, we have P+ ≈ 0, since
the ground state has the loop current in the opposite direction
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FIG. 12. (a) Probability P + of a state with positive loop current
as a function of δfdc for the undriven qubit (red squares) and for the
driven qubit (black circles) with fac = 0.0001 and �ω0/EJ = 0.0003.
The flux detuning δfdc is normalized by fω = ω0/4πIp , such that
the n-photon resonances are at δf = nfω. (b) Floquet quasienergies
(in units of EJ ) as a function of δfdc for the same case as in (a).
(c) Floquet quasienergies (in units of EJ ) as a function of fac for the
n = 1 resonant state at fdc = 0.50033 [corresponding to black square
in (a)]. (d) Floquet quasienergies (in units of EJ ) as a function of fac

for an out of resonance state at fdc = 0.50151 [corresponding to blue
diamond in (a)]. Device parameters of the flux qubit are α = 0.8 and
η = 0.25.

in this case.) In the presence of an ac drive, δf (t) = δfdc +
fac cos(ω0t), we calculate the time averaged P +, following
the procedure discussed above. The time averaged P + vs fdc

shows dips corresponding to n-photon resonances. as shown
in Fig. 12(a). These n-resonances are at ε0 ≈ nω0, which is
equivalent to δfdc = nfω, after defining fω = ω0/4πIp. the
n-resonances are at δfdc = nfω. In the Floquet picture, these
resonances correspond to avoided crossings of the Floquet
quasienergies [44,48] as a function of δfdc as we illustrate in
Fig. 12(b). When increasing fac, we see that for a n resonance
the quasienergies have a small gap, |εα − εβ | � ω0 (with the
difference εα − εβ defined modulo ω0). On the other hand, for a
value of δfdc away of a resonance the quasienergies maintain a

finite gap (compared to ω0) as a function of fac, see Figs. 12(c)
and 12(d).

2. Floquet-Markov approach for open system

Experimentally, the system is affected by the electromag-
netic environment that introduces decoherence and relaxation
processes. A standard theoretical model to study enviromental
effects is to couple the system bilinearly to a bath of noninter-
acting harmonic oscillators with masses mν , frequencies ων ,
momenta pν , and coordinates xν , with the coupling strength γν

[44]. The total Hamiltonian of system and bath is then given
by

H = HS(t) + HSB + HB,

where HS(t) is the time-periodic Hamiltonian of the system,
HB is the Hamiltonian that describes a bath of harmonic
oscillators and HSB its system-bath coupling Hamiltonian
term,

HB =
∞∑

ν=1

(
p2

ν

2mν

+ mνω
2
νx

2
ν

2

)
, (A7)

HSB = Â

∞∑
ν=1

γνxν (A8)

with Â the operator of the system that couples to the bath.
The bath degrees of freedom are characterized by the spectral
density

J (ω) = π

∞∑
ν=1

γ 2
ν

2mνων

δ(ω − ων).

It is further assumed that at time t = 0 the bath is in thermal
equilibrium and uncorrelated to the system. Then, the full
density matrix σ (t) has at initial time the form σ (0) =
ρ(0) exp(−βHB)/trB exp(−βHB), where ρ(t) = TrB(σ ) is
the density matrix of the system and T = 1/(kBβ) is the bath
temperature. After expanding the density matrix of the system
in the time-periodic Floquet states

ραβ(t) = 〈α(t)|ρ(t)|β(t)〉, (A9)

the Born (weak coupling) and Markov (fast relaxation)
approximations for the time evolution of ραβ (t) are performed.
In this way, the Floquet-Markov master equation is obtained
[44,48,67–71]:

dραβ (t)

dt
= − i

�
(εα − εβ)ραβ(t) +

∑
α′β ′

Lαβα′β ′(t)ρα′β ′(t).

(A10)

The first term in Eq. (A10) represents the nondissipative
dynamics and the influence of the bath is described by the
time-dependent rate coefficients

Lαβα′β ′(t) =
∑

q

Lq

αβα′β ′e
−iqω0t (A11)
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with

Lq

αβα′β ′ =
∑

k

(
gk

αα′ + g
−k−q

ββ ′
)
Ak

αα′A
k+q

β ′β

− δββ ′
∑

η

gk
ηα′A

k+q
αη Ak

ηα′ − δαα′
∑

η

g−k
ηβ ′A

k+q

ηβ Ak
β ′η.

(A12)

The nature of the bath is encoded in the coefficients

g
q

αβ = J
(
ε

q

αβ/�
)
nth

(
ε

q

αβ

)
with ε

q

αβ = εα − εβ + q�ω0 and nth(x) = 1/(exp (x/kBT ) −
1), and defining J (−x) = −J (x) for x < 0. The system-bath
interaction is encoded in the transition matrix elements Ak

αβ in
the Floquet basis

A
q

αβ =
∑

k

〈αk|Â|βk+q〉

.
In the case of the driven FQ, the system Hamiltonian is

HS = HFQ(t) and the bath degrees of freedom couple with the
system variable ϕl since the dominating source of decoherence
is flux noise (see Ref. [62]). Thus, after taking Â = ϕl and in
terms of the eigenbasis of H0, we have to compute

A
q

αβ =
∑
nm

∑
k

α∗
k,nβk+q,m〈n|ϕl|m〉. (A13)

Considering that the time scale tr for full relaxation satisfies
tr � τ , the transition rates Lαβα′β ′ (t) can be approximated by
their average over one period τ [67], Lαβα′β ′(t) ≈ Lq=0

αβα′β ′ =
Lαβα′β ′ , obtaining

Lαβα′β ′ = Rαβα′β ′ + R∗
βαβ ′α′

−
∑

η

(δββ ′Rηηα′α + δαα′R∗
ηηβ ′β). (A14)

The rates

Rαβα′β ′ =
∑

q

g
q

αα′A
q

αα′A
−q

β ′β (A15)

can be interpreted as sums of q-photon exchange terms.
This formalism has been extensively employed to study

relaxation and decoherence for time dependent periodic
evolutions in double-well potentials and in two level systems
[44,48,67–69]. Here we use it to model the ac driven FQ,
considering the full multilevel Hamiltonian of Eq. (1) [50].

The probability of a positive current measurement is calcu-
lated as P+(t) = 〈�̂+〉 = Tr(�̂+ρ(t)), with �̂+ the projector
defined in the previous section. With ρ(t) calculated in the
Floquet basis is

P+(t) =
∑
α,β

πβα(t)ραβ(t) (A16)

To calculate the time dependence of ραβ(t), it is convenient
to work in the superoperator formalism of the so-called
Liouville space [72,73]. We write

dραβ (t)

dt
=

∑
α′β ′

�αβα′β ′ ρα′β ′

with �αβα′β ′ = − i
� (εα − εβ)δαα′δββ ′ + Lαβα′β ′ . Then we

change notation rewriting the Nl × Nl matrix ρ as an
N2

l × 1 vector represented as the ket |ρ〉〉, and the N2
l × N2

l

“supermatrix” �αβα′β ′ as the operator �̂ acting on this linear
space, where the inner product is defined as 〈〈σ |ρ〉〉 =
Tr(σ †ρ). In particular, for the identity matrix I , we have
〈〈I |ρ〉〉 = 〈〈ρ|I 〉〉 = Tr(ρ) = 1, the later equality correspond-
ing to the normalization of ρ, which is a conserved quantity.
On the other hand, the norm of the vector |ρ〉〉 is |||ρ〉〉|| =√

Tr(ρ2) � 1. In this notation, we can rewrite the Floquet-
Markov equation as

d|ρ〉〉
dt

= �̂|ρ〉〉. (A17)

The superoperator �̂ is non-Hermitian and has left and right
eigenvectors with complex eigenvalues λμ,

�̂|rμ〉〉 = λμ|rμ〉〉, (A18)

〈〈lμ|�̂ = 〈〈lμ|λμ, (A19)

which are mutually orthogonal, 〈〈lμ|rν〉〉 = δμν . In general,
the number of independent eigenvectors of �̂ can be less than
the dimensionality of �̂. A formal solution of Eq. (A17) for
|ρ(t)〉〉 can be obtained using a similarity transformation to the
Jordan normal form of �̂ [74–76]. In the cases considered in
this work we found numerically that it was always possible to
diagonalize �̂, in which case the solution of Eq. (A17) can be
expressed as

|ρ(t)〉〉 =
∑

μ

cμeλμt |rμ〉〉, (A20)

cμ = 〈〈lμ|ρ(0)〉〉 (A21)

from where we can calculate numerically ραβ(t) ≡ |ρ(t)〉〉αβ .
The probability of a positive current measurement is then
obtained combining Eq. (A16) with Eq. (A21).

The asymptotic state |ρ(t → ∞)〉〉 ≡ |ρ∞〉〉 satisfies

�̂|ρ∞〉〉 = 0.

Therefore the asymptotic state can be constructed from
the right-eigenvectors |rμ〉〉 of �̂ with eigenvalue λ0 = 0
(i.e., the kernel of �̂). If λ0 is nondegenerate, then the
asymptotic state is unique and independent of the initial
condition ρ(0). In the cases considered in this work we found,
within the numerical accuracy, that the eigenvalue λ0 = 0
was nondegenerate, and so the asymptotic state was given
by the eigenvector |r0〉〉, and then ρ∞

αβ = |r0〉〉αβ . The time
independence of the asymptotic ρ∞

αβ implies that quantities
like P+ in Eq. (A16) become time periodic with a period τ in
the asymptotic state. Therefore it is convenient to calculate the
asymptotic P+(t) averaged over one period as

P+ =
∑
α,β

πβα|r0〉〉αβ. (A22)

It is also clear from Eq. (A21) that information about the
relaxation and decoherence rates is contained in the nonzero
eigenvalues λμ of �̂ [74–76]. On one hand, the relaxation rates
are given by the negative real eigenvalues of �̂, where the
long time relaxation rate �r = 1/tr is given by the minimum
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of −Re(λμ) (excluding λ0 = 0). On the other hand, the
decoherence rates are given by the negative real parts of the
complex conjugate pairs of eigenvalues of �̂.

3. Decoherence in the Floquet basis

It is well known that the density matrix becomes diagonal
in the energy basis for times larger than the relaxation time
in undriven systems [72]. In this case, the decay time of the
offdiagonal ρnm defines the decoherence time τnm

φ between the
eigenstates En and Em. For time scales t � τnm

φ , relaxation is
described by the Pauli rate equation for the populations of
the energy levels Pn = ρnn. In the case of a system with a
time periodic drive, it is usually assumed that for large times
the density matrix becomes approximately diagonal in the
Floquet basis [44,67–70]. More precisely, this approximation
can be justified when εα − εβ � Lα′β ′αβ , which is fulfilled
for very weak coupling with the environment and away from
resonances, see Refs. [67,70]. From Figs. 12(c) and 12(d),
it is clear that this condition will be easily satisfied in the
offresonant case considered here, where the Floquet gap
|εα − εβ | is large. On the other hand, near a resonance where
|εα − εβ | ≈ 0, this condition can not be fulfilled, unless the
system-bath coupling is extremely small [70].

In Fig. 13, we show the time evolution of matrix elements of
ρ calculated in the eigenbasis of H0 and in the Floquet basis,
both for an offresonant and for a resonant case. To clarify
notation, for the H0 eigenbasis, we use latin indices i,j with
i = 1,2,3, . . . ordered for increasing eigenenergy E1 < E2 <

E3 < . . .. For the Floquet basis, we use greek indices α,β with
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FIG. 13. Real part of the off-diagonal elements of the density ma-
trix ρ as a function of time. Black lines: off-diagonal matrix element
ρ12 in the basis of eigenstates of the undriven Hamiltonian. Red lines:
off-diagonal element ρab in the Floquet basis. (a) For a resonant state
at fdc = 0.50099 driven with fac = 0.0001 and �ω0/EJ = 0.0003.
(b) For an off-resonant state at fdc = 0.50151 driven with fac =
0.00245 and �ω0/EJ = 0.0003. Insets in (a) and (b) show ρab at
large times.

α = a,b,c, . . ., and ordered such that α = a corresponds to the
state that in the limit fac → 0 maps to the ground state (with
index i = 1); α = b corresponds to the state that in the limit
fac → 0 maps to the first excited state (with index i = 2), and
so on.

The time dependence of the offdiagonal elements ρij in
the H0 eigenbasis are shown in Figs. 13(a) and 13(b), for
the resonant and offresonant cases, respectively. [Here, we
consider the flux qubit in contact with an Ohmic bath with
J (ω) = γω.] We see that for long times ρij (t → ∞) goes
to a finite nonzero value that can not be neglected, showing
explicitly that the driven system density matrix is not diagonal
in the eigenenergy basis. Therefore approaches based on the
use of the Pauli rate equation in the eigenenergy basis will not
be correct for the analysis of the asymptotic long time behavior.
In the case of the Floquet basis, we see in Figs. 13(a) and 13(b)
that the offdiagonal ρab after having oscillations at short time
scales, decreases exponentially to very low values for long
times. We find that ρab(t → ∞) ≈ 10−3 for the offresonant
case [while diagonal elements ραα(t → ∞) ∼ 0.1 − 1]. This
confirms that it is a good approximation to neglect the ρab at
long times in this case. On the other hand, in the resonant case,
we find ρresonant

ab (t → ∞) ≈ 10−2 > ρoffresonant
ab (t → ∞). Thus,

in this case, neglecting ρab is not a good approximation as in
the offresonant case. The results reported in the main body of
the paper correspond to the solution of the full Floquet-Markov
equation (A17). However, we have verified that most of our
results (including the dynamic transition discussed in Sec. III)
are accurately reproduced by the approximation that assumes
an asymptotic density matrix diagonal in the Floquet basis.

Assuming that the density matrix becomes diagonal in the
Floquet basis, one can separate the dynamics of the diagonal
and the off-diagonal density matrix. The off-diagonal part is
dominated by the dependence

dραβ

dt
≈

[
− i

�
(εα − εβ) + Lαβαβ

]
ραβ, α �= β.

In this approximation, the decoherence rate between the |α〉
and the |β〉 Floquet state, is given by �αβ = −Lαβαβ . The
dynamics for the diagonal part of the density matrix gives a
rate equation for the population of the Floquet states Pα = ραα:

dPα

dt
=

∑
β

LααββPβ

= 2
∑

β

RααββPβ − RββααPα, (A23)

where Rααββ = ∑
n gn

αβ |An
αβ |2, after Eq. (A15). It is simple to

solve the above rate equation when we restrict to two levels.
With two Floquet states |a〉,|b〉, the asymptotic populations
are P ∞

a = Raabb/(Raabb + Rbbaa), P ∞
b = 1 − P ∞

a ; and the
relaxation rate is �r = 2(Raabb + Rbbaa). Using Eq. (A15),
we can decompose the relaxation rate as a sum of terms that
describe virtual n-photon transitions [48]:

�r = �(0) +
∑
n�=0

�(n) (A24)

with

�(n) = 2
(
gn

ab

∣∣An
ab

∣∣2 + gn
ba

∣∣An
ba

∣∣2)
. (A25)
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The low temperature properties of single level molecular quantum dots including both electron-electron and
electron-vibration interactions, are theoretically investigated. The calculated differential conductance in the
Kondo regime exhibits not only the zero bias anomaly but also side peaks located at bias voltages which coincide
with multiples of the energy of vibronic mode V ∼ ��/e. We obtain that the evolution with temperature of the
two main satellite conductance peaks follows the corresponding one of the Kondo peak when �� � kBTK , TK

being the Kondo temperature, in agreement with recent transport measurements in molecular junctions. However,
we find that this is no longer valid when �� is of the order of a few times kBTK .

DOI: 10.1103/PhysRevB.93.115139

I. INTRODUCTION

The Kondo effect, originally discovered in metals contain-
ing magnetic impurities [1,2], is also observed in transport
measurements through semiconducting [3–9] and molecular
[10–19] quantum dots (QDs) in which the QD acts as a single
magnetic impurity. While the semiconducting QDs are char-
acterized by the tunability of its parameters and have served
as platforms to study the one- and two-channel [3,5,7,20],
as well as the SU(4) Kondo effect [21], the molecular
QDs (MQDs) have allowed researchers to investigate, among
different phenomena, the underscreened Kondo effect for spin
S > 1/2 [14,15,18] and quantum phase transitions driven
by stretching [14,22] or gate voltage [15,18]. Remarkably,
MQDs incorporate the effect of phonons. Molecular vibration
signatures have been observed in conductance measurements
through a variety of molecules, such as H2 [23] and C140 [24].
Furthermore, experiments performed in the Kondo regime
have revealed the presence of satellite peaks at finite bias which
emerge together with the zero-bias anomaly in the differential
conductance as a consequence of the interplay between the
electron-vibration interaction and the many-body Kondo state
[14,25–29].

Recently, Rakhmilevitch et al. reported on transport mea-
surements through a copper-phthalocyanine (CuPc) molecule
connected to two silver contacts in a break-junction setup
[29]. Their work focuses on the evolution with temperature
of the side peaks observed in the differential conductance. The
authors find that the maximum conductance of the side peaks
increases when the temperature is lowered following the same
dependence as the zero-bias Kondo peak. Specifically (since
CuPc possess a spin-1/2 [29,30]) the intensity of both the
zero-bias anomaly and the satellite peaks can be fitted with
the same empirical expression for the temperature dependence
of the equilibrium conductance of a spin-1/2 impurity, G(T ),
which follows closely results obtained using the numerical
renormalization group

G(T ,V = 0) = Gs

[1 + (21/s − 1)(T/TK )2]s
, (1)

where s = 0.22 [3,31], Gs is the conductance at temperature
T = 0, and the Kondo temperature TK is the only adjustable
parameter. Outstandingly, the fitted Kondo scale for the

satellite peaks located at bias voltage eV ∼ ±�� ∼ ±21 meV,
agrees with the one obtained for the Kondo peak (21 K < TK <

25 K). This is an interesting result for two main reasons:
First, it is not evident that the empirical expression Eq. (1)
that correctly gives the universal temperature dependence of
the conductance without vibrational modes can be applied
when the Kondo phenomena is assisted by phonons. More
surprising is the fact that Eq. (1) still works out of equilibrium,
for fitting the conductance at finite bias voltages of the order
of |V | ∼ ��/e. While the satellite peaks have been studied
theoretically before [32,33], their dependence on temperature
has not been analyzed.

Motivated by the experiment of Rakhmilevitch et al., in
this paper we investigate theoretically the low-temperature
transport properties of a single level molecular quantum dot
including both electron-electron and electron-vibration inter-
actions. In agreement with the experimental results, we obtain
that the conductance of the two main satellite peaks follows the
same temperature evolution as the corresponding Kondo peak,
which means that these peaks are also a manifestation of the
Kondo effect, when �� � kBTK , which is in fact the regime
of the experiment. On the other hand, the statement is no
longer valid when both energy scales are similar, �� ≈ 3kBTK .
For �� � kBTK , the satellite peaks merge with the Kondo
peak [34].

II. MODEL AND FORMALISM

We model the MQD with the Anderson-Holstein Hamil-
tonian [32–38] in which a spin-1/2 doublet of energy Ed is
connected to two metallic reservoirs and also coupled to a
phonon mode of frequency �, through the electron-phonon
interaction λ. The Hamiltonian is

H = [Ed + λ(a† + a)]nd + Und↑nd↓ +
∑
νkσ

εν
k c

†
νkσ cνkσ

+
∑
νkσ

(
V ν

k d†
σ cνkσ + H.c.

) + �a†a, (2)

where nd = ∑
σ ndσ , ndσ = d†

σ dσ , d†
σ creates an electron with

spin σ at the relevant state of a molecule (or quantum dot), a†

creates the Holstein phonon mode, c
†
νkσ creates a conduction

electron at the left (ν = L) or right (ν = R) lead, and V ν
k
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describe the hopping elements between the leads and the
molecular state. We take the limit of very large Coulomb
repulsion U → ∞.

We use the noncrossing approximation (NCA) in its
nonequilibrium extension [33,39]. The out of equilibrium
NCA approach has proved to be a very valuable technique
for calculating the differential conductance through a variety
of systems including two-level QD’s and C60 molecules
displaying a quantum phase transition [18,40,41], among
others. Furthermore, it is specially suitable for describing
satellite peaks away from the zero bias voltage [42–44] and
captures the universal behavior in the equilibrium conductance
given by Eq. (1) [45,46]. The application of the NCA to the
model and its limitations for large λ are described in detail in
Ref. [33].

The current through the molecule is calculated using the
exact expression [39,47]

I (V ) = 4πe

�
�L�R

�L + �R

∫
dωρ(ω)(f (ω −μL) − f (ω − μR)),

(3)

where �ν = 2π
∑

k |V ν
k |2δ(ω − εν

k ) (assumed independent of
energy) is the coupling of the molecule to the lead ν, f (ω) is the
Fermi distribution, and the spectral function of the molecule is
given by ρ(ω), which we calculate using the NCA. The right
and left chemical potentials μν of the metallic contacts are
proportional to the bias voltage. For simplicity we assume a
symmetric voltage drop μL = −μR = eV/2. The results are
not affected by this assumption.

The reduced intensity of the zero-bias peak in the experi-
ment suggests that there is a large asymmetry between the two
tunneling couplings �ν . This is usually the case in MQDs. We
choose �R ≈ 50�L (similar values do not affect our conclu-
sions). We note that for ratios of the couplings larger than 10
(i.e., highly asymmetric devices), the differential conductance
G = dI/dV at bias voltage |V | � kBTK/e reproduces the
equilibrium spectral density of the Kondo resonance [48].

While the value of the vibration frequency is well defined
by the position of the satellite peaks in the conductance
measurements (�� ∼ 21 meV), neither the value of the total
coupling �R + �L nor the energy position of the Kondo active
molecular level Ed are clearly determined. Therefore, we
analyzed several values of both energies to confirm that our
conclusions remain the same. The estimated value for the
electron-vibration interaction λ that corresponds to a breathing
mode of the CuPc molecule is found from ab initio calculations
to be near λ0 = 6 meV. Since the Kondo scale strongly depends
on the electron-phonon coupling [33], in the present work we
tested several values of λ, from 6 to 12 meV. We verified that
our analysis regarding the ratio kBTK/��, holds for the whole
set of λ’s studied.

III. THE MAIN KONDO PEAK

We start by a brief review of the temperature evolution
of the Kondo peak in Fig. 1(a) and the scaling law of the
zero-bias conductance with Eq. (1) in Fig. 1(b) in the absence
of the electron-phonon interaction. The asymmetry in G(V )
is due to the asymmetric �ν [48]. For the parameters of the
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FIG. 1. (a) Differential conductance as a function of bias voltage
for several temperatures T . Parameters in meV: �R + �L = 80, Ed =
−90, λ = 0. (b) Equilibrium conductance G(V = 0,T ) as a function
of temperature (squares) and the corresponding scaling using Eq. (1)
(dashed line) being TK = 43 ± 1 K. (c) FWHM of the zero bias
anomaly as a function of temperature (squares) and the fitting function
(see text) with α = 9.5 ± 0.5 and TK = 43 ± 1 K (dashed line).

figure, the Kondo scale resulting from the fit using Eq. (1),
TK = 43 ± 1 K, remarkably agrees with the corresponding
one in Fig. 1(c) extracted from a fitting of the full width
at half maximum (FWHM) of the zero-bias anomaly using
the expression [49,50] FWHM = 1

e

√
(αkBT )2 + (2kBTK )2,

being in this case TK = 43 ± 1 K, with α an extra fitting
parameter. This expression for the FWHM gives a value of
2kBTK/e at zero temperature and is expected to coincide
with the FWHM of the equilibrium spectral density for large
asymmetric devices in the Kondo limit [48]. We must warn
the reader that the Kondo scale determined from the width of
the spectral density can be 10% larger that the corresponding
one obtained from the temperature dependence of the conduc-
tance [51]. The scaling of G(V,T ) for small V and T and
also under an applied magnetic field has been investigated
experimentally and theoretically [7,8,16,45,52,53].

As we stated before, when the coupling to the vibration
mode of the molecule is taken into account, it is not obvious
that G(T/TK ) and FWHM(T ) are still described with the same
expressions. In Fig. 2(a) we show the differential conductance
as a function of the bias voltage for several temperatures and
λ = 12 meV. All the parameters are the same as in Fig. 1.
As the temperature decreases, the zero-bias peak emerges
together with lateral satellite peaks at voltages corresponding
to the energy of the vibration mode eV = ±�� = ±21 meV.
Other satellites peaks with reduced intensity at multiples of
the vibration energy should also be present [32,33], but they
are beyond the scope of this paper. The intensity of the two
main satellite conductance peaks increases with increasing λ

[32,33]. Figure 2(b) displays the zero-bias conductance as a
function of temperature and the corresponding scaling result
using Eq. (1). We obtained a Kondo temperature TK = 20 ±
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FIG. 2. (a) Differential conductance as a function of bias voltage
for several temperatures and � = 21 meV and λ = 12 meV. Other
parameters as in Fig. 1. (b) Equilibrium conductance G(V = 0,T )
as a function of temperature (squares) and the scaling result using
Eq. (1) (dashed line). (c) FWHM of the zero bias peak as a function
of temperature (squares) and the fitting result (dashed line).

1 K, which is markedly reduced due to the effect of the
electron-phonon coupling λ, but the decrease is smaller
than expected from a Franck-Condon factor. The nontrivial
reduction of TK with the electron-phonon coupling λ has been
discussed before [33,34,38]. We conclude that the only change
in the temperature evolution of the zero-bias Kondo peak is
given by the Kondo scale, but the universal behavior is not
affected. The high precision of the fitting, with a correlation
factor of 0.9995, indicates that for low enough temperatures
and energies (kBT 	 ��) the system behaves as a Fermi liquid
with renormalized parameters in which the phonon mode is not
active.

In Fig. 2(c) we show the FWHM of the zero bias anomaly as
a function of temperature and the corresponding scaling being
α = 9.9 ± 0.5 and TK = 22 ± 1 K. This independent analysis
supports the previous one obtained with the data from Fig. 2(b)
and interestingly, the adjustable parameter α differs only by
4% to the corresponding value without coupling to phonons
[Fig. 1(c)].

IV. THE SATELLITE PEAKS

In what follows we focus on the analysis of the evolution
with temperature of the two main satellite conductance peaks
shown in Fig. 2(a). In contrast to the left satellite, the maximum
of the right one is slightly renormalized to higher voltages
within the NCA. This might be due to the fact that the
NCA does not incorporate renormalization of the bare phonon
propagator, and it contributes in a different way for positive
and negative frequencies [33]. However, we have verified that
both side peaks follow identical temperature dependence [54].

In Fig. 3(a), the satellite conductance at bias voltages near
eV ∼ �

e
� is displayed after removing a linear offset for several
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FIG. 3. (a) Differential conductance as a function of bias voltage
for several temperatures. (b) Differential conductance G(V ∼ �

e
�,T )

as a function of temperature (squares) and the corresponding scaling
using Eq. (1) (dashed line). (c) FWHM (in meV) of the satellite peak at
V ∼ �

e
� as a function of temperature (squares) and the corresponding

scaling (dashed line).

temperatures [55]. From the maximum values, in Fig. 3(b) we
built the curve of G(V ∼ �

e
�,T ) as a function of temperature

and its fitting by using Eq. (1). As in the experiment of
Rakhmilevitch et al., the values of G(V ∼ �

e
�,T ) are very

well represented by the empirical law, being the adjustable
parameter TK = 21 ± 1 K in perfect agreement with the Kondo
temperature extracted from the central Kondo peak (20 K) [56].
Regarding the left satellite peak, we found TK = 24 ± 1 K. On
the other hand, we find that contrary to what happens for the
Kondo peak, the width of the satellite peaks is not related to the
Kondo temperature. Figure 3(c) shows the FWHM of the peak
at V ∼ ��/e as a function of temperature. The parameters
extracted from the fit differ with respect to those from the
central peak, being α = 6.1 ± 0.5 and a low-temperature
width 49 ± 5 K. The increase of the width is expected from the
occurrence of inelastic processes. A similar behavior is found
for the first satellite peak below the Fermi energy. We could
not confirm that the same behavior is valid for further satellite
peaks due to the lower intensity of the latter and technical
limitations of the NCA calculations.

Since the maxima of the conductance of the satellite peaks
have the same temperature dependence as the Kondo peak,
and are scaled with almost the same Kondo temperature,
we conclude that the side peaks are (broadened) replicas of
the Kondo peak. As we stated in the introduction, this is
not expected a priori and it would be desirable to have a
physical explanation for this. We have extended the variational
approach of the Anderson model for the impurity spectral
density below the Fermi level explained in Ref. [1] to
include phonons. Performing perturbations at lowest order in
the electron-phonon interaction λ, we find a replica at the
expected position with relative intensity (λ/��)2. Basically,
annihilation of the dot electron in the perturbed ground state
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FIG. 4. Top panel: Comparison of the normalized differential
conductance, G(V = 0)/Gs and G(V ∼ ��/e)/Gs , as a function
of kBT /�� for the data in Figs. 2 and 3, respectively. Lower
panel: same comparison as in the top panel for �� = 5 meV,
�R + �L = 80 meV, Ed = −40 meV, λ = 12 meV. The adjustable
parameter from Eq. (1) is 19 ± 1 K in the case of G(V = 0)/Gs and
30 ± 1 K for G(V ∼ ��/e)/Gs .

leads in part (with an amplitude λ/��) to the same excited
states as in the ordinary Anderson model except for the fact that
they contain a phonon and thus their energy is shifted by ��

(in leading order). This simple approach works qualitatively in
the regime �� � kBTK . However for �� ≈ kBTK , the energy
denominators in a more refined perturbative treatment might
be near �� ± TK and depending on the particular energy of
the perturbed Kondo states, the amplitudes might be different,
distorting the side peaks.

In order to test the above physical picture, we study a
different regime in which �� is of the order of kBTK . For
simplicity, we use a reduced value of the vibration frequency
�� = 5 meV, changing the other parameters in order to
analyze different values of the ratio ��/kBTK . The top panel
of Fig. 4 displays a comparison of the normalized differential
conductance, G(V = 0)/Gs and G(V ∼ ��/e)/Gs , as a
function of kBT /�� for the data in Figs. 2 and 3, respectively.
As we already discussed, in this particular regime for which
��/kBTK = 11, the evolution with temperature of the zero-

bias peak and the satellite conductance peaks is the same. On
the other hand, the lower panel shows that the temperature
evolution is no longer the same in the case of ��/kBTK = 3.
Here we have used �� = 5 meV, �R + �L = 80 meV, Ed =
−40 meV, and λ = 12 meV. For this choice of parameters the
energy scale obtained from Eq. (1) is found to be 19 ± 1 K
in the case of G(V = 0)/Gs and it still represents the Kondo
temperature. In fact, this value agrees with the corresponding
one obtained from the FWHM of the zero bias anomaly.
However, the adjustable parameter extracted from a fitting
of the temperature dependence of the inelastic peak at positive
voltage G(V ∼ ��/e)/Gs is found to be 30 ± 1 K, near twice
larger than TK . We have verified that this deviation is always
present when kBTK approaches �� varying �� from 5 to
21 meV and also Ed from −40 to −90 meV. We cannot reach
the range for which ��/kBTK ∼ 1 due to the fact that larger
values of TK drive the system towards a mixed valence regime
for which there is no universal behavior of the conductance. A
possible way to avoid this limitation would be to use unrealistic
small values of the electron-phonon interaction λ.

V. SUMMARY

In conclusion, we have verified theoretically that the
empirical expression for the temperature dependence of the
conductance given by Eq. (1) still works to extract the Kondo
scale in transport measurements through molecules with active
phonon modes for temperatures kBT < ��. It is also able to re-
produce the temperature dependence of the out-of-equilibrium
conductance peaks at finite bias voltages of the order of |V | ∼
��/e with the same energy scale when kBTK 	 ��. These
side peaks are however broader than the central Kondo peak
due to inelastic effects. In cases for which kBTK ∼ ��, while
the same expression is able to fit the temperature dependence of
of G(V = 0) and G(|V | ∼ ��/e) the resulting energy scales
do not coincide with each other, which is an indication of differ-
ent functional dependence. As a concluding remark, we want
to stress here that the ratio ��/kBTK could be very different
depending on the experimental system due to the particular
frequencies of the vibration modes of the tested molecule
and also due to the couplings of the molecule to the metallic
contacts.
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ABSTRACT: Graphene layers are known to stack in two
stable configurations, namely, ABA or ABC stacking, with
drastically distinct electronic properties. Unlike the ABA
stacking, little has been done to experimentally investigate the
electronic properties of ABC graphene multilayers. Here, we
report on the first magneto optical study of a large ABC
domain in a graphene multilayer flake, with ABC sequences
exceeding 17 graphene sheets. ABC-stacked multilayers can be
fingerprinted with a characteristic electronic Raman scattering
response, which persists even at room temperatures. Tracing the magnetic field evolution of the inter Landau level excitations
from this domain gives strong evidence for the existence of a dispersionless electronic band near the Fermi level, characteristic of
such stacking. Our findings present a simple yet powerful approach to probe ABC stacking in graphene multilayer flakes, where
this highly degenerated band appears as an appealing candidate to host strongly correlated states.

KEYWORDS: Graphene, Raman spectroscopy, rhombohedral graphite, electronic Raman scattering, magnetic field

Tailoring the electronic and optical properties of layered
materials by controlling the layer orientation or their

stacking order is an important possibility offered by the physics
of two-dimensional systems. Graphene is the first isolated two-
dimensional crystal,1 and the properties of graphene stacks,
from mono- to multilayers (N-LG), have been intensively
investigated in the past decade.2 The thermodynamically stable
stacking of multilayer graphene is the Bernal stacking, where
the A sublattice in one layer comes right below the B sublattice
in the other layer.3 It was not until recently that experiments on
rhombohedral stacking, with an ABC layer sequence, have been
reported. ABC trilayer graphene, the simplest rhombohedral N-
LG, has been successfully isolated and presents a tunable band
gap4,5 as well as chiral quasi-particles as evidenced from their
unconventional quantum Hall effect.6−8

To our knowledge, there are yet no investigations of ABC
graphene multilayers thicker than 6 layers. This is mainly
because of the low abundance of this stacking in real samples
(∼15%9) and because the two different stackings coexist within
the same flakes, as revealed by recent optical and near field
microscopy studies.10−14 Hence, tracing the evolution of the
electronic properties of ABC-stacked multilayers, when
increasing the number of layers, remains challenging. One
intriguing predictions about the electronic properties of ABC-
stacked multilayers is that they are expected to host surface
states (localized mainly on the top and bottom layers) with a
flat dispersion near the corners of the Brillouin zone, and bulk

states with a band gap. When increasing the number of ABC-
stacked layers, the extend of the flat dispersion of the low
energy bands increases, while the size of the bulk band gap
decreases.15,16

Notably, the surface states of ABC-stacked graphene
multilayers have been reported as topologically protected, due
to the symmetry of this material,16 and may thus resemble
those well-known surface states of 3D topological insula-
tors.17−20 Interestingly, due to weak spin−orbit interaction in
carbon-based systems, an even closer analogy is found with the
surface states of topological crystalline insulators.21 Never-
theless, in contrast to these two families of topological
insulators, the bulk band gap of ABC-stacked graphene
multilayers gradually closes with the increasing number of
atomic sheets and bulk rhombohedral graphite may behave as a
3D topologically protected semimetal.22 The expected high
degeneracy of the flat bands could lead to exotic electronic
ground states, such as magnetically ordered phases or surface
superconductivity.23−25 Experimental signatures of these flat
bands has been recently observed in scanning tunnelling
spectroscopy (STS) and angular-resolved photo emission
spectroscopy (ARPES) investigations of nanometer scale
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domains of ABC-stacked graphene multilayers (5 layers) grown
on 3C-SiC.26

In this Letter, we demonstrate, using Raman scattering
techniques, that ABC-stacked multilayers (N > 5) can be found
within exfoliated N-LG flakes. They have characteristic
signatures in their Raman scattering response, which allow for
their identification at room temperature. These signatures
include a change of the 2D band feature line shape,27 together
with an additional Raman scattering feature which we attribute
to electronic Raman scattering (ERS) across the band gap in
the bulk. ABC-stacked domains can thus be identified by
spatially mapping the Raman scattering response of different
flakes. Experiments performed with an applied magnetic field
(B) reveal two distinct series of electronic inter Landau level
excitations, involving the low energy flat bands, and the gapped
states, respectively. Experimental results are explained in the
frame of a tight binding (TB) model of the electronic band
structure of rhombohedral N-layer thin graphite layers.28,29

Model and Experiment. The seven-parameter TB model
developed by Slonczewski-Weiss and McClure30,31 for bulk
graphite can be simplified by only considering the two first
intra- and inter- nearest neighbors hopping parameters γ0 and
γ1, respectively (Figure 1e−h). The calculated low energy band
structure of ABC N-LG is shown in Figure 1a−c, for N = 3, 8,
and 15 layers. Two characteristic evolutions when increasing
the number of ABC-stacked layers arise from these calculations:
(i) the flat part of the low energy E0

± bands (red bands in Figure
1a−c) extends over a larger k-space region, and (ii) the energy
separation Eg between the E1

± (green bands in Figure 1a−c),
decreases and ultimately closes for rhombohedral graphite (see
Figure 1d).

A natural way of exploring electronic band structures of
solids is to apply a magnetic field in order to induce Landau
quantization and to trace the evolution of inter Landau level
excitations with a magneto-spectroscopy techniques, such as
magneto-Raman scattering spectroscopy. The evolution with
magnetic field of the four lowest in energy bands of a N = 15
ABC stacked sequence is presented in Figure 1i. One can note
that Landau levels are formed from the flat bands (red lines)
and that their energies grow nearly linearly with the magnetic
field, but starting from a finite onset magnetic field.4,5 For N =
15, the onset field is close to B∼ 3 T, as indicated by blue bar in
Figure 1i. As a consequence, inter-Landau level excitations
within the flat bands (red arrows), in the first approximation,
evolve linearly with the applied magnetic field, however with a
rather unusual extrapolated negative energy offset (see
Supporting Information). We anticipate that this will be the
magneto-Raman scattering signature of electronic states with
such dispersion. Landau levels in the E1

+ and E1
− bands (green

lines in Figure 1i) also show a nontrivial evolution when
increasing the magnetic field. From ±γ1 eV at the K-point, their
energies first decrease (increase) with the magnetic field until
they reach ±Eg/2, respectively. For higher magnetic fields, their
energies increase (decrease) with a quasi linear evolution. Thus,
inter Landau level excitations involving these states (green
arrows) are expected to first decrease in energy down the gap
value, and then to grow in a linear way for higher magnetic
fields.
An optical photograph of the investigated flake is presented

in Figure 2a. The flake is produced from the mechanical
exfoliation of bulk graphite and transferred on a SiO2(90 nm)/
Si substrate patterned with holes in the oxide (see Methods).
The Raman scattering signal from the suspended parts is

Figure 1. (a−c) Electronic dispersions for N = 3, 8, 15 layers obtained from the low energy effective Hamiltonian, respectively. The dashed
horizontal red lines and the arrows indicate the energy gap. (d) Evolution of the energy gap as a function of the number of ABC-stacked layers. (e, f)
Schematics of the crystal structure of ABA and ABC N-LG. Open circles and black dots are carbon atoms of the A and B sublattices, respectively. (g,
h) Side views of the unit cells of ABA and of ABC N-LG. (i) Calculated dispersion of the 20 first Landau levels for the flat band (red) and for the
lowest energy bands in the bulk (green), as a function of B, for N = 15 ABC-stacked layers.
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enhanced due to an optical interference effect in the
substrate.12,32 The N-LG flake covers five different holes
labeled h0 to h4, where it is suspended. The flake has been
characterized by atomic force microscopy (AFM) measure-
ments which indicate a thickness of 15−17 layers (see
Supporting Information). Raman scattering spectra are then
measured at room temperature with 50× objective and a λ =
632.8 nm laser excitation, or at liquid helium temperature in a
solenoid using a homemade micromagneto-Raman scattering
(MMRS) spectroscopy setup with a λ ∼ 785 nm laser excitation
(see Methods). In both experiments, piezo stages are used to
move the sample with respect to the laser spot and to spatially
map the Raman scattering response of the flake, or to
investigate specific locations.
Experimental Results. Two characteristic Raman scatter-

ing spectra measured at h0 (black curve) and at h4 (orange
curve) are presented in Figure 2b. One can recognize on these
spectra the characteristic phonon response of sp2 carbon,
including the G band feature around ∼1580 cm−1, and the 2D

band feature observed around ∼2700 cm−1 when measured
with 632.8 nm excitation. If the spectrum measured at h0
corresponds to that of thin AB-stacked layers,33 the spectrum
measured at h4 is notably different, even though the thicknesses
of the layer at these two locations are similar: (i) the G band
energy at h4 is blue-shifted by 2−3 cm−1 with respect to that
measured at h0 (see Figure 2c), (ii) the 2D band line shape is
more complex with two additional contributions indicated by
arrows in Figure 2d, and (iii) an additional broad feature is
observed at h4 around 1805 cm−1 with a full width at half-
maximum (fwhm) of ∼180 cm−1 (see Figure 2e). These are the
three main Raman scattering signatures of ABC-stacked
graphene multilayers.
To study the homogeneity of the N-LG flake, we have

performed spatial mappings of the Raman scattering response
at room temperature, with 2 μm spatial steps. When scanning
the surface of the flake, it appears that the broad Raman
scattering feature is observed in a large domain and that its
central position can change from one location to another (see

Figure 2. (a) Optical microscope image of the measured flake deposited over a silicon substrate covered with 6 μm regularly spaced circular holes.
The freestanding parts are labeled h0 to h4. (b) Room temperature Raman scattering spectra from h0 (black line) and h4 (orange line). (c, d, e)
Zoom on details of b: G band, 2D band and on the two blue boxes depicting the low intensity spectrum, respectively. (f) Raman scattering spectra
measured at two random locations on the ABC-stacked domain (red and blue lines) and on the AB-stacked domain (black line). (g, h) False color
maps of the scattered intensity in the energy range within the 2D band feature boxed in d, and in the energy range boxed in e corresponding to the
ERS for a N = 15 ABC-stacked layers, respectively.
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Figure 2f). As will be clarified in the following by the magneto-
Raman scattering measurements, we interpret this feature as
arising from an electronic excitation between two E1

± bands of
the band structure of ABC N-LG. Similar to metallic carbon
nanotubes,34 to graphene35 and to bulk graphite,36,37 electronic
excitations do contribute to the B = 0 Raman scattering
response of ABC-stacked N-LG. The different locations on the
flake where this ERS signal is observed are presented in the
form of a false color spatial map in Figure 2h. The modified line
shape of the 2D band is also observed at different locations on
our flake, shown in Figure 2g. The correlation between these
two false color maps is a strong indication that the observation
of the ERS feature and of the modified 2D band line shape are
signatures of the same, ABC stacking. This flake is hence
composed of two distinct domains: the first is ABA-stacked and
is extending over h0, h1, and h2, while the other is ABC-
stacked, extending over h3 and h4. The energy of this ERS (i.e.,
the bulk band gap in Figure 1a−c) depends on the number of
ABC-stacked layers, and taking the extreme values of the ERS

energy from the measured Raman spectra all over the ABC
domain, we estimate the number of ABC-stacked graphene
layers to vary from ∼12 to ∼17 over the whole flake. This
feature is also observed at low temperature, as can be seen in
Figure 3a. An intrinsic, interaction induced, band gap has been
observed in the transport properties of ABC-stacked trilayer
graphene, with a magnitude ranging between 6 meV6 and 42
meV.38 In the present configuration, our optical experiment
only probes energies higher than 75 meV, and no effect of this
possible gap is observed. Would a band gap exist in our sample,
its magnitude would be lower than ∼40 meV, and its proper
description is beyond the scope of the present manuscript.
Characteristic MMRS spectra measured at h4 are presented

in Figure 3b, for different values of B. The central position of
the broad ERS feature increases with increasing magnetic field
and its intensity seems to vanish for B > 15 T. The fact that
magnetic fields can influence so much the energy and
amplitude of this feature is in line with an electronic origin
for this excitation. Above B > 5 T a series of sharp features,

Figure 3. (a) Low temperature Raman scattering spectra from the freestanding parts on the flake. The inset is a zoom on the boxed region. (b) Raw
Raman scattering spectra measured at h4 for different values of B, showing electronic excitations from the flat bands (red dashed line is guide for the
eye) and the evolution of the ERS (the colored zone is a guide for the eye). The gray vertical bars in b indicate residual contributions from the silicon
substrate, from the G band and from the 2D band features. (c, d) False color maps of the scattered intensity as a function of the magnetic field at h3
and h4, respectively. (e) False color map of the B-differentiated data presented in c. The arrows indicate splittings of the G band feature resulting
from the magneto-phonon resonance.
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dispersing with the magnetic field, appears in the Raman
scattering response. They have a symmetric line shape, in
contrast to electronic excitations observed in bulk graphite.36

The evolution of the Raman scattering response with
magnetic field, measured at h4 and h3, are presented in
Figures 3c−d, respectively, in the form of false color maps of
the scattered intensity. These two locations show a similar
response. The observed electronic excitation spectrum in
magnetic field is composed of a series of features linearly
dispersing with increasing magnetic field and of the ERS
observed at B = 0, that acquires a fine structure at finite B. The
linearly dispersing features, in line with magneto-Raman
scattering selection rules in graphene39 or in graphite,36 can
be attributed to symmetric (Δ|n| = 0, where n is the Landau
level index) inter Landau level excitations within the E0

±1 bands,
and they represent the strongest contribution to the electronic
Raman scattering spectrum in magnetic field. Optical-like
excitations (Δ|n| = ±1) are not directly seen, but they
effectively couple to the G band. They give rise to the
magneto-phonon resonance and to the associated anticrossings
when they are tuned in resonance with the G band energy.39,40

Such anticrossings are indicated by black arrows in the B-
differentiated color map of h4, presented in Figure 3e. The
detailed analysis of the magneto-phonon resonance in ABC N-
LG is beyond the scope of this paper. Of much weaker
intensity, Raman scattering features with an energy decreasing
when increasing the magnetic field are observed (red marked
regions in Figure 3c−d). These features are better seen in
Figure 3e that shows the B-differentiated false color map of h4.
They correspond to symmetric (Δ|n| = 0) inter Landau level
excitations within the lowest E1

±1 bands in the bulk. The energy
of such excitations first decreases with the magnetic field as

long as the Landau levels are confined in the cone of the
corresponding band structure at B = 0 (Figure 1c), and then,
when the inter Landau level energy spacing reaches the value of
the energy gap in the bulk, they merge with the broad ERS
feature.
The evolution of these two families of electronic excitations

with increasing magnetic field is grasped by our tight-binding
analysis. We first determined the central positions of the
different observed excitations using Lorentzian functions and
searched for the parameters entering the model to best describe
our data. From this modeling, we can determine the number of
layers to be N = 14 and 15 for h3 and h4, respectively (Figures
4a−b), while we set γ0 = 3.08 eV and γ1 = 0.39 eV, as observed
in bulk graphite.36,41−43 In a simple approach (see Supporting
Information), we calculated the electronic excitation spec-
trum39,44,45 and its evolution when applying a magnetic field.
These results are compared to the experimental evolution in
Figure 4c−d for h4. The model reproduces the main observed
features. In particular, the electronic excitation observed at B =
0 is reproduced and arises indeed from an inter band electronic
excitation that loses its spectral weight when the magnetic field
is increased, transforming into inter Landau level excitations
with their characteristic negative energy dispersion.

Conclusion. We report on the observation of electronic
excitations in N-LG system, which includes a large domain of
∼15 ABC-stacked layers. The analysis of its low energy
electronic excitations with magnetic field can be understood in
the frame of a tight-binding model with three parameters, the
number of ABC-stacked layers and the intra- and interlayer
nearest neighbors hopping integrals γ0 and γ1. Such stacking has
a unique signature in its Raman scattering response at B = 0, in
the form of a low energy electronic excitations across the band

Figure 4. (a−b) Evolution of the inter Landau level excitations as a function of the magnetic field (red circles and blue squares) together with the
corresponding calculated excitation spectra for locations h3 with N = 14 and h4 with N = 15, respectively. Experimental errors are smaller than the
symbol size. (c) False color map of scattered intensity at h4 as a function of the magnetic field (the scale is saturated to clearly see the smallest
features). (d) Calculated electronic excitation spectrum from both the flat bands and the gapped bands, as a function of the magnetic field.
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gap in the bulk. The ERS response is also observed at room
temperature. The central position of the ERS is related to the
number of ABC-stacked layers which can then be deduced
using simple Raman scattering spectroscopy. Our findings
underscore the rich physics hidden in graphene multilayers with
ABC stacking, namely, the existence of electronic bands with a
flat dispersion (diverging density of states) localized on the
surface, and of electronic states in the bulk with an energy gap
that depends on the number of layers. These results represent
an impetus for other studies targeting the highly correlated
surface states, which may lead to emergent exotic electronic
ground states on this system, such as magnetic order or
superconductivity.
Methods. The measured flake was obtained from the

mechanical exfoliation of natural graphite. It was then
transferred nondeterministically on top of a undoped SiO2(90
nm)/Si substrate on top of which an array of holes (∼6 μm
diameter) was etched by means of optical lithography
techniques. Room temperature Raman characterization is
performed on the flake, using a helium−neon laser source of
λ = 633 nm (i.e., E = 1.95 eV). To probe the Landau levels
dispersion in our ABC N-LG flake, we used an experimental
setup comprising a homemade micro-Raman probe that
operates at low temperatures and high magnetic fields. The
excitation source was provided by a solid state titanium-doped
sapphire laser. The excitation wavelength fixed at λ = 785 nm
(i.e., E = 1.58 eV) is brought to the sample by a 5 μm core
monomode optical fiber. The end of the Raman probe hosts a
miniaturized optical table comprising a set of filters and lenses
in order to clean and focalize the laser spot. A high numerical
aperture lens is used to focalize the laser light on the sample,
which is mounted on X−Y−Z piezo stages, allowing us to move
the sample relative to the laser spot with sub-micrometer
accuracy. The nonpolarized backscattered light is then injected
into a 50 μm multimode optical fiber coupled to a
monochromator equipped with a liquid nitrogen cooled charge
coupled device (CCD) array. The excitation laser power was
set to ∼1 mW and focused onto a ∼ 1 μm diameter spot. The
resulting intensity is sufficiently low to avoid significant laser-
induced heating and subsequent spectral shifts of the Raman
features. The probe is then placed in a resistive magnetic
equipped with a liquid He cryostat at 4 K. The evolution of the
Raman spectrum with magnetic field was then measured on the
freestanding parts by sweeping the values of the magnetic field.
Each spectra was recorded for a δB = 0.15 T in order to avoid
any significant broadening of the magnetic dependent features
line-widths. The details of the theoretical description of the LLs
and the magneto-Raman spectrum are given in the Supporting
Information.
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2 Centro Atómico Bariloche, 8400 San Carlos de Bariloche, Ŕıo Negro, Argentina
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Abstract. Flux-flow phenomena in a superconducting mesoscopic stripe submitted to an applied current
and external magnetic field is studied. The time-dependent Ginzburg-Landau equations are solved numer-
ically to obtain the electric and magnetic response of the system. It is shown that the I-V curves, for the
wider strips, present a universal behaviour. The dependence of the flux-flow resistivity on the magnetic field
and width allow us to propose a criterion characterizing, both, the macroscopic and mesoscopic regimes.
The power spectrum of the average voltage permits identifying the effect of surface currents in vortices
movement. Based on the maximum value of the power spectrum first harmonic we propose a geometric
condition for matching between the sample dimensions and the vortex lattice parameter.

1 Introduction

In a macroscopic superconductor the vortices arrange in a
triangular lattice also called Abrikosov lattice [1]. In this
lattice the most important interaction between vortices
is due to the magnetic repulsion between them. However
when the size of the superconductor decreases the inter-
action between the magnetic field of the vortices and the
screening currents should be take in account. Additionally
the usual boundary condition superconductor-vacuum al-
lows the creation of the surface superconductivity with
size of the coherence length. Boundary effects also mod-
ify the configuration of the vortex lattice. For example in
thin disks or disks with small radii the vortices arrange
themselves in rings [2–5]. When the radius of the disk is
increased, concentric shells appears but the inner shells
starts to resemble an Abrikosov lattice [6]. These vortex
configurations were also obtained in theoretical studies
using molecular-dynamics simulations [7]. The same con-
figurational behaviour is observed for other symmetries.
For example, theoretical and experimental results were
obtained for square [8] and triangular [9,10] samples show-
ing that the filling rules for vortices in these geometries,
with increasing applied magnetic field, can be formulated
in terms of formation of vortex shells. Even, in cases as
large mesoscopic triangles [11] and thin disks with finite
Λ [12] evidence of the influence of the symmetry in the
vortex configuration is present. The existence of bound-

a e-mail: pnslotero@hotmail.com

ary defects, the competition between the confinement ge-
ometry and the geometric position of the defects leads to
non-conventional vortex configurations which are distinct
from the sample geometry [13]. For stripes, the vortex
configuration is made of individual vortex rows parallel
to the surfaces resembling an Abrikosov lattice when the
width of the strip is increased [14,15]. In presence of an
applied current the Lorentz force between the current and
the magnetic flux of the lattice causes a continuous trans-
verse movement of the vortices. Early studies of vortex
matter in thin superconducting strips under an applied
current were focused in the vortex configurations and their
stability. The vortex configuration were obtained analyti-
cally and by numerical simulations of the time-dependent
Ginzburg-Landau equation [16]. For a mesoscopic strip
with an applied current the vortices interact with the vor-
tex lattice, the applied current and the screening currents.
For a small applied current the vortices are pinned by the
surface superconductivity but displaced from the center of
the strip to one of the edges. Vortex flow starts at some
finite current and the vortex structure is close to the tri-
angular lattice. With increasing current, it transforms to
a rowlike structure but keeping the triangular ordering.
By further increasing the current, the number of vortex
rows decreases and the number of vortices in the rows in-
creases [17]. The moving vortices create an excess of quasi-
particles behind themselves generating a wake of depleted
order parameter. These vortices with a very anisotropic
vortex core elongated in the direction of motion are called
kinematic vortices. Each new vortice entering is attracted
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and interconnected to the previous one, creating the row-
like structure [18]. In a finite-length superconducting thin
stripe with finite-size normal metal leads the moving vor-
tex lattice becomes rearranged by the external current and
fast and slow moving vortex channels are formed. Curved
vortex channels are observed near normal contacts [19].
I-V measurements on wide thin Nb strips as a function of
temperature and applied magnetic field show the intrinsic
flux flow electronic instabilities of vortex motion [20] pre-
dicted by the Larkin-Ovchinnikov theory. In a recent study
Grimaldi et al., using the I-V characteristics obtained
for the low pinning material Mo3Ge and, time dependent
Ginzburg-Landau simulations, proposed a general phase
diagram that includes all possible dynamic configurations
of the Abrikosov lattice in a mesoscopic superconductor
with large κ [21]. Finally the difference between the ra-
diation produced by a single vortex or vortex bundle and
a vortex lattice crossing a superconductor boundary were
studied. For a moving vortex lattice coherent electromag-
netic radiation should accompany the flux-flow state. The
spectrum of the radiation has discrete character and ex-
tends up to the superconducting gap [22].

In this work we study the properties of flux-flow state
in an infinite current-carrying superconducting strip for
several strip widths. Both, the transition from microscopic
to mesoscopic regime, in the presence of surface supercon-
ductivity, and the radiation spectrum as a function of the
strip width are discussed.

2 Model

Time-dependent Ginzburg-Landau theory

As a model system, we use a bulk superconductor which
is infinite in the z and x directions and is finite in the y
direction (width = W ). With this model we neglect the
possibility of curved vortices in the z direction and, there-
fore, our problem becomes two dimensional. Our numeri-
cal simulations are carried out using the time-dependent
Ginzburg-Landau (TDGL) equations. In the zero-electric
potential gauge we have [23]:

η
∂

∂t
Ψ = (∇ − iA)2Ψ + (1 − |Ψ |2)Ψ (1)

∂

∂t
A = Im[Ψ∗(∇ − iA)Ψ ] − κ2∇ × ∇ × A, (2)

where Ψ and A are the order parameter and vector po-
tential respectively. Equations (1) and (2) are in their di-
mensionless form. Lengths have been scaled in units of the
coherence length ξ, times in units of the Ginzburg-Landau
relaxation time t0 = h/16kB(Tc−T )η = ξ2/ηD, magnetic
field in units of the critical field Hc2, A in units of Hc2ξ, Ψ
in units of 4kBTcη

1/2/π(1−T/Tc)
1/2 and temperatures in

units of the critical temperature Tc. D is the electron dif-
fusion constant, kB and h are the Boltzmann and Planck
constants, respectively. η is equal to the ratio of the char-
acteristic time t0 for the relaxation of A and the time tGL

for the relaxation of Ψ : η = tGL/t0 = c2/(4πσnκ2D), with

tGL = ξ2/D, where σn is the quasiparticle conductivity.
For superconductors with magnetic impurities η = 12, in
our case we use η = 5.79 [24]. The electric field is in units
of E0 = �/e∗ξt0, voltages in units of �/e∗t0 and the cur-
rent density per unit length in the z-direction J in units
of �c2/4πe∗λ2ξ with λ the London penetration length. Pe-
riodic boundary conditions are applied in the x-direction:
Ψ(x) = Ψ(x + L) and A(x) = A(x + L), where L = 80ξ is
the period. The usual superconductor-vacuum boundary
conditions are applied in the y-direction

(∇y − iAy) |y=0,y=W = 0. (3)

The transport current is introduced via the boundary con-
dition for the vector potential in the y-direction, ∇ ×
A|z(y = 0, y = W ) = H ± Hind where H is the applied
magnetic field and Hind = 2πI/c is the magnetic field in-
duced by the current per unit length in the z-direction,
I. As the system voltage response is a time-dependent
variable, we averaged it over a finite time interval which
is taken to be larger than the period of the voltage varia-
tion. We solve the TDGL equations using a standard finite
difference discretization scheme [23]. We consider a rect-
angular mesh consisting of nx × ny cells, with mesh spac-
ings ax and ay. We use finite difference method based on
gauge-invariant link variables [25]. This numerical method
is defined by the finite unknowns of the method, Ψ , Ax,
and Ay, plus the equations relating these unknowns. In
what follows, we have solved the TDGL equations numer-
ically for a type II superconductor with κ = 2. We used
a spatial discretization of Δx = Δy = 0.5ξ and, in order
to make efficient calculations, we have chosen adequately
the time step. We also include a thermal random force
uncorrelated in space and time selected from a Gaussian
distribution with a zero mean. Its standard deviation σ is
given by

σ =

√
2π

η
ErΔt(T/Tc) (4)

where Δt is the time step and Er is the ratio of the thermal
energy to the free energy of a vortex (Er = 105) [23].

3 Results

For two different widths W = 10ξ and W = 66ξ and an ap-
plied magnetic field H = 0.425Hc2 we present the super-
conducting densities for some currents (Figs. 1 and 2) and
their current-voltage (J-E) characteristic, within the flux-
flow regime. At J = 0, vortices arrange in structures that
show the confinement effects for the small mesoscopic sam-
ple. In Figure 1a there is a single vortex row for W = 10ξ,
while in Figure 2a for W = 66ξ, there is a nearly triangu-
lar structure in the center of the sample, with increasing
defects when approaching the boundaries.

Applying a current smaller than a critical current Jc,
where Jc is the current for which the vortices start to
move, vortices enters into the sample and rearrange them-
selves in a new static structure with a higher vortex den-
sity. Above this critical current Jc, the vortex structure

72



Eur. Phys. J. B (2016) 89: 141 Page 3 of 6

Fig. 1. Snapshots of the order parameter in the flux-flow
regime for different values of the applied current, (a) J = 0,
(b) J > Jc, and W = 10ξ and H = 0.425Hc2.

Fig. 2. Snapshots of the order parameter in the flux-flow
regime for different values of the applied current within the
flux-flow regime, for (a) J = 0, (b) J = J1 > Jc, (c) J = J2,
with J2 > J1, and W = 66ξ and H = 0.425Hc2.

moves, and vortex motion helps to heal the lattice defects
due to confinement in a finite sample. In Figure 1b we can
see three rows of vortices flowing in a W = 10ξ sample
at a current J > Jc. In Figure 2b we see a nearly perfect
triangular vortex lattice flowing in a larger sample with
W = 66ξ. When increasing current, the effect of current-
induced magnetic fields becomes increasingly important,
inducing a gradient in vortex density, as it can be observed

Fig. 3. (a) Longitudinal electric field as function of the cur-
rent density with H = 0.425Hc2 and W = 8ξ. (b) Magnetic
induction as function of the current density. Inset: total E vs.
J curve.

Fig. 4. (a) Longitudinal electric field as function of the cur-
rent density with H = 0.425Hc2 and W = 51ξ. (b) Magnetic
induction as function of the current density. Inset: total E vs.
J curve.

in Figure 2c. This density gradient introduces defects in
the vortex lattice structure, which becomes important for
increasing current. The magnitude of the current induced
field is Bind ∝ J , being more important for large currents.

In Figures 3b and 4b we can see that the field B in-
creases with J in this regime. For a small sample (W = 8ξ)
(Fig. 3b) jumps in B correspond to structural rearrange-
ments after vortex entrance. On the other hand, large
samples (like W = 51ξ in Fig. 4b) the field B, the mag-
netic induction, increases smoothly with current. Thus,
the “ideal” flux flow regime of a triangular lattice moving
at constant speed can be found in a mesoscopic sample in
a narrow region above the critical current Jc but below
the current where the induced density gradient introduces
important distortions in the lattice. In the case of Fig-
ure 4, this corresponds to the range of currents where B
is nearly constant with J and E is nearly linear with J .

73



Page 4 of 6 Eur. Phys. J. B (2016) 89: 141

Fig. 5. J-E curve with H = 0.425Hc2. Upper panel for W <
20ξ and lower one for W > 20ξ.

In the case of very small samples, like in Figure 3, this flux
flow regime is never achieved, since the effect of current
induced fields is always relevant in this case.

3.1 I-V curves

J-E curves keeping fixed H = 0.425Hc2 and varying
widths are shown in Figure 5. The critical current Jc is
due to the nucleation of vortices at the edge of the sam-
ple when the edge magnetic field Hind = 2πI/c is of the
order of the field Hp needed to overcome the surface bar-
rier of the sample. Therefore, the critical current density
depends on W as Jc = Ic/W ∝ Hp/W . Then in Figure 5
we see that the J-E curves move to the left when increas-
ing W , since the critical current density decreases with W .
Assuming that in the flux flow regime E ≈ ρff (J − Jc),
when plotting E.W vs. J.W one should get a single linear
curve for the different widths W . We see in Figure 6b that
this linear scaling of the J-E curves is indeed obtained for
W > 20ξ. On the other hand, as shown in Figure 6a,
it is not possible to collapse the J-E curves for smaller
sizes. In Figure 7a we present the behaviour of the prod-
uct Jc.W ∝ Hp, as a function of the stripe width W for
several values of the applied field. It can be seen that for a
fixed field and for large W (W > 20ξ), Hp is independent
of width. On the other hand, for fixed W , Hp decreases
with increasing magnetic field. We also obtained the crit-
ical current density Jd values at which superconductiv-
ity disappears. As shown in Figure 7b, for fixed magnetic
field, Jd converges with increasing W , and also decreases
for increasing magnetic field, at fixed strip width. It is
necessary to recall that our model is valid only for small
values of the current although our results for Jd are con-
sistent with the expected ones.

Fig. 6. J.W -E.W curve with H = 0.425Hc2. Upper panel for
W < 20ξ and lower one for W > 20ξ.

Fig. 7. Critical currents for different values of W . (a) Critical
current density Jc for onset of voltage. (b) Current density for
onset of normal state Jd.

3.2 Flux-flow regime

The relation between E, the electric field, and the ap-
plied density current, J defines the flux-flow resistivity
ρff = E/J = BΦ0/(μc2), where Φ0 is the quantum of
magnetic flux and μ is the viscosity coefficient. We calcu-
lated dE/dJ for different fixed width and magnetic field.
For fixed width and magnetic field, the dE/dJ curves
present several plateaus associated to different vortex con-
figurations. The first plateau corresponds to the flux-flow
regime. The dE/dJ calculated in the flux-flow regime is
shown in Figure 8a. For smaller widths, in the flux-flow
regime, we observe oscillations in dE/dJ , while for larger
width dE/dJ becomes constant. By normalizing dE/dJ
by Bav, the averaged magnetic induction, one sees that
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Fig. 8. Flux flow slopes vs. W . (a) dE/dJ vs. W for different
H . (b) Flux flow slope normalized by Bav vs. W .

all curves with for W ≥ 20ξ collapse (Fig. 8b), as is ex-
pected for a macroscopic behaviour of the system[26].

3.3 Power spectrum and washboard frequency

As the number of vortices fluctuates due to incoming
and outgoing of the vortices, the average voltage presents
fluctuations. In this way, the average voltage, in the di-
rection of the applied current, depends on the vorticity
of the system and its profile has a sequence of periodic
pulses. These voltage pulses are related to the vortex mo-
tion. It is observed that a voltage pulse with a sharp
peak is generated when a vortex appears or disappears at
the boundaries [27,28]. Numerical simulations with simi-
lar results were reported previously describing these phe-
nomena as caused by the intense surface current which
gives rise to the effective strong force on vortices near the
boundaries [29]. As the vortex motion and the electric
field in the cores can be related to a time varying current
which is associated to a potential difference through the
a.c. Josephson effect in superconducting weak links [30],
we obtained profiles of the average voltage as function
of time for several widths for fixed applied magnetic and
electric fields H = 0.425Hc2 and Ex = 0.00548E0. For
these profiles we calculated the power spectrum (W = 18ξ
and W = 66ξ, Figs. 9a and 9b respectively). For the
wider stripe the time averaged voltage presents an har-
monic behaviour as a function of frequency, whereas for
the smaller one only the first and second harmonic can be
distinguished.

In Figure 10a we see that for W > 50ξ the first har-
monic frequency ω0 obtained from the power spectrum of
E(t), not presented, is independent of W . This shows that
for large samples it corresponds to a washboard frequency.
The washboard frequency for a perfect lattice moving at
constant speed v is given by ω0 = 2πv/a, where a is the
lattice constant and the speed v is given by v = E/B.
Therefore ω0 is size independent. On the other hand, the

Fig. 9. Power spectra, for H = 0.425Hc2 within the flux-flow
regime, fixed E = 0.00548E0 . (a) W = 18ξ. (b) W = 66ξ.

Fig. 10. Width dependence of the (a) washboard frequency
ω0 and (b) power at washboard frequency P = P (ω0), at fixed
E and H , for H = 0.425Hc2 and E = 0.00548E0 , within the
flux-flow regime.

size dependence of ω0 observed in Figure 10a for small
W is due to the fact that the time dependence of E(t)
is more affected by the entry and exit of vortices at the
sample edges. In Figure 10b it is shown the profile of the
power spectrum value at washboard frequency. Again we
observe two different behaviours depending of width. For
small systems there are fluctuations in the value of the
power spectrum maximum, while this feature is not ob-
served for the wider samples. We assume that this be-
haviour is produced by a geometrical pinning which comes
from the match between the width of the system and the
lattice constant of the vortex lattice.

4 Summary and conclusions

In the framework of the time-dependent Ginzburg-Landau
equations, we studied the flux-flow phenomena in a su-
perconducting mesoscopic stripe submitted to an applied
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current and external magnetic field, for several stripe
widths W . We showed that above a critical current Jc

the vortices move resembling a nearly perfect Abrikosov
moving lattice. The flux-flow regime occurs in a narrow
region between Jc and a current where an important dis-
tortion of the vortex structure is introduced. In this flux-
flow regime, for sizes W > 20ξ a linear scaling is obtained
when plotting E.W vs. J.W whereas for smaller sizes this
behaviour is not observed. Similar results are obtained
when the flux-flow resistivity ρff vs. W is plotted for sev-
eral applied magnetic fields. From these results, we ob-
tained a critical width that separate, both, the macro-
scopic and mesoscopic regimes. We also obtained, in the
flux-flow regime, profiles of the average voltage vs. time
for several widths and calculated their power spectrum.
We found that for large W , the first harmonic frequency
ω0 obtained is independent of W . For small W the power
spectrum is affected by the entry and exit of vortices at
the sample edges. Based in the fluctuations of the first
harmonic maximum we propose a geometric condition for
matching between the sample dimensions and the vortex
lattice parameter.
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3Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de Energı́a Atómica, 8400 Bariloche, Argentina
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The electronic structure of bilayer graphene under pressure develops very interesting features with an
enhancement of the trigonal warping and a splitting of the parabolic touching bands at the K point of the
reciprocal space into four Dirac cones, one at K and three along the T symmetry lines. As pressure is increased,
these cones separate in reciprocal space and in energy, breaking the electron-hole symmetry. Due to their energy
separation, their opposite Berry curvature can be observed in valley Hall effect experiments and in the structure
of the Landau levels. Based on the electronic structure obtained by density functional theory, we develop a low
energy Hamiltonian that describes the effects of pressure on measurable quantities such as the Hall conductivity
and the Landau levels of the system.

DOI: 10.1103/PhysRevB.93.235443

I. INTRODUCTION

Although the electronic structure of graphene has been
known for more than half a century, it was the pioneer
work of Novoselov and Geim in 2004 that triggered an
impressive scientific and technological activity in this two-
dimensional system [1]. Indeed the exceptional characteristics
of graphene were fully revealed only after its systematic
isolation, characterization, and the first studies of its unusual
mechanical, optical, and transport properties [2–10]. The band
structure [11,12] includes two points at the corners K and K′ of
the Brillouin zone (BZ) that engender the peculiar low energy
properties of the material. In fact, the low energy excitations
around these points—the Dirac points—are described by chiral
quasiparticles behaving as massless Dirac fermions leading to
a number of remarkable phenomena [3,10,13,14].

Bilayer graphene (BLG) in the Bernal stacking consists of
two graphene layers where only one of the two carbon atoms
of the unit cell of the top layer lies on top of an atom of
the bottom layer. The bilayer unit cell has four carbon atoms
leading to four π bands. Two of them touch each other at
the Dirac points, having a parabolic dispersion relation with
opposite curvature around it, which results in a zero band
gap semiconductor. This simple-looking band structure wraps
surprising properties that make BLG an exciting material from
the point of view of exploring new physics and because of its
potentials for technological applications.

The unique features emerging from the BLG electronic
structure are due to different properties of the material. On the
one hand, an electric field perpendicular to the layers generates
a tunable band gap [15–18], a required effect to engineer
carbon-based semiconducting devices. On the other hand,
from the topological point of view [19,20], the Bloch wave
functions of BLG present a rich behavior. Indeed by combining
these two properties, the detection of the predicted generation
of pure valley currents [21], or valley-Hall effect [22], has
been recently reported [23]. The topological properties are
determined by the Berry phase resulting from the winding

of the phase of the Bloch wave function along a close path
around the Dirac point [19,24–26]. The consequences of a
nontrivial Berry phase are diverse; in particular, the mentioned
valley-Hall effect results from the Berry curvature. In the
presence of an external magnetic field, the structure of the
Landau levels (LLs) with a twofold orbital degeneracy of
the topologically protected zero energy (n = 0) levels of each
valley is also due to the structure of the Berry phase.

Trigonal warping effects on BLG have also been extensively
studied [3,27–29]. They change the spectrum at low energies
qualitatively generating four Dirac cones with zero energy
around the K and K′ points of the BZ. This is however a very
small correction changing the spectrum in an energy range of
a few meV around the Dirac points. It has been shown that
distortions of the structure of BLG can be used to control
and enhance the splitting of the parabolic band-contact point
into the four cones that move away from the Dirac points
[30–32]. The way this splitting occurs is associated to
topological invariants that define the LLs spectrum in the
presence of an external magnetic field [33] unveiling the
richness of the electronic properties of BLG.

Here we present results for BLG under high pressure. We
show that pressures in the range of 10 to 100 GPa modify
in a substantial way the band structure around the Dirac
points with the corresponding change of the wave functions
and its topology. This is so because pressure changes the
interlayer distance increasing the coupling between layers. In
the resulting band structure, the two parabolic bands evolve to
generate four Dirac cones. One of them, with a marked trigonal
warping is centered at the K (K′) point and three elliptic cones
move away towards the � point. The new ingredient, which has
been overlooked in the past, is the breaking of the electron-hole
symmetry. The energy of the trigonal cone apex at K is smaller
than the energy of the apex of the three elliptical ones. This
difference can be of the order of 0.1 eV and the Fermi surface
of neutral BLG under pressure consists of small electron and
hole pockets. In such a case, a large enough electric field
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opens an indirect gap. In other words, pressure induces a
Lifshitz transition changing the nature of the Fermi surface
that, depending on doping, may include electron and hole
pockets, each one having a characteristic topological invariant
(winding number). Although the pressure needed to observe
these effects is rather high, this is still in the experimentally
accessible range as, for small samples, diamond anvil cells
can reach pressures [34] much higher than the ones used in the
present work.

We present the band structure and its evolution with
pressure as obtained with density functional theory (DFT).
In particular, we analyze in detail the effect of pressure around
the K and K′ points of the BZ and present a tight-binding model
that properly describes this effect. The microscopic parameters
are obtained by fitting the DFT bands. We show that while
the resulting electronic structure is topologically trivial, in the
presence of an electric field the bands acquire a Berry curvature
that leads to a nontrivial pressure dependent valley Hall effect.
We also present results for the LLs of BLG under pressure in
the presence of an external magnetic field. These effects can be
measured, adding to the rich behavior shown in BLG without
pressure [35]. It is worth mentioning that the interplay between
the effect of pressure and the many-body reconstruction of the
band [36] is an interesting subject (for the case of low pressure)
that is beyond the scope of this work.

II. DFT CALCULATIONS

We will assume the Bernal stacking for which the unit cell
has four carbon atoms, two in each plane. One of them is
directly on top of an atom in the other plane (labeled A1 and
B2 in Fig. 1), while the other two are on top of the hexagonal
hole of the other plane (labeled A2 and B1 in the figure). We
use DFT to determine the change of the atomic positions and
the corresponding band structure with pressure, assuming that
the effect of pressure is to reduce the distance between planes.
To test the validity of this approximation, we used a more
refined protocol considering that the isotropic pressure exerts
equal force on each atom. This procedure is implemented by
fixing the distance between atoms A1 and B2 and changing
symmetrically the position perpendicular to the layers of atoms
A2 and B1 (those opposed to the hexagon center on the other
layer) until the force on them becomes equal to the force on the
first pair. This procedure provides the structure corresponding
to a uniform stress. We found that the difference between the
results of this more refined procedure and those obtained using
the rigid plane configuration was less than 0.025Å at the largest
pressure considered, leading to a negligible effect on the band
structure. In what follows we present results from both proce-
dures indistinguishably. The conversion from plane separation
to pressure was determined from the forces on the atoms.

The DFT calculations were done using a plane wave basis
set as implemented in the VASP code [37–40] with an energy
cutoff of 450 eV. The core electrons were treated with a
frozen projector augmented waves (PAW) scheme [41,42].
The exchange and correlation functional was approximated
with a simplified generalized gradient approximation (GGA)
as parametrized by Perdew, Burke, and Ernzerhof (PBE)
[43,44]. Spin polarized calculations showed that in the range
of experimentally accessible pressures the system is nonmag-

FIG. 1. Top: atomic structure of bilayer graphene in the Bernal
stacking. Carbon atoms that are on top of each other are depicted
in blue, while those aligned with the hexagonal hole in the other
plane are depicted in green. Also shown in the figure are the hopping
parameters used in our tight binding model. Bottom: band structure
along the � → K → M path for two different pressures (12 and
96 GPa, thick light blue and thin red curves, respectively). There are
four bands around the Fermi level (horizontal dashed line); two bands
whose separation at K increases with increasing pressure and two
that overlap (see Fig. 2). The inset shows the high symmetry points
in Brillouin zone. The point T is the location of the Dirac points lying
along the �-K line, and therefore it varies with the pressure.

netic. Spin-orbit coupling was not included in these first runs.
Given that the distance between the planes was a controlled
parameter, not derived from total energy minimization, the
functional did not include van der Waals corrections.

Additional calculations were carried out to determine if
the Bernal stacking is still the most stable BLG arrangement
under pressure. We found that the Bernal stacking always
corresponds to the minimum energy configuration—we will
limit ourselves to this case from here on. However, it is worth
mentioning that a configuration with a lateral displacement
with two top atoms symmetrically placed on top of a hexagon
is very close in energy (�E = 15 meV/atom at 71 GPa).

The important changes in the electronic structure of the
bilayer under pressure occur in a very small region around the
K point, which imposes a challenge to the numerical sampling
of the Brillouin zone. A sampling of 300 × 300, that in many
cases would be enough to guarantee convergence in terms
of BZ integration, is not enough to produced a reasonable
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determination of the Fermi level in the bilayer under pressure.
To overcome this issue we used a nonuniform sampling with
the equivalent of a 3000 × 3000 sampling in the neighborhood
of the K point and a 300 × 300 grid in the rest of the BZ.

While it is ambiguous to determine the charge of a given
atom in a system, we can estimate it by calculating the differ-
ences in the charge inside a sphere centered in each atom. The
radius employed here was 0.86Å, in all cases smaller than the
interplane distance. Without any external pressure there is no
charge transfer between nonequivalent C atoms, but at 96 GPa
the A2 (B1) atom is 0.04e more charged than a B2 (A1) atom.

FIG. 2. Low energy band structure near the K point. Top: detail of
the four Dirac cones for a pressure of 96 GPa. Note that the energy of
the Dirac point K (the central cone) is different from the other three.
Bottom: band structure along the � → K path for different pressures
(indicated in the figure in GPa). The effect of the trigonal warping and
the electron-hole asymmetry increase as pressure is increased. The
dashed lines show the fitting with the tight binding model described
in Sec. III.

The band structure of BLG in the Bernal stacking is shown
in the bottom panel of Fig. 1 for the lowest and highest
pressures considered in this work. Around the K and K′ points
of the BZ, there are four low energy bands. At zero pressure,
two bands touch with a parabolic dispersion relation at the
Fermi level and two are separated by an energy proportional
to the interplane hopping matrix element (t⊥). As pressure is
increased, the latter two bands separate more and more from
the Fermi level, while the other two undergo a trigonal warping.

To display this trigonal warping in more detail, we plot
the band structure for increasing pressure in the bottom panel
of Fig. 2. With increasing pressure the parabolic dispersion
relation of the low energy bands becomes a set of four Dirac
cones [45], one that remains at K and three that shift in
reciprocal space along the T path of the BZ. The energy of
the Dirac points along the T lines increases with increasing
pressure with respect to the point at K, reaching a value
close to 100 meV at the highest pressure considered. A
three-dimensional view of the bands at this pressure is shown
in the top panel of Fig. 2.

The trigonal warping was mentioned before in tight binding
models of the BLG [3,46,47]. However, in all these models the
Dirac cones along T remain at the same energy as the cone at
K. As it is evident from the DFT results, with pressure there
are extra ingredients that are missing in these tight binding
representations. These important parameters are discussed in
the next section where we present our tight binding model.
The notable effect to be included is the electron hole symmetry
breaking that enables the possibility to observe the Dirac cone
splitting. Among its consequences are the charge transfer
between sublattices A and B as well as the unveiling of
interesting and measurable topological effects.

III. TIGHT BINDING MODEL

A tight-binding approximation for the four bands close
to the Fermi level of BLG has been discussed previously
in the literature [46,47]. While this simple model captures
all the physics near of K and T , a complete description of
the Brillouin zone is beyond the scope of this study. Since
we are only interested in the low-energy phenomena we will
use it now to describe the effect of pressure. As the latter
increases, we will see that the hopping integral t4 between
atoms A2 and A1 (see Fig. 1) plays an increasingly important
role: it is responsible for the electron-hole symmetry breaking
and consequent energy separation of the Dirac cones at T
with respect to the cone at K. This important effect has been
overlooked in the literature so far, mainly because the effect is
negligible at low pressure.

The four bands around the Fermi level, which derive
from the pz orbitals, are described by the Hamiltonian H =
H1 + H2 + H12 where the first terms describe the electronic
structure of the two graphene layers and the last one includes
the interplane coupling

Hi = −
∑
k,σ

(−1)i[(ε + V ) a
†
ikσ aikσ + (−ε + V ) b

†
ikσ bikσ ]

−
∑
k,σ

t[φ(k) a
†
ikσ bikσ + φ(k)∗ b

†
ikσ aikσ ], (1)
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with i = 1,2. Here, aikσ and bikσ destroy electrons with wave
vector k and spin σ in sublattices A and B of the ith plane,
respectively, ε is the energy due to the charge transfer between
the two sublattices on each plane, and we have included an
electric field perpendicular to the BLG plane described by V .
The matrix element t corresponds to the intraplane hopping
and

φ(k) = eiaky

[
1 + 2e−i 3a

2 ky cos

(
a
√

3

2
kx

)]
, (2)

with the carbon-carbon distance a = 1.42Å. The interplane
coupling is described by

H12 =
∑
k,σ

t⊥(a†
1kσ b2kσ + b

†
2kσ a1kσ )

+
∑
k,σ

t3(φ(k) b
†
1kσ a2kσ + φ(k)∗ a

†
2kσ b1kσ )

+
∑
k,σ

t4(φ(k)∗ a
†
1kσ a2kσ + φ(k) a

†
2,k,σ a1,k,σ )

+
∑
k,σ

t4(φ(k)∗ b
†
1kσ b2kσ + φ(k) b

†
2kσ b1kσ ). (3)

Hence, for each value of the wave number k, we have a 4 × 4
Hamiltonian Hk given by

Hk =

⎛
⎜⎝

ε + V tφ(k) t4φ
∗(k) t⊥

tφ∗(k) −ε + V t3φ(k) t4φ
∗(k)

t4φ(k) t3φ
∗(k) −ε − V tφ(k)

t⊥ t4φ(k) tφ∗(k) ε − V

⎞
⎟⎠, (4)

with eigenvectors [un
A1(k),un

B1(k),un
A2(k),un

B2(k)]T and eigen-
values En(k) with n = 1,2,3,4. This Hamiltonian, including
t4, has been written before [48] to study spin-orbit effects of
BLG at zero pressure.

The low energy excitations with crystal momentum around
the K and K′ points of the BZ can be described by an effective
two band Hamiltonian. The latter is obtained by eliminating the
bands that are shifted from the Fermi energy by t⊥. As pressure
increases t⊥ also increases improving the range of validity of
the approximation. Since we are interested in describing the
bands near the K point, we can measure k from K = 4π

3
√

3a
(1,0)

so that φ(k) � − 3a
2 (kx − iky) for k = |k| � |K |. In the base

of the A2 and B1 orbitals, the effective Hamiltonian takes the
form

H eff
k = e(k)I + h(k) · σ , (5)

where I is the unit matrix, σ = (σx,σy,σz) with σi are the Pauli
matrices,

e(k) =−ε + αk2, (6)

and h = (hx,hy,hz) with

hx(k) = −η kx + β
(
k2
x − k2

y

)
,

hy(k) = η ky + 2β kxky,

hz(k) = V. (7)

Here η = 3t3a/2 and α and β are functions of microscopic
parameters t, t⊥, t3, and t4. In the lowest order in V and ε we

TABLE I. Tight binding parameters for the effective two-band
model of Eq. (5) obtained by fitting the bands of the DFT calculations.
We include experimental values at normal pressure for comparison.

P (GPa) d (Å) α (eV Å
2
) β (eV Å

2
) η (eV Å)

∼0.1 16.81a 133.97a 0.00a

∼0.1 10.21b 102.33b 0.64b

∼0.1 10.53c 127.40c 0.21c

0.0 3.4 11.400 81.995 −0.510
11.6 3.0 10.895 49.815 −0.995
16.0 2.9 10.397 41.633 −1.114
21.9 2.8 9.950 36.236 −1.293
29.8 2.7 9.464 31.258 −1.470
40.1 2.6 8.917 26.922 −1.655
53.8 2.5 8.369 23.394 −1.866
71.9 2.4 7.796 20.375 −2.092
96.4 2.3 7.054 17.487 −2.324

aExperimental values from Ref. [49].
bExperimental values from Ref. [50].
cExperimental values from Ref. [51].

obtain

α = 9a2

2

t t4

t⊥
(8)

and

β = 9a2

4

t2 + t2
4

t⊥
. (9)

We have obtained the parameters of this effective two-band
Hamiltonian by fitting the bands of the DFT calculations in
the region around the K point. The results provided in Table I
are plotted in Fig. 3, to provide a direct way to grasp the
overall behavior of the effective Hamiltonian parameters with
pressure. The resulting tight-binding bands are compared with
the DFT-obtained bands in Fig. 2. Also in the table, we quote
the results of measurements of the band structure of the BLG at

FIG. 3. Tight-binding parameters as function of pressure. (Plus
signs) Values obtained by fitting the DFT-calculated bands along the
T line of the Brillouin zone close to the point K . (©) Experimental
values from Ref. [49]. (�) Experimental values from Ref. [50]. (♦)
Experimental values from Ref. [51].
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TABLE II. Tight binding parameters for the 4 × 4 Hamiltonian
of Eq. (4).

P (GPa) ε (eV) t (eV) t⊥ (eV) t3 (eV) t4 (eV)

0.0 0.004 2.77 0.32 −0.23 0.12
11.6 0.015 4.22 0.63 −0.46 0.27
16.0 0.020 4.50 0.74 −0.52 0.33
21.9 0.027 4.99 0.88 −0.60 0.40
29.8 0.037 5.45 1.04 −0.68 0.47
40.1 0.049 5.95 1.23 −0.77 0.55
53.8 0.066 6.55 1.46 −0.87 0.64
71.9 0.089 7.20 1.73 −0.97 0.72
96.4 0.121 7.92 2.07 −1.08 0.79

normal pressure; those values are similar to the ones obtained
from DFT (in this case, to get a reliable interlayer distance,
we calculate it by using a correlation functional that includes
van der Waals corrections [52]). We provide the tight-binding
parameters in Table II.

Given this effective Hamiltonian, we can obtain the location
of the four Dirac cones by finding the points in the BZ where
hx = hy = 0 (assuming V is the smallest energy scale). One
of the Dirac cones is always at k = (0,0) and the other three
are at k = T i with i = 1,2,3 and

T 1 =
(

η

β
,0

)
,

T 2 = η

β

(
−1

2
,

√
3

2

)
, (10)

T 3 = η

β

(
−1

2
,−

√
3

2

)
.

By linearizing the effective Hamiltonian H eff
k for a small

separation q from these points we reveal the band structure
at these Dirac cones and obtain expressions that facilitate the
evaluation of its topological properties and their consequences.
Around k = (0,0) (K point) we then have

hx(q) � −ηqx, hy(q) � ηqy, e(q) � −ε, (11)

which gives the following eigenenergies:

E±
K (q) = −ε ±

√
V 2 + η2

(
q2

x + q2
y

)
. (12)

Similarly, around T 1 we find that

hx(T 1 + q) � ηqx,

hy(T 1 + q) � 3ηqy, (13)

e(T 1 + q) � −ε + α
η2

β2
+ 2α

η

β
qx,

and the corresponding eigenenergies

E±
T 1

(q) = −ε + α
η2

β2
+ 2α

η

β
qx ±

√
V 2 + η2

(
q2

x + 9q2
y

)
.

(14)

Expressions for T 2 and T 3 are similar and can be obtained by
symmetry considerations or by direct calculation.

FIG. 4. (E,P) plane with the four lines defining regions with
different topology of the Fermi lines; in each region the form of
constant energy curves are shown, blue and red lines indicating
the portions corresponding the valence and conduction bands,
respectively.

It is clear from Fig. 2 that there are four characteristic
energies that define the low energy band structure (taking
V = 0): E±

K (0) = −ε, corresponding to the apex of the Dirac
cone centered at K, the energy E±

T 1
(0) of the apex of the cones

shifted from K, and the energies Esv and Esc of the saddle
points (relative minimum and maximum) of the valence and
conduction bands, respectively. These four energies divide the
energy-pressure plane in five different regions (see Fig. 4). In
each of them the surface of constant energy consists of different
pieces with different topological properties. For neutral BLG,
the Fermi energy is larger than E±

K (0) and smaller than E±
T 1

(0)
and the 2D Fermi surface consists of an electron pocket
centered at K and three hole pockets centered at T 1 and its
symmetrically equivalent points. The same occurs around the
K′ point of the BZ.

Comparing the band energies at K and at T 1 we obtain

E±
T 1

(0) − E±
K (0) = α

η2

β2
∝ t4, (15)

which is proportional to t4. This lead us to an important point:
without including this term in the tight-binding model, the
trigonal warping does not separate the cones in energy and
leads to the wrong conclusion that their individual properties
would not manifest in transport or spectroscopic experiments.
This is not the case as we show in the following sections.

IV. BERRY CURVATURE AND VALLEY HALL EFFECT

Upon the application of pressure the low energy band
structure of BLG undergoes an interesting transformation. Two
parabolic bands touching at the K point of the Brillouin zone
with phase winding 2π transform into a set of four Dirac
cones, one with a winding number of π that remains at K and
three that separate along the T lines with a winding number of
−π ; this feature offers a unique possibility to study valley
polarization and the valley Hall effect [22]. In contrast to
the graphene case, this system only requires one to apply
a small electric field perpendicular to the bilayer to reveal
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this phenomena. In this section we will use our previously
developed tight-binding model to evaluate the Berry curvature
of the bands and the transverse conductivity as a function of
pressure. We will conclude this section showing characteristic
signatures of this effect accessible by experiments.

With the four band Hamiltonian of Eq. (4), the Berry
curvature of the nth band is given by

�n
z = 2 Im

∑
n′ �=n

〈n| ∂Hk
∂kx

|n′〉〈n′| ∂Hk
∂ky

|n〉
(En(k) − En′(k))2 . (16)

This expression, however, requires a simple but nonetheless
unnecessary numerical work. Since the Berry curvature is
concentrated around the location of the Dirac cones, we can
use the two band approximation of Eqs. (5), (6), and (7)
to calculate the Berry curvature of these bands [53]. In this
case [19]

�±
z = ∓ 1

2h3
h · ∂kx

h × ∂ky
h, (17)

where h3 = (h2
x + h2

y + h2
z)

3/2
. This finally gives

�±
z = ∓V [4β2k2 − η2]

2
[
β2k4 + ηk2 + 2ηβkx

(
2k2

y − k2
x

) + V 2
]3/2 , (18)

where k2 = k2
x + k2

y . The intrinsic contribution to the anoma-
lous Hall effect is given by [24]

σxy = e2

�

∫
dk

(2π )2

∑
s=±

f (Es(k))�s
z(k), (19)

given that the curvature is a very localized function in the
vicinity of the K and T points and decays very fast away from
them. It is very accurate to replace the integral over the entire
Brillouin zone by the contribution around each Dirac cone.
The conductivity can be calculated as

σxy = σK +
3∑

i=1

σT i
= σK + 3σT 1 , (20)

where we have used the symmetry of the three T i points and
have defined

σK = e2

�

∫
dq

(2π )2

∑
s=±

f
(
Es

K (q)
)
�s

z(q) (21)

and

σT 1 = e2

�

∫
dq

(2π )2

∑
s=±

f
(
Es

T 1
(q)

)
�s

z(T 1 + q). (22)

The integration around the K point can be done analytically
at zero temperature using the approximation [obtained from
Eq. (18)]

�±
z (q) � ± V η2

2(V 2 + η2q2)3/2
, (23)

so that its contribution to the conductivity results

σK =

⎧⎪⎪⎨
⎪⎪⎩

e2

2h
V

μ+ε
, μ < −ε − V,

− e2

2h
, −ε − V < μ < −ε + V,

− e2

2h
V

μ+ε
, μ > −ε + V,

(24)

where μ is the chemical potential. Around T 1 we can use that

�z±(T 1 + q) � ∓ 3V η2

2
(
V 2 + η2q2

x + 9η2q2
y

)3/2 . (25)

In this case, however, the presence of qx outside the square root
in the energy, Eq. (14), makes the integration rather difficult.
Nevertheless, the contribution to the conductivity from this
region of the BZ can be approximated as

σT 1 =

⎧⎪⎪⎨
⎪⎪⎩

− e2

2h
V

μ−E0
, μ < E0 − V,

e2

2h
, E0 − V < μ < E0 + V,

+ e2

2h
V

μ−E0
, μ > E0 + V,

(26)

where E0 = −ε + α
η2

β2 is the center of the band gap opened
by the perpendicular electric field.

We can now calculate the expected variation with applied
pressure of the total intrinsic contribution to the anomalous

FIG. 5. (Upper panel) Energy bands of the bilayer at different
pressures under the effect of an electric field perpendicular to
the bilayer equivalent to V = 0.005 eV. (Bottom panel) Intrinsic
contribution to the anomalous Hall conductivity as function of the
chemical potential for different applied pressures and the same
applied field.
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Hall conductivity as a function of the chemical potential as
shown in Fig. 5. In this figure we see that with increasing
pressure the contribution from the cones at the T i points
moves to higher energies and produces an anomalous Hall
conductivity that is three times larger, and of opposite sign,
than the contribution (observed at lower μ) produced by
the cone at K . Close to zero pressure, our approximations
are bound to be worst because the Dirac cones at T 1 are
closer to K . However, in this figure it is clear that the
anomalous conductivity as the pressure becomes smaller tends
the values for BLG at zero pressure [35]. This dramatic change
with pressure, made possible by the electron-hole symmetry
breaking, can have interesting applications as a very sensitive
pressure gauge. Apart from the already interesting phenomena
of the direct observation of a valley hole effect in BLG, it is
important to highlight that the signature of this effect will be
the ratio of 3 to 1 as the chemical potential swipes through the
gaps at K and T 1.

V. LANDAU LEVELS

The LLs in BLG have received much attention during the
past decade [54,55]. The simplest description in the absence
of electric fields predicts a spectrum with twofold zero energy
states (per spin) for each one of the Dirac cones at the K
and the K′ points of the BZ. The trigonal warping, given by
the parameter β (that preserves the electron-hole symmetry),
strongly modifies the spectrum at low fields. In fact, as we
showed in the previous sections, this perturbation modifies
the parabolic bands around the Dirac points leading to four
degenerate cones in each corner of the BZ. As a consequence,
for low magnetic fields the zero energy states at K (K′) have
a fourfold degeneracy (per spin). Pressure breaks electron-
hole symmetry shifting the energy of the cones and removes
some of the degeneracies of the low energy LLs. Moreover, as
we show below, all states have a field dependent energy. The
robustness of the zero energy LL characteristic of monolayer
and multilayer graphene is lost in the high pressure regime.

To calculate the Landau levels of BLG under pressure
we proceed as in Refs. [31,56]. In the continuous limit
and in the presence of an external magnetic field B the
canonical momentum p must be replaced by � = p + eA(r)
where A(r) is the vector potential describing a magnetic
field perpendicular to the graphene layers. We use units
such that � ≡ 1 ≡ c. The components of the gauge-invariant
momentum obey the commutation relation [x,y] = −i/ l2

B ,
where lB � 26nm/

√
B[T] is the magnetic length. This allows

us to introduce the harmonic oscillator operators â = λ−1−
and â† = λ−1+ with [â,â†] = 1, λ = (lB/

√
2)

−1
and where

± = x ± iy. In what follows we use the Landau gauge
A(r) = (0,Bx). Then, the effective two band Hamiltonian
takes the form

H =
( −ε + αλ2â†â −ηλâ + βλ2â†2

−ηλâ† + βλ2â2 −ε + αλ2ââ†

)
. (27)

As usual, in the base of Landau functions ψ(x,y) = eikyϕn(x)
the harmonic oscillator operator satisfies

â†ϕn = √
n + 1 ϕn+1,

âϕn = √
n ϕn−1. (28)

FIG. 6. Left and right panels correspond to the LLs spectrum
and the zero field band structure, respectively, for different values of
pressure: (a) 16 GPa; (b) 40 GPa; (c) 96 GPa.

The simplest model used in the literature to describe BLG
at room pressure [35] is recovered with α = η = 0 and the
charge transfer energy ε = 0. In this case the LLs spectrum
(not shown here) contains a zero energy doublet and states with
energies En

± = ±√
n(n − 1)�ωc with n � 2 and �ωc = βλ2.

The corresponding wave functions are

χ0 =
[
ϕ0

0

]
, χ1 =

[
ϕ1

0

]
, χn

± =
[

ϕn

±ϕn−2

]
. (29)

For small pressure the LLs energies are shifted by a first
order correction due to the α terms in Hamiltonian (27).
These corrections break the electron-hole symmetry and lift
the degeneracy of the zero energy modes. The first-order
corrected spectrum has E0 = 0, E1 = αλ2, and, for n �
2, En = ±√

n(n − 1)�ωc + (2n − 1)αλ2. This effect can be
observed in Fig. 6(a). Further second order corrections due to
the η and α terms were also evaluated. However, as the pressure
increases, perturbation theory is not enough to account for
the evolution of the LLs spectrum. The numerically obtained
spectrum for different pressures is shown in the left panels of
Fig. 6.

For high pressures and low energies (Esv < E < Esc)
we can get some insight into the structure of the LLs
spectrum by assuming the presence of four independent Dirac
cones, centered at the K and T i points. The corresponding
spectrum is given by EK ,n = EK ,0 ± C1

√
Bn and ET 1,n =

ET 1,0 ± C2

√
Bn, where C1 and C2 are constants. While the

structure of the so obtained LLs spectrum is similar to the
numerically obtained results, there are important differences
(see Fig. 7). First, in the numerical results, it is evident that
the energies of the n = 0 LL states of the four cones are no
longer field independent—quantum corrections for the low n

states are important even for small fields. In addition, there are
anticrossings that cannot be captured in a picture that treats
the cones independently. We also notice that as the energy of
the upper cone LLs approach the saddle point energy Esv, the
threefold degeneracy is lifted. These last effects are due to the
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FIG. 7. LLs spectrum obtained numerically for 96 GPa (continu-
ous black lines) and LLs spectrum corresponding to two independent
Dirac cones centered at K and T 1 (dashed red lines).

magnetic breakdown, i.e., Landau-Zener tunneling mixing the
states of the different cones.

A similar and more qualitative analysis can be done by
resorting to the Onsager’s semiclassical quantization rule [57].
This rule states that the area enclosed by orbits in k space are
quantized according to the following condition [33]:

A(Em) = 2πeB(m + γ ). (30)

Here Em is the energy of the orbit and γ is a constant
(0 � γ < 1) independent of the quantum number m. On-
sager’s semiclassical approach is well justified for large m

only. However, for the sake of comparison, we shall use it
without restriction, including the m = 0 states. Concerning
the quantization condition of Eq. (30) it was recently shown
that, in two band materials like the one under consideration,
the constant γ is given by the pseudospin winding number wC ,
which is 1/π times the Berry phase obtained along the close
orbit [33],

γ = 1

2
− |wC |

2
. (31)

After evaluating the areas as a function of the energy and
calculating the winding numbers corresponding to the different
constant energy close orbits, we invert Eq. (30) to obtain the
semiclassical spectrum. The comparison of the semiclassical
and the numerical results shown in Fig. 8 is quite good for not
too small values of n. The LLs corresponding to small n do not
follow Onsager’s rule. Moreover, the numerical results show
that all LLs have a field dependent energy showing that in the

FIG. 8. Comparison between LLs spectrum obtained numerically
(continuous black lines) and using Onsager’s quantization (dashed red
lines), see Eq. (30), under 72 GPa.

FIG. 9. Same as Fig. 6 but in the presence of a perpendicular
electric field V = 50 meV.

presence of the electron-hole symmetry breaking parameter α

the stability of the zero-modes LL is lost.
Finally, the LLs spectrum in the presence of a perpendicular

electric field V = 50 meV is shown in Fig. 9 for different
pressures. With the minimum interlayer coupling (t3 = t4 =
0), any electric field opens a gap and the LLs spectrum displays
such a gap with a set of LLs associated to the conduction
band, whose energies increase with increasing magnetic field,
separated from those corresponding to the valence band with
opposite slope. As the pressure increases the gap decreases
and for a given (electric field dependent) critical pressure the
gap closes as a consequence of the band crossing as discussed
in the previous section.

VI. SUMMARY AND CONCLUSIONS

We have shown that upon the application of pressure the
low energy band structure of BLG undergoes an interesting
transformation. Two parabolic bands touching at the K point
of the Brillouin zone with phase winding 2π transform into a
set of four Dirac cones, one with a winding number of π that
remains at K and three that separate along the T lines with a
winding number of −π . The most interesting discovery is that
the cones at T separate in energy from the cone at K generating
a Lifshitz transition visible by experiment. The study of the
electronic structure using DFT and the interpretation of the
results in terms of a tight-binding model show that the main
effects of pressure are the following. (i) An increase of the
direct A1B2 hopping integrals t⊥. As a result, two bands are
shifted away from the Dirac point improving the description
of the system in terms of an effective two band model. (ii) An
increase of the t3 and t4 hopping integrals. These parameters
modify the low energy band structure generating four Dirac
cones at the two corners of the BZ. An important effect is the
breaking of the electron-hole symmetry. (iii) A small charge
transfer between the two nonequivalent sites of each plane,
an effect that is not relevant when describing the low energy
bands in terms of a simple two band model.
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The resulting band structure is summarized in Fig. 4
where the energy-pressure plane is divided in five regions
with different constant energy surfaces. Our estimates of the
pressure dependence of the microscopic parameters are in good
agreement with the zero pressure extrapolation as obtained in
recent experimental works.

The evolution of the band structure with pressure can
be measured by means of different experimental techniques.
Although the small buckling of the graphene planes with
pressure does not produce a significant increase of the spin-
orbit coupling, valley Hall effect and the structure of the
Landau levels show important changes unveiling the pressure
induced Lifshitz transition.

We presented results of the Hall conductivity and show that
this quantity is very sensitive to the pressure and to the carrier
density. Variations in the Fermi level change the sign and the
magnitude of the valley Hall response that is increased by a
factor three as the carriers vary their origin from the single
Dirac cone at K to the triple degenerate Dirac cones at T . The
high sensitivity of this effect with pressure makes this structure
a potential source for the design of a device for the detection

of small pressure variations on two dimensional surfaces such
as screen devices and joints.

The LLs evolve from a simple structure at low pressures
to a rich spectrum at high pressures. The most notable effect
is the breaking of the electron-hole symmetry and the lack of
stability of the zero-LL modes, whereas all modes have a field
dependent energy.

ACKNOWLEDGMENTS

F.M. is supported by “Financiamiento Basal para Centros
Cientificos y Tecnologicos de Excelencia FB 0807” and
Fondecyt Grant No. 1150806. J.O.S. and C.A.B. are grateful
to the American Physical Society International Travel Grant
Awards Program that supported the visit of C.A.B. to Penn
State when this work was started. H.P.O.C., G.U., and C.A.B.
acknowledge financial support from PICTs 2013-1045 and
Bicentenario 2010-1060 from ANPCyT, PIP 11220110100832
from CONICET, and Grant No. 06/C415 from SeCyT-UNC.
G.U. acknowledges support from the ICTP associateship
program and the Simons Foundation.

[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang,
S. V. Dubonos, I. V. Grigorieva, and A. A. Firsov, Science 306,
666 (2004).

[2] Y. Zhang, Y.-W. Tan, H. L. Stormer, and P. Kim, Nature (London)
438, 201 (2005).

[3] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov,
and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).

[4] A. A. Balandin, S. Ghosh, W. Bao, I. Calizo, D. Teweldebrhan,
F. Miao, and C. N. Lau, Nano Lett. 8, 902 (2008).

[5] F. Bonaccorso, Z. Sun, T. Hasan, and A. C. Ferrari, Nat. Photon.
4, 611 (2010).

[6] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I.
Katsnelson, I. V. Grigorieva, S. V. Dubonos, and A. A. Firsov,
Nature (London) 438, 197 (2005).

[7] M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, Nat. Phys.
2, 620 (2006).

[8] K. S. Novoselov, Z. Jiang, Y. Zhang, S. V. Morozov, H. L.
Stormer, U. Zeitler, J. C. Maan, G. S. Boebinger, P. Kim, and
A. K. Geim, Science 315, 1379 (2007).

[9] A. K. Geim and A. H. MacDonald, Phys. Today 60(8), 35 (2007).
[10] S. Das Sarma, S. Adam, E. H. Hwang, and E. Rossi, Rev. Mod.

Phys. 83, 407 (2011).
[11] P. Wallace, Phys. Rev. 71, 622 (1947).
[12] B. Partoens and F. M. Peeters, Phys. Rev. B 74, 075404 (2006).
[13] C. W. J. Beenakker, Rev. Mod. Phys. 80, 1337 (2008).
[14] M. O. Goerbig, Rev. Mod. Phys. 83, 1193 (2011).
[15] E. V. Castro, K. S. Novoselov, S. V. Morozov, N. M. R. Peres,

J. M. B. L. dos Santos, J. Nilsson, F. Guinea, A. K. Geim, and
A. H. Castro Neto, Phys. Rev. Lett. 99, 216802 (2007).

[16] E. McCann, Phys. Rev. B 74, 161403 (2006).
[17] H. Min, B. Sahu, S. K. Banerjee, and A. H. MacDonald, Phys.

Rev. B 75, 155115 (2007).
[18] T. Taychatanapat and P. Jarillo-Herrero, Phys. Rev. Lett. 105,

166601 (2010).
[19] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).

[20] I. Martin, Y. M. Blanter, and A. F. Morpurgo, Phys. Rev. Lett.
100, 036804 (2008).

[21] A. Rycerz, J. Tworzydło, and C. W. J. Beenakker, Nat. Phys. 3,
172 (2007).

[22] D. Xiao, W. Yao, and Q. Niu, Phys. Rev. Lett. 99, 236809 (2007).
[23] M. Sui, G. Chen, L. Ma, W.-Y. Shan, D. Tian, K. Watanabe, T.

Taniguchi, X. Jin, W. Yao, D. Xiao, and Y. Zhang, Nat. Phys.
11, 1027 (2015).

[24] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010).

[25] Y. Ando, J. Phys. Soc. Jpn. 82, 102001 (2013).
[26] Y. Ren, Z. Qiao, and Q. Niu, Rep. Prog. Phys. 79, 066501 (2016).
[27] K. Kechedzhi, V. I. Fal’ko, E. McCann, and B. L. Altshuler,

Phys. Rev. Lett. 98, 176806 (2007).
[28] J. Cserti, A. Csordás, and G. Dávid, Phys. Rev. Lett. 99, 066802
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Recent studies have focused on laser-induced gaps in graphene which have been shown to have a topological
origin, thereby hosting robust states at the sample edges. While the focus has remained mainly on these topological
chiral edge states, the Floquet bound states around defects lack a detailed study. In this paper we present such
a study covering large defects of different shape and also vacancy-like defects and adatoms at the dynamical
gap at ��/2 (�� being the photon energy). Our results, based on analytical calculations as well as numerics
for full tight-binding models, show that the bound states are chiral and appear in a number which grows with
the defect size. Furthermore, while the bound states exist regardless of the type of the defect’s edge termination
(zigzag, armchair, mixed), the spectrum is strongly dependent on it. In the case of top adatoms, the bound state
quasienergies depend on the adatoms energy. The appearance of such bound states might open the door to the
presence of topological effects on the bulk transport properties of dirty graphene.

DOI: 10.1103/PhysRevB.93.245434

I. INTRODUCTION

Driving a material out of equilibrium offers interesting
paths to alter and tune its electrical response. A prominent
example is the generation of light-induced topological prop-
erties [1–3], e.g., illuminating a material such as graphene
to transform it into a Floquet topological insulator (FTI).
Very much as with ordinary topological insulators (TIs) [4–7],
FTIs have a gap in their bulk (quasi)energy spectrum—
being then a bulk insulator—and their Floquet-Bloch bands
are characterized by nontrivial topological invariants [3,8,9].
In addition, and despite some important differences with
TIs [8,10], FTIs show a bulk-boundary correspondence and
hence host chiral/helical states at the sample boundaries.

The emergence of such nonequilibrium properties has been
intensively investigated in recent years in a variety of systems
including graphene [11–19] and other 2D materials [20,21],
normal insulators [2,22], coupled Rashba wires [23], photonic
crystals [24], cold atoms in optical lattices [25–31], topological
insulators [32–36], and also classical systems [37]. The
research interest has focused on many different aspects of the
problem such as the characterization of the edge states [16,17],
different signatures in magnetization and tunneling [38,39],
the proper invariants entering the bulk-boundary correspon-
dence [8,10,19,40], their statistical properties [41,42], the role
of interactions and dissipation [41,43–46], and the associated
two-terminal [47,48] and multiterminal (Hall) conductance
both in the scattering [49] and decoherence regimes [45]. So
far, however, the experimental confirmation of the presence
of such edge states has only been achieved in photonic
crystals [24]. Nonetheless, in condensed matter systems the
Floquet-induced gaps have already been observed at the
surface of a topological insulator (Bi2Se3) by using time and
angle resolved photoemission spectroscopy (tr-ARPES) [33].
More recently, effective Floquet Hamiltonians were realized
in cold-matter systems [50].

Despite the intense research on FTIs, most of the studies
address pristine samples. Besides occurring naturally in any
sample, defects will also host Floquet bound states when
the sample is illuminated. If the defects are extended, the

presence of the associated Floquet bound states might allow
for new experiments probing them. This motivates our present
study. Specifically, taking laser-illuminated graphene as a
paradigmatic example of a FTI, we study Floquet bound
states around defects in the bulk of a sample. We show that
chiral states circulate around holes or multivacancy defects
of different shapes and lattice terminations (zigzag, armchair,
or mixed) such as the ones shown in Fig. 1. The properties
of these states (quasienergies and their scaling with the
system parameters, associated probability currents, etc.) are
characterized using both numerical simulations, by means of
a tight-binding model, and analytical approaches, by solving
the appropriate low-energy Dirac Hamiltonian in a reduced
Floquet space. Quite interestingly, these bound states persist
even in the limit of a single-vacancy defect. Furthermore,
bound states are found around adatoms that sit on top of a
C atom (such as H or F, for instance).

While the presence of Floquet bound states around vacancy-
like defects or adatoms might jeopardize the experimental
observation of laser-induced gaps, they could, on the other
hand, also open the route towards the observation of interesting
topological transport phenomena in dirty bulk samples by
changing localization or percolation properties, for instance.

The rest of the paper is organized as follows. First, we
introduce our low-energy model and the associated analytical
Floquet solutions (Sec. II). Several particular cases are pre-
sented in Sec. III, namely, large holes with zigzag or armchair
edge terminations, as well as defects consisting of regions
with a staggered potential. The chiral nature of the currents
associated with the bound states is discussed in Sec. IV. In
Sec. V we compare our solutions with numerical calculations
on a tight-binding model. The case of pointlike defects such
as vacancies or adatoms is presented in Sec. VI. We finally
conclude in Sec. VII.

II. THE LOW-ENERGY MODEL AND
THE FLOQUET SOLUTION

Let us consider an irradiated graphene sample with a
single defect. Since the bound states we want to describe
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FIG. 1. Scheme of irradiated graphene with different defects on
the graphene lattice: holes, adatoms, or regions with a staggering sub-
lattice potential. The arrows indicate the chirality of the probability
currents associated with the Floquet bound states around the defects.

are topological in origin [16,17,19], the specific form or
nature of the defect (see Fig. 1) is irrelevant for probing their
existence—though the details of the quasienergy spectrum and
the particular form of the wave functions will depend on it. To
simplify the discussion we will start by assuming that the
defect potential does not mix the different graphene valleys
(Dirac cones); this assumption will be relaxed when discussing
particular examples. Hence, the low-energy behavior around
both cones can be described by a Hamiltonian given by

Ĥ(t) = vF σ ·
(

p + e

c
A(t)

)
+ V (r), (1)

if we use the isotropic representation where the K and
K ′ cones are described by the wave functions ψK (r,t) =
{ψA(r,t),ψB(r,t)}T and ψK ′ (r,t) = {−ψ ′

B(r,t),ψ ′
A(r,t)}T, re-

spectively. Here vF � 106 m/s denotes the Fermi velocity, σ =
(σx,σy) represents the Pauli matrices describing the pseudospin
degree of freedom (sites A and B of the honeycomb lattice),
e is the absolute value of the electron charge, c is the speed
of light, and A(t) = Re{A0e

i�t } is the vector potential of the
electromagnetic field (a plane wave incident perpendicularly
to the graphene sheet). The associated electric field is then
E(t) = −(1/c)∂t A(t) so that |E| = E0 = (�/c)|A0|. It is
important to emphasize that while we will refer to graphene
from hereon, our results apply to any massless Dirac fermion
system described by Eq. (1).

Since for solving the time-dependent Schrödinger equation
we will take advantage of the Floquet formalism [51,52]
used to deal with time-dependent periodic Hamiltonians, it
is instructive to briefly introduce its basic ideas (for more
extensive general reviews we refer to Refs. [53] and [54]).
The Floquet theorem guarantees the existence of a set of
solutions of the form |ψα(t)〉 = exp(−iεαt/�)|φα(t)〉 where
|φα(t)〉 has the same time periodicity as the Hamiltonian,
|φα(t + T )〉 = |φα(t)〉 with T = 2π/� [51,53]. The Floquet
states |φα〉 are the solutions of the equation

ĤF |φα(t)〉 = εα|φα(t)〉, (2)

where ĤF = Ĥ − i�∂t is the Floquet Hamiltonian and εα the
quasienergy. Using the fact that the Floquet eigenfunctions
are periodic in time, it is customary to introduce an extended
R ⊗ T space (the Floquet or Sambe space [52]), where R is

the usual Hilbert space and T is the space of periodic functions
with period T . A convenient basis of R ⊗ T can be built from
the product of an arbitrary basis of R (the eigenfunctions
|an〉 of the time-independent part of the Hamiltonian, for
instance) and the set of orthonormal functions eim�t , with
m = 0,±1,±2, . . . , that span T . Then,

|φα(t)〉 =
∞∑

m=−∞

∣∣uα
m

〉
eim�t , (3)

or, in a vector notation in R ⊗ T ,

|φα〉 = {
. . . ,

∣∣uα
1

〉
,
∣∣uα

0

〉
,
∣∣uα

−1

〉
, . . .

}T
. (4)

Here, |uα
m〉 = ∑

n Bα
mn|an〉 are linear combinations of the basis

states of R. Written in this basis, ĤF is a time-independent
infinite-matrix operator with Floquet replicas shifted by a
diagonal term m�� and coupled by the radiation field with
the condition, for pure harmonic potentials, that 
m = ±1.

In the absence of any defect, the Floquet spectrum presents
dynamical gaps at different quasienergies [1,17,19]. Here, we
will focus on the gap, of order η��, that appears at ε ∼ ��/2
and look for bound states inside it. Since we will only consider
the limit η = vF eA0/c�� � 1, it is sufficient to restrict the
Floquet Hamiltonian to the m = 0 and m = 1 subspaces (or
replicas) for the analytical calculations; the numerical results
can retain a larger number (NFR) of replicas if necessary. As
discussed in Refs. [17] and [19], this restriction is enough to
get the main features of the energy dispersion and the Floquet
states when η � 1.

The reduced Floquet Hamiltonian describing states near
ε ∼ ��/2 then corresponds to

H̃F =

⎛
⎜⎜⎜⎝

�� vF p− 0 0

vF p+ �� vF e
c

A0 0

0 vF e
c

A0 0 vF p−
0 0 vF p+ 0

⎞
⎟⎟⎟⎠, (5)

with p± = px ± ipy = −i�(∂x ± i∂y). The Floquet wave
function has the form

φ(r) = {[u1A(r),u1B(r)],[u0A(r),u0B(r)]}T. (6)

It is straightforward to see that H̃F φ(r) = εφ(r) implies that

u1A(r) = − vF

�� − ε
p−u1B(r),

(7)
u0B(r) = vF

ε
p+u0A(r),

and hence only two functions, u0A(r) and u1B(r), have to be
found. These functions satisfy(

− v2
F

�� − ε
p2 + �� − ε

)
u1B(r) = −vF e

c
A0u0A(r),

(8)(
v2

F

ε
p2 − ε

)
u0A(r) = −vF e

c
A0u1B(r),

where p2 = p+p− = p−p+.
Because we are interested in describing the effect of

a defect—which breaks the translational invariance of the
systems—it is useful to change at this point to a polar
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coordinate system, r and ϕ, centered at it. In terms of these
variables we have

p± = −ie±iϕ�
(

∂r ± i
1

r
∂ϕ

)
,

p2 = −�2

(
∂2
r + 1

r
∂r + 1

r2
∂2
ϕ

)
. (9)

Similarly, as in the case of local defects in ordinary TIs [55,56],
the solutions of Eq. (8) can be written as u1B(r) = eilϕf (k0r)
and u0A(r) = eilϕg(k0r) with l an integer number. This follows
from the fact that [H̃F ,L] = 0, where

L =
(

−i�∂ϕ ⊗ σ0 + �
2
σz

)
⊗ τ0 + �

2
σ0 ⊗ τz (10)

and Lφ(r) = �l φ(r), where φ(r) is given by Eq. (6). In order
to proceed further we define the adimensional parameters

μ = ε

��/2
− 1, k0 = �

2vF

, ξ = k0r. (11)

With this notation, the equations for f (ξ ) and g(ξ ) become[(
∂2
ξ + 1

ξ
∂ξ − l2

ξ 2

)
+ (1 − μ)2

]
f (ξ ) = −2η(1 − μ) g(ξ ),

[(
∂2
ξ + 1

ξ
∂ξ − l2

ξ 2

)
+ (1 + μ)2

]
g(ξ ) = 2η(1 + μ) f (ξ ).

(12)

For quasienergies inside the bulk dynamical gap, the wave
function must decay far from the defect. Hence, let us look for
a solution of the form f (ξ ) = c Kl(λξ ) and g(ξ ) = d Kl(λξ ),
where Kl(x) is the modified Bessel function of the second kind
that satisfies(

∂2
ξ + 1

ξ
∂ξ − l2

ξ 2

)
Kl(λξ ) = λ2Kl(λξ ). (13)

Introducing this into Eqs. (12) we arrive at the following
condition for λ,

[λ2 + (1 − μ)2][λ2 + (1 + μ)2] = −4η2(1 − μ2), (14)

and the relation
c

d
= − 2η(1 − μ)

λ2 + (1 − μ)2
. (15)

The equation for λ has four solutions which are complex
conjugate in pairs. The two physical solutions correspond to
Re(λ) > 0 as this guarantees an exponential decay for large r .
Let us denote these two solutions as λ+ and λ− = λ∗

+,

λ± =
√

−1 − μ2 ± 2
√

−η2 + μ2(1 + η2). (16)

The region where Re(λ) > 0 corresponds to |μ| < η/
√

1 + η2,
that is, inside the bulk dynamical gap [17], 
 =
��η/

√
1 + η2. The other components of the Floquet wave

function can be readily obtained as

u1A(r) = iei(l−1)ϕ

1 − μ

(
∂ξ + l

ξ

)
f (ξ ) = iei(l−1)ϕ

1 − μ
f̃ (ξ ),

(17)

u0B(r) = − iei(l+1)ϕ

1 + μ

(
∂ξ − l

ξ

)
g(ξ ) = − iei(l+1)ϕ

1 + μ
g̃(ξ ),

which are straightforward to evaluate since (∂ξ ∓ l
ξ
)Kl(λξ ) =

−λKl±1(λξ ). It is worth to point out that 〈u1|u0〉 = 0 so that
φ(r,t) can be normalized for any time t in this approxima-
tion [17], which allows us to calculate not only time-averaged
quantities but also their time dependence explicitly.

To proceed any further we need to specify the defect
type, which allows the setting of the appropriate boundary
conditions. In the following we present a detailed discussion
for some particular but relevant cases.

III. BOUNDARY CONDITIONS

The boundary conditions (BCs) must guarantee that the
probability current perpendicular to the defect boundary
cancels out. Here, we shall consider only three types of BCs
that represent three generic cases and serve to illustrate the
overall picture: the zigzag-like BC (ZZBC), the armchair-like
BC (ABC), and the infinite-mass BC (IMBC) [57].

Since the BC needs to be satisfied at any time, in Floquet
space the boundary condition must be imposed on each replica
separately. Therefore, the boundary problem is analogous to
the static one and we shall follow Refs. [58] and [59] and use
a matrix M to introduce the appropriate relations between the
components of the A and B sublattices and the two Dirac cones
at the boundary for the three types of BCs [59,60].

An arbitrary BC can be written in the form

�(r = R(ϕ),ϕ) = M(ϕ)�(r = R(ϕ),ϕ), (18)

where R(ϕ) defines the shape of the defect and the matrix M
(in the isotropic representation) is given by

M(ϕ) = (ν̂ · τ ) ⊗ (n̂ · σ ). (19)

Here σ refers to the sublattice pseudospin and τ to the valley
(Dirac cones) isospin. The matrix M has all the information
about the shape of the boundary via the unit vector n̂. On the
other hand, the nature of the honeycomb lattice’s termination
is related to the unit vector ν̂, which rules whether the two
Dirac cones mix or not. Namely, for a defect with a straight
boundary [59],

ZZBC → ν̂ = ẑ,n̂ = ±ẑ,

ABC → ν̂ · ẑ = 0,n̂ = ẑ × n̂B, (20)

IMBC → ν̂ = ẑ,n̂ = ẑ × n̂B,

where n̂B is an unitary vector perpendicular to the defect
boundary and pointing inwards. From the above expressions
it is clear that while the armchair BC mixes cones, zigzag
and infinite-mass BCs do not. In the following we shall be
interested in the comparison between analytical and numerical
results for simple geometries, and so we will restrict ourselves
to handle only defects with regular polygonal shapes with N

sides. The general form of MN for such cases is given in
Appendix A.

While for the honeycomb lattice, defects with well-defined
terminations can only have N = 3 or N = 6, it is useful to
discuss the limiting case of a circular defect and then compare
with the numerics. For the ABC and IMBC this corresponds
to the limit N → ∞ while for the ZZBC care is needed to
account for the change of the sublattice character of the edge
atoms (n̂ = ±ẑ depending on the sublattice).
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A. Circular defect with zigzag boundary condition

The ZZBC does not mix valleys. This is valid for arbitrary
N ; i.e., MN is diagonal in the isospin subspace. Moreover,
it is also diagonal in the pseudospin subspace. However, it
is possible, as in the hexagonal geometry, that different sides
of the polygon terminate in sites corresponding to different
sublattices. This is represented by the n̂ = ±ẑ in Eq. (20),
where the sign changes from side to side, thereby making it
cumbersome to handle analytically. Hence, for the sake of
simplicity, we will consider a “fictitious” case where the ±
sign is ignored and later compare with the exact numerical
calculation. Hereon we will refer to it as the circular ZZBC
(cZZBC). This will help us to better grasp some aspects of the
problem.

For a circular defect (of radius R) the BC implies, say, that
u1B(|r| = R) = 0 and u0B(|r| = R) = 0; this corresponds to
a honeycomb lattice that ends on A sites. To satisfy it we need
to combine the two independent bulk solutions discussed in
Sec. II. That is,

fl(ξ ) = c+Kl(λ+ξ ) + c−Kl(λ−ξ ),
(21)

gl(ξ ) = d+Kl(λ+ξ ) + d−Kl(λ−ξ ),

where we have kept the previous notation. Then we have that

fl(ξ0) = 0, g̃l(ξ0) = 0, (22)

with ξ0 = k0R. This leads to the following relations between
coefficients: |c+| = |c−| and |d+| = |d−|. By introducing them
back into Eqs. (12) we obtain, for the K cone, the following
equation for the quasienergy (μ):

Im[β+λ+Kl(λ−ξ0)Kl+1(λ+ξ0)] = 0, (23)

with

β± = −λ2
± + (1 − μ)2

2η(1 − μ)
. (24)

The solutions (μl) to this equation form a discrete set of
quasienergies inside the bulk dynamical gap. Figure 2 shows
them as a function of ξ0 (throughout this work, we shall use
η = 0.15 and �� = 0.1 t in all numerical calculations). Notice

FIG. 2. Energy levels for η = 0.15 and l = 0, ±1, ±2, ... as a
function of the size of the defect. Solid and dashed lines correspond
to the different Dirac cones. In both cases, the thicker lines correspond
to l = 0 and energy levels with l > 0 (l < 0) emerge from the top
(bottom) of the dynamical gap.

that the symmetry between l > 0 and l < 0 is broken by the
radiation field.

The symmetry of the Floquet spectrum around the center of
the gap (μ = 0) is recovered when the complementary valley
(K ′ cone) is considered. For that, we recall that the solutions
for the K ′ cone can be obtained by relabeling the Floquet wave
function as φ′(r) = {[−u′

1B(r),u′
1A(r)],[−u′

0B(r),u′
0A(r)]}T

(see Appendix B). This results in an additional set of
quasienergies that can be obtained from the condition

Im[β−λ+Kl(λ−ξ0)Kl−1(λ+ξ0)] = 0. (25)

It can be shown that the latter set of quasienergies can be
obtained from Eq. (23) by exchanging (l,μ) → (−l,−μ),
which is precisely what is needed to recover the symmetry
around μ = 0.

It is interesting to consider, for a fixed l, the limit of
very large radii, ξ0  ξd = k0 �vF /
 =

√
1 + η2/2η, and

approximate Kl(λξ0) by its asymptotic expansion. By doing
so, Eqs. (23) and (25) lead to

μl = ±η2 + (l ± 1/2)η

ξ
+ O(ξ−2,η2), (26)

respectively. This result can be understood in terms of the
quasienergy dispersion of the edge states in irradiated semi-
infinite graphene sheets with a zigzag termination [17]. In
that case, it was shown that, close to the center of the gap,
the quasienergy dispersion can be approximated by εk =
��/2 ± ��η2/2 + �vF ηk. Our result for μl is then reflecting
the fact that the wave vector k along the defect’s edge must be
quantized,

kl = (l ± 1/2)

R
. (27)

It is worth mentioning that in this large-radii limit the Floquet
states have roughly the same weight on the two Floquet
replicas.

B. Infinite-mass boundary condition

The IMBC was introduced by Berry and Mondragon
in Ref. [57] to study confined Dirac particles (“neutrino
billiards”). It corresponds to adding a mass term to the Dirac
equation only in a given region of space (in our case the
defect) and take the limit of such a mass going to infinity.
While this could be thought as a local staggered potential in
the honeycomb lattice, it must be kept in mind that this is
only the case for a staggered potential much smaller than the
bandwidth; this is so because if the staggered potential is too
large it behaves like an effective hole (introducing intervalley
scattering depending on the geometry of the defect). The
latter limit was not a problem in Ref. [57], because they only
considered a single unbound massless Dirac particle.

Since the IMBC does not mix valleys either, we can treat
again both Dirac cones separately. We start by using the
circular geometry, which corresponds to the N → ∞ limit
of MN . For the IMBC M∞ is no longer diagonal in the
pseudospin subspace and thus the A and B components of the
wave function are not independent anymore. In fact, Eq. (18)
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FIG. 3. Energy levels for the case of IMBC. Parameters as in
Fig. 2. The solid (dashed) line corresponds to K (K ′) cone. There is
no solution with l = 0.

requires that [57]

ujB(R,ϕ)

ujA(R,ϕ)
= −ieiϕ,

u′
jB(R,ϕ)

u′
jA(R,ϕ)

= ie−iϕ, (28)

for the K and K ′ cone, respectively, where j = 0,1 is the
Floquet subspace index; notice that limN→∞ �N (ϕ) = ie−iϕ in
the definition of the MN matrix (see Appendix A). Following
the same procedure as in the previous section, and using the
same notation, these conditions imply that

(1 − μ) fl(ξ0) = ±f̃l(ξ0),
(29)

(1 + μ) gl(ξ0) = ±g̃l(ξ0),

while the equation for the quasienergies is given by

Im[(λ2
+ + (1 − μ)2){λ+Kl+1(λ+ξ0) ∓ (1 + μ)Kl(λ+ξ0)}

{λ−Kl−1(λ−ξ0) ∓ (1 − μ)Kl(λ−ξ0)}] = 0. (30)

Here the (−) and (+) signs correspond to the K and K ′
cone, respectively. It can be shown that the above expression
remains invariant under the change (μ,l) → (−μ, − l) for
each cone separately and, therefore, unlike the cZZBC, the
Floquet spectrum for the IMBC is symmetric around μ = 0 for
each cone. Using this symmetry of Eq. (30) it is straightforward
to verify that there is no solution for l = 0 (which necessarily
corresponds to μ = 0). The IMBC Floquet spectrum is shown
in Fig. 3 as a function of ξ0. Note that the two cones have a
completely different spectrum. This could be anticipated from
the fact that the presence of both the staggered potential and
the radiation field break the valley symmetry (cf. Fig. 5 below);
it is worth mentioning that the bulk Floquet gap at k = 0 can
even present a topological phase transition depending on the
relative magnitude of the mass term and the radiation field [61].

When defects are made of regular polygons, i.e., with
finite N , the MN matrix acquires a nontrivial structure as
a function of ϕ. Thus, the states whose quantum numbers l

differ in N are coupled, thereby leading to avoided crossings.
The equations for this case are rather cumbersome (some of
them are presented in Appendix A) but can be solved in a
perturbative fashion. Some examples are presented in Sec. V
in comparison with the numerical solutions of the tight-binding
model.

C. Armchair boundary condition

The ABC is analogous to the IMBC in the pseudospin
subspace, leading to similar quasienergy spectra. The differ-
ence between both boundary conditions relies on the isospin
subspace: while the ABC mixes cones, the IMBC does not.
Thus, the ABC exhibits additional avoided crossings between
modes belonging to different cones (see numerical results in
Sec. V). Because cones are mixed, they both need to be treated
together and hence the dimension of the Floquet space is
doubled. The analytical procedure is similar to the one
presented for the other BCs, whose details are beyond the
scope of the present work. We will then limit, for this case, to
discuss the numerical results in in Sec. V.

IV. PROBABILITY CURRENT DENSITY:
CHIRAL CURRENT

So far we have mainly analyzed the spectrum of the
Floquet bound states inside the dynamical gap (around ��/2)
for a circular defect. Now we focus on their chiral nature.
The velocity operator is given by v̂ = vF σ and hence the
time-averaged (over one period) probability current density
is

J(r) = vF φ†(r)σφ(r)

= (〈σr〉1 + 〈σr〉0) r̂ + (〈σϕ〉1 + 〈σϕ〉0)ϕ̂, (31)

where 〈σα〉j = {u∗
jA,l(r),u∗

jB,l(r)}σα{ujA,l(r),ujB,l(r)}T, j =
0,1 is the same as earlier, σr = σ · r̂ , and σϕ = σ · ϕ̂. Using
the solutions found in the previous section, it can be readily
shown that

〈σr〉1 = − 2

1 − μl

Im[fl(ξ )f̃ ∗
l (ξ )],

〈σr〉0 = − 2

1 + μl

Im[gl(ξ )g̃∗
l (ξ )],

〈σϕ〉1 = − 2

1 − μl

Re[fl(ξ )f̃ ∗
l (ξ )],

〈σϕ〉0 = − 2

1 + μl

Re[gl(ξ )g̃∗
l (ξ )]. (32)

Since λ+ = λ∗
−, one can easily check that Im[fl(ξ )f̃ ∗

l (ξ )] =
Im[gl(ξ )g̃∗

l (ξ )] = 0 so that the radial component of the current
density vanishes, as expected. Therefore, we have

J l(ξ ) = −2 vF

(
fl(ξ )f̃ ∗

l (ξ )

1 − μl

+ gl(ξ )g̃∗
l (ξ )

1 + μl

)
ϕ̂. (33)

Figure 4 shows the spatial dependence of both the probability
and the current density for the K and K ′ cones and for the
two different boundary conditions analyzed in Sec. III. The
curves correspond to a defect of R = 30 acc, i.e., ξ0 = 1,
with the parameters used throughout this work. We have
only retained the Floquet wave functions with |l| = 0,1,2,
whose corresponding quasienergies can be seen from Fig. 2
and Fig. 3 for ξ0 = 1. Due to the oscillating nature of the
Floquet wave functions both probability density functions and
current densities show relative maxima and minima (with the
same or different signs in the case of current densities) as a
function of ξ . Nevertheless, all of them decay exponentially
away from the edge of the defect. This is more evident for the
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FIG. 4. Probability (top) and current (bottom) densities as a
function of the radial coordinate ξ for two different boundary
conditions studied in Sec. III. Notice the log scale on the horizontal
axis. In all cases, the defect boundary is located at ξ0 = 1 (R =
30 acc). Probabilities and current densities with |l| > 3 are several
orders of magnitude smaller than those shown in the figure and were
omitted for clarity. In the case of the IMBC, curves with l and −l are
coincident (l > 0 are shown). The spatial range shown in the figure
corresponds to the distance from the center of the defect to the end
of the samples of graphene sheets used in Sec. V for the numerical
tight-binding calculations (500 × √

3 acc).

Floquet wave functions whose quasienergies are close to the
middle of the dynamical gap as in that case the decay length is
shorter. For quasienergies close to the edges of the dynamical
gap, the decay length becomes larger and larger and the ξ−1/2

power-law decay, characteristic of the Kl Bessel functions,
with purely imaginary argument becomes apparent. In these
latter cases, however, the current amplitude becomes several
orders of magnitude smaller than in the former (see Fig. 6). For
the cZZBC, Fig. 4 shows the equivalent roles that are played
by the K and K ′ cones under the change l ↔ −l, as explained
before in Sec. III A. Unlike the cZZBC, for the IMBC the K

and K ′ cones are inequivalent. In this case, as discussed in
Sec. III B, the change l ↔ −l leads to the same probability
and current densities for each cone separately.

The lack of equivalence between the K and K ′ cones for
defects with the IMBC is also present in systems other than
circular defects. For illustrating purposes, Fig. 5 shows the
k-dependent local density of states (LDOS) for a nanoribbon
with both cZZBC and IMBC, projected on the m = 0 Floquet
replica. Notice that, unlike the cZZBC, the IMBC presents an
asymmetry (at each edge) with respect to the middle of the
dynamical gap. The symmetry is broken by the presence of
the mass term at the edges and it is only globally recovered
when both edges are considered; this is so because for zigzag
nanoribbons, as considered here, the atoms at the two edges
belong to different sublattices.

FIG. 5. Dispersion relation of a nanoribbon of ∼106 atoms
width with zigzag (top row) and infinite-mass (down row) boundary
conditions obtained numerically by decimation procedures and a
tight-binding model. All parameters such as ��, η, and mass δ are
the same as used in Sec. V.

Even when the current density oscillates as it decays away
from the defect, the total current (current densities integrated
on r) for cZZBC has the same sign for all the bound states.
This is the signature of the chirality of the Floquet states
and their sign only depends on the sign of the helicity of
the circularly polarized radiation field. Figure 6 shows the
total currents for both cZZBC and IMBC as a function
of the quantum number l for defects with ξ0 = 1,5,10,20.
Unlike the cZZBC, the IMBC only presents chiral Floquet

FIG. 6. Total current as a function of the quantum number l

for different defect sizes (ξ0 = 1,5,10,20). Open (closed) symbols
correspond to Floquet states lying in the K (K ′) cone (lines are only
guides for the eye). A curve with a larger span on l corresponds
to a larger ξ0. The dotted black line in the top panel represents the
η/(1 + η2) value expected for the current of the Floquet edge state
in a semi-infinite irradiated graphene sheet with zigzag termination.
The inset shows how this limit is reached for l = 0 when the size of
the defect increases.
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states for the K cone. Analogously, Fig. 5 shows a similar
behavior for the nanoribbon with IMBC: while the K cone
presents two chiral states at each edge, the K ′ cone has none.

Finally, it is interesting to analyze the value of the total
current of a given bound state in the limit of a large defect. As
discussed in Sec. III A for large R the quasienergy dispersion
can be related to the one corresponding to a nanoribbon as
the boundary of the defect appears (locally) as a straight line
(i.e., when the radius is much larger than the decay length).
In that case the expected velocity for each bound states is v =
�−1∂εk/∂k � vF η, or more precisely v = vF η/(1 + η2) [17].
The inset of Fig. 6 shows the current in units of vF for Floquet
states with l = 0 (red points) as a function of the size of the de-
fects. The black dotted line represent the expected η/(1 + η2);
this is also indicated in the main figure. Clearly, there is good
agreement with the expected value. A similar behavior is
observed for states with different quantum number l as the
size of the defect increases.

V. COMPARISON WITH THE TIGHT-BINDING MODEL

In this section, we calculate the quasienergy spectra within
the dynamical gap numerically as a function of the size and
shape of the defect for all three types of boundary conditions
mentioned before, ZZBC, ABC, and IMBC, and compare with
the analytical results when possible.

In order to describe the electronic structure of irradiated
graphene sheets near the Fermi energy, we resort to the widely
used tight-binding Hamiltonian [62–64], which is written only
in terms of pz orbitals with energies εi for a given carbon
atom located at site i and hopping matrix elements γij be-
tween nearest-neighbor carbon atoms. In second-quantization
notation, this reads

H =
∑

i

εi c
†
i ci −

∑
〈i,j〉

(γij c
†
i cj + H.c.), (34)

where the operator c
†
i (ci) creates (annihilates) a pz electron

on site i. The effect of the laser is introduced through the time-
dependent phase of the hopping matrix elements [1,65,66],

γij = γ0 exp

(
i
2π

�0

∫ rj

r i

A(t) · d�

)
, (35)

where �0 is the magnetic flux quantum and γ0 ∼ 2.7 eV [67].
By using Floquet theory [54,68,69] as described before

one can compute the Floquet spectrum. Once again, one ends
up with a time-independent problem in an expanded space.
In this case one can picture it as tight-binding problem in
a multichannel system where each channel represents the
graphene sheet with different number of photons [51,66,70].
It is worth mentioning that in the tight-binding method the
time-dependent perturbation is never purely harmonic given
the exponential dependence of Eq. (35) on the radiation
field amplitude. Hence, there is a coupling among all the
replicas [66] and not just those with 
m = ±1. Nevertheless,
for η � 1, only the latter are relevant.

Because the problem in the Floquet space becomes time-
independent, one can use standard techniques to calculate the
quasienergy spectrum. In this case we used the Chebyshev
polynomial method [71] which provides an order-N method

of proven efficiency [72]. This allows us to tackle very large
system sizes so that our defect is far from the boundaries
and can be considered as a “bulk defect.” For simplicity we
only retained two Floquet replicas just like its theoretical
counterpart studied in Sec. II. This is a good approximation
whenever η � 1. The addition of more replicas would lead to
the development of a hierarchy of bound states in a similar
way as for edge states at the border of an irradiated graphene
sample [19].

Defects were introduced in graphene by defining geomet-
rical shapes—triangles, hexagons, and circles—and removing
all atoms inside it (for the ZZBC and ABC) as well as
any remaining dangling bonds. In the case of the IMBC, a
staggered potential was introduced only inside the defect—i.e.,
we added on-site energies (±δ) whose signs depend on the
sublattice index. In all calculations we used δ = γ0/2, which
is larger than ��/2 (taken to be ∼γ0/20) but not too large as
to become equivalent to a hole (δ → ∞ is equivalent to a hole
defect). Triangles and hexagons in arbitrary orientations lead to
edges with mixed zigzag and armchair terminations. However,
for specific orientations with respect to the C-C bonds, it
is possible to construct defects with only one termination
type; we will refer to them as zigzag/armchair triangular and
hexagonal defects. Circles, of course, are always a mixture of
different edge terminations and, as we will show, present some
special features. In all cases, the numerical calculations were
performed using graphene samples of 1000 × 1000 unit cells.

Figures 7 and 8 show a color map of the Floquet local
density of states (FLDOS) inside the bulk gap (projected onto
a few sites around the defect boundary, and on the m = 0
replica) as a function of the size of the defect for hole and
staggered potential defects, respectively. The shape of the
defect is indicated in the figures. Left panels correspond to
zigzag terminations and the right panels to the armchair ones.

FIG. 7. Color map of the Floquet local density of states (FLDOS)
projected on the m = 0 replica and onto sites located around the
boundary of the defects for different sizes of the defects, ξ̄0 = k0R̄

(see main text). Top and bottom panels show the case of triangular and
hexagonal holes, respectively, with zigzag (left) and armchair (right)
edge termination. The appearance of Floquet bound states inside the
bulk dynamical gap is apparent from the figure. The dashed lines in
the zigzag triangular case correspond to the analytical solution found
in Sec. III A for a “zigzag circle.”
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FIG. 8. Same as Fig. 7 but for the case of where a staggered
potential is included inside the defect region (IMBC). Dashed lines
on the bottom panels correspond to the analytical solutions calculated
for the IMBC hexagon as explained in the appendix. Notice that,
unlike the hole defects, the FLDOS for the IMBC does not depend
on the termination of the defects—except for the zigzag triangular
defect (see main text).

Dashed (black) lines correspond to the solutions obtained from
the continuum model (see discussion below). It is apparent
from the figures that discrete Floquet bound states do appear
inside the dynamical gap. Interestingly, in most cases, the
quasienergy spectrum resembles the ones obtained with the
analytical model proposed in Sec. II. This remains valid for
the triangular-shaped zigzag hole even when the analytical
solution relies on the circular symmetry of the defects. It
is worth mentioning that for a quantitative comparison an
effective radius is needed. In these cases we used R̄ =
1/(2π )

∫ 2π

0 R(ϕ) dϕ = R0a0,N (see Appendix C).
There are few points worth emphasizing:
(i) Avoided crossings are observed in most cases due to the

discrete rotational symmetry of the defect that introduces a ϕ

dependence on M, as well as of the boundary radius R(ϕ), as
discussed in Sec. III and Appendix C. These avoided crossings
occur whenever the quantum numbers of the crossing levels,
l and l′, differ in a multiple of the number of sides N . A few
particular examples are indicated in Fig. 8.

(ii) The latter picture is very particular in the case of the
zigzag triangular hole defect (top left in the Fig. 7). On the one
hand, the matrix M is independent of ϕ—note that n̂ = ẑ for
any ϕ as the edge site always belongs to the same sublattice
and the direction of ν̂ is fixed for each cone—and hence the
only dependence on ϕ appears through the boundary radius
R(ϕ). On the other hand, for each cone, the “unperturbed”
energy levels of the “zigzag circle” are never degenerated,
making the effect even weaker. As a result, the energy levels
are well described by assuming that there is no mixing between
states with different quantum number l. Notice also there is no
mixing between different cones or valleys.

(iii) The zigzag triangular defect with the staggered poten-
tial shows a shift in energy with respect to the IMBC solution.
This is related to the sublattice imbalance of the edge sites and
the fact that both sublattices have different energy inside the
defect (staggered potential). This effect is not observed for the
other geometries as they have balanced edges.

FIG. 9. Same as Fig. 7 but for a circular defect: (i) hole (top);
(ii) staggered potential (bottom).

(iv) The armchair hexagonal hole defect shows two distinct
contributions to the quasienergy spectrum: the one shown in
Fig. 7, which is very close to the analytical solution for the
IMBC [except for the anticrossings between energy levels
belonging to different cones that are only present in the
armchair case (black arrows)], and the one presented in Fig. 14,
which follow a completely different pattern. The two cases
differ in the way the atom chains that constitute each side
match at the vertices.

(v) The zigzag hexagonal hole defect presents a rather
complex spectrum quite different from the rest. This is related
to the strong mixing between states with different l imposed by
the BC that requires that alternating components of the wave
function cancel in alternating sides. A precise description of
this case is beyond the scope of the present work.

Finally, we show numerical results for circular defects in
Fig. 9. The top panel corresponds to a hole defect and the
bottom one to the staggered potential defect. Clearly, the latter
is very well described by the analytical solutions (dashed
black lines). Notice that no avoided crossings (if they exist)
are resolved in our numeric simulations, presumably because
they are very small since the actual geometry of the defect
is very close to a circle. The spectrum of the circular hole
defect is, as in the zigzag hexagonal one, very complex. Here,
however, a more regular pattern emerges for large R as the
quasienergies of the bound states are pretty much confined
to regions delimited by the analytical solution of the zigzag
circular defect (dashed lines).

One of the questions that remains is to what extent these
bound states survive in the limit of a vacancy defect or, more
generally, in the case of adatoms. This is particularly important
as the presence of bound states around such impurities
might hinder the ability to resolve the laser-induced gaps
in actual experiments or lead to percolating states in dirty
samples.

245434-8

94



FLOQUET BOUND STATES AROUND DEFECTS AND . . . PHYSICAL REVIEW B 93, 245434 (2016)

VI. THE ADATOM AND VACANCY DEFECTS

The continuum model presented in Sec. II is not adequate
for analyzing the vacancy limit. In fact, in the R → 0 limit for
zigzag holes (the appropriate one for a vacancy defect) one
finds that there are no solutions inside the gap. Of course, this
is not the correct approach as one should introduce a spatial
cutoff to account for the finite size of the defect. In this sense,
a tight-binding model approach is more convenient and allows
for its generalization to include the adatom case.

Since we focus on the bound states within the dynamical
gap at ��/2, it is enough to consider, as before, only two
Floquet replicas, m = 0 and m = 1. While for the numerical
calculations we will use the real-space version of the tight-
binding Hamiltonian presented in the previous section, for the
discussion of the main aspects of the problem it is better to
use a k-space representation. Then, the Floquet Hamiltonian
is written as

H̃F =
∑

k

��(a†
1ka1k + b

†
1kb1k)

− t
∑

k,m=0,1

(φk a
†
mkbmk + φ∗

k b
†
mkamk)

+
∑

k

[Ak(a†
1kb0k + b

†
1ka0k) + A∗

k(b†
0ka1k + a

†
0kb1k)].

(36)

Here a
†
mk and b

†
mk create an electron on the Floquet replica m

on the Bloch state with momentum k on the sublattice A and
B, respectively, φk = ∑

δj
ej k·δj , where {δi} are the relative

coordinates of the three nearest neighbor A sites of a given B

site, t = γ0J0(z), and Ak = γ0J1(z)
∑

δj
eik·δj (δjx − iδjy)/acc

with Jn(x) the nth Bessel function of the first kind and z =
2πA0acc/�0 [66].

We describe the adatom impurity with a single orbital of
energy ε bounded to the C atom at the origin. The Hamiltonian
of the impurity in the Floquet representation is

Himp = ε f
†
0 f0 + (ε + ��)f †

1 f1, (37)

and the hybridization term is

Hhyb =
∑

k,m=0,1

V [f †
mamk + a

†
mkfm]. (38)

Note that the the coupling matrix element V does not
depend on the radiation field as we are considering normal
incidence, hence the phase factor appearing in Eq. (35) is
zero. The vacancy limit can be obtained from here by taking
V → ∞.

We define the Green’s function matrix G with elements
given by Gij = 〈〈fi,f

†
j 〉〉. Using the Dyson equation it can be

written as

G(ω)=
(
ω − �� − ε − V 2G11(ω) −V 2G10(ω)

−V 2G01(ω) ω − ε − V 2G00(ω)

)−1

,

(39)

where Gnm(ω) = ∑
k Gnm(ω,k) and Gnm(ω,k) =

〈〈ank,a
†
mk〉〉. Explicit expressions for the latter propagators

are

G00(ω,k)

= ω(ω−��)[ω(ω−��)2 − ω|φk|2 − (ω−��)|Ak|2]

D(ω,k)

(40)

and

G01(ω,k) = ω(ω − ��)[(ω − ��)φk + ωφ∗
k]A∗

k

D(ω,k)
, (41)

with

D(ω,k) = [(ω2 − |φk|2)(ω − ��) − ω|Ak|2]

× [((ω − ��)2 − |φk|2)ω − (ω − ��)|Ak|2]

− [(ω − ��)φk + ωφ∗
k][ωφk+(ω−��)φ∗

k]|Ak|2.
(42)

The propagator G11(ω,k) can be obtained from G00(ω,k) by
the substitution ω ↔ (ω − ��) while Gr

10(ω,k) = Ga
01(ω,k)∗

where r and a denote retarded and advanced, respectively.
The energies of the bound states (if they exist) are

determined by the poles of the trace of Eq. (39). This can
be found numerically (as it is done below) but to grasp the
main physical ingredients it is better to analyze the problem
perturbatively. The imaginary part of the retarded self-energy
V 2Gr

00(ω) is proportional to the LDOS of the irradiated
pristine graphene projected onto the m = 0 Floquet subspace
and has a dynamical gap centered at ��/2. Its real part,
on the other hand, is nonzero inside the gap and diverges
at the gap edges with different signs on each edge. As a
consequence, to the lowest order in the impurity hybridization,
the impurity spectral density (∝ −Im[Gr

00(ω)]) has always
a pole within the dynamical gap with an energy given by
ω − ε − V 2Gr

00(ω) = 0. Assuming, for the sake of argument,
that ε = 0, it is easy to see that in the same order and in the
m = 1 Floquet subspace there is a bound state symmetrically
positioned with respect to the gap center.

FIG. 10. Local retarded Green’s functions (Gnm) for the irradiated
pristine graphene corresponding to the Floquet subspaces m,n =
0,1. These calculations were obtained numerically by decimation
procedures, projecting onto only one C atom and using the same
parameters η and �� as earlier. The black arrows show the zeros
of G00 and G11, i.e., the quasienergies of the bound states for the
vacancy (see main text).
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FIG. 11. Floquet local density of states around the center of the
dynamical gap as a function of hybridization strength, projected on
the three first neighbors of the carbon atom at which the impurity
is adsorbed. Left and right panels correspond to projections onto
m = 0 and m = 1 Floquet subspaces, respectively. The bound states
inside the dynamical gap were obtained separately for adatoms with
single-orbital energies ε0 = 0, ε1 = ��/2, and ε2 = ��. At the right
of each panel we show the vacancy limit where both the adatom
and the C atom below it are removed (red and yellow atoms in the
inset).

These results are in fact exact since G01(ω) = G10(ω) = 0
within the dynamical gap; we checked this numerically (see
Fig. 10) but it can also be obtained from Eq. (41) in the
low-energy limit where φk(Ak,D(ω,k)) is odd (even) under
the change k → −k. Therefore, there are two bound states,
belonging to the m = 0 and m = 1 Floquet replicas, whose
energies are given by the zeros of ω − ε − V 2G00(ω) and
ω − ε − �� − V 2G11(ω), respectively.

Figure 11 shows a color map of the local Floquet spectral
density (corresponding to the three sites around the adatom)
calculated using the Chebyshev method, described in Sec. V, as
a function of the hybridization matrix element V for different
values of ε. We found that while the energies of the bound
states depend on the energy of the adatom, these states are
always present regardless of the size of the hybridization. The
symmetry between replicas is broken if ε �= 0 and it is only
recovered in the limit of very large hybridization where the
problem reduces to that of a vacancy. In this vacancy limit
(V → ∞), the position of the bound states is given by the
solution of Gr

00(ω) = 0 and Gr
11(ω) = 0 (indicated by the

arrows in Fig. 10), being the spectrum within the dynamical
gap symmetric with respect to the gap center.

Interestingly, when looking at the weight of each of these
states on the adatom and the three carbon atoms around it, one
finds that they belong to a single replica. This particular result
is a consequence of the fact that the coupling between the
adatom and the layer of graphene was considered unaffected
by the radiation field; see Fig. 11.

VII. CONCLUSIONS

In summary, we have presented a detailed study of the
Floquet bound states associated with defects in graphene
illuminated by a laser. In particular, we focus on the bound

states at the dynamical gap (��/2) using both analytical and
numerical techniques applied to different defect types.

On one hand we consider large holelike defects with
different terminations. In this case, we show how the number
of bound states increases with the defect radius and that the
spectrum depends on the shape and type of lattice termination.
In the case of cZZBC we proved analytically that in the
limit of large radii the discrete bound states can be seen
as nanoribbon-like chiral states [16,17] with a quantized
linear quasimomentum, as might have been anticipated. A
staggered-like potential (infinity-mass boundary conditions)
was also discussed with similar results, except that in this case
there is a clear distinction between the two Dirac cones, and
only one of them support chiral bound states. The chiral nature
of the states was corroborated by an explicit calculation of the
probability currents around the defect in the two analytical
cases we presented.

On the other hand, we also consider pointlike defects such
as vacancies and adatoms and show that they also exhibit
bound states around them. While the bound states’ spectrum
depends on the value of the adatoms’ orbital energy (ε) in the
large hybridization or vacancy limit, it remains close to the
bottom (top) border of the gap in the m = 0 (m = 1) replica.

Following the argument presented in Ref. [19] one can
anticipate that additional bound states will also appear
inside the high-order gaps induced by high-order photon
processes. The contribution of such states to the spectral
density projected onto the m = 0 replica is parametrically
smaller provided η � 1.

For the case of graphene, as we have pointed out in previous
works (Refs. [11,16]), the most suitable laser frequencies
for the experimental observation of these effects are in the
mid-infrared range with photon energies of 100 meV and a
corresponding wavelength of about 10 microns. Hence, the
dynamical gap occurs near a Fermi energy of around 50 meV.
In this limit the long-wavelength limit is fully justified. Notice
in passing that our full tight-binding calculation is not subject
to any limitation in this respect, except by the fact that we
retain a few Floquet replicas (requiring large frequencies or
small amplitudes).

Notwithstanding the foregoing, our approach also works
for any quantum system described by an s-orbital honeycomb
lattice or, equivalently, a massless Dirac Fermion equation.
That means that a similar effect will be found in photonic or
cold-atom systems, where there are much richer experimental
possibilities in terms of the control parameters.

It remains a challenge for future work to evaluate the effect
of these bound states on the bulk transport properties of dirty
samples.
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(Argentina).

245434-10

96



FLOQUET BOUND STATES AROUND DEFECTS AND . . . PHYSICAL REVIEW B 93, 245434 (2016)

APPENDIX A: BOUNDARY CONDITIONS

As we already mentioned in Sec. III, an arbitrary BC can
be imposed by knowing the matrix M and its action on the
wave function evaluated at the boundary: � = M� [58]. It
can be demonstrated that boundary conditions are determined
by two unit vectors: ν̂ acting on the isospin (valleys) and n̂
acting on the pseudospin (sublattices) [59]. In the isotropic
representation M = (ν̂ · τ ) ⊗ (n̂ · σ ), where τ and σ are
the Pauli matrices belonging to the isospin and pseudospin
subspaces, respectively. In the following, we show the explicit
form of the matrix M for regular polygons, including the circle
as the limit case, and the three kinds of BCs considered in this
work.

For ZZBC and ABC/IMBC, n̂ = ±ẑ (the sign depends on
the sublattice termination) and n̂(ϕ) = ẑ × n̂B(ϕ), respectively
(see Fig. 12). In the latter expression, n̂B(ϕ) is the normal unit
vector located at the edges of the defects pointing outward
from the region of interest; for our purpose, this unit vector
points to the center of the defects. For simplicity, we introduce
the angle γp related to the pseudospin degree of freedom. Thus,
we can handle both types of boundary conditions at the same
time by writing

n̂(ϕ) = sin γp ẑ × n̂B(ϕ) + cos γp ẑ, (A1)

and chose γp = 0(π ) or γp = π/2 in order to select one or
another type of BC. It must be noted that while the z component
is exclusively related to the ZZBC, the xy components are
related to ABC and IMBC; the difference between the two
latter types of BCs resides in the isospin ν, i.e., in the details
of the lattice terminations. For a regular polygon with N sides,
the normal unit vector pointing inwards has the form

n̂B(ϕ) =
N∑

j=1

�̃j,N (ϕ){cos[αN (j − 1/2)]x̂

+ sin[αN (j − 1/2)] ŷ}, (A2)

where �̃j,N (ϕ) = �(ϕ − j αN ) − �(ϕ − (j − 1)αN ), αN =
2π/N , and �(ϕ) is the usual step function. Using Eqs. (A1)

FIG. 12. Unit vectors ν̂ and n̂ determine the boundary conditions.
Each one acts on distinct degrees of freedom: ν̂ acts on the isospin
(valleys) and n̂ acts on the pseudospin (sublattices). Unit vector n̂
depends on the number of sides N of the regular polygon via the
normal unit vector n̂B for ABC and IMBC and the alternating nature
of the sublattice terminations for ZZBC. This dependence also implies
a dependence with the polar angle ϕ. However, for a triangular defect
there is only one type of sublattice termination (all atoms belong
to the same sublattice, the A sublattice in the right scheme) and the
matrix M in Eq. (A6) becomes ϕ-independent.

and (A2), we can write

n̂ · σ =
(

cos γp �N (ϕ) sin γp

�∗
N (ϕ) sin γp − cos γp

)
, (A3)

where �N (ϕ) = ∑N
j=1 i�̃j,N (ϕ) e−iαN (j−1/2). It is useful to

rewrite this quantity as a Fourier series,

�N (ϕ) =
∞∑

m=−∞
i Am,Nei(mN−1)ϕ, (A4)

where Am,N = sinc(π/N )/(1 − mN ) and sinc(x) = sin x/x.
It is straightforward to see that for circular defects we have
limN→∞ Am,N = δm0.

Analogously, for the isospin degree of freedom, ν̂ = ẑ
and ν̂ · ẑ = 0 for the ZZBC/IMBC and ABC, respectively.
Introducing now the angle γi , we can write all three BCs in
the form

ν̂ · τ =
(

cos γi e−i� sin γi

ei� sin γi − cos γi

)
, (A5)

where γi = 0 for both ZZBC and IMBC; for these BCs K and
K ′ cones are decoupled. For the ABC however, ν̂ lies on the xy

plane, i.e., γi = π/2; the � phase is only relevant for the ABC.
However, the analytic solution of the ABC is out of the scope
of this work.

Finally, the matrix M in terms of the angles (γi,γp) is

M(ϕ) = (ν̂ · τ ) ⊗ (n̂ · σ )

=
(

cos γi e−i� sin γi

ei� sin γi − cos γi

)

⊗
(

cos γp �N (ϕ) sin γp

�∗
N (ϕ) sin γp − cos γp

)
, (A6)

and the analog to the set of conditions (20) is

ZZBC → γi = 0,γp = 0(π ),

ABC → γi = π/2,γp = π/2,

IMBC → γi = 0,γp = π/2. (A7)

The dependence of M on the polar angle ϕ relies on
the pseudospin contribution. Triangles and hexagons are the
unique regular polygons with well-defined zigzag termina-
tions. Therefore, the angle γp for the ZZBC can behave in
two different ways: it can be constant along the boundary
of the defect (triangular defects), or it can alternate between
0 and π depending on the sublattice termination (hexagonal
defects) (see Fig. 12). In order to tackle circular defects with
ZZBCs, one is tempted to define the circle case as the limit of a
polygon with an N large enough and an alternating n = ±z on
their faces, corresponding to different sublattice terminations.
However, this artificial limit is misleading because it is not
possible to construct such a defect, i.e., a regular polygon
with N > 6 whose edges were constructed exclusively of
zigzag or armchair terminations. For simplicity, throughout
this article we only work with the ZZBC for triangular
defects, in such a way that M is ϕ-independent. In this case,
introducing the first condition of the set (A7) into Eq. (A6)
leads to ψB,l(ϕ,ξ0) = ψ ′

B,l(ϕ,ξ0) = 0; we emphasize that, in
the isotropic representation, ψ = (ψA,ψB, − ψ ′

B,ψ ′
A)T must
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be used. Thus, there are two equations per cone [Eqs. (22) for
the K cone], one for each Floquet replica, which allow us to
find the relation between coefficients c+ and c−, and then the
quasienergies μl [solutions of Eqs. (23) and (25)].

On the other hand, for the ABC and the IMBC, the depen-
dence of matrix M on the polar angle ϕ cannot be avoided
whatever the number of sides of the polygon considered. Even
in the limit of circular defects, limN→∞ �N (ϕ) = ie−iϕ , unlike
for the ZZBC and the ABC, the circular defect is well defined
for the IMBC because this kind of BC does not depend on
the details of the terminations at the edges (zigzag, armchair,
or a mixture of them). As a consequence, for the IMBC the
strategy to find the quasienergies is quite different from that of
the ZZBC (see Appendix C).

APPENDIX B: SOLUTIONS FOR THE cZZBC
AND THE IMBC: CIRCULAR DEFECTS

For the K cone, the Floquet state restricted to n = 0 and
n = 1 Floquet subspaces has the form

�l(r,t) = e−iεl t

√
Nl

(
u1A,l(r) ei�t + u0A,l(r)

u1B,l(r) ei�t + u0B,l(r)

)
, (B1)

where the components are

φl(ϕ,ξ ) =

⎛
⎜⎝

u1A,l

u1B,l

u0A,l

u0B,l

⎞
⎟⎠ =

⎛
⎜⎜⎜⎜⎝

i
1−μl

ei(l−1)ϕf̃l(ξ )

eilϕfl(ξ )

eilϕgl(ξ )
−i

1+μl
ei(l+1)ϕg̃l(ξ )

⎞
⎟⎟⎟⎟⎠. (B2)

Hence,

fl(ξ ) = c+Kl(λ+ξ ) + c−Kl(λ−ξ ),

f̃l(ξ ) = −c+λ+Kl−1(λ+ξ ) − c−λ−Kl−1(λ−ξ ),
(B3)

gl(ξ ) = d+Kl(λ+ξ ) + d−Kl(λ−ξ ),

g̃l(ξ ) = −d+λ+Kl+1(λ+ξ ) − d−λ−Kl+1(λ−ξ ),

where ξ = k0r , λ± =
√

−1 − μ2
l ± 2

√
−η2 + μ2

l (1 + η2),
β± = −[λ2

± + (1 − μl)2]/[2η(1 − μl)], and d± = β±c±. We
also notice that λ− = λ∗

+ and Kν(z∗) = K∗
ν (z).

Because cZZBC and IMBC do not mix different valleys
[see Eq. (A5)], we can impose normalization conditions for
each valley in an independent way. According to Eqs. (B1),
and the angular dependence of the components of the Floquet
state given by (B2), the normalization constant results in being
time-independent:

Nl = 2π

k2
0

∫ ∞

ξ0

(
|fl(ξ )|2 + |gl(ξ )|2

+ |f̃l(ξ )|2
(1 − μl)2

+ |g̃l(ξ )|2
(1 + μl)2

)
ξ dξ. (B4)

Defining the quantities

Pν =
∫ ∞

ξ0

Kν(zξ )Kν(z∗ξ ) ξ dξ

= ξ0

2

Im{zKν−1(zξ0)Kν(z∗ξ0)}
Re{z}Im{z} ,

Qν =
∫ ∞

ξ0

Kν(zξ )Kν(zξ ) ξ dξ

= ξ0

2z

{
2νKν−1(zξ0)Kν(zξ0)

− zξ0
[
K2

ν (zξ0) − K2
ν−1(zξ0)

]}
(B5)

[where limξ→∞ K(zξ ) = 0 was used], we can write the
normalization constant as follows:

Nl = 2π

k2
0

((1 + |β+|2)Pl + |λ+|2Pl−1 + |β+|2|λ+|2Pl+1

+ Re{eiϕ[(1 + β2
+)Ql + λ2

+Ql−1 + β2
+λ2

+Ql+1]}). (B6)

Here, different boundary conditions only modify relations
between coefficients: eiθ = c−/c+. While for the cZZBC eiθ =
−Kl(λ+ξ0)/Kl(λ−ξ0), for the IMBC eiθ = −ω+β+/(ω−β−),
with ω± = (1 + μl)Kl(λ±ξ0) + λ±Kl+1(λ±ξ0).

In order to obtain solutions belonging to the K ′ cone,
the isotropic representation requires that ψA,l → −ψ ′

B,l and
ψB,l → ψ ′

A,l . By doing these replacements, the same proce-
dure as applied in Sec. II leads to a set of equations analogous to
Eqs. (12), and their respective boundary condition ψ ′

B(ξ0) = 0,
which in principle must be solved again. However, for the
cZZBC case, the latter set of equations and their boundary
conditions can be obtained from that of belonging to the
K cone by doing the following changes: (μ,l) → (−μ,−l).
Doing so, for the K ′ cone we have

φ′
−l =

⎛
⎜⎜⎜⎝

u′
1A,−l

u′
1B,−l

u′
0A,−l

u′
0B,−l

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

−e−ilϕgl(ξ )
i

1+μl
e−i(l+1)ϕg̃l(ξ )

−i
1−μl

e−i(l−1)ϕf̃l(ξ )

−e−ilϕfl(ξ )

⎞
⎟⎟⎟⎟⎠. (B7)

The time-averaged probability density current (over one
period) only has an angular component as shown in Sec. IV.
Then, the density currents for both cones are

Jl = −2 Im{eiϕ(u1A,lu
∗
1B,l + u0A,lu

∗
0B,l)}, (B8)

J ′
l = −2 Im{e−iϕ(u′

1A,lu
′∗
1B,l + u′

0A,lu
′∗
0B,l)}. (B9)

Hence, it is straightforward to see that Jl = J ′
−l .

On the other hand, there is no transformation between the K

and K ′ cones for the IMBC case which simultaneously leaves
invariant the set of differential equations and their respective
boundary condition. Therefore, the set of quasienergies for the
K ′ cone must be founded following the same procedure used
for the K cone. The isotropic representation imposes that

φ′
l =

⎛
⎜⎜⎜⎝

u′
1A,l

u′
1B,l

u′
0A,l

u′
0B,l

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

eilϕfl(ξ )
−i

1−μl
ei(l−1)ϕf̃l(ξ )

−i
1+μl

ei(l+1)ϕg̃l(ξ )

−eilϕgl(ξ )

⎞
⎟⎟⎟⎟⎠. (B10)

For the K ′ cone, the coefficients c+ and c− are related
now by the phase eiθ = ω′

+β+/(ω′
−β−), with ω′

± = (1 +
μl)Kl(λ±ξ0) − λ±Kl+1(λ±ξ0). The time-averaged probability
density currents for each cone are also given by Eqs. (B8)
and (B9). Nevertheless, there is no relation between Jl and J ′

l .
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APPENDIX C: SOLUTIONS FOR THE IMBC:
POLYGONAL DEFECTS

For simplicity, we will only tackle the IMBC, which does
not mix cones. In this case, introducing the third condition
of the set (A7) into Eq. (A6) leads to a mixing of solutions
with different l quantum numbers due to the aforementioned
dependence, i.e.,

∑
l

fl(ξ0)eilϕ ∓
∑

l′

if̃l′ (ξ0)

1 − μ
�∗

N (ϕ)ei(l′−1)ϕ = 0,

(C1)∑
l

gl(ξ0)eilϕ ±
∑

l′

ig̃l′(ξ0)

1 + μ
�N (ϕ)ei(l′+1)ϕ = 0,

where the upper (lower) sign refers to the K (K ′) cone and
components given by Eq. (B2) [Eq. (B7)] were used. We also
have to account for the dependence of the coordinates of the
edges on the polar angle ϕ, i.e., ξ0(ϕ). For regular polygons
with N sides, the points located at the edges can be written as

R(ϕ) = R0

∞∑
m=−∞

am,NeimNϕ, (C2)

where coefficients am,N are given by

am,N = N

∫ αN /2

−αN /2

e−imNφ

cos φ
dφ, (C3)

R0 is the apothem of the polygon, and R̄0 = R0 a0,N represents
the mean value of their radii. For triangles and hexagons, a0,3 =
3 ln(2 + √

3)/π and a0,6 = 3 ln 3/π , respectively. In the large-
N limit, the deviations of R(ϕ) with respect to R̄0 are small
and we can expand the modified Bessel functions of the second
kind Kν appearing in Eqs. (C1) to first order on the deviation.
That is,

Kν(λξ0(ϕ)) � Kν(λξ̄0) + ∂Kν(λξ0)

∂ξ0

∣∣∣∣
ξ̄0

[ξ0(ϕ) − ξ̄0]. (C4)

Using this approximation and Eq. (A4), the conditions given
by Eqs. (C1) can be rewritten as

fl(ξ̄0) +
∑
m�=0

ām,Nf ′
l−mN (ξ̄0)ξ̄0

= ±
∑

s

As,N

1 − μ

⎛
⎝f̃l+sN (ξ0) +

∑
n�=0

ān,N f̃ ′
l−nN+sN (ξ̄0)ξ̄0

⎞
⎠,

(C5)
gl(ξ̄0) +

∑
m�=0

ām,Ng′
l−mN (ξ̄0)ξ̄0

= ±
∑

s

As,N

1 + μ

⎛
⎝g̃l−sN (ξ0) +

∑
n�=0

ān,N g̃′
l−nN−sN (ξ̄0)ξ̄0

⎞
⎠,

where f ′ (g′) indicates the first derivative with respect to ξ

of f (g) and ām,N = am,N/a0,N . Coefficients ām,N are even
functions of m and they vanish quickly as m grows (see
Fig. 13).

It is straightforward to see that only for circular defects, the
mixing among different l quantum numbers is removed, since

FIG. 13. Relative contributions, measured by āmN,N =
amN,N/a0,N , of higher orders in the Nϕ-dependence to the zero-order
expansion in the Eq. (C2) for triangular and hexagonal defects.

limN→∞ am�=0,N = limN→∞ Am�=0,N = 0 and limN→∞ a0,N =
limN→∞ A0,N = 1.

Finally, in order to find the quasienergies, the infinite series
in Eqs. (C5) must be truncated. Doing so, it is possible to
write a system with 2d equations for d quasienergies (each
quasienergy introducing two additional coefficients: c+ and
c−), and then finding their solutions.

APPENDIX D: FLDOSS FOR HEXAGONAL
CONFIGURATIONS

Hexagonal defects with armchair terminations show only
three possible distinct configurations. Even when all these
three configurations have the same armchair terminations
along their edges, they differ in the way their sides match at
the vertices. As already mentioned in Sec. V, the FLDOSs
for staggered potential defects are independent of the mi-

FIG. 14. Same as Fig. 7 for the three possible distinct hexagonal
hole defects. The FLDOS in the top panel is the same as shown in
Fig. 7 for this kind of defect. The FLDOS for remaining configuration
is shown in the bottom panel. It depends on the microscopic details
beyond the zigzag or armchair terminations.
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croscopic details as end terminations. However, the FLDOS
for hexagonal hole defects does depend on the latter ones
showing two different behaviors. We are only interested in
those configurations whose FLDOSs can be understood in
terms of the wave functions for the low-energy model and
the boundaries conditions studied in Sec. II and Sec. III,

respectively. In the top panel of Fig. 14 we show the
FLDOS for two such configurations (see diagram at left).
The FLDOS for the remaining configuration is shown in the
bottom panel. The FLDOS for the latter one is perturbed by
microscopic details and it is beyond the scope of the present
work.
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We show that the density of surface Shockley states of Ag(111) probed by the differential conductance
G(V ) = dI/dV by a scanning-tunneling microscope (STM) can be enhanced significantly at certain energies
and positions introducing simple arrays of Co or Ag atoms on the surface, in contrast to other noble-metal
surfaces. Specifically we have studied resonators consisting of two parallel walls of five atoms deposited on the
clean Ag(111) surface. A simple model in which the effect of the adatoms is taken into account by an attractive
local potential and a small hybridization between surface and bulk at the position of the adatoms explains the
main features of the observed G(V ) and allows us to extract the proportion of surface and bulk states sensed
by the STM tip. These results might be relevant to engineer the surface spectral density of states, to study the
effects of surface states on the Kondo effect, and to separate bulk and surface contributions in STM studies of
topological surface states.

DOI: 10.1103/PhysRevB.94.075408

I. INTRODUCTION

Research using a scanning-tunneling microscope (STM)
has enabled the manipulation of single atoms or molecules
on top of a surface [1] and the construction of structures of
arbitrary shape such as quantum corrals [2–4]. Moreover, the
differential conductance G(V,r) = dI/dV measured by the
STM at position r, where I is the current and V the applied
voltage is in general proportional to the local density of metal
states [5,6]. However, the bulk and surface contributions to
this electronic density are weighted differently by the STM
tip due to the different decay rate of the wave functions
out of the surface [7]. More recently, the STM has been
used to study the surface states of topological insulators
[8]. For the interpretation of these experiments it would be
very important to separate bulk and surface contributions.
Interestingly, the effect of the different distance dependence
of tunneling processes involving 3d and s/p states has been
observed recently for Fe2N on Cu(001) [9].

The (111) surfaces of Cu, Ag, and Au have the property
that for small wave vectors parallel to the surface a parabolic
band of two-dimensional surface states, confined to the last
few atomic planes and uncoupled to bulk states, exists [10].
The surface states are naturally more sensitive to defects or
impurities at the surface and this fact can be used to modify
the surface density of electronic states. In a famous experiment,
a Co atom acting as a magnetic impurity was placed at one
focus of an elliptical quantum corral built on the Cu(111)
surface. A Fano-Kondo antiresonance (which arises when a
magnetic impurity interacts with a continuum of extended
states) was observed in G(V ) not only at that position, but also
with reduced intensity at the other focus [4]. This “mirage”
can be understood as the result of quantum interference in the
way in which the Kondo effect is transmitted from one focus

to the other by the different eigenstates of surface conduction
electrons inside a hard-wall ellipse [6,11–16]. This experiment
already shows that the confinement of surface states has
dramatic consequences on the Kondo effect, although some
experiments suggest that the screening of the impurity spin by
the bulk conduction electrons plays the dominant role in this
effect [17]. From the mirage intensity it has been estimated
that the coupling to the surface states is at least 1/8 that of the
bulk [6]. Predictions of the variation of the Kondo temperature
TK with the position of the impurity were made [6,18].

On the other hand, while the eigenstates inside a hard
wall corral are perfectly defined, in the actual experiments the
boundaries of the corrals are soft and the eigenstates become
resonances with finite width δi [2,19]. This width plays a
crucial role in the line shape of G(V,r) and its magnitude
at the mirage point. If δi is large the mirage disappears, while
if δi = 0, there is no Kondo resonance at the Fermi level εF

[11,15]. For a circular corral of radius r0 with the boundary
defined by a potential proportional to a delta function δ(r − r0),
where r is the distance to the center of the circle, the Green
function for surface conduction electrons inside the corral G0

s

has been obtained analytically and expanded as a discrete
sum of contributions from simple poles of width δi [19]. For
open structures this approach is not possible. An alternative
approach in which the confining atoms are modeled by a
phenomenological scattering approach [5] was successful for
closed corrals [3].

In this paper we have constructed atomic resonators of Co
and Ag by atomic lateral manipulation technique with only
two walls aligned along the [110] direction. These atomic
arrangements confine surface electrons states in such a way
that the movement of the electrons near the surface is only
constrained along the [112] directions. The characteristic they
all share is the distance between the Co atoms forming the wall,
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which corresponds to three Ag(111) interatomic distances
d = 3aAg (aAg = 0.29 Å).

We show that the main features of G(V,r) can be explained
by a very simple model, the main ingredient of which is an
attractive delta function potential W acting on the surface
states at the position of single Co (Ag) atoms adsorbed on
the Ag(111) surface. The origin of this potential is the sum
of the nuclear potential of the adatom [20] and a contribution
due to the hybridization of surface states with the adatom [21].
At each position, we also include an effective surface-bulk
hybridization.

In Sec. II, we describe the model and the equations that
determine the observed conductance. Experimental results
with the corresponding theoretical ones and other theoretical
results are presented in Sec. III, and Sec. IV contains a
summary and discussion.

II. MODEL AND FORMALISM

A. Hamiltonian

The Hamiltonian can be written as

H =
∑
kσ

εks
†
kσ skσ +

∑
qσ

εqb
†
qσ bqσ + W

∑
iσ

s
†
iσ siσ

+
∑
iσ

(Wbs
†
iσ biσ + H.c.). (1)

The first term describes a two-dimensional band of free
electrons of mass 0.31 times the electron mass, which describes
the Shockley surface states. It starts at 67 meV below the Fermi
level which we set as the origin of energies (εF = 0). [21]
The second term corresponds to the three-dimensional bulk
states. The third term is a potential scattering for the surface
electrons at the position of each adatom (labeled by i) [22].
This term is the sum of the nuclear potential of the adatom,
incompletely screened by the adatom and conduction electrons
[as argued by Olsson et al. for Cu adatoms on Cu(111)
[20]] plus a contribution V 2

as/(ω − εa), where Vas is the
hybridization between an adatom level at energy εa and the
surface conduction electrons [21] (the dependence on energy
ω can be neglected for ω close to the Fermi energy). The last
term is an effective surface-bulk hybridization, which in terms
of the model used in Ref. [21] is Wb = VasV̄ab/(ω − εa), where
Vab is the hybridization between the adatom level and the bulk
conduction electrons. Thus for one adatom and ω ∼ εF , our
model is essentially equivalent to that used by Limot et al. to
study the bound states below the surface band originated by
one adatom [21].

The Wannier function of the band states can be written in
the form

sjσ = λ√
A

∑
k

exp(−ik · rj )skσ ,

(2)

bjσ =
√

λ2d

�

∑
q

exp(−iq · rj )bqσ ,

where A (�) is the area of the (111) surface (volume of the
system), λ2 (λ2d) the area (volume) per Ag atom, and rj is an
arbitrary position on the surface.

B. Differential conductance

At sufficiently low temperature, the differential conduc-
tance G(V,rt ) when the STM tip is at position rt on the surface
is proportional to the density of the mixed state [23,24],

hσ (rt ) = αstσ + βbtσ , (3)

G(V,rt )

C
= ρh(εF + eV ) = − 1

π
ImGσ

hh(εF + eV ), (4)

where C is a constant, Gσ
hh(ω) = 〈〈hσ ; h†

σ 〉〉ω is the Green
function of hσ (rt ), and α and β with |α|2 + |β|2 = 1 are
proportional to the tunneling matrix elements between the tip
and surface and bulk states, respectively. These in turn depend
on the decay of the corresponding wave functions out of the
surface [7]. In particular bulk states with different components
of wave vector q perpendicular to the surface have different
extents out of the surface. Thus, Eq. (3) is an oversimplification
because it assumes that the tunneling matrix elements are the
same for all wave vectors entering Eqs. (2). However, as we
will show, it is enough for our purpose.

From Eqs. (3) and (4) one obtains (dropping the spin
superscripts for simplicity

Ghh = |α|2Gtt + |β|2Gt ′t ′ + αβ̄Gtt ′ + ᾱβGt ′t ,

where primed (unprimed) subscripts refer to bulk (surface)
states. For example Gtt ′ (ω) = 〈〈stσ ; b†

tσ 〉〉ω. For the last two
interference terms, the wave vector dependence which is
different for bulk and surface states plays a role. Here we
assume that the phases are such that adding the contributions
from different wave vectors leads to a near cancellation of
these terms. The comparison with experiment suggests that
this is a good approximation. Thus we assume

Ghh � |α|2Gtt + |β|2Gt ′t ′ . (5)

C. Green functions

To obtain the surface (Gtt ) and bulk (Gt ′t ′) Green functions
that determine the conductance through Eqs. (4) and (5) we
use the Dyson equation, which in matrix form is

G = G0 + G0H′G, (6)

where G0 is the Green function matrix for free electrons [first
two terms of Eq. (1)], and H′ correspond to the Hamiltonian
terms introduced by the adatoms [last two terms of Eq. (1)].

For the free bulk states we assume a flat broad band with
a constant density of states per spin ρb = 0.135/eV, which is
the known value at the Fermi level. Since the free bulk Green
function Gi ′j ′ is known to decay very rapidly with distance
[17,25], we only need to use it when both operators bi , b

†
j act

on the same site:

G0
j ′j ′ = −iπρb. (7)

The Green function for free electrons in two dimensions
is known [25]. It is proportional to a Hankel function H0 for
ω > ωB , where ωB = −67 meV is the bottom of the conduc-
tion band, and to a (real) Bessel function of the second kind
Y0 for ω < ωB . Therefore the other nonzero matrix elements
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of G0 that we need are

G0
ij = −iπρs0H0(k|ri − rf |), if ω > ωB,

G0
ij = πρs0Y0(k|ri − rf |), if ω < ωB,

(8)
k = [2m∗|ω − ωB |]1/2/�,

ρs0 = m∗λ2

2π�2
� 0.0466/eV,

where we have used λ = 0.2685 nm.
Taking matrix elements in Eq. (6) one obtains

Glt = G0
lt +

∑
i

G0
li(WGit + WbGi ′t ), (9)

Gi ′t = G0
i ′i ′W̄bGit , (10)

where the sum over i runs over all adatoms, and l can refer
to the tip (t) or an adatom (i) position. Replacing Eq. (10) in
Eq. (9) and using Eq. (7) gives

Glt = G0
lt +

∑
i

G0
li(W − i�)Git , (11)

where � = πρb|Wb|2. (12)

Running l over all the N adatom positions, Eqs. (11) constitute
a system of N equations for the N unknowns Glt that we solve
numerically. Replacing this solution in Eq. (11) with l = t ,
we obtain Gtt . On the other hand, out of the adatom positions
one has Gt ′t ′ = G0

t ′t ′ . Then, using Eqs. (4) and (5) we obtain the
conductance G(V,rt ). We use W and � as fitting parameters
which depend only on the adatom species (Co or Ag). The other
fitting parameters are the coefficients of the bulk B = C|β|2
and surface S = C|α|2 contributions, which depend on the
distance between the tip and the surface.

III. RESULTS

In this section we first compare experiment with theory
for three resonators and then discuss other results provided
by the theory. Quantum corrals are atomic structures in
which the atoms are positioned forming closed geometries.
Such structures are ideal to control the spatial and spectral
distribution of surface electron states [6,18,26,27]. In general,
the confinement of surface electrons gives rise to periodic
interference patterns with alternating maxima and minima of
the local density of states (LDOS) sensed by the STM tip (see
Sec. II), which as we will see corresponds mainly to surface
electrons. However, we are interested in building an artificial
Ag(111) LDOS with the maximum possible amplitude of the
LDOS oscillations. In the artificial LDOS design process both
the length of the resonator’s walls and the distance between
each other are important parameters to take into account. In
order to obtain one maximum of LDOS at the Fermi level, the
one-dimensional particle-in-a-box problem sets the minimum
distance between the atomic arrays dw to a value of λF /2,
which is 3.7 nm in the case of the Ag(111) surface. This
applies for the model case, in which an infinite potential well
limits the movement of a particle [28]. This will be discussed in
more detail in Sec. III C. Therefore, the probability of finding
the particle outside the box is zero and the wave function must
be zeroed at the walls. In this work, the resonator’s walls do

FIG. 1. Topographic images of three Co resonators with atoms at
dCo-Co = 3a. (a) 40-Co resonator with atomic walls at dw = 7.6 nm
showing two maxima of the LDOS along the [112] direction (IT =
200 pA, Vbias = 50 mV). (b) 20-Co resonator with walls at dw =
5.4 nm showing two maxima along the [110] closed packed direction
(IT = 200 pA, Vbias = 10 mV). (c) 10-Co resonator with atomic walls
built at dw = 5.4 nm. This atomic arrangement gives rise to a unique
maximum along the [110] closed packed direction (IT = 500 pA,
Vbias = 10 mV).

not form an infinite barrier; they have a certain permeability
and the optimum distance between the walls is expected to
be different. Furthermore, in order to prevent any electron
correlation effect between the atomic arrays, we look for the
maximum distance between the walls at which the target LDOS
maximum is preserved. For this purpose, we construct three
different atomic resonators (Fig. 1).

In Fig. 1 we show the topographic image of three different
atomic resonators of different lengths [see Figs. 1(a)–1(c)]
and walls spacing [Figs. 1(a) and 1(b)]. We choose dw by
comparing the conductance maps at the Fermi energy of the
40 and 10-Co resonators [Figs. 2(a) and 2(b)]. The former
shows a unique central maximum while the latter exhibits
a complex alternating pattern of maxima and minima along
the [110] and [112] directions. Moreover, comparing the line
profiles [Fig. 2(c)] taken in both resonators, it is found that the
artificial Ag(111) LDOS is more intense in the resonator with
walls at dw = 5.4 nm. On the other hand, the wall length is set
after observing that the two central maxima of the 20 atoms
resonator consists in simply repeating the structure of the 10-
atom resonator [Figs. 1(b) vs 1(c)]. Therefore, we select the
resonator with five atoms forming the walls and dw = 5.4 nm
as the optimal geometry to tailor the artificial Ag(111) LDOS.

In order to characterize the artificially engineered LDOS
inside the resonator, by means of scanning tunneling spec-
troscopy (STS), we experimentally measure and theoretically
calculate the relevant spectral signatures of the modified
Ag(111) surface. For each position of the tip we define VMax

as the voltage for which the conductance G(V ) is maximum
and VOnset as the relative maximum of dG/dV = d2I/dV 2

for V < VMax. In Fig. 3 we show the evolution of G(0), VOnset,
and VMax as the STM tip moves along the symmetry axis
parallel to the walls of the resonator. For the amplitude of
the surface contribution S in the theoretical calculation, we
have taken the value obtained from the fits described in the
next subsections near the center of the resonator. This implies
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FIG. 2. dI/dV map at the Fermi level (V = 0) of Co resonators
with atomic walls with different numbers of atoms and wall distances,
dw . (a) 40-Co resonator with dw = 7.4 nm (regulation set point:
IT = 200 pA, V = −100 mV Vmod = 3 mV) showing an alternating
maximum/minimum pattern of the Ag(111) LDOS along the [110]
and the [112] directions. (b) Conductance map at the Fermi energy
of a 10-Co resonator with dw = 5.4 nm (regulation set point: IT =
200 pA, V = −100 mV; Vmod = 3 mV) showing only one maximum
of the Ag(111) LDOS. (c) Line profiles along the [110] directions
[dotted lines in (a) and (b)] showing a more intense maximum in the
resonator with walls separated dw = 5.4 nm.

that in a more realistic calculation, higher results for G(0) are
expected for the experiment as the tip moves away from the
center, since S increases by ∼30% for the Co resonators and by
a factor ∼2 for the Ag one outside the resonator. In any case,
except for slight discrepancies caused by inhomogeneities of
the substrate, the experimentally and theoretically predicted
variations of these parameters are in good agreement. For two
resonators VOnset is rather constant inside the resonator and
rapidly falls towards the onset of surface states for a clean
Ag surface (ωB = −67 meV) as the tip moves outside the
resonator. In the next two subsections, we describe in more
detail the observed voltage dependence of the differential
conductance G(V ), ad its theoretical counterpart, for two Co
resonators and one Ag resonator.

A. Co resonators

In Fig. 4 we present the experimental differential conduc-
tance for a Co resonator and compare it with the theoretical
one for two positions of the STM tip, one inside the resonator
and the other outside it. As shown in the figure, the resonator
is composed of two walls of five atoms with a total length
of 3.46 nm at a distance of 5.45 nm between them. The
tip positions rt for which the conductance G(V,rt ) as a
function of energy ω = eV is shown to correspond to distances
d = 0.23 nm and d = 4.77 nm from the center of the resonator,
respectively, along the symmetry axis parallel to the walls (see
the inset of Fig. 4). The fitting parameters for both positions
are W = −0.402 eV, � = 0.0194 eV, and the bulk prefactor

FIG. 3. Theoretically calculated (left) and experimentally mea-
sured (middle) G(0), VOnset, and VMax (see text) as the STM tip moves
along the resonator for the first Co resonator (triangles), the second Co
resonator (squares), and the Ag resonator (circles). The experimental
data correspond to the line profiles measured in images (examples
in the right panel) generated from a full differential conductance
map taken at Vbias = −20 mV, IT = 500 pA, and Vmod = 1 mV or a
constant height image defined by a regulation set point IT = 42 pA,
Vbias = −100 mV on the bare Ag(111). The symbol and color code
indicates data extracted from the same resonator.

B = C|β|2 = 3.72 in the arbitrary units of the experiment.
For the ratio of surface and bulk prefactors we find S/B =
|α|2/|β|2 = 12.23 inside the resonator and 13.92 outside it.
This difference is probably due to the fact that the tip should
be displaced towards the surface when the tip is outside the
resonator, to keep the same total current, and as a consequence
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FIG. 4. Differential conductance as a function of voltage times
electric charge (ω = eV ) for the first Co resonator and two positions
of the STM tip: near the center (red, peak nearest to ω = 0) and
slightly outside the resonator (blue). Full (dashed) line correspond to
experiment (theory, see text).
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the tunneling of the surface states increases, while for the bulk
states with flatter decay out of the surface, the tunneling rate
does not change very much [7].

As seen in the figure, the peaks for both positions are very
well reproduced by the theory, for which below the bottom of
the surface band ωB = −67 meV, only the bulk contributes to
the conductance. The surface contribution starts from zero at
ω = ωB and increases abruptly. Experimentally this increase
is smoother with more spectral weight at lower energies. This
might be due to additional broadening processes not accounted
for in our theory.

As discussed in Sec. III C, the conductance at high energies
or large distances from the resonator is Bρb + Sρs0, which in
this case, using the value of S for the tip near the center of the
resonator is 2.62 arbitrary units. As seen in Fig. 4, this value
increases 70% as a consequence of the confinement. This is
due to a 100% increase in the surface density of states.

The sensitivity of the theoretical results to the bulk and
surface amplitudes B and S is obvious. Increasing � leads
to an additional broadening of the peaks. The changes in the
conductance when the remaining free parameter W is changed
is shown in Fig. 5. A positive W leads always to a strong
disagreement with experiment. Increasing the magnitude of
the attractive potential displaces the peak in the conductance
to lower energies. A change of W by 15% leads to an obvious
change in the position of the peak for both positions of the
STM tip.

In Fig. 6, we compare experiment and theory for another
Co resonator, in which the distance between the five-atom
walls was reduced to 5.316 nm. In this case, the distance of
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FIG. 5. Theoretical differential conductance as a function of
energy for the first Co resonator, the STM tip near the center (top) red,
and slightly outside the resonator (bottom), and three different values
of the potential W : −0.342 eV (dashed green line), −0.402 eV (full
red line), and −0.462 eV (dot blue line). Full black line corresponds
to experiment.
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FIG. 6. Differential conductance as a function of energy for the
second Co resonator and two positions of the STM tip: near the
center (red, peak nearest to ω = 0) and outside the resonator (blue).
Full (dashed) line corresponds to experiment (theory).

the position of the tip to the center of the resonator was d = 0
(inside the resonator) and d = 5.73 nm (outside). We take the
same energy parameters as before. Concerning the intensities,
the fit gives B = 5.64 for both positions, and S/B = 12.52
inside the resonator and 16.69 outside it. Again, the position
of the peaks are well reproduced by the theory. However, the
peak for the tip inside (outside) the resonator seems to be
broader (narrower) in the experiment, and the experimental
surface contribution below ωB (absent in the theory) is larger
for this resonator than for the previous one. We must warn that
the density of states of the tip is not expected to be constant in
a broad energy range, and this might be the reason for some
discrepancies.

B. Ag resonator

In Fig. 7 we present experimental results and the corre-
sponding fit for an Ag resonator with walls at a distance
dw = 5.33 nm between them, as shown in the figure. The
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FIG. 7. Differential conductance as a function of energy for the
Ag resonator and two positions of the STM tip: near the center (red,
peak nearest to ω = 0) and slightly outside the resonator (blue). Full
(dashed) line corresponds to experiment (theory).
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distance of the tip to the center of the resonator for the
two positions chosen is d = 0.36 nm (inside the resonator)
and d = 2.47 nm (outside). For both positions, the resulting
fitting parameters are W = −0.430 eV, � = 0.0139 eV, and
B = 10.56. The ratio S/B = 5 for the tip inside the resonator
and S/B = 8.73 outside it. The resulting scattering potential
W that leads to the correct position of the peaks for both
positions is about 7% larger than for the Co atoms. Instead
the broadening due to surface-bulk hybridization � is 28%
smaller.

While the position of the peaks and the overall trends are
well reproduced by the theory, the experiment shows more
spectral weight at smaller energies. The surface spectral weight
for ω < ωB , which is particularly apparent for the tip outside
the resonator, cannot be explained by our theory.

The surface density of states inside the resonator increases
by a factor 2.4 with respect to the value for a clean surface.
For the Co resonators the corresponding factor is near 1.8.

C. Other theoretical results

Having established the parameters of the model by fitting
experimental results, in this section we address some ques-
tions. Where are the bound states below the surface band? How
does the conductance G(V,rt ) change moving the tip away
from the resonator? How does G(V,rt ) look in an extended
voltage range? Is it possible to increase further the surface
density of states?

One of the consequences of an attractive potential for a
steplike spectral density such as that of the surface states is the
appearance of bound states below the bottom of the surface
band ωB [20,21]. In Fig. 8 we show the density of surface states
when the tip is above one adatom for the first Co resonator

FIG. 8. Spectral density of surface states as a function of energy
for the STM tip above one of the adatoms that form the Ag (full red
line) and the first Co (dashed blue line) resonator. Dotted lines denote
the result for a smaller Wb = 0.001 meV. The inset shows the energy
resolved dI/dV spectra of single Ag and Co adatoms on Ag(111)
taken at Vbias = −100 mV, It = 200 pA and Vbias = −100 mV, It =
70 pA, respectively. Both dI/dV curves present the split-off bound
state around 75 mV below the Fermi energy. In addition, the Co atom
on Ag(111) spectra presents a second resonance near the Fermi level
due to the Kondo effect.

and the Ag one (it is practically independent on the particular
adatom chosen). Although the contribution of the bulk states to
the conductance is very small, we should note that the surface
contribution is not proportional to the expected experimental
conductance because the latter includes the contribution of the
adatom itself [21], which can be safely neglected for other
positions, but not when the tip is on the adatom (see for
example the inset of Fig. 8). Our purpose is to show the effect of
the attractive potential on the surface states, originating bound
states, which can be noticed only when the tip is quite close
to an adatom (note the absence of peaks below ωB in all other
figures). The bound states have a finite width due to the effect
of the surface-bulk hybridization Wb, which is smaller for the
Ag resonator. The peak in G(V,rt ) is at 12.25 meV below ωB

for the Ag resonator and the corresponding value for the Co
resonator is 8.57 meV. For Wb = 0, the corresponding values
are 11.94 meV and 8.34 meV, respectively. As expected, the
binding energy is larger for Ag adatoms, because of the ∼7%
larger magnitude of the attractive potential W .

In Fig. 9 we show the conductance that corresponds to
the Ag resonator described above, for three distances of the
tip to the center of the resonator, moving the tip along the
symmetry axis between the walls of the resonator. For a very
large distance (|rt | → ∞), G(V,rt ) has the known form for
a clean surface [20,21]. Below the bottom of the surface
band at eV = ωB = −67 meV, only the bulk contributes to
the conductance by an amount proportional to Bρb = 1.43.
Exactly at ωB , the constant surface contribution of magnitude
proportional to Sρs0 = 4.29 begins. As the tip is moved
towards the resonator, some oscillations appear in the surface
contribution which becomes more intense and more separated
in energy as the resonator is approached. For the tip at a
distance of 2.47 nm from the center of the resonator, only
one peak is present for ω < 100 meV (see Fig. 7).

In Fig. 10 we show the theoretical results that correspond
to the experiment for the tip inside the Ag resonator (shown
before in Fig. 7) in an extended energy range. In addition to
the previous peak at ∼ − 8 meV, another one at 350 meV
is clearly seen. One might expect that these peaks are
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FIG. 9. Theoretical differential conductance as a function of
energy for the Ag resonator and three distances d of the STM tip
to the center of the resonator: d = 10 nm (dot red line), d = 20 nm
(dashed blue line), and d → ∞ (full black line).
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FIG. 10. Full line: theoretical differential conductance as a
function of energy for the STM tip in the center of the Ag resonator.
Dashed line: the same for an Ag resonator with two times longer
walls. Dotted line: the same for two infinite hard walls.

related to discrete states due to confinement in the direction
perpendicular to the walls (say x). For hard walls the energies
are En = (π�n/dw)2/(2m∗) above the bottom of the surface
band ωB , where dw = 5.326 nm is the distance between the
walls. Since only even wave functions can be sensed by the tip
on the symmetry axis between the walls, the lowest two levels
correspond to E1 = −24.2 meV and E3 = 318.4 meV, similar
but smaller to the center of the peaks mentioned above. At high
energies the conductance tends to the constant Bρb + Sρs0.

Including the one-dimensional motion along the walls (y
direction), the surface spectral density per atom becomes

ρs(ω) = λ2
√

2m∗

π�dw

∑
n

θ (ω − E2n+1)√
ω − E2n+1

,

where θ (ω) is the step function. This function is shown in
Fig. 10 by a dotted line. By comparison, one can see that for
the resonators, the peaks have increasing width as the energy is
increased. In fact further peaks (not shown) are quite flat. This
fact indicates that the possibility to increase ρs is important
only near the bottom of the band ωB = −67 meV. Since in
other noble metal surfaces like Cu and Au, ωB ∼ −0.5 eV, the
possibility to modify substantially the surface density of states
at the Fermi level ρs(0) or near it is restricted to the (111)
surface of Ag.

In Fig. 10 we also show the change in ρs(ω) when the walls
of the resonator are made two times longer, keeping the same
density. As longer distances are involved, oscillations of the
type already noticed in Fig. 9 appear at lower energy. Apart
from this fact, the result indicates that longer walls do not
lead to significantly larger surface density, in agreement with
experiment.

Another possibility to interpret the resulting density of
surface states is to start from the eigenstates of a hard-wall
rectangular corral, which become resonances for a leaky corral
(in particular if two walls are missing). This has been worked
out in detail for a circular soft corral [19]. For a rectangular
hard-wall corral of sides a and b = 3.46 nm, the eigenstates lie
at energies En,m = (π�)2/(2m∗)[(n/a)2 + (m/b)2] + ωB . The

0 100 200 300 400 500 600
ω (meV)

0

0.1

0.2

0.3

0.4

ρ S (e
V

-1
)

FIG. 11. Full line: theoretical differential conductance as a
function of energy for the STM tip in the center of the Ag resonator.
Dashed line: the same for a hypothetical closed Ag resonator with
five atoms per wall. Dotted line: the same for six atoms per wall.
Vertical thin dotted lines correspond to eigenenergies of a hard-wall
rectangular corral.

first two states with nonzero amplitude correspond to energies
E1,1 = 77.28 meV, and E1,3 = 419.85 meV. The first energy
lies above the corresponding peak for the resonator. Therefore,
it seems that the description of the observed conductance in
terms of resonances due to confinement in both directions is
not very helpful for open resonators.

In Fig. 11 we show the effect on ρs(ω) if one closes the
resonator adding three hypothetical evenly spaced Ag atoms
at each open end of the resonator, building a closed rectangle
with five atoms at each side. The result is a considerable
increase of the intensity of the lowest peak in the spectral
density of surface states. However, the peak is also displaced
to the value corresponding to a hard wall corral, and as a
consequence ρs(0) slightly decreases. In any case, this shows
the potential of engineering closed resonators. In particular, the
main peak can be shifted towards the Fermi energy choosing
the dimensions of the rectangular corral in such a way that
E1,1 ∼ 0, for example, increasing b from 3.46 nm to 7.1 nm.

We also studied the effect of decreasing hypothetically the
distance between Ag atoms, adding more atoms but keeping
the same shape of the rectangular resonator. As expected, the
peaks become narrower and sharper, particularly at higher
energies.

IV. SUMMARY AND DISCUSSION

We have characterized experimentally the changes in the
differential conductance observed by a scanning tunneling
microscope on the Ag(111) surface when resonators of Co
and Ag adatoms are built on the surface. These changes are
originated by the effects of the confinement on the electronic
structure of the surface Shockley states. The density of these
states is enhanced by a factor between 2 and 3 due to
confinement.

These effects can be explained by a simple one-particle
model, whose main ingredient is an attractive potential W at
the positions of the adatoms. This potential is slightly larger
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for Ag than for Co. The model contains also a bulk-surface
hybridization at the adatom positions Wb that affects the width
of the peaks in the surface spectral density. For the positions
of the STM tip studied experimentally, the contribution of
the surface states to the observed differential conductance is
several times larger than that of the bulk states, in spite of the
fact that the density of states of the latter is nearly three times
larger for a clean surface.

The model allows us to understand the main features of the
observed differential conductance in several arrangements of
adatoms and to predict the effects on the electronic structure of
the surface states expected for new arrangements. In particular,
closed resonators in the form of corrals are expected to lead to
further enhancement of the spectral density of surface states

near the Fermi level. The observed enhancement, and possible
further increase of it, is due to the fact that (in contrast to Cu
and Au) the surface Shockley states of Ag start slightly below
the Fermi level. We also expect that this model can be a starting
point to understand the nontrivial effects of confinement on the
Kondo effect for magnetic impurities on Ag surfaces.
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Pseudospin anisotropy of trilayer semiconductor quantum Hall ferromagnets
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When two Landau levels are brought to a close coincidence between them and with the chemical potential in
the integer quantum Hall regime, the two Landau levels can just cross or collapse while the external or pseudospin
field that induces the alignment changes. In this work, all possible crossings are analyzed theoretically for the
particular case of semiconductor trilayer systems, using a variational Hartree-Fock approximation. The model
includes tunneling between neighboring layers, bias, intralayer, and interlayer Coulomb interaction among the
electrons. We have found that the general pseudospin anisotropy classification scheme used in bilayers applies
also to the trilayer situation, with the simple crossing corresponding to an easy-axis ferromagnetic anisotropy
analogy, and the collapse case corresponding to an easy-plane ferromagnetic analogy. An isotropic case is also
possible, with the levels just crossing or collapsing depending on the filling factor and the quantum numbers of
the two nearby levels. While our results are valid for any integer filling factor ν (=1,2,3, . . .), we have analyzed
in detail the crossings at ν = 3 and 4, and we have given clear predictions that will help in their experimental
search. In particular, the present calculations suggest that by increasing the bias, the trilayer system at these two
filling factors can be driven from an easy-plane anisotropy regime to an easy-axis regime, and then can be driven
back to the easy-plane regime. This kind of reentrant behavior is a unique feature of the trilayers, compared with
the bilayers.

DOI: 10.1103/PhysRevB.94.085304

I. INTRODUCTION

The integer quantum Hall (IQH) effect in a semiconductor
quasi-two-dimensional electron gas (2DEG) is essentially a
single-particle phenomena [1]. The magnetic field applied in
the direction perpendicular to the layer quantizes the in-plane
kinetic energy, forming the celebrated Landau levels. The
degeneracy of each of these Landau levels (LLs) is given by
Nφ = AB/�0, with A being the area of the 2DEG in the x − y

plane, B the magnetic field strength along the z direction,
and �0 = ch/e the magnetic flux number. The adimensional
filling factor ν is defined as ν = N/Nφ , with N being the total
number of electrons; for 2DEG’s, it is usually expressed as
ν = (N/A)/(B/�0), in terms of the two-dimensional density
N/A of the 2DEG. For typical densities N/A ∼ 1011 cm2

and B ∼ some teslas, filling factors ν = 1,2,3, . . . are easily
achieved. At each of and around these integer filling factors, the
chemical potential lies in the gap between two Landau levels,
and the 2DEG behaves nontrivially, with zero longitudinal and
Hall quantized resistances. These are the hallmarks of the IQH
effect, first observed by von Klitzing, Dorda, and Pepper in
1980 [2].

At even stronger magnetic fields, the increasing degeneracy
of the Landau levels leads to filling factors smaller than one,
and the 2DEG enters in the fractional quantum Hall (FQH)
regime, with a somehow similar experimental phenomenology
as in the integer case, but at particular fractional filling factors
[3]. The stability of the 2DEG at these fractional ν’s is
understood as a many-body effect induced by the Coulomb in-
teraction among electrons in partially filled Landau levels [4].

However, many-body effects can also dominate the physics
of the 2DEG even in the IQH regime, at the crossing of two

*dmiravet@gmail.com
†proetto@cab.cnea.gov.ar

Landau levels. The appearance of broken-symmetry states
like easy-axis or easy-plane ferromagnets at these crossing
situations has been termed under the name of quantum
Hall ferromagnets (QHF) [5]. Single-layer QHF have been
extensively studied via magnetotransport measurements [6–9].
Near LL crossings in tilted magnetic fields, the longitudinal
resistivity as a function of the in-plane component of the
magnetic field exhibits hysteretic spikes, which signals toward
quantum Hall ferromagnetism [10]. The resistance spikes and
hysteretic transport properties were discussed theoretically in
Ref. [11], using a self-consistent RPA/Hartree-Fock theory.
In bilayer systems or single layers with two subbands,
spin-split LLs from distinct subbands cross even without a
tilted magnetic field, as observed experimentally [12–14] and
discussed theoretically [15–19] in many previous works. In
particular, and based in a variational Hartree-Foch theory,
Ref. [18] provides an exhaustive classification of the pos-
sible ferromagnetic anisotropies: depending on the quantum
numbers of the two crossing levels, it was found that bilayers
may exhibit isotropic, easy-plane, or easy-axis ferromagnetic
states. More recently, it was shown that near opposite spin LL
crossings, magnetotransport and NMR measurements suggest
a high degree of spin polarization, which in turn points to a
ferromagnetic instability of the 2DEG [20]. Later experiments
using tilted magnetic fields lend further support to this
suggestion [21]. On the theoretical side, in Ref. [22] the work
of Jungwirth and MacDonald [18] was generalized by allowing
a finite width to the subband wave functions along the growth
direction, the subband wave function itself being obtained
through a self-consistent local density approximation (LDA).
The results were found in agreement with the experimental
findings [20,21], explaining the stability of the observed
easy-plane (easy-axis) ground state at ν = 3 (ν = 4). A good
agreement was also found with the theoretical results of
Ref. [18], validating the strict-bidimensional approximation
used in this work for the subband wave function in the growth
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direction. Using spin density-functional theory, plus a linear
response approach for the magnetotransport calculations,
Ref. [23] investigates the ringlike structures formed in the
longitudinal resistivity ρxx of a two-subband semiconductor
quantum well, when plotted in a density-magnetic field phase
diagram [24]. Their theoretical findings are consistent with
the experimental results [21,25] for the case of crossings
between opposite-spin LLs, but not for the case of crossings
between same-spin LLs. For this later case, the authors
suggested that a better treatment than the local spin density
approximation (LSDA) for the exchange functional may be
needed [26].

It is the aim of this work to discuss how many-body effects
also manifest in trilayer systems in the IQH regime at the
crossing between two Landau levels of the trilayer. As we will
see, the three possible types of magnetic anisotropies that are
present in bilayers (isotropic, easy axis, and easy plane) are
also present in trilayers, but with some unique features that
make these systems particularly attractive for experimental
search. For instance, we have found that by increasing the
bias applied to the trilayers, the system can display easy-plane
anisotropy, then easy-axis anisotropy, and then again easy-
plane anisotropy, both for the ν = 3 and 4 cases, with the effect
being however much more pronounced in the case ν = 4. A
similar reentrant behavior has been also found at zero bias at
ν = 3, with the energy of the central layer playing a similar
role to the bias.

Trilayer systems have been already studied theoretically at
zero magnetic field [27–29], and in the IQH effect regime [30].
This last work uses a theoretical approach similar to the one
used here, but the analysis is restricted to the case of one (ν =
1) or two (ν = 2) fully occupied Landau levels, and focused in
the possibility that the trilayer system develops spontaneous
interlayer coherence, even in the absence of tunneling between
layers, at these two filling factors. Here, we concentrate instead
in the trilayer physics at the Landau level crossings, and make
clear predictions possible to be tested experimentally for the
particular filling factors ν = 3 and 4. On the experimental side,
earlier publications report the finding of IQH and FQH signals
in trilayers [31], and the evidence of a trilayer → bilayer
transition induced by increasing the perpendicular component
of the magnetic field [32–34]. More recent experimental work
in trilayers concentrates on the multisubband fingerprints in the
magnetoresistance oscillations as measured in Shubnikov–de
Haas experiments at ν = 2 and 4 [35], on the effect of a
tilted magnetic field on the IQH plateaus [36], and reports
spectroscopic evidence on the collapse of the interlayer
tunneling gap for particular values of the tilted component
of the magnetic field [37]. The unique features of the IQH
effect in trilayer graphene has been also studied [38]. The
authors observed at high magnetic fields that the degenerate
crossing points split into manifolds, and suggested from this
the existence of broken-symmetry quantum Hall states.

The rest of the paper is organized as follows. In Sec. II
we explain the model, introduce the corresponding single-
particle states, and explain the pseudospin analogy for its
representation. Section III is devoted to the building of the
many-body Hamiltonian in the restricted pseudospin subspace
of the two crossing Landau levels, and how its solution is
obtained within a variational Hartree-Fock method. In Sec. IV

λ1

λ0

λ−1

γ−1

γ0

γ1

−d 0 z
dΔ

Δ

t
t B

FIG. 1. Schematic view of the trilayer system. γ−1 [λ−1(z)],
γ0 [λ0(z)], and γ1 [λ1(z)] are the eigenvalues (eigenvectors) of the
3 × 3 matrix in Eq. (4). t and � represent the quantum mechanical
tunneling and bias between neighboring layers, respectively. d is
the distance between quantum-well centers, and a magnetic field of
amplitude B is applied along the z direction (thick arrow).

we analyze in detail the magnetic anisotropy terms which
give rise to the easy-axis, the easy-plane, and the isotropic
classification scheme for the crossings, while in Sec. V the
effect of the finite pseudospin field is determined. Finally, the
conclusions are given in Sec. VI.

II. MODEL AND SINGLE-PARTICLE STATES

Let us start from the simplest possible case: the trilayer
at zero magnetic field [27–29]. In the absence of a magnetic
field perpendicular to the layers, and assuming translational
invariance along the layers, the electronic single-particle states
may be written in the factorized form

ψξ k σ (r) = eik·ρ

A
λξ (z) ησ , (1)

where r = (ρ,z) with ρ the in-plane coordinate, ξ is the
subband index, and k = (kx,ky) is the in-plane wave vector. σ

is the spin index, which can take the values ± 1
2 . and ησ is the

spin-1/2 spinor, such that

η+ =
[

1
0

]
, η− =

[
0
1

]
. (2)

Within our simple model for the trilayer, as schematized
in Fig. 1, the normalized subband wave functions λξ (z) are
written as

λξ (z) = aξ

√
δ(z + d) + bξ

√
δ(z) + cξ

√
δ(z − d), (3)

with ξ = −1,0,1, and the coefficients aξ ,bξ ,cξ being the
eigenstates of the 3 × 3 tight-binding matrix⎛

⎝ ε1 −t 0
−t ε2 −t

0 −t ε3

⎞
⎠. (4)

ε1, ε2, and ε3 are the diagonal energies for electrons in layers
1, 2, and 3, respectively. In our model, each of the three
2DEG’s is represented by an strictly bidimensional metallic
layer; this is the approximation behind Eq. (3). However, this
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approximation is not essential and can be relaxed as it has been
already done in the case of bilayers at zero [39] and finite [22]
magnetic fields. These more elaborated calculations, where
the wave functions λξ (z) have a finite width at the layers,
shows only quantitative differences in comparison with the
strict 2D approximation. We expect that the same type of
considerations regarding this issue will apply to our trilayer
model.

Calling γξ (ε1,ε2,ε3,t) to the corresponding eigenvalues of
Eq. (4) (γ−1 � γ0 � γ1), the solutions associated with the
wave functions in Eq. (1) have the zero-field energies Eξ (k) =
γξ + �2k2/(2m∗). m∗ is the effective mass for electrons in
the well-acting semiconductor, typically GaAs. Due to the
in-plane kinetic energy, the zero-field energy spectrum is
continuous.

The physical situation changes dramatically when a mag-
netic field is applied in the direction perpendicular to the
layers. In this case, the eigenstates still may be expressed in a
factorized form, but the in-plane factor must be replaced,

eik·ρ

A
→ φn,ky

(x)
eiyky√

Ly

, (5)

with

φn,k(x) = exp
[− (x−l2

Bk)2

2l2

]
[
√

π lB 2n(n!)]1/2
Hn

(
x − l2

Bk

lB

)
. (6)

Here Hn(x) are the nth order Hermite polynomials, n (=
0,1,2, . . .) is the Landau level orbital quantum number, and
k (= 1,2, . . . ,Nφ) is the one-dimensional wave vector label
that distinguishes states within a given LL. lB = √

c�/eB is the
magnetic length. The single-particle energy spectrum consists
now of discrete LLs,

Eξ nσ = γξ + (n + 1/2)�ωc − σ |g|μBB, (7)

where ωc = eB/(m∗c) is the cyclotron frequency, and the
last term is the real-spin Zeeman coupling. Note that Eξ n σ

does not depend on ky , and this explains the macroscopic Nφ

degeneracy of each LL, the same for all of them.
The Coulomb interaction among the electrons, whose

effects will be analyzed in detail in the following section,
mixes (in principle) all the LLs, and then the single-particle
labels ξ, n, σ lose the nice property of being “good quantum
numbers.” In this work, we are interested in the possible many-
body ground states that may occur when two LLs are brought
close to alignment while remaining sufficiently separated from
all other LLs. Following the strategy of Ref. [18] for the
bilayer case, we will simplify the full interacting problem
described above by considering explicitly only the Coulomb-
induced mixing between the two LLs close to degeneracy at
chemical potential, while including the effect of the totally
filled lower energy LLs in the form of single-particle effective
fields. We will denote with the symbol p = ↑,↓ to each
of the two approaching LLs, and we will refer to it as a
pseudospin index or label. The two close to alignment LLs
will have single-particle quantum numbers ξ (↑),n(↑),σ (↑)
and ξ (↓),n(↓),σ (↓), respectively, and at least one of them
should be different.

Within this truncated model, the full set of single-particle
states reduces then to the following wave functions,

ψp,ky
(r) = λξ (p)(z)φn(p),σ (p),ky

(x)
exp(iyky)√

Ly

, (8)

where φn(p),σ (p),ky
(x) = φn(p),ky

(x) × ησ (p).
In a second-quantization language, the operator that creates

a particle in a state with a pseudospin oriented in an arbitrary
direction m̂ = (sin θ cos ϕ, sin θ sin ϕ, cos θ ) is described
by

ĉ
†
m̂,ky

= cos

(
θ

2

)
ĉ
†
↑,ky

+ sin

(
θ

2

)
eiϕĉ

†
↓,ky

, (9)

where ĉ
†
p,k creates a single-particle state whose wave function

is given in Eq. (8). As we will see, the value of m̂ at crossing
will allow us to provide a general classification scheme for all
possible coincidences in trilayers. Note that for θ = 0 (mz =
+1) or θ = π (mz = −1), the electron is in a pure pseudospin
state ↑ or ↓, while for any other value of θ the electron is in a
mixed pseudospin state.

III. MANY-BODY HAMILTONIAN

The many-body Hamiltonian that represents the interaction
between two crossing LLs, taking into account the mean field
contribution of lower filled LLs, can be written in the truncated
two-dimensional pseudospin Hilbert space in the compact
form

Ĥ = −
∑

i=1,x,y,z

Nφ∑
k=1

2∑
α,α′=1

bi τ
α′,α
i ĉ

†
p(α′),k ĉp(α),k

+ 1

2

∑
i,j=1,x,y,z

Nφ∑
k1,k

′
1

k2,k
′
2 = 1

2∑
α1,α

′
1

α2,α
′
2 = 1

W
k′

1,k
′
2,k1,k2

i,j

× τ
α′

1,α1

i τ
α′

2,α2

j ĉ
†
p(α′

1),k′
1
ĉ
†
p(α′

2),k′
2
ĉp(α2),k2 ĉp(α1),k1 , (10)

where p(1) =↑, p(2) =↓, τx , τy , τz are the Pauli spin
matrices, and τ1 is the 2 × 2 identity matrix. The potential
Wi,j represents different combinations [see Eq. (16) below] of
the Coulomb interaction matrix elements Vp′

1,p
′
2,p1,p2

V
k′

1,k
′
2,k1,k2

p′
1,p

′
2,p1,p2

=
∫

d3r1

∫
d3r2ψ

∗
p′

1,k
′
1
(r1)ψ∗

p′
2,k

′
2
(r2)

× e2

ε|r1 − r2|ψp1,k1 (r1)ψp2,k2 (r2). (11)

ε is the dielectric constant of the semiconductor well ma-
terial (∼12.5 for GaAs). The single Slater approximation
to the many-electron state with pseudospin orientation m̂ is
expressed in the form

|ψ[m̂]〉 =
Nφ∏
k=1

c
†
m̂k|0〉, (12)

with the ĉ
†
m̂,k as defined in Eq. (9). Then we

find the Hartree-Fock energy per particle as

085304-3

112



D. MIRAVET AND C. R. PROETTO PHYSICAL REVIEW B 94, 085304 (2016)

TABLE I. Each entry in the table defines the coefficient 4α
p′

1,p′
2,p1,p2

ij . Only the four pseudospin indices are shown as up and down arrows,
and they should be multiplied by the factor −i when indicated. As an example of the use of the table, for i = j = z, the only nonzero coefficients
are α↑↑↑↑

zz = α↓↓↓↓
zz = 1/4 and α↑↓↑↓

zz = α↓↑↓↑
zz = −1/4.

1 x y z

1 ↑↑↑↑ = ↓↓↓↓ = ↑↓↑↓ = ↓↑↓↑ ↑↑↑↓ = ↑↓↑↓ = ↓↑↓↑ = ↓↓↓↑ ↑↑↑↓ = −↑↓↑↑ = ↓↑↓↑ = −↓↓↓↑ ↑↑↑↑ = −↓↓↓↓ = −↑↓↑↓ = ↓↑↓↑
(−i)

x ↑↑↓↑ = ↓↑↑↑ = ↑↓↓↓ = ↓↓↑↓ ↑↓↓↑ = ↓↑↑↓ = ↑↑↓↓ = ↓↓↑↑ ↑↓↓↑ = −↓↑↑↓ = −↑↑↓↓ = ↓↓↑↑ ↑↑↓↑ = ↓↑↑↑ = −↑↓↓↓ = −↓↓↑↓
(−i)

y ↑↑↓↑ = −↓↑↑↓ = ↑↓↓↓ = −↓↓↑↓ ↑↓↓↑ = −↓↑↑↓ = ↑↑↓↓ = −↓↓↑↑ ↑↓↓↑ = ↓↑↑↓ = −↑↑↓↓ = −↓↓↑↑ ↑↑↓↑ = −↓↑↑↑ = −↑↓↓↓ = ↓↓↑↓
(−i) (−i) (−i)

z ↑↑↑↑ = −↓↓↓↓ = ↑↓↑↓ = −↓↑↓↑ ↑↑↑↓ = ↑↓↑↑ = −↓↑↓↓ = −↓↓↓↑ ↑↑↑↓ = −↑↓↑↑ = −↓↑↓↓ = ↓↓↓↑ ↑↑↑↑ = ↓↓↓↓ = −↑↓↑↓ = −↓↑↓↑
(−i)

follows:

eHF (m̂) ≡ 〈ψ[m̂]|Ĥ |ψ[m̂]〉
Nφ

(13)

= −
∑

i=x,y,z

(
bi − 1

2
U1,i − 1

2
Ui,1

)
mi + 1

2

∑
i,j=x,y,z

Ui,jmimj , (14)

where

Ui,j = 1

Nφ

N�∑
k1,k2=1

(
W

k1,k2,k1,k2
i,j − W

k2,k1,k1k2
i,j

)
. (15)

The quantities W
k′

1,k
′
2,k1,k2

i,j in Eq. (15) are related to the V
k′

1,k
′
2,k1,k2

p′
1,p

′
2,p1,p2

through the following definition:

W
k′

1,k
′
2,k1,k2

i,j =
∑

p′
1,p

′
2,p1,p2

α
p′

1,p
′
2,p1,p2

i,j V
k′

1,k
′
2,k1,k2

p′
1,p

′
2,p1,p2

, (16)

where the coefficients α
p′

1,p
′
2,p1,p2

i,j are given in Table I. Replacing this definition in Eq. (15) yields

Ui,j = 1

Nφ

∑
p′

1,p
′
2,p1,p2

α
p′

1,p
′
2,p1,p2

i,j

N�∑
k1,k2=1

(
V

k1,k2,k1,k2

p′
1,p

′
2,p1,p2

− V
k2,k1,k1,k2

p′
1,p

′
2,p1,p2

)
,

=
∑

p′
1,p

′
2,p1,p2

α
p′

1,p
′
2,p1,p2

i,j

1

2π

(
vp′

1,p
′
2,p1,p2 (0) −

∫ ∞

0
q e−q2/2vp′

1,p
′
2,p1,p2 (q)dq

)
. (17)

In passing from the first to the second line in the above equation we have used the quasi-2D Fourier representation of the Coulomb
interaction, for obtaining the relation [18]

1

Nφ

Nφ∑
k1,k2=1

(
V

k1,k2,k1,k2

p′
1,p

′
2,p1,p2

− V
k2,k1,k1k2

p′
1,p

′
2,p1,p2

) =
∫

d2q

(2π )2
e−q2/2

[
vp′

1,p
′
2,p1,p2 (0) − vp′

1,p
′
2,p1,p2 (q)

]
,

= 1

2π

(
vp′

1,p
′
2,p1,p2 (0) −

∫ ∞

0
q e−q2/2vp′

1,p
′
2,p1,p2 (q)dq

)
. (18)

vp′
1,p

′
2,p1,p2 (q) is the product of two terms,

vp′
1,p

′
2,p1,p2 (q) = v

‖
p′

1,p
′
2,p1,p2

(q)v⊥
ξ (p′

1),ξ (p′
2),ξ (p1),ξ (p2)(q). (19)

v⊥
p′

1,p
′
2,p1,p2

(q) is the subband factor and v
‖
p′

1,p
′
2,p1,p2

(q) is the in-plane factor. This last factor depends only on the wave function
in the 2D plane that is the same in bilayers and trilayers. For this reason the only term that differs from the bilayer case is the
subband factor. In this last equation and in the following of this work we have used lB (the magnetic length) as unit of length
and e2/εlB as unit of energy. The first factor in Eq. (17) at q = 0 represents the Hartree contribution and the second factor
corresponds to the exchange contribution.

The subband factor is defined by

v⊥
ξ (p′

1),ξ (p′
2),ξ (p1),ξ (p2)(q) =

∫ ∞

−∞
dz1

∫ ∞

−∞
dz2e

−q|z1−z2|λξ (p′
1)(z1)λξ (p′

2)(z2)λξ (p1)(z1)λξ (p2)(z2). (20)
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From Eqs. (3) and (20) we have

v⊥
ξ (p′

1),ξ (p′
2),ξ (p1),ξ (p2)(q) = aξ (p′

1)aξ (p′
2)aξ (p1)aξ (p2) + bξ (p′

1)bξ (p′
2)bξ (p1)bξ (p2) + cξ (p′

1)cξ (p′
2)cξ (p1)cξ (p2)

+ [
aξ (p′

1)bξ (p′
2)aξ (p1)bξ (p2) + bξ (p′

1)aξ (p′
2)bξ (p1)aξ (p2)

]
e−qd + [

bξ (p′
1)cξ (p′

2)bξ (p1)cξ (p2)

+ cξ (p′
1)bξ (p′

2)cξ (p1)bξ (p2)
]
e−qd + [

aξ (p′
1)cξ (p′

2)aξ (p1)cξ (p2) + cξ (p′
1)aξ (p′

2)cξ (p1)aξ (p2)
]
e−2qd . (21)

Note that expression (21) reproduces all cases of a bilayer system if we take bξ = 0 and aξ , cξ as given by Eq. (1) of Ref. [18].
The in-plane factor is given by

v
‖
p′

1,p
′
2,p1,p2

(q) = eq2/2

q

∫
d�

∫ ∞

−∞
dx1e

iqxx1φ
†
n(p′

1),σ (p′
1),qy/2(x1)φn(p1),σ (p1),−qy/2(x1)

×
∫ ∞

−∞
dx2e

−iqxx2φ
†
n(p′

2),σ (p′
2),−qy/2(x2)φn(p2),σ (p2),qy/2(x2),

= δσ (p′
1),σ (p1)δσ (p′

2),σ (p2)δn(p′
1)−n(p1),n(p2)−n(p′

2)

(
n<

1 ! n<
2 !

n>
1 !n>

2 !

)1/2 2π

q

(
q2

2

)n>
1 −n<

1

L
n>

1 −n<
1

n<
1

(
q2

2

)
L

n>
2 −n<

2
n<

2

(
q2

2

)
, (22)

where d� is the 2D solid angle. Here Lm
n (x) are the gen-

eralized Laguerre polynomials, n<
i ≡ min[n(pi),n(p′

i)] and
n>

i ≡ max[n(pi),n(p′
i)]. For later use, L(0)

n (x) = Ln(x) are the
Laguerre polynomials.

Before concluding this section, it is important to emphasize
the physical content of the variational Hartree-Fock state in
Eq. (12): it is a single Slater state for Nφ electrons, all having
the same value of m̂, and remembering that Nφ is the exact
degeneracy of each LLs. As the angles θ and ϕ are not fixed,
they provide the minimizing energy parameters in all later
calculations. It is also worth at this point to remark that for all
derivations in this section we have used the general expression
for the wave function ψp,ky

(r) in Eq. (8), only in Eq. (21) we
have used the particular expression of Eq. (3) for the subband
wave functions λξ (z). In particular, the crucial factorization
in Eq. (19) is valid as long as the factorization in Eq. (8)
is fulfilled. The different approximations for λξ (z) will only
impact on v⊥

ξ (p′
1),ξ (p′

2),ξ (p1),ξ (p2)(q), that in turn as we will see
below may lend only to quantitative changes in the results.

IV. MAGNETIC ANISOTROPY

The results of the previous section naturally lead to the con-
cept of magnetic anisotropy in two-dimensional ferromagnets.
In the present case of QHF, Eq. (14) applies and the possible
types of magnetic anisotropies are embodied in the quadratic
coefficients Ui,i . In this section we will provide general
expressions for these magnetic anisotropy coefficients Uij

covering all possible crossings between two LLs. To calculate
the anisotropy coefficients Uij we will use the expressions
(17), (19), and Table I. We begin by considering the crossing
of LLs that belong to the same subband.

A. Crossing of Landau levels from the same subband:
ξ (↓) = ξ (↑)

In this case only two LLs with different spins can be
aligned. From Eq. (22), this means that p′

1 = p1 = ±p,
and p′

2 = p2 = ±p. This condition arises from the first
two delta functions that impose real-spin conservation at
the “scattering” process, while the remaining delta function

involving the orbital quantum numbers is satisfied auto-
matically: n(p′

1) − n(p1) = n(±p) − n(±p) = 0 = n(±p) −
n(±p) = n(p′

2) − n(p2). From the same Eq. (22), we obtain
then that

v‖
p,p,p,p(q) = 2π

q

[
Ln(p)

(
q2

2

)]2

, (23)

v
‖
p,−p,p,−p(q) = 2π

q
Ln(p)

(
q2

2

)
Ln(−p)

(
q2

2

)
, (24)

while for all other cases v
‖
p′

1,p
′
2,p1,p2

(q) = 0. Using now
Eq. (17) and after inspection of Table I, it is easy to
conclude that there is only one nonzero magnetic anisotropic
term,

Uzz = −1

4

∫ ∞

0
dq e− q2

2 v⊥
ξ,ξ,ξ,ξ (q)

×
[
Ln(p)

(
q2

2

)
− Ln(−p)

(
q2

2

)]2

. (25)

If the two LLs have the same orbital quantum number
[n(p) = n(−p)], then Uzz = 0 and the ferromagnetic state
at the crossing is isotropic [40]. In the isotropic universality
class, all pseudospin magnetization directions have identical
energy, only the ground state has long-range order, and there
are no finite-temperature transitions. A particularly important
example of this case here is the ν = 1 situation with ξ (↓) =
ξ (↑) = −1,n(↓) = n(↑) = 0,σ (↓) �= σ (↑). On the other side,
since v⊥

ξ,ξ,ξ,ξ (q) > 0, for n(↑) �= n(↓) Eq. (25) implies that
Uzz < 0 and the system has a z easy-axis anisotropy (mz =
±1). In this type of universality class with discrete directions at
which the energy of the ordered state is minimized, the system
has long-range order at finite temperature and phase transitions
of the Ising type. A particularly important example of this
situation is the ν = 2 case corresponding to ξ (↓) = ξ (↑) =
−1,n(↓) = 0,n(↑) = 1,σ (↓) = − 1

2 ,σ (↑) = 1
2 . Here, the only

difference between the bilayer and the trilayer is the subband
factor v⊥

ξ,ξ,ξ,ξ (q), whose sign is however the same in both cases
(positive) [41].
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B. Crossing of Landau levels from different subbands:
ξ (↓) �= ξ (↑)

We will analyze now the crossing between two LLs with dif-
ferent subband indices. Several cases are possible, as follows.

1. Same spin and orbital quantum number: σ (↓) = σ (↑),
n(↓) = n(↑)

In this situation the three delta functions in Eq. (22) are
satisfied in all cases, yielding that

v
‖
p′

1,p
′
2,p1,p2

(q) = 2π

q

[
Ln

(
q2

2

)]2

, (26)

for all possible choices of the four pseudospin indices; Ln(x)
are the Laguerre polynomials. Using once again Eq. (17) and
Table I, as in the previous case, one obtains now four nonzero
anisotropic terms,

Uzz = d

2lB

[(
a2

ξ (↑) − a2
ξ (↓)

)2 + (c2
ξ (↑) − c2

ξ (↓))
2
]

− 1

4

∫ ∞

0
dq e− q2

2

[
Ln

(
q2

2

)]2

× (v⊥
ξ (↑),ξ (↑)ξ (↑)ξ (↑)+v⊥

ξ (↓),ξ (↓)ξ (↓)ξ (↓)

− 2v⊥
ξ (↑),ξ (↓)ξ (↑)ξ (↓)), (27)

Uxx = 2d

lB

(
a2

ξ (↑)a
2
ξ (↓) + c2

ξ (↑)c
2
ξ (↓)

)

−
∫ ∞

0
dq e− q2

2

[
Ln

(
q2

2

)]2

v⊥
ξ (↑),ξ (↓),ξ (↑),ξ (↓)(q),

(28)

Uxz = Uzx = d

2lB

[
aξ (↑)aξ (↓)

(
a2

ξ (↑) − a2
ξ (↓)

)

+ bξ (↑)bξ (↓)
(
b2

ξ (↑) − b2
ξ (↓)

)+cξ (↑)cξ (↓)
(
c2
ξ (↑) − c2

ξ (↓)

)]

− 1

2

∫ ∞

0
dq e− q2

2

[
Ln

(
q2

2

)]2

× (v⊥
ξ (↑),ξ (↑),ξ (↑),ξ (↓)(q)−v⊥

ξ (↓),ξ (↓)ξ (↓)ξ (↑)(q)). (29)

The quadratic contribution in Eq. (14) reduces here to∑
i,j=x,y,z

Ui,jmimj = Uxxm
2
x + 2Uxzmxmz + Uzzm

2
z. (30)

This last equation can be minimized under the constraint
m2

x + m2
y + m2

z = 1 by using a Lagrange multiplier. If the
conditions (a) U 2

xz − UxxUzz � 0 and (b) Uxx,Uzz > 0 are
satisfied, the system will have a minimum when (c) Uxxmx +
Uxzmz = 0 and (d) Uzzmz + Uxzmx = 0. Since conditions (c)
and (d) define one plane each in the mx,my,mz space, they are
satisfied simultaneously only at the intersection line between
the two planes, which is the my axis. Assuming that the
remaining conditions are satisfied, the trilayer system exhibits
in this case y easy-axis anisotropy: mx = mz = 0,my = ±1.
This y easy-axis configuration is new in comparison with
the results for bilayer, since it represents two degenerate
states that are fixed combinations (θ = π/2,ϕ = ±π/2) of the
pseudospin up and down states with a phase factor. Note that

according to Eq. (9) each electron is then in a mixed pseudospin
state in the y easy-axis anisotropy class, while it is in a pure up
or down pseudospin state in the z easy-axis anisotropy class.
The y easy-axis anisotropy stems from the fact that the up
and down pseudospin states have different charge distributions
in each layer. Hence the total energy can be lowered more
efficiently by mixing the up and down pseudospin states for
some values of parameters.

The case U 2
xz = UxxUzz is particular, since then Eq. (30)

may be simplified to∑
i,j=x,y,z

Ui,jmimj = (
√

Uxx mx +
√

Uzz mz)
2, (31)

whose minimum is given by the equation
√

Uxx mx +√
Uzz mz = 0. This is the equation that defines a single plane

in the mx,my,mz space, which is however away from the x − y

plane. The trilayer systems exhibit easy-plane anisotropy once
again. Geometrically, for this particular case, the two planes
of the general situation collapse to a single one. Conditions
(a) and (b) have been checked numerically, showing that
the system can indeed present either y easy-axis or easy-
plane anisotropy. Systems with easy-plane anisotropy have a
continuum of coplanar pseudospin magnetization orientations
at which the energy of the ordered state is minimized, and
do not have long-range order but do have Korterlitz-Thouless
phase transitions at finite temperature.

2. Same orbital quantum number and different spins:
σ (↓) �= σ (↑), n(↓) = n(↑)

In the case when the crossing is between LLs with equal
orbital quantum numbers and different spins we obtain,
through similar arguments as used in the case of the crossing
between LLs in the same subband, that the only nonzero
anisotropy term is Uzz, with the same value as in Eq. (27). Uzz

is always non-negative and the crossing belongs then to the
easy-plane category for Uzz > 0, with the x − y plane as the
easy plane. When Uzz = 0 the quantum Hall ferromagnetism
at the crossing is (fine-tuning) isotropic [40].

3. Different orbital quantum numbers and equal spins:
σ (↓) = σ (↑), n(↓) �= n(↑)

Applying once more Eq. (22), since the spins of the two
approaching LLs are the same, the two delta functions acting
on the possible spin values are satisfied automatically, and
only the delta function acting on the orbital quantum numbers
is operative. After some inspection, one concludes that only
v

‖
p,p,p,p(q), v‖

p,−p,p,−p(q), and v
‖
p,−p,−p,p(q) are different from

zero. We already have the expressions for the first two, while

v
‖
p,−p,−p,p(q) = 2π

q

n<!

n>!

(
q2

2

)n>−n<
[
Ln>−n<

n<

(
q2

2

)]2

. (32)

From Eq. (17) and Table I we obtain only three nonvanishing
quadratic anisotropic terms:

Uzz = d

2lB

[(
a2

ξ (↑) − a2
ξ (↓)

)2 + (
c2
ξ (↑) − c2

ξ (↓)

)2]

− 1

4

∫ ∞

0
dq e− q2

2

{[
Ln(↑)

(
q2

2

)]2

v⊥
ξ (↑),ξ (↑),ξ (↑),ξ (↑)(q)
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+
[
Ln(↓)

(
q2

2

)]2

v⊥
ξ (↓),ξ (↓),ξ (↓),ξ (↓)(q)

− 2Ln(↓)

(
q2

2

)
Ln(↑)

(
q2

2

)
v⊥

ξ (↑),ξ (↓)ξ (↑),ξ (↓))(q)

}
, (33)

Uxx = Uyy = −1

2

n<!

n>!

∫ ∞

0
dq e− q2

2

(
q2

2

)n>−n<

×
[
Ln>−n<

n<

(
q2

2

)]2

v⊥
ξ (↑),ξ (↓)ξ (↓),ξ (↑)(q). (34)

Using that m2
x + m2

y = 1 − m2
z , the quadratic contribution

to anisotropic energy is in the form∑
i,j=x,y,z

Ui,jmimj = (Uzz − Uxx)m2
z + Uxx. (35)

If Uzz − Uxx < 0 the trilayer has easy-axis anisotropy, while
for Uzz − Uxx > 0 it has easy-plane anisotropy. The condition
Uzz = Uxx defines the boundary between the two possible
crossings. A numerical analysis of this case is provided in the
next section, since it corresponds to the experimental relevant
case ν = 3.

4. Different orbital quantum numbers and different spins:
σ (↓) �= σ (↑), n(↓) �= n(↑)

For n(↑) �= n(↓) and σ (↑) �= σ (↓), the only difference with
the previous case is that v

‖
p,−p,−p,p(q) = 0, since real spin

must be conserved at the crossing. The only nonzero quadratic
anisotropic term is Uzz, as given in Eq. (33). The sign of
Uzz alone determines the type of anisotropy: Uzz > 0 induces
easy-plane anisotropy; Uzz < 0 induces z easy-axis anisotropy.
Uzz = 0 corresponds to the (fine-tuning) isotropic case [40]. A
detailed numerical analysis of this case is provided in the next
section, since it corresponds to the experimental relevant case
ν = 4.

C. Numerical results for the general case

For arbitrary values of ε1, ε2, ε3, and t , the eigenvalues
and eigenvectors of Eq. (4) should be obtained numerically.
This implies that the subband wave functions of Eq. (3)
must be handled also numerically. One particular case for
which the analytical solution of Eq. (4) is available is the
zero-bias situation ε1 = ε3. We will analyze then this case first,
considering that it is also a standard experimental situation.

1. Trilayer at zero bias: ε1 = ε3 = 0

The subband eigenvalues γξ here are given by γ0 = 0, and

γ±1 = 1
2 {ε∗

2 ± [(ε∗
2)2 + 8]1/2}, (36)

with ε∗
i = εi/t . The associated normalized eigenvectors are

a−1 = c−1 = 1(
γ 2

−1 + 2
)1/2 , b−1 = γ−1(

γ 2
−1 + 2

)1/2 , (37)

for ξ = −1 (subband ground state),

a0 = −c0 = 1√
2
, b0 = 0, (38)
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FIG. 2. Zero-bias ν = 3 magnetic anisotropy phase diagram in
the ε∗

2 − d/lB parameter space for the trilayer system. The isotropic
(I) line divides the easy-axis (EA) region on the left from the easy-
plane (EP) region on the right. Left inset: schematic view of the
trilayer for positive (upper inset) or negative (lower inset) ε∗

2 . Right
inset: schematic view of the Landau levels crossing at ν = 3; the
crossing conserves the real-spin value. μ represents the chemical
potential. The ↑,↓ symbols represent the two crossing pseudospin
levels.

for ξ = 0 (first-excited subband state), and

a1 = −c1 = 1(
γ 2

1 + 2
)1/2 , b1 = − γ1(

γ 2
1 + 2

)1/2 , (39)

for the last-excited state. For ε∗
2 � 1, γ−1(ε∗

2 � 1) → 0
and γ1 → ε∗

2 . Accordingly, a−1(ε∗
2 � 1) = c−1(ε∗

2 � 1) →
1/

√
2, and b−1(ε∗

2 � 1) → 0; this is the (effective) zero-bias
bilayer limit. For ε∗

2 � −1, γ−1 → ε∗
2 and γ1 → 0. Accord-

ingly, a−1(ε∗
2 � −1) = c−1(ε∗

2 � −1) → 0, and b−1(ε∗
2 �

−1) → −1; this is the (effective) zero-bias monolayer limit.
Away from these two extreme limits, the system is in the
trilayer regime, with electrons populating the three layers.

Using these expressions, the analytical evaluation of the
subband potential v⊥

ξ (p′
1),ξ (p′

2),ξ (p1),ξ (p2)(q) in Eq. (21) is feasible,
for arbitrary values of the pseudospin. As an example,
we show in Fig. 2 the ν = 3 magnetic anisotropy phase
diagram, corresponding to the crossing between two LLs
with quantum numbers ξ (↓) = −1,n(↓) = 1,σ (↓) = + 1

2 and
ξ (↑) = 0,n(↑) = 0,σ (↑) = + 1

2 , as displayed schematically in
the inset.

As discussed above in Eq. (35), the energetic balance
dictates that the trilayer will display EA (EP) magnetic
anisotropy if Uzz < (>) Uxx , with Uzz and Uxx as given in
Eqs. (33) and (34), respectively, particularized for the case
ξ (↓) = −1, ξ (↑) = 0, n(↓) = 1, and n(↑) = 0. The resulting
phase diagram may be understood as a competition between
the Hartree energy represented by the first term in Uzz, and the
exchange contributions contained in the second term in Uzz,
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FIG. 3. Similar to Fig. 2, for ν = 4. The two crossing Landau
levels have opposite real-spin values. The dotted line corresponds to
the analytical approximation of Eq. (41), valid for d/lB � 1.

and by the full Uxx . The Hartree contribution can be evaluated
analytically in this zero-bias case, yielding

UH
zz = d

2lB

[(
a2

0 − a2
−1

)2 + (
c2

0 − c2
−1

)2]

= d

8lB

(
1 − 4

(ε∗
2)2 + 8

− ε∗
2√

(ε∗
2)2 + 8

)
. (40)

As a function of ε∗
2 , it attains its maximum value d/4lB

for negative values of ε∗
2 , while it goes to zero for ε∗

2 � 1;
being always positive, it stabilizes the EP type of anisotropy.
This explains why for large enough values of d/lB , the EP
anisotropy dominates the phase diagram. On the contrary, for
small values of d/lB , the energetic balance is dominated by the
exchange contributions, which induces EA type of anisotropy
on the left region of the phase diagram. For large enough ε∗

2 ,
the trilayer system moves gradually to the effective bilayer
configuration, and we recover the critical value of d/lB found
in Ref. [18] at zero bias, after realizing that in our effective
bilayer the distance between the two occupied layers is 2d.

The relatively large stability of the EA magnetic anisotropy
for ε∗

2 ∼ 0 may be understood as follows. Splitting Uzz in
Eq. (33) in its Hartree (UH

zz ) and exchange (UX
zz) contributions,

the condition Uzz < Uxx is rewritten as UH
zz − Uxx < −UX

zz;
the signs here are UH

zz , −UX
zz, −Uxx > 0. On the other side,

for increasing ε∗
2 , UH

zz (−Uxx) decreases (increases) monotoni-
cally, while −UX

zz displays a weak decreasing behavior, with a
shallow minimum around ε∗

2 ∼ 0. The important point here is
that UH

zz − Uxx exhibits a minimum value for ε∗
2 ∼ 0, and this

explains the reentrant behavior in the phase diagram of Fig. 3.
For instance, for d/lB � 0.8, by increasing ε∗

2 the crossing
belongs to the EP anisotropy case, then to the EA type, and
finally to the EP type again.
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FIG. 4. ν = 3 magnetic anisotropy phase diagram in the r�-d/lB
parameter plane, for several values of ε∗

2 . From left to right, ε∗
2 = 0.8,

0.6, 0.4, 0.2, 0, −0.2, −0.4, −0.6, and −0.8. The two insets show
schematically the trilayer under low (r� ∼ 0) and high (r� ∼ 1) bias.

The magnetic anisotropy phase diagram for filling fac-
tor ν = 4 is displayed in Fig. 3. The two crossing LLs
have quantum numbers ξ (↓) = −1,n(↓) = 1,σ (↓) = + 1

2 , and
ξ (↑) = 0,n(↑) = 0,σ (↑) = − 1

2 , as shown in the inset. The two
real spins being different, the energetic balance dictates that
if Uzz < (>) 0 the system will display EA (EP) anisotropy at
the crossing situation. The expression for Uzz is the same as
in the previous case. Once again the stability of the EP type of
anisotropy is provided by the Hartree contribution of Eq. (40).
For increasing d, the EP region grows in size at the expense of
the EA region. For large enough d/lB , the boundary between
the EA and the EP anisotropy phases, corresponding to the
isotropic condition Uzz = 0, or UH

zz = UX
zz may be obtained

analytically

d(ε∗
2)/lB =

√
π
2

8

(
13 − 36

8+(ε∗
2 )2 − 7ε∗

2√
8+(ε∗

2 )2

)
(
1 − 4

8+(ε∗
2 )2 − ε∗

2√
8+(ε∗

2 )2

) . (41)

This equation is an explicit example of the “fine-tuning” of
the parameters needed to stabilize the isotropic type of crossing
as introduced before [40]. For large enough ε∗

2 , we reach the
zero-bias bilayer limit of Ref. [18], d(ε∗

2) diverges, and the
system displays EA anisotropy for all values of d/lB .

2. Trilayer with applied bias

While the case ε∗
1 + ε∗

3 = 0, ε∗
2 = 0 also allows an analyti-

cal evaluation of Eq. (4) in the presence of bias, to have a more
complete understanding of the possible magnetic anisotropies
we have solved numerically the case ε∗

1 = −ε∗
3 = �, and

arbitrary values of ε∗
2 . � �= 0 means that a bias 2� is applied

to the trilayer (see Fig. 1). The corresponding results are
displayed in Figs. 4 (ν = 3) and 5 (ν = 4).
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FIG. 5. ν = 4 magnetic anisotropy phase diagram in the r�-d/lB
parameter plane, for several values of ε∗

2 . From left to right, ε∗
2 = 0.8,

0.6, 0.4, 0.2, 0, −0.2, −0.4, −0.6, and −0.8.

For discussing the trilayer properties with bias we introduce
a new adimensional parameter r�, defined as

r� = �∗√
(�∗)2 + 2

, (42)

with �∗ = �/t . r� = 0 in the zero-bias case, while r� → ±1
when |�∗| � 1.

The phase diagram for ν = 3 is given in Fig. 4. As before,
for large enough d/lB , the lineal increase of the Hartree energy
in Uzz in Eq. (33) with the distance between layers stabilizes the
EP type of anisotropy. For small values of d/lB , on the other
side, the exchange contribution in Uzz stabilizes the EA type of
anisotropy. Interestingly, the boundary between the two phases
displays a nontrivial behavior depending on the value of ε∗

2 . In
particular, for ε∗

2 < 0 (the standard situation in real samples),
and for d/lB ∼ 1, the trilayer displays first EP anisotropy at
small bias, then enters in a EA regime by increasing bias, and
finally the EP anisotropy recovers by further increasing the
bias. A similar situation, although somehow less pronounced
and with the role played by the EA and the EP magnetic
anisotropies exchanged is observed for ε∗

2 > 0. By inspection
of UH

zz , one realizes that for ε∗
2 < 0, it presents a minimum at

intermediate values of r�, that becomes deeper as ε∗
2 becomes

more negative. For the particular case ε∗
2 = 0, this Hartree

energy may be evaluated analytically, yielding

UH
zz (r�) = d/lB

4

1 + 2(�∗)4

[2 + (�∗)2]2
= d/lB

16

(
1 − 2 r2

� + 9 r4
�

)
.

(43)

Minimizing this with respect to r�, one finds r0
� = 1/3. Eval-

uating, one further obtains UH
zz (r� = 0) = d/16lB , UH

zz (r0
�) =

d/18lB , and that UH
zz (r� = 1) = d/2lB . In this case, the

minimum is quite small, and the boundary between the
EA and the EP phases has no evidence of a “reentrant”
behavior. However, as soon as ε∗

2 becomes more negative, we
have checked numerically that the minimum becomes more
pronounced, and moves to higher values of r�. Smaller Hartree

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5

rB
Δ

d/lB
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ν = 4

EA EP
ν = 4, Ref. [13] 
ν = 4, ε2
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ν = 4, ε2

* = −10 
ν = 4, ε2

* = 0     
ν = 3, Ref. [13]
ν = 3, ε2

* = −10 
ν = 3, ε2

* = 0     

FIG. 6. Bilayer limit of the trilayer model, for the ν = 3 and
ν = 4 crossings displayed in Figs. 3 and 4, respectively. Note that the
y axis (rB

�) is not the same as in these two previous figures (r�).

energies help in stabilizing the EA anisotropy, and explain why
this regime increases in size for intermediate values of bias, as
ε∗

2 becomes more negative. On the other side, for positive
values of ε∗

2 , UH
zz (r�) shows only a monotonic increasing

behavior from UH
zz (r� = 0) = d/16lB towards its maximum

value UH
zz (r� = 1) = d/2lB .

The ν = 4 phase diagram is displayed in Fig. 5. It shows
the same reentrant behavior of the ν = 3 case, but much
more enhanced: for intermediate values of r�, the EA type
of anisotropy is stable for large values of d/lB , for the same
moderate negative values of ε∗

2 as in Fig. 4. The physics is
the same as in the previous case: UH

zz (r�) has a minimum
at some r� �= 0, and stabilizes the EA anisotropy. However,
since for ν = 4 only the sign of Uzz matters, the impact of this
nonmonotonic behavior of UH

zz (r�) on the stability of the EA
anisotropy is much higher than for ν = 3.

By taking the appropriate limits, our present results for a
trilayer reduce to the previous ones for a bilayer; this is shown
explicitly in Fig. 6, both for the ν = 3 and ν = 4 cases together.
To make the comparison more direct, we have changed the
trilayer bias-related parameter r� to

rB
� = �B√

(�B)2 + 4
, (44)

with �B = �∗ + ε∗
2 . The idea here is that �B can be small,

even in the limit �∗, −ε∗
2 � 1. In this limit, one of the

layers will be essentially empty (the one with the well energy
�∗�1), while the other two layers will be more or less equally
occupied, if both of them have similar well energies. In this
way, we recreate the physics of the bilayer from the trilayer
model, in the limit of large bias.

The trilayer → bilayer evolution is easy to follow for
the ν = 3 case. In particular, it is quite clear how the
boundary between the EA and the EP anisotropies at
rB
� = 0 moves from trilayer values such that d/lB < 1, to
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the bilayer critical value of d/lB � 1.25, as ε∗
2 becomes

negative.
The trilayer → bilayer evolution for the ν = 4 case is

not so straightforward, and it should be thought of as that
the “reentrant” behavior shown in Fig. 5 extends to arbitrary
large values of d/lB , if ε∗

2 is negative enough. This is already
observed in Fig. 5, and is reinforced in Fig. 6, for the cases
ε∗

2 = −10 and ε∗
2 = −80, for which the turning point of

the reentrant behavior lies far away from the limiting value
d/lB = 5 displayed in Fig. 6. In both cases, the trilayer →
bilayer evolution displays a nonmonotonic behavior. As ε∗

2
becomes increasingly negative, the EA type of anisotropy
becomes first more stable than the EP anisotropy; but after
a given (large) negative value of ε∗

2 , the EA regime loses
stability against the EP regime, finally reaching the bilayer
limit from the “above” side of the limiting bilayer boundary
line.

V. ONE-BODY TERMS

In the previous section we have analyzed the crossing
of two LLs by assuming the absence of the linear terms in
Eq. (14). In the general case some of these linear terms will be
present, and they will modify the simple minimization scheme
outlined in the previous section, restricted to consider only the
quadratic terms in the pseudospin magnetization components.
We will illustrate the influence of these one-body terms for the
particular cases ν = 3 and ν = 4.

At ν = 3 the crossing is between LLs in different subbands,
different orbital radius quantum number, and equal spin. Then
we choose ξ = 0,n = 0,σ = 1/2 as the pseudospin up and
ξ = −1,n = 1,σ = 1/2 as the pseudospin down. With this in
mind we write the linear terms in Eq. (14) as

b∗
z = − 1

2

(
γ0 − γ−1 − �ωc + �H

z + �X
z

)
, (45)

bx = 1
2�H

x , (46)

and by = 0. Here γ0 − γ−1 > 0 is the difference between
subband energies and �X

z is the difference between the
two involved pseudospin-up and pseudospin-down exchange
energies with electrons in the lower (fully occupied) ξ =
−1,n = 0,σ = 1/2 Landau level. To calculate this exchange
energy difference we can use the results of expressions (24)
and (26), obtaining

�X
z =

∫ ∞

0
dq e− q2

2

[
q2

2
v⊥

−1,−1,−1,−1(q) − v⊥
0,−1,−1,0(q)

]
.

(47)

On a similar line of thought, the electrostatic (Hartree)
energy imbalance between the layers caused by electrons
in the two lower (fully occupied) Landau levels (ξ =
−1,n = 0,σ = ±1/2) are V12 = (2d/lB)(a2

−1 − b2
−1 − c2

−1),
V23 = (2d/lB)(a2

−1 + b2
−1 − c2

−1), and V13 = V12 + V23 =
(4d/lB)(a2

−1 − c2
−1). This electrostatic (Hartree) energy may

be included as effective bias (�H
z ) and effective tunneling

(�H
x ) parameters acting on the pseudospin up and down states.

The resulting expressions for these Hartree contributions

are

�H
x = 8d

lB

[
a0 a−1

(
c2
−1 − a2

−1

)

− b0 b−1
(
a2

−1 + b2
−1 − c2

−1

)
/2

]
(48)

and

�H
z = 4d

lB

[(
a2

0 − a2
−1

)(
c2
−1 − a2

−1

)

− (
b2

0 − b2
−1

)(
a2

−1 + b2
−1 − c2

−1

)
/2

]
. (49)

It is important to note that �H
x vanishes both in the zero-

tunneling and in the zero-bias limits. In the t = 0 case,
this happens because in this limit subband and layer labels
become equivalent, and then products like a0 a−1 and b0 b−1

are just zero. In the zero-bias situation, a2
−1 = c2

−1 and b0 = 0,
resulting again in a vanishing �H

x . In general, this effective
tunneling parameter will be, however, different from zero,
although it can be made smaller by increasing the distance
between the layers, with the associated exponential decrease
of t [29]. Regarding �H

z , it is finite even in the zero-bias case, it
is an even function of the bias, and it takes its maximum value
when a single layer is predominantly occupied (for instance,
when ε∗

2 < 0, or in the strong bias limit).
Equation (14) for the HF energy also includes contributions

to the lineal terms that come from Coulomb interactions
between electrons in the two crossing pseudospin LLs. In the
ν = 3 case only U1,z and Uz,1 are nonzero:

U1,z = Uz,1 = −1

4

∫ ∞

0
dqe− q2

2

×
[
v⊥

0,0,0,0(q)−v⊥
−1,−1,−1,−1(q)

(
1 − q2 + q4

4

)]
.

(50)

Then, the energy per electron (14) for the ν = 3 can be written
without constant terms in the form

eHF (m̂) = − bx mx − b∗
z mz + 1

2 (Uzz − Uxx)m2
z. (51)

The behavior of HF energy around the perfect alignment
pseudospin field b∗

z = 0 depends on the kind of pseudospin
anisotropy. In Fig. 7 we show this behavior for all pos-
sible anisotropy cases. The upper panel corresponds to
the isotropic case Uxx = Uzz. Equation (51) simplifies to
eHF (m̂) = − bx mx − b∗

z mz, and the minimization with re-
spect to mx and mz can be done analytically, yielding that m0

x =
sgn(bx)

√
1/[1 + (b∗

z /bx)2], m0
z = sgn(b∗

z )
√

1/[1 + (bx/b∗
z )2],

and

eHF

(
m0

x,m
0
z

) = − |bx |√
1 + (b∗

z /bx)2
− |b∗

z |√
1 + (bx/b∗

z )2
. (52)

In the limit |b∗
z /bx | � 1, eHF (m0

x,m
0
z) → −|b∗

z |, and note
that this limit includes the case bx = 0 [42]. In the oppo-
site limit |b∗

z |/bx � 1, the HF energy displays a quadratic
behavior with the pseudospin field b∗

z around the condition
of perfect alignment, eHF (m0

x,m
0
z) → −|bx | − |b∗

z |2/(2|bx |).
For any bx �= 0, the pseudospin rotates in the x − z plane,
according to the equation tan θ = sgn(bx) sgn(b∗

z ) |bx/b
∗
z |1/2,

and the isotropic crossing leads to a smooth crossover from
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FIG. 7. Hartree-Fock energies as a function of the pseudospin
field b∗

z : upper panel, isotropic case; middle panel, easy-plane case;
lower panel, easy-axis case. bx,b

∗
x = 0 corresponds to the system

with zero tunneling between layers, while b∗
z = 0 corresponds to the

perfect alignment between the two crossing Landau levels.

m0
z � −1 to m0

z � +1. This situation will correspond to a
“collapse” of the two levels at the crossing.

The middle panel corresponds to the EP type of magnetic
anisotropy (Uzz − Uxx > 0), and in this case the trilayer
always displays a quadratic behavior in b∗

z , around the perfect
alignment situation. In the b∗

z → 0 limit, one obtains

eHF

(
m0

x,m
0
z

)
Uzz − Uxx

= −b∗
x − [b∗

z /(Uzz − Uxx)]2

2(1 + b∗
x)

, (53)

with b∗
x = bx/|Uzz − Uxx |. As b∗

x increases, the curvature
decreases, as observed in the figure.

Finally, in the lower panel the behavior of the HF energy
for the EA type of anisotropy is displayed. Interestingly, in
this case the trilayer changes from having a lineal behavior
with b∗

z if b∗
x is smaller than a critical value, to a quadratic

behavior otherwise. Once again in the limit of almost perfect
alignment b∗

z → 0, m0
x → b∗

x − ε, and m0
z → ±√

1 − (b∗
x)2.

Replacing in Eq. (51) one obtains a lineal behavior with b∗
z ,

given approximately by −b∗
zm

0
z ∼ −|b∗

z |
√

1 − (b∗
x)2. At the

critical value b∗
x = 1, the lineal dependence in b∗

z vanishes,
and it is replaced by a quadratic dependence.

At ν = 4 the crossing is between LLs in different sub-
bands, different orbital quantum number, and different spin.
Choosing ξ = 0,n = 0,σ = −1/2 as the pseudospin up and
ξ = −1,n = 1,σ = 1/2 as the pseudospin down, we can
obtain one-body terms in a way similar to the case ν = 3.
The only difference that appears is the Zeeman term |g|μBB

that may be added inside the parentheses of Eq. (45). Taking
this into account we obtain a similar behavior to the one shown
in Fig. 7 for the energy around b∗

z = 0, after considering that
in this case Uxx = 0.

σ(↑) = σ(↓)σ(↑) = σ(↓) σ(↑) = σ(↓)σ(↑) = σ(↓)

n(↑) = n(↓) n(↑) = n(↓)

ξ(↑) = ξ(↓)

ξ(↑) = ξ(↓)

σ(↑) = σ(↓),n(↑) = n(↓) σ(↑) = σ(↓),n(↑) = n(↓)
isotropic z easy-axis

easy-plane

y easy-axis

isotropic

easy-plane d < d∗(rΔ, ε∗2): z easy-axis

d = d∗(rΔ, ε∗2): isotropic

d > d∗(rΔ, ε∗2): easy-plane

FIG. 8. General pseudospin magnetic anisotropy classification
scheme for all possible Landau level crossings in trilayers. d∗(r�,ε∗

2 )
denotes the boundary line between the EA and the EP magnetic
anisotropies in previous figures.

In Fig. 8 the classifications of magnetic anisotropies
obtained in this work are schematically illustrated. The main
differences with the bilayer cases are highlighted.

VI. CONCLUSIONS

Using a variational Hartree-Fock approximation, we have
studied theoretically all possible two Landau level crossings
at the chemical potential, for the case of a trilayer system, in
the regime of the integer quantum Hall effect. The trilayer
system was modeled by three strictly bidimensional electron
gases, coupled by the tunneling between neighboring layers,
and the intra- and interlayer Coulomb interaction among
electrons. The trilayer system is acted on by a strong magnetic
field perpendicular to the layers, and also by an external
bias that simulates the effect of back and front gates in real
experimental samples.

We have found that the general classification scheme found
in bilayers also applies to the trilayer situation, with the
simple crossing corresponding to an easy-axis ferromagnetic
anisotropy analogy, and the collapse case corresponding to an
easy-plane ferromagnetic analogy. At the boundary between
these two cases, an isotropic case is also possible. While our
results are valid for any filling factor ν (=1,2,3, . . .), we have
analyzed in detail the crossings at ν = 3 and 4, and have
given clear predictions that will help in their experimental
search. For instance, we have found that by increasing the
bias applied to the trilayers, the system can display first
easy-plane anisotropy, then easy-axis anisotropy, and then
again easy-plane anisotropy, both for the ν = 3 and 4 cases,
the effect, however, being much more pronounced in the case
ν = 4. A similar reentrant behavior has also been found at zero
bias at ν = 3, with the energy of the central layer playing a
similar role to the bias.

As one of the experimental techniques used in bilayers
for characterizing the possible types of magnetic anisotropies
has been the measurement of the activation energies at the
crossings, we have also obtained the zero-temperature Hartree-
Fock energies close to the perfect coincidence condition of
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vanishing pseudospin field, at ν = 3 and ν = 4. While the
easy-plane HF energies always display a quadratic dependence
on the pseudospin field, for the easy-axis anisotropy case,
the trilayer at the ν = 3,4 crossing point exhibits a lineal
dependence on the pseudospin field, if the contribution to the
Hartree energy that mixes the two pseudospins which are in
coincidence is smaller than a critical value. As this parameter is
zero both in the zero-bias case and in the zero-tunneling case, in
principle it can be changed from one regime or the other, either
by changing the bias or doing experiments in samples with
different distance between layers. The isotropic case may have
either a linear or quadratic dependence on the pseudospin field
close to the perfect alignment situation, depending on the fill-
ing factor and the quantum numbers of the two crossing levels.

We expect the general classification scheme found here for
all possible Landau level crossings in semiconductor trilayers
to be as useful as the similar classification scheme of the
bilayers has been.
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[9] J. Jaroszyński, T. Andrearczyk, G. Karczewski, J. Wróbel, T.
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Photo-electrons unveil topological 
transitions in graphene-like systems
Lucila Peralta Gavensky1, Gonzalo Usaj1,2 & C. A. Balseiro1,2

The topological structure of the wavefunctions of particles in periodic potentials is characterized by the 
Berry curvature Ωkn whose integral on the Brillouin zone is a topological invariant known as the Chern 
number. The bulk-boundary correspondence states that these numbers define the number of edge or 
surface topologically protected states. It is then of primary interest to find experimental techniques 
able to measure the Berry curvature. However, up to now, there are no spectroscopic experiments that 
proved to be capable to obtain information on Ωkn to distinguish different topological structures of the 
bulk wavefunctions of semiconducting materials. Based on experimental results of the dipolar matrix 
elements for graphene, here we show that ARPES experiments with the appropriate x-ray energies and 
polarization can unambiguously detect changes of the Chern numbers in dynamically driven graphene 
and graphene-like materials opening new routes towards the experimental study of topological 
properties of condensed matter systems.

Topology plays a central role in defining the structure of the ground state of condensed matter systems, the nature 
of the excitations and their response to external probes1–4. For particles in periodic potentials, like electrons in 
solids, cold atoms systems or photonic crystals, the topology of the Bloch wavefunctions is related to the geomet-
ric or Berry phase acquired by the particle as it moves along a closed path in reciprocal space5. Within a given 
energy band, these phases are characterized by the Berry curvature (Ωkn) whose integral over the Brillouin zone 
(BZ) is a topological invariant, the Chern number.

According to the bulk-boundary correspondence principle, the Chern numbers determine the unbalance in 
the number of chiral edge (or surface) states1. Experimentally, it has been easier to study the effects of a non-trivial 
topology, i.e. the emergence of such chiral edge states, rather than its origin: the structure of the Bloch wavefunc-
tions across the whole BZ. In fact, transport and spectroscopic experiments provide direct evidence on the exist-
ence of the edge states6–9. Extracting information on Ωkn and its integral in the BZ as a measure of topology in 
condensed matter systems has been more elusive.

Since it is Ωkn what encodes all the information on topology and non-local effects it is natural to look for 
ways of obtaining direct information about this quantity—even in systems with trivial topology Ωkn is associated 
with anomalous velocities5,10,11 and may lead to non-local conductances and unconventional (valley) Hall effects. 
Ultra-cold atoms in optical lattices offer a unique playground for the study of topological band structures12 and 
during the last years a number of experiments focused on the study of different structures, including hexagonal 
lattices with bosonic and fermionic atoms. In particular, recent experiments were able to obtain a complete tomo-
graphic image of the Berry curvature of a Bloch band13. No such experiments, that require a fast switching off of 
the confining (lattice) potentials, are possible in solids.

The question then arises as to what experiments could give direct information on the topological structure of 
the Bloch wavefunctions in condensed matter systems. The high resolution angle resolved photoemission spec-
troscopy (ARPES) has proven to be a powerful tool to measure the dispersion relation of low energy bands7, the 
band structure of dynamically driven systems (Floquet spectrum)14,15, quasiparticle lifetimes and even the chiral 
nature of the electronic states in graphene systems16. In the latter case, ARPES experiments show that the intensity 
patterns have an angular dependence that give direct information of the Berry’s phase. This is due to the fact that 
graphene’s wavefunctions are spinors corresponding to the pseudo-spin associated with the two sublattices of the 
hexagonal structure. Then, close to the Dirac points, the pseudo-spin is parallel to the crystal momentum leading 
to a nontrivial Berry phase of π. Similar results are obtained in bilayer graphene where the winding angle is 2π. 
However, neither the band structure nor the Berry phase around the Dirac cones provide enough information to 
fully characterize the topological structure of the bands.
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In what follows we show that using a pump and probe setup in graphene and graphene-like systems, 
photo-electrons can unveil topological phase transitions, i.e. they can unambiguously detect changes in the Chern 
numbers. On the one hand this is possible due to the structure of the dipole matrix elements linked to the excita-
tion of the electrons at the π-bands of graphene. On the other hand, although Chern numbers involve the Berry 
curvature of all k-points in the BZ, the largest contribution comes from two hot spots—the Dirac points. As we 
show below, detailed analysis of the intensity of photo-electrons coming from the corners of the BZ gives the 
required information to identify topological transitions.

Non-trivial topologies may be generated by external magnetic fields, spin-orbit coupling or by dynamically 
driving a system with external time dependent fields17–22. The latter creates a new class of topological insulators 
known as Floquet Topological Insulators (FTI). In what follows we consider such a case.

Pump and probe experiments consist in coupling the system to an electromagnetic pump pulse followed by 
a short photo-exciting ARPES pulse. We consider spatially homogeneous pump pulses of circularly polarized 
light of frequency Ω. Typical duration of the pump pulse is δtpump ~ 250 fs. The photo-excitation due to the probe 
pulse occurs during the pumping time, being its duration 1/Ω <  δtprobe ~ δtpump and its polarization either linear 
or circular.

It is instructive to start our analysis with a simple model of a gaped graphene-like system with a mass term. 
The pump pulse is described by a vector potential A(t) so that, for the crystal momentum k close to the K or K′  
points of the BZ, the Hamiltonian reads

σ σΠ= ⋅ + ∆τ τv , (1)k f zK

where  τΠ = + +τ ( )k eA t k eA t[ ( )], ( )x x y yk , τ =  ±  corresponds to the K or K′  Dirac points, respectively, and 
the components of σ are the Pauli matrices—in our notation the up (down) pseudo-spin corresponds to the A (B) 
sublattice. This model describes the band structure of graphene (with Δ  =  0) and of silicene or germanene where 
the mass gap Δ  can be induced by an external electric field23 as well as a variety of 2D materials and artificial 
structures24.

Before including the full time dependence of the pump pulse, we consider a circularly polarized monochro-
matic radiation described by A(t) =  Re(A0 eiΩt) with = −ˆ ˆA iA x y( )0 0 . The time dependent Schrödinger equation 
can be solved in the frame of the Floquet theory25–28. For states with wavevector close to the Dirac points, and to 
the lowest order in the field amplitude A0, the system can be described by the following Floquet Hamiltonian

H
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and Floquet quasi-energies ε = ± ∆ +
∼

τ τ v k( )k f
2 2 . This solution shows that at the K point (τ =  + ) the gap 

decreases as the field amplitude increases, it closes at a critical value = ∆ Ω − ∆A ev( ) /c f  and increases again 
for A0 >  Ac. On the other hand, the gap at K′  increases monotonously29. Reversing the sense of rotation of the 
electromagnetic field changes the Dirac point at which the gap closes. This phenomena, known as band inversion, 
is accompanied by a change of the nature of the Floquet wavefunctions at the corners of the BZ. While for A0 <  Ac 
the wavefunctions of the conduction band for both cones at k =  0 are localized on the A sublattice (i.e. their 
pseudo-spin is up), for A0 >  Ac the wavefunction at K lies on sublattice B (down pseudo-spin) as shown in Fig. 1.

The band inversion with the closing of the gap at the critical field amplitude signals a topological phase transi-
tion29,30. Indeed the Berry curvature of the Floquet states around K and K′  is given by

τ
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and gives a contribution to the Chern number of the (Floquet) valence band τ= − ∆
∼

τ τsign( )/2 5. Hence, to this 
order in the field amplitude, ++ −   changes from 0 for A0 <  Ac to 1 for A0 >  Ac. When considering the full 
tight-binding Hamiltonian of graphene, it can be shown that in undoped nanoribbons the phase having 
 + =+ − 0 behaves as a (normal) insulator. In this phase the gap is preserved with non protected edge states 
laying close to the bottom and top of the energy gap. Conversely, in the phase where  + =+ − 1 the gap is 
bridged by topologicaly protected chiral edge states and the system becomes a TI31.

We are now in position to address the problem of how the intensity and angular dependence of the ARPES 
distinguishes the two different topological phases. The photo-excitation process is described by the Hamiltonian

 ∑= +
α

α α α α
† ⁎ †t w t M a c M c a( ) ( ) ( ),

(5)p
p p pw P

where w(t) describes the time profile of the probe pulse, †ap creates a photo-electron with total momentum p and 
cα annihilates an electron at the sample with quantum numbers α. Assuming that the probe pulse w(t) acts in the 
time interval [t0, t1], the total photo-electron distribution obtained after the probe is given by16,32,33
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here εp is the energy of the photo-electron, ψp
m  is a state of the system in equilibrium with energy  

Em, −∞′t( , )p  is the time evolution operator including the effect of the pump pulse and f (E) is the Fermi-Dirac 
distribution. Only the evolution of the bulk states due to the pump perturbation is taken into account, neglecting 
effects of coupling of the radiation field with the final high-energy states. This effect has already been addressed in 
recent work15, giving rise to Volkov states. It has been pointed out that the dressing of the free-electron states can 
be neglected if the polarization of the pumping field is on the plane of the surface of the irradiated material. Since 
in our case we only consider normal incidence for the pumping field, it is correct to ignore it. The structure of the 
dipolar matrix elements Mpα has been discussed in ref. 16 for a probe pulse described by a vector potential with a 
polarization vector given by χ χ= −ˆ ˆP x yicos sinA . Using as a complete basis the eigenstates of the unper-
turbed system (α =  k, τ, ±  where ±  indicate the valence and conduction bands, respectively) and setting 
= +p K k( )  or  ′= +p K k( ) we have ψ ψ≡ = ⋅α τ τ

± ±ˆP pM Mp k f A k  with ψf the wavefunction of the final 
photo-electron state and = − ∇p̂ i —the choice of parametrization for the probe polarization allows for the use 
of symmetry arguments to determine ψf

16. These matrix elements are given in terms of the dipole transition 
matrix elements ζ ψ ψ= =ˆ ˆp k p kA Bx f x f x  and ζ ψ ψ= = −ˆ ˆp k p kA By f y f y  for the x and y com-
ponents of the probe pulse respectively (see Supplementary Information). In the expressions above, |kA〉  and |kB〉  
are the Bloch wavefunctions of the A and B sublattices, respectively.

Recent experiments16 showed that for graphene the ratio ζy/ζx =  λeiβ depends on the frequency of the 
photo-emitting probe pulse: λ is on the order of one and β  0 while for high energies (~30 eV) while β π /2 
for lower energies (~20 eV). It is worth to emphasize that these particular values of β depend on the final state ψf 
and hence on the choice of symmetry of the polarization of the probe pulse, whose principal axes are always along 
the x and y directions. In the former case the momentum distribution of the photo-electrons gives valuable infor-
mation on the Berry phase and has been analyzed in detail in ref. 16 and in subsequent works in the absence of the 
pump perturbation34,35. In this case a simple calculation gives the following photo-electron distribution due to 
electrons with quantum numbers k, τ, ± ,

Figure 1. The hexagonal lattice with two sites (A and B) of the unit cell (a) and the corresponding Brillouin 
zone (b). In (c) the Floquet band structure near a Dirac point with the amplitude of the vector potential A0 =  0, 
Ac and A0 >  Ac are shown; the color of the conduction and valence bands indicate the orientation of the pseudo-
spin at the Dirac points. (d) The photoemission intensities at constant energy without the pump pulse (left) and 
with a high energy (β =  0, see text) linearly polarized probe pulse (right) show a dichroism characteristic of the 
chiral states; the only effect of the radiation in this configuration is to reveal the change of the constant energy 
surface at the K and K′  points and the appearance of Floquet replicas.
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with θk =  arctan(ky/kx).
Photons with different polarization selectively excite electrons in the BZ generating a marked dichroism. This 

is reflected in the angular dependence of constant energy maps of τ
±Ik  close to the K point. The angular depend-

ence of the photo-electron distribution highlights the chiral nature of the initial states and gives direct informa-
tion of the winding phase θk. Similar results are obtained with a pump pulse as shown in Fig. 1(d). To lowest order 
in the pump amplitude, the photo-electron intensities are given by Eq. (7) where now Δ  is to be replaced by ∆∼τ. 
Then the pump changes the band structure as suggested by the lowest order Floquet Hamiltonian [cf. Eq. (2)] and 
the closing of the mass gap at K can be observed. However, under these conditions (β  0) the ARPES spectrum 
cannot distinguish the two different topological phases. In fact, the β =  0 photo-electron distribution τ

±Ik  is inde-
pendent of the sign of the mass term, which means that the intensity pattern remains invariant under a change in 
the orientation of the pseudo-spin along the z axis. In this case, although the ARPES can detect the closing and 
reopening of the gap at one of the Dirac points as the amplitude of the pump pulse increases, this cannot be 
unambiguously assigned to a band inversion. In particular, in graphene where Δ  =  0 the gaps at the two Dirac 
point are identical and the photo-electron intensities are insensitive to the sign of ∆∼τ.

However, when β π /2, a situation experimentally observed for ω ~ 20eV , the ARPES spectrum changes 
at the critical amplitude of the pump pulse allowing for a clear identification of the topology of the Floquet bands. 
Before presenting the numerical results we may get some insight into the problem by evaluating the 
photo-electron distribution using again the lowest order Floquet Hamiltonian. For λ =  1 and β =  π/2 this 
approach gives

φ θ χ φ χ∝ ± +τ τ τ
±

 I 1 [sin( )cos( )cos(2 ) cos( )sin(2 )], (8)k k kk

with φ = ∆ ∆ +
∼ ∼

τ τ τ
 v kcos( ) / ( )k f

2 2  and  φ τ= ∆ +
∼

τ τ
 v k v ksin( ) / ( )k f f

2 2 . This simple result makes apparent 
that the ARPES spectrum for non-linear polarization of the probe (χ ≠  0 or π/2) depends on the sign of the mass 
term. Consequently, the topological transition is manifested as a change in the amplitude of the photo-electron 
intensities showing different behaviors at the K and K′  cones. Under this choice of parameters it is possible to 
generate a photo-electron distribution with purely A or B character, i.e. to selectively photo-emit states with dif-
ferent pseudo-spin polarization along the z axis. Equation (8) also shows that the dichroism depends on the 
helicity of the probe. Defining the dichroism factor D as the normalized maximum angular variation of the pho-
toemission intensity along a constant energy curve we obtain φ χ φ χ= ±τ τ

±
 D sin( )cos(2 )/(1 cos( )sin(2 ))k k . For 

a circularly polarized probe pulse (χ =  π/4) we have that D± =  0 and the information on the Berry phase is  
lost—the constant energy cuts of the photo-electron distribution are angle independent. However, the intensity 
of the photocurrent coming from the valence and conduction bands clearly shows the topological structure of the 
wavefunctions,


∝ ±
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∆ +
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τ
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v k
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This is shown in Fig. 2 where the numerical simulation with the full time dependence of the pump and probe 
pulses are presented. The figure was obtained by fixing the chemical potential at a high energy (high doping) in 
order to show the photo-electron intensities corresponding to the valence and conduction bands in a wide energy 
range. The circularly polarized probe pulse acts at the centre of the pump pulse and its width in the time domain 
was chosen to be δtprobe =  50 fs to have a good energy resolution of the Floquet bands. The results clearly show that 
near the K point, the maximum intensity of the photo-electron distribution changes from the conduction to the 
valence band at the critical amplitude Ac. This change is a consequence of the sign change of ∆∼τ=+ and is linked 
to a change of ++ −  .

To be more specific, we now present results for the case of graphene with realistic parameters. We used the 
experimentally observed value of the phase β =  0.4π, the chemical potential is set either at μ =  100 meV or 
μ =  0 meV, the frequency of the pump pulse is ħΩ =  400 meV and the probe pulse is circularly polarized. These 
conditions generate small dichroism although its symmetry is different from that observed with β =  0: note that 
in cuts along ky and in the absence of the pump pulse the lines with negative velocity in Fig. 3(a) are more intense 
around both the K and K′  points. The circularly polarized pump pulse with frequency Ω also opens gaps at the 
Floquet zone boundary (ħΩ/2) that are detected by the ARPES spectrum14. The second order gap at the zone 
centre (zero energy) is not clearly observed due to the moderate amplitude of the pump and the width of the 
ARPES lines. However, the intensities of the lines corresponding to the conduction band show a marked differ-
ent behavior at the two Dirac points as illustrated in Fig. 3(c). This behavior shows that the Berry curvature Ωkτ 
defined above has the same sign for the two cones leading to a non-zero Chern number. This effect is also present 
when the chemical potential is fixed at μ =  0 eV as shown in Fig. 3(d), where the photoemission spectrum is 
presented along the kx direction in order to disregard asymmetries due to the dichroism generated by the probe 
polarization.

In finite systems, the Floquet zone boundary gaps are also bridged by topologically protected edge states. 
In k-space, these edge states are confined arround the K and K′  points and their existence can be inferred by 
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evaluating the Chern numbers with the Floquet bands20,22,36. The wavefunctions in the time domain clearly 
show that for those states bridging the zone-boundary gap the pseudospin oscillates with frequency Ω with its 
time average value on the xy-plane. The topological structure of these states, described by the above mentioned 
Chern numbers, is a real dynamical effect37. As the ARPES probe pulse averages on a time scale of the order of 
δtprobe ≫  1/Ω, the photo-electrons can hardly carry some information on the topological nature of states at the 
zone-boundary gap.

It is worth mentioning that, as recently shown in ref. 38, the Chern number of a pure state (Slater determi-
nant) cannot be changed by a unitary transformation. That is, the Chern of an initial state remains unaltered 
during the pump pulse. This fact of course does not prevent modifications of the band structure, the Floquet 
spectrum, and in particular the presence of the band inversion phenomena. In ARPES experiments with the 
appropriate energy and polarization, the interference of the dipole transitions allows for a clear identification of 
the different topological phases as revealed by the band inversion effect. With the help of a band structure model, 
that for graphene is well established, the ARPES intensity profiles allows to determine amplitude and phases of 
the wavefunctions for states close to the K and K′  points of the BZ and to reconstruct the Berry curvature around 
these hot spots.

The case of bilayer graphene, with a rather different band structure, is also interesting. The system has four 
π-bands, two of them, with parabolic dispersions, touch each other at the Dirac points and a gap can be opened 
and controlled by a perpendicular electric field. The other two bands lie at about 0.3 eV from the Dirac points. 
In the presence of the pump pulse these extra bands generate Floquet replicas that partially cover up the low 
energy ARPES spectrum making it much more intricate. Nevertheless, as the pump amplitude increases the 
topological transition evidenced by the band inversion phenomena can be clearly observed (see Supplementary 
Information).

In summary, we have shown that ARPES can give clear information on the topology of Floquet bands of 
graphene and graphene-like structures. This information is given by the intensity of the ARPES profiles of 
the bands close to the K and K′  points of the BZ. While in the topological trivial phase the intensities due to 
photo-electrons from the valence or conduction bands are similar at the two Dirac points, in the non-trivial phase 
the intensities of the valence and conduction bands are different and opposite at K and K′ . This change signals 
a modification of the Berry curvature around these points with a consequent variation of the Chern numbers. 
To observe the effect the dipole transition matrix elements ζx and ζy should have a different phase β. It has been 

Figure 2. (a) ARPES intensity from states close to the K′  (left column) and K (right column) cones; the 
radiation intensity increases from top to bottom (field strength (evFA0) at the peak of the pump pulse of 0 meV, 
60 meV, 130 meV and 200 meV). These results correspond to a circularly polarized pump and probe pulses 
with β =  π/2, the temporal duration of the former being of 350 fs and the latter of δtprobe =  50 fs. The chemical 
potential has been taken at 0.5 eV to appreciate the intensity changes of photo-electrons from both the valence 
and the conduction bands. The pump energy is ħΩ =  400 meV. In (b) we show the intensities, from states with 
wavevector k slightly shifted from the Dirac points, as function of the radiation intensity. At the critical value of 
evFA0 =  130 meV the ARPES intensity around K is transferred from the conduction to the valence band.
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experimentally shown that in graphene β can be controlled with the photon energy of the probe pulse. This 
observation opens the road for a spectroscopic study of the topological properties of the bulk wavefunctions of 
these 2D materials.
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We calculate the photoluminescence spectrum of a single semiconductor quantum dot strongly coupled to a
continuum as a function of light frequency, gate voltage, and magnetic field. The spectrum is dominated by the
recombination of several excitonic states which can be considered as quantum quenches in which the many-body
nature of the system is suddenly changed between initial and final states. This is associated with an Anderson
orthogonality catastrophe with a power-law singularity at the threshold. We explain the main features observed
experimentally in the region of stability of the trion X−, the neutral exciton X0, and the gate-voltage-induced
transition between them.

DOI: 10.1103/PhysRevB.94.235109

The optical manipulation of semiconductor quantum dots
(QDs) is a subject of great interest because of its potential
use to control the electronic spin for quantum information
processing [1–3] and spintronics [4–6]. Different optical
means of manipulation [6] and detection [5] of the the spin
have been proposed. The core of the research in this area
consists of optical transitions involving either neutral excitons
or trions. These states are respectively bound states of one or
two electrons in the conduction band of the QD and a hole
in the valence band and can be tuned using a gate voltage,
Vg [1–3,7–11].

A ubiquitous aspect of the photoluminescence (PL) decay
of excitons of various charges [9–13] or the absorption of light
creating them [13–15] is the manifestation of the hybridization
of the orbital of the QD with a continuum of extended states.
Small QD systems can usually be described by variations of
the Anderson impurity model. For small hybridization and an
odd number of electrons in the QD, this model reduces to the
Kondo model, in which the localized spins have an exchange
interaction with the spins of the electrons in the reservoir [9]
resulting in a many-body singlet ground state [16].

The PL spectrum that results from the decay of the trion
X− [10,11] and the neutral exciton X0 [11] has been measured
as a function of Vg . The X− PL line is a consequence of an
optical transition to a state with a single electron on average in
the QD. As a consequence of the hybridization, the PL is broad
near the limits of stability of the trion, it is asymmetric, and
there is a nonmonotonic blue shift. While simple approaches
were able to explain these features [10,11,17], a fully reliable
calculation is still lacking. For the X0 decay, similar nontrivial
effects are present [11]. The creation of the X0 [15] and
X− [14] states by optical absorption was calculated using the
numerical renormalization group (NRG), and in the X− case
there is remarkable agreement with experiment.

These transitions, because of their sudden character, are
related to another field of great interest in recent years,
the dynamics of highly correlated systems, after a quantum
quench [14,15,18–22]. Because initial states (ISs) and final
states (FSs) have different local scattering potentials, the
spectrum should show at low temperatures a power-law
behavior at the PL threshold characteristic of x-ray edge
singularities [13–15,23]. This is due to the Anderson orthogo-
nality catastrophe [24], which is another cornerstone of many-
body physics and requires sophisticated techniques for its
treatment.

An important aspect of the experiment of Kleemans
et al. [11] is that they worked in the regime of strong
hybridization and studied the transition between the X0 and
X− decays. In this article, we calculate the PL on the whole
range of gate voltages, Vg , between the region of stability of
X− and X0, using NRG within the full-density matrix (FDM)
approach [25–29]. Our results provide an explanation of recent
experiments and show that a very different behavior of the PL
spectrum under an applied magnetic field is expected for the
X0 and X− decays.

Using Fermi’s golden rule, the PL intensity is given by

I (ω) = 2π

�
∑

if

wi |〈f |HLM |i〉|2δ(�ω + Ef − Ei), (1)

where ω is the PL frequency, |i〉 labels the IS, |f 〉 denotes
the possible FSs, Ej is the energy of the state |j 〉, wi is the
Boltzmann weight of the IS |i〉, and the relevant part of light-
matter interaction can be written as [17]

HLM = A(d†
↑p3/2 + d

†
↓p−3/2) + H.c., (2)

where d†
σ creates an electron at the QD with spin σ , and pm

annihilates a valence electron with angular momentum 3/2 and
projection m [1,30,31]. Equation (1) implies a sudden change
in the dynamics of the system equivalent to a quantum quench.

The Hamiltonian is written as

H = Eend + Ueend↑nd↓ +
∑

kσ

(Vkd
†
σ ckσ + H.c.)

+
∑

kσ

εkc
†
kσ ckσ + Ehnh + Uhhnh3/2nh−3/2

−Uehndnh + U ′
eend↑nd↓nh. (3)

Here h
†
m ≡ pm, ndσ = d†

σ dσ , nhm = h
†
mhm, nd = nd↑ + nd↓,

and nh = nh3/2 + nh−3/2. The first three terms correspond to
the well-known Anderson impurity model. The remaining
terms involve heavy holes. The last term takes into account
the increase of the repulsion between electrons as their wave
function contracts after the addition of holes. Its addition
improves the agreement with experiment simultaneously for
the range of Vg of both the X− and the biexciton 2X0

decay. Contrary to previous approaches, we consider the
hybridization in both ISs and FSs. The on-site energies of
the QD electrons and holes change with gate voltage as
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FIG. 1. PL spectrum as a function of gate voltage. The in-
tensity is normalized by twice the maximum intensity at Vg =
−0.35 V [31]. Parameters are T = 1.75 K, E0

e = −25 meV,
E0

h = 1398.5 meV, Uhh = Ueh = Uee + 2U ′
ee = 20.97 meV, U ′

ee =
3.52 meV, � = 1 meV, and λ = 8.

Ee = E0
e − eVg/λ and Eh = E0

h + eVg/λ, respectively, where
λ is the lever arm [10,11].

Some parameters can be determined by simple features
of the experiment [10,11]. For example, neglecting Vk , the
amplitude of range of voltage in which the PL spectrum is
dominated by the decay of the trion X− is V 1

ee = λUee/e (see
Fig. 2). We obtain a good agreement with experiment for the
parameters indicated in Fig. 1. We assumed the hybridization
� = π

∑
k |Vk|2δ(εF − εk) = 1 meV independent of energy

with support in the range [−D,D], associated with a wide
reservoir band of width 2D = 100� symmetrically placed
around the Fermi energy εF . There are no particular features
of the band or hybridization that can affect the results.

We use the NRG to calculate the PL and compare with the
experiments of Kleemans et al. [11]. We run the code two
times, one in the presence of one or two holes in the valence
band of the QD (IS) and the other for one hole less (FS). Then,
the density matrix for the ISs and the matrix elements entering
Eq. (2) are calculated (see, e.g., Refs. [23] and [14]). In Fig. 1
we show the resulting PL spectrum as a function of Vg . There
are two high-intensity plateaus that correspond to the decay
of X0 (lower Vg) and X− (greater Vg). Near the crossover
between them, the plateaus bend and the X− plateau is joined
by another transition line of lower frequency and intensity,
which corresponds to that denoted as X−

f in Ref. [11]. There
is another plateau of lower intensity which corresponds to the
decay of a biexciton, with two holes and two electrons to the
FS X0. This feature is denoted by 2X0 in the experiment [31].
Except for the presence of positively charged Mahan excitons
and multiple excitons which involve electron or hole states not
included in the Hamiltonian, our results agree with those of
Kleemans et al. [11].

While the line shape of the PL peaks (discussed below)
requires a sophisticated calculation, the evolution of them with
Vg and the transition between states of different total charge
can be understood qualitatively using a molecular model in
which the bandwidth is reduced to a single electron reservoir
state with an energy equal to εF (D → 0) [32]. The most
relevant states of this model with less than two holes are
represented in Fig. 2. The initial ground state (IGS), before
light emission, depending on the value of Vg consists mainly
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FIG. 2. Most relevant energy levels of the zero-bandwidth model
and the PL transitions (indicated with arrows). |	g〉i and |	g〉f are
the initial and final ground states, respectively. |	e〉f is an excited
FS. Here V 0

ee = λ(Uee + U ′
ee)/e, V 1

ee = λUee/e, and �V = λ(Ueh −
Uee − U ′

ee)/e. The hopping between the QD level and the reservoir
effective level is V = 1 meV. Other parameters are as in Fig. 1.

of either a single hole (X+) in the valence band of the QD, or
X0 or X−, joined by regions with some admixture between
X+ and X0 or X0 and X− due to the hybridization. The
FSs after light emission have no hole in the valence band
and, similar to the ISs, mainly zero (|0〉), one (|e〉), or two
electrons (|2e〉) in the QD. The arrows in Fig. 2 correspond
to the main transition in each voltage regime. The feature
denoted as X−

f corresponds to the transition, indicated by a
dashed arrow, from the trion to an excited state with a dot
occupancy between zero and one. The observed plateaus in
the PL spectrum can be understood in the V = 0 limit. The
transition X0 → |0〉 takes place, with an emission energy of
�ω = E0

e + E0
h − Ueh, in the interval E0

e − Ueh � eVg/λ �
E0

e − Ueh + Uee + U ′
ee. The high Vg plateau in Fig. 1, with

an energy of E0
e + E0

h − 2Ueh + Uee + U ′
ee, stems from the

electron-hole recombination of the trion X− → |e〉, in the
range E0

e � eVg/λ � E0
e + Uee.

When the hybridization is turned on, both the IS and
FS energies decrease by ∼�. These energy gains calculated
with NRG-FDM and their difference, which gives the shift
in PL frequency, are represented in Fig. 3. As expected, the
energy gain is larger near the intermediate valence regions.
For example, there is a dip in the energy of the FS at
Vg = λE0

e /e = −0.2 V for which the occupancy of the FS
at the dot nd is intermediate between 0 and 1. Another
dip is clear for Vg = λ(E0

e + Uee)/e = −0.088 V for which
nd ≈ 1.5. Note that even in the Kondo regime Vg ≈ −0.144 V,
for which nd ≈ 1, the energy gain is of the order of � in
contrast to expectations from simple approaches [11,17]. For
Vg � λE0

e /e, the net effect of the hybridization is a blue shift
which is more pronounced for intermediate valence occupancy
of the FSs. Similarly, in the region of the X0 decay, the effect
of the hybridization is a red shift, larger near the limits of
stability of X0 against either X+ or X−. These shifts explain
characteristic features of the PL frequency as a function of the
gate voltage Vg observed in the experiment and reproduced
in Fig. 1, in particular, the downward curvature in the X0

region and an upward curvature in the X− region. A similar
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FIG. 3. (a) Green solid line: Energy gain �i of the IS before
photoemission due to hybridization. Blue dashed line: Energy gain
�f for the FS after photoemission. (b) Change of the emitted photon
energy gain �i − �f due to hybridization.

reasoning can be followed for the 2X0 feature leading to the
same qualitative behavior as for the X− decay, in agreement
with the results shown in Fig. 1.

In Fig. 4 we show two PL line shapes that correspond to
the X0 decay for Vg = −0.35 and −0.3 V and the respective
experimental results digitized from Ref. [11]. The comparison
is excellent. The long tails at low energies provide evidence of
the excitations produced by the sudden change of the dynamics
of the system (quantum quench) associated with an Anderson
orthogonality catastrophe. To discuss this point in more detail,
in Fig. 5 we show the PL intensity shift from the threshold
ω∗

e in a logarithmic scale, for temperatures much smaller
than the Kondo temperature TK and three values of the gate
voltage: Vg = −0.144 V corresponding to the Kondo regime
for the FS in the X− decay; Vg = −0.214 V in the region
between the X0 and X− decays, where the PL frequency
changes strongly as a function of gate voltage and both ISs
and FSs are in the intermediate-valence regime; and last,
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FIG. 4. PL intensity close to the onset of the X0 plateau (green
solid line) and at the center of the X0 plateau (orange solid line).
The orange solid and green open circles are the corresponding
digitized results of Kleemans et al. [11]. I0 = I (1351.6 meV) for
Vg = −0.35 V.
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FIG. 5. PL intensity as a function of the frequency ω′ = ω∗
e − ω

shift from the threshold (ω∗
e ) in a log-log scale for three values of

the gate voltage, −0.144, −0.214, and 0.3 V. The thresholds are
1349.74, 1350.34, and 1352.54 meV, respectively. The intensity is
normalized by I0 = I (kBTK/�) calculated for Vg = −0.144 V, where
TK ∼ 0.083 K.

Vg = −0.3 V corresponding to the Kondo regime for the IS
in the X0 decay. In the first case, as the frequency is lowered,
we recover the same regimes studied theoretically before for
absorption of light creating X0 [15]. At high frequency, the
physics is dominated by the free-orbital fixed point of the
NRG, with a dependence I (ω) ∼ ω2. Lowering the frequency
the functional form turns to that of the local moment fixed
point until the Kondo frequency kBTK/� is reached. For
�ω < kBTK , the physics enters the strong-coupling regime,
and the dependence is the characteristic power law ω−ησ for
the Anderson orthogonality catastrophe associated with the
quantum quench in a Fermi liquid. The exponent is given by
ησ = 1 − ∑

σ ′ (δσσ ′ − �nσ ′)2 [15], where �nσ ′ is the change
on the local occupation of electrons with spin projection σ ′, be-
tween the FS and IS. This divergent behavior at low frequency
ceases at a frequency kBT /� determined by the temperature.
For Vg = −0.214 V, the behavior is similar, except for the
absence of the local moment regime and the different exponent
ησ . For Vg = −0.3 V (X0 decay), the local moment regime
cannot be reached and the PL intensity is about four times
smaller at ω ∼ kBTK/� than for the X− decay. The result is a
smoother curve, similar to light absorption leading to X− [14].

From the occupancies of the different states, we obtain ησ =
0.4987 for Vg = −0.144 V, ησ = 0.3571 for Vg = −0.214 V,
and ησ = 0.4983 for Vg = −0.3 V The corresponding curves
ω−ησ are also represented in Fig. 5 with the intensity as the
only fitting parameter.

Finally, we analyze the effect of an external magnetic
field B (see Fig. 6),1 which leads to a splitting of the PL
plateaus due to the different giromagnetic factors for electrons
and holes [14]. The different broadening of the PL peaks is
due to the B dependence of ησ (see Fig. 7) [15]. Plateaus
associated with the recombination of a spin down electron

1Following Ref. [14] we take the giromagnetic factors of the hole
and the electron as gh = 1.1 and ge = −0.6, respectively.
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FIG. 6. PL intensity in the presence of an external magnetic field
producing a Zeeman splitting 0.57 meV of the electronic level of the
QD and an ∼1.05 meV splitting for the hole level at T = 1.75 K.

have an exponentially suppressed intensity for the X0
↓ and X−

↓
decays at low temperatures which is mainly due to the reduced
probability of finding a hole with a high energy spin projection
in the IGS. For the 2X0 decay the electron and hole spins are
compensated in the IGS and the 2X0

↑ and 2X0
↓ plateaus have a

sizable intensity and are clearly visible in the figure.
In summary, using an Anderson impurity model, we can

explain experimental results of PL in a wide range of gate
voltages, including those for which either ISs or FSs or both
are in the mixed valence regime. The PL transition is an
experimental realization of a quantum quench associated with
another realization of Anderson orthogonality catastrophe,
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FIG. 7. PL intensity as a function of the frequency shift from
the threshold for different values of the magnetic field. The left side
panel is in the exciton decay regime (Vg = −0.3 V) and the right side
panel is for trion decay (Vg = −0.144 V). The PL intensity for the
spin up projection I↑(ω) (not shown) is exponentially suppressed for
ghμBB > kBT . Other parameters are as in Fig. 5.

but in contrast to previous studies, in our system electron
correlations are important in both ISs and FSs in the photon
decay. We find a marked asymmetry in the PL line shapes for
the neutral exciton and trion decays both in the hybridization-
induced energy shift and in the dependence on the magnetic
field. Absorption and emission of light are qualitatively
different and the local moment regime can be reached only
in the FS (X0 absorption or X− decay).
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We analyze the linear thermoelectric transport properties of devices with three quantum dots in a star
configuration. A central quantum dot is tunnel-coupled to source and drain electrodes and to two additional
quantum dots. For a wide range of parameters, in the absence of an external magnetic field, the system is a
singular Fermi liquid with a nonanalytic behavior of the electric transport properties at low energies. The singular
behavior is associated with the development of a ferromagnetic or an underscreened Kondo effect, depending
on the parameter regime. A magnetic field drives the system into a regular Fermi liquid regime and leads to a
large peak (∼kB/|e|) in the spin thermopower as a function of the temperature, and to a ∼100% spin polarized
current for a wide range of parameters due to interference effects. We find a qualitatively equivalent behavior for
systems with a larger number of side-coupled quantum dots, with the maximum value of the spin thermopower
decreasing as the number of side-coupled quantum dots increases.

DOI: 10.1103/PhysRevB.94.235112

I. INTRODUCTION

The use of the electron spin degree of freedom for
classical or quantum computing operations and for information
storage and transmission is what is usually called spintronics
[1,2]. The main advantages of spin based electronics are a
reduced dissipation and a faster operation speed [3]. A key
step towards the implementation of spintronic devices is the
ability to generate and inject spin currents in semiconductor
based components [1,2,4,5]. Spin currents can be injected
using ferromagnetic contacts or generated directly in the
nonmagnetic material by applying external magnetic fields.

There have been several proposals to generate spin po-
larized currents using quantum dots (QDs) built in semicon-
ducting heterostructures. These proposals generally involve
small QDs where a single electronic level is relevant for
the transport properties at low energies [6,7]. In the regime
where the electronic level is singly occupied, an external
magnetic field can polarize the spin of the electron in the
QD level producing a spin dependent transmittance through
it. To obtain a large spin polarization of the current, however,
large magnetic fields and a fine tuning of the level energy
are usually needed. The energy associated with the Zeeman
splitting needs to be of the order of the level hybridization
and the QD level to be near a resonance condition with the
Fermi energy of the electrodes. Other proposals in multiple
QD devices involve using interference effects to generate fully
spin polarized currents, applying an external magnetic field
such that there is a destructive interference for one of the spin
components leading to a vanishing transmittance [8–10].

The measurement of the thermoelectric effect in molecular
junctions [11] and the observation of the spin Seebeck effect
in magnetic conductors [12] spawned numerous studies on the
thermal generation of charge and spin currents in nanoscopic
devices [13–23]. The spin Seebeck effect could be used to
generate pure spin currents in molecular or QD devices, i.e.,
without having an associated charge current [21]. It was early
recognized that sharp features in the electronic density of
states near the Fermi energy can lead to an enhancement of
thermopower [24]. In QDs, the development of the Kondo

effect at temperatures below a characteristic scale TK generates
a narrow peak, the so-called Kondo peak or Abrikosov-Suhl
resonance, of width ∼kBTK at the Fermi energy in the spectral
density of the QD. The regular Kondo effect involves a spin
1/2-coupled antiferromagnetically to the conduction electron
band and leads to an Abrikosov-Suhl resonance centered near
the Fermi level (the shift is �kBTK ) with a low electron-
hole asymmetry and a small thermoelectric response at low
temperatures [16]. Other varieties of the Kondo effect with
a higher impurity symmetry, as the SU(4) case observed
in carbon nanotube junctions, lead to an Abrikosov-Suhl
resonance shifted by ∼kBTK above the Fermi energy and to
a large charge thermoelectric response [22,25]. To obtain a
large spin thermoelectric response in these Kondo systems,
however, a Zeeman splitting larger than the Kondo scale kBTK

is needed.
The underscreened Kondo effect, which has been observed

in molecular devices [26,27], and the ferromagnetic Kondo
effect have been predicted to occur in multiple quantum
dot devices [28–33]. An appealing property of these Kondo
systems is that they lead to a singular Fermi liquid behavior
[34–38] with a logarithmic dependence on the excitation
energy of the low-energy properties. In these devices, a spin
decouples asymptotically from the electron bath, at low
temperatures, and becomes easily polarizable with any finite
external magnetic field, leading to high magnetotransport and
spin thermoelectric responses [19,39,40].

We study the thermoelectric properties of a device with
three quantum dots in a star configuration which leads to a
realization of the underscreened Kondo effect for a spin S = 1
and to the ferromagnetic Kondo effect for a spin S = 1/2
[28–33]. We show that these devices can be used as spin filters
and to thermally generate spin polarized currents. We find that
in the ferromagnetic Kondo regime the singular properties
emerge at a scale much larger than in the underscreened
Kondo regime, making it more suitable for the experimental
observation of these effects.

The rest of the paper is organized as follows. In Sec. II,
we present the model and summarize previous results on the
low-energy properties of the system. In Sec. III, we present
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FIG. 1. Schematic representation of a three QD device in a star
configuration. The central QD which is labeled with 0 is tunnel-
coupled to two QDs and to left (L) and right (R) electrodes.

numerical results, using the full density matrix extension [41]
of Wilson’s numerical renormalization group (FDM-NRG)
[42,43], for the conductance, thermoelectric power, magneto-
conductance and spectral density as a function of temperature
and gate voltage. Finally, in Sec. IV, we summarize the main
results and present the conclusions.

II. MODEL

We analyze a model device with three QDs tunnel-coupled
in a star configuration (see Fig. 1). A central QD is coupled
to two QDs and to left and right electrodes. The device is
described by the following Hamiltonian [32]:

H =
2∑

�=0

⎛
⎝ ∑

σ=↑,↓
ε�σ n̂�σ + U�

2
n̂�↑n̂�↓

⎞
⎠

+
∑

σ

2∑
�=1

(t�d
†
�σ d0σ + H.c.)

+
∑

ν=L,R

∑
k,σ

(Vkνd
†
0σ cνkσ + H.c.)

+
∑
ν,k,σ

εkνc
†
νkσ cνkσ , (1)

where we consider a single electronic orbital on each QD1

with energy ε�σ , n̂�σ = d
†
�σ d�σ is the electron number operator

of the �th QD, U� is its charging energy, and σ is the electron
spin projection along the ẑ axis. An external magnetic field
Bẑ produces a Zeeman splitting of the level energy of each
orbital as ε�↑ = ε� − gμBB/2 and ε�↓ = ε� + gμBB/2. The
energies ε� = U� − Cg�Vg� can be experimentally controlled
via gate voltages Vg�. The first term in Eq. (1) describes the
electrostatic interaction on the QDs. The second term describes
the tunneling coupling between the central QD (� = 0) and
the two side-coupled QDs. The third term describes the
coupling between the central QD and the left (L) and right (R)
electrodes, which are modeled by two noninteracting Fermi
gases.

1For a small enough quantum dot, the linear transport properties are
governed by its lowest unoccupied or the highest occupied orbital.

The low-energy properties of this model, for N side-
coupled QDs, were analyzed for B = 0 in Ref. [32] in the
Kondo regime with single electron per QD. When the tunnel
coupling between the side-coupled QDs and the central QD
is much larger than the hybridization between the central
QD and the leads, the low-energy physics is governed by
a ferromagnetic Kondo Hamiltonian for a S = (N − 1)/2
impurity spin. In weak interdot coupling regime, a two stage
Kondo effect develops as the temperature is decreased. The
first stage is due to the Kondo screening of the spin on
the central QD by the leads, and the second one at lower
temperatures is an underscreened Kondo effect between a
local heavy Fermi liquid at the central QD and the spins on
the side-coupled QDs. The heavy quasiparticles at the central
QD can only partially screen the magnetic moment on the
side-coupled QDs leaving at low temperatures a residual spin
with a ferromagnetic coupling to the quasiparticles. As in
the case of ferromagnetic Kondo effect, the underscreened
Kondo effect presents singular liquid Fermi properties due to
a logarithmic decoupling at low energy of residual spin. For
simplicity, we consider below t� = t and U� = U . The main
conclusions, however, do not depend on the homogeneity of
the QDs’ couplings and charging energies.

III. TRANSPORT PROPERTIES

We analyze the transport properties in the linear response
regime for both the bias voltage �V = (μL − μR)/e and the
temperature difference �T = TL − TR between left and right
electrodes. The current for the spin projection σ can be written
as [16]

Iσ = Gσ�V + GσSσ�T, (2)

where the conductance Gσ and the Seebeck coefficient Sσ are
given by

Gσ = e2

h
I0σ , Sσ = −kB

|e|
I1σ

kBT I0σ

, (3)

with Inσ = ∫ ∞
−∞ ωn(− ∂f (ω)

∂ω
)Tσ (ω) dω . Here, Tσ (ω) describes

the tunneling of spin-σ electrons across the junction and
is given by Tσ (ω) = 4
L
R


L+
R
Aσ (ω) where Aσ (ω) is the spin

dependent spectral density of the central QD [44,45]. In the
above expression, 
α = π

∑
k |Vkα|2δ(εkα) is the contribution

to the width of the molecular energy levels introduced by
the coupling with lead α, and f (ω) is the Fermi function.
In what follows, we assume that 
L and 
R are equal and
energy independent,2 define the effective tunnel coupling
V = √

(
L + 
R)/πρ, where ρ = 1/(2D) is the local density
of states of the electrodes at the Fermi energy (εF = 0), and
choose half the bandwidth of the leads D as the unit of energy.
The total charge current is Ic = ∑

σ Iσ and we define the pure
spin current for Ic = 0 as

Is = Ss

�T

|e|R , (4)

2For a discussion about this assumptions, see, e.g., Ref. [16].
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FIG. 2. Conductance as function of the temperature for different
values of the tunnel coupling t . t/D takes the values 0.012, 0.014,
0.016, 0.018, 0.02, 0.025, 0.05, and 0.1. Other parameters are U =
0.4D, V = 0.2D, and ε� = −U/2. (Inset) Plot of G−1/2 as a function
of ln(kBT /T 0

K ) to make clear the singular behavior of the conductance
at low energies for t �= 0.

with

Ss = S↑ − S↓, (5)

the spin Seebeck coefficient and R = ∑
σ G−1

σ . In what fol-
lows, we present results for the transport properties calculating
Aσ (ω) using Wilson’s numerical renormalization group [43].

A. Conductance

We first analyze the behavior of the conductance as a
function of the temperature for different values of the interdot
hopping amplitude t . The system presents, as a function of t ,
a crossover from a ferromagnetic Kondo regime, for the larger
t values, to a two stage Kondo regime in the low-t range of
values.

Figure 2 presents the conductance through a three QD
device in the electron-hole symmetric situation (ε� = −U/2)
as a function of the temperature for different values of the
interdot hopping amplitude t . In the lower-t regime, there is a
increase of the conductance as the temperature is lowered and
it reaches a value G ∼ G0 = 2e2/h for T � T 0

K , where T 0
K is

the Kondo temperature for the central QD. At temperatures
below a characteristic temperature T0, the underscreened
Kondo effect sets in and the conductance decreases again
to G ∼ 0 for T � T0. As t is increased, T0 increases, and
the high-conductance plateau is suppressed. In the larger-t
regime, no high-conductance plateau is obtained and the
conductance decreases monotonously. In this case, the system
can be described by the ferromagnetic Kondo model. In the
whole range of values of t studied, the NRG results for the
low-temperature conductance present a singular behavior of
the form

G(T → 0) 
 G(T = 0) + bG

ln2(T/T0)
, (6)

where kBT0 is much larger than D in the ferromagnetic Kondo
regime and much smaller than D in the underscreened Kondo
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FIG. 3. Conductance G vs total occupation N of the QDs. (a)
Conductance for different couplings t . (Inset) Kondo coupling as a
function of δ for t = 0.2D. The arrow indicates the value of δ = δ� 

0.44U where JK vanishes. (b) Conductance for t = 0.04D at different
temperatures. kBT changes from 10−13D to 10−4D in steps of 1 in the
exponent. (Inset) N as a function of δ for t = 0.04D (solid line) and
t = 0.2D (dashed line). In (a) and (b), the expected zero-temperature
conductance for a singular Fermi liquid G0 sin2(πN /2 − π/2) (red
thick line) and a regular Fermi liquid G0 sin2(πN /2) (black thin line),
are presented.

regime [32]. For the parameters of Fig. 2, G(T = 0) = 0, while
assuming a regular Fermi liquid ground state G(T = 0) = G0

would be expected [46]:

GFL(T = 0) = G0

2

∑
σ

sin2(Nσπ ), (7)

where Nσ = 3/2 is the average occupancy per spin. A
qualitatively identical behavior is obtained for systems having
a larger number of side-coupled QDs, the main difference
being the value of T0 [32].

Figure 3 presents the low-temperature conductance as a
function of total occupation N , in the QD array, which is
changed by shifting the energy of one of the side-coupled QDs
by δ (ε0 = ε1 = −U/2 and ε2 = −U/2 + δ). For N = 3, the
system is in a singular Fermi liquid regime and the conductance
vanishes. As N is reduced, the conductance follows the
behavior that would be expected for a Fermi liquid with an
effective charge per spin projection sector in the QD array
reduced by π/2:

G(T → 0) = G0

∑
σ

sin2[(Nσ − 1/2)π ]. (8)

This can be interpreted as due to the asymptotic decoupling
at low energies of a spin 1/2 from the reservoir, reducing the
effective charge in the QD array. For values of t such that at
δ = 0 (N = 3) the system is in the ferromagnetic Kondo
regime, the zero-temperature conductance presents a disconti-
nuity as a function of N . A calculation of the Kondo coupling
between the QD array spin and the reservoirs shows that there
is a change in the sign of JK at the value of δ where the jump
in the conductance is observed. The inset of Fig. 3(a) shows
that the change in the sign of JK for t = 0.2D takes place at
δ = δ� 
 0.44U , which corresponds to a total occupation of
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FIG. 4. Charge Seebeck coefficient Sc in the ferromagnetic
Kondo regime (t = 0.2D) for B = 0. There is a change in the sign
of S near δ ∼ U/2 where the total occupation of the QDs changes
between ∼3 and ∼2. Other parameters as in Fig. 2.

N = 2.942 [see inset of the Fig. 3(b)] marked by the arrow
in the Fig. 3(a). As JK decreases in absolute value, the Kondo
temperature vanishes with an essential singularity behavior
and a Kosterlitz-Thouless transition for JK = 0 is obtained
where the system changes from being a singular Fermi liquid
to a regular Fermi liquid. This changes the zero-temperature
behavior of the conductance, which is described by Eq. (7)
for JK > 0 and by Eq. (8) for JK < 0. Close to the transition,
the temperature needs to be very low (lower than TK ) for
the conductance to attain its zero-temperature value. At finite
temperatures, the discontinuity in G(N ) is rounded as can be
seen in Fig. 3(b), although a strong gate voltage dependence of
the conductance remains close to the transition. For the lower
values of t analyzed, the system is in the underscreened
Kondo regime, the transition occurs close to N = 2.5 and
the conductance displays a cusp at low temperatures.

B. Thermopower

Figure 4 presents an intensity map of the charge Seebeck
coefficient as a function of the temperature and the energy
shift δ for a system which, for δ = 0, is in the ferromagnetic
Kondo regime (t = 0.2D). In the electron-hole symmetric
situation (δ = 0), electrons and holes contribute the same to
the Seebeck effect but with opposing signs leading to a zero
Seebeck coefficient in the full range of temperatures. A finite δ

breaks the electron-hole symmetry and leads to a finite charge
Seebeck coefficient which has a peak as a function of the
temperature at T ∼ 0.1
. For δ ∼ U/2 where the occupation
on the QD array changes between ∼3 and ∼2, there is a change
in the sign of Sc and a sharp feature in Sc remains even at the
lowest temperatures studied. For negative values of δ, the sign
of Sc is inverted Sc(−δ) = −Sc(δ) due to the electron-hole
replacement symmetry.

A Sommerfeld expansion at low temperatures for the
integrals of Eq. (3) leads to

Sσ (T ) = −kB

|e|
π2

3
kBT

1

Aσ (ω = 0,T )

∂Aσ (ω,T )

∂ω

∣∣∣∣
ω=0

, (9)

and a linear in T vanishing of the Seebeck coefficient is
expected for a Fermi liquid as T → 0. The spectral density
in this system in the singular Fermi liquid regime has, at low
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FIG. 5. (Top to bottom) Conductance, Seebeck coefficient Sc,
and Lorentz number, as a function of the temperature for a system
in the ferromagnetic Kondo regime t = 0.2 and δ = 0.23U . Other
parameters as in Fig. 2.

temperatures (T → 0), a behavior of the form [32]

Aσ (ω → 0) 
 b

ln2(|ω|/kBT0)
, (10)

and Eq. (9) is not applicable. The charge Seebeck coefficient
does vanish at low temperatures but slower than linear in T

due to logarithmic corrections. This can be observed in Fig. 5,
where the conductance and the Lorenz number also show a
logarithmic temperature dependence at low temperatures. This
singular behavior is cutoff by an external magnetic field that
drives the system into a Fermi liquid regime making Eq. (9)
with a linear behavior in T of Sc applicable.

C. Spin Seebeck effect and spin polarization

In the absence of an external magnetic field the system
preserves the spin symmetry, S↑ ≡ S↓, and the spin Seebeck
coefficient is zero. In the electron-hole symmetric situation
(δ = 0), A↑(ω) = A↓(−ω) [see Fig. 6(a)] and S↑ = −S↓
which leads to a finite Ss under a finite magnetic field B.
Figure 7(a) presents the spin Seebeck coefficient as a function
of the temperature and the energy shift δ. For δ < δ�, the
system is in a singular Fermi liquid regime and the spin is easily
polarized at low temperatures by an external magnetic field.
This leads to a strong electron-hole asymmetry for Aσ (ω) and
to a large Ss ∼ kB/|e| for kBT ∼ gμBB. For kBT � gμBB,
Fermi liquid theory is applicable and Ss is proportional to the
temperature.

For both δ ∼ 0.23U and δ ∼ U/2, Ss presents a large peak
and a sharp feature with a change of sign at low temperatures.
These features are associated with the vanishing of G↑ and G↓,
respectively, which leads to a spin polarization of the current
(∼100%). This can be observed in Fig. 7(b), which presents
the current polarization factor IP = G↑−G↓

G↑+G↓
as a function of

δ. |IP | attains its maximum values where the spin Seebeck
coefficient is maximum. For kBT � gμBB, the system is in a
Fermi liquid regime and Eq. (7) for the conductance is valid.
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FIG. 6. (a) Spectral density of the central QD at low ener-
gies for kBT = 0.3μBB = 3 × 10−6D in the ferromagnetic regime
(t = 0.2D) and δ = 0. For B = 0, the spectral density is electron-hole
symmetric and presents a singular behavior at low energies. (b) Same
as (a) for δ = 0.23U and kBT = 10−6D. (Inset) Spectral density in a
wide range of energies that includes the Hubbard peaks at ω ∼ ±U/2
and shows the spin polarization under an applied magnetic field.

The total occupation and the magnetization are changed by
the energy shift δ and the magnetic field, and we have N =
N↑ + N↓ = 3 − �N and M = N↑ − N↓ = 1 − �M , where
0 � �N � 1 for all δ � 0, and �M � 0 for 0 � δ � δ�

and �M < 0 for δ > δ�. From the total occupation and
magnetization, we get the spin occupation as

N↑ = 2 + (�M − �N )/2, (11)

N↓ = 1 − (�M + �N )/2. (12)

For δ = 0.23U , �M = �N and N↑ is an integer number
that result in G↑ = 0 [see Eq. (7)], while for δ ∼ U/2,

δ
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FIG. 7. (a) Spin Seebeck coefficient in the ferromagnetic Kondo
regime (t = 0.2D) and gμBB = 10−5D. There are two peaks
associated with with a maximum of S↑ at δ = 0.23U and a minimum
of S↓ at δ ∼ U/2. (b) Zero-temperature current polarization Ip as a
function of δ. There is a broad range of values of δ around δ ∼ 0.23U

and where the current is ∼100% polarized.
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FIG. 8. Spin Seebeck as function of the temperature and the
magnetic field at δ = 0 for (a) t = 0.02D and (b) t = 0.2D. The
magnetic field changes from 10−11D to 10−6D in steps of 1 in the
exponent.

�M = −�N , N↓ is an integer number and G↓ = 0. The
vanishing of the conductance for one of the spin projections
at low temperatures, is associated with the vanishing of the
spectral density (see Fig. 6).

Figure 8 presents the spin Seebeck coefficient as a function
of the temperature scaled by the applied magnetic field for
an electron-hole symmetric situation (δ = 0). We find a large
peak in Ss for kBT ∼ gμBB that loses strength when the
magnetic field increases in the underscreened Kondo regime
[see Fig. 8(a)], and holds with essentially the same strength
for the ferromagnetic Kondo regime [see Fig. 8(b)]. This is
due to the fact that in the underscreened Kondo regime the
energy scale kBT0, that determines the onset for the singular
behavior, is much lower than the bandwidth [32] and an
external magnetic field easily can drive the system out the
underscreened Kondo regime. In the ferromagnetic Kondo
regime, however, the energy scale kBT0 is much larger than
the bandwidth [32] and the onset of the singular behavior
occurs at a higher-energy scale (∼U ).

IV. SUMMARY AND CONCLUSIONS

We have analyzed the thermoelectric and magnetoelectric
properties of a three QDs device in a star configuration as
a function of temperature, magnetic field and gate voltage.
The system presents a high sensitivity to external fields,
associated with quantum phase transitions, that manifests on
the transport properties. The zero-temperature conductance as
a function of gate voltage presents a discontinuity that signals
a transition between singular and regular Fermi liquid regimes.
This quantum phase transition is produced by a change in the
sign of the Kondo coupling JK between a magnetic moment in
the QD array and the leads. For an antiferromagnetic coupling
JK > 0, the low-temperature properties of the system can be
described with Fermi liquid theory, and the zero-temperature
conductance is given by the QD array occupation through
Friedel’s sum rule. For a ferromagnetic coupling JK < 0 the
system in a singular Fermi liquid regime at low temperatures
and satisfies a modified sum rule where the total charge in
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the QD array is replaced by a reduced effective charge. The
effective charge can be obtained by subtracting the charge
associated with a magnetic moment on the QD array that
decouples asymptotically from the leads. The conductance,
thermopower, and Lorentz number present a logarithmic
behavior at low temperatures in the ferromagnetic Kondo
regime. An external magnetic field strongly polarizes the
asymptotically free magnetic moment and drives the system
into a Fermi liquid regime, producing a low-energy cutoff
for the logarithmic behavior of the transport properties. In
this regime, the magnetic field produces a large slope at low
energies in the spectral density of the central QD, with a sign
that depends on the spin projection along the external magnetic
field. Close to the electron-hole symmetric condition this leads
to a large spin Seebeck coefficient (∼kB/|e|) and to pure spin
currents for kBT ∼ gμBB in a wide range of magnetic fields.
A gate voltage can tune the system to produce spin polarized
currents due to the suppression of the current of one of the spin
projections caused by interference effects.

For a weak tunnel coupling between QDs, the system
presents a two-stage Kondo regime with an antiferromagnetic
Kondo effect for a spin 1/2 followed by a spin-1 underscreened
Kondo effect. In this case, the electronic properties of the
system also present a singular behavior but it is attained at
much lower temperatures.

We analyzed devices with more than three QDs (N > 2),
where N QDs are tunnel-coupled to the central QD, and
found a qualitatively identical behavior to the N = 2 case for
the thermoelectric and magnetoelectric properties. The main
quantitative differences are a reduced maximal spin Seebeck
coefficient and an enhanced energy scale kBT0 as the number
of side-coupled QDs N increases.
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[39] R. Žitko, J. Mravlje, A. Ramšak, and T. Rejec, New J. Phys. 15,
105023 (2013).

[40] M. Cabrera Cano and S. Florens, Phys. Rev. B 88, 035104
(2013).

[41] A. Weichselbaum and J. von Delft, Phys. Rev. Lett. 99, 076402
(2007).

[42] K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).
[43] R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395

(2008).
[44] P. S. Cornaglia and D. R. Grempel, Phys. Rev. B 71, 075305

(2005).
[45] P. Cornaglia, Physica E 40, 2844 (2008).
[46] J. A. Andrade, P. S. Cornaglia, and A. A. Aligia, Phys. Rev. B

89, 115110 (2014).

235112-7

141



F́ısica estad́ıstica aplicada a la materia condensada



PHYSICAL REVIEW E 93, 012134 (2016)

From single-file diffusion to two-dimensional cage diffusion and generalization of the totally
asymmetric simple exclusion process to higher dimensions
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A two-dimensional constrained diffusion model is presented and characterized by numerical simulations. The
model generalizes the one-dimensional single-file diffusion model by considering a cage diffusion constraint
induced by neighboring particles, which is a more stringent condition than volume exclusion. Using numerical
simulations we characterize the diffusion process and we particularly show that asymmetric transition probabilities
lead to the two-dimensional Kardar-Parisi-Zhang universality class. Therefore, this very simple model effectively
generalizes the one-dimensional totally asymmetric simple exclusion process to higher dimensions.

DOI: 10.1103/PhysRevE.93.012134

I. INTRODUCTION

The relevance of the Kardar-Parisi-Zhang (KPZ) equa-
tion [1] for studying many different physical situations has
been widely acknowledged during the past two decades. Orig-
inally developed for modeling surface growth processes [2],
its relevance in many other fields continuously increases,
covering turbulence [3], domain-wall motion [4], colloidal
suspensions [5], and Macdonald processes in probability
theory [6], among many interesting physical, chemical, and
mathematical processes. Recent progress on the understanding
of KPZ processes has come from its link with random
matrix theory [7,8], which provides analytical asymptotic so-
lutions for height distribution functions [8–13]. This analytical
progress is largely achieved in 1 + 1 dimensions, while in order
to test and extend the theoretical concepts to higher dimensions
one has to rely on numerical simulations [14–24].

One of the key ideas that promoted theoretical progress on
the understanding of the KPZ equation is the formal mapping
between the one-dimensional KPZ equation and the totally
asymmetric simple exclusion process (TASEP), which can be
viewed as a process of strongly interacting biased diffusing
particles [25–27]. Within this approach, particles and holes
diffusing on a one-dimensional line correspond to positive and
negative slopes in a 1 + 1 fluctuating interface, providing a
direct link between particles density and an interface height
profile. In the hydrodynamic limit, the fully biased diffusion
of particles leads to nonlinear terms in the diffusion equation,
which in the related interface height problem corresponds
to a KPZ term [26]. Conversely, the symmetric case, also
called single-file diffusion process, belongs to the Edwards-
Wilkinson (EW) [28] universality class [29–31]. Besides the
fact that one-dimensional diffusion can be biased or not,
leading to KPZ or EW processes, it is fairly acknowledged
that volume exclusion is a key ingredient that allows mapping
growing interfaces onto diffusion processes. This restriction
means that two diffusing particles cannot occupy the same
site, which guarantees a continuity condition of the fluctuating
interface.

*Corresponding author: pcentres@unsl.edu.ar

Remarkably, this fruitful relationship between KPZ and
TASEP is mainly restricted to the one-dimensional case,
while it is clear that generalizing this relationship to higher
dimensions would provide important tools to further explore
KPZ and related processes. This is not a trivial step and
some attempts have already been reported in recent years.
In particular, two recent works can be considered as attempts
to extend the TASEP to higher dimensions. On one hand,
Tamm, Nechaev, and Majumdar [18] recently proposed a
layered zigzag model as a two-dimensional generalization of
TASEP and showed that the model belongs to the 2 + 1 KPZ
universality class. On the other hand, Odor and coworkers
developed a driven lattice-gas model, which can be mapped
onto a two-dimensional surface growth model composed of
octahedra belonging to the KPZ universality class [16,17,23].

We pursue the idea that asymmetric diffusion can lead to
KPZ processes and propose here a simple two-dimensional
diffusion model generalizing the single-file diffusion and
TASEP processes to higher dimensions. This generalization
not only relies on asymmetric diffusion but goes beyond
the simple volume exclusion restriction by identifying the
key ingredient for this nontrivial generalization: the cage
restriction. We then confirm through numerical simulations
that the scaling exponents of this simple two-dimensional
diffusion model are in agreement with those of EW and KPZ
universality classes for the symmetric and asymmetric cases,
respectively.

II. MODEL AND OBSERVABLES

We will first describe the model system and define some
useful observables. In order to illustrate how we generalize
to two dimensions the simple volume exclusion diffusion
process we will carry out a construction based on its correspon-
dence with its one-dimensional counterpart. The fundamental
observation is that in one dimension the implementation
of the volume exclusion principle has a simple but severe
consequence: Since a particle cannot diffuse to a site that
is already taken by a different particle, this implies, in one
dimension, that a particle is constrained to stay always in
the cage delimited by its two nearest neighbors, which we

2470-0045/2016/93(1)/012134(7) 012134-1 ©2016 American Physical Society

143



P. M. CENTRES AND S. BUSTINGORRY PHYSICAL REVIEW E 93, 012134 (2016)

FIG. 1. Schematic representation of the cage diffusion constraint.
(a) Initial condition in one and two dimensions. Each particle is
located in sites a distance L apart in one dimension, while a sublattice
is used in two dimensions where particles form a π/4 rotated square
lattice of spacing

√
2L. The four initial nearest neighbors of particle

j are labeled as j1, j2, j3, and j4. (b) The cage diffusion constraint
is defined by the position of the nearest neighbors of a particle. In
two dimensions, the rectangle indicates the cage where particle j is
allowed to diffuse for the given configuration.

shall call the cage diffusion constraint. Therefore, volume
exclusion and cage constraint are equivalent in one dimension.
This seemingly obvious and inoffensive fact is crucial when
thinking on two-dimensional diffusion, where the volume
exclusion principle and the cage diffusion constraint are no
longer equivalent. The volume exclusion had been naturally
extended and widely studied in two dimensions [32–35].
However, the cage diffusion constraint in two dimensions is
more restrictive and, to the best of our knowledge, had not
been studied.

In order to present our two-dimensional diffusion model
based on the cage diffusion constraint, we present in Fig. 1
the one- and two-dimensional discrete realizations used for
numerical simulations. Figure 1(a) shows a uniform initial
condition. In one dimension N particles are located a distance
L apart on a discrete line of unitary spacing. The size of the
system is thus given by M = LN . The position of particle
j are given by xj = jL. In two dimensions, particles are

initially located in a c(2L × 2L) configuration over the square
lattice, thus forming a square lattice of particles separated a
distance

√
2L and rotated π/4 with respect to the underlying

lattice. The system size, i.e., number of available sites, is
now M2 = (LN )2. The four nearest neighbors of particle j

are labeled as j1, j2, j3, and j4 in the figure. Figure 1(b)
shows the definition of the cage diffusion constraint. Given
an arbitrary particle configuration, volume exclusion in one
dimension forces each particle to always stay within the
indicated cage, delimited by its two nearest neighbors. This
can be explicited by stating that the particle position xj

is restricted to the condition xj−1(t) < xj (t) < xj+1(t). In
two dimensions, volume exclusion would allow particles to
explore the system changing its surrounding neighbors over
the diffusion process without any confining cage. Therefore,
we define the cage diffusion constraint by imposing that each
particle is forced to stay within the cage defined by its four
initial nearest neighbors. The position of particle j is given by
rj (t) = xj (t)ex + yj (t)ey , where ex and ey are unitary vectors
on each direction, and it is constrained by those particles
identified as nearest neighbors in the initial condition. There-
fore, the cage diffusion constraint implies xj > (xj1,xj4), xj <

(xj2,xj3), yj > (yj1,yj2), and yj < (yj3,yj4), where a < (b,c)
means that a is smaller than the minimum between b and
c, and a > (b,c) means that a is larger than the maximum
between b and c. The relevant conditions imposed on particle
j by its neighbors positions are indicated as dashed lines in
Fig. 1(b), while the cage corresponding to particle j for this
configuration is indicated with a rectangle. Notice that the
cage restriction is directly linked to a particle label order
in the system, which states that once the initial condition is
given, each particle conserves full memory of the identity of
its nearest-neighbor particles.

Now that we have defined the geometrical diffusion
constraint of our model, we need to specify its dynamic
rules. We shall consider a diffusion process where a particle
in a given site of the square lattice randomly chooses an
attempt jump to one of its four neighbor sites. The transition
probabilities in the y direction are always symmetric, i.e.,
�+y = �−y = 1/4, while in the x direction we consider a
bias field h, i.e., �+x = 1/4 + h and �−x = 1/4 − h. The bias
field h is such that 0 � h � 1/4, with h = 0 and h = 1/4
corresponding to the symmetric and totally asymmetric (in
the x direction) diffusion cases, respectively. Summarizing, a
particle is picked at random, one of its four neighbor sites is
chosen with the defined transition probabilities, and if the cage
diffusion constrain is satisfied, the particle is moved to the new
site. The evolution of the system is given by the evolution of
the particle’s positions rj (t), where the unit of time t is given
by N jump attempts.

The natural observable to work with when studying diffu-
sion processes is the mean-squared displacement defined by

x2(t) = 1

N

∑
j

[�xj (t)]2 (1)

in the x direction, where �xj (t) = xj (t) − xj (0) gives the
displacement with respect to the initial position for the j

particle. An equivalent mean-square displacement can be
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defined for the y direction. The mean-square displacement
contains valuable information about the diffusion process. For
example, if x2(t) ∼ t the process is referred to as normal
diffusion and the proportionality factor gives the diffusion
constant. Deviations from this linear behavior correspond to
superdiffusion or subdiffusion whenever the time dependence
is stronger or weaker than linear. However, in order to
emphasize the relationship between diffusion processes and
EW and KPZ universality classes we will characterize the
dynamics of the diffusion process using the global roughness
of the system. In terms of the fluctuating interface the
global roughness measures average height deviations from its
mean value. Here, based on the harmonization approximation
to single-file diffusion processes [29–31], interface height
variables are indeed given by the displacement field �xj .
Therefore, the global roughness can be defined by

W 2
x (t) = 1

N

∑
j

[�xj (t) − 〈�x〉]2, (2)

where

〈�x〉 = 1

N

∑
j

�xj (t) (3)

gives the average center-of-mass displacement at time t . In
fact, the difference between the mean-square displacement,
Eq. (1), and the global roughness, Eq. (2), is that the latter
measures the fluctuations with respect to the center of mass
of the system. The roughness is expected to present the
usual scaling properties observed in the physics of growing
interfaces [2,36], described through the scaling relation

W 2
x (t) = N2αf

(
t

Nα/β

)
, (4)

with f (u) a scaling function such that

f (u) ∼
{

u2β for u � 1,

const. for u � 1.
(5)

Here, α is the roughness exponent characterizing how
the roughness asymptotically grows with the system size,
Wx(∞) ∼ Nα , and β is the growing exponent describing the
early time evolution of the global roughness, Wx(t) ∼ tβ . This
also implies the existence of a growing correlation length,
ξ ∼ tβ/α [2]. Notice that in our case we are using in the scaling
relation the number of diffusing particles as the size of the
system, and not the size of the underlying substrate, since the
particle index in the diffusion process becomes the spatial
dimension in the interface formulation, as can be realized
using the harmonization approximation to single-file diffusion
processes [29–31].

A useful quantity to unveil the manifestation of time-
dependent power-law behavior, as contained in Eqs. (4)
and (5), is an effective growing exponent defined through

βeff = 1

2

∂ ln W 2(t)

∂ ln t
. (6)

This effective exponent tends to a constant value for a well-
defined power-law behavior and thus can also be indicative of
systematic deviations from it.

III. RESULTS

In this section we shall present results from numerical
simulations of the two-dimensional diffusion model with the
cage diffusion constraint. We will first present the symmetric
h = 0 case, then we will focus on the asymmetric case, central
for our discussion, and we will finally show some interesting
anisotropic effects.

A. Two-dimensional symmetric diffusion

In order to expose the properties of our diffusion model,
we first analyze the behavior of a system with N = 64, L = 4
and without applied bias field, h = 0. Since our main goal is
to describe the diffusion problem in the framework of growing
surfaces, we shall first analyze diffusion in terms of the mean-
square displacement, its natural variable, and compare it with
the global roughness defined in Eq. (2), as shown in Fig. 2.

The mean-squared displacement shows at very small time
a lineal dependence on t , i.e., a normal diffusion process,
where the particles independently move without perceiving
its neighboring particles. Then, the system crosses over to a
subdiffusive regime signaled by the fact that each particle
gradually starts becoming aware of the presence of other
particles. More importantly, particles start feeling the cage
diffusion constraint, therefore diffusing weaker than linear.
Finally, in the third regime observed at long times, each
particle is aware of the cage felt by all other particles, therefore
indicating that a correlation length has reached the size of the
system. This last regime corresponds to the normal diffusion
of the center of mass of the system.

The global roughness, similar to the mean-square displace-
ment, shows three regimes with the same crossover times.
Within the framework of growing interfaces the independent
normal diffusion, subdiffusive, and center-of-mass diffusion
regimes would correspond to random deposition of particles
on a substrate, correlated growth of the surface, and roughness
saturation, respectively. The difference is that in the long-time
regime the global roughness gets rid of the center-of-mass
diffusion and therefore saturates at a system size dependent

FIG. 2. Comparison between the mean-square displacement x2(t)
and the global roughness W 2(t) for symmetric diffusion, h = 0, for
a system with N = 64 and L = 4. The dashed blue lines indicate
normal diffusion regimes.
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value, as indicated in Eq. (4). Consequently, we have shown
that the global roughness contains basically the same informa-
tion than the mean-square displacement regarding the different
diffusion regimes.

Based on the relationship between single-file diffusion
and one-dimensional EW processes [31], we expect that the
roughness behavior presented above for our two-dimensional
diffusion model can be described within the two-dimensional
EW universality class. Since the upper critical dimension
of the EW equation is dc = 2, it is then expected that,
instead of a power-law behavior, the global roughness would
logarithmically depend on time and system size as [37]

W 2(t) = D

2πν
ln

[
N

a
f̃

(
νt

N2

)]
, (7)

where D is a white-noise intensity, ν is an effective stiffness,
N is the system size, and a is a lattice spacing giving a
short-range cutoff. In this last equation, f̃ (̃u) ∼ ũ1/2 for ũ � 1
and f̃ (̃u) ∼ const. for ũ � 1, corresponding to W 2

x ∼ ln t and
W 2

x ∼ ln N , respectively. From the information gathered for
the one-dimensional case we expect the noise intensity D

to be related to the diffusion probabilities and the effective
stiffness ν to be related to the density of particles, given by
1/L2 [18,31].

Figure 3 shows the dynamic global roughness in lin-log
scale corresponding to systems with L = 4 and different
number of particles N . Since the diffusion is isotropic, the
same behavior is observed for W 2

y . One can observe that when
increasing N a well-defined logarithmic regime, W 2

x ∼ ln t , is
developed, as emphasized by the straight line in Fig. 3. After
this subdiffusive regime, a saturation of the global roughness
is reached. Furthermore, the saturation values also exhibit
a logarithmic dependence on the size of system, as shown
in Fig. 4. Therefore, the evolution of the global roughness
shows that our two-dimensional symmetric model with the
cage diffusion constraint belongs to the Edwards-Wilkinson
universality class in its critical dimension.

FIG. 3. Evolution of the global roughness corresponding to the
symmetric h = 0 case for a system with average distance L = 4 and
different number of particles N , as indicated in the key. The lin-log
scale is used to stress the logarithmic dependence on time as indicated
by the continuous straight line.

FIG. 4. System size dependence of the saturation value of the
global roughness, W 2

x (∞), for the symmetric diffusion case and
L = 4. The linear behavior in lin-log scale indicates a logarithmic
dependence, W 2

x (∞) ∼ ln N .

B. Two-dimensional asymmetric diffusion and KPZ processes

Now we shall show that a finite value of the bias field h

induces KPZ characteristics to the two-dimensional diffusion
process. Figure 5 shows the change from two-dimensional
EW to two-dimensional KPZ behavior when the field is
increased. We can observe that regardless the value of the
bias field the three regimes are still present, i.e., independent
normal diffusion, subdiffusion, and center-of-mass diffusion.
On one hand, for h = 0, the diffusion process corresponds
to the two-dimensional Edwards-Wilkinson process, as we
showed in the previous section. On the other hand, for h =
0.25, corresponding to totally asymmetric diffusion in the x
direction, we can note that the logarithmic subdiffusive regime
is no longer present and instead a purely power-law behavior
is observed, as emphasized by the continuous straight line in
Fig 5. This power-law behavior for h = 0.25 and L = 4 can
be observed for system sizes larger than N = 32. Intermediate
values of field allow us to observe the systematic change
of behavior between both universality classes. Furthermore,

FIG. 5. Evolution of the global roughness W 2
x (t) for a system with

N = 256, L = 4 and different bias field intensities h, as indicated.
The continuous straight line corresponds to a power-law behavior
W 2 ∼ t2β with a growing exponent β = 0.247(1) corresponding to a
two-dimensional KPZ process.
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FIG. 6. Evolution of the global roughness W 2
y (t) in lin-log scale

for a system with N = 256, L = 4 and different bias field intensities
h, as indicated. The continuous straight line corresponds to a
logarithmic behavior as expected for a two-dimensional EW process.

measuring the slope of the data between t = 50 and t = 2000
for h = 0.25, we obtain the value β = 0.247(1) for the growing
exponent, in agreement with previous numerical estimates
for two-dimensional KPZ processes [16,17,19]. Since a finite
field value breaks the symmetry between x and y directions,
the behavior of W 2

y is shown in Fig. 6 for completeness.
Fluctuations in the transverse direction to the field can be still
characterized by a two-dimensional EW process, W 2

y (t) ∼ ln t ,
as emphasized by the straight line in Fig. 6.

The change of behavior between two-dimensional EW and
two-dimensional KPZ processes driven by the value of h can
be further explored using the effective growing exponent βeff ,
as shown in Fig. 7 for the same data presented in Fig. 5. For
the symmetric h = 0 case βeff exhibits a 1/ ln t behavior in
accordance with the logarithmic time evolution of W 2

x . As
the bias field increases this behavior gradually disappears
and finally when h = 0.25 the effective growing exponent
develops a plateau around βeff = 0.24. For bias field values
0 < h < 0.25, the effective growing exponent βeff shows an
intermediate behavior that, due to finite size effects, does not
develop neither the 1/ ln t nor the plateau limits.

FIG. 7. Effective growing exponent corresponding to the data
presented in Fig. 5. The horizontal continuous line corresponds to the
β value extracted for h = 0.25 in Fig. 5.

FIG. 8. System size dependence of the saturation value of the
global roughness W 2

x (∞) for h = 0.25. The straight line shows a
fit with a power-law W 2

x (∞) ∼ N 2α , which gives α = 0.395(2), in
agreement with a two-dimensional KPZ process.

Finally, Fig. 8 shows, for h = 0.25, the dependence of
the saturation value of the global roughness, W 2

x (∞), on
the system size N . Assuming that values for the roughness
saturation are in agreement with the scaling hypothesis given
by Eq. (4), the roughness exponent α can be obtained from
the slope of the log-log plot, which then gives α = 0.395(2).
This value agrees with previous numerical results for the two-
dimensional KPZ universality class [16,17,19]. Therefore, our
numerical estimates for the growing and roughness exponents,
β = 0.247(1) and α = 0.395(2), show that totally asymmetric
diffusion with the cage diffusion constraint belongs to the
two-dimensional KPZ universality class, i.e., generalizing
the TASEP to higher dimensions, which is the central result
of the present work.

C. One-dimensional crossover

As a by-product of the two-dimensional diffusion process
presented here, we show now some results concerning how
an anisotropic variation of the size of the system can induce a
change on the universality class of the diffusion process. Until
now we have been working with isotropic systems whose
linear size is given by M = LN . We set the average distance
L = 4 and keep the size Mx = LNx fixed while the size in the
transverse direction is changed as the number of particles Ny

is reduced, i.e., My = LNy . This would then induce a change
between different universality classes through a dimensional
crossover.

Figure 9 shows the change of behavior from two-
dimensional EW to one-dimensional EW behavior when Ny

is decreased in the symmetric diffusion case h = 0. For
the isotropic Ny = Nx system the diffusion process belongs
to the two-dimensional EW universality class in its critical
dimension and presents then a logarithmic time dependence.
When Ny is reduced, a crossover to one-dimensional EW
behavior is observed, as indicated by the appearance of
power-law behavior with growing exponent β = 1/4 [2]. For
intermediate values of Ny the presence of a crossover length
separating one- and two-dimensional behavior is manifested.
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FIG. 9. Evolution of the global roughness W 2
x (t) for a system with

average distance L = 4 and under anisotropic conditions with Nx =
256 and different values of Ny , as indicated. The symmetric diffusion
case h = 0 is shown, which presents a crossover from logarithmic to
power-law behavior when Ny is reduced.

When the bias field is turned on at h = 0.25 in the x

direction, one expects a crossover from two-dimensional KPZ
to one-dimensional KPZ behavior when Ny decreases, as
shown in Fig. 10. In this case the power-law behavior changes
its growing exponent from the two-dimensional value β =
0.247, as extracted from Fig. 5, to the exact one-dimensional
KPZ value β = 1/3 [2].

This shows that this simple two-dimensional diffusion
model with the cage constraint can be further exploited to
study many aspects of the crossover between EW and KPZ
processes and its dependence on the dimension of the system.

IV. SUMMARY AND OUTLOOK

We have presented here a simple model generalizing the
TASEP to two dimensions with the aim of recovering a two-
dimensional KPZ process. We have shown that the key ingredi-
ent in this generalization is not volume exclusion but a stringent

FIG. 10. Evolution of the global roughness W 2
x (t) for the totally

asymmetric case h = 0.25 for a system with L = 4 and under
anisotropic conditions Nx 	= Ny with Nx = 256 and different Ny

values, as indicated. The observed power law, W 2
x ∼ t2β , changes its

growing exponent from β = 0.247 to β = 1/3 when Ny decreases.

cage diffusion constraint that keeps perfect memory of the sur-
rounding neighbors of each particle over the diffusion process.

In the symmetric diffusion case the model is within the two-
dimensional EW universality class, therefore presenting an
anomalous subdiffusion regime with logarithmic time depen-
dence. When the transition probabilities become asymmetric
the logarithmic diffusion regime crosses over to a power-law
regime within the two-dimensional KPZ universality class.
In the totally asymmetric case our model generalizes the
TASEP problem to two dimensions. Generalization to higher
dimensions is straightforward. For example, in the three-
dimensional case a body-centered cubic lattice can be used
as initial condition, with the particles in the corner of the
cube defining the cage for the subsequent diffusion of the
particle in the center of the cube. Both the simple formulation
of the model and the fact that moderate system sizes suffice to
obtain scaling exponents make this model a good candidate to
determine exponents in higher dimensions.

A few further comments are pertinent at this point. First, it
has been shown through the relation between one-dimensional
single-file diffusion and the EW equation that the effective
stiffness associated to the diffusion process is proportional to
the density of particles [29–31]. In our two-dimensional model,
the slope of the logarithmic time-dependence of the roughness
is inversely proportional to the stiffness, as in Eq. (7), and in-
creases with the average separation between particles, thus also
supporting that the effective stiffness of the diffusion process
is proportional to the density. Furthermore, the effective KPZ
parameter λ is also expected to depend on density, as shown
in Ref. [18] using a coarse-grained hydrodynamic description
of a similar two-dimensional model.

Second, though the initial condition we used to define our
model and to obtain numerical results seems to be rather
arbitrary, any initial condition would work as long as the initial
set of neighbors of each particle is kept fixed during the whole
diffusion process. For instance, we expect that a random initial
condition could also be used. In this case the neighbors could
be identified at the very beginning in order to construct and
sustain a closed-cage constraint for each particle.

Finally, it is worth stressing that the link between diffusion
processes (single-file diffusion, TASEP) and growing interface
equations (EW, KPZ), for example using the roughness to char-
acterize the diffusion processes, implies that a well-defined
correlation length is growing inside the system of diffusing
particles, as it occurs in the growing interface. This correlation
length establishes how each particle perceives the fluctuations
and surrounding environments of all other particles. Therefore,
the cage constraint and its relation to EW and KPZ processes
could be relevant in other diffusion processes, like in glass
formers or complex fluids, where the origin of growing
correlation lengths is still under debate. For example, the
strict cage constraint can be relaxed by supplementing the
model with a finite probability to jump between neighboring
cages, as already treated in one-dimensional systems [38].
This would mimic relaxation processes due to cage diffusion
and jumps between different cages, as observed in glass
formers [39,40], possibly implying KPZ growing length scales
below the average caging timescale.

In conclusion, the two-dimensional diffusion model with
cage constraint presented here provides a versatile and easy-to-
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implement model to study different aspects of KPZ processes
in higher dimensions.
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Abstract – We analyse by numerical simulations and scaling arguments the avalanche statistics
of 1-dimensional elastic interfaces in random media driven at a single point. Both global and
local avalanche sizes are power-law distributed, with universal exponents given by the depinning
roughness exponent ζ and the interface dimension d, and distinct from their values in the uniformly
driven case. A crossover appears between uniformly driven behaviour for small avalanches, and
point-driven behaviour for large avalanches. The scale of the crossover is controlled by the ratio
between the stiffness of the pulling spring and the elasticity of the interface; it is visible both
in the global and local avalanche-size distributions, as in the average spatial avalanche shape.
Our results are relevant to model experiments involving locally driven elastic manifolds at low
temperatures, such as magnetic domain walls or vortex lines in superconductors.

Copyright c� EPLA, 2016

Introduction. – An elastic interface in a random po-
tential is a paradigmatic model for the depinning of many
apparently unrelated complex nonlinear systems. Typical
examples are weakly pinned vortex lattices in supercon-
ductors driven by a super-current, charge-density waves
driven by an external electric field and stick-slip motion
of seismic faults driven by tectonic loading [1–3].

Usually homogeneous driving is considered, either by
applying a constant force on each point of the interface,
or by attaching a spring to each point and moving its
other end at a fixed velocity. In both cases, the dynamics
proceeds by a sequence of avalanches of size S, power-law
distributed with exponent τ and large-size cutoff Smax,

P (S) ∼ S−τg(S/Smax), (1)

where g(x) decays rapidly to zero as x � 1. The value
of τ depends on the interface dimension d and its rough-
ness exponent ζ. It is robust against many details of the
system, for example whether it is driven at constant force
or at constant velocity. For uniformly driven harmonic
elastic interfaces, τ is around 1.11 in 1D, and 1.27 in 2D.
Avalanche exponents and observables have been recently
calculated beyond mean-field using renormalization-group
methods [4–6], mostly for homogeneous driving.

When driven homogeneously at constant velocity
(fig. 1(b)), for sufficiently large systems, the external

ui

Wi(u)

(a)

i−2

i−1

i

i+1

i+2

∼δu

c

(c)(b)

m2S1

Sx

�

m2

x

ux(t)

�

Fig. 1: (a) A discrete elastic line with stiffness c. The pinning
potential Wi shown in gray consists of narrow wells. (b), (c): a
sequence of configurations for a 1D interface on a disordered
potential, for uniform (b) and localized (c) driving. For the
latter the tip is pulled with a spring of stiffness m2. In (c) an
average parabolic profile has been subtracted from the picture.
In both cases, the shaded regions represent an avalanche of
length � and size S =

�
�
dx Sx.
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springs of stiffness m2 thus not only drive the system,
but also provide a “mass” m2 which cuts fluctuations be-
yond a scale Lm � 1/m. Therefore, the cutoff scales
as Smax ∼ m−(1+ζ) which means that the system dis-
plays a power law (and thus a “critical” state) only in
the limit m2 → 0 [7]. As a consequence, it may not be
the best model to describe experiments in which a self-
organized critical state is present, and the system size is
the only large-scale cutoff. This includes most notably
earthquakes, whose size is only limited by the extension
of the tectonic plates [8].

Here we study the evolution of elastic interfaces under
inhomogeneous driving. To do so, we pull at the tip of
a finite one-dimensional string of length L through a sin-
gle spring of stiffness m2 (fig. 1(c)). Once a stationary
state is reached, the string has on average to move at the
same velocity as the driving point, which means that as
L is increased progressively larger avalanches occur, in-
dependent of the value of m2. Hence this model displays
criticality for any value of m2, in contrast with the normal
homogeneous case, that requires m2 → 0.

From an experimental point of view, localized driving
appears in many systems: In the seismic context, the
relative motion of plates in subduction zones is mainly
driven by the movement of the plates at regions remote
from the seismogenic zone, i.e. from a border of the
system [9]. Another realization are vortex lines trapped
along a twin boundary plane in a superconductor [10].
This effectively 1-dimensional elastic interface can be ma-
nipulated through a scanning microscope in a way similar
to our driving at a single point. Another experiment is
a sandpile, where sand grains are deposited at a given
position, leading to a sandpile with a stationary slope,
evolving through a sequence of avalanches [11]. Such self-
organized critical systems are further studied with cellu-
lar automata like the Oslo [12] and Manna [13] models,
driven at the boundary. In ref. [14] the Oslo model for
sandpiles was mapped onto a discrete model of an elastic
interface pulled at one end, and it was proposed that it be-
longs to the same universality class as the inhomogeneous
Burridge-Knopoff model [15] for earthquakes. A stochas-
tic version of this friction model was then mapped back
to the Oslo model [16]. Further exact connections be-
tween Manna sandpiles and disordered elastic interfaces
have been demonstrated recently [17,18]. These boundary-
driven models have an avalanche size distribution given
by eq. (1) with an exponent τ ≈ 1.55 in 1D [13–16], clearly
higher than the value 1.11 obtained in the homogeneously
driven case [7,13].

In this letter we study not only global avalanches, but
also local jumps and the average spatial avalanche shape
obtained when pulling a 1D interface from the tip. Inter-
estingly, when changing the stiffness of the pulling spring,
we observe a crossover between two regimes character-
ized by the homogeneously driven exponents at small
scales, and by the boundary-driven exponents at large
scales.

Model and methods. – We model an elastic interface
driven on a disordered substrate at zero temperature as a
discrete string composed of L particles whose positions
ui are coupled by elastic springs with Hooke constant c,
as depicted in fig. 1(a). We consider an infinitely long
disordered medium in the direction of displacements and
open boundary conditions in the perpendicular direction.
The pinning to the substrate is modeled by a set of nar-
row potential wells, separated a typical distance δu. Each
well is characterized by the maximum force it can sustain,
which is a positive bounded random value, uncorrelated
for different pinning wells (see [19] for details).

We consider two driving protocols: i) Homogenous driv-
ing with a driving force σi(t) = m2[w(t)−ui(t)] for each of
the L positions ui(t), see fig. 1(b). ii) Inhomogenous driv-
ing only at the tip of the string, σ1(t) = m2[w(t) − u1(t)]
and all other σi = 0, see fig. 1(c). All springs have the
same Hooke constant m2. While the homogenous case is
well studied, here we focus on the tip-driven case, and
compare it to the former. The system is in a metastable
static configuration, with all particles sitting on individual
pinning wells as long as the elastic forces on every particle
are lower than the pinning forces fpin

i in a given configu-
ration of the string. When this condition breaks down, an
avalanche occurs, see the shaded areas in figs. 1(b), (c),
until equilibrium is restored in a new static configuration
compatible with the partially new set of pinning thresh-
olds and elastic forces. We consider quasi-static driving
by fixing the position of the driving springs during the
avalanche, which is thus the fastest process.

An avalanche is characterized by its total spatial
extension � (number of sites involved) and its size S. The
latter is the sum of all displacements Si during the rear-
rangement process, namely, S =

�
i Si. We also study

the displacement S1 of the tip of the interface, as depicted
in fig. 1(c). We analyze the steady state, where the se-
quence of metastable configurations advances in the di-
rection of the driving and is unique for a given realization
of thresholds [20].

We present results obtained by choosing an exponen-
tial distribution for the separation δu between the pinning
wells, and a Gaussian distribution for the threshold forces
fpin

x [19]. We consider the position of the driving spring
endpoint to increase linearly with time, w(t) = V t, with
V = 1. Results depend on the ratio m2/c of elastic con-
stants. We set c = 1, and give the results directly in terms
of m2.

Results. – We start by computing the global
avalanche-size distribution P (S) for tip-driven interfaces,
see fig. 2. This is equivalent to the distribution of the
shaded areas depicted in fig. 1(c), generated by the move-
ment of the tip. First we analyze the limit m2 → ∞, when
the driving spring is much harder than the inter-particle
springs. We observe that P (S) decays as a power law over
more than 6 orders of magnitude for the largest system,
with a well-defined exponent τ ≈ 1.55 and a cutoff Smax
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Fig. 2: (Color online) Distribution of avalanche sizes P (S) for
different system sizes L when driving the system by one end.
Results are for a driving spring of stiffness m2 = 1 (dark blue)
and m2 = 10−4 (light orange). By dotted and dashed lines we
show the contributions from avalanches that reach or do not
reach the full system size, respectively. Inset: scaling of the
cutoff Smax with systme size. Squares (circles) ara data from
avalanches with � < L (� = L).

in eq. (1). This avalanche exponent is compatible with the
formula

τ = 2 − 1

1 + ζ
, (2)

where ζ = 1.25 is the well-known roughness exponent
of metastable configurations at depinning, taken from
measurements for a uniformly driven interface [21–24]
(such as those depicted in fig. 1(b). As shown by ref. [13]
in the context of sandpiles, the same roughness exponent
appears here in the tip-driven case. It can be obtained by
subtracting from the metastable configurations the aver-
age parabolic profile1, and then calculating the structure
factor which scales as |u(q)|2 ∼ |q|−1−2ζ . The subtracted
average profile is due to the localized driving, and bal-
ances elastic and pinning forces, ∂2

xu ∼ fpin
x . An ar-

gument in favor of the scaling relation (2) was given in
refs. [13,14]. We have verified that this formula also holds
for tip-driven static avalanches connecting stable equilib-
rium states where ζ = 2/3 [25,26].

The avalanche exponent of eq. (2) is distinct from the
value

τ = 2 − 2

1 + ζ
, (3)

valid for uniformly driven interfaces, see fig. 1(b). Using
ζ = 1.25 one obtains τ ≈ 1.11. Interestingly, as shown
in fig. 2, the exponent τ ≈ 1.11 is recovered in the limit
m2 → 0 of the tip-driven interface. As we show below, for
finite values of m2 a crossover takes place between these
two limiting cases.

Both for m2 → ∞ and m2 → 0, we observe in fig. 2
that the avalanche-size distribution has a cutoff for large
avalanches that is controlled by the system size L, and

1The so-called statistical tilt symmetry (STS) allows to justify
that this subtraction yields the standard roughness.

scales as Smax ∼ L1+ζ . In contrast, for uniformly driven
interfaces the avalanche size is controlled by the driving
spring: Smax ∼ 1/m1+ζ (in the usual situation in which
m−1 < L). This difference is a consequence of the fact that
in the steady state the system moves uniformly on average.
As a consequence, since under localized driving the driv-
ing point is part of every avalanche, there are system-
spanning avalanches. If we separate avalanches of length
� < L from those with � = L and plot the two separate
distributions (dashed and dotted lines shown in fig. 2), we
see that the “bump” observed at large sizes for the whole
distribution comes from system-spanning avalanches. If
we consider the distribution of avalanche sizes restricted
to the ensemble of avalanches with � < L, as shown by
the squares in the inset of fig. 2, we observe a cutoff scal-
ing as Smax ∼ L2.25 both in the soft- and hard-spring
limit. Since in the uniformly driven case L1+ζ ≈ L2.25 is
the average size of avalanches of length L, this confirms
that the roughness exponent ζ = 1.25 for both driving
protocols, even though metastable configurations in the
tip-driven case are not flat on average as those of the uni-
formly driven case, but parabolic. This is the quenched
Edwards-Wilkinson depinning universality class.

Now consider the scaling of the cutoff of system-
spanning avalanches (circles in the inset of fig. 2), for
which we obtain a different behaviour in each limit. When
m2 → 0, the system moves rigidly2 some fixed distance
S/L, and Smax ∼ Lζ, thus system-spanning avalanches
have the same statistics as a particle (d = 0) in an ef-
fective potential with characteristic scale Lζ . In contrast,
when pulling the system with a stiff spring Smax ∼ L1+ζ ,
showing that system-spanning avalanches still behave as a
1-dimensional system. We leave a more detailed analysis
of this dimensional crossover for future work.

The cases m2 → 0 and m2 → ∞ can also be dis-
tinguished by the average spatial profile �Sx�� of the
avalanches. For avalanches of the same length � and
points belonging to the avalanche x < �, we verify
�Sx�� ∼ �ζs(x/�) for large enough �. In fig. 3 we show for
both limits the reduced shape s(x/�), choosing � ≈ 2500.
For comparison, the case of uniform driving is included
(m2L = 100). Within our numerical precision the aver-
age spatial profile for uniform driving displays a form in-
distinguishable from a parabola, vanishing linearly at the
avalanche’s extremes. To our knowledge this result has
not been reported previously in the literature.

In the tip-driven case, the value of m2 has a strong
influence on the avalanche shape. When m2 → 0, the
tip can move freely during an avalanche, the maximum
displacement takes place at or near the driven bound-
ary, and the average profile is half the parabolic profile
of the uniformly driven case previously described3. This

2Actually, the points next to the tip move slightly less than others
but this is negligible.

3A small difference is observed at the maximum due to the fact
that we are pulling on the edge and not on an inner site of the
system.
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Fig. 3: (Color online) Reduced avalanche shape s(x/�) =
�Sx��/�ζ for uniformly driven (dashed green line), tip-driven
with m2 → ∞, (solid dark-blue line) and tip-driven with
m2 → 0, (solid light-orange line) cases, respectively. Inset:
tip driven m2 → ∞ case in log scale, showing ∼ xθ behaviour
with θ = 0.85.

is consistent with the observation of the avalanche size ex-
ponent τ ≈ 1.11 (fig. 2), corresponding to the uniformly
driven case, eq. (3). This seems natural since this situa-
tion is like a localized constant-force driving σ1 = m2w, as
one may neglect the tip position u1 compared to the driv-
ing position w. Localizing the driving when m2 → 0 thus
only imposes the starting point of the avalanche, but does
not change the physics as compared to a homogeneously
driven system.

In contrast, when m2 → ∞ the above argument fails,
and one must consider σ1 = m2(w−u1). Such a stiff driv-
ing imposes a constant displacement at the tip during the
quasi-static dynamics, and strongly restricts the tip dis-
placement during an avalanche, resulting in an avalanche
profile that vanishes at this point. Interestingly, the corre-
sponding avalanche profile has an asymmetry, in contrast
to the symmetric shape for uniform driving. Moreover, our
results show that the avalanche profile for small x starts
as ∼ xθ, with θ � 0.85. We have no clear understanding
of the origin of this behaviour, and whether the exponent
θ can be expressed in terms of the roughness exponent ζ.
To summarize: Although �Sx�� ∼ �ζ in all cases, with the
same roughness exponent ζ = 1.25, the avalanche shapes
have distinct shape functions s(x/�) = �Sx��/�ζ .

We now discuss the case of finite m2, and the crossover
from m2 → 0 to m2 → ∞ for a tip-driven interface. For
intermediate values of m2 we expect to see a crossover
between the two limiting values of the exponent τ (from
τ ≈ 1.11 to τ ≈ 1.55 of fig. 2), and between the two
limiting reduced avalanche shape functions s(y): From a
parabolic shape with the maximum at zero to an asym-
metric profile with the maximum at x < �/2, see fig. 3. In
fig. 4 we present the avalanche-size distribution P (S) for
different values of m2 at fixed system size L = 3980. Only
avalanches smaller than the total system size are consid-
ered (� < L). As in the extreme cases, for any value of m2

the avalanche-size cutoff is controlled by the system size.

P (S)

10−9

10−6

10−3

100 102 104 106

S−1.55

S−1.11

S
Sm

P (S) S1.1

S/Sm

m2 → 0

m2 → ∞

Fig. 4: (Color online) Avalanche size distributions P (S) on
a system of size L = 3980, for different values of m2. The
value of the crossover Scross

m is indicated on the green curve
which corresponds to m2 = 10−2. Inset: scaled form using
Scross

m ∼ m−4.5.

Approximate power law decays for P (S) are observed, but
the exponent τ does not vary continuously from τ ≈ 1.11
to τ ≈ 1.55. Rather, it develops two power-law regimes
separated by a characteristic m-dependent crossover scale
Scross

m : for S < Scross
m , τ ≈ 1.11, while for S > Scross

m ,
τ ≈ 1.55. As shown in the inset of fig. 4, Scross

m ∼ m−4.5.
The limit m2 → ∞ is thus an attracting fixed point for
the asymptotic behaviour at any finite m2.

The crossover scaling can be understood as follows: For
an avalanche of extension �, the maximum displacement
scales as �ζ , and the typical elastic force as c�ζ−1. At the
crossover scale, the displacement of the tip is of the order
of the maximum displacement �ζ , and the force of the
driving spring is m2�ζ . Balancing these two forces yields
Lm ∼ m−2. Hence, the crossover is expected at

Scross
m ∼ L1+ζ

m ∼ m−2(1+ζ). (4)

which gives Scross
m ∼ m−4.5 This scaling matches well our

numerical results. It should be exact, as indicated by the
following argument: The total elastic force is c

�
dx∇2u(x)

and the total driving force is
�

dxm2δ(x)[u(x)−w]. It can
be proven that due to the statistical tilt symmetry c and
m2 are not renormalized, validating the above argument.
It is worth noting that for the uniformly driven system,
a characteristic length scaling as m−1 rather than m−2

controls the avalanche-size cutoff whenever m−1 < L.
To better understand this crossover, in fig. 5 we plot

the average spatial profile �Sx�� of avalanches for differ-
ent extensions � using m2 = 10−2. We observe that
the avalanche shape has its maximum at the boundary
for small avalanches, whereas the maximum moves to in-
creasing values of x for increasing �. As indicated by the
bold dashed line in fig. 5, this transition occurs when the
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Fig. 5: (Color online) Average avalanche shape �Sx�� for
avalanches of different lengths � on a system of size L = 1584
and a driving spring m2 = 10−2 at the boundary. The crossover
avalanche length Lm is indicated.

extension � reaches the crossover scale Lm identified pre-
viously, i.e. for avalanches of size Scross

m ∼ L1+ζ
m , see fig. 4.

In addition to global avalanches, we can look at
local jumps. Let us first consider a typical position φ
within the bulk of an avalanche which jumps a distance
Sφ ∼ �ζ . Using that avalanche extensions scale as P (�) ∼
1/�(τ−1)(1+ζ)−1, and equating P (�)d� � P (Sφ)dSφ we
obtain that the local jump distribution satisfies

P (Sφ) ∼ S−τφ

φ , τφ = τ +
(τ − 1)

ζ
. (5)

The value of τ depends on the size S of the avalanche
to which the displacement Sφ belongs. Note that the
exponent is distinct from the one for bulk driving given
in [6]; the difference is that here the point φ is inside the
avalanche, since it is driven, whereas in [6] it is an arbi-
trary point.

We have shown that avalanches with � < Lm < L have
τ = 2 − 2/(1 + ζ) while for Lm < � < L they have τ =
2 − 1/(1 + ζ), both with ζ = 1.25, and Lm ∼ m−2 (see
fig. 4). Using these exponents we find

P (Sφ) ∼ S−τφ

φ

⎧
⎨
⎩

τφ = 2 − 1

ζ
≈ 1.2, if S1/ζ

φ < Lm < L,

τφ = 2, if Lm < S1/ζ
φ < L.

(6)
Interestingly, local jumps driven by a hard spring are dis-
tributed with an exponent independent of ζ. In fig. 6, we
verify these predictions by taking the limits m2 → ∞ and
m2 → 0. We also verified that a typical point belonging
to a uniformly driven avalanche is power-law distributed
with an exponent τφ = 1.2 (not shown).

For m2 → 0, the driven point with displacement S1,
is a typical site of the avalanche and its displacement is
thus distributed with an exponent τφ = 1.2. However,
for m2 → ∞, the tip is not a typical point, and its dis-
placement is sensitive to the spatial avalanche profile near
the border. Using that points near the boundary have
Sx ∼ �ζ(x/�)θ ∼ �ζ−θxθ (see fig. 3), and that P (�) ∼ �1+ζ

we get

P (S1) ∼ S− 2ζ−θ
ζ−θ

1 . (7)

10 6

10 4

10 2

100 102 104

P (Sφ)

P (S1)

Sφ S1

m2 → ∞ m2 → ∞

m2 → 0
S−1.2

1

S−2
φ

S−4.1
1

Fig. 6: (Color online) Local avalanche size distributions for typ-
ical and boundary sites, P (Sφ) and P (S1), respectively. The
power laws indicated are those given by eqs. (6) and (7). Note
that for m2 → 0 the boundary site is also a typical site.

Using θ = 0.85 and ζ = 1.25 results in P (S1) ∼ S−4.1
1 . The

numerical results in fig. 6 seem to indicate an even steeper
decay of P (S1) than the predicted power-law form. We
believe that this behavior is due to rather strong finite-
size effects, and that the exponent will converge to the
correct asymptotic value for larger �. However, at present
the verification of this statement is beyond our numerical
capacities.

The statistics of the tip displacement is accessible
experimentally. For example, when vortices are confined
to a twin boundary of a superconductor and driven by a
STM tip [10], the stress on the tip is σ1(t) = m2[w(t)−u1],
and the distribution of stress drops Δσ1 = m2S1 can be
measured by the driving device.

Key features of our results are consistent with recent
exact calculations for the Brownian force model (BFM)
driven at a boundary [27]. In this model, the disorder
forces are Brownian walks, and the exponent ζ takes the
value 4 − d, hence ζ = 3 for d = 1. For m2 = ∞ the BFM
has an avalanche-size exponent τ = 7/4 in agreement with
eq. (2), setting ζ = 3. For m2 → 0 it yields τ = 3/2, the
usual mean-field exponent for bulk driving. The crossover
between the two scenarios occurs at Sm ∼ m−8, hence
Lm ∼ m−2, in agreement with the above. The local jump
exponent τφ takes the value τφ = 5/3 for finite m2, in
agreement with eq. (6) setting ζ = 3, and d = 1.

Conclusions. – In this letter we studied the avalanche
dynamics of an elastic line in a random medium driven
at a point by a spring of stiffness m2 moving at constant
velocity, and compared it with the well-known homoge-
neously driven case, where springs are attached to every
point of the interface. In both cases, universal scale-free
power laws with a large-size cutoff are observed in the
distribution of avalanche sizes. When driving the system
homogeneously, the scale controlling the cutoff is given
by the ratio between the elastic constants of the inter-
face, c and m2, namely, Lm ∼ c/m, displaying criticality
only in the limit m2 → 0. In contrast, when localizing
the driving, the cutoff is controlled by the system size,

10002-p5

154



L. E. Aragón et al.

and avalanches with an extent � larger than Lm occur.
This makes the locally driven elastic line a paradigm
for driven self-organized critical systems. Now Lm scales
as ∼ (c/m)2 and becomes a crossover scale between two
distinctive behaviours. We showed that small avalanches
(� < Lm) behave as in the homogeneously driven case with
an exponent τ ≈ 1.11, while large avalanches (� > Lm)
present a new behaviour, with a higher avalanche expo-
nent τ ≈ 1.55.

In these two regimes we measured the mean spatial
shape of avalanches, a novel result for both homogeneously
and locally driven elastic lines. They are distinct, chang-
ing from a seemingly universal symmetric parabolic shape
to an asymmetric one, non-linearly growing at the driven
point. Further work is needed to understand the origin
of these shapes, and to clarify whether the characteris-
tic exponents are related to the roughness exponent ζ of
the interface. Interestingly, both regimes have the same
value ζ = 1.25, corresponding to the quenched Edwards-
Wilkinson depinning universality class. We also measured
the local distribution of jumps at different points of the
interface, which exhibit new critical exponents in each
regime. We consistently find a small slope at small jump
lengths crossing over to a much steeper value at larger
jump lengths.

This motivates to search for a similar crossover in exper-
iments and suggests new measurements. For instance, vor-
tices driven by an STM tip show a marked hysteresis [10]
a signature of the non-equilibrium effects studied here,
as well as a crossover in the jump-size distributions. We
suggest to simultaneously measure jumps on the far side
of the sample to distinguish system-spanning avalanches
from smaller ones, a distinction which proved to be im-
portant in our analysis.

Finally, let us stress that most of the present results,
and in particular scaling relations, can be generalized to
arbitrary spatial dimension d. For sandpiles, driving at a
single point has been studied [13]. Note, however, that the
Oslo model is defined a priori only in d = 1. Other bound-
ary driving mechanisms can be considered for different ap-
plications. In particular, the case d = 2, with appropriate
modifications to the elastic kernel, may be applied to the
study of stick-slip motion observed in friction experiments
and its relation to the dynamics of edge-driven tectonic
faults [9].
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Vortex matter freezing in Bi2Sr2CaCu2O8 samples with a very dense distribution of columnar defects
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We show that the dynamical freezing of vortex structures nucleated at diluted densities in Bi2Sr2CaCu2O8

samples with a dense distribution of columnar defects, B∼10−2B� with B� = 5 kG, results in configurations with
liquidlike correlations. We propose a freezing model considering a relaxation dynamics dominated by double-kink
excitations driven by the local stresses obtained directly from experimental images. With this model we estimate
the relaxation barrier and the freezing temperature. We argue that the low-field frozen vortex structures nucleated
in a dense distribution of columnar defects thus correspond to an out-of-equilibrium nonentangled liquid with
strongly reduced mobility rather than to a snapshot of a metastable state with divergent activation barriers as, for
instance, expected for the Bose-glass phase at equilibrium.

DOI: 10.1103/PhysRevB.93.054505

I. INTRODUCTION

Vortices nucleated in high-temperature superconducting
samples [1] are paradigmatic systems to study the phases
frozen in substrates with strong disorder since the relevant
energies are easily tuned by changing temperature and mag-
netic field. Direct imaging techniques [2,3] allow a quantitative
analysis of the impact of disorder on the otherwise perfect equi-
librium Abrikosov lattice. Magnetic decoration studies [4,5]
of quenched vortex structures unveiling a large number of
vortices have become a promising avenue to perform these
studies [6–10]. This technique provides a two-dimensional
top view at the sample surface of the three-dimensional (3D)
vortex lattice frozen at Tfreez. In order to move forward on the
quantification of the impact of disorder introduced by defects
in the vortex structure, better understanding or modeling of the
vortex dynamics during the cooling process is necessary. In this
work we address this issue by using vortex-defect interaction
force magnitudes obtained from magnetic decoration results
as input to a theoretical freezing model considering strongly
localized vortices.

In field-cooling magnetic decorations, a high-temperature
vortex state is driven into a frozen configuration at Tfreez,
an intermediate temperature between the initial state and the
lower temperatures at which experiments are performed [4,5].
Having a general quantitative understanding of this freezing
process is difficult due to the nonequilibrium and nonstationary
nature of the three-dimensional thermally activated vortex
dynamics over pinning barriers. In order to undergo this study
it is then desirable to find a convenient experimental situation
in which the vortex dynamics modeling could be simplified.
Therefore we have chosen to study the case of a dense
distribution of strong pinning centers such as columnar defects
(CDs), known to prevail over any other type of crystalline
disorder [11–13]. Vortices are then expected to become
individually localized at CDs where their thermally activated
motion can be modeled in terms of simple excitations, which
drive the system into the putative equilibrium Bose-glass
phase [14]. Although experimental evidence for the Bose-glass
dynamics was reported, the equilibration time and whether the
frozen structures observed by magnetic decoration can reveal

aspects of this phase for a dense distribution of CDs remain as
important open questions.

In this work we study via magnetic decoration the structural
properties of vortex matter nucleated in Bi2Sr2CaCu2O8

samples with a large ratio of CDs to vortices, nCD/nv = B�/B,
with B� = nCD�0 = 5 kG the matching field. Although trans-
port and magnetic relaxation experiments were performed
for the same system [15–17], the structural properties were
previously studied only for smaller doses of CD. A complete
destruction of the positional and orientational order of the
vortex structure is reported [18–25]. However, for very low CD
densities of tens of Gauss, the short-range order of the vortex
structure is recovered [19] and a polycrystalline structure is
observed in magnetic decoration snapshots [20–25] indicating
intervortex repulsion remains important even in the presence
of such strong pins. As mentioned, the vortex configurations
imaged by field-cooling decorations correspond to the state
frozen at Tfreez at which vortex mobility is strongly reduced
by the effect of pinning [2,26]. Here we show that the
quenched structures can be well described with a freezing
model that considers that the relaxation dynamics of vortices
in a dense CD potential is mainly dominated by double-kink
excitations. We estimate the value of the relaxation energy
barriers from data of the maximum vortex-defect interaction
force obtained from magnetic decoration experiments. This
allows us to argue that the imaged vortex structures correspond
to an experimental time resolution limited frozen nonentangled
liquid rather than to a snapshot of the Bose-glass phase
characterized by metastable states separated by divergent
barriers.

II. EXPERIMENT

The single crystal of optimally doped Bi2Sr2CaCu2O8

studied here was grown by the traveling-floating-zone
method [27] and irradiated by 6 GeV Pb ions at GANIL.
The irradiation dose was chosen in order to obtain a density
of 2.42 × 1010 CDs per square centimeter corresponding to a
matching field of B� = 5 kG. Every single ion impact creates
an amorphous columnar track with a radius rr∼3.5 nm, roughly
parallel to the c axis through the entire sample thickness.

2469-9950/2016/93(5)/054505(10) 054505-1 ©2016 American Physical Society
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FIG. 1. Vortex phase diagram for Bi2Sr2CaCu2O8 with a dense
distribution of CD (B� = 5 kG). Irreversibility, Hirr, and first-order,
HFOT, transition lines obtained from transmittivity, T ′, and modulus
of the third-harmonic response, |Th3|, as explained in the text. Dotted
lines indicate the field-cooling processes followed during magnetic
decorations. Insert: Temperature dependence of T ′ and |Th3|.

This gives a bare-pinning energy per unit length per CD
at zero temperature of U0 = ε0 ln [rr/

√
2ξ (0)]∼6ε0(0)∼4 ×

10−6 erg/cm.
The studied crystal was characterized by means of dif-

ferential magneto-optics [6,28], local Hall-probe magnetome-
try [29], and magnetic decoration [30] techniques. The sample
has a critical temperature Tc = 86.7 K, in-plane dimensions of
400 × 200 μm2, and thickness of some tens of μ. Magneto-
optical imaging shows rather homogeneous flux penetration
into the crystals and does not reveal any noticeable large-scale
surface or bulk defect.

The H -T phase diagram of Bi2Sr2CaCu2O8 vortex matter
with such a dense distribution of CD was obtained by means
of local Hall-probe magnetometry up to 105 G, see Fig. 1.
These measurements were done using microfabricated 2D-
electron-gas Hall magnetometers that locally probe the sample
stray field [29]. Magnetic transmittivity measurements were
performed by applying an ac excitation field Hac parallel to
a dc field H . The Hall data presented here were obtained
with an excitation field of 1.2 Oe rms and 11 Hz. A digital-
signal-processing lock-in technique is used to simultaneously
measure the in- and out-of-phase components of the funda-
mental and the third-harmonic signals of the Hall voltage. The
fundamental signal was used to obtain the thermodynamic
first-order transition line [31,32], HFOT(T ), from transmittivity
T ′ measurements [33]. The third-harmonic signal |Th3| yields
information on the onset of irreversible magnetic behavior at
Hirr(T ) [33].

The structural properties of vortex matter nucleated on the
same crystal were directly imaged by means of magnetic
decoration experiments [30]. This study was limited to
magnetic fields below 80 Oe since for this sample the technique
looses single-vortex resolution at larger vortex densities. The
sample was field cooled from T > Tc down to 4.2 K in roughly
15 min and magnetic decorations were performed at this base
temperature. The structural properties, at the length scales of

the lattice parameter, correspond to those frozen at Tfreez.
By using quantitative information obtained from magnetic
decoration images we will estimate Tfreez according to the
freezing dynamics model presented in Sec. IV.

III. EXPERIMENTAL RESULTS

A. Vortex phase diagram

Figure 1 shows the vortex phase diagram of Bi2Sr2CaCu2O8

vortex matter nucleated in samples with a CD density of
B� = 5 kG. The first-order, HFOT, and irreversibility, Hirr,
lines are obtained from measuring the sample magnetic
response by means of ac Hall magnetometry [33]. The insert
shows the temperature evolution of normalized first- and third-
harmonic signals in the low-field range. The transmittivity T ′
is obtained from the in-phase component of the first-harmonic
signal [34], and is highly sensitive to discontinuities in the
local induction, as for example the one entailed at the HFOT

transition [31,32]. The normalized modulus of the third-
harmonic signal, |Th3| [34], becomes non-negligible at the
onset of nonlinear response arising from irreversible magnetic
properties.

The high-temperature HFOT transition is detected in ac
transmittivity measurements as a frequency-independent so-
called paramagnetic peak that develops in T ′ at the same
H as the jump in local induction detected in dc hysteresis
loops [33,35]. The paramagnetic peak is equivalently observed
in T ′ versus temperature curves, see Fig. 1. For the studied
sample the paramagnetic peak is clearly observed in T ′ curves
up to 80 Oe. The irreversibility line is identified from the
frequency-dependent onset of |Th3| on cooling [36]. In the
range H < B�/6, Tirr monotonically shifts towards lower
temperatures on increasing field, whereas for B�/6 < H <

B�/3 becomes almost field independent. At larger fields,
a monotonous increase of Hirr with reducing field is again
observed. This field evolution of the irreversibility line is
common to Bi2Sr2CaCu2O8 samples with high densities of CD
and has origin in the three different regimes for the occupation
of columnar defects with vortices discussed in Refs. [37,38].

Figure 1 also indicate with dotted lines the H -T paths
followed during the field-cooling magnetic decoration ex-
periments. For all the imaged vortex structures the system
undergoes the melting transition at TFOT∼0.98Tirr. This shift-
ing between both lines, although of lesser intensity, was also
reported in pristine samples [36].

B. Structural properties of the frozen vortex matter

Figure 2 shows snapshots of the vortex structure obtained
in field-cooling magnetic decoration experiments at applied
fields of 10, 20, and 60 Oe. Due to the finite magnetization
of these samples with pinning enhanced by CD, the local
induction measured from the vortex density is smaller than the
applied field, B = 9, 18.8, and 59.4 G, respectively. In this field
range vortices are extremely diluted with respect to the random
distribution of CD, every vortex unit cell spanning a spatial
region having between 80 (60 Oe) and 500 (10 Oe) defects.
In this limit, one can expect that the vortex structure presents
similar topological order than in the case of pristine samples.
Strikingly, the observed vortex structures are amorphous,
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FIG. 2. Vortex structure in Bi2Sr2CaCu2O8 samples with a CD
density corresponding to B� = 5 kG for applied fields of (a) 10,
(b) 20, and (c) 60 Oe. Left panels: Magnetic decoration images
of the vortex structure taken at 4.2 K after field cooling from the
liquid vortex phase. The white bars correspond to 10 μm. Right
panels: Delaunay triangulations indicating first-neighbors and sixfold
(blue) and nonsixfold (red) coordinated vortices. The inserts show the
Fourier transform of the vortex positions.

irrespective of the vortex density within the studied range.
These results follow the same trend as magnetic decoration
data on samples with a less-dense distribution of CD (B� =
3.5 kG) where a complete destruction of translational order
was reported [18].

The Delaunay triangulations of the right panels of Fig. 2,
indicating the first neighbors for each vortex, reveal that
the structures have the nonsixfold coordination typical of
an amorphous structure. The ringlike patterns of the Fourier
transform of vortex positions shown in the insert confirm
the lack of short-range positional and orientational orders.
Indeed, the pair correlation functions g(r) of Fig. 3(a)
show only one distinguishable peak at the first-neighbors
distance, irrespective of significantly increasing the intervortex
interaction. This contrasts with the g(r) obtained for pristine
samples that present peaks up to several lattice spacings [see
the curve with stars in Fig. 3(a)]. The sixfold coordinated
vortices (blue) form very small crystallites containing at best
10 vortices. The density of these vortices is always below
40% and does not vary significantly on increasing field,
see Fig. 3(b). Quantitatively similar results are obtained for
samples with a much more diluted distribution of CD when√

B/B� < 1.1 [22]. Figure 3(b) also shows that the density of
vortices belonging to topological defects, ρdef , is significantly

FIG. 3. Structural properties of Bi2Sr2CaCu2O8 vortex matter
nucleated in samples with a dense distribution of CD corresponding
to B� = 5 kG. (a) Pair-correlation function for the vortex structures
nucleated at several fields (circles). For comparison, we show the
results in a pristine sample at 18.8 G. (b) Field-evolution of the
density of nonsixfold coordinated vortices obtained from the images
of Fig. 2 as compared to the case of vortex matter nucleated in pristine
samples. Lines are guides to the eye. (c) Distribution of first-neighbors
distances, a, normalized by the average lattice spacing a0 (points).
The full lines are fits to the data with Gaussian functions.

larger in samples with a dense distribution of CD than in the
case of vortex matter nucleated in pristine Bi2Sr2CaCu2O8

samples [2]. However, since magnetic decoration images are
snapshots of the vortex structure, distinguishing between an
amorphous glassy and a liquid vortex phase is not possible
with this technique.

Similar amorphous structures were recently reported for the
strongly pinned vortex matter in pnictide BaFe2(As1−xPx)2
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and Ba(Fe1−xCox)2As2 samples [6,8], presenting significant
vortex-density fluctuations, more pronounced in the Co-doped
system. The disorder of the vortex structure was quantitatively
ascribed to the strong inhomogeneous disorder present in the
samples [6]. On the contrary, in the Bi2Sr2CaCu2O8 samples
studied here, vortex density fluctuations are not very strong, as
observed in the histograms of a/a0 shown in Fig. 3(c). These
histograms are well fitted by a symmetric Gaussian distribution
with full width at half maximum ranging 23–20 %. The data
are normalized by the lattice parameter a0 = 1.075

√
�0/B,

with B obtained from the vortex density measured in magnetic
decoration images.

In the field-cooling magnetic decoration experiments per-
formed here, vortex matter is nucleated in the high-temperature
liquid phase and vortices have a high mobility since the
decoupled pancakes present a low shear viscosity. On cooling,
vortex mobility gets reduced at Tfreez by the effect of the
CD pinning potential and the vortex structure gets frozen,
at length scales of the lattice parameter a0, in one of the
many available metastable states. On further cooling to lower
temperatures, vortices accommodate in order to profit from the
pinning potential in all their length at length scales of the order
of coherence length, ξ � a0, a length scale that can not be
resolved by means of magnetic decoration. As a consequence,
the structural properties of vortex matter revealed by magnetic
decorations at 4.2 K correspond to those of the structure
frozen at Tfreez. Therefore this is the temperature that has to
be considered in order to evaluate elastic and electromagnetic
properties of vortex matter observed by means of magnetic
decoration. As usually considered in the literature [2,26], it is
reasonable to assume Tfreez ∼ Tirr since at this temperature
pinning becomes dominant over the other energy scales.
However, there can be a shift between these two temperatures:
The model presented in Sec. IV will allow us to discuss the
validity of this assumption and its implications.

C. Vortex-defect force distributions

In spite of the absence of important fluctuations in vortex
density, the pinning potential generated by a dense distribution
of CD produces a strong impact in the lattice structural
properties, particularly evident in the spatially inhomogeneous
intervortex interaction energy and vortex-defect force. We will
focus our study on the last magnitude since from its probability
distribution we will get the experimental information consid-
ered as input to evaluate the typical energy barriers considered
in the freezing dynamics model we propose in Sec. IV. The
vortex-defect force is related to the intervortex repulsive force,
fi. Figure 4 shows maps of the magnitude of this force per unit
length for each vortex i,fi ≡ |fi|, computed as the modulus of

fi =
∑

j

2ε0

λab

rij

|rij|K1

( |rij|
λab

)
. (1)

K1 is the first-order modified Bessel function, λab the in-
plane penetration depth, and ε0 = (�0/4πλab)2 the vortex
line-tension. The sum is performed up to a cutoff radius rcut =
10a0 since fi does not change significantly when including
terms at larger distances. For every magnetic field, fi is
calculated considering the value of the penetration depth at
the temperature at which the vortex structure is frozen that
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FIG. 4. Color-coded maps for the modulus of the intervortex
repulsive force for vortex densities of (a) 9, (b) 18.8, and (c) 59.4 G
corresponding to the decoration images of Fig. 2. Vortices with
modulus of the intervortex repulsive force larger than the mode value
plus half width at half maximum are highlighted in black.

we approximate by Tirr. We have considered the λab(T/Tc)
evolution reported in Ref. [13] for pristine Bi2Sr2CaCu2O8

samples and calculated λab(Tirr/Tc) from the data of the vortex
phase diagram shown in Fig. 1; λab for samples with a density
of CD of B� = 5 kG is within 1% of this value [37].

Since the vortex structures frozen during field-cooling
processes are close to metastable equilibrium at Tfreez(B),
nonzero values of fi can only be ascribed to the force exerted
by the CD pinning potential to individual vortices. Therefore
the fi maps are an accurate estimation of the minimum
vortex-defect force at the local scale. These maps are highly
inhomogeneous and present clusters with larger intervortex
force magnitude. The fi histograms of Fig. 5(a) show that the
mode value monotonically enhances with increasing vortex
density. In addition, the distributions are not symmetric and
have a larger weight in the high-force part. On increasing
B, the fi distributions broaden significantly and get more
asymmetric.
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FIG. 5. Distributions of the intervortex repulsive force per unit
length for Bi2Sr2CaCu2O8 samples with a dense distribution of CD
at different vortex densities. (a) Modulus of the intervortex force
(points) and fits to the data with the Rayleigh function indicated
(dotted lines). (b) Distributions of the x- (full points) and y-
(open points) components of the intervortex force and fits with a
symmetric Gaussian distribution (full lines). (c) Standard deviation
and maximum values of the intervortex force modulus distributions
as a function of vortex density.

Figure 5(b) shows the histograms of the x and y components
of the interaction force, fx and fy. In contrast to the fi distribu-
tions, the force-components distributions are symmetric with
respect to zero and their width increases with field. The fx and
fy distributions are properly fitted with Gaussian functions (see
dotted lines), implying that the individual components of the
force varies at random. Therefore, a Rayleigh functionality
should be expected for the distribution of the modulus of
the force. The fits shown with dotted lines in Fig. 5(a) (see

the mathematical expression on the top) indicate that the
distributions of fi follow reasonably well this functionality.
Therefore the increasing asymmetry of the fi distributions with
B comes from the increment of the standard deviation of the
Gaussian distributions that follow the components of the force.

Finally, Fig. 5(c) shows that the dispersion obtained from
the Rayleigh fits to the fi distributions, σ , as well as the
maximum value of the defect-vortex pinning force, f max

i ,
increase monotonically with field. Considering that the CD
pinning force is finite and has a maximum value of fc = U0/rr,
extrapolating to higher fields the data shown in Fig. 5(c) yields
f max

i ∼ fc at around 4000 G. This suggests a crossover towards
vortex configurations with insterstitial vortices, i.e., not located
on a CD, at fields B∼0.8B�.

Assuming that localized vortices relax the local excess
stress by simple single-vortex excitations, linear extrapolation
of f max

i also allows the estimation of the field at which
half-loop excitations are exhausted in favor of double-kink
excitations [14]. This occurs when f max

i ∼ fd ≈ U0/d =
fc(d/rr) ≈ fc/20. Hence, for B∼0.04B� we predict the
extinction of half loops at very short times. Comparing with
the maximum field we analyze, B = 0.01B�, we can argue
that relaxation will be dominated by double kinks first and
by superkinks only in the long-time limit. This kind of
argument, combined with the magnitude f max

i (B) obtained
from the vortex structures frozen during field-cooling magnetic
decoration experiments allowed us to estimate the typical
energy barriers and relaxation times considered in the freezing
dynamics model presented in the next section.

IV. FREEZING DYNAMICS MODEL

In this section we discuss the experimental results in terms
of a simple model for the dynamics of freezing of the vortex
structure during field cooling in the presence of the strong
disorder associated to a dense distribution of CD. This model
allows us to estimate the lifetime of the observed metastable
vortex configurations and Tfreez from characteristic parameters
of the system and considering information obtained from
magnetic decoration images taken at low fields and 4.2 K
(see Fig. 2). We will assume that columnar disorder is strong
and dense (B � B�) such that, for temperatures of the order
of Tfreez, well defined vortex lines remain most of the time
individually pinned in a single columnar defect. Namely, in
this model we neglect the effect of point disorder.

During the freezing process, pinned vortices form
metastable configurations α characterized by the set of
occupation numbers of each CD, α ≡ {nk}, where nk = 1 if the
kth CD is occupied by a vortex, and nk = 0 otherwise. In each
metastable state the interaction force fi must balance in aver-
age the defect-vortex force on vortex i. During the lifetime of
the metastable state, controlled by thermal activation, vortices
are bound to their columnar defects, only performing small
futile fluctuations. Near freezing, the lifetime of metastable
states are expected to be comparable to experimental times,
and their typical configurations similar to the ones observed
by magnetic decoration. We are thus considering that cooling
down to 4.2 K for magnetic decoration has only the effect of
further stabilizing the metastable configuration frozen at Tfreez.
We will use this criterion for inferring information about the
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dynamics near the freezing of the observed vortex structures
and ultimately unveil the relevant excitations that will allow
us to discern on the nature of the frozen vortex structure.

In order to model the nonstationary dynamics connecting
different metastable states after a temperature quench, we
will assume that the relaxation process is mainly dominated
by single vortex hopping between the randomly distributed
CDs. We are thus neglecting multiple vortex hopping, which
might be important at higher vortex densities. For simplicity,
we will consider identical CDs, the so-called nondispersive
case [1]. Under this assumption, the contribution of superkink
excitations is not relevant and thus the optimal thermal
excitations of an individual vortex line are either half loops
or double kinks (DKs) [1]. These excitations allow a vortex to
escape from one columnar defect, and to be then retrapped by a
nearby defect located at a typical distance d ∼ (�0/B�)1/2 �
a0. Since we also have d � λab(0) < λab(T ), the vortex-defect
force on vortex i is practically the same for consecutive
metastable states. If we denote the metastable state at a given
time by a supraindex α, the relaxation process connecting
different metastable states can thus be effectively viewed as a
nonsteady transport process driven by the heterogeneous set
of average local forces associated to the metastable state, {fα

i }.
The dependence of fi with α allow us to include the nonsteady
variation of vortex-vortex interactions during the relaxation
and its magnetic field dependence.

Half-loops excitations are expected to be relevant for pinned
vortices such that fd < f α

i < fc, where fd ≈ U0/d is the force
at which a half loop involves a displacement of the order of
the average separation between defects, d, and fc ≈ U0/rr is
the critical depinning force from a single defect. As we show
below, half loops drive the relaxation at very short time scales;
for larger times most local forces f α

i drop below fd and half-
loop excitations are exhausted. Figure 6 shows a schematic
representation of the relevant excitations at each time scale.
Therefore, at large time scales relaxation is mainly driven
by DK excitations since most of vortices feel an interaction
force fi < fd from the other vortices. Optimal DKs have a
longitudinal length z ≈ d

√
εl/U0 and cost an energy 2EK ≈

2d
√

εlU0. The line tension εl ∼ ε0/�2 is normalized by the
anisotropy of the vortex system �, and corresponds to the limit
of short-wavelength distortions in the c direction involved in
the kink formation. The proliferation of optimal DK excitations
allows a vortex localized at a defect to hop to a neighbor one at
a distance of the order of d. Provided that the energy barrier for
such excitation, Uα

i = (2EK − f α
i dz), is larger than kBT , the

typical time to escape from the defect is given by the Arrhenius
law τα

i = τ0e
Ui/kBT , yielding

τα
i ≈ τ0 e(2d

√
εlU0−d2√εl/U0f

α
i )/kBT , (2)

where τ0 is a characteristic time, or inverse of the attempt
frequency. The last formula is an estimate for the escape time
of a vortex i feeling the interaction force f α

i with all the other
vortices on a given metastable state α.

We can define the lifetime of a given metastable configu-
ration α as the minimum single-vortex escape time among all
vortices, as one vortex hop changes a pair of CD occupation
numbers, producing a new metastable state α′. Such a minimal
escape time corresponds to the minimal escape barrier Uα =

FIG. 6. Schematic picture for the distribution of the local force
relaxation process in the limit d � a0,λab. The system starts from a
highly disordered state with a broad distribution of local forces. As
relaxation goes on, the force distribution becomes narrower and the
system gets quickly trapped into metastable states when all forces lie
below fc. Thermally activated optimal hops then allow vortices to
escape from their CDs via different mechanisms: half loops for fd <

f < fc, double-kinks for fs < f < fd, and superkinks for f < fs

(for identical CDs fs = 0), where fc and fd depend on the pinning
energy, radius and separation between CD and fs also depends on the
degree of CD disorder. During a field-cooling process, the distribution
becomes practically frozen at a temperature Tfreez for the experimental
time scale.

mini[2d
√

εlU0 − d2√εl/U0f
α
i ]. Therefore, it corresponds to

the escape time of the least bounded vortex, feeling the max-
imum force f α

max = maxi[f α
i ] in the metastable configuration

α. Remembering that U0 ∼ ε0(r2
r /2ξ 2), we finally get the

escape time for a given metastable configuration

τα ≈ τ0 exp

[
Uα(a0,λab,d,rr)

kBT

]
, (3)

where we have defined the effective energy barrier associated
with a given pinned configuration α,

Uα ≡ Uα(a0,λab,d,rr) =
[

1 − f̃ α
max(a0,λab)dλab

2κ2r2
r

]
2EK, (4)

as a function of the characteristic lengths a0, λab,d, and rr. The
dimensionless force f̃ α

max = f α
maxλab/2ε0, is defined as

f̃ α
max(a0,λab) = max

i

∣∣∣∣∣∣
∑
j �=i

K1(rij/λab)
rij

rij

∣∣∣∣∣∣, (5)

obtained from the fmax
i data shown in Fig. 5(c). Therefore α

corresponds to the metastable state frozen during the field-
cooling decoration experiment. The DK energy cost can be
written in terms of the characteristic lengths λab,d, and rr as

2EK ≡ 2EK(λab,d,rr,�,κ) =
√

2
κrrdε0

λab�
. (6)

Within this model, the field dependence of the lifetime
comes from the field dependence of the maximum value of
the defect-vortex force distribution for the given frozen con-
figuration. The insert to Fig. 7 shows that the lifetime weakly
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FIG. 7. Lifetime of the decorated metastable vortex configuration
vs temperature, assuming only double-kink excitations during the
out of equilibrium relaxation. We indicate the estimated freezing
temperature Tfreez at which the vortex structure is frozen at length
scales of a0 as revealed by magnetic decoration. The inset shows a
weak decrease of the lifetime with increasing the magnetic field for
the field range analyzed.

decreases with increasing the magnetic field. Extrapolation of
the behavior of Fig. 5(c) to larger fields suggests that this trend
continues, and that Tfreez should therefore also decrease with
increasing magnetic field, following qualitatively the behavior
of Tirr in Fig. 1.

Let us first estimate the lifetime τ of the decorated
metastable vortex configurations—we will drop the supraindex
α when referring to the frozen metastable state– - by making
again the reasonable assumption that they were frozen at, or
very near to, the irreversibility line, namely Tfreez ≈ Tirr. From
expressions of Eqs. (3), (4), (5), and (6), we get the results
for the escape time τ shown in Table I, using as input the
dimensionless force f̃ α

max evaluated from the experimental data
and the sample characteristics indicated in the caption of the
table. In all cases we verified that f̃d (λirr) > f̃max(λirr) so that
half-loop excitations are not relevant. The estimated lifetimes
of Table I, of the order of τ0 ∼ 10−3 s, are much smaller
than the typical time scales of decoration experiments, namely
τ (Tirr) � τexp, with τexp of the order of seconds or minutes.
Therefore, we should necessarily have Tfreez < Tirr since the

TABLE I. Estimation of the lifetime τ of the magnetically deco-
rated metastable vortex configurations frozen during field cooling
at ∼ Tirr and assuming only DK excitations. We have used the
following sample characteristics: d = 0.065 × 10−4cm,rr = 3.5 ×
10−7cm, (d/rr ∼ 20), λ(T = 0) = 0.18 × 10−4cm,Tc = 86.7 K, κ ≈
200,� ≈ 150. The parameters λirr = λ(Tirr) and εirr

0 = (�0/4πλirr)2.
The characteristic value τ0 ∼ 10−3s is taken from the frequency-
dependent ac creep measured in samples from the same batch than
ours [15].

B [G] λab(Tirr) [μm] Tirr [K] f̃max [λab(Tirr)] U/kB [K] τ [s]

9 0.69 85.3 0.6 26 0.0013
18.8 0.59 83.9 0.97 41 0.0016
59.4 0.39 79.6 0.87 142 0.0059

freezing temperature should correspond to τ (Tfreez) ∼ τexp.
Forcing such a condition, from Eqs. (3), (4), (5), and (6)
we can estimate the value of Tfreez. In order to do this
realistically, we need to know the temperature dependence of
λab at T < Tirr. Here, we will simply assume the dependence
λab(T ) = λab(0)/

√
1 − (T/Tc)4 with λab(0) = 180nm. This

dependence yields a reasonable analytical approximation for
the values reported at T ∼ Tirr [13] and shown in Table I for
T = Tirr(B) for the B studied here.

Recalculating f̃ α
max and Uα as a function of T using

this approximation for λab(T ), and setting τ (Tfreez) ∼ τexp,
with τexp ranging from seconds to hours, we get freezing
temperatures in the range Tfreez ≈ 60–70 K as shown in Fig. 7.
The insert to this figure shows that the field dependence
of the lifetime, and thus of τ (Tfreez), is very weak. Indeed
the experimentally detected change in almost one order of
magnitude in fmax

i on increasing field only impacts in changing
∼5% the escape time at Tirr, a magnitude that is even smaller
at lower temperatures due to the decrease of λab(T ). It is also
interesting to note that at the liquid nitrogen temperature TN,
at which the sample spends some minutes during the magnetic
decoration cooling protocol down to 4.2 K, the dynamics is
relatively fast, with lifetimes of roughly milliseconds. This
means that the frozen configuration has a memory of a
temperature Tfreez < TN, indicated in Fig. 7.

We conclude our theoretical analysis discussing the validity
of some of the main assumptions of our model. We have
assumed that CDs are perfectly parallel to the applied magnetic
field, so vortices individually localize in a single defect before
a thermally activated event drives it to a neighbor, a more
favorable pin. However, in the experiments there might exist a
misalignment between the applied field and the CD direction
of less than five degrees. At low temperatures, below the
irreversibility line, pinned vortices aligned with a single CD
are stable only below the characteristic tilting locking angle θL,
between the applied field and the defects. For misalignments
larger than θL vortices can still feel the effect of CD but develop
a kinked structure (staircaselike) connecting more than one
defect. Only above a larger characteristic trapping angle θt ,
vortices are not locked by CD and the response to a tilt becomes
linear [14]. For Bi2Sr2CaCu2O8 irradiated with a B� = 5 kG
dose, for T ∼ Tirr and B � B�, our experimental conditions,
a trapping angle θt ≈ 60–75 degrees was experimentally
determined in Refs. [15,40]. Being CD efficient to pin and
deform the vortices even for such large angles, their effect
for misalignments one order of magnitude smaller should
be much stronger. To our knowledge the locking angle θL

(below which perfect alignment is expected as it is assumed
in our model), has not been experimentally determined for the
irradiation dose of our sample. However, it can be theoretically
estimated as θL = (4πεl/�0H )θt [1]. Using the reported
experimental value θt ≈ 60–75 degrees, and the line tension
εl corresponding to our material, we get θL ≈ 3–15 degrees
for the three fields we have studied. It is worth noting that
these values are in accordance with the experimental value
θL ≈ 20 degrees measured for YBa2Cu3O7 with the same
dose, at fields and temperature similar to ours [41], if we take
into account explicitly the anisotropy ratio of both systems.
Since θL ∼ 3–15 degrees is of the order or larger than our
experimental uncertainty of five degrees, we conclude that the
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perfect alignment assumption of our model is fairly acceptable.
Indeed, even for tilting angles θ � θL the typical distance
between these kinks is expected to diverge as (θ − θL)−1/2

as we approach θL [14]. Therefore, perfect alignment is then
possible even for θ � θL due to a finite size effect, when the
distance between kinks become of the order of the sample
width, in our case ∼50 μm.

In our model we have neglected the contribution of half-
loop excitations. As argued in the previous section this is
justified from the fact that these excitations are important for
forces smaller than f̃c = (U0/rr)(λab/2ε0) ≈ 100 and larger
than f̃d = f̃c(rr/d) ≈ f̃c/20 ≈ 5 at Tirr, which is larger than
the adimensional forces of Table I for the range of magnetic
fields analyzed. Half loops would thus drive the relaxation only
at very short times after the quench. We have also neglected
the dispersion in the CD pinning energy. This dispersion is
produced both by the on-site dispersion, (typically arising
from the unavoidable dispersion in the ions tracks diameters),
or by the intersite dispersion (arising from the dispersion in
the nearest-neighbor distance between tracks, which is indeed
expected to be Poisson distributed). According to Ref. [17],
the main source of energy dispersion comes from the diameter
dispersion, which for 5.8 GeV Pb ions was estimated to
be of the order of 15%. This implies an energy dispersion
�U0/U0 ∼ 2.5% at zero temperature. The crossover force
fs from double-kink to superkink excitations is thus of the
order of fs ≈ fd (γ /U0) ≈ fd (�U0/U0) = fd/40. Since for
our case fd = U0/d ≈ 202ε0/λ, we get the adimensional
force f̃s ≡ fs(λab/2ε0) ∼ 0.5. From these estimates we first
note that the characteristic force extracted from magnetic
decoration images is f̃max ∼ 1 (see Table I). Since f̃s ∼ f̃ , the
typical hopping distance in the variable range hopping on ne-
toregime [1] becomes uVRH ≈ d(fv/f )1/3 ∼ d. We thus con-
clude that the dominance of DK excitations between columnar
tracks separated by a typical distance d in the direction of
the local force is a fair approximation for the most common
elementary excitations driving the relaxation near Tfreez.

Finally, we have also neglected the possible thermal
renormalization of the pinning potential expected to be-
come important above a characteristic temperature [14] T1 ≈
Tc(rr/4ξ )

√
ln κ/Gi/[1 + (rr/4ξ )

√
ln κ/Gi]. Using parame-

ters for Bi2Sr2CaCu2O8,Gi = 10−2,κ = 200, rr = 35nm, and
ξ = 1nm we get T1 ≈ 72 K, which is of the order of the
Tirr for the range of magnetic fields analyzed but larger than
our estimated Tfreez. Therefore, thermal renormalization of
the pinning energies is expected to be weak, justifying our
approximation.

V. DISCUSSION

The predictions from the model discussed in the previous
section, based on quantitative information obtained from
decoration experiments at 4.2 K, suggest that the decorated
structures were dynamically frozen at a much larger tem-
perature Tfreez by the strong decrease of vortex mobility
with temperature induced by the CD dense pinning potential.
Within the model, this mobility is dominated by Arrhenius
activation through the temperature-dependent finite barriers
associated with DK excitations, as barriers for half loops can
be overcome in typical times of the order of milliseconds while

the larger barriers expected for superkinks were disregarded
on the basis that DK alone are able to yield metastable
states with macroscopic lifetimes. Within this scenario, it is
worth mentioning that previous works studying samples with
B� = 5 kG from the same batch as ours reported that the
low-field regime presented nondivergent activation barriers
varying linearly with the ac driving current [15]. This is
in contrast to the divergent barriers found at higher fields,
consistent with half-loop excitations. On the other hand, it was
proposed that for a high density of CD the change in pinning
energies when increasing field are negligible compared to
the change in interaction energy, giving place to a discrete
superconductor picture [38]. These two findings are consistent
with our model assumption that the relevant excitations driving
the nonsteady relaxation are just DK, and that the role of
superkink excitations is not important for the time scales
typical of our magnetic decoration experiments.

Note that this is in contrast with the barriers expected, for
instance, for the Bose glass phase, which tend to diverge near
equilibrium, a signature of the strong localization of vortex
lines at very long times with a broad variable range hopping.
The amorphous order observed in the decorations can then
be interpreted as a snapshot of a nonentangled liquidlike
structure metastable at Tfreez, a temperature located below the
first-order transition line. This nonentangled highly viscous
and far from equilibrium liquidlike structure contrasts with
the quasi-long-range positionally ordered vortex structures
observed in pristine samples of the same compound at T <

TFOT [39]. Experiments with significantly larger cooling times
would allow us to ascertain whether a more ordered vortex
structure is stable for a very dense distribution of CD.

Figure 6 shows a schematic picture for the relaxation
dynamics of the defect-vortex forces. Within our model, the
dynamics at Tfreez is mainly controlled by DK excitations
since most of the defect-vortex forces satisfy fs < f < fd,
with fs ∼ γ /d the force below which superkink excitations
dominates. The parameter γ is the dispersion in pinning
energies coming from the differences between columnar
defects and from the disorder in their spatial distribution. In
our model we have assumed that γ is negligible compared to
U0, so fs is very small and superkink dynamics would become
relevant only at very large time scales. If γ is not small, then
the nonsteady relaxation may be dominated by variable range
hops with DK becoming inefficient to irreversibly drive the
vortices to a lower-energy state.

A previous work [38] proposes that the low-field vortex
state nucleated in the case of a sample with a dense distribution
of CD would not differ fundamentally from that observed in
pristine samples. This is based in the finding that the energy
difference between two metastable states in the former case is
dominated by the vortex-vortex interaction energy rather than
by the differences in pinning energy. Within this view, each
vortex line is, however, confined and pinned to a CD. This
proposal is similar to the one stating that the conventional Bose
glass phase may have a crossover to a putative Bragg-Bose
glass phase [42]. The later is a glassy phase with quasi-
long-range order but confined in CD, and thus individual
vortex lines are macroscopically flat, in sharp contrast to the
rough vortex lines of the Bragg-glass phase expected for weak
point disorder. Interestingly, our analysis suggests that the
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truly glassy relaxation dynamics in our samples, such as the
superkink or variable range hopping dynamics, or collective
creep dynamics made of correlated hops (corresponding to one
of the possible equilibrium phases), would become dominant
only in the limit of very long relaxation times, much larger
than the one probed during the magnetic decoration quenching
process. These experiments, as they are currently done, can not
give any information about the subjacent equilibrium phase
expected at very long times. This will critically depend on the
degree of dispersion of the pinning energies, γ ∼ fsd [1].

Therefore, it would be interesting to implement glass-
annealing techniques in order to reach configurations with
a narrower distribution of vortex-defect forces and thus with
less memory of the liquid phase and less accumulated stress.
Observing the changes in the translational order of the
decorated lattice as a function of the quenching time, for
instance, may tell us which phase is more plausible, as the
corresponding equilibrium correlation length slowly grows
with time. In particular, if a topologically ordered equilibrium
phase exists at low fields in the presence of a high density
of CD or a discrete superconductor picture is valid, then the
density of dislocations in the vortex structure should display a
decrease with time. This effect might be seen, for instance, by
comparing the number of ρdef detected in magnetic decoration
experiments performed at significantly different cooling rates.

VI. CONCLUSIONS

We have analyzed, through magnetic decoration images,
dynamically frozen vortex configurations in heavy-ion irradi-

ated Bi2Sr2CaCu2O8 samples with a very dense distribution of
columnar defects. For low vortex densities compared with the
CD density, we find an amorphous phase with liquidlike cor-
relations, and an approximately Gaussian defect-vortex force
distribution indicating a randomly oriented pinning scenario.
By assuming vortices individually trapped at identical CD, we
show that the observed translational order is fairly consistent
with a relaxation dynamics dominated by DK excitations near
the freezing temperature Tfreez. Using a simple model and
input from the fmax

i experimental data obtained from magnetic
decoration images, we predict a freezing temperature of the
same order but smaller than the irreversibility temperature. We
argue that magnetically decorated structures hence correspond
to a typical configuration of a nonentangled vortex-liquid state
with strongly reduced mobility, rather than to a metastable
state of an equilibrium glassy phase with divergent relaxation
barriers associated to the localization of vortices in CD even at
very long times. Experiments with significantly larger cooling
times or glass-annealing techniques are mandatory in order to
deduce if, as expected, the equilibrium vortex phase nucleated
in a very dense distribution of strong pins is a more ordered one.
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1. Introduction

There exists a large number of physical and chemical systems 
which display domain patterns. Some interesting examples 
are mesoscopic structures formed by assembling polymers in 
solution or other complex fluids [1, 2], domain structures in 
magnetic systems [3, 4], or patterning in surface deposition 
[5, 6]. A key ingredient accompanying pattern formation is 
the existence of at least two competing interactions acting at 
different length scales [7].

In the particular case of magnetic systems, domain and 
pattern formation have attracted much interest since its 
understanding can be crucial for many technological applica-
tions. When considering magnetic systems, the competition 
between short range exchange interaction, which promotes 
homogeneous magnetic configurations at small length scales, 
and the unavoidable long-range dipolar interaction, which 
favors inhomogeneous configurations at large length scales, 

is primarily responsible for pattern formation. One of the sim-
plest situations one might consider is a quasi two-dimensional 
system with strong out-of-plane anisotropy. In this case, one 
commonly observed pattern is the stripe pattern where an 
alternating out-of-plane magnetization is formed [8, 9], as 
observed for example in magnetic garnets [10–12] and thin 
magnetic films [13–15].

In order to discuss some interesting features presented 
in these systems, lets consider Fe1−xGax thin films as a con-
crete example (to be further considered along this work). The 
inset of figure 1 shows a magnetic force microscopy (MFM) 
image of a Fe0.8Ga0.2 sample with a nominal thickness of 
70 nm measured at room temperature in a remnant state [16].  
The MFM signal can be related to the out-of-plane magnetiza-
tion (due to the magnetic interaction between the MFM tip and 
the stray field gradient generated by the sample magnetiza-
tion), then this technique is particularly useful to observe the 
stripe domains. As can be observed, the stripes are oriented in 
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a preferred direction, which can be controlled during stripes 
formation under an in-plane applied magnetic field. As shown 
in the main panel of figure 1, when a large in-plane magn-
etic field is applied, the magnetization is fully aligned with 
the field and the sample is then in an homogeneous in-plane 
magn etic state. When the magnetic field is reduced, the stripe 
pattern becomes stable at a finite magnetic field, given rise to 
a decrease of the in-plane magnetization and the characteristic 
linear behavior shown in figure 1. In fact, this observed linear 
behavior is a signature of the presence of stripe domain pat-
terns in in-plane magnetic measurements. Finally, the orienta-
tion of the stripe pattern corresponds to the direction of the 
last visited homogeneous in-plane saturation magnetic state, a 
phenomenon known as rotatable anisotropy [8, 17, 18].

Some salient features about the in-plane hysteresis magn-
etic cycle shown in figure 1 can be noticed. Firstly, the coer-
cive field HC is indicative of the energy cost associated to 
the mechanism of inversion of the in-plane magnetization. 
Secondly, the saturation field HS corresponds to the in-plane 
external field necessary to reach an homogeneous in-plane 
magnetic state. The saturation field is expected to be propor-
tional to an effective magnetic anisotropy K eff and inversely 
proportional to the saturation magnetization, =H K M2 /S

eff
S. 

Finally, when the external magnetic field is removed, there 
exists a remnant magnetization value MR indicating that the 
stripe pattern is composed not only of an alternating out-
of-plane magnetization but it also contains a finite in-plane 
contrib ution. This suggests to rationalize the stripe pattern 
in the simple geometrical model described in figure 2. This 
canted magnetic model shows a magnetization distribution 
with finite projections onto both out-of-plane and in-plane 
directions, with the stripe array having a period λ as indicated. 
Moreover, two further features characterize the stripe pattern 
within this model: the maximum canted angle θ0 between the 
local magnetization direction and the plane of the sample and 
the domain wall width W separating two stripe domains with 
opposite homogeneous magnetization.

In this work, in order to obtain quantitative results from 
the in-plane magnetization curves of magnetic thin films pre-
senting stripe patterns, we present a free energy model based 
on a canted magnetization configuration, as the one presented 
in figure 2. As a concrete example we shall focus on the in-
plane magnetization curves of two Fe1−xGax thin magnetic 
samples. We will show that the free energy model permits 
us to characterize in detail the inner structure of the stripe 
domains, providing values for the period of the stripe pattern, 
the maximum canted angle, the domain wall width and the 
effective change in the magnetostatic energy, all parameters 
related to the inhomogeneous distribution of the magnetiza-
tion. The rest of the work is organized as follows: section 2 
presents exper imental details of the used samples. The free 
energy model is presented in section 3 while the analysis of 
in-plane magnetization curves and main results are contained 
in section 4. Finally, section 5 is devoted to the conclusions of 
the present work.

2. Experimental

In the following, we shall present experimental information 
about the studied samples. We will focus on sample growth, 
structural and magnetic characterization, and the determina-
tion of relevant physical parameters, such as the saturation 
magnetization and the perpendicular magnetic anisotropy.

2.1. Sample growth and structural characterization

Epitaxial Fe1−xGax samples were grown by molecular beam 
epitaxy on c( ×2 2) Zn-terminated ZnSe epilayers onto 
GaAs(1 0 0) substrates [19, 20]. At the end, the films were 

Figure 1. In-plane magnetic cycle at room temperature for a 
Fe0.8Ga0.2 sample with a nominal thickness of 70 nm. The straight lines 
show the linear behavior which is a distinctive feature of samples 
with stripe domain patterns. Inset: The out-of-plane magnetization 
component measured with magnetic force microscopy at room 
temperature for the same sample in remnant state. The coercive field 
HC, the saturation field HS and the remnant magnetization MR are also 
indicated.

Figure 2. A simplified image of the striped magnetic domains in 
the form of a canted magnetization state. The left figure shows 
the rotation of the magnetization vector ( )xM  along the x axis 
and the stripe signal proportional to the Mz component. The right 
figures show how the out-of-plane (upper panel) and in-plane 
(lower panel) components of the magnetization change along the 
x direction. Note that while Mz/M can only take values between 

sin 0θ± , My/M takes its maximum value of 1 at the center of the 
domain wall and its minimum value of θ >cos 00  at the core of the 
stripe domains. The key geometrical parameters are identified: the 
stripe period λ, the maximum canted angle θ0, and the domain wall 
width W.
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covered by a protective 3 nm gold capping layer. Details of the 
growth are given in [21]. We fabricated 70 nm nominal thick 
samples at two Ga concentration values, x  =  0.16 and 0.20. 
Such concentrations were determined by means of x-ray pho-
toelectron spectroscopy (XPS) and confirmed by Rutherford 
backscattering (RBS) and energy dispersive x-ray spectrom-
etry (EDX). The x  =  0.16 sample was annealed at 300°C in 
ultra high vacuum [21]. This annealing temperature is suffi-
cient to cause Ga mobility in the Fe matrix, as attested in [22] 
and, at the same time, it preserves the sharp ferromagnetic/ 
semiconductor interface [19]. By x-ray diffraction (XRD), 
we determine the lattice parameters and we observe the Ga 
dependent tetragonal deformation in the as-grown samples 
and the recovered cubic structure due to annealing [21].

2.2. Magnetic characterization

2.2.1. In-plane magnetization curves. The characteristic in-
plane magnetization curves, M versus H, were measured using 
a vibrating sample magnetometer (VSM) and a superconduct-
ing quantum interference device (SQUID). For all measure-
ments, the external magnetic field was applied in the plane of 
the samples (in-plane configuration). It is important to mention 
that M versus H curves present an isotropic behavior in the film 
plane, since we obtain the same result when curves are taken at 
different crystallographic directions. In addition, since we are 
interested in the linear behavior and its relation with the stripe 
pattern, the M versus H curves were only taken from a starting 
field of 1 T down to reach zero applied field. For each sample, 
in-plane magnetization curves were taken at several temper-
atures in the range   < <T5 K 300 K. A diamagnetic contrib-
ution due to the sample holder was subtracted and the curves 
were normalized to the saturation value MS in all cases. In fig-
ures 3(a) and (b), we show the M versus H curves at several 

temperatures for the x  =  0.20 and annealed x  =  0.16 samples
respectively. Both samples present the typical response of
the magnetic system where stripe domains are present as we 
stated in the Introduction, i.e. a linear dependence of M(H) 
is observed for H values lower than the saturation field, HS. 
However, the evolution of such linear behavior with temper-
ature depends on the sample. For the x  =  0.20 sample (see
figure 3(a)) there is not a significant difference between curves 
at different temperatures, i.e. the saturation field, HS, and the 
magnetization remanence, MR, do not depend on temper-
ature. On the other hand, for the x  =  0.16 sample (figure 3(b)),  
the M versus H curves show a clear dependence with temper-
ature, with HS (MS) increasing (decreasing) for higher temper-
atures. For example, black lines in figure 3(b) are linear fits 
performed for the 5 K and 300 K curves, and using the inter-
section between those lines and the =M M/ 1S  constant, it is 
found that the saturation field rises from about 900 G to 1600 G  
when the temperature increases from 5 K to 300 K.

2.2.2. Determination of MS and Kn. The key parameters gov-
erning the appearance and behavior of the stripe patterns are 
the saturation magnetization, MS, and the perpendicular magn-
etic anisotropy, Kn, as it is explicitly shown in the free energy 
models discussed in section 3. For obtaining MS, SQUID mag-
netization curves as a function of temperature were performed 
from 5 K to 300 K in the saturation state (no stripes present) at 
0.2 T in both samples as it is shown in figure 4.

In order to study Kn in our samples through ferromagnetic 
resonance (FMR), we have to evaluate how the magnetic 
aniso tropies present in the sample contribute to the resonance 
field, Hr. We then propose a self-consistent scheme that solves 
the equilibrium position of the magnetization vector MS via  
the magnetic free energy density U and a linearized version  
of the Landau–Ginzburg equation  of motion for the mag-
netization [23], when the sample is magnetically saturated. 
Hence, the proposed expression for U in our coordinate system  
(figure 5(a)) is the following:

⎜ ⎟
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⎝

⎞
⎠

U M K

K U

H M,
2
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4
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Figure 3. In-plane magnetization curves, M M/ S versus H, for  
(a) x  =  0.20 and (b) x  =  0.16 samples at different temperatures as 
indicated. Black lines in (b) correspond to linear fits for the 5 K and 
300 K data. In both figures the relative error is smaller than 10%.
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where Happ is the applied magnetic field and µ0 is the 
vacuum permeability (  µ π= × −4 100

7 T m A−1). The first 
term on the right-hand side is the classical Zeeman energy. 
The second one is the energy related to the demagnetizing 
dipolar field. The third term is the energy related to the 
perpendicular magnetic anisotropy Kn, including the out-
of-plane magnetic anisotropy K OP coming from magneto-
crystalline effects [24] as discussed below when referring to 
UMCA. The fourth one stands for an uniaxial in-plane aniso-
tropy arising from the Fe1−xGax/ZnSe interface [25, 26]. 
Finally, the fifth term is related to the magneto crystalline 
anisotropy (MCA) contribution to the magnetic free energy, 
and thus UMCA depends on the crystal symmetry of the 
sample under study. On one hand the x  =  0.16 sample pres-
ents a cubic structure due to the annealing procedure. Then, 
for this sample

( )ϑ ϑ ϕ= +U K
1

4
sin 2 sin sin 2 ,MCA 4

2 4 2 (2)

which is the usual expression for cubic lattices at first order 
[27]. On the other hand, it is important to notice that the tetrag-
onal distortion along z-axis that suffers the x  =  0.20 sample, 
as mentioned in section  2.1, modifies the cubic anisotropy 
energy term given in equation (2). As a result, the cubic term 

[ ( )α α α α α α+ +K x y y z z x4
cub 2 2 2 2 2 2 ] becomes now α α α+K Kx y z4

tet 2 2 OP 2, 
where the out-of-plane αz

4-term was neglected in our calcul-
ations. αi denotes the direction cosines of the magnetization 
which, using the coordinate system shown in figure 5(a), are 
defined as α ϑ ϕ= sin cosx , α ϑ ϕ= sin siny  and α ϑ= cosz . 
Then, for the x  =  0.20 sample the magnetocrystalline contrib-
ution writes:

ϑ ϕ=U K
1

4
sin sin 2 ,MCA 4

tet 4 2 (3)

while the out-of-plane contribution αK z
OP 2 effectively enters 

into the perpendicular magnetic anisotropy Kn.
The equation that accounts for the magnetization dynamics 

in the small oscillation approximation was given by Smit and 
Beljers [23] and it writes:

⎡
⎣
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⎛
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−
∂
∂ ∂

ϑ ϕ
M

U U U
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S
2 2

2

2

2

2
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,eq eq

(4)

evaluated at the equilibrium angles, ϑeq and ϕeq obtained from 
equation (1), where γ µ= �g /B  is the gyromagnetic ratio and 
µB is the Bohr magneton. The g value was set to 2.1, as for Fe.

As an example, figure 5(b) presents FMR spectra at two 
different temperatures for the x  =  0.20 sample. The shift 
between such spectra is due to the change of magnetization 
and magnetic anisotropy with temperature.

In table 1 we summarize the values of MS and Kn at T  =  100 K  
and 300 K for both samples. Besides, a typical value for the stiff-
ness constant in Fe1−xGax samples, = −A 1.6 10 11 J m−1, was 
considered [28]. These parameters will be taken as input values 
when using free energy models to quantify the inner structure of 
stripe patterns in the following section. The other fitting para-
meters (K4

tet, K4, Ku) are also given in table 1. Note that in spite 
of having in-plane anisotropies (K4

tet, K4, Ku), the hysteresis 
loops are isotropic in the film plane, as we stated previously, 
since when the magnetization distribution is not homogeneous 
(for <H HS) the perpendicular magnetic anisotropy and dipolar
terms dominate over in-plane magnetic anisotropies.

3. Modeling magnetization curves

In order to analyze magnetization curves, we introduce in this 
section a free energy model based in a canted domain structure 

Figure 5. (a) Coordinate system used in our calculations to extract magnetic anisotropies. (b) FMR spectra taken at 100 K and 300 K for 
the x  =  0.20 sample and for the external field Happ applied in the [1 0 0] direction.

Table 1. MS, Kn, Ku, K4 and K4
tet values experimentally obtained at 100 K and 300 K for both studied samples.

Sample T [K] MS [kA m−1] Kn [×105 J m−3] ( )K K4 4
tet  [×104 J m−3] Ku [×103 J m−3]

x  =  0.20 100 ±1500 200 ±3.35 0.05 ±1.7 0.1 ±4 1
x  =  0.20 300 ±1400 200 ±3.43 0.05 ±0.5 0.1 ±4 1
x  =  0.16 100 ±1500 200 ±3.85 0.05 ±1.9 0.1 ±2 1
x  =  0.16 300 ±1400 200 ±3.70 0.05 ±0.9 0.1 ±2 1

Note: K4 and K4
tet stand for the fourfold in-plane anisotropy of x  =  0.16 and 0.20 respectively.
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such as the one schematized in figure 2. Within this model, we 
consider an array of parallel straight stripes oriented along the 
y-direction and whose position dependent magnetization is

( ( ) ( ))θ θ= M x xM 0, cos , sin ,S (5)

meaning that the magnetization is always oriented along the 
longitudinal direction of the stripes. The angle ( )θ x  is the angle 
between M and the x-y plane, i.e. the surface of the sample, and 
depends only on the transverse direction of the stripe pattern. 
Notice that, on one hand, since we are considering an array 
of parallel straight stripes the magnetization is homogeneous 
along the y-direction, and on the other hand, while Mx  =  0, the 
components ( )θ=M M xcosy S  and ( )θ=M M xsinz S  change 
along the x-direction as shown in figure 2. In this situation 
the profile of the position dependent magnetization is thus 
defined through the one-dimensional angle profile ( )θ x  along 
the transverse direction of the stripe pattern.

We propose to work with the following free energy density 
model, which contains the relevant energy contributions to be 
considered:

⎜ ⎟⎛
⎝

⎞
⎠

f x HM x M E x

K x A
x

x

cos
1

2
1 sin

cos .n

0 S 0 S
2

dip
2

2
2

[ ( )] ( ) ( ) ( )

( ) ( )
θ µ θ µ θ

θ
θ

= − + −

+ +
∂
∂ (6)

The first term corresponds to the Zeeman energy with ˆ= HyH , 
so that this term is minimized when the magnetization is fully 
in-plane in the field direction, i.e. ( )θ =x 0. The second energy 
contribution is the one corresponding to the stray field, or so-
called demagnetizing energy. When =E 0dip  and considering 
an homogeneous solution ( )θ θ=x , the stray field of a thin 
magnetic film is minimized when all the magnetization lies 
on the plane, i.e. θ = 0. When the magnetization is inhomo-
geneous the stray field can be computed only in very special 
cases of ( )θ x . Therefore we consider here a generic correc-
tion factor Edip taking into account how much the stray field 
departs from the homogeneous thin film case when a general 
( )θ x  is used. The factor Edip thus gives not only information 

about the changes in the stray field induced by the stripe pat-
tern, but it also absorbs any other dipolar magnetic contrib-
ution not considered in the canted model, as for example the 
one coming from closure domains close to thin film surfaces. 
The third term is the anisotropy energy contribution con-
trolled by the perpendicular magnetic anisotropy constant 
Kn. When Kn  >  0, this energy term is minimum for an homo-
geneous magnetization aligned perpendicular to the surface, 
i.e. x /2( )θ θ π= =± . Therefore, one can link the competi-
tion between the stray field and the perpendicular magnetic 
anisotropy to the presence of inhomogeneous solutions as the 
stripe pattern. A common measure of this competition is given 
by the quality factor ( )µ=Q K M/ 1/2n 0 S

2 ; with Q  >  1 (Q  <  1) 
indicating that the system is unlikely (likely) to present stripe 
patterns with a canted magnetization distribution [3]. Finally, 
the last term in equation (6) is the exchange interaction term 
and corresponds to the energy density cost associated to spa-
tial variations of the magnetization, controlled by the stiffness 

constant A. This exchange term is then minimized when-
ever the magnetization is homogeneous, i.e. ( )θ θ=x . The 
energy cost of a domain wall between up and down magne-
tization regions can be estimated by considering anisotropy 
and exchange terms, giving a domain wall energy of order 
t AK4 n, where t is the thickness of the sample, and an asso-

ciated domain wall width W of order A K/ n [3]. It is impor-
tant to note that this last model does not include the in plane 
anisotropies, i.e. K4, K4

tet, Ku because of the fact that the M 
versus H curves are isotropic in the film plane. Also, it is 
worth stressing at this point that the simplified model we are 
using, based on the one-dimensional magnetization profile 
defined in equation (5), does not allow to model the formation 
of closure domains. However, in [29], it is explicitly shown 
that for Q  <  0.4, as is the case for the Fe1−xGax samples ana-
lyzed here [16], one-dimensional models (if compared with 
those where closure domains are taken into account, as in [9]) 
give a good description of the magnetostatic energy when 
stripes are present.

The starting point in order to extract some information 
from the experimental magnetization curves is a trial angle 
profile ( )θ x . Given a proposed model for the angle profile ( )θ x
the free energy model, equation  (6), is used to compute the 
average energy contained within a stripe, defined through the 
stripe free energy density

( ( ))∫λ θ=
λ

F x f x
1

d ,
0

(7)

obtained by integrating over the period of the stripe pattern, 
λ. Since the system is periodic, the full free energy for a finite 
size system can be written in terms of F. The stripe free energy 
density depends on material parameters (MS, Kn and A) and on 
geometrical information of the stripe pattern distribution such 
as its period λ, the domain wall width W and the maximum 
canted angle θ0, all contained in the angle profile ( )θ x . For 
the material parameters MS, Kn and A we use experimental 
determined values, as presented in section 2. Then, for given 
trial values for Edip and λ, the normalized in-plane magneti-
zation ( ) ( )θ=M H M H/ cosy S  is computed by minimizing the 
stripe free energy density F with respect to the angle profile- 
dependent geometrical parameters for each value of H. Finally, 
the values for Edip and λ are varied to get the best agreement 
between the predicted My(H) and the experimental data.

The domain wall width can be defined in several ways 
and we shall use here two options. One in terms of the tan-
gent of the magnetization angle, considering the intersection 
of the tangent line passing through the middle of the domain 
wall where θ = 0 and the constant value corresponding to the 
magnetization angle limit inside the stripe domains where 
θ θ= 0, i.e. ( )θ θ× Δ =′ /20 0, where 0θ′  is the slope at the 
middle of the domain wall. Therefore, the domain wall width 
would be

θ
θ

Δ =
′

2
.0

0
(8)

A second definition can be obtained with the same idea but 
using instead the out-of-plane magnetization, i.e. through the 
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tangent of the out-of-plane magnetization at the middle of the 
wall and the intersection with the out-of-plane magnetization 
within the stripe domain, as shown in figure 6. This results in 

( )( ) ( )θ θ θ∂ = = =M W M0 /2 ,x z z 0  where ( )θ θ=Mz 0  is the out-
of-plane magnetization within the stripe domain. Therefore,

( )
( )
θ θ
θ

=
=

∂ =
W

M

M

2

0
.z

x z

0
(9)

In fact, since ( )θ=M M sinz S , both definitions are related 
through

( )θ
θ

= ΔW
sin

.0

0
(10)

A typical order of magnitude for a °180  domain wall between 
two semi-infinite domains is =W A K/ n. Finally, although Δ
is appropriate to deal with angle profile models, we shall use 
W to compare between the different cases below. In general, 
the domain wall width W depends on the materials parameters 
and on the profile model properties, as discussed below for 
each particular case.

In the following, and in order to fit the experimental data 
using the free energy model, we shall consider two angle pro-
file models which permit us to study and compare different 
limits of the relation between domain wall width and stripe 
period: a cosine series expansion (small λ Δ/ ) and a trape-
zoidal model (large λ Δ/ ).

3.1. Cosine series expansion

Considering the limit in which the domain wall width and the 
extent of the domain itself are of the same order, the angle pro-
file can be thought as a simple cosine expansion of the form

( ) ( ) ( ) ( )θ θ θ θ= + + +x kx kx kxcos cos 3 cos 5 ...1 2 3 (11)

where θn is the amplitude of the nth-order term and = π
λ

k 2 , 

which then enforces the profile ( )θ x  to have a period λ. In the 
following, we shall refer to the n-mode cosine expansion 
when truncating the expansion up to nth-order. Using this 
angle profile, the stripe free energy density defined through 
equation  (7) is computed. In the particular 1-mode case the 
following closed expression is found:

F HM J M E J

K
J

A

1

4
1 1 2

2
1 2

2
.n

S 0 1 0 S
2

dip 0 1

0 1

2
1
2

2

( ) ( ) [ ( )]

[ ( )]

θ µ θ

θ
π θ
λ

= − + − −

+ + + (12)

where J0(x) is the 0th-order Bessel function of the first kind. 
For n  >  1 the integral definition for F is numerically com-
puted. For the given values of λ and Edip, the minimization 
of F with respect to the θn’s for each H value gives the M(H) 
curve. In this work we shall consider the stripe free energy 
density up to 3rd-order of the cosine expansion in order to 
take into account different shapes of the profile. Notice that 
in the limit of very large n, the profile defined by the cosine 
expansion tends to a square wave stripe pattern.

For the cosine expansion proposed here, the maximum 
canted angle is θ θ= ∑n n0 , and using the definition for the 
domain wall width, equation (9), we obtain

( )
( ) ( )

λ
π

θ

θ
=

∑

∑ − +
W

n

sin

1 2 1
,n n

n
n

n
(13)

which permits us to have a measure of the domain wall width 
in terms of the stripe period and the modes amplitudes.

Figure 6(a) shows the out-of-plane magnetization profile 
Mz(x) corresponding to the cosine series expansion with one- 
and two-modes. The geometrical construction to compute the 
domain wall width W is also indicated (see equation (9)).

3.2. Trapezoidal stripe domain

We consider here the limit in which the domain region defining 
the stripes is much larger than the finite domain wall sepa-
rating these regions (similarly to the model proposed in [30] to 
study stripped thin films at remanence). In this limit the mag-
netization is perfectly homogeneous within the domain while 
all the spatially varying magnetization is restricted to the 
domain wall region. Furthermore, we consider a linear varia-
tion of the angle profile within the domain wall. Therefore, the 
model angle profile can be considered to be a stepwise func-
tion with constant values θ± 0 within the stripe domains while 
linear ramps with slopes θ± ′0 are connecting these domains. 
In this case, the extent of the ramped region is exactly the 
domain wall width in terms of the angle profile, θ θΔ = ′2 /0 0. 

Figure 6. Out-of-plane magnetization component Mz(x) corresponding to the (a) cosine series expansion and (b) the trapezoidal model.  
In (a) one-mode and two-mode approximations are shown in blue and red curves respectively. The geometrical construction used to 
compute the domain wall width W is shown for each model (in (a) only for the two-mode profile).

-1

 0

 1
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λ/2

W/2

-1

 0

 1
Mz (b)

λ/2

W/2

J. Phys.: Condens. Matter 28 (2016) 136001

171



M Di Pietro Martínez et al

7

Choosing an arbitrary origin for the stripe pattern, the angle 
profile can be written in terms of θ0 and Δ as

( )
⩽

[ ( )] ⩽
⩽

[ ( )] ⩽

θ

θ λ
θ λ λ λ
θ λ λ
θ λ λ λ

=

− < −Δ
Δ − −Δ −Δ <

< −Δ
− Δ − −Δ −Δ <

⎧
⎨
⎪⎪

⎩
⎪⎪

x

x
x x

x
x x

for 0 /2 ,
2 / /2 /2 for /2 /2,

for /2 ,
2 / /2 for .

0

0

0

0

(14)

Using this model for the angle profile, with parameters θ0
and Δ, the stripe free energy density can be split into two parts,

( ) ( )
λ

θ
λ
θ= −

Δ
+
Δ

Δ⎜ ⎟⎛
⎝

⎞
⎠F f g1

2 2
, ,0 0 (15)

with 2 4 /0 0θ θΔ = ′  thus representing the linear extension of 
the two ramp regions defined in the trapezoidal angle profile, 
equation (14). Therefore the stripe free energy density is com-
posed of the free energy density within the domain regions, 
given by

f HM M E

K

cos
1

2
1 sin

cosn

0 S 0 0 S
2

dip
2

0

2
0

( ) ( ) ( ) ( )
( )

θ θ µ θ

θ

= − + −

+ (16)

and the domain wall free energy density, given by

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

g HM

M E

K A

,
1

2
2 sin

1

2
1 cos sin

cos sin
2

.n

0
0

S 0

0 S
2

dip 0 0 0

0 0 0
0

2

( ) ( )

( )( ( ) ( ))

( ( ) ( ))]

θ
θ

θ

µ θ θ θ

θ θ θ
θ

Δ = −

+ − −

+ + +
Δ

(17)

Using this model, the two parameters θ0 and Δ are obtained in 
the minimization process.

Finally, the domain wall W is given by equation  (10) in 
terms of θ0 and Δ. Figure  6(b) presents the out-of-plane 
magnetization profile Mz(x) resulting from the ramped angle 
profile ( )θ x  of equation  (14) together with the geometrical 
construction to compute the domain wall width W.

4. Results and discussion

Using the proposed profiles described in the previous section, 
we intend to reproduce the experimental M versus H curves. 
Experimental values for Kn, MS, and A were measured, as 
described in section 2, and used as input parameters for the 
profile models. Then, using trial values for λ and Edip the mag-
netization curves can be constructed by minimizing the free 
energy models with respect to the geometrical parameters, as 
discussed in section 3.

Firstly, by scrutinizing the free energy models, we can 
learn what are the main effects of changing the values of λ 
and Edip. On one hand, increasing Edip causes the linear zone 
characteristic of the presence of stripe patterns to move to 
higher fields, rising the saturation field being the most promi-
nent effect. On the other hand, increasing λ decreases the 
remanence magnetization while keeping HS almost constant. 

Since both parameters have different marked consequences in 
the computed magnetization curves, it is safe to search inde-
pendent values for Edip and λ such that the M(H) curves fit best 
with the experimental results.

We consider both models, the cosine expansion (up to 3rd-
order) and the trapezoidal model, to analyze the experimental 
data for the x  =  0.20 and 0.16 samples at T  =  100 K and 300 K.  
As an output of the fitting procedure we report for each case 
λ, Edip, W and θ0.

In figure 7 we present the experimental data for the magnet-
ization curves corresponding to the annealed x  =  0.16 sample 
at 100 K and 300 K, together with the curves corresponding 
to the cosine series expansion (up to n  =  3) and trapezoidal 
models. The obtained parameters are reproduced in table 2. 
A few facts can be remarked about these results. The trap-
ezoidal model does not correctly capture the appearance of the 
linear ramp, showing a rather abrupt jump. The value of the 
stripe period generally agrees with the one obtained from 

Figure 7. Experimental data for the x  =  0.16 sample measured with 
VSM (dots) and results from modeling the magnetization curves 
(lines) corresponding to the different proposed profiles, as indicated. 
Results corresponding to two different temperatures are shown:  
(a) T  =  100 K and (b) T  =  300 K.

Table 2. Characteristic values for the x  =  0.16 sample at 100 K and 
300 K obtained using the free energy models, as indicated, and the 
experimental values for Kn and MS presented in table 1.

T [K] Profile λ [nm] Edip θ0 [°] W [nm]

100 1 mode 164(10) 0.80(3) 85(3) 34.8(2)
2 modes 164(10) 0.80(3) 80(3) 28.8(2)
3 modes 160(15) 0.80(3) 79(3) 26.2(2)
Trapezoid 120(10) 0.79(3) 56(8) 8.8(2)

300 1 mode 164(10) 0.81(3) 91(3) 32.9(2)
2 modes 160(10) 0.81(3) 80(3) 21.2(2)
3 modes 148(10) 0.81(3) 82(3) 22.1(2)
Trapezoid 160(10) 0.79(3) 63(8) 10.5(2)

Note: The values for θ0 and W correspond to the remnant state at H  =  0.
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the MFM images, λ = 160 nm [16], although the value 
obtained using the trapezoidal model is slightly smaller for 
T  =  100 K. The value of Edip is close to 0.8, which means 
that the demagnetizing energy is around 20% of the one 
corresponding to a fully in-plane magnetized thin film. The 
largest values for θ0 are obtained for the 1-mode cosine expan-
sion and is typically around °80 , except for the trapezoidal 
model which has a smaller value close to θ = °600 . The value 
of the domain wall width W is also reported and it is around 
30 nm for the cosine expansion model, but around 10 nm for 
the trapezoidal model. Over all, cosine expansion models 
give a more consistent description of the experimental data. 
Therefore, although ≈W 30 nm is larger than the simple esti-
mate ≈A K/ 6.5n  nm, it is a more realistic estimation of the 
domain wall width.

Finally, the most important difference between the data at 
100 K and 300 K is that for the x  =  0.16 sample the satur-
ation field HS is smaller for T  =  100 K, as mentioned in sec-
tion 2. However, there are no appreciable changes neither in 
Edip, which would strongly modify HS, nor in the rest of the 
parameters shown in table 2. This indicates that the stripe pro-
files are not noticeably changing with temperature while HS

is. Therefore, in fact, the increase in HS cannot be associated 
to changes in the stripe pattern and it is only caused by the 
expected change due to a decrease of the magnetization MS

when the temperature is increased, ∼H K M2 /S
eff

S, with K eff

an effective anisotropy constant.
Figure 8 shows the experimental data for the x  =  0.20 

sample at T  =  100 K and 300 K and the corresponding mag-
netization curves obtained using the free energy models pre-
sented in section  3. The resulting parameters are presented 
in table 3. The stripe period λ agrees with λ = 180 nm, as 
measured using MFM images [16, 31], for the 1-mode cosine 

expansion and it is smaller for the other models. Edip is in 
general a bit larger than for x  =  0.16, indicating that the stray 
field energy is even smaller, and θ0 is of the same order as for 
x  =  0.16. The domain wall width is estimated to be close to 
25nm.

Remarkably, unlike the results presented in figure  7 for 
x  =  0.16, there is no noticeable change in the saturation 
field HS when the temperature is modified, as also shown in 
figures 3 and 8. However, since the saturation magnetization 
MS is decreasing with T (as much as for the x  =  0.16 sample) 
an increase of HS with temperature would be expected. The 
small decrease of Edip from 0.86 at 100 K to 0.84 at 300 K is 
indeed responsible for a drop in HS which compensates the 
increase expected due to a diminution of MS with T, thus indi-
cating that in this case a change on the magnetic structure of 
the stripe pattern can strongly influence the expected magneti-
zation behavior.

5. Conclusions

In summary, we have developed here free energy models 
which permit us to analyze in-plane magnetization curves of 
thin films presenting stripe patterns. The free energy model 
is based on a canted magnetic state and allows to quantify 
geometrical characteristics of the pattern, such as the stripe 
period, the maximum canted angle and the domain wall width, 
together with an estimation of the change of the demagne-
tizing energy. As an example, we have developed and applied 
a fitting procedure using these models to analyze measured in-
plane magnetization curves for two Fe1−xGax samples which 
present different temperature behaviors. We found a stripe 
period which compares well with the one obtained from MFM 
images. More importantly, we report here estimated values for 
the maximum canted angle, typically around θ = °850 , and the 
domain wall width, of the order of W  =  30 nm. These para-
meters are valuable to complete a geometrical characterization 
of the stripe patterns and can be useful to complement micro-
magnetic simulations [31]. Furthermore, when comparing the 
x  =  0.20 and x  =  0.16 samples the main observed difference 
is that for the former the dipolar contribution quantified by 
Edip is not changing while for the later it does. Changes in Edip

are directly related to changes in the internal magnetic struc-
ture of the stripes. Although in principle one could attribute 

Figure 8. Experimental data for the x  =  0.20 sample measured with 
VSM (dots) and results from modeling the magnetization curves 
(lines) corresponding to the different proposed profiles, as indicated. 
Results corresponding to two different temperatures are shown:  
(a) T  =  100 K and (b) T  =  300 K.

Table 3. Characteristic values for the x  =  0.20 sample at 100 K and 
300 K obtained using the free energy models, as indicated, and the 
experimental values for Kn and MS presented in table 1.

T [K] Profile λ [nm] Edip θ0 [°] W [nm]

100 1 mode 170(10) 0.87(3) 93(3) 33.1(2)
2 modes 148(10) 0.88(3) 83(3) 21.7(2)
3 modes 152(10) 0.87(3) 85(3) 20.6(2)
Trapezoid 100(10) 0.85(3) 64(8) 7.3(2)

300 1 mode 170(10) 0.84(3) 93(3) 33.3(2)
2 modes 148(10) 0.84(3) 83(3) 22.0(2)
3 modes 152(10) 0.84(3) 84(3) 21.0(2)
Trapezoid 140(10) 0.83(3) 65(8) 11.8(2)

Note: The values for θ0 and W correspond to the remnant state at H  =  0.
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this difference to structural differences (the x  =  0.20 sample 
being tetragonal while the annealed x  =  0.16 sample is cubic), 
it is not easy to directly correlate the observed effects with 
the micro/nano structure of the samples. Specific experiments 
giving access to the atomic environment, for example those 
based on synchrotron radiation, are difficult to carry due to the 
small amount of mass available in a thin film.

We have presented and used here two free energy models: 
a cosine series expansion (up to 3rd-order) and a trapezoidal 
model. Although both models give reasonable estimates for 
the parameters, the trapezoidal model seems to give sys-
tematically odd values (larger λ, smaller θ0 and W). Since 
the domain wall width is around 30% of the half-period of 
the stripe pattern, cosine series expansion models are more 
suitable in the present case. In particular, the simple 1-mode 
cosine model gives the more consistent results. Conversely, 
whenever the domain wall width is a very small fraction of 
the half-period, of the order of a few percent, we expect the 
trapezoidal model to be more suitable.

It has recently been shown that x-ray magnetic micros-
copy can be used, through the angular dependence of its 
magnetic contrast, to quantitatively access the canted angle 
of the stripe pattern in a ferromagnetic NdCo5 thin film [15].  
However, the space resolution in the same experiment ∼ 45 nm  
is not enough to characterize the domain wall width. Here, 
we present a simpler alternative which, based on free energy 
models and the described fitting procedure, permits us to 
obtain geometrical parameters characterizing stripe patterns, 
such as the canted angle and the domain wall width, directly 
from in-plane magnetic measurements.
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We study numerically the correlations and the distribution of intervals between successive zeros in the
fluctuating geometry of stochastic interfaces, described by the Edwards-Wilkinson equation. For equilibrium
states we find that the distribution of interval lengths satisfies a truncated Sparre-Andersen theorem. We show
that boundary-dependent finite-size effects induce nontrivial correlations, implying that the independent interval
property is not exactly satisfied in finite systems. For out-of-equilibrium nonstationary states we derive the scaling
law describing the temporal evolution of the density of zeros starting from an uncorrelated initial condition. As
a by-product we derive a general criterion of the von Neumann’s type to understand how discretization affects
the stability of the numerical integration of stochastic interfaces. We consider both diffusive and spatially
fractional dynamics. Our results provide an alternative experimental method for extracting universal information
of fluctuating interfaces such as domain walls in thin ferromagnets or ferroelectrics, based exclusively on the
detection of crossing points.
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I. INTRODUCTION

Persistence and its related first-passage properties have been
of great interest in recent years both in mathematics and in
physics, going from simple models such as the d-dimensional
random walk in its discrete and continuous versions [1,2]
and the non-Markovian acceleration process [3–5], or the
d-dimensional Ising and Potts model at zero temperature
with Glauber dynamics [6,7] to systems with many degrees
of freedom such as the diffusion equation of fields [8],
solid-on-solid surface growth models [9], and fluctuating
interfaces [10–12]. (For a recent review on persistence in
nonequilibrium systems, see Ref. [13].)

The notion of spatial persistence (respectively, temporal
persistence) in these systems refers to a property that does not
change up to a distance x (respectively, up to a time t), being
of special interest the probability distributions P (�) and P (τ )
of the corresponding distances or time intervals between the
successive changes. Due to its possible applications, both spa-
tial persistence [14–16] and temporal persistence [17] of rough
fluctuating interfaces have been investigated. In this case, the
property whose change is monitored is the sign of the interface
height with respect to some reference line, and thus � refers
to the distances between successive zeros of an instantaneous
configuration, and τ to the duration between successive zeros
of the height at a fixed point in space. In a slightly different
context [18,19], the persistent property refers to the fraction
of (for instance, Ising) spins that have never flipped up to
time t . In order to reach a general understanding of these kind
of phenomena it is useful to analyze model systems, such
as Markovian [14,19,20] or non-Markovian [17,21] Gaussian
process with zero mean and unit variance Y (x) [respectively,
Y (t)]. In these cases the strategy to get P (�) [respectively,
P (τ )] is to extract it from the two-point correlation function
C(x,x ′) = 〈Y (x)Y (x ′)〉 [respectively, C(t,t ′) = 〈Y (t)Y (t ′)〉]
by means of the probability that the process Y (x) [respectively,

Y (t)] has the same sign for two different points in space x and
x ′ (respectively, for two different times t and t ′) [14,17,19,20],
via approximation methods such as the independent interval
approximation (IIA) [22,23]. Even for some simple processes,
the derivation of C(x,x ′) [respectively, C(t,t ′)] is not a trivial
task. In the case of the Brownian motion and of the acceleration
process, a suitable transformation maps these two processes
into stationary Gaussian processes for which the two-time
correlation function takes a simpler form—it depends only
on the difference between the two times considered [24].
Some generalizations have been investigated such as the
probability of having N zeros between two times t and t ′
for Markovian [20] and non-Markovian processes [17,25,26].

The persistence probability in different contexts in the
large time or large distance limit is found to follow a power
law Q(�) ∼ �−θ where θ is the persistence exponent (here
again the interval � might refer to time or spatial intervals).
Even for simple diffusion it was shown that the persistence
probability has a nontrivial persistence exponent θ [19,20].
Concerning fluctuating interfaces and surface growth, their
persistence and their associated first-passage properties have
been of considerable interest in the physical literature [10].
Starting from a flat interface and letting it evolve according to
a linear Langevin fractional differential equation ∂tu(x,t) =
−c(−∇2)αu(x,t) + η(x,t) where α relates to the roughness ex-
ponent ζ as α = 1

2 + ζ [which can be associated with nonlocal
harmonic elastic forces on u(x,t) in general], it is found that
the behavior of the temporal persistence probability Q(t0,t),
understood as the probability that the interface stays above (or
below) its initial value at t0 on the interval [t0,t0 + t], depends
strongly on the initial conditions. Two limiting cases were
considered for the temporal persistence in Ref. [27]: for t0 = 0,
the so-called transient or coarsening persistence probability
Q0(t) = Q(t0 = 0,t) is found to decay as Q0(t) ∼ t−θ0 for
t → ∞ with θ0 a nontrivial exponent. On the other hand, for
t0 → ∞ the steady-state persistence probability behaves as
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Qs(t) = limt0→∞ q(t0,t) ∼ t−θs with θs = 1 − ζ = 3
2 − α 	=

θ0 as shown in Ref. [14]. Extensive numerical simulations
for the calculation of temporal persistence in surface growth
processes belonging to different universality classes have been
performed in Ref. [21]. The authors calculate separately the
positive and negative persistent exponents, i.e., the exponents
associated to the intervals where the surface remains above
or below a certain level, respectively, both transient θ±

0 and
steady-state exponents θ±

s . Moreover, the authors show that
θ+
s and θ−

s are always different for surfaces simulated from
nonlinear equations with broken mirror symmetry, since in
this case the surface tends to spend more time on the positive
or negative values. Results have been obtained regarding
spatial persistence of surface growth processes and for one-
dimensional fluctuating interfaces [15,16].

In this paper we investigate finite-time and finite-size effects
for different observables of the stochastic dynamics of ζ =
1/2 Edwards-Wilkinson interfaces with periodic boundary
conditions, which can affect the statistics of its crossing zeros
(we leave the study of the general non-Markovian case for a
forthcoming paper [28]). Since accessible systems are finite,
both experimentally and numerically, this kind of study is of
importance for the numerical validation of analytical results
and their approximations [16,29]. We show, in particular, that
finite-size effects and boundary conditions can affect the shape
of the steady-state spatial distribution of intervals P (�), and the
validity of the IIA for large �. Since the Edwards-Wilkinson
interface is linear and statistically invariant by a change of sign
u(x,t) 
→ −u(x,t), we expect that the steady-state persistence
exponents for the positive and the negative intervals are
equal, i.e., θ+

s = θ−
s = θ . Further, we relate the distribution

of intervals to the first-passage distribution of a random walk.
This mapping between Gaussian interfaces with height u(x,t)
at point x and time t and the stochastic process evolving
via dnX/dtn = η(t) with the correspondence u 
→ X and
x 
→ t is well known (see, for instance, Refs. [14,16,30,31]).
A link between the discretized stationary interface and a
discrete random walk is thus made by means of the Sparre-
Andersen theorem [32]. This theorem describes the persistence
probability P0(n) of a random walker to stay positive (or
negative) up to a step n starting in 0. We discuss as well
the influence of the boundary conditions on the correlator of
consecutive jumps in the interface.

We also analyze the statistics of crossing points in non-
stationary states, starting from an uncorrelated configuration.
While steady states can be directly sampled with their equi-
librium Boltzmann weight, nonstationary states are obtained
by numerically solving the dynamics. To this end we first
derive a numerically stable scheme by generalizing the von
Neumann stability criterion [33] for deterministic differential
equations to the general case of the Langevin spatially
fractional differential equation describing interfaces with local
and nonlocal elasticities. Although we present numerical
results for interfaces with roughness exponent ζ = 1/2, the
stability condition we derive is general and relates the time
step used for the simulations with the roughness exponent ζ

and a parameter related to the time discretization scheme. In
this context, Itô and Stratonovich discretizations are just two
special cases [34,35]. By solving the nonstationary dynamics
within this scheme we obtain the scaling law describing

the temporal evolution of the density of zeros towards the
steady-state results previously analyzed.

The paper is organized as follows. In Sec. II we present
our model and the main observables considered. In Sec. III we
focus on the stationary state of discrete interfaces with periodic
boundary conditions, analyzing in detail the finite-size effects
in the distribution and spatial correlations of intervals between
consecutive zeros. In Sec. IV we focus on nonstationary
interfaces starting from a flat interface. We first compute
exactly the structure factor as a function of time and we obtain
that it keeps track of the choice of convention for the time
discretization. From this expression we extract a general von
Neumann–like stability criterion for the stochastic dynamics
of interfaces. The numerical results for the evolution of the
structure factor of the interface and for the density of zeros
yield time-dependent scaling laws describing the approach
to the steady-state results. Finally, in Sec. V we give our
conclusions and perspectives.

II. MODEL AND OBSERVABLES

In this section we introduce the model of the interface we
are going to study. Although we focus in this paper on the
discrete version of the system which is the one numerically
accessible, we present first the continuous solution of the
Langevin equation introduced above, for completeness. We
also present the observables of interest, namely, the length of
the intervals between successive zeros, the correlation function
for the intervals, the structure factor, and the density of zeros.

To start with, we consider a fluctuating interface of size
L with height u(x,t) at position x and time t measured with
respect to the origin. The function u(x,t) satisfies the linear
Langevin equation

∂tu(x,t) = −c(−∇2)αu(x,t) + η(x,t), (1)

where the exponent α of the Laplacian is related to the
roughness exponent ζ as α = 1

2 + ζ and the thermal noise
η(x,t) is defined with mean 〈η(x,t)〉 = 0 and variance
〈η(x,t)η(x ′,t ′)〉 = 2T δ(x − x ′)δ(t − t ′). We consider periodic
boundary conditions such that u(0,t) = u(L,t). We will be
interested in the fluctuating dynamics of the interface starting
from the flat initial condition u(x,t = 0) = 0. The general
solution of Eq. (1) can thus be written in Fourier space as

u(q,t) =
∫ t

0
e−cq2α (t−t ′)ηq(t ′)dt ′, (2)

where the Fourier transform is defined as u(q,t) =∫ L

0 e−iqxu(x,t)dx, and thus u(q,t = 0) = 0. The Fourier noise
has mean value 〈ηq(t)〉 = 0 and variance 〈ηq(t)ηq ′(t ′)〉 =
2T Lδ(t − t ′)δqq ′ . We will be interested both in the nonsta-
tionary solution of Eq. (1) and its steady-state solution which
is reached at long times t ∼ L2α .

At a given time t , the average height is ū(t) = 1
L

∫ L

0 u

(x,t)dx where L is the size of the interface. We define a
zero as the crossing point of the interface with its mean value
ū(t), i.e., the points such that u(x,t) − ū(t) = 0. Although the
Fourier modes are independent, as shown by (2), the zeros are
defined in real space and thus have a nontrivial statistics. For
simplicity we can fix the mean value of the interface to zero,
which is equivalent to fixing the amplitude of the first mode to
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k
ux(t)

L

ū(t)

FIG. 1. An interface with periodic boundary conditions and
height ux(t) measured with respect to its average value ū(t) defined
on a lattice with L sites. The zeros are the points where the interface
intersects its mean value ū(t) given by the crosses. Such zeros divide
the lattice in N intervals of lengths �i , i = 1, . . . ,N . Since we work
in discrete space, the detection of the zeros can be either selecting
the site on the left of the point where the interface crosses its average
value (filled circles at the bottom) or by choosing the site that is
closer to the crossing point (empty circles). Notice how the choice of
the method modifies the length of the intervals between consecutive
zeros. In this case the second and the fourth gray zero are on the
next site on the right if the nearest site was chosen. Moreover, when
choosing a zero as the nearest site to the crossing point, one can
find two zeros at the same site which in turn allows the existence of
intervals of length � = 0.

zero u(q = 0,t) = 0. Under this assumption a zero of u(x,t)
is identified with a change of sign.

In the following we work on a lattice of L sites with spacing

x = 1 and we denote the height of the interface as ux(t)
with x = 1,2, . . . ,L (see Fig. 1). We focus on the Fourier
transform of the height defined as uqk

(t) = ∑L−1
x=0 ux(t)e−iqkx ,

with qk = 2πk/L and k = 0, . . . ,L/2 + 1; as an abuse of
notation we will omit the subscript k in the following. uq(t) sat-
isfies the general discretized equation (12) introduced below.
Periodic boundary conditions and uq=0(t) = ∑L−1

x=0 ux(t) = 0
are assumed. The identification of the zeros of the interface on
a lattice is not trivial as in the continuous case. In Sec. III A we
discuss in detail such way of detecting the zeros which in turn
is fundamental for a proper description of the intervals. After
detecting a change of sign of the interface from one site to the
next, an appropriate method must be defined so that there is not
ambiguity in choosing what site contains the zero (see Fig. 1).
In this paper we define a zero to be the site immediately to
the left of the crossing at which the height changes sign. The
intervals between consecutive zeros are denoted by �i with
i = 1, . . . ,N and by N the number of intervals.

In the stationary state of the interface, we look at the
distribution of the lengths of the spatial intervals P (�), which
will be defined carefully in the next section. In the following,
when talking about an interval of the interface we refer to the
length � of a spatial interval defined on the lattice with spacing

x = 1. The distribution of the intervals � is obtained by
direct sampling of stationary configurations. We will also study

the spatial correlations of the intervals where the correlation
function is defined as C(r) = 〈�i�i+r〉 − 〈�i〉〈�i+r〉 for two
intervals �i and �i+r averaged over all the (ordered) pairs
of intervals. Additionally, we discuss how periodic boundary
conditions induce correlations in the jumps even for a random
walk with increments ηx with mean 〈ηx〉 = 0 and variance
〈ηxη

′
x〉 = 2T δxx ′ . In the nonstationary state we are interested

in the evolution of the density of zeros ρ(t) = N/L, where
N is the number of zeros and L is the size of the lattice.
Such density of zeros is extracted from the dynamics of
the interface evolving from a flat interface at time t = 0.
Concerning the interface, we analyze the structure factor
defined as Sq(t) = 〈u∗

q(t)uq(t)〉 where the uq(t) is the Fourier
transform of ux(t), with q = 2πk/L and k = 0, . . . ,L/2 + 1.

III. STATIONARY STATE

To start with, we analyze the stationary features of the
interface. In this section we refer to the height of the interface
at a certain point x simply as ux = ux(t → ∞) by omitting
the time dependence. We begin with a brief discussion about
the persistence properties of a discrete random walk which
will be naturally extended to the distribution of the intervals
between consecutive zeros. Later on, we study numerically the
correlations between such intervals and we present a scaling
function for such correlations. We conclude this section by
describing how the boundary conditions are determinant for
the appearance of correlations. In particular, we look at the
correlation of the spatial increments of the interface.

A. Distribution of intervals as first-passage
distribution of a random walk

Let us denote un the position of an unbiased random walker
at step n. Then, the persistence probability for this random
walker to stay positive up to step n, having started in u0 > 0, is
denoted by Q(u0,n). Similarly, the probability that the random
walker reaches the origin in exactly n steps starting in u0 > 0
is P (u0,n) = Q(u0,n) − Q(u0,n + 1), which is known as the
first-passage probability. When the random walk is defined in
continuous space and time u(t) with t � 0, the first-passage
probability P (t) is defined as the probability density of the
time at which the random walker changes sign, i.e., the
probability that the process has a zero at time t . In this case
P (t) = −dQ(t)/dt , with Q(t) the persistence probability that
the walker stays positive between time 0 and time t . Note
that already for this simple process in the discrete case the
definition of a zero is not trivial. We will discuss in detail
how to detect the zeros when the process is discrete when
we describe the relation of the discrete random walk with the
fluctuating interface.

Consider now the jump distribution of the random walk
given by the function φ(η) which we assume symmetric
and continuous. The persistence probability Q(u0,n) is the
probability that ui � 0 for all i = 1, . . . ,n having started in
u0. By considering the first step of the walker with a stochastic
jump from u0 to u1 and letting evolve the random walker for
n − 1 steps with the jumps ηi = ui − ui−1 being independent
and identically distributed, we can write a backward equation
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for Q(u0,n) as

Q(u0,n) =
∫ ∞

0
Q(u1,n − 1)φ(u1 − u0)du1 (3)

with initial condition Q(u0,0) = 1 for all u0 � 0.
Although Q(u0,n) depends explicitly on the jump distri-

bution φ(η), as seen in Eq. (3), it can be shown that under
our previous assumptions Q(0,n) is independent of φ(η) (see
Ref. [17], and references therein). Moreover Q(0,n) takes the
following simple form:

Q(0,n) =
(

2n

n

)
2−2n (4)

which is the celebrated Sparre-Andersen theorem [32].
In the limit of large n, the persistence probability Q(0,n)

behaves as ∼n−θ with θ = 1/2 the persistence exponent. This
exponent is universal in the sense that even when Q(u0,n)
depends on φ, θ does not depend either on u0 or on φ. It is
easy to see that the first-passage probability P (0,n) behaves
as ∼n−3/2 at large n.

The excursion made by a discrete random walker starting
at u0 = un=0 that remains positive up to step n and becomes
negative at step n + 1 resembles the behavior of the interface
in a given interval starting from u0 = ux=0(t = 0). With this
image in mind, we can think of the number of steps n during
which the random walker does not change sign as the length
� of the intervals generated by the zeros of the interface
(see Fig. 1). This suggests that the persistence probability
Q(u0,n) defined for the random walk might describe well the
probability Q(u0,�) that the interface ux stays above its mean
height for a distance x = �. At this point, even if this idea
seems reasonable, we are not ready to extend the first-passage
probability P (n) of the discrete random walk to the probability
P (�) that the interface has an interval of length �. First let
us discuss how to define a zero when working on a lattice.
Note that in this case a zero can no longer be identified just
by a change of sign of ux (see Fig. 1). Let us imagine that
ux−1(t) > 0 at x − 1, ux < 0 on the next site, and ux+1 > 0
again on the next, then it exists x ′ ∈ R in the interval (x − 1,x)
such that ux ′ (t) = 0 and x ′′ in the interval (x,x + 1) such that
ux ′′ = 0. Moreover let us assume that both x ′ and x ′′ are closer
to x; in this case we could define a zero to be the site on
the lattice that is closer to the crossing point. If this were
the case, we would find two zeros on the same site x in our
example, therefore an interval of length � = 0 is found between
these two zeros. Another way of finding the zeros would be
choosing always the site on the left (or on the right) to the
crossing point; this would leave in this case a zero on the site
x − 1 and another zero on x, and thus an interval of length
� = 1 between these zeros. The latter method, which we will
adopt, produces simpler results for which the Sparre-Andersen
theorem also applies in spite of the small correlations induced
by periodicity.

Always choosing the site on the left (by symmetry we
obtain the same results if we choose the site on the right)
prevents us from having intervals of length � = 0 which,
however, are allowed in the calculation of the persistence
function Q(u0,n) of a random walk [27]. In our case, if
such intervals of length � = 0 were allowed, we observe,
in comparison with the Sparre-Andersen theorem, that the

statistics for intervals of length � = 1 changes and becomes
more sensitive to the correlations induced by the periodic
boundary condition, which are present even at short scales (see
Sec. III B). Another issue to take into account is that Eq. (4)
is obtained by choosing the initial condition of the random
walker as u0 = 0. However, for our interface with continuous
displacements it is rare to have an interval that starts exactly
at u0 = 0. The effect of the discretization for a random walk
on a semi-infinite domain produces that the average return
time to the origin (first-passage time) is finite. This is in
contrast with the continuous random walk for which such
mean interval is zero due to the infinite number of crossings
that follows after the random walker changes sign for the first
time before making a long excursion. Moreover, the periodic
boundary conditions constrain the sum of the lengths of the
intervals to be exactly L the size of the lattice given, i.e.,∑N

k �k = L, with N the number of intervals which is always
even. Below we discuss the influence of large intervals of
lengths comparable to the system size (� ∼ L/2) on the tail
of the distribution. This question also appears in the study
of extremal or record statistics in random systems as studied
in Refs. [36,37]. Analogously, periodic boundary conditions,
which turn out to be crucial in the study of the steady-state
distributions for finite interfaces, are also considered in Refs.
[16,30,31].

Under the previous assumptions, the probability p(�) of
having an interval of length � � 1 is in a good agreement
with the first-passage probability of a discrete random walk
with initial condition u0 = 0 after normalization which gives
a modified Sparre-Andersen theorem

p(�) = 1

Z
[Q(�) − Q(� + 1)]. (5)

Here Q(�) = ( 2�
�

)2−2� as in Eq. (4) and Z is a normalization
factor

Z =
�max∑
�=1

P (�) =
�max∑
�=1

[Q(�) − Q(� + 1)]

= 1

2
− 2−2L

(
2L

L

)
(6)

which rules out intervals of length � = 0 and � > �max=L−1.
By direct sampling of stationary configurations we can

obtain numerically the distribution of the intervals for different
system sizes L (see Fig. 2). The stationary configurations
in Fourier space for an interface with roughness exponent
ζ present a Gaussian distribution and can thus be directly
obtained from the structure factor Sq = Sq(t → ∞) = 〈u∗

quq〉.
For our Edwards-Wilkinson interface of interest, we have

used the large-scale expression Sq = T L
cq2 with T L = T̃ = 0.1

and c = 1. We discuss in Sec. IV other choices of structure
factors including, e.g., finite-size corrections.

This is done by generating random Gaussian amplitudes uq

with zero mean and variance proportional to Sq as explained
in Ref. [38]. We find that the histograms of the intervals � for
different L satisfy, up to corrections due to the discretization,
the modified Sparre-Andersen theorem (5) as shown in Fig. 2,
at least in the region where the length of the intervals is much
smaller than L/2. Two comments are in order. The method
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FIG. 2. Normalized histogram of the distances between consecu-
tive zeros � for different sizes of the system compared to the modified
Sparre-Andersen theorem p(�) = (q(�) − q(� + 1))/Z with Z the
normalization factor given by Eq. (6) and q(�) = ( 2�

�
)2−2� which is

in good agreement even for small values of �. Vertical lines show
the values of L/2 for L = 8192,16 384,32 768,65 536,131 072 (in
cyan, fuchsia, blue, green, and red, respectively, in the color version).
The inset shows the tail of the distribution for L large (which are
the points for which Sparre-Andersen is no longer valid) with its
points calculated from the average of the original data taken on
logarithmic bins. In the limit L → ∞ Sparre-Andersen is always
satisfied. A scaling law is found for the probability of the intervals
for large values of � for which all the curves superpose. This law is
p(�,L) ∼ L−3/2p̂(�/L) as explained in the text.

of defining the zeros discussed in the previous subsection
influences the results for � > 1: in fact, our convention for the
definition of the location of zeros proves to be in surprisingly
good agreement with the Sparre-Andersen theorem, with the
normalization factor described in (6). One could expect that
correlations induced by the periodic boundary conditions
would render this result invalid, but this is not the case.
However, if one takes other definitions for the locations of
zeros, the correspondence would not hold. Second, for large
� but smaller than the system size, in particular for � < L/2,
the intervals satisfy a power-law behavior P (�) ∼ �−γ with
γ = 3/2. Since this exponent γ for the distribution of intervals
is related to the steady-state persistence exponent θ as γ =
θ + 1, we obtain the expected persistence exponent θ = 1/2
for fluctuating interfaces with roughness exponent ζ = 1/2 or
the persistence exponent of a discrete random walk.

For � above L/2, the effects of periodicity are very strong
and this induces a cutoff at this length scale as observed in the
numerical results. A corresponding scaling law can in fact be
found for the distribution of the intervals for large values of �

which turns out to be p(�) ∼ L−3/2p̂(�/L), with p̂(x) decaying
rapidly for x  1, and p̂(x) ∼ x−3/2 for intermediate x � 1.
Figure 2 shows that intervals of length � > L/2 are indeed
very rare; it also shows that the scaling is valid in the region
for large � < L.

B. Correlations of increments

For a one-dimensional interface drawn from the steady
state described by the height ux at a distance x with initial

condition u0 = 0, the consecutive increments are decorrelated
since the process is Brownian along the spatial direction x

and thus Markovian. By comparing two simple examples,
we investigate first how periodic boundary conditions induce
correlations on the increments even for this simple process. We
start first with the analysis of the correlator of the increments of
a random walk attached in one end and free in the other to find
afterwards the correlator of the process itself. Then we impose
boundary conditions and find the correlator of the jumps for
this constrained system which turn out to present long-range
correlations. We underline that the discretization in space and
the periodic boundary conditions help us to understand the
correlations between intervals. By the end of this section we
define the correlation function for the intervals in the stationary
state and present some numerical results.

1. Example: Interface attached in one end and free in the other

In this case the interface is attached at the origin u0 = 0 but
it is free at the other extreme. The height at every position is
determined by ux+1 = ux + ηx where the noise is distributed
as 〈ηx〉 = 0 and second moment 〈ηxηx ′ 〉 = 2T δxx ′ , thus the
jumps are uncorrelated. Therefore the process at position x is
defined as

ux =
x−1∑
x ′=0

ηx ′

or

�u = M�η, (7)

with M a lower triangular matrix.
The probability of a history is obtained from that of the

noise, which is Gaussian, and for our choice of correlations
above reads as follows:

P (η0,η1, . . . ,ηL−1) ∝ exp

(
− 1

2T
�ηKηx

�η
)

(8)

with T the physical temperature of the process and Kηx
the

identity matrix of dimension L × L. To see how the process �u
is distributed we can get �η from Eq. (7) and insert it in Eq. (8)
as follows:

P (�u) ∝ exp

(
− 1

2T
�u(M−1)†Kηx

M−1 �u
)

= exp

(
− 1

2T
�uKux

�u
)

= exp

(
− 1

2T

L−1∑
x=0

(ux+1 − ux)2

)

since the transformation (7) has unit Jacobian. The matrix
Kux

= (M−1)†Kηx
M−1 has the form of a discrete Laplacian:

Kux
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0

−1
. . .

. . .
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . . 2 −1
0 · · · 0 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.
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The Fourier transform of �u can be also expressed in matrix
form as �uq = F�ux , where we leave the subindex to identify
�u from its Fourier transform. The elements of the matrix F
are Fjk = exp(− 2iπ

L
jk) and the elements of its inverse are

(F−1)jk = 1
L

exp( 2iπ
L

jk). Similarly, we can define the Fourier
transform of the noise as �ηq = F�ηx .

2. Example: Interface with periodic boundary conditions

To determine the correlations induced by the periodic
boundary conditions (PBCs), we now follow the procedure
of the previous example, but backwards. We will start from
the known distribution of the interface position and deduce
from it the correlator of its elementary increments ηx . For
PBCs, the probability of a history in Fourier space �uq is (see
Sec. IV for details)

P [�uq] = exp

(
− 1

2T

∑
q

2(1 − cos q)u∗
quq

)

= exp

(
− 1

2T
�u∗

qKq �uq

)
(9)

with q = 2πk
L

, �uq = F�ux the Fourier transform of �ux , and
∑

q

running over the Fourier index k = 0, . . . ,L − 1.
The probability of a history �ux with PBC takes a similar

form as in the previous example. We substitute �uq in Eq. (9)
in terms of �ux as

P PBC[�ux] ∝ exp

(
− 1

2T
�uxF

†KqF�ux

)

= exp

(
− 1

2T
�uxK

PBC
ux

�ux

)
, (10)

where

KPBC
ux

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 −1

−1
. . .

. . .
. . . 0

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0

0
. . .

. . .
. . . −1

−1 0 · · · 0 −1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then in Eq. (10) we express �ux = M�ηx in terms of �ηx as
follows:

P PBC[�ηx] ∝ exp

(
− 1

2T
�ηx(FM)†KPBC

q FM�ηx

)

= exp

(
− 1

2T
�ηxK

PBC
ηx

�ηx

)
,

where

KPBC
ηx

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · · · · · · · 0
... 2 1 · · · 1
... 1

. . .
. . .

...
...

...
. . .

. . . 1
0 1 · · · 1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(KPBC
ηx

)i,j

j

i

(a)

j

i

(KPBC
ηx

)i,j

(b)

FIG. 3. (a) Correlator of the noise KPBC
ηx

of an interface with pe-
riodic boundary conditions using the exact Laplacian. (b) Correlator
of the noise KPBC

ηx
of an interface with periodic boundary conditions

with the approximate Laplacian (1 − cos q) ≈ 1
2 q2 [see Eq. (9)]. The

increment correlations out of the diagonal persist even if we cut some
Fourier modes.

describes the correlations of the increments of our interface
with PBCs [see Fig. 3(a)]. We thus observe that the increments
present long-range correlations as a result of the boundary
conditions. Note that if we take the approximation of the
Laplacian for small values of q in Eq. (9), i.e., 1 − cos q ≈
1
2q2, we also obtain a matrix ˜KPBC

ηx
presenting long-range

correlations for the increments, as shown in Fig. 3(b).

C. Spatial correlation of intervals

To see how the intervals generated by the zeros are
correlated we compute the correlation function

C(r) = 〈�i�i+r〉 − 〈�i〉〈�i+r〉, (11)

where the average is made over all the N intervals of the
interface.

For the correlation we observe that for odd values of r ,
the intervals are weakly anticorrelated for small values of r

but converge to zero almost immediately. However, for even
values of r the intervals are strongly anticorrelated (except
for r = 0) and tend more slowly to zero as observed in
Fig. 4 where we plot |C(r)| for r even. The decay of the
correlations seems to approach an exponential behavior at
large r . Moreover the correlation function obeys a scaling
law |C(r)| = L|Ĉ(r/L1/2)| as illustrated in the inset of Fig. 4.

IV. NONSTATIONARY STATE

The simplest equation to describe the evolution in time of
a rough interface is the well-known Edwards-Wilkinson (EW)
equation defined in continuous space and time in Eq. (1). In
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1
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FIG. 4. Absolute value of the interval correlation C(r) as defined
in Eq. (11) for different sizes L of the system and r even. We
show the rescaled correlation in log-normal scale which follows a
scaling law |C(r)| = L|Ĉ(r/L1/2)|. The obtained scaling function Ĉ

is independent of L (inset figure). |C(r)| seems to follow a nontrivial
law as compared to a pure exponential law ∼e−3r̂/2 given by the solid
line in the inset.

this section we will focus on a general discretized version of
this equation and obtain a stability criterion that generalizes
the well-known von Neumann stability [33]. This criterion
establishes the necessary condition for the solution to be stable
given the discretization scheme chosen.

We denote uq(t) as the Fourier transform of the height of
the interface ux(t); here again we write explicitly the time
dependence. For the discretization of the EW equation, the
time derivative can be discretized by taking a proportion auq(t)
of the function at the current step and (1 − a)uq(t + 
t) of the
function one step later, with a ∈ [0,1]. This results in a general
form of the discretized EW equation as follows:

uq(t + 
t) = [1 − aKq]uq(t) +
√

T̃ 
t ηq(t)

1 + (1 − a)Kq

, (12)

where T̃ = T L and Kq = c
t[2(1 − cos q)]α the Laplacian
with roughness coefficient ζ = α − 1

2 . Kq can be approxi-
mated as c
tq2α for small values of q.

In this equation we recognize the Itô and Stratonovich
discretization when choosing a = 1 and a = 1/2, respectively.
As we will discuss below, the choice of the time-discretization
parameter a is rather important: it influences the form of
steady-state itself, and the stability of the numerical scheme.

A. Discrete-time solution

The solution uq(t) of the continuous EW equation in Fourier
space [see Eq. (1)] given by expression (2) is obtained by direct
integration of Eq. (1). By introducing vq(t) = fq(t)uq(t) such
solution is simply the integral of ∂t [vq(t)] = ∂t [fq(t)uq(t)] =
ecq2t ηq(t). Notice that by considering a step 
t we have that
v(t + 
t) − v(t) ≈ 
tecq2t ηq(t) = g(t) with g(t) a function
that does not depend explicitly on uq(t). In the following we
find a similar solution for the discrete equation (12) written as
a geometric sum as in Eq. (14) below. We provide the details

of the computations since it allows one to pinpoint the precise
origin of the stability from the convergence of a geometric
sum.

Equation (12) corresponds to the most general discretiza-
tion of the EW equation in Fourier space for which the
discretization is controlled by the parameter a. Let us rewrite
Eq. (12) as follows:

uq(t + 
t) = Aquq(t) + Bq(t), (13)

with Aq and Bq(t) given by

Aq = 1 − aKq

1 + (1 − a)Kq

and

Bq(t) =
√

T̃ 
t ηq(t)

1 + (1 − a)Kq

,

where a ∈ [0,1] and Kq = c
t[2(1 − cos q)]α or for small
values of q, Kq = c
tq2α with α = 1

2 + ζ for any roughness
exponent ζ .

We would like to find fq(t) so that we can express vq(t) =
fq(t)uq(t) as for the continuous case and from here to find
uq(t) that satisfies Eq. (13).

To start with, we seek a function g(t) independent of uq(t)
such that vq(t + 
t) − vq(t) = g(t). This holds if Aqf (t +

t) − f (t) = 0, i.e., f (t) = A0A

−t/
t
q . Notice that f (t)

can also be written as f (t) = A0exp[− t

t

log 1−aKq

1+(1−a)Kq
] ≈

A0e
tcq2+O(
t) (we used the approximation for small values

of q and ζ = 1/2). Thus, in this case we recover the function
f (t) found in the continuous solution of the EW equation by
taking the limit 
t → 0.

For finite 
t , one has

vq(t + 
t) − vq(t) = A−t/
t
q ηq(t)

with A0 = 1+(1−a)Kq√
T̃ 
t

Aq . Then we can find the solution of v(t)
as follows:

vq(t) =
t−
t∑
t ′=0

A−t ′/
tηq(t ′) + A0vq(0)

with the step in the sum of size 
t . The solution uq(t) =
vq(t)/fq(t) in discrete time is

uq(t) = 1

A0

t−
t∑
t ′=0

A(t−t ′)/
t
q ηq(t ′) + At ′/
t

q uq(0), (14)

where we take uq(0) = 0 for simplicity. This is the discrete
equivalent of the continuous solution (2).

B. Structure factor from discrete-time solution

We found above the discrete solution of Eq. (12). From here
the structure factor can be found straightforwardly as follows:

Sq(t) = 〈u∗
q(t)uq(t)〉 = 2

A2
0

t∑
t ′=
t

A2t ′/
t
q , (15)

where we used the fact that 〈ηq(t)ηq(t ′)〉 = 2δtt ′ .
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Hence,

Sq(t) = 2

A2
0

A2
q

(
1 − A

2t/
t
q

)
1 − A2

q

.

Or by substituting Aq and A0 in the previous expression we
can have the structure factor Sq(t) in terms of a:

Sq(t) = 2T̃ 
t

Kq[2 + (1 − 2a)Kq]
Fq(t) (16)

with

Fq(t) = 1 −
(

1 − aKq

1 + (1 − a)Kq

)2t/
t

, (17)

where Kq encodes the time step 
t and the Laplacian either
with the exact expression Kq = c
t[2(1 − cos q)]α or the
approximation for small values of q: Kq = c
tq2α with
α = 1

2 + ζ for any roughness exponent ζ .
The convergence of Eq. (16) in the limit t → ∞ is

guaranteed since Fq(t) given by (17) converges to 1 for
any value of a and q. In this limit the structure factor
Sq = Sq(t → ∞) takes the following form:

Sq = T̃ 
t

Kq

[
1 + (1−2a)

2 Kq

] (18)

with some particular cases corresponding to “anti-Itô,”
Stratonovich, and Itô discretizations for a = 0, 1/2, and 1,
respectively, which yield

Sq = T̃ 
t

Kq

(
1 + 1

2Kq

) , a = 0, (19)

Sq = T̃ 
t

Kq

, a = 1/2. (20)

Sq = T̃ 
t

Kq

(
1 − 1

2Kq

) , a = 1, (21)

where Kq = c
t[2(1 − cos q)]α or Kq = c
tq2α with α =
1
2 + ζ for any roughness exponent ζ . In particular, the choice
a = 1/2 given by expression (20) cancels out the correction
for 
t in the structure factor. This constitutes one of our
main results: the Stratonovich discretization (a = 1/2) is the
discretization which minimizes the influence of the time step

t on the steady state.

Notice that in Eq. (18), a wrong choice of 
t can make
the denominator equal to zero; this happens whenever 1 +
(1−2a)

2 Kq = 0, i.e., if


tc = 2

c (2a − 1)[ 2(1 − cos q)]α
(22)

for a > 1/2 and Kq = c
t[2(1 − cos q)]α . For the explicit
solution associated to the parameter a = 1 (Itô discretization)
it is known from general experience that the solution of the
EW equation is unstable if the time step is too large: this is
indeed the von Neumann stability criterion [33]. Our analysis
hence provides a detailed understanding of this stability for
any a: the relation (22) gives the critical value of 
t for which
Sq becomes apparently negative as a result of the divergence of
the geometric series (15). The expression (22) thus represents

S
π
(t

)

t
2 5 10

10−2

1010

107

104

10

FIG. 5. Stability of Sq (t) as a function of time with q = q∗ = π ,

t = 1.1 > 
tc and parameters c = 1, ζ = 1/2. Sπ (t) is stable for
all times for a � 1/2 (a = 0,0.25,0.5 in dark red, red and orange,
respectively, from bottom up), however if a becomes larger (a =
1,0.95,0.75 in blue, green and cyan, respectively, from top down)
Sπ (t) loses stability

the threshold above which the numerical procedure becomes
unstable.

The smallest value that 
tc can take corresponds to the
mode associated to q∗ = π for which


tc(q∗) = 2

(2a − 1)4αc
(23)

for a > 1/2 and α = 1
2 + ζ for any roughness exponent ζ .

This implies that the modes related to shorter distances are the
first to become unstable. Figure 5 shows the stability of Sq(t)
for different values of a and a choice of 
t = 2.1 > 
tc with
q∗ = π and c = 1, ζ = 1/2. The most important consequence
of our analysis is that the structure factor Sπ (t) is stable at all
times for any value a � 1/2 of the discretization parameter,
while for larger values of a it can lose stability for large enough
time step 
t given by expression (23).

C. Structure factor from trajectorial probabilities

By computing the stationary distribution P st[uq(t)] and
comparing it with the probability of the reversed process we
can obtain the structure factor Sq in the stationary state. The
dynamics of the process is not reversible since the normal
process uq(t) and the same process reversed in time are
described with Itô (a = 1) and anti-Itô (a = 0) discretization,
respectively. We compare the probability of the process with
the distribution of trajectories P traj[uq(t),a] and the probability
of the trajectories reversed in time P traj,R[uq(t),1 − a], whose
temporal symmetry is conserved by the transformation a 
→
1 − a. The probabilities of the process and of the trajectories
compare as follows:

P st[uq(tf )]

P st[uq(t0)]
= P traj[uq(t),a]

P traj,R[uq(t),1 − a]
. (24)

The probability of a trajectory of u will be deduced from
that of the noise as

P traj[uq(t)] ∝ exp

(
−1

2

1

2T̃ 
t

tf∑
t=0

∑
q

ηq(t)η−q(t)

)
. (25)
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In this case we focus on the implicit form of Eq. (12) with
a = 0, which is widely used when working with numerical
simulations due to its stability. This equation takes the
following form:

uq(t) = uq(t + 
t) +
√

T̃ 
tηq(t)

1 + 
tcq2
, (26)

where we use the approximation of the Laplacian for small q.
From Eqs. (25) and (26) we can express ηq(t) and ηR

q (t)
in terms of uq(t + 
t) and uq(t) to compute the right-
hand side of Eq. (24). For the forward trajectory we use
−ηq(t) = [uq(t + 
t) − uq(t) + 
tcq2uq(t)]/

√
T̃ 
t and for

the trajectory reversed in time we look at −ηR
q (t) = [uq(t +


t) − uq(t) − 
tcq2uq(t)]/
√

T̃ 
t corresponding to a = 1 in
Eq. (12). The factor in the sum on the right-hand side in Eq. (24)
is found to be[

ηq(t)η−q(t) − ηR
q (t)ηR

−q(t)
]

= 2
tc q2
(
1 + 1

2
tcq2
)
uq(t + 
t)

× u−q(t + 
t) − uq(t)u−q(t)

= 2
tc 〈u∗
q(t)uq(t)〉[uq(t ′)u−q(t ′)]t+
t

t , (27)

where we denote [uq(t ′)u−q(t ′)]t+
t
t = uq(t + 
t)u−q(t +


t) − uq(t)u−q(t). From the last expression (27) we can
identify the structure factor Sq = Sq(t → ∞) = 〈u∗

q(t)uq(t)〉.
Therefore Eq. (24) takes the form

P st[uq(tf )]

P st[uq(t0)]
= exp

⎛
⎝−1

2

tf −
t∑
t=0

∑
q

S−1
q [uq(t ′)u−q(t ′)]t+
t

t

⎞
⎠

with the structure factor in the stationary state given by

Sq = T̃

cq2
(
1 + 1

2c
tq2
) . (28)

Note that this expression for the structure factor differs
from the common expression Sq = 1/q2 since it contains a
correction term proportional to the time step 
t induced by
the time discretization. Equation (28) is in agreement with
expression (19) found in the previous section with the choice
a = 0 and Kq = c
tq2.

D. Structure factor: Numerical simulations

For the evolution of the structure factor Sq(t) (see Fig. 6) we
find a characteristic qc, such that for q < qcSq(t) saturates to a
plateau whose value depends on t , while the large q behavior is
independent of t . This can also be compared with the analytic
expression (16).

If we scale the structure factor as Sq = t−1Ŝqt1/2 all the
curves collapse in a single curve (see Fig. 6). This is in perfect
agreement with the analytic expression found in Eq. (18). It
also shows that the nonsteady relaxation of the interface is
governed by a dynamical length growing as Ldyn(t) ∼ t1/2.
In other words, we can write Sq ≡ q2S̃qLdyn(t), such that large
length scales q < 2π/Ldyn(t) are out of equilibrium and retain
memory of the flat initial condition Sq ∼ [2π/Ldyn(t)]−2,
while small length scales q > 2π/Ldyn(t) are equilibrated
and display the characteristic equilibrium roughness exponent

0.001

0.01

0.1

1

10

102

103

104

105

0.001 0.01 0.1 1

S
q
(t

)

t = 103
t = 500

t = 5000
t = 104

t = 105

t = 106

Sq(t → ∞)

10−8

1

0.1 10 103

tS
q̂
t−

1
/
2

q̂ = qt1/2

q

FIG. 6. Evolution of structure factor in time with discretization
parameter a = 0 in the evolution equation (12) with roughness
exponent ζ = 1/2. The bending tail of Sq (t) for q close to π is
completely understood by means of the correction term proportional
to 
t and the approximate Laplacian encoded in the variable
Kq = c
tq2 as derived in Eq. (19) (solid line). A dynamic scaling
law is found to be Sq = t−1Ŝqt1/2 (inset).

Sq ∼ q−2. Equilibration is thus expected for times t � tsat ∼
L2, as Ldyn(t) → L.

The tail of the structure factor Sq(t) for q close to π (see
Fig. 6) is controlled by the correction term proportional to 
t ,
and is strongly influenced by the choice of the parameter a in
the evolution equation (12) and of the Laplacian encoded in
the variable Kq in Eq. (18). In the simulations we used a = 0
and T̃ = 0.1 and the approximate Laplacian Kq = c
tq2 with
c = 1 and 
t = 0.1.

E. Density of zeros

Another observable is the nonstationary density ρ of
crossing zeros. The initial condition in the out-of-equilibrium
state is a flat interface. Immediately after we let the interface
evolve, we observe that a large number of zeros appear. When
the interface realizes it is finite, i.e., at a saturation time
tsat ∼ L2, the density of zeros reaches a stationary state as
shown in Fig. 7. A scaling law can be found; it scales as
ρ(L,t) = L−1/2ρ̂(t/L2) for which a perfect collapse is found
as shown in Fig. 7.

We can extract a power law from the behavior of the density
of zeros before the saturation time tsat which turns out to be
ρ(t) ∼ t−1/4. This exponent is validated from the scaling found
before since ρ(L,t) = L−1/2(t/L2)−1/4 = t−1/4. We can also
see that the regime after the saturation time behaves as ρ(L) ∼
L−1/2. This is consistent with the finite-size scaling for p(�)
shown in Fig. 2. Since 〈�〉 ≡ ∑L

�=1 p(�)� ≈ ∫ L

0 �−3/2�d� ∼
L1/2, we get that ρ(L) = 〈�〉−1 ∼ L−1/2. The density of zeros
thus vanishes in the thermodynamic limit due to the infrared
divergence of 〈�〉. This is directly related to the power-law
decay exponent of p(�) here γ = 3/2, as predicted by the
Sparre-Andersen theorem.

As discussed in relation with Sq(t), the scaling law
for ρ(L,t) is consistent with a relaxation dominated by a
single dynamical length Ldyn(t) ∼ t1/2. We can thus write
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FIG. 7. Evolution of density of zeros in time for different system
sizes: L = 2048,4096,8192 (in red, green, and blue, respectively),
averaged over 1000 realizations. There is a characteristic time tc ∼ L2

from which the density reaches a steady state. The scaling law for the
density of zeros is found to be ρ(L,t) = L−1/2ρ̂(t/L2).

ρ(L,t) = L1/2ρ̃(Ldyn(t)/L), such that ρ̃(x) ∼ x1/2 for x � 1,
corresponding to the nonsteady regime, and ρ̃(x) ∼ const
for large x  1, corresponding to the equilibrated regime.
Comparing ρ(t) ∼ Ldyn(t)−1/2 ∼ t−1/4, valid for intermediate
times, with ρ(t → ∞) ∼ L−1/2 we can see that finite-size
scaling in the steady state directly translates into the non-
stationary finite-time scaling, by replacing L → Ldyn(t). In
particular, the power-law decay exponent 1/4 in the density
of zeros is related to the dynamical exponent z = 2 in
Ldyn(t) ∼ t1/z and the Sparre-Andersen exponent γ = 3/2
as (2 − γ )/z = 1/4. Interestingly, this let us predict that the
nonstationary distribution of intervals can be expressed as
p(�,t) ∼ �−3/2p̃(�t−1/2) for t < tsat.

V. CONCLUSIONS

In this paper we have focused on fluctuating interfaces
that belong to the EW universality class, i.e., interfaces with
roughness coefficient ζ = 1/2. We investigated the spatial
first-passage probability which was obtained from the length
of the intervals generated by the crossing zeros of the
interface with respect to its average. The linearity of the
Langevin equation ensures that the symmetry ux(t) → −ux(t)
is conserved, therefore the persistence exponent for the positive
and negative intervals is exactly the same [15], i.e., θ+

s =
θ−
s . This justifies the fact that for stationary interfaces the

distribution of intervals obtained numerically was obtained
without making a distinction between the positive and the
negative intervals. Regarding the distribution of intervals,

both positive and negative, we have shown the agreement
of the Sparre-Andersen theorem for random walks which
measures the persistence in time with the spatial distribution
of intervals for which the height in an interval is positively
or negatively persistent. We also found a scaling function
for such distribution related with the finite system size L for
which intervals larger than a certain �max ∼ L/2 are rare. We
investigated the correlations between the intervals from which
we obtained a scaling function with the system size L. The
influence of periodic boundary conditions was also studied by
means of the increments correlation of the interface itself.

Concerning the nonstationary regime we have presented
a general discretization for the linear Langevin equation that
simulates the evolution of fluctuating interfaces with rough-
ness coefficient ζ . An exact expression for the evolution of the
structure factor was obtained and, surprisingly, it depends on
the time step 
t and on the discretization parameter a even
in the infinite-time limit. The correction in 
t that it implies
for the natural expression of the structure factor disappears
for Stratonovich discretization corresponding to the choice of
our parameter a = 1/2. We have also found a relation that
establishes the critical value of the time step 
tc needed as a
function of the parameter a so that stability of the simulation
is guaranteed. Finally we study numerically the evolution of
the structure factor Sq(t) and the density ρ of zeros. Regarding
Sq(t) two regimes were found; before a critical value qc ∼ t1/2

we observe a plateau for small q and for larger values of
q > qc Sq(t) presents a power-law decay which goes as ∼q2.
The stationary limit found numerically is in perfect agreement
with the analytic expression found for Sq(t → ∞). For the
density of zeros ρ two regimes were found as well. Before
a saturation time that scales as tsat ∼ L2 the density of zeros
follows a power law with a decay that goes as ∼ t−1/4, which
is in perfect agreement with the scaling of reaction diffusion
processes found in the literature [39], and for times larger than
tsat the density reaches a stationary state as expected.
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[34] K. Itô, Proc. Imp. Acad. (Tokyo) 20, 519 (1944).
[35] R. L. Stratonovich, Topics In the Theory of Random Noise (CRC

Press, Boca Raton, FL, 1967).
[36] L. Frachebourg, I. Ispolatov, and P. L. Krapivsky, Phys. Rev. E

52, R5727 (1995).
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Second-order magnetic critical points at finite magnetic fields: Revisiting Arrott plots
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The so-called Arrott plot, which consists in plotting H/M against M2, with H the applied magnetic field and
M the magnetization, is used to extract valuable information in second-order magnetic phase transitions. Besides,
it is widely accepted that a negative slope in the Arrott plot is indicative of a first-order magnetic transition.
This is known as the Banerjee criterion. In consequence, the zero-field transition temperature T ∗ is reported as
the characteristic first-order transition temperature. By carefully analyzing the mean-field Landau model used
for studying first-order magnetic transitions, we show in this work that T ∗ corresponds in fact to a triple point
where three first-order lines meet. More importantly, this analysis reveals the existence of two symmetrical
second-order critical points at finite magnetic field (Tc,±Hc). We then show that a modified Arrott plot can be
used to obtain information about these second-order critical points. To support this idea we analyze experimental
data on La2/3Ca1/3MnO3 and discuss an estimate for the location of the triple point and the second-order critical
points.

DOI: 10.1103/PhysRevB.93.224429

I. INTRODUCTION

A full understanding of ferromagnetic materials nec-
essarily comprises basic knowledge about the underlying
paramagnetic-ferromagnetic phase transition. This refers to
questions about the order of the magnetic transition, the value
of the critical exponents, the behavior of the susceptibility
and entropy changes, etc. Among the possible questions the
most fundamental one could be what is the order of the phase
transition.

Classical textbooks [1–3] teach that the paramagnetic-
ferromagnetic phase transition induced by temperature at zero
external magnetic field is of second order. The magnetization
continuously changes with temperature, with M = 0 for T >

Tc and M > 0 for T < Tc, where Tc is the material’s specific
Curie temperature. The vanishing of the magnetization with
increasing temperature is characterized by the magnetization
critical exponent β governing the power-law behavior, M ∼
(Tc − T )β . Near Tc, the divergence of the susceptibility χ

is characterized by a susceptibility critical exponent γ as
χ−1 ∼ (T − Tc)γ . Furthermore, exactly at Tc the field-induced
magnetization follows M ∼ H 1/δ , with δ the field critical
exponent. On the other hand, for fixed temperatures below Tc, a
variation of the external magnetic field H leads to a first-order
transition when passing through H = 0; this is a transition
between two symmetric “up” and “down” magnetic states
characterized by a magnetization jump �M which vanishes at
Tc. Therefore, the magnetic phase transition is characterized
by a temperature-dependent first-order line at H = 0 which
ends in a second-order critical point at (T = Tc,H = 0).

A very useful tool to study the second-order magnetic
transition is the Arrott plot, developed more than 50 years ago
[4]. It originates from an expansion of the system’s free energy
in terms of the magnetization and consists of plotting the
isothermal magnetization data M(H ) as H/M against M2. In
the Arrott plot, finite magnetic-field data correspond to straight
lines which intercept the H/M = 0 axis at positive values of
M2

0 (T ) for T < Tc, with M2
0 (T ) → 0 when T → Tc, whereas

they intercept the M2 = 0 axis at χ−1
0 (T ) = (H/M)0 > 0 for

T > Tc, which vanishes at Tc. Therefore, this simple method
was first used to obtain values for the Curie temperature from
isothermal magnetization curves through the extrapolation of
M2(T ) and χ−1(T ) to zero. This approach can be shown to be
based on mean-field theory versions of the magnetic transition
(β = 1/2, γ = 1, and δ = 3) and was later generalized to the
Arrott-Noakes plot [5], which considers different values for
the critical exponents, i.e., different universality classes. The
Arrott and Arrott-Noakes plots have then been widely used
to investigate the second-order paramagnetic-ferromagnetic
phase transition [6–14].

Another commonly used tool, also related to the Arrott plot,
is the Banerjee criterion [15], which aims at experimentally
distinguishing between first- and second-order temperature-
driven magnetic transitions through the sign of the slope
of the H/M against M2 plot: a positive (negative) sign
indicates a second-order (first-order) phase transition. The
Banerjee criterion was originally inspired in the Bean-Rodbell
theory for first-order magnetic transitions [16]. Within this
theory a volume-magnetization coupling term is added to the
molecular field model which then results in the possibility of a
sign change for the fourth-order term of the magnetization
expansion of the free energy. As stated by Banerjee, this
method could provide a tool to distinguish first-order mag-
netic transitions from second-order ones by purely magnetic
methods [15]. Since then, the Banerjee criterion has been
widely used whenever indications of temperature-induced
first-order transitions were observed, in particular for metam-
agnetic isothermal magnetic-field measurements [17–21]. As
a drawback of the Banerjee criterion, it can be noticed that
while the (negative) slope is expected to increase continuously
with increasing temperature, as originally pointed out in
Banerjee’s work [15], this is not observed in most of the
experimental examples which use the criterion to propose
first-order transitions [21–24].

In the present work we use the Bean-Rodbell molecular-
field model to critically discuss the use of the Arrott plot and
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Banerjee criterion to study magnetic phase transitions. We
show that at zero magnetic field the H -T phase diagram has a
triple point joining three first-order critical lines, two of which
end in second-order critical points at finite magnetic fields.
We show then that a modified Arrott plot can be developed
to be used around the second-order critical point, which is
particularly useful to locate critical field and temperature
values. In order to illustrate the presented picture we analyze
experimental data for La2/3Ca1/3MnO3, an extensively studied
material showing a first-order magnetic transition at low
magnetic fields.

The paper is organized as follows. In Sec. II we introduce
the model free-energy density and how the Arrott plot and
the Banerjee criterion are usually derived and used to identify
first-order magnetic transitions. In Sec. III we present the full
phase diagram of the model, including the two symmetrical
second-order critical points. In Sec. IV we show how to
derive a modified Arrott plot close to the new second-order
critical points and discuss its relation with the traditional Arrott
plot. We next show in Sec. V magnetization measurements
of La2/3Ca1/3MnO3 supporting the presence of second-order
critical points at finite magnetic fields. Finally, Sec. VI
summarizes our work.

II. FREE-ENERGY MODEL

The simplest free-energy model capturing second-order
transition features is a Landau free-energy model obtained
from an expansion in terms of the order parameter, where the
coefficient accompanying the squared order parameter term
can change its sign with varying temperature. In order to induce
first-order characteristics, a strong variation of the coefficients
of higher order terms in the free-energy expansion should
be included. This has been originally achieved by introducing
magnetization-volume coupling in magnetic models [16,25] or
within metamagnetic transition models for itinerant-electron
systems [26].

In its simplest formulation, the molecular-field approxima-
tion captures the main features of mean-field paramagnetic-
ferromagnetic phase transitions, including the typical second-
order critical point and its critical exponents. Our starting
point to study first-order magnetic transitions is a modified
molecular-field approximation with a linear coupling between
the magnetization M and the specific volume V . This would
correspond to systems where there is an interplay between the
magnetic degrees of freedom and the crystal lattice leading
to magnetostrictive transitions. This model was originally
proposed and studied by Rodbell and co-workers [16,25].
Details of the model are included in Appendix A but we
describe here the main features to derive a Landau-type
free-energy density model.

Expanding the free-energy density around M = 0, and
truncating it to sixth order (see Appendix A), the resulting
magnetic free-energy density reads

FM = NkB

2
(T − Tc)

(
M

MS

)2

+ NkBT

12

(
M

MS

)4

+ NkBT

30

(
M

MS

)6

− HM, (1)

where we have also added the Zeeman term for the interaction
with an external magnetic field H . In Eq. (1) N is the number
of magnetic ions per formula unit, kB is the Boltzmann
constant, M is the magnetization per formula unit, and MS is
its saturation value. The temperature scale Tc is proportional
to the exchange interaction and corresponds, in principle, to
the Curie temperature of the magnetic system.

On the other hand, there is a volume contribution to the
free energy FV . For simplicity, we consider a system with null
specific heat at constant volume, CV = 0, constant isothermal
compressibility K , and constant thermal expansion coefficient
α. Taking into account the coupling with an external pressure
P we obtain for the volume contribution to the free energy

FV = 1

2K

(V − V0)2

V0
− T αV

K
+ PV, (2)

where V is the volume of the system per formula unit and V0

corresponds to its zero-temperature reference value.
A natural way to couple magnetization and volume is to

consider that magnetic exchange interactions can change with
volume. This implies that the characteristic Curie temperature
of the magnetic material can change, so one can write, up to
first order in the volume,

Tc = T0

[
1 + η

(V − V0)

V0

]
, (3)

where now T0 is the Curie temperature of the pure magnetic
system, i.e., without the volume-magnetization coupling. The
factor η measures the strength of this M-V coupling and can
be formally defined as

η = V0

T0

∂Tc

∂V
. (4)

The linear variation of Tc with V , Eq. (3), replaced in the free-
energy model Eq. (1) can be transformed into a free-energy
coupling term of the form

FMV = −η
NkBT0

2

V − V0

V0

(
M

MS

)2

. (5)

Finally, using dimensionless quantities m = M/MS ,
v = (V − V0)/V0, τ = T/T0, h = 2HMS/(NkBT0), p =
2PV0/(NkBT0), K ′ = KNkBT0/(2V0), and α′ = αT0, a di-
mensionless free-energy density f = 2F/(NkBT0) can then
be written as

f = f0 + fm + fv + fmv, (6)

where f0 is independent both of m and v, the pure magnetic
contribution is

fm = (τ − 1)m2 + τ

6
m4 + τ

15
m6 − hm, (7)

and the volume contribution is

fv = 1

2K ′ v
2 − α′

K ′ τv + pv. (8)

The coupling between magnetization and volume becomes

fmv = −ηvm2. (9)

We now seek for a model free-energy density described only
in terms of the magnetization. Minimizing fv with respect to
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v the equilibrium volume is given by

v = v0 = α′τ − pK ′. (10)

However, when the coupling term is included in f , the
equilibrium volume now comes out from minimizing fv + fmv

with respect to v and then becomes

v = α′τ − pK ′ + ηK ′m2 = v0 + ηK ′m2. (11)

This last result is next used to write the free-energy density f

as a function of the reduced magnetization m only to obtain

f = f0 − v2
0

2K ′ + [(τ − 1) − ηv0]m2

+
(

τ

6
− 1

2
η2K ′

)
m4 + τ

15
m6 − hm. (12)

Note here that v0 also depends on the reduced temperature τ .
The free-energy density can finally be written in the form

f = f ′
0 + a(τ − τ1)m2 + 1

6
(τ − τ2)m4 + τ

15
m6 − hm,

(13)

with

f ′
0(τ ) = f0 − v2

0(τ )

2K ′ . (14)

The prefactor in the m2 term is given by

a = 1 − ηα′, (15)

and the two characteristic reduced temperatures are defined as

τ1 = 1 − ηpK ′

1 − ηα′ , (16)

τ2 = 3η2K ′. (17)

In terms of the original thermodynamic variables, the charac-
teristic temperatures are

T1 = T0
1 − ηPK

1 − ηαT0
, (18)

T2 = 3η2KNkBT 2
0

2V0
. (19)

When η = 0 there is no coupling between M and V , and
these temperatures take the values T1 = T0 = Tc and T2 = 0,
as expected.

When analyzing the free-energy density Eq. (13) in terms
of the reduced magnetization, one realizes that the magnetic
phase transition can be either first or second order, depending
on the relative values of τ1 and τ2. For h = 0 and at high
temperatures, the system is in a paramagnetic state with m = 0.
If τ1 � τ2, when the reduced temperature τ decreases, the m2

term becomes negative when τ < τ1 and there exists a tem-
perature range with a positive m4 term, i.e., τ2 < τ < τ1, thus
corresponding to a second-order phase transition at τ = τ1,
similar to the standard zero-field temperature-driven magnetic
transition. The expected behavior of the free-energy density
for this case is presented in Fig. 1(a). When the temperature
decreases from the paramagnetic region, if τ2 > τ1 the m4

term becomes negative before the m2 term does. Therefore, the

-1 -0.5 0 0.5 1
m

-0.05

0

0.05

f -
 f 0’

(a)

-2 -1 0 1 2
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0.2

f -
 f 0’

(b)

FIG. 1. (a) Second-order phase transition for τ1 � τ2. Free-
energy density Eq. (13) with a = 0.8, τ1 = 3, and τ2 = 1. Each curve
corresponds, from top to bottom, to τ = 4,3.4,3.15,3,2.9,2.8,2.7
and the bold red line corresponds to τ = τc = 3. (b) First-order
phase transition for τ2 > τ1. Free energy density, Eq. (13), with
a = 0.8, τ1 = 1, and τ2 = 3. Each curve corresponds, from top to
bottom, to τ = 2,1.5,1.35,1.293,1.27,1.25,1.23 and the bold red line
corresponds to τ = τ ∗ ≈ 1.293.

free-energy density develops a second minimum at a value m∗
different from m = 0 and when f (m = 0) = f (m = m∗) the
system jumps from the high temperature equilibrium solution
(m = 0) to the new equilibrium solution with m = m∗, imply-
ing a discontinuous change on the magnetization. Figure 1(b)
shows how the free-energy density changes with temperature
in this case, which corresponds to a first-order phase transition
at a reduced temperature τ ∗ such that τ1 < τ ∗ < τ2. This is the
main result in Ref. [16] and it has been widely used to describe
magnetic first-order transitions [7,27–31].

III. PHASE DIAGRAM

Though for h = 0 the relative value of the characteristic
temperatures τ1 and τ2 controls whether the magnetization
increases discontinuously or not, with the transition acquiring a
first- or second-order character, a complete and clearer picture
emerges when considering finite values for the magnetic field
h. For example, for h �= 0 the isothermal free-energy density
curves shown in Fig. 1(b) would tilt and a transition with
a magnetization jump would appear for temperature values
larger than τ ∗. This suggests the presence of a first-order
transition line with h �= 0. Therefore, in this section we present
the full h-τ phase diagram for the free-energy density model
Eq. (13). By minimizing the free-energy density we will
compute the location of a triple point where three first-order
lines meet, as well as the corresponding second-order critical
points signaling the end of the first-order lines. We shall also
characterize the behavior of the magnetization and the order
parameters associated to the phase transitions.

For h = 0 the high temperature phase is a paramagnetic
state with m = 0, while the low temperature phase is charac-
terized by a finite magnetization m(τ ) [32]. The values of the
reduced temperature τ ∗ and the magnetization m∗ = m(τ ∗)
at the h = 0 temperature-driven transition correspond to the
triple point and can be computed from

∂mf (m,τ,h = 0)|m=m∗ = 0, (20)

f (m∗,τ ∗,h = 0) = f (0,τ ∗,h = 0). (21)
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From these conditions, the reduced transition temperature for
h = 0 is

τ ∗ = 24aτ1 − 5τ2 + 4d

48a − 5
, (22)

and the magnetization at the triple point is given by

m∗2 = 5

3

12a(2τ2 − τ1) + 2d − e

24aτ1 − 15τ2 + 4d
, (23)

where we have defined the auxiliary quantities d and e through

d2(τ1,τ2) = 3a
[
12aτ 2

1 + 5τ2(τ2 − τ1)
]
, (24)

e2(τ1,τ2) = a[(τ2 − τ1)[(24a + 5)τ2 − τ1] + 4(τ1 − 2τ2)d].

(25)

When h > 0 a negative linear term is added to the
symmetric free-energy density of Fig. 1 and then the large
temperature magnetization minimum is shifted to positive
values; the system is therefore in a low-magnetic state m1

at large temperatures. At small fields (below a field value
hc to be defined below), when the temperature is decreased
there is a first-order transition to a high-magnetic state m2 at
a field-dependent temperature τ FO(h). The temperature and
field dependence of the high- and low-magnetic states can be
obtained from the equation of state (defined by ∂f/∂m = 0)

2a(τ − τ1)m + 2
3 (τ − τ2)m3 + 6

15τm5 − h = 0, (26)

supplemented by the fact that the equilibrium magnetization
is the solution of the equation of state with minimum free
energy. The magnetization jump at the transition from low-
to high-magnetic states is �mFO = m2 − m1 and decreases
with increasing field. Figure 2 shows the evolution of the
magnetization m showing the characteristic jump between
low- and high-magnetic states, m1 and m2, respectively, for
finite τ and h values. This first-order phase transition occurs at
a field-dependent temperature τ FO(h) given by the condition

f (m1(τ FO,h),τ FO,h) = f (m2(τ FO,h),τ FO,h). (27)
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FIG. 2. Evolution of the magnetization m corresponding to
the free-energy density Eq. (13) for a = 0.8. (a) Magnetization-
temperature curves, m(τ ), for different field values h =
0,0.05,0.1, . . . ,0.5. The thick red and blue lines correspond to h = 0
and hc = 0.295, respectively. (b) Magnetization-field curves, m(h),
for different temperature values τ = 1.25,1.275,1.3, . . . ,1.7. The
thick red and blue lines correspond to τ ∗ ≈ 1.293 and τc ≈ 1.484,
respectively.
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FIG. 3. Dependence of the dimensionless characteristic temper-
atures τ1, τ2, τc, and τ ∗ on the coupling parameter η.

The jump �mFO vanishes at a given critical field value.
Above this value, the two magnetic states can no longer be
distinguished. This defines the second-order critical point of
the magnetic transition characterized by hc, τc, and mc. In
terms of the free energy this corresponds to the absence of an
inflexion point. From this criterium one obtains

τc = 2aτ1 − τ2 + 2d ′

4a − 1
, (28)

hc = 16a

[
a(−τ1 + 2τ2) − d ′

2aτ1 − τ2 + 2d ′

]3/2

×τ1τ2 − 2a
(
τ 2

1 −2τ1τ2 + 2τ 2
2

) − 2τ1d
′ − τ2(τ2 − 4d ′)

15(4a − 1)(a(τ1 − 2τ2) + d ′)
,

(29)

mc =
√

a(−τ1 + 2τ2) − d ′

2aτ1 − τ2 + 2d ′ , (30)

where we have now defined

d ′2(τ1,τ2) = a
(
aτ 2

1 + τ2(τ2 − τ1)
)
. (31)

The relative values of the characteristic temperature scales
are controlled by the coupling parameter η, defined in Eq. (4).
The dependence of the characteristic temperatures τ1, τ2,
τ ∗, and τc on the coupling parameter η are presented in
Fig. 3. These values were computed using dimensionless
values at ambient pressure K ′ = 2.39 × 10−3, p = 0.31, and
α′ = 6 × 10−3, estimated from La2/3Ca1/3MnO3 parameters:
T0 = T

exp
c /b, with T

exp
c = 260 K (Refs. [33,34]) and b =

1.3 (Ref. [25]), α = 3 × 10−5 K−1 (Ref. [35]), K = 7.4 ×
10−11 Pa−1 (Ref. [36]), and V0 = 57.75 Å3 (Ref. [33]). When
τ1 � τ2 the transition is of second order and τc = τ ∗ = τ1.
Instead, when τ2 > τ1 the transition is of first order, occurring
at a field-dependent temperature τ FO(h) between τ ∗ and τc,
and with both τ ∗ and τc having values bounded by τ1 and
τ2, i.e., τ2 > τc > τ ∗ > τ1. It should be noticed that the fact
that τ2 > τc > τ ∗ was obtained in Ref. [26] in the context
of metamagnetic transitions in itinerant-electron systems, but
without exploiting the second-order character of the transition
at τc.
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FIG. 4. h-τ phase diagram for the free-energy density model
Eq. (13). Red lines are first-order critical lines. The black triangle
corresponds to the triple point at (τ ∗,h = 0) while the orange circles
at (τc,±hc) are second-order critical points.

Figure 4 shows the h-τ phase diagram corresponding to
the free-energy density Eq. (13) with a = 0.8. The triangle
indicates the triple point at (τ ∗,h = 0) where three first-order
lines converge (red lines). The first-order line with τ < τ ∗ and
h = 0 separates symmetric states with high magnetization,
±m2. The first-order lines τ FO(h) were obtained numerically
from Eq. (27) and separate low- and high-magnetic states m1,2.
The orange circles indicate the end of the first-order lines in
two symmetric second-order critical points (τc,±hc).

IV. ARROTT PLOT

We will show in the following how the Arrott plot is
constructed and how it can be modified to study second-order
critical points at finite magnetic fields.

The traditional Arrott plot is constructed by plotting h/m

against m2. For a generic second-order phase transition
described by the free-energy density

f = f0 + A

2
(τ − τc)m2 + B

4
m4 − hm, (32)

where A and B are positive constants and τc is the critical
reduced temperature. The equation of state, given by ∂f/∂m =
0, is

A(τ − τc)m + Bm3 − h = 0. (33)

Equivalently

h

m
= A(τ − τc) + Bm2 = g(m2), (34)

with g(x) = A(τ − τc) + Bx. Therefore, when plotting h/m

as a function of m2 one obtains a simple linear behavior where
the slope is associated to the fourth-order term in the free-
energy density. The extrapolation of these lines to m2 = 0 is
temperature dependent, and such that its value is positive for
τ > τc and negative otherwise, thus allowing a simple way
to locate the value of the critical temperature. This simple
picture can be slightly modified if the positive parameters A

and B depend on temperature, as expected under experimental
conditions. Moreover, this picture can be strongly affected
when other terms in the free-energy density are considered,
such as those coupling the two degrees of freedom M and V

as discussed in the previous section.
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FIG. 5. Arrott plots corresponding to Eq. (35) for the free-energy
densities of Fig. 1. (a) Second-order phase transition for τ1 � τ2.
The curves correspond to a = 0.8, τ1 = 3, and τ2 = 1. From top
to bottom, they were computed using τ = 4,3.4,3.15,3,2.9,2.8,2.7
and the blue bold line corresponds to τc = 3. (b) First-order
phase transition for τ2 > τ1. The curves are for a = 0.8, τ1 = 1,
and τ2 = 3. Each curve corresponds, from top to bottom, to τ =
2,1.8,1.6,1.484,1.45,1.4,1.35,1.293 and the blue and red bold lines
correspond to τc ≈ 1.484 and τ ∗ ≈ 1.293, respectively.

In such a case, going back to Eq. (13) for the free-energy
density and its corresponding equation of state, Eq. (26), one
gets

h

m
= 2a(τ − τ1) + 2

3
(τ − τ2)m2 + 6

15
τm4. (35)

Using this expression, Arrott plots h/m against m2 are con-
structed, and shown in Fig. 5. The Arrott plot corresponding
to the second-order phase transition for τ1 � τ2, Fig. 5(a),
always shows a positive slope. In addition, the positive
curvature observed is due to the term proportional to m6 in
the free-energy density. If this term was absent, only straight
lines would be observed. On the other hand, the Arrott plot for
the case τ2 > τ1, Fig. 5(b), shows curves with rather different
behavior depending on the temperature. For temperatures
larger than τ2 the right-hand side of Eq. (35) is positive and all
curves have a positive slope [not shown in Fig. 5(b)]. Instead,
for temperatures below τ2 a negative slope is expected. In
the range τc < τ < τ2 isothermal continuous curves present
a minimum value but when τ < τc a discontinuous jump
in the Arrott plot is observed. This discontinuity reflects
the equilibrium magnetization jump through the first-order
transition, as shown in Fig. 6 where the relation between the
magnetization-field curves and the Arrott plot is highlighted
for τc and τ = 1.4 = 0.943τc. Since only equilibrium solutions
of the equation of state must be used, the isothermal curve for
τ = 0.943τc in the Arrott plot is necessarily discontinuous.
Finally, for temperatures below τ ∗ only the large m2 part
of the Arrott plot would appear in Fig. 5(b) (not shown)
for m2 > (m∗)2, since in this case the field-induced jump is
between ±m2 magnetization states. Therefore, in the case
τ2 > τ1 there is a temperature range where a negative slope
can be expected in the Arrott plot, as noticed by Banerjee
[15].
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FIG. 6. (a) Magnetization-field curve and (b) Arrott plot for τc =
1.484 and a temperature τ = 0.943τc. The magnetization jump for
τ = 0.943τc in (a) leads to the discontinuity in the Arrott plot in (b)
(dashed lines). Dotted lines represent the nonequilibrium solutions to
the equation of state.

A. Banerjee criterion

The relationship between the molecular-field model of Bean
and Rodbell and the mean-field Landau model for second-
order magnetic transitions led Banerjee to point out that the
negative slope in Arrott plots can be a good criterion to identify
first-order magnetic transitions [15]. This simple and powerful
idea has been used ever since as a proof of the first-order
character of a magnetic transition.

Although the negative sign of the slope in an Arrott plot can
be considered as a clear signature of an underlying first-order
transition, Banerjee also made a second important observation:
the theory predicts the value of the (negative) slope to increase
with increasing temperature [15]. In fact, it follows from
Eq. (35) that the slope of the Arrott, when m2 → 0, is

s = ∂(h/m)

∂(m2)
= 2

3
(τ − τ2), (36)

and so it changes sign at τ = τ2 > τc > τ ∗. This observation
contrasted with the experimental data for MnAs presented in
Ref. [15], as noticed by the author. More importantly, most of
the subsequent works using the Banerjee criterion to identify
first-order transitions show that the (negative) slope of the
Arrott plot, S = ∂(H/M)/∂(M2), decreases when increasing
the temperature, as shown in Fig. 7 for some selected examples
in the literature [24,31,34]. These results clearly depart from
the mean-field approximation, Eq. (36), shown in Fig. 7(d).

B. Arrott plot close to a second-order critical point

It is instructive to analyze the physics around the second-
order critical points (τc,±hc). The first-order line ending on
the second-order critical point separates two states with finite
magnetization, m1 and m2, and then the free-energy density
is no longer symmetric with respect to the magnetization. We
then seek for a symmetric expansion of the free energy close
to the critical point, thus only containing even powers of the
order parameter. Details are given in Appendix B and we
describe here only the main physical picture. We can write
the magnetization around the critical point as

m = mc + φ0 + �φ, (37)
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FIG. 7. Temperature dependence of the slopes of Ar-
rott plots corresponding to (a) CaBaCo4O7 (Ref. [24]), (b)
(Sm0.7Nd0.3)0.52Sr0.48MnO3 (Ref. [31]), and (c) La2/3Ca1/3MnO3

(Ref. [34]). (d) Expected temperature dependence of the Arrott plot
slope from the free-energy model, Eq. (36). The zero-field transition
temperatures T ∗ are indicated in (a)–(c), while the three characteristic
temperatures of the mean-field model are indicated in (d).

where �φ is the new order parameter and φ0 guarantees a
symmetric solution. Up to first order in �τ = τ − τc (see
Appendix B) we have

φ0 = 1 + 2m2
c

6τcmc

�τ = φ̃0�τ. (38)

The free-energy density can now be expanded around the
critical point to obtain

f̃ = f ′′
0 + 1

2 r̃(τ − τc)�φ2 + u�φ4, (39)

where f ′′
0 = f (φ0) and

r̃ = 2
(
a + m2

c + m4
c

)
, (40)

u = τcm
2
c . (41)

This free-energy density has, as expected, the standard form
for a second-order phase transition with an order parameter
�φ such that the stable solutions are

�φ =
{

0 for τ > τc,

�φ1,2 for τ < τc,
(42)

with

�φ1,2 = ±
√

− r̃(τ − τc)

4u
. (43)

The two low-temperature symmetric solutions �φ1,2 corre-
spond to the nonsymmetric low- and high-magnetic states
m1,2 = mc + φ0 ± �φ0 close to the critical point.

The conjugated field μ associated to the order parameter
�φ can be shown to be field and temperature dependent
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(Appendix B) and, up to first order in �h = h − hc and �τ ,
it is given by

μ = �h − μ̃�τ, (44)

with

μ̃ = 2mc

(
a + 1

3m2
c + 1

5m4
c

)
. (45)

Therefore, adding a term −μ�φ to the free-energy Eq. (39)
favors the +�φ solution as usual. This represents a standard
second-order phase transition, and then the Arrott plot in terms
of the variables (μ,�φ) is well behaved when plotting μ/�φ

against �φ2 since
μ

�φ
= r̃(τ − τc) + 4u�φ2. (46)

The next step is to use this well behaved Arrott plot to
construct the modified Arrott plot close to the second-order
critical point using the original variables (h,m). Recalling that
μ = �h − μ̃�τ and �φ = m − mc − φ0 the Arrott relation
Eq. (46) becomes

h − hc − μ̃(τ − τc)

m − mc − φ̃0(τ − τc)

= r̃(τ − τc) + 4u(m − mc − φ̃(τ − τc))2, (47)

where μ̃, φ̃0, r̃ , and u are defined above in terms of a, mc, and
τc. This modified Arrott relation contains field and temperature
corrections to the external field and the magnetization, taking
into account the asymmetry of the free-energy density with
respect to the magnetization close to the second-order critical
point at (τc,±hc).

Finally, it can be noticed that close to the second-
order critical point one can write h − hc − μ̃(τ − τc) =
h − hFO(τ ), with hFO(τ ) = hc + μ̃(τ − τc) the temperature
dependent critical field where the first-order transition takes
place, i.e., hFO(τ ) is the inverse function of τ FO(h). Anal-
ogously, mFO(τ ) = mc + φ̃0(τ − τc) = (m1 + m2)/2 is the
average magnetization which close to τc tends to the critical
magnetization linearly with τ . In terms of hFO(τ ) and mFO(τ )
the modified Arrott relation can then be recast as

h − hFO(τ )

m − mFO(τ )
= r̃(τ − τc) + 4u(m − mFO(τ ))2. (48)

This modified form of the Arrott plot serves to analyze second-
order magnetic transitions at finite magnetic field, as we shall
show in the next section.

V. EXPERIMENTAL RESULTS

As an example, we present here experimental results
analyzed on the basis of the theory discussed in the present
manuscript. The studied sample was La2/3Ca1/3MnO3, for
which Arrott plots close to the zero-field magnetic transition
have been already reported [34,37,38]. The sample was
synthesized by solid state reaction at T = 1300 ◦C as described
elsewhere [39]. Magnetization data were collected using a
commercial vibrating sample magnetometer with a magnetic
field H up to 10 kOe, in the temperature range from 200 to
300 K.

Figure 8(a) shows the M(T ) curves for different field
values H as indicated, while the M(H ) curves for temperature
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FIG. 8. Magnetization data for La2/3Ca1/3MnO3. (a) M(T ) curves
at different magnetic-field values H as indicated. (b) Numerical
derivative dM/dT of the data presented in (a).

values in the range 262 K < T < 267 K are presented in
Fig. 9(a). As can be observed in Fig. 2(a) the maximum
derivatives of m(τ ) for different values of h give the transition
temperature τ FO(h). Analogously, the maximum derivatives
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FIG. 9. Magnetization data for La2/3Ca1/3MnO3. (a) M(H )
curves at different temperatures T as indicated. (b) Numerical
derivative dM/dH of the data presented in (a).
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FIG. 10. Characteristic temperature T FO(H ) obtained from the
maxima of dM/dT in Fig. 8 (black circles) and characteristic field
H FO(T ) obtained from the maxima of dM/dH in Fig. 9 (blue
squares). Dashed lines correspond to linear fits. For T FO the first
point was not included in the fit.

of m(h) give hFO(τ ) as observed in Fig. 2(b), with both
τ FO(h) and hFO(τ ) corresponding to the same first-order
transition line. Figures 8(b) and 9(b) show the numerical
derivatives of M(T ) and M(H ) for the experimental data in
Figs. 8(a) and 9(a), respectively. The obtained characteristic
values for T FO(H ) and H FO(T ) are shown in Fig. 10. These
data indicate a possible first-order transition line in the H -T
phase space, as discussed previously. Dashed lines in Fig. 10
correspond to a linear fit of the two data sets. Notice that a
linear extrapolation to H = 0 from these data gives estimates
for the zero-field transition temperatures T ∗ = 261 K and
T ∗ = 262 K from T FO(H ) and from H FO(T ), respectively,
consistent with previous results [33,34].

The bare Arrott plot, H/M against M2, is constructed from
the data in Fig. 9 and shown in Fig. 11. It can clearly be
observed that the Arrott plot close to T ∗ does not behave as
a straight line as expected for standard second-order phase
transitions. Furthermore, a tendency to develop a negative
slope can be appreciated with a negative slope for T = 267 K.
This kind of behavior has been typically ascribed to first-order
ferromagnetic transitions. Note however that the negative
slope is experimentally observed to decrease with increasing
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FIG. 11. Bare Arrott plot, H/M against M2, from the M(H ) data
presented in Fig. 9 for La2/3Ca1/3MnO3.
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FIG. 12. Modified Arrott plot for La2/3Ca1/3MnO3 obtained from
the M(H ) data in Fig. 9 and the temperature-dependent values for
H FO and MFO shown in Table I. The linear fits for large M − MFO

are shown.

temperature (see also Refs. [34,38]), contrary to Eq. (36) as
discussed in Sec. IV A.

We seek now for evidence of the presence of a second-order
critical point at a finite H value, i.e., (Tc,Hc). Following
the ideas presented in Sec. IV B, in Fig. 12 an alternative
Arrott plot close to the second-order critical point is presented.
Following Eq. (48), the modified Arrott plot shown in Fig. 12
is constructed by plotting (H − H FO)/(M − MFO) against
(M − MFO)2. In order to produce this modified Arrott plot, the
values of MFO(T ) = Mc − φ0�T and H FO(T ) = Hc − μ�T ,
with φ0 = φ̃0MS/T0 and μ = μ̃NkB/T0, need to be known.
In principle, H FO(T ) represents the linear approximation to
the first-order transition line close to the second-order critical
point, while MFO(T ) corresponds to the average magnetization
state close to Tc. One could argue that the values for T FO or
H FO, obtained from Fig. 10, and their corresponding MFO,
could be good approximations to these quantities. However, we
have found that the Arrott plot using these quantities presents
large deviations from the expected simple second-order critical
point behavior. In order to obtain the Arrott plot of Fig. 12 we
used, instead, the values of H FO(T ) and MFO(T ) presented in
Table I.

Next, we perform linear fits of the large (M − MFO)2 data in
the modified Arrott plot, as shown with dashed lines in Fig. 12.
We then obtain (H − H FO)/(M − MFO)0 and (M − MFO)2

0 as
the extrapolations of the linear fits to the (M − MFO)2 = 0
and (H − H FO)/(M − MFO) = 0 axes, respectively, which
are shown in Fig. 13 as a function of temperature. As can

TABLE I. Temperature-dependent characteristic field H FO and
magnetization MFO used to construct the modified Arrott plot shown
in Fig. 12.

Temperature (K) H FO (kOe) MFO (emu/g)

262 3.5 25.5
263 4 26
264 5 27.3
265 6 28.5
266 7 29.5
267 7.5 30
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FIG. 13. Temperature dependence of (a) effective inverse suscep-
tibility (H − H FO)/(M − MFO)0 and (b) effective squared magneti-
zation (M − MFO)2

0. The change in sign of both quantities is compat-
ible with a second-order critical temperature Tc = 264.7 K, obtained
from linear interpolation between the points with T = 264 K and
265 K.

be observed, both quantities change sign, thus indicating
the location of the critical temperature at Tc = 264.7 K, as
expected for second-order phase transitions. Therefore, this
is compatible with the phase diagram presented in Fig. 4
and the existence of a second-order critical point, and hence
support the use of the values for H FO and MFO given in
Table I. What we show in this example is that there exists
a set of {H FO,MFO} values for which a modified Arrott plot
can be constructed where a second-order critical behavior is
recovered and may be analyzed within the mean-field theory
for standard second-order phase transitions.

VI. SUMMARY

In summary, we have presented here a deeper discussion
on the phase diagram of magnetic phase transitions and the
relevance of Arrott plots to their study. Based on simple
mean-field theory we have shown that the already observed
zero-field first-order magnetic transition corresponds actually
to a triple point where three first-order lines meet and that
two of these first-order lines end in second-order critical
points at finite fields. The resulting H -T phase diagram
corresponding to La2/3Ca1/3MnO3 is summarized in Fig. 14.
At low temperatures we show in Fig. 14 the expected
zero-field first-order line corresponding to the transition
between symmetrical magnetization states ±M(T ). Then the
coupling between magnetization and volume induces a triple
point at a temperature T ∗ = 260 K. For larger temperatures,
T > T ∗, two field-dependent first-order lines T FO(H ) separate
low- and high-magnetization states, M1 and M2. When the
magnetization jump �MFO = M2 − M1 vanishes, the first-
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FIG. 14. H -T phase diagram for La2/3Ca1/3MnO3. The typical
first-order line at H = 0 ends at T ∗ = 260 K, which corresponds to
a triple point where three first-order transition lines meet. Then, the
two symmetrical first-order lines T FO(H ) end at the second-order
critical points (Tc, ± Hc) = (264.7 K, ± 5.7 Oe), indicated by the
big orange dots. Black circles and blue squares correspond to the
same data shown in Fig. 10, while red diamonds correspond to H FO

in Table I (below Tc). Note that for symmetry reasons the first-order
line obtained for negative H is a reflection of the one with positive H .
The inset shows a zoom of the temperature region where the phase
transitions take place, with T ∗ indicated as a black triangle.

order lines end on second-order critical points located at
(Tc, ± Hc) = (264.7 K, ± 5.7 Oe). Due to the symmetry of
the M(H ) curves, since M(H ) = −M(−H ), the first-order
line and critical point shown in Fig. 14 for negative H values
are the reflection of those we obtained for positive fields.

Although the formalism of Arrott plots was developed to
extract information about second-order phase transitions, it
is commonly used to indicate the presence of a first-order
transition, taking as mere evidence the negative slope of the
Arrott plot. However, we have stressed in this paper that if this
were the case, the negative slope should increase (diminishing
its absolute value) with increasing temperature, a fact that
has not been experimentally observed. In fact, the negative
slope is rather an artifact originated in drawing an Arrott plot
close to the vicinity of a second-order critical point but with
the incorrect order parameter M . Moreover, we have shown
that when the modified Arrott plot is constructed using the
symmetric order parameter �φ the second-order character
is recovered and the location of the critical point can be
obtained.

It is also important to mention that once the volume-
magnetization coupling is turned on, as in the mean-field model
studied here, then a first-order jump in the volume of the system
should accompany the first-order jump in the magnetization.
This means that when the first-order line τ FO(h) is crossed,
there exists a volume change �vFO = ηK ′[(mFO

2 )2 − (mFO
1 )2].

Equivalently, a jump should be present in the linear thermal
expansion, as already observed [39–41].

We would also like to stress that, although more elaborate
models beyond the mean-field approach can provide informa-
tion about magnetic correlations and susceptibility corrections,
as shown in Ref. [26], the mean-field approximation presented
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here is enough to obtain second-order critical points at finite
magnetic field and allows one to discuss the proper use of
Arrott plots. A mean-field approach is arguably not the best to
describe certain phase transition parameters, such as the actual
values of the critical exponents determined experimentally. In
this case a more accurate description can be obtained using
Arrott-Noakes plots and more involved approaches.

Finally, we emphasize that our results are based on an
expansion of the free energy close to m = 0 and therefore
the values obtained for mc, τc, and hc correspond to this
free-energy expansion close to m = 0. In addition, we have
performed further expansions of the (already expanded)
free-energy around m = mc to show how the Arrott plot
emerges in the second-order critical point. However, though
the expansion of the free energy around m = 0 and the
subsequent expansion around mc allow one to exploit all
the simplicity of Landau-type arguments, the same physical
properties are all contained in the full free-energy model within
the molecular-field approximation, Eq. (A5). Therefore, the
second-order critical point and the phase diagram presented
here are also expected to be contained in more elaborate
models considering a linear coupling between magnetization
and specific volume or lattice distortions in general.
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APPENDIX A: MOLECULAR-FIELD
FREE-ENERGY MODEL

In order to justify the Landau free-energy model used in
Sec. II, our starting point is the free-energy model originally
developed 50 years ago by Rodbell and collaborators [16,25].
We shall consider as the free-energy density the free-energy
per formula unit, which can be written as

F [M,V ] = U − T S − HM + PV, (A1)

where U and S are the internal energy and entropy per formula
unit, T is the temperature, H is the external magnetic field, and
P is the pressure. M and V are the magnetization and volume
per formula unit. Within the molecular-field approximation
for arbitrary spin j and considering a constant isothermal
compressibility K the internal energy density becomes

U [M,V ] = −NkBTc

3

2

j

j + 1

(
M

MS

)2

+ 1

2K

(V − V0)2

V0
,

(A2)

with N the number of magnetic ions per formula unit,
and MS and V0 the corresponding saturation magnetization
and zero temperature volume. The temperature scale Tc is
proportional to the exchange interaction and corresponds to
the Curie temperature of the pure magnetic system. The

entropy density can be decomposed into a magnetic and
lattice contribution, S[M,V ] = Sj [M] + Sl[V ]. According to
Ref. [16] the magnetic contribution within the molecular-field
approximation is

Sj [M] = NkB

{
ln 2 − 1

2
ln

[
1 −

(
M

MS

)2]
− M

MS

arctan

(
M

MS

)}
. (A3)

Assuming a constant thermal expansion coefficient α and
constant specific heat at constant volume CV , the lattice
entropy can be written as

Sl[V ] = CV ln T + α
V − V0

K
. (A4)

Therefore, for a system with j = 1/2 [42] the free energy
becomes

F = −NkBTc

2

(
M

MS

)2

+ 1

2K

(V − V0)2

V0

−NkBT

{
ln 2 − 1

2
ln

[
1 −

(
M

MS

)2]
−

(
M

MS

)
arctan

(
M

MS

)}
− T

[
CV ln T + α

K
(V − V0)

]
− HM + PV. (A5)

Up to this point the functional free energy can be split into
two independent contributions, the magnetic and the lattice
parts, i.e., F = F0 + FM + FV (F0 stands for the free-energy
part which is both independent of M and V ). Expanding the
magnetic entropy contribution around M = 0 one obtains

FM = NkB

2
(T − Tc)

(
M

MS

)2

+ NkBT

12

(
M

MS

)4

+ NkBT

30

(
M

MS

)6

+ · · · − HM, (A6)

which gives the usual second-order magnetic transition at Tc

in a mean-field approximation. On the other hand, the volume-
dependent part becomes (using from now on CV = 0)

FV = 1

2K

(V − V0)2

V0
− T αV

K
+ PV. (A7)

The next step is to turn on the effective coupling between
magnetic and volume contributions. This is achieved by
considering the variation of the exchange interaction with
volume through a variation of Tc:

η = V0

T0

∂Tc

∂V
, (A8)

with T0 the Curie temperature when the coupling term is
absent. The nondimensional parameter η controls the coupling
term. Within a linear approximation,

Tc = T0

[
1 + η

(V − V0)

V0

]
. (A9)
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Replacing this last expression in the free energy, the coupling
term can be written as

FMV = −η
NkBT0

2

V − V0

V0

(
M

MS

)2

. (A10)

Finally, the different contributions to free-energy density
f = 2F/(NkBT0) = f0 + fm + fv + fmv can be written in
terms of the reduced magnetization and volume variables
m = M/MS and v = (V − V0)/V0 as

fm = (τ − 1)m2 + τ

6
m4 + τ

15
m6 − hm, (A11)

fv = 1

2K ′ v
2 − τα′

K ′ v + pv, (A12)

fmv = −ηvm2, (A13)

with h = 2HMS/(NkBT0), K ′ = KNkBT0/(2V0), α′ = αT0,
and p = 2PV0/(NkBT0).

APPENDIX B: SYMMETRIZED SECOND-ORDER
TRANSITION

It is instructive to analyze the physics around the second-
order critical points (τc,±hc). In this case, as a first step, one
can perform an expansion of the free energy in terms of the
difference between the magnetization and its critical value mc.
We thus define φ = m − mc as a small parameter and expand
the free energy accordingly to obtain

f̃ = f (mc,τc,hc) + 1
2 rφ2 − wφ3 + uφ4 − μφ, (B1)

where r , w, u, and μ are in general temperature-dependent
coefficients and which can be considered to depend linearly
on �τ = τ − τc close to the critical point. Then

r(τ ) = ∂2f

∂m2

∣∣∣∣
mc

≈ ∂

∂τ

(
∂2f

∂m2

∣∣∣∣
mc

)∣∣∣∣
τc

�τ, (B2)

w(τ ) = − 1

3!

∂3f

∂m3

∣∣∣∣
mc

≈ − 1

3!

∂

∂τ

(
∂3f

∂m3

∣∣∣∣
mc

)∣∣∣∣
τc

�τ, (B3)

u(τ ) = − 1

4!

∂4f

∂m4

∣∣∣∣
mc

≈ − 1

4!

∂

∂τ

(
∂4f

∂m4

∣∣∣∣
mc

)∣∣∣∣
τc

�τ, (B4)

μ(τ ) = − ∂f

∂m

∣∣∣∣
mc

≈ �h − ∂

∂τ

(
∂f

∂m

∣∣∣∣
mc

)∣∣∣∣
τc

�τ, (B5)

where in the last expression an expansion in �h = h − hc

has also been considered. In particular, the effective field can
be expressed as μ = �h − μ̃�τ , with μ̃ = ∂2

τmf |mc,τc
. At the

critical point, by definition [first term in Eq. (B5)] one has
μ = 0 and then

h = hc − μ̃(τ − τc). (B6)

This defines the critical isochore in the vicinity of the critical
point.

Using the definitions above, one has

μ ≈ �h − μ̃�τ ; μ̃ = 2mc

(
a + 1/3m2

c + 1/5m4
c

)
, (B7)

r ≈ r̃�τ ; r̃ = 2
(
a + m2

c + m4
c

)
, (B8)

w ≈ w̃�τ ; w̃ = 2mc

(
1/3 + 2/3m2

c

)
, (B9)

u ≈ ũ�τ ; ũ = 1/6 + m2
c . (B10)

Now, we can consider that the low- and high-magnetization
states can be written as

m1,2 = mc + φ0 ± �φ, (B11)

with �φ a small symmetric quantity and φ0 defined below.
Expanding now the free-energy density, Eq. (B1), close to the
second-order critical point in terms of �φ one can write

f̃ = f (mc,τc,hc) − μ(φ0)�φ + 1
2 r(φ0)�φ2

−w(φ0)�φ3 + u�φ4, (B12)

where

μ(φ0) = − ∂f̃

∂φ

∣∣∣∣
φ0

= μ − rφ0 + 3wφ2
0 − 4uφ3

0 , (B13)

r(φ0) = ∂2f̃

∂φ2

∣∣∣∣
φ0

= r − 6wφ0 + 12uφ2
0 , (B14)

w(φ0) = − 1

3!

∂3f̃

∂φ3

∣∣∣∣
φ0

= w − 4uφ0, (B15)

u(φ0) = 1

4!

∂4f̃

∂φ4

∣∣∣∣
φ0

= u. (B16)

With the goal of having a symmetric free energy with respect
to the order parameter, the value of φ0 is defined such that
w(φ0) = 0, thus eliminating the third-order term in the free-
energy expansion. Then,

φ0 = w

4u
≈ w̃�τ

4u
= φ̃0�τ, (B17)

where the linear approximation in �τ has been used for w,
together with a constant value for u [to the order of our
analysis, the temperature dependence of u can be ignored
and u = (1/4!)(∂4f/∂m4)mc,τc

]. The first-order term can also
be eliminated using μ(φ0) = 0, which implies a temperature
dependence for μ,

μ = rw

4u
− w3

8u2
≈ r̃w̃

4u
�τ 2 + O(�τ 3). (B18)

The free energy Eq. (B12) can now be written as

f̃ = f0(φ0) + 1
2 r(φ0)�φ2 + u�φ4, (B19)

where, using the definition of φ0,

r(φ0) = r − 3w2

4u
≈ r̃�τ − 3w̃

4u
�τ 2 ≈ r̃�τ. (B20)

Therefore, finally, the free energy becomes

f̃ = f0(φ0) + 1
2 r̃(τ − τc)�φ2 + u�φ4, (B21)

which is, as expected, the standard free-energy form for a
second-order phase transition with an order parameter �φ

such that

�φ =
{

0 for τ > τc,

±
√

− r̃(τ−τc)
4u

for τ < τc.
(B22)
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Since this is a second-order transition, the Arrott plot in
terms of the variables (μ,�φ) is well behaved when plotting
μ/�φ against �φ2 since

μ

�φ
= r̃�τ + 4u�φ2. (B23)

The next step is to use this well behaved Arrott plot to
construct the correct Arrott plot close to the second-order

critical point using the original variables (h,m). Recalling that
μ = �h − μ̃�τ and �φ = m − mc − φ0 the Arrott relation
becomes

�h − μ̃�τ

m − mc − w̃�τ/(4u)
= r̃�τ + 4u(m − mc − w̃�τ/(4u))2.

(B24)
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We report a comparative study of magnetic field driven domain wall motion in thin films made of
different magnetic materials for a wide range of field and temperature. The full thermally activated creep
motion, observed below the depinning threshold, is shown to be described by a unique universal energy
barrier function. Our findings should be relevant for other systems whose dynamics can be modeled by
elastic interfaces moving on disordered energy landscapes.

DOI: 10.1103/PhysRevLett.117.057201

Domain walls are at the basis of future applications of
high-density memories in ferromagnetic materials [1]. In
this type of memories data bits are built up of magnetic
domains with opposite magnetization varying in size and/or
in position, and hence working memories implies the
displacement of domain walls. Noteworthy, even weak
random pinning due to local defects or inhomogeneities in
the host materials is known to have a strong effect on
domain walls [2]. Pinning tends to stabilize domain wall
positions [3], introduces stochasticity [4], induces domain
wall roughness, and dramatically modifies the driven
dynamics at small field and current [5–7]. A fundamental
understanding on how weak disorder affects the dynamics
of domain walls is thus critical for applications. This
question is also particularly relevant on a wider context
since pinning dependent motion of elastic interfaces is
observed in a large variety of other systems such as
ferroelectric materials [8], contact lines in wetting [9],
crack propagation [10], and earthquake models [11]. In all
those systems, the competition between the interface
elasticity and pinning leads to rich and complex thermally
activated motion over effective energy barriers (see Fig. 1)
described by universal law [2,12,13]. Although remarkable
efforts have been made in the last decades, a quantitative
description of the thermally activated regime of slow
motion, the so-called creep regime, has remained elusive.
An essential starting point to seize the universal character

of pinning dependent motion is zero temperature behavior
[see Fig. 1(a)]. For an elastic line driven by a force f, a
depinning threshold fd separates a zero velocity regime for
f < fd from a finite velocity regime for f > fd. A finite
temperature value T results in a thermally activated
subthreshold creep motion with the velocity following an
Arrhenius law v ∼ expð−ΔE=kBTÞ. For a near zero driving
force (f → 0), the motion of an elastic line requires to
overcome a universal divergent energy barrier presenting a
power law variation ΔE ∼ f−μ. The universal creep expo-
nent μ presents a good agreement [5,7,14–19] with the

predicted value (μ ¼ 1=4), for an elastic line moving in
an uncorrelated short range pinning disorder [20].
Compatibility with a random-field type of pinning
(μ ¼ 1) was also evidenced [13]. The universal nature of
creep motion and its independence from the detailed
domain wall magnetic texture and shape of the pinning
potential originate from the typical size of domain wall
segment wandering over the pinning disorder landscape [5]
which is larger than the domain wall width. A more
stringent test of universality demonstrating a compatibility
between universal scaling exponents and dimensionality
[20] was performed in ferromagnetic Pt=Co=Pt ultrathin
films [5,14] but was not yet reproduced for other ferro-
magnetic materials or other physical systems. Moreover,
apart from the near zero drive creep (f → 0), the situation is
much less clear and the nature of the motion is not well
established. Only numerically, minimal models [21] can be
used to test the universal character of domain wall motion.
The experimental investigations often go beyond the
depinning transition [18] (f ≳ fd) and even reach the
nonuniversal flow regimes independent of pinning and
limited by dissipation [14,22–24] (f ≫ fd). However,
thermally activated regimes with velocity laws different
from the predicted creep law (ΔE ∼ f−μ) [15,18,19] can be
encountered. Hitherto, the issue of the universality of force-
driven elastic line creep motion for different magnetic
materials and other systems remains open.
In this work, we address the question of universality

from a study of magnetic field driven creep motion in
magnetic films with perpendicular anisotropy. In magnets,
the elastic interfaces are magnetic domain walls and the
force f is proportional to the applied fieldH [see Fig. 1(b)].
The field-induced domain wall dynamics is studied in a
single-crystalline ðGa0.95;Mn0.05ÞðAs0.9;P0.1Þ semiconduc-
tor [25] and in an amorphous ½Tb=Fe�5 ferrimagnetic [26]
multilayer over a large range of temperatures. The obser-
vations are compared with results published in the literature
for ultrathin metallic films (Pt=Co=Pt [14,27], Au=Co=Au
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[28], and CoFeB [17]) which have polycrystalline or
amorphous structures. All these materials present specific
structural and magnetic properties which results in different
domain wall elastic energies and random pinning proper-
ties. Regardless of those differences, our comparative study
shows that the creep domain wall dynamics presents
universal behavior.
The ðGa0.95;Mn0.05ÞðAs0.9; P0.1Þ film is a 12 nm thick

semiconducting ferromagnetic single crystal [29]. It was
grown by low-temperature (T ¼ 250 °C) molecular beam
epitaxy on a GaAs (001) substrate and was then annealed
at T ¼ 200 °C, for 4 h in air. Its Curie temperature
is 74� 1 K. The multilayer film Si3N4ð11 nmÞ=
½Tbð0.8 nmÞ=Feð1 nmÞ� × 5=Si3N4ð11 nmÞ have been
deposited on floated glass substrate using a reactive diode
rf sputtering system. Pure Tb, Fe, and Si targets were used
and the pressure of 8 mTorr was regulated in the chamber.
The Si3N4 layer was obtained by pulsing a nitrogen partial
pressure flux maintained at 2 mTorr near the samples
during the silicon deposition. The Curie temperature is
around 340 K and no compensation is observed in the
270–340 K temperature range. In order reach different
temperatures, we used an open cycle He cryostat for the
(Ga,Mn)(As,P) film and a homemade variable temperature
system for the TbFe film. The motion of domain walls was
observed in a magneto-optical Kerr effect (MOKE) micro-
scope. Their displacement was produced by magnetic field
pulses of adjustable amplitude and duration (1 μs − 1 s)
applied perpendicularly to the films. The domain wall
velocity is calculated by the ratio between the displacement
and the pulse duration. Velocity-field characteristics
observed for the (Ga,Mn)(As,P) and the TbFe films,
reported in Fig. 2, are good illustrations of typical results
reported in the literature for the creep, depinning, and flow
regimes [5,13–15,19,24].

At low drives (H ≤ Hd, the depinning threshold Hd is
indicated by black stars in Fig. 2), domain walls follow
the creep motion [see Figs. 2(a) and 2(c)]. The velocity
presents a strong dependency on magnetic field, varying
over several orders of magnitude for a relatively narrow
applied magnetic field range. Increasing temperature is
found to shift the curves towards low field values, thus
reflecting the strong contribution of thermal activation. The
flow regime is characterized by a linear variation of the
velocity which is seen at sufficient large drive (H ≫ Hd)
for the (Ga,Mn)(As,P) film [see Fig. 2(b)]. This nonuni-
versal regime is controlled by material dependent micro-
scopic dynamical structure of domain walls [24]. The flow
regime is only encountered in materials presenting a
sufficiently low depinning threshold, like Pt=Co=Pt
[14,19], (Ga,Mn)As [13,24], FeNi [30], Pt=Co=AlOx
[31]. For other materials as TbFe [see Fig. 2(d)] and
Au=Co=Au [28], the flow regime was never observed
experimentally. The depinning transition is manifested at
intermediate drive (H ≳Hd). The crossover between creep
and depinning is found to occur for an Hd value 2 orders of
magnitude higher for TbFe than for (Ga,Mn,)(As,P) [see
Figs. 2(b) and 2(d)], thus reflecting strongly different
material dependent pinning properties.
To go beyond this qualitative presentation, we propose to

describe empirically the whole creep regime, 0 < H <
HdðTÞ, by a velocity given by

vðH; TÞ ¼ vðHd; TÞ exp
�
−
ΔE
kBT

�
ð1Þ

with

ΔE ¼ kBTd

��
H
Hd

�
−μ

− 1

�
; ð2Þ

FIG. 1. Motion of pinned elastic interfaces. (a) Velocity-force characteristics for zero (blue curve) and finite (black curve) temperature
showing the different dynamical regimes, the depinning threshold fd and the upper boundary (black star) of the thermally activated
creep regime. (b) (Top view) The out-of-plane magnetic field H favors the growth of up magnetization regions thus driving the domain
wall (represented by the yellow spaghetti) in the right direction. (Bottom view) Theoretically, the creep domain wall dynamics in a thin
film can be modeled by the displacement of a one-dimensional elastic line coupled to an effective two-dimensional random pinning
energy landscape Vðx; zÞ.
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where kBTd is the characteristic pinning energy scale, and
kB the Boltzmann constant. Note that a similar empirical
law was proposed in various theoretical works [32,33].
It is easy to see that Eq. (2) yields the creep law
ΔE ∼ kBTdðH=HdÞ−μ for H → 0 and a linear vanishing
of the energy barrier (ΔE → 0) for H → Hd [32]. Each
velocity-field characteristic was fitted by Eqs. (1) and (2)
(see Ref. [34]) in order to determine the parameters Hd,
vðHd; TÞ, and Td. As reported in the Supplemental Material
[34], the obtained values are material and temperature
dependent reflecting the microscopical origin of pinning
[5,18]. However, a discussion on this nontrivial subject
goes beyond the scope of this Letter. As it can be observed
in Fig. 2 and in the figures of the Supplemental Material
[34], the fitting of the velocity-field characteristics works
particularly well for the whole creep motion for all temper-
atures and materials.
Let us now address the question of the universality of

domain wall dynamics. Once the material dependent
parameters are obtained, Eq. (1) can be used to deduce
the pinning barrier height ΔE from the velocity curves
vðH;TÞ, i.e., ΔEðHÞ ¼ kBT ln½vðHd; TÞ=vðH; TÞ�. In
Fig. 3, the reduced energy barrier height ΔE=kBTdðTÞ is

plotted as a function of the reduced force H=HdðTÞ for the
(Ga,Mn)(As,P) and TbFe thin films, and three other
ferromagnetic materials. As it can be observed, all the
reduced energy barrier curves ΔE=kBTdðTÞ collapse well
onto a single master curve over the full field-range of
existence of the creep regime 0 < H=Hd < 1. This is the
central result of this Letter. It demonstrates that for a large
family of magnetic materials, the whole creep is in the
universality class described by the motion of an elastic line
in a short-range correlated random-bond pinning of dis-
order, controlled by a unique creep exponent (μ ¼ 1=4)
[34,35] and a unique energy barrier function. The latter
extends from the divergent barriers dominated dynamics
close to H ¼ 0 to the regime where the barriers vanish
linearly ΔE ∼ ð1=4ÞkBTdðH=Hd − 1Þ approaching Hd.
This result is very robust since the master curve is obtained
for a variation of the reduced energy barrier heights (see
inset of Fig. 3) over more than 3 orders of magnitude
ðΔE=kBTd ¼ 10−3 − 5Þ and for an explored range of
temperature of almost two orders of magnitude
ðT ¼ 10–315 KÞ. The quantitative agreement between
Eq. (2) which was postulated 15 years ago as a possible
interpolation formula and the experimental data,

FIG. 2. Domain wall dynamics driven by a magnetic field. Velocity-field characteristics for a (Ga,Mn)(As,P) [for (a) and (b)] and a
TbFe [for (c) and (d)] films measured over wide temperature (10–65 K for (Ga,Mn)(As,P) and 272–315 K for TbFe) and magnetic field
ranges. The creep regime is highlighted by a semi-log plot [for (a) and (c)]. For both films, the velocity presents strong field and
temperature variations, as expected for a thermally activated process. The linear flow regime is clearly observed at large field values
(H > 10 mT) for the (Ga,Mn,)(As,P) film [for (b)] while it is beyond experimental reach for TbFe [for (d)]. The solid lines are fits of the
creep law [using Eqs. (1) and (2)] and the black stars correspond to the cross-over between creep and depinning regimes [coordinates:
Hd, vðHdÞ].
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demonstrates that the creep regime can be very well
described by a unique (reduced) barrier function of the
(reduced) temperature and field. Furthermore, it compares
fairly well with the results obtained by using numerical
simulations [21] of a minimal model for a one-dimensional
elastic line in a two-dimensional disordered medium (see
Fig. 3). As this model does not take into account the
properties of a specific system, the barrier function of the
creep regime is expected to be relevant for a larger variety
of systems other than ferromagnets.
In conclusion, we provide evidence of the universal

character of the whole thermally activated subthreshold
creep motion in magnetic thin films. In this dynamical
regime, the magnetic domain wall motion is shown to be
controlled by a unique universal reduced energy barrier
function. The compatibility of this universal law with the
predictions of a minimal model strongly suggests our results
to be relevant to understand the creep dynamics in other
systems thanmagnetic thin filmswhose emergent properties
are also controlled by the competition between quenched
disorder and the elasticity of a driven fluctuating string.
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Abstract. We numerically study the three-dimensional Edwards-Anderson model with Gaussian couplings,
focusing on the heterogeneities arising in its nonequilibrium dynamics. Results are analyzed in terms of
the backbone picture, which links strong dynamical heterogeneities to spatial heterogeneities emerging
from the correlation of local rigidity of the bond network. Different two-times quantities as the flipping
time distribution and the correlation and response functions, are evaluated over the full system and over
high- and low-rigidity regions. We find that the nonequilibrium dynamics of the model is highly correlated
to spatial heterogeneities. Also, we observe a similar physical behavior to that previously found in the
Edwards-Anderson model with a bimodal (discrete) bond distribution. Namely, the backbone behaves
as the main structure that supports the spin-glass phase, within which a sort of domain-growth process
develops, while the complement remains in a paramagnetic phase, even below the critical temperature.

1 Introduction

The idea that different structures with a conventional
physical behavior are hidden inside of a disordered and
frustrated material, is not new. Historically this approach
was one of the earliest considered in order to make a simple
and intuitive picture of spin glasses [1,2]. Although super-
paramagnetism [3,4] is a crude approximation of a spin-
glass system, since it assumes the existence of independent
non-interacting magnetic clusters with some kind of inter-
nal magnetic order, for many years experimental data were
interpreted within this theoretical framework. This was
not a capricious choice: experiments at temperatures far
above the freezing temperature Tf , e.g., dc-susceptibility
measurements, can easily be understood in these terms [5].

For temperatures close or below Tf , the experimental
evidence indicates that such description is still possible if
a spin glass is supposedly formed by interacting clusters or
“building blocks” of spins [2]. Some attempts were made
to explore this possibility (see Ref. [1]). For example, a
phenomenological and intuitive picture has been proposed
to explain several experimental results on canonical spin
glasses [2,6]. The clusters are defined as groups of spins
linked by exchange bonds stronger than the thermal en-

a e-mail: froma@unsl.edu.ar

ergy. Considering RKKY interactions [7–9] between these
spins, it is possible to delineate structures which grow as
the temperature decreases. At Tf an infinite-correlated
cluster (a “dynamic backbone”) emerges and percolation-
like features can be identified.

Such simple theories have been displaced by others, as
the mean field [10,11] and the droplet [12] pictures. Partly
because latter theoretical frameworks allow to derive ana-
lytical expressions for different quantities characterizing
the physical behavior of a spin glass which, in princi-
ple, could be verified by comparing with experimental and
numerical evidence. Also, because the experience gained
from numerical simulation indicates that these clusters,
built on the basis of a “local energy criterion”, are not ad-
equate to describe such disordered and frustrated systems.
Nevertheless, despite the great theoretical progress made
so far, the controversy about the nature of the spin-glass
phase remains unresolved.

In this context, it is not surprising that the efforts to
describe the spin-glass problem in terms of magnetic clus-
ters still persist. They are encouraged both by the exper-
imental data, and the observation of strong spatial het-
erogeneities in numerical simulations of model systems.
Such is the case of the Edwards-Anderson model [13]
with bimodal couplings [14]. The ground state of this sys-
tem is highly degenerated enabling to separate the lattice
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into two regions, one that contributes to the degener-
ation and other that remains unchanged in all ground
states. The latter, known as the “rigid lattice” [15], is
a good candidate for a magnetic backbone capable of
sustaining order in the system and has been the sub-
ject of various topological studies [15–19]. In recent years,
our understanding of the role played by this structure
has advanced considerably. In fact, for the case of the
Edwards-Anderson model with bimodal couplings, spatial
heterogeneities characterized by the rigid lattice have been
associated to the equilibrium and nonequilibrium response
of the system [20–26].

These studies have resulted in a generalization of the
cluster approach for spin glasses (and for other systems
with quenched disorder), appropriately named the “back-
bone picture” [24,27]. The main conjecture of this picture
is that it is possible to define an “effective interaction”
between a pair of spins at sites i and j, different from the
bond strength Jij . This quantity is the rigidity rij , which
accounts for the energetic cost to leave the bond’s state in
the ground state (satisfied or frustrated).

The rigid structure is defined as the lattice where each
bond Jij is replaced by its corresponding rigidity rij .
This can be accessed for spin-glass models with Ising
spin variables [24,27], based on the ground-state config-
urations and the low-excitation levels. In particular, in
reference [27] the topological properties of the rigid struc-
ture were studied for the Edwards-Anderson model with
both bimodal and Gaussian bond distributions, in two and
three-dimensions. There, it was also analyzed how the spa-
tial heterogeneities, characterized by the rigid structure,
influence the equilibrium properties of these models at fi-
nite temperature. The results show that any disordered
sample can be divided into two sectors, the backbone and
its complement, and that within these regions the physical
behaviors are very different. What remains to be studied
is how the rigid structure influences the nonequilibrium
dynamics of the Edwards-Anderson model with Gaussian
couplings. In order to fill this gap, in this work we study
by means of Monte Carlo simulations, the nonequilib-
rium dynamical heterogeneities of the three-dimensional
Edwards-Anderson spin-glass model with Gaussian cou-
plings within the framework given by the backbone pic-
ture. Different two-times quantities, as the flipping time
distribution and the correlation and response functions,
are analyzed. We find that the dynamical heterogeneities
can be clearly associated to the rigid structure.

The paper is structured as follows. In Section 2 we
present the Edwards-Anderson spin-glass model. We also
summarize the most important properties of its rigid
structure and we introduce the concept of the backbone.
Then, an extensive numerical simulation study of the
nonequilibrium dynamics of this system is presented in
Section 3. It is shown that different observables as the
mean flipping time distribution, the correlation and the
integrated response functions, as well as the fluctuation-
dissipation plots, behave very differently if they are eval-
uated inside or outside the backbone. In the last section
we discuss our results and conclusions are drawn.

2 The Edwards-Anderson spin-glass model
and its ground state rigid structure

We start by considering the three-dimensional (3D)
Edwards-Anderson spin-glass model [13] with Gaussian
couplings (EAG), which consists of a set of N Ising spins
σi = ±1 placed in a cubic lattice of linear dimension L
(N = L3), with periodic boundary conditions in all direc-
tions. The Hamiltonian is

H = −
∑

(i,j)

Jijσiσj , (1)

where (i, j) indicates a sum over the six nearest neigh-
bors. The coupling constants or bonds, Jij , are indepen-
dent random variables drawn from a Gaussian distribution
with mean value zero and variance one. The EAG model
undergoes a continuous phase transition at a critical tem-
perature Tc ≈ 0.95 [28,29] (temperatures are given in units
of 1/kB, where kB is Boltzmann’s constant).

Since the rigid structure and the backbone play a cen-
tral role in this work, now we give a brief summary of how
these concepts have evolved in the last few years. A more
detailed discussion can be found in references [24,27].

For the simpler version of the model, the Edwards-
Anderson spin-glass model with bimodal ±J couplings
(EAB) [14], the ground state (GS) is multiply degener-
ated and then it is trivial to define a backbone. Bonds
which do not change its condition (satisfied or frustrated)
in all the configurations of the GS, are called “rigid bonds”
and form the “rigid lattice” [15]. This structure of bonds
and the set of spins connected by them constitute the so
called backbone of the system. The remaining bonds are
called “flexible bonds” and form the “flexible lattice”.

The backbone of the EAB model has some remark-
able topological properties that have been carefully evalu-
ated through numerical simulations. For two-dimensional
(2D) square lattices, numerical results are affected by sig-
nificant finite size effects but show that the most likely
scenario is that this structure does not percolate in the
thermodynamic limit (another possibility is that the back-
bone is just located on the percolation threshold). This
backbone is fragmented into several clusters whose size
distribution exhibits a power-law dependence, and the es-
timated critical exponents are consistent with the 2D ran-
dom percolation universality class [30]. On the other hand,
for the 3D cubic lattice both sets, the backbone and its
complement, percolate the system but with critical expo-
nents differing from those within the 3D random percola-
tion universality class.

More interesting is the connection between the back-
bone structure and the nonequilibrium dynamical behav-
ior. Both, the 2D and the 3D EAB models have a very
broad distribution of relaxation times which, at low tem-
peratures, show a spontaneous time-scale separation en-
abling to split the system in two sets, one consisting of
“fast” spins and another of “slow” spins [31]. It was shown
that these fast and slow degrees of freedom are directly
related to spins outside and inside the backbone struc-
ture, respectively [20,23]. Furthermore, numerical simu-
lations [32,33] show that below its critical temperature
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the 3D EAB model exhibits a violation of the fluctuation-
dissipation theorem (FDT) that, in the framework of mean
field theory, resembles the full replica-symmetry breaking
solution [34,35]. We had previously shown that for very
long simulation times spins outside the backbone satisfy
the FDT, whereas those within the backbone violate this
relation [22]. Therefore, from a topological and dynamical
point of view and below the critical temperature, a spin
glass can be thought of as consisting of two different sets,
one associated with an ordered-like phase (the backbone)
and another with a disordered paramagnetic-like phase
(the complement of backbone). Such results for the EAB
model are not trivial. In addition, a similar phenomenon is
probably taking place in other spin-glass systems such as
the 2D ±J Potts model [36] and the Viana-Bray model [37]
as suggested by numerical results.

Notice that the definition of backbone based on the
rigid lattice as used for the EAB model, is not appropriate
for systems with a simply degenerated GS, since then the
backbone structure would include the entire lattice. Such
is the case of the EAG model which has a zero-entropy fun-
damental level (with only two configurations related by a
global spin-flip) [38]. In order to address the case of Ising
models with simple degenerated GSs, a generalization of
the concept of rigidity was presented in references [24,27].
The definition of backbone is then based on the following
concepts. The first key idea is to consider not only the
GS but also the low-excitation levels. The “rigidity” of
each bond should be a parameter taking a continuum of
values, instead of only two (rigid-flexible) as in the EAB
model. Let us consider a sample (a particular realizations
of bond disorder) of the Edwards-Anderson model with
an arbitrary bond distribution (discrete or continuous).
For each bond Jij we define its rigidity as rij = Uij − U ,
where U is the GS energy of the sample and Uij is the
lowest energy for which the bond Jij changes its GS con-
dition (from satisfied to frustrated or vice versa). In other
words, such bond does not change (remains rigid) for all
configurations with energy lower than rij + U . The “rigid
structure” (RS) of a sample is then defined as the lattice
where each bond Jij has been replaced by its rigidity rij .
According to the backbone picture, the latter is a quan-
tity that gives the magnitude of the “effective interaction”
between the pair of spins at sites i and j.

The RS for both the EAB and the EAG models, can
be numerically determined using a method proposed in
references [24,39]. For this approach to work properly, it
is necessary to find many low-lying energy configurations
for each sample. For the EAG model the number of con-
figurations one needs to determine is of the order of the
number of bonds in the system. In reference [27], a paral-
lel tempering Monte Carlo algorithm [40,41] was used for
this purpose. This technique, widely used in equilibrium
simulations, also provides a powerful heuristic method for
reaching the GS of spin-glass models [42,43]. Neverthe-
less, because the calculation of GS configurations of the
3D Edwards-Anderson model is an NP-hard problem, in
practice the RS can be numerically determined only for
samples of small size. In particular, for the 3D EAG model,

r

r

F(r)

F(r)

rmin

Fig. 1. Rigidity distribution for the (a) EAB and (b) EAG
models. Different colors indicate rigidities below and above the
threshold value, rmin. (c) Two dimensional schematic picture
of the spatial distribution of rigidity values. Lines correspond
to contour levels while the colors indicate high and low rigid-
ity regions according to the rigidity distributions shown in (a)
and (b).

the parallel tempering algorithm allows one to obtain GSs
with a high probability for lattice sizes up to L = 10 [43].
Since 3N of such configurations are required to calcu-
late the RS of a single sample, we restrict our analysis
to L = 8 [27].

The interpretation of the rigidity rij as an effective
interaction is the basis on which rests a generalized def-
inition of the backbone. Given the random distribution
of bonds, the rigidity distribution F (r), where F (r)dr is
the fraction of bonds whose rigidities are between r and
r + dr, can be computed. The results, taken from refer-
ence [27], are shown in Figures 1a and 1b for the 3D EAB
and EAG models, respectively. For the EAB model the
rigidity distribution is discrete and bonds with non-zero
rigidity (r = 4, r = 8, and r = 12, indicated with a differ-
ent color in Fig. 1a) have similar physical behaviors. Thus,
naturally, they are considered as parts of a single set, de-
termining the main physical behavior, which we call the
backbone. The remaining bonds with r = 0, behave in a
very different way and are considered outside this set.

For the EAG model the rigidity is a continuous variable
and the rigidity distribution takes the continuum form
presented in Figure 1b. Since we expect that the physi-
cal behavior of the 3D Edwards-Anderson model should
not depend on the exact form of the bond distribution,
then even for this continuous rigidity distribution it should
be possible to divide the system into two parts with dif-
ferent physical properties: the backbone and its comple-
ment. In fact, as shown in reference [27], in 2D a rigidity
threshold value rmin can be found to separate the system
into high-rigidity (HR) and low-rigidity (LR) components
such that the EAB and the EAG models share the same
percolation properties and have a similar equilibrium be-
havior. For example, a rmin value can be selected such
that a similar temperature dependence of the average en-
ergy per bond within each region for the EAB and the
EAG models can be obtained. Therefore, bonds within
the HR region (which has r ≥ rmin) form the backbone
of the system. Furthermore, this idea can be extended
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to 3D, where following these same criteria the numerical
data suggest that a suitable backbone could be defined for
0.6 < rmin < 2.0. Based on these results, and also to min-
imize frustration within the HR region, we use here the
value rmin = 1.3 (which was already used in Ref. [27]).
Moreover, it is important to highlight that by choosing
values of rmin in the range 0.6–2.0 we obtain qualitatively
similar results (as discussed in the next section and in the
Appendix), thus not changing our main findings.

We stress that although bond values are randomly dis-
tributed on the sample, rigidity values are spatially corre-
lated. In Figure 1c the spatial distribution of rigidity val-
ues are schematically shown using contour levels and with
colors indicating HR and LR regions. Note that this figure
is a schematic representation introduced with the inten-
tion of presenting the main ideas leading to a backbone
picture (the map plots in Fig. 2 of Ref. [27], show actual
images of the spatial distribution of rigidity in 2D). In
the framework of this phenomenological theory, we stress
that bonds and spins within these regions should display
different dynamical behaviors.

In the following section, we study the strong hetero-
geneities arising in the nonequilibrium dynamics of the 3D
EAG model, by evaluating different spin observables over
the full (all spins), the HR (spins connected by bonds with
r ≥ rmin = 1.3), and the LR (remaining spins) regions. To
this end, we use the same set of 103 samples of L = 8
considered in reference [27], for which the corresponding
RSs have already been calculated.

3 Numerical results

In order to investigate the nonequilibrium dynamics of the
3D EAG model, we use a typical protocol which consists
on a quench at time t = 0 from a random configuration
to a low temperature T below Tc. From this initial condi-
tion, the evolution of the system is simulated by a single
spin-flip Monte Carlo algorithm and different two-times
quantities are analyzed, which depend on both the wait-
ing time tw, when the measurement begins, and a given
time t > tw. A unit of time consists of N elementary ran-
dom spin-flip attempts. As stated above, in all cases cubic
lattices of linear size L = 8 with full periodic boundary
conditions were simulated. In addition, in some cases sim-
ulations on larger lattices of L = 20 were carried out in
order to address finite size effects. The disorder average
was performed over 103 different samples. Furthermore,
for each sample we have averaged over 10 independent
thermal histories (or runs), i.e., along different initial con-
ditions and realizations of the thermal noise (except in
Sect. 3.2, where 104 of such runs were required to calcu-
late the FDT map plots).

We simulate each sample for six temperatures between
T = 0.4 and T = 0.9, for different waiting times up to
tw = 107, and for a maximum time of t = 2 × 107. Even
for the highest temperature and within the longest time
window, all observables calculated in this study depend
on tw, indicating that our simulations are far from the
equilibrium regime.

Hereinafter, we analyze the correlation and response
functions, as well as the corresponding FDT plots. Then,
the flipping time distribution for different temperatures
and waiting times is studied.

3.1 Correlation and response functions

We begin by calculating the full two-times correlation
function defined for t > tw as

C(t, tw) =

[〈
1

N

N∑

i=1

σi(t)σi(tw)

〉]

av

, (2)

where 〈. . . 〉 represent an average over thermal histories
and [. . . ]av indicates average over disorder realizations. On
the other hand, by adding to the Hamiltonian (1) a per-

turbation of the form Hp = − ∑N
i=0 hiσi, with hi = ±h

being a random field of intensity h switched on at time tw,
it is possible to calculate the full two-times integrated re-
sponse function as [35]

χ(t, tw) =

[〈
1

Nh

N∑

i=1

σi(t) sgn(hi(tw))

〉

h

]

av

. (3)

Here, the average 〈. . . 〉h should be taken over thermal his-
tories of the perturbed system, and the value of h should
be chosen small enough in order to reach the linear re-
sponse regime. Nevertheless, instead of performing addi-
tional simulations with an applied field, we calculate χ for
infinitesimal perturbations using the algorithm proposed
in references [33,44], which permits to determine the cor-
relation and the response functions in a single simulation
of the unperturbed system. This algorithm needs a Monte
Carlo simulation implemented with a differentiable tran-
sition rate of the external field. Then, we use Glauber dy-
namics where local changes are accepted with a transition
rate given by [45]

WG =
exp (−βΔH)

1 + exp (−βΔH)
, (4)

where β = 1/T and ΔH is the energy change required to
flip a given spin.

Figure 2 shows the dependence of the full correlation
function C with t − tw, for tw = 105 at temperature
T = 0.6 < Tc. Open (closed) black squares correspond
to simulations for systems of size L = 8 (L = 20). From
this comparison we conclude that finite-size effects are not
important and then samples with L = 8, for which we
know their RSs, represent very well the dynamic behavior
of the system. This is true for all quantities calculated in
the following.

Most interesting is the heterogeneous behavior of this
quantity. As we mentioned in the previous Section, each
sample of the EAG system can be divided into the HR
and LR regions. In addition to C, we then calculate the
correlation function for the HR and the LR regions, CH

and CL respectively, by restricting the sum in equation (2)
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Fig. 2. The correlation functions C, CH, and CL at T = 0.6
for the waiting time tw = 105. Closed black squares correspond
to the full correlation function calculated for samples of size
L = 20.

to those spins belonging to each sector (and we normalize
both sums using the corresponding number of spins of each
region). Figure 2 shows that the behaviors of C and CH

are very similar, while CL displays a more drastic initial
relaxation followed by a second decay process as fast as
the full correlation function.

Now, we analyze the dependence of correlation func-
tions with the waiting time. Figure 3a shows the full cor-
relation function at T = 0.6. As expected, this quantity
displays a typical aging behavior. Initially the correlation
function slowly relaxes but, after a certain period of time,
a faster relaxation process develops. With increasing tw
this second relaxation process begins at longer t − tw.

In Figures 3b and 3c we show the plots of CH and CL

at temperature T = 0.6. While CH shows the same evolu-
tion as C (compare with Fig. 3a), with increasing waiting
time the first decay of the correlation CL becomes more
pronounced, indicating that the spins within the LR re-
gion will be less correlated with time. This behavior is
also observed in the nonequilibrium dynamics of 3D EAB
model below its critical temperature [23], and indicates a
significant difference between the backbone and its com-
plement. As we mentioned in Section 2 and in the Ap-
pendix, by choosing values of rmin in 0.6 < rmin < 2.0 we
obtain similar results.

The full integrated response function χ, as well as χH

and χL (the responses of spins belonging to the HR and
the LR regions) are shown, respectively, in Figures 4a–4c.
As before for the correlation functions calculated over
the full and the HR regions, χ and χH show a similar
trend although in this case both fall instead of rising with
increasing tw. This is typical of nonequilibrium systems
which develop a sort of domain-growth process (for exam-
ple coarsening in ferromagnets), where the domains poorly
respond to an external perturbation while the walls that
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Fig. 3. The correlation functions (a) C, (b) CH, and (c) CL

at T = 0.6 and for different waiting times as indicated. The
arrows emphasize how such functions evolve with increasing tw.
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Fig. 4. The integrated response functions (a) χ, (b) χH, and
(b) χL. Curves are for T = 0.6 and different waiting times
as indicated. The arrows emphasize how such functions evolve
with increasing tw.

separate them are composed of spins that easily align with
the applied field [23]. As the system evolves these domain
walls tend to disappear and therefore the response func-
tion must decrease for long times. Again our numerical
results reinforce the idea that a domain-growth process
could be taking place inside the backbone.

On the other hand, for short times the response of spins
within the LR region is larger than for the HR region, see
Figure 4c. Besides, χL increases with increasing tw, con-
trary to what happens for χ and χH. This behavior shows
that the LR region become disordered and probably is not
able to support an ordered phase. In the next section, the
analysis of the combined effect of the correlation and the
integrated response functions, the FDT plots, will be cru-
cial to understand the overall physical behavior of each
region.

3.2 FDT plots

The full correlation and integrated response functions are
related through a quasi-fluctuation-dissipation theorem

Tχ(t, tw) = X [1 − C(t, tw)] , (5)

where X is the fluctuation-dissipation ratio (FDR) [46]. A
useful representation of this equation is a parametric plot,
or “FDT plot”, of Tχ vs. C [34,35]. At thermodynamic
equilibrium when the FDT holds, the FDR is X = 1 and
the parametric plot shows a linear relation with a slope
of −1. In this case the correlation and the integrated re-
sponse functions depend on Δt = t − tw. On the other
hand, in a nonequilibrium situation the FDT does not
longer hold and two regimes are observed: for t/tw � 1
the system shows quasi-equilibrium with X = 1, while
for t/tw � 1 a violation of the FDT is observed with
X < 1. The behavior of X for t/tw � 1 allows for a
simple classification of nonequilibrium systems into three
main categories: (i) the value X = 0 is related to coars-
ening systems, (ii) a constant X < 1 value is associated
with structural glasses, and (iii) a decreasing monotonic
0 < X < 1 function corresponds to spin glasses.

In Figure 5a we can see the FDT plot for T = 0.6
and different waiting times. After the quasi-equilibrium
regime, the curves deviate from the straight line of
slope −1 and show a continuous variation of the FDR
(see their derivatives in the inset) which, as noted above,
is associated to spin glasses [32,33]. On the other hand,
Figure 5b shows the FDT plot of the spins belonging to
the HR region for different values of tw. Notice the simi-
larity with the curves in Figure 5a. There does not seem to
be differences between the full system and the HR region.

Nevertheless, a rather more striking behavior is ob-
served for the FDT plot within the LR region, Figure 5c.
We expect this set to behave like the spins outside the
backbone in the 3D EAB model, i.e. fulfill FDT (X → 1)
for long times. In fact, as shown in the inset of this figure,
the slope of these FDT curves tend to −1 for increasing tw.

In order to further analyze how the heterogeneities
arise in the violation of the FDT, we follow the lines
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Fig. 5. The FDT plots for (a) the Full, (b) the HR, and (c)
the LR regions at T = 0.6 and for different tw as indicated.
The insets show the slope of these curves as function of C.
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Fig. 6. Panels (a)–(c) show the map plots of the JPD for,
respectively, Δt = 7, 66, and 928, together with the corre-
sponding FDT plots (solid curves). Dark (bright) areas denote
high (low) density points. The open squares indicates the po-
sition, for each Δt, of the first moment of the JPD. Panel (d)
shows the FDT plots for the full, the HR, and the LR regions.

of reference [22]. First, we note that the full correlation
function (2) can be rewritten as:

C(t, tw) =

[
1

N

N∑

i=1

C̃i(t, tw)

]

av

, (6)

where
C̃i(t, tw) = 〈σi(t)σi(tw)〉 (7)

is the thermal average of a single spin correlation function.
The same is true for the integrated response function (3),

χ(t, tw) =

[
1

N

N∑

i=1

χ̃i(t, tw)

]

av

. (8)

Then, the sample average of the joint probability distribu-

tion (JPD), ρ(C̃, T χ̃, t, tw), allows us to visualize clearly
how each spin contributes to C and χ. The full correla-
tion and integrated response functions can be recovered
by simple integration,

C(t, tw) =

∫
dC̃

∫
dχ̃ ρ(C̃, T χ̃, t, tw)C̃ (9)

and

χ(t, tw) =

∫
dC̃

∫
dχ̃ ρ(C̃, T χ̃, t, tw)χ̃. (10)

Figures 6a–6c show different map plots of the JPD at
T = 0.6 and for tw = 10. The sequence represents
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the evolution of this distribution for increasing Δt, to-
gether with the corresponding FDT plots (solid curves).
Also, for each case, the corresponding coordinates of the
first moment of the JPD given by equations (9) and (10)
are shown. We emphasize that these map plots were calcu-
lated for 103 samples and, in order to obtain a converged
distribution it was necessary to carry out 104 independent
runs1.

At very short Δt into the quasi-equilibrium regime,
Figure 6a shows that the JPD is compact and has an elon-
gated shape oriented along the straight line of slope −1.
This behavior can be attributed exclusively both, to the
pronounced fall of the correlation function and to the
strong response to an external perturbation, that is ob-
served for short times within the LR region. However,
with increasing Δt the distribution widens in all direc-
tions reflecting the increase of dynamical heterogeneities
(see Figs. 6b and 6c). This broadening of the JPD can
be interpreted analysing separately the behavior of the
entire system, the backbone and its complement. In Fig-
ure 6d we can see the FDT plots for the full (Tχ vs. C),
the HR (TχH vs. CH), and the LR (TχL vs. CL) regions.
The first two show a similar flattening trend, but the LR
region shows a pronounced tendency towards equilibrium
behavior. This result reinforces the idea proposed in refer-
ence [22], that the complement of backbone remains in a
paramagnetic phase even below the critical temperature.

3.3 Flipping time distribution

Finally, we shall focus on the mean flipping time distri-
bution as an effective direct way to analyze the strong
time-scale separations observed in the EAG model. For
each sample, we measure the number of flips, NF, done by
every spin within a time window extending from tw to t,
being Δt = t − tw. The mean flipping time τF for a given
tw and t is defined as the time window size divided by
the number of flips: τF(t, tw) = Δt/NF [31]. We calculate
the mean flipping time distribution for each sample and
then we average these to compute P (ln τF). As in refer-
ence [31], we use a logarithmic scale for the argument due
to the broadness of this distribution.

Instead of Glauber, we choose to work with a Metropo-
lis dynamics whose transition rate is given by [47]

WM = min{1, exp(−βΔH)}. (11)

Although both dynamics belong to the same universal-
ity class (Model A) [48], we prefer to use Metropolis to
make a direct comparison with the results reported in ref-
erences [20,23,31] for the EAB model.

When analyzing the 3D EAB model, Ricci-Tersenghi
and Zecchina showed that the flipping time distribution

1 The product σi(t)σi(tw) can take only two values, ±1. But
the average of this quantity, the single spin correlation func-
tion (7), has a real value with a standard deviation which is
sufficiently small (�1), if an adequate number of independent
runs are used to calculate it. The same is true for the single
response function.
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Fig. 7. The mean flipping time distribution for Δt = tw =
107 at T = 0.6. Figure shows a comparison between the full
distribution P and the corresponding ones for the HR and the
LR regions, PH and PL, respectively.

widens as the temperature decreases and develops a visible
two-peaked structure [31]. As the temperature decreases,
the peak located at high flipping times, corresponding to
the slow degrees of freedom, moves towards higher val-
ues in accordance with an activation process of energy
ε = 42. Concurrently, the peak located at small flipping
times, which characterizes fast degrees of freedom, does
not depend on temperature and is located at τF ≈ 1. This
means that the EAB model is composed of a fraction of
spins which behave like approximately “free spins”, i.e.
spins whose flipping does not change the energy and then
can be flipped on every time step (the Metropolis rate for
accepting these moves is one). Within the backbone pic-
ture this set of spins plays an important role because, even
well below Tc, it behaves like a paramagnet.

To study the 3D EAG model we compare, as before,
the full mean flipping time distribution P with the corre-
sponding ones PH and PL calculated over the sets of spins
belonging to the HR and the LR regions. Figure 7 shows
these functions at T = 0.6 and for tw = Δt = 107. Al-
though a strong time-scale separation (two-peaked struc-
ture) is not observed, we clearly obtain that the LR (HR)
region represent very well the fast (slow) degrees of free-
dom, as in the EAB model

Figures 8a–8c show the mean flipping time distribution
for different temperatures below the critical one, and again
for tw = Δt = 107. For the full set of spins, Figure 8a,
we observe that as temperature is decreased P becomes
broader and more spins begin to flip slowly. The same

2 For the bimodal Edwards-Anderson model with ±J cou-
plings, the minimum excitation energy is ε = 4J ; here we have
taken J = 1.
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Fig. 8. The mean flipping time distributions (a) P , (b) PH,
and (c) PL for Δt = tw = 107 and for different temperatures as
indicated. The insets present the dependency of ln τF,max with
1/T for each region.

qualitative behavior is observed for PH in Figure 8b. This
is a typical low-temperature behavior observed in sev-
eral glassy systems. Note also that the single peaks of P
and PH depend on temperature as ln τF,max ∼ ε/T , with
ε = 3.7 and 3.8, respectively (see insets). This behavior is
very close to the corresponding one for the slow degrees
of freedom of the EAB model, for which the position of
the peak for large flipping times scales as 4/T [20,23,31].
On the other hand, for the LR region (Fig. 8c) the peak
of the distribution PL becomes sharper and scales also as
ln τF,max ∼ ε/T but with a smaller value ε = 0.7.

Next, we analyze what happens at constant tempera-
ture, T = 0.6, with increasing tw. For simplicity we only
show data for Δt = tw. As expected, the overall behav-
ior is qualitatively rather similar to that found in the 3D
EAB model (see Fig. 4 in Ref. [23]). The full mean flipping
time distribution, Figure 9a, approximately preserves its
shape as the waiting time increases, although inside and
outside the backbone the dynamics is very different. Fig-
ure 9b shows that PH is as wide as P but evolves slowly
in time, particularly decreasing for small values of τF (see
arrow in this figure). In other words, eventually some fast
spins tend to slow down its flipping rate. On the contrary,
Figure 9c shows that the mean flipping time distribution
for the LR region evolves in the opposite direction, i.e.,
with increasing tw a fraction of the slow spins increases
its activity. In reference [23], this singular behavior was
detected in the 3D EAB model and, by comparing with
that observed in the 3D ferromagnetic Ising model, was
interpreted as an indirect evidence of the existence of a
domain-growth process taking place inside the backbone.

4 Discussion and conclusions

In this work we have analyzed different aspects of the
nonequilibrium behavior of the 3D EAG spin glass model.
In particular, we have focused on establishing a link be-
tween the dynamical and spatial heterogeneities observed
on this system.

For each disorder sample realization, spatial hetero-
geneities are well characterized by the RS, a lattice where
each bond Jij has been replaced by its rigidity rij , a quan-
tity that measures the strengh of the effective interaction
between the spins σi and σj . In the EAB model, the rigid-
ity distribution F (r) is discrete and therefore it allows to
separate the system in few components, mainly a back-
bone and its complement. Previous studies suggest that
this backbone is capable of sustaining a ferromagnetic-like
order, while the rest of the system remain in a paramag-
netic phase, even below the critical temperature [20–26].
Remarkably, although the EAG model has a continuous
rigidity distribution, we can determine an adequate rigid-
ity threshold, rmin = 1.3, to separate the system in a back-
bone and its complement, both having similar topological
properties to those found in the bimodal case [27].

As considered in reference [49], a different approach
could be to study the dynamical heterogeneities by par-
titioning the rigidity distribution in many sectors. Using
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Fig. 9. The mean flipping time distributions for T = 0.6 and
different waiting times, keeping Δt = tw. Panels show (a) P ,
(b) PH and (c) PL. The arrows emphasize how such distribu-
tions evolve with increasing tw.

this idea in the 3D EAB model, which has a discrete rigid-
ity distribution with four sectors (corresponding to peaks
at r = 0, r = 4, r = 8, and r = 12), no significant differ-
ences in the physical properties between sectors with r ≥ 4
are observed. By performing a series of preliminary sim-
ulations, we have concluded that this is also true for the
EAG model, where we only found qualitative differences
when we separate the system into two components.

In Section 3, we first studied the correlation and the
integrated response functions. While both quantities show
a similar trend for the full and the HR region, for the LR
region the curves evolve (with increasing waiting time) in
opposite directions. In particular, the FDT plots for the
latter sector, seems to reinforce the idea that the com-
plement of backbone is paramagnetic at any nonzero fi-
nite temperature. If, as proposed in reference [22] for the
3D EAB model, the backbone is capable of sustaining a
ferromagnetic-like order, then we should observe that the
FDT plots tend to a plateau for increasing tw. Since the
EAG model has a continuous spectrum of energy levels,
implying that the rigidity distribution F (r) is also contin-
uous (see Fig. 1b), this behavior is probably impossible to
observe in such a system within the longer time scales and
the larger lattice sizes which can be simulated.

Finally, we analyzed the mean flipping time distribu-
tion. For the EAG model P (ln τF) is very broad but, unlike
the EAB model, does not have a two-peaked structure.
Nevertheless, the contributions of the HR and the LR re-
gions resembles the behavior found in the bimodal system.
Namely, PH has a single peak that depends on tempera-
ture as ln τF,max ∼ 3.8/T (∼ 4/T for the backbone of
the EAB model), in accordance with an activation pro-
cess with a characteristic mean energy barrier of ε ∼ 3.8.
On other hand, PL also has a single peak that depend on
1/T but with a smaller slope, ε ∼ 0.7. Although this ef-
fective energy barrier is nonzero (for the EAB model, the
complement of the backbone does not depends on T ), no-
tice that it is an order of magnitude smaller than the one
corresponding to the HR region.

The comparison between the nonequilibrium dynam-
ics and spatio-temporal heterogeneities in the EAB and
EAG models has to be considered with some caution. This
comparison, within the backbone picture, is based on the
assumption that the bond rigidity rij is a measure of the
true interaction strength (effective interaction) between
the pair of spins at sites i and j. Although both are disor-
dered models, the EAB has a discrete rigidity distribution
F (r) with only two significant peaks at r = 0 (the LR
region) and r = 4 (this is approximately the HR region;
in fact, the backbone is formed by bonds with r ≥ 4 but
the peaks with r > 4 are not relevant, see Fig. 1a) [27].
As a consequence, this system shows a marked separation
between paramagnetic-like and ferromagnetic-like phases,
a phenomenon that is most dramatically revealed in the
two-peaked structure of the mean flipping time distribu-
tion [20,23,31]. Instead, for the EAG model, the time scale
heterogeneous behavior is revealed by a very broad rigid-
ity distribution F (r) (notice that the ln τF scale in Fig. 7
corresponds to a spread of flipping times within five orders
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of magnitud) and then this phase separation is more subtle
and difficult to observe.

In conclusion, we find that the nonequilibrium dynam-
ics of the 3D EAG and EAB models, displays several simil-
itudes when both systems are separated into their main
components, the backbone and its complement. For the
Gaussian case and below the critical temperature, this lat-
ter region shows evident signs of a paramagnetic-like be-
havior. Instead, within the backbone our data, as for the
EAB model, points to the existence of a very slow domain-
growth process, most probably with a ferromagnetic-like
character.
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Appendix A: Dynamic behavior for different
values of rmin

For the 3D EAG model, we have selected a rigidity thresh-
old value of rmin = 1.3 that separates the lattice into HR
and LR regions. When comparing the number of spins
within each region, they look somewhat different: the av-
erage fraction of spins within the HR and LR regions are
p ≈ 0.91 and 1 − p ≈ 0.09, respectively, suggesting that
the backbone is much larger than its complement. How-
ever, note that the backbone is defined in terms of rigidity,
which is a bond’s property. For the 3D EAG model, in av-
erage, the fraction of bonds within the HR and LR regions
are h ≈ 0.64 and 1 − h ≈ 0.36, respectively, and in terms
of bond’s fraction, the LR region comprises half the size
of the HR region. In reference [27] it was shown that both
regions percolate over the system, and thus they are com-
posed of at least one cluster whose size is of the order
of N .

When varying the value of rmin the fractions h and p
change, as shown in Table A.1. However, the qualitative
behavior of the spins belonging to the HR and LR regions
do not change when rmin is in the range 0.6 < rmin <
2.0. As an example, we show in Figures A.1a and A.1b
that for rmin = 1.0, the correlation functions CH and CL

do not suffer significant changes (compare these figures
with Figs. 3b and 3c). Also, we observe a similar trend if
we take rmin = 2.0 (Figs. A.2a and A.2b). For values of
rmin > 2, both CH and CL behave in the same way that
the full correlation functions C (for simplicity these curves
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Fig. A.1. The correlation functions (a) CH and (b) CL at
T = 0.6 and for different waiting times as indicated. The HR
and LR regions have been delimited choosing rmin = 1.0. The
arrows emphasize how such functions evolve with increasing tw.

Table A.1. Approximate values of the bonds fraction h and
the spins fraction p for different values of rmin.

rmin h p
0.1 0.97 1.00
0.5 0.86 0.98
1.0 0.72 0.94
1.3 0.64 0.91
2.0 0.48 0.81
3.0 0.29 0.62
4.0 0.16 0.41

are not shown here). On the other hand, for rmin < 0.6
(below the range [0.6–2.0]), we can still observe curves like
those shown in Figures A.1 and A.2 but in this case, where
the size of the LR region is very small (see Tab. A.1),
the behavior of CL corresponds to a few quasi-free spins
(spins that can flip with a negligible energy cost) which
represent only a fraction of the true (larger) LR region.
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Fig. A.2. The same as for Figures A.1a and A.1b but now for
rmin = 2.0.

The remaining observables show a similar behavior with
respect to changes in the value of rmin.
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Magnetotransport properties of Fe0.8Ga0.2 films with stripe domains
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Magnetotransport properties of Fe0.8Ga0.2 films with stripe domains are studied. The anisotropic magnetore-
sistance dominates the low field behavior, which is extremely dependent on the magnetic domains configuration.
The magnetoresistance measured at different temperatures displays qualitatively different behaviors depending
on the measurement configuration. When the stripes are oriented along the electric current, the low-field
magnetoresistance changes sign with temperature, while when the stripes are perpendicular to the electric
current the magnetoresistance curves are nearly temperature independent. A simple model considering parallel
(series) conduction along (across) the stripes, plus the temperature dependence of anisotropic magnetoresistance
and domains configuration, accounts for these experimental results.

DOI: 10.1103/PhysRevB.94.184435

I. INTRODUCTION

Fe1−xGax alloys have been widely studied in the past
decade due to their relatively high magnetostriction coefficient,
roughly 10 times larger than that for iron, at moderate
magnetic fields [1]. In recent years, Fe1−xGax magnetostrictive
films have been studied in thin film form, deposited either
by sputtering [2–4], molecular beam epitaxy (MBE) [5–7],
electrodeposition [8], or specially designed techniques [9,10].
Interesting applications in devices based on Fe1−xGax films
have been proposed, like microwave filters [7] or magnetic field
sensors [2,3]. The structure and magnetic properties of MBE-
grown Fe1−xGax films were thoroughly studied [5,6] and some
remarkable differences compared to the bulk material were
found. In particular, magnetic domains with stripe geometry
were observed in films with thickness above a threshold value
that depends on Ga concentration [11]. The stripe domains,
observed in the remanent state, are aligned along the direction
of the last visited in-plane homogeneous magnetic state. It
costs a certain energy to deviate them due to the rotatable
magnetic anisotropy that favors such orientation [12–16],
making the stripe domains configuration quite stable. The
origin of striped magnetic domains is ascribed to the presence
of a perpendicular magnetic anisotropy [17] competing with
dipolar interaction, and they are present in films of a wide
variety of ferromagnetic materials [18].

As demonstrated in Ref. [3], the effect of a magnetic field
on Fe1−xGax films can be detected with a good sensitivity
by measuring the electrical resistance of the device. This
suggests that resistivity measurements could be an appealing
way of sensing variations in the magnetic structure of these
films, either induced directly by an applied magnetic field
or indirectly by a mechanical deformation as a consequence
of magnetoelastic coupling. For exploring this possibility,
the electronic transport properties of thin films need to be
characterized.

*Corresponding author: granadam@cab.cnea.gov.ar

Magnetotransport studies of films of different ferromag-
netic metals presenting stripe domains can be found in the
literature. There was a first attempt to describe the low-field
increase in the magnetoresistance (MR) measured on Co films
with stripe domains using models inspired in the giant MR
(GMR) phenomenon observed in ferromagnetic/nonmagnetic
multilayers [19,20]. However, subsequent works reported
on a negative contribution to the resistivity due to domain
walls in lithography patterned Fe films [21–23], inconsistent
with a GMR-like behavior. Besides this negative domain
wall resistance in Fe, the main contribution to low-field
magnetoresistance in Fe, Co, and other materials was found
to be the anisotropy of the resistivity, either due to anisotropic
MR (AMR) or Lorentz MR [24–26].

In this work we present a study on the magnetotransport
properties of a Fe0.8Ga0.2 film with stripe domains. Magne-
toresistance was measured as a function of temperature and
varying the angle between electric current and magnetic field.
The magnetotransport properties of the system are dominated
by AMR and details of the magnetic domains structure, as ob-
served previously in Fe and Co films with stripe domains [24].
A qualitatively different behavior, depending on the angle
between the stripes and the electric current, is observed in
the low-field magnetoresistance as a function of temperature.
When the magnetic field is applied perpendicular to the current,
the MR curves are roughly temperature independent. However,
if the field is applied parallel to the current, the shape of MR
curves changes dramatically with temperature, reversing the
sign of the low-field MR. This behavior is explained as due
to parallel or series conduction taking place along or across
the stripes, respectively. The results are interpreted in the
framework of a simplified model for the magnetic structure, in
which closure domains play a crucial role.

II. SAMPLE PREPARATION AND MAGNETIC
CHARACTERIZATION

Single crystalline Fe1−xGax films were grown by molecular
beam epitaxy on (001) GaAs substrates. A 20-nm ZnSe

2469-9950/2016/94(18)/184435(7) 184435-1 ©2016 American Physical Society
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FIG. 1. (a) Magnetic force microscopy image of 72-nm-thick
Fe0.8Ga0.2 film. The image was acquired at room temperature and at
zero applied field; the stripes lie along the direction of the previously
applied magnetic field. (b) In-plane and (c) out-of-plane magnetiza-
tion loops measured at 300 K in the same sample. (d) Normalized
remanent magnetization obtained from in-plane magnetization loops
at different temperatures. The dashed line, Mr/Ms = 0.37, represents
the mean value of the data.

buffer layer was used to avoid interdiffusion between the
Fe1−xGax film and the substrate, and a 3-nm gold capping
layer prevents the metallic film from oxidizing. Details on the
fabrication procedure and structural characterization are given
elsewhere [6]. In the present work we study a Fe0.8Ga0.2 film
of 72 nm nominal thickness, which presents a stripe domains
structure [11]. The stripes are formed when decreasing the
magnetic field from saturation and they are oriented in the
direction of the last in-plane saturating field. Figure 1(a) shows
a typical magnetic force microscopy image of the sample at
remanence. The stripes observed at room temperature have an
average period of 160 nm.

Magnetization loops measured at room temperature are
presented in Figs. 1(b) and 1(c). The magnetization was
normalized to the saturation value Ms . The in-plane saturation
field is of ∼2 kOe, and the linear behavior characteristic of
the stripes structure [11] is observed below such field [see
Fig. 1(b)]. When the field is applied perpendicular to the
sample, the saturation field is ∼13 kOe [see Fig. 1(c)], the out-
of-plane direction being a hard axis of magnetization. Similar
measurements were performed at different temperatures in the
range between 100 and 300 K. The in-plane saturation and
coercive fields experience a slight increase with increasing
temperature, giving evidence of the competition between

dipolar interactions and magnetic anisotropies, as discussed in
Ref. [27]. The remanent magnetization, presented in Fig. 1(d),
does not show any temperature dependence, within the error
bars. The measured Mr/Ms data have an average value of 0.37.

III. MAGNETOTRANSPORT EXPERIMENTS

The electrical resistance was measured in a standard four-
probe configuration, with collinear contacts along the [110]
crystalline direction. The voltage contacts are separated by
1.5 mm, so the effective size of the sample is much larger
than the stripes period. The measurements were performed
with a maximum DC electric current of 10 mA, which gives a
current density of ∼0.1 GA/m2, much lower than the current
densities needed to induce domain wall displacement (e.g.,
some TA/m2 for Ni81Fe19 [28]). Thus, we should not expect
the electric current to affect the magnetic configuration at all.
The field dependence of the resistivity was measured with the
magnetic field applied at different angles from the electric
current. Room temperature results are presented in Fig. 2.

A. High-field magnetoresistance

Above the direction-dependent saturation field, all the ρ(H )
curves follow a linear dependence with roughly the same
slope. This behavior can be ascribed to electron-magnon
scattering, as discussed in the literature for other ferromagnetic
metals [29,30]. By extrapolating the high-field linear depen-
dence to zero field, we obtain the resistivity that the sample
would present at zero field if the magnetization was uniformly
oriented along each direction [22], indicated as ρ‖, ρ⊥, and ρn

in Fig. 2. In the saturated regime, there is a resistivity difference
between the curves due to AMR, i.e., the dependence of the
resistivity on the angle between magnetization and electric
current [31,32]. As shown in Fig. 2, the observed values of
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ρ‖, and ρn are extrapolated from the high-field linear behavior.
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zero-field extrapolated resistivities are such that

ρ⊥ < ρ‖ < ρn. (1)

The nonequivalence between in-plane and out-of-plane per-
pendicular resistivities is known as geometrical size effect,
and has been observed in films of Co and other materials [26].

B. Low-field magnetoresistance

Let us now focus on the behavior of the low-field resistivity
for the in-plane measurements in Fig. 2. When the field is
decreased after saturating the magnetization perpendicular to
the current (blue curve), the resistivity increases as the field
vanishes. In this field regime, the stripes are formed giving
rise to an oscillating out-of-plane magnetization component
Mz, whose maximum increases with vanishing field. This off-
plane canting of the magnetization will cause the resistivity
to change toward ρn which is higher than the resistivity for
in-plane magnetization components, thus yielding an increase
of the overall resistivity. However, the off-plane canting of
the magnetization does not account for the curve measured
with H ‖ I , where the resistivity decreases for vanishing field.
This decrease from the saturated ρ‖ resistivity would imply a
fraction of material having in-plane magnetization component
perpendicular to the current, since ρ⊥ < ρ‖ as discussed above.
Indeed, the formation of stripes does not only consist of an
off-plane canting of the magnetization but also of a fraction of
material forming closure domains with an in-plane component
of M perpendicular to the stripes [18]. A simulated domains
structure for this material was presented by Tacchi et al. in
Ref. [15]. One can see in Fig. 1(j) of Ref. [15] that the regions
close to the top and bottom surfaces of the film have an in-plane
component of the magnetization perpendicular to the stripes,
and it would be this fraction of material that gives rise to the
decreasing resistivity at vanishing field.

C. Temperature dependence of the magnetoresistance

In order to gain more insight into the relation between the
measured resistivity and the inhomogeneous magnetization
distribution, we performed MR measurements at different
temperatures. The magnetoresistance curves, with

MR(H )[%] = ρ(H ) − ρ(0)

ρ(0)
× 100, (2)

are presented in Fig. 3. We present here MR instead of
resistivity since the linear ρ(T ) dependence produces a ρ

variation larger than 0.1% in 1 K, which in the studied
temperature range would completely mask the ρ(H ) variation.
As already observed in Fig. 2, the room temperature in-plane
MR has opposite signs depending on whether the stripes
are oriented perpendicular or parallel to the current [see
Figs. 3(a) and 3(b)]. When the in-plane magnetic field is
applied perpendicular to the electric current [Fig. 3(a)], the MR
curves do not vary noticeably with temperature. Interestingly,
when the in-plane magnetic field is parallel to the current
[Fig. 3(b)], the shape of MR curves is highly temperature
dependent, the low-field magnetoresistance changing from
positive to negative with decreasing temperature. The MR
curves measured with the magnetic field perpendicular to the
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FIG. 3. Magnetoresistance measured at different temperatures
between 100 and 300 K with the magnetic field applied (a) in the
plane of the sample perpendicular to the current, (b) parallel to the
current, and (c) perpendicular to the sample. In panel (a), the r and
MR(Hsat) parameters defined in the text are indicated for the 100-K
curve.

film are presented in Fig. 3(c). In this case, the shape of the
curves is rather temperature independent.

For analyzing the temperature behavior of MR curves,
the low-field and high-field slopes s = d(MR)/dH were
computed and plotted in Fig. 4(a). The high-field slopes are
very similar for all the configurations and their absolute values
diminish slightly with decreasing temperature. This weak
temperature dependence reflects the fact that electron-magnon
scattering is almost unaltered in the temperature range between
100 and 300 K. The magnon population is slightly reduced
with decreasing temperature, and thus the effect of magnetic
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FIG. 4. (a) Slopes of MR(H ) curves in Fig. 3 for the differ-
ent magnetic-field configurations. The high- and low-field slopes
correspond to the linear behavior observed above and below the
saturation field, respectively. The low-field data in the perpendicular
configuration are divided by 10. (b) Hollow symbols: zero-field
intercept r of the high-field linear behavior of MR(H ) curves in
Fig. 3; solid symbols: MR evaluated at saturation field, MR(Hsat)
[see Fig. 3(a) for an example of r and MR(Hsat)]. The dashed lines in
panel (b) are linear fits to data.

field is also reduced. On the contrary, the low-field slopes
are more temperature dependent and dramatically affected by
the magnetic field orientation. For the in-plane perpendicular
configuration, the low-field slopes have large negative values,
while in the parallel configuration the slopes are smaller and
changing sign near 250 K. These results will be discussed later
in Sec. IV.

In the same way as we defined the resistivities extrapolated
to zero field in Fig. 2, we can extrapolate the high-field linear
dependence of MR curves in Fig. 3 to obtain the values
r⊥, r‖, and rn for the perpendicular, parallel, and off-plane
configurations, respectively. It is also useful to define MR(Hsat)
as the MR evaluated at the saturation magnetic field, that
is, the field delimiting the regimes with and without stripes
recognized by a kink in MR curves. These parameters are
plotted as a function of temperature in Fig. 4(b).

Finally, we measured the angular variation of the resistivity
at different temperatures. The in-plane curves were measured
with a 5-kOe applied field, and the out-of-plane curves with
80 kOe, in order to ensure that the magnetization follows
the magnetic field direction in all cases. Figure 5 shows
the angular dependence of the anisotropic magnetoresistance
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R
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]
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FIG. 5. AMR measured at different temperatures between 100
and 300 K. The lines depict cos2(φ) dependencies for in-plane
(AMR < 0) and out-of-plane (AMR > 0) angular variations. In both
configurations, φ = 0 corresponds to the magnetic field parallel to the
electric current direction. Continuous lines are cos2(φ) fitting curves
for 100-K data.

AMR, defined as

AMR(φ)[%] = ρ(φ) − ρ(0)

ρ(0)
× 100, (3)

where φ = 0 corresponds to the magnetic field parallel to
the electric current direction, which lies along the [110]
crystallographic axis in this work. The AMR is normalized
here to the ρ(φ = 0) value instead of ρav = 1

3ρ‖ + 2
3ρ⊥ as in

the usual definition for polycrystalline samples [31], due to the
difference between ρ⊥ and ρn found in the present films. All the
measured curves can be fitted with a cos2(φ) dependence [31]
(lines in Fig. 5 represent two examples), which gives evidence
that the magnetization is saturated along the field direction
and then the ρ(φ) variation is due to conventional AMR. The
in-plane AMR does not depend on temperature, indicating that
ρ⊥/ρ‖ is temperature independent as well. This is consistent
with the fact that the difference between MR(Hsat)‖ and
MR(Hsat)⊥ is roughly temperature independent [see Fig. 4(b)].
The out-of-plane AMR, on the other hand, shows increasing
amplitude with decreasing temperature. This means that ρn/ρ‖
changes with temperature while ρ⊥/ρ‖ does not. The results
indicate that Eq. (1) holds in all the studied temperature range.

Using Eq. (3) for the case φ = 90◦, one can compute ρn/ρ‖
and ρ⊥/ρ‖. To do this, AMR is evaluated at φ = 90◦ for
each curve in Fig. 5, and the resistivities are replaced by
ρ(0) = ρ‖ and ρ(90◦) = ρn or ρ⊥, depending of the measure-
ment configuration. Knowing the ratios ρn/ρ‖ and ρ⊥/ρ‖, one
can also equate ρn/ρ⊥. These resistivity ratios are plotted in
Fig. 6.

In the preceding analysis, the assumption that the high-field
slopes of MR(H ) curves are equal in all directions is implicit,
since the ratios in Fig. 6 are expressed in terms of the zero-
field extrapolated resistivities, while the experiments were
performed at different applied magnetic fields. Figure 4(a)
shows that this assumption is a reasonable approximation.
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FIG. 6. Resistivity ratios ρ⊥/ρ‖ and ρn/ρ‖ calculated from AMR
curves in Fig. 5 as described in the text. The room-temperature ρn/ρ‖
value was calculated directly from data in Fig. 2. The ρn/ρ⊥ ratio
was computed from the other ones. The lines are fits to data, a linear
fit in the case of ρ⊥/ρ‖ and exponential fits for the other two cases.

The parameters plotted in Figs. 4(b) and 6 will be used in the
following section for discussing the temperature dependence
of the magnetic structure.

IV. DISCUSSION

For the interpretation of magnetotransport results in Fig. 3,
we will consider the local magnetization orientation and the
dependence of the resistivity on the angle between M and
electric current, i.e., the AMR. We propose here a simple
analysis based on geometrical considerations that will allow
for a qualitative discussion of the results.

Let us consider the simplified domains structure schema-
tized in Fig. 7, similar to that used by Fin et al. [16]. In this
model the magnetization is oriented along three directions, as
represented by arrows in Figs. 7(a) and 7(b). The cores of the
stripe domains have the magnetization normal to the plane of
the film; this is a reasonable approximation based on a model
considering the off-plane canting of the magnetization in the

I I 

(a) (b) 

(c) 
!"As 

Ac/2 
Aw 

FIG. 7. Simplified magnetic structure consisting of stripe cores
(white) with the magnetization in the direction normal to the film,
closure domains (dark gray) with the magnetization in the plane of
the film and perpendicular to the stripes, and Bloch walls (light gray)
with the magnetization along the stripes direction. Once the stripes
are formed, the electric current I runs across (a) or along (b) the stripe
domains. (c) The areas of stripe cores, As , closure domains, Ac, and
Bloch walls, Aw , in one semiperiod are indicated.

stripes [27] that allowed us to estimate the maximum canting
angle θ = 85◦, quite close to the direction perpendicular to
the film. The closure domains have the magnetization in the
plane of the film and perpendicular to the stripes; there are also
regions with the magnetization along the stripes, representing
the Bloch walls. These approximations rely on micromagnetic
calculations of the stripes structure [15,16].

The magnetic domains in Fig. 7 are taken as the config-
uration in remanence (H = 0) and we will compare their
resistance with the one at saturation. The magnetization will
have only three possible directions: parallel to the current,
perpendicular to the current in the plane of the sample,
and perpendicular to the film plane. The domains with such
magnetization orientations will have resistivities ρ‖, ρ⊥, and
ρn, respectively (see Fig. 2). We now consider each domain
as a resistor and approximate electronic transport taking place
across the stripes [Fig. 7(a)] in an equivalent series circuit or
along the stripes [Fig. 7(b)] in a parallel circuit. This system
can be considered as ohmic since the mean free path is much
smaller than the typical length scales of the magnetic structure.
Using a resistivity of 47 μ� cm measured for the present
sample at 100 K and rs/a0 = 2.12 for pure iron from Ref. [33]
(being rs the radius of the free electron sphere and a0 the
Bohr radius), we can estimate an upper limit for the electronic
mean free path smaller than 9 nm, while the periodicity of the
stripes is of 160 nm. In the discussion that follows, we will
call ρ(Hsat) = ρsat and ρ(H = 0) = ρrem for short, and use
subindexes ‖ and ⊥ to indicate the measurement configuration,
i.e., the direction of the applied magnetic field.

Let us analyze first the case with the in-plane magnetic field
applied perpendicular to the current. In this case, the saturated
state will have resistivity ρsat

⊥ = ρ⊥. In remanence, the stripes
lie perpendicular to the current as depicted in Fig. 7(a),
with domain walls of resistivity ρ⊥ surrounded by regions
of higher resistivity [see Eq. (1)]. Thus, in the perpendicular
configuration the resistivity of the sample with stripes, ρrem

⊥ ,
will be higher than the resistivity of the homogeneously
magnetized sample, ρsat

⊥ . This is always the case independently
of the relative areas in Fig. 7(c) and is in coincidence with the
results in Fig. 3(a).

On the other hand, when the field is applied parallel to the
current, the remanence configuration needs to be considered
as parallel resistors [see Fig. 7(b)] and the net resistivity is
calculated as

ρrem
‖ =

(
as

ρn

+ ac

ρ⊥
+ aw

ρ‖

)−1

(4)

with ai = Ai/A and A = As + Ac + Aw [see Fig. 7(c) for the
definition of the areas]. Using the relation

as + ac + aw = 1, (5)

Eq. (4) can be rewritten as follows:

ρrem
‖ = ρ‖

[
1 + as

(
1

ρn/ρ‖
− 1

)
+ ac

(
1

ρ⊥/ρ‖
− 1

)]−1

.

(6)

One can see that the remanence resistivity ρrem
‖ can be

either lower or higher than the saturation resistivity ρsat
‖ = ρ‖,

depending on the ratios between resistivities and the relative
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FIG. 8. (a) Temperature dependence of the relative areas of stripe
cores (as) and closure domains (ac) estimated from MR(H ) curves
as described in the text, by considering a constant value for aw .
(b) Volume ratio of stripe and closure domains, As/Ac. The white
and gray regions correspond to negative and positive low-field MR,
respectively. The boundary was determined by imposing the condition
ρrem

‖ = ρsat
‖ = ρ‖ to Eq. (6) and using resistivity ratios obtained

from AMR(φ) measurements; the hollow circles were obtained using
discrete data in Fig. 6 to perform this calculation and the continuous
boundary was computed using the fitted curves to those data. As/Ac

values calculated from relative areas in panel (a) are also plotted
(black stars).

areas ai . The As/Ac ratio defining the boundary between such
regimes can be estimated as a function of temperature using
Eq. (6) under the condition ρrem

‖ = ρsat
‖ and using the resistivity

ratios in Fig. 6. The result is presented in Fig. 8(b); the hollow
dots were calculated using the discrete data in Fig. 6 and the
continuous boundary between ρrem

‖ > ρsat
‖ (white) and ρrem

‖ <

ρsat
‖ (gray) regions was calculated using the fitted curves for

those data. So far, we have used AMR(φ) data. In what follows,
we will estimate the actual values of As/Ac by analyzing
MR(H ) results. Equation (2) evaluated at the saturation field,
MR(Hsat) = (ρsat − ρrem)/ρrem × 100, can be rewritten as

ρsat = [1 + MR(Hsat)/100] × ρrem. (7)

Specializing this equation for the parallel configuration, we can
use ρsat

‖ = ρ‖ and ρrem
‖ given by Eq. (4). Then, using Eq. (5)

we can equate as and ac as a function of aw, the resistivity
ratios and MR(Hsat) in Fig. 4(b). We now use the result in
Fig. 1(d) to estimate aw: within the present model, Fig. 7, only
Bloch walls give a finite contribution to the in-plane remanent
magnetization, thus suggesting aw = Mr/Ms . As discussed
before, Fig. 1(d) does not show a clear temperature dependence
for Mr/Ms ; thus we will consider the average value aw = 0.37
for all temperatures to obtain as and ac. The relative areas are
plotted as a function of temperature in Fig. 8(a). At 100 K the

three areas are comparable, and as the temperature increases,
the closure domains grow at the expense of stripe cores, while
the volume of Bloch walls is kept constant. The As/Ac values
obtained from the above defined as and ac are presented as
black stars in Fig. 8(b). The As/Ac ratio is found to vary
with temperature in a way consistent with the sign change of
low-field MR. This implies that relative areas As , Ac, and Aw

change with temperature accompanying the change of AMR.
The variation of the domains structure with temperature might
be a consequence of the temperature dependence of magnetic
anisotropies studied in Ref. [27].

As deduced from the preceding discussion, the variation
with temperature of the MR(H ) curves in Fig. 3(b) would be
due to a combination of the temperature dependence of the
resistivity ratios (or in other words, of the AMR) and of the
domains structure. However, we shall keep in mind that the
as , ac, and aw values were computed within the oversimplified
magnetic structure in Fig. 7, which actually represents effective
areas proportional to the three orthogonal magnetization
components. In order to obtain quantitative information, a
more elaborate model for the magnetic structure should be
used, like micromagnetic calculations [15,16] or a model such
as the one used by Murayama [34], considering magnetization
elements with arbitrary directions. Nevertheless, the proposed
model allowed us to explain qualitatively the main result:
In the in-plane perpendicular configuration the resistivity in
remanence is always higher than in saturation, while in the
parallel configuration the resistivity in remanence can be either
higher or lower than in saturation, depending on the ratios of
the relative areas of the stripe cores, closure domains, and
Bloch walls.

V. SUMMARY AND CONCLUSION

In summary, we have measured magnetoresistance with
the magnetic field applied parallel and perpendicular to the
electric current at different temperatures. It is noteworthy that
the room-temperature measurements of the in-plane MR with
the stripes oriented parallel or perpendicular to the electric
current present opposite sign in the low-field region. While
in the perpendicular cases the MR curves do not change
much with temperature, in the parallel case the shape of
the curves is very much temperature dependent, with a sign
reversal of the low-field MR at ∼250 K. The in-plane curves
in the presence of stripe domains were described in terms
of parallel or series conduction, considering an equivalent
circuit where the different resistors represent the core of stripe
domains, closure domains, and Bloch walls. Associating to
each magnetization orientation different resistivities due to
AMR, and comparing for each configuration the remanence
and saturation MR at different temperatures, we deduced that
the closure domains grow at the expense of stripe cores with
increasing temperature.

Magnetotransport experiments have proved to be very
sensitive to the magnetic configuration of the sample. Further-
more, they can efficiently detect changes in the magnetization
components perpendicular to the field direction that cannot
be studied by global magnetometry techniques. The magnetic
moments of stripe cores and closure domains alternate in sign
(see Fig. 7), yielding a vanishing net magnetic moment in
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the directions perpendicular to the magnetic field. However,
although the magnetization of stripe cores and closure domains
is compensated, the resistivity of all domains contribute to the
total electrical resistance, allowing for their detection.

We have provided strong evidence that a temperature
variation may affect the domain configuration as well as
the AMR of the studied material. However, some limitations
arise if one wants to extract quantitative information. The
model used for the discussion (Fig. 7) is oversimplified,
considering magnetization with only three allowed directions
and neglecting the canting process during the formation of the
stripes. To overcome these limitations, accurate simulations
of the magnetic structure at different temperatures need to be
performed.

Finally, Fig. 3 suggests that if Fe1−xGax films with
stripe domains are to be used as magnetic field sensors

by measuring their resistivity, the perpendicular in-plane
configuration should be used, since the MR curves present
a negligible temperature dependence in that geometry. On
the contrary, using the parallel configuration, temperature-
sensitive detection can be performed.
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a b s t r a c t

We report the structural and magnetic characterization of La-substituted ( ≤ )− xGd La RhIn 0.50x x1 5 anti-
ferromagnetic (AFM) compounds. The magnetic responses of pure GdRhIn5 are well described by a S¼7/
2 Heisenberg model. When Gd3þ ions are substituted by La3þ , the maximum of the susceptibility and
the inflection point of the magnetic specific heat are systematically shifted to lower temperatures ac-
companied by a broadening of the transition. The data is qualitatively explained by a phenomenological
model which incorporates a distribution of magnetic regions with different transition temperatures (TN).
The universal behaviour of the low temperature specific heat is found for La (vacancies) concentrations
below x¼0.40 which is consistent with spin wave excitations. For x¼0.5 this universal behaviour is lost.
The sharp second order transition of GdRhIn5 is destroyed, as seen in the specific heat data, contrary to
what is expected for a Heisenberg model. The results are discussed in the context of the magnetic be-
haviour observed for the La-substituted (Ce,Tb,Nd)RhIn5 compounds.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

The intermetallic compound GdRhIn5 belongs to the family
+R M Inm n m n3 2 (R¼Ce–Tb; M¼Rh, Ir or Co; m¼1, 2; n¼0, 1). When

R¼Ce, heavy fermion behaviour, Kondo effect, quantum criticality,
anomalous metallic behaviour and magnetic order combine with
unconventional superconductivity (USC) in the phase diagram (see
Ref. [1] and references therein). The crystal structures along the
series depend on the number of m layers of cubic RIn3 units
stacked sequentially along the c-axis with intervening MIn2 layers.
Single layer members crystallize in the tetragonal HoCoGa5-type
structure.

To understand the evolution of the magnetic properties, an
instructive exercise is to evaluate the strength of the magnetic
interaction to dilution by substituting the magnetic rare earth
atoms with non-magnetic ones. For instance, in the −Ce La RhInx x1 5

and −Ce La CoInx x1 5 the long range Ruderman–Kittel–Kasuya–
Yoshida (RKKY) magnetic interaction is affected in different ways

[2–11]. The magnetic order along the series −Ce La RhInx x1 5 is sup-
pressed at a critical concentration compatible with a two dimen-
sional magnetic order, due to the anisotropic couplings [2,4,12,13].
The evolution of the magnetic properties within the non-Kondo
La-substituted series −Tb La RhInx x1 5 and −Nd La RhInx x1 5 is different.
Because of the crystal field effects, these compounds behave like
Ising antiferromagnets with sharp second order transitions as seen
on specific heat measurements [14,15]. For the Tb series, TN ex-
trapolates to zero at about 70% of La content which is compatible
with a three-dimensional order. In these cases, the magnetic
susceptibility and specific heat data can be modelled by con-
sidering the evolution of the magnetic exchange and crystal field
parameters with doping.

The substitution of the magnetic R ion by La introduces va-
cancies in the magnetic lattice. These vacancies can induce weak
or, the so-called, quenched disorder [16]. The effect of this disorder
depends on the lattice symmetry and the dimensionality of the
interactions. When the vacancies concentration is larger than the
percolation limit the magnetic order is completely suppressed.
This percolation limit has been determined for various models, in
particular for classical spins on cubic [17–19] and square [20]
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lattices. Further, the character of the paramagnetic (PM) to anti-
ferromagnetic AFM transition may change. For Ising or classical
Heisenberg models on a cubic lattice, few impurities do not
change the sharp second order transition [16]. Instead, re-
normalized parameters or critical exponents can be defined. This
corresponds to the behaviour seen on the Tb and Nd series [14,15].

In this work, we study the −Gd La RhInx x1 5 series with different
Lanthanum concentration. GdRhIn5 undergoes an AFM transition
below ≈T 40 KN to a commensurate magnetic structure with
propagation vector (0, ,1

2
1
2
) and the moments oriented in the

tetragonal ab-plane [21,22]. Along the La-substituted Nd-, Tb- and
Ce-based compounds, first order crystal field effects, anisotropic
couplings as well as magnetic dilution effects take account of the
TN decrease with x [2,23,24,14,15]. Gd3þ is a magnetic S-ion which
cannot be affected by first order crystalline electric field (CEF) ef-
fects (because of its null angular momentum), nor by anisotropic
couplings. Instead, only dilution effects should be present. How-
ever, there are other sources of magnetic anisotropy, as the mag-
netic dipolar interaction [25,22]. Recently, the magnetic couplings
in the compounds GdMIn5 (M¼Co,Rh,Ir) were determined
through first principles calculations to be approximately homo-
geneous [26].

In order to describe the dilution effects and their relevance to
the physics of the RRhIn5 family (R¼Ce,Tb,Nd,Gd), we show that
GdRhIn5 is well described by a J¼7/2 Heisenberg model. When Gd
is substituted with Lanthanum, the thermodynamic data can be
compared to a phenomenological model to account for magnetic
disorder. The latter is responsible for the broadening of the specific
heat data around TN, as well as for the abrupt decrease of TN with x.
Disorder driven short-range order has been proposed for
Ce La RhIn0.5 0.5 5 [4,2].

The paper is organized as follows. In Section 2, we present the
results from the analysis of the powder diffraction data and
magnetic characterization as a function of temperature (T) of the
title compounds. In Section 3, the magnetism of GdRhIn5 is the-
oretically discussed. A model to account for the magnetic disorder
is introduced for the doped cases. The specific heat data for ≤x 0.4
can be rescaled into a universal curve for low T. In Section 4, the
experimental results are discussed in the framework of the clas-
sical Heisenberg model by considering the large Gd3þ spin value
(S¼7/2). Our results are compared to those obtained within other
La-substituted non-S members from the RRhIn5 series, where CEF
effects are relevant. Finally, we present our conclusions.

2. Experimental

Single crystals of the −Gd La RhInx x1 5 (nominal concentration
x¼0.00, 0.15, 0.30, 0.40 and 0.50) compounds were synthesized by
the metallic flux technique [27]. High purity chemical elements
were prepared in the (1�x):(x):1:20 proportion for Gd:La:Rh:In,
placed in an alumina crucible and sealed in vacuum in a quartz
tube before being treated in a conventional furnace. The tetragonal
HoCoGa5-type structure (space group P mmm4/ ) were confirmed
by ambient temperature X-ray powder diffraction (XPD) data ta-
ken in a Shimadzu XRD-6000 diffractometer working in the
Bragg–Brentano geometry, graphite monochromator and Cu αK
radiation. For the magnetic characterization, dc susceptibility
measurements were performed in a commercial SQUID magnet-
ometer at H¼1 kOe in the temperature range between 2 and
300 K. Specific heat measurements were performed in a com-
mercial small-mass calorimeter that employs a quasi-adiabatic
thermal relaxation technique. C(T) data were taken between

≤ ≤T1.8 60 K.

2.1. Experimental results

Fig. 1 shows the evolution of the tetragonal a and c cell para-
meters as the La-content is increased. The unit cell volume evo-
lution can be seen in the inset. Both behaviours follow Vegard's
law for solid solutions. a, c and unit cell volumes were determined
from least-squares fittings of the Bragg peak positions [28]. Sta-
tistical error bars for the cell parameters (vertical) are smaller than
the symbols used and cannot be observed. Horizontal error bars
were estimated from linear fits to the inverse of the magnetic
susceptibility data (see below). For the single crystal orientation,
Laue diffraction data was taken for all studied sample. From this
data is possible to confirm that the sample surface is perpendi-
cular to the [001] direction (plate-shape morphology).

Fig. 2(a) shows the temperature dependence of the dc magnetic
susceptibility with the magnetic field perpendicular, ⊥H c, and
parallel, ∥H c , to the tetragonal c-axis. For the perpendicular
measurements, the field was first applied parallel to the two in-
plane directions (a and b) – not shown. No differences were ob-
served between both datasets. Hence, the measurement along one
of these directions was assumed as the χ ( )⊥ T data for each con-
centration. In order to extract the effective magnetic moment per
Gd3þ ion (μeff) and estimates the La concentration, the average
polycrystalline susceptibility χ χ χ= ( + )⊥2 /3poly // was determined
(not shown). From the linear fit to high temperature data of the
reciprocal χ−

poly
1 vs. T data, μeff was calculated within 70.03 of

uncertainty (horizontal error bars in Fig. 1).
Fig. 2 (b) shows the magnetic contribution to the specific heat

data, C/T, for zero applied field ( ≤ )x 0.40 . The inflection point in
the C/T curves coincides well with the maximum for χ(T) data for

=x 0, 0.15 and 0.30. Therefore, the T values extracted from C/T
data have been taken as Néel temperatures TN for <x 0.40. For
x¼0.50 (not shown) no anomalies were observed within the stu-
died T range. All curves in Fig. 2(b) were corrected for the phonon
contribution using the non-magnetic C/T data of LaRhIn5. The

magnetic entropy, calculated as ∫ C T dT/
T

T

min

max , was also extracted

(see inset; Tmin max, refers to the minimum and maximum measured
temperatures). Around Tmax all the expected R3 ln 2 entropy per
mol of Gd is recovered.

3. Modelling weak disorder on a =S 7/2 spin lattice

In this section, we first show that both the χpoly and C(T) data of
GdRhIn5 are well reproduced by the Heisenberg model in a cubic
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Fig. 1. (a) Unit cell parameters evolution as a function of x. Error bars represent the
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low). Dashed dot lines are guides to the eyes. The evolution of the unit cell volume
with x is depicted in the inset.
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lattice. We use this result to introduce a simple, phenomen-
ological, model for quenched disorder that accounts for the ex-
perimental results for small La concentrations. In particular, sub-
stitutional effects are described by a spin model with a single
energy parameter.

3.1. Susceptibility and specific heat of the =S 7/2 3D Heisenberg
model

Magnetic correlations between rare earth moments within the
RRhIn5 series have been discussed in Refs. [21,13,22]. It is known
that they couple at first order through three different Heisenberg
(Ji) terms (Fig. 3). There are two couplings between nearest
neighbours (NN) in the ab plane: a term J0 along the [100] direc-
tion and a J1 term between next-nearest neighbours (NNN) in the
plane diagonal [110]. A third contribution, J2, takes place between
NN along the [001] direction [13]. The existence of both J0 and J1
couplings induces magnetic frustration. When >J J0.61 0, this
frustration is partially solved with ferromagnetic (FM) chains
along one of the crystallographic directions, and AFM correlations
along the two others [22,29,30]. Single arrows in Fig. 3 indicate the
relative orientation of the Gd magnetic moments according to the

wave vector
→ = ( )k 01 / 2 1 / 2 [22]. For the GdMIn5 compounds

(M¼Rh,Co,Ir), first principle calculations have estimated the va-
lues of these couplings. It allows to quantitatively explain several
thermodynamics measurements [26,31].

The specific heat and the χpoly data of GdRhIn5 are reproduced
by a Heisenberg model considering only a single coupling J be-
tween first neighbours (Fig. 4(a) and (b)). This coupling represents
the average of the J0, J1 and J2 terms. For GdRhIn5, J¼1.83 K, as
determined by first principle calculations [26]. To fit the experi-
mental data, here we used a slightly smaller J¼1.7 K, similar to
what has been done in Ref. [26].

The Heisenberg model in a cubic lattice is given by the Ha-
miltonian
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Fig. 3. The C-AFM magnetic structure of GdRhIn5. J0, J1, and J2 magnetic exchange
between Gd atoms are indicated by double sided arrows. Solid arrows represent
the relative orientation of the Gd magnetic moments according to the wave vector→ = ( )k 01 / 2 1 / 2 and the orientation as determined in Ref. [22].
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respectively. (For interpretation of the references to colour in this figure caption,
the reader is referred to the web version of this paper.)
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∑= ·
( )〈 〉

H J S S ,
1i j

i j
,

where Si j, are quantum spins with | | =S 7/2. This model has a
check-board like ground state (G-AFM) contrary to the actual
C-AFM order of GdRhIn5. However, the specific heat and poly-
crystalline susceptibility are well reproduced.

To solve the model we have used a quantum Monte Carlo
(QMC) algorithm from the ALPS library [32] for >T 10 K. In par-
ticular, we use the “loop” algorithm with up to 106 thermalization
and sweep steps and compare with numerical results extrapolated
to the thermodynamic limit. For disorder averages we use results
obtained in a 123 lattice (see below). QMC error bars (not shown in
Fig. 4) are roughly of the same order of the symbol sizes used for
the observed data. At low temperatures, AFM spin waves for the
specific heat were used:

⎛
⎝⎜

⎞
⎠⎟

π( → ) = ×
( )C T R

T
SJ

0
32
1512

,
2

5

3/2

3

where R is the gas constant. A gyromagnetic factor g value of 2 was

assumed for susceptibility. For the full derivation of the specific
heat for all T ranges see Ref. [26].

3.2. Simulating the substitutional disorder

La substitution at the R sites introduces vacancies in the mag-
netic lattice which are randomly distributed. This kind of disorder
is called weak or quenched disorder, as it does not evolve with
time nor induce frustration [16]. These vacancies modify the
number of magnetic neighbours, which in turn induces spatial
variations on the coupling strength. In some situations, the mag-
netic transition remains sharp in the presence of these defects, as
in the cases of the Ising and Heisenberg model in a cubic lattice.
But when “rare regions” are present, the sharp phase transition
can be completely destroyed [16]. These are regions where va-
cancies are absent or, more generically, where an approximately
uniform field acts on every spin. As shown above, doping GdRhIn5

with La changes the sharp transition to a smooth one (Figs. 2 and
4). This experimental fact indicates that ordered regions are an
important ingredient to model substitutional disorder. For each of

Fig. 5. Analysis of the magnetic disorder in a two dimensional case. (a) Example of a network with one magnetic vacancy every four sites; 1-, 2-, 3- or 4-neighbour sites are
represented by green, blue, red and black arrows, respectively. (b) Homogeneous situation where every site has three neighbours. (c) Collection of regular arrangements with
0, 1, 2, 3 or 4 neighbours extracted from (a). (d) Probability of each spin configuration vs. number of neighbours. (For interpretation of the references to colour in this figure
caption, the reader is referred to the web version of this paper.)
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these ordered regions a critical temperature can be defined. The
upper limit for the vacancy concentration that destroy the mag-
netic order is given by the 3D magnetic percolation limit. Above
this concentration ( =( )x 0.68c D3 for classical spins on a cubic lattice
[17–19]) most magnetic ions are uncorrelated. Below this limit the
magnetic order is usually well defined at low temperatures.

A complete theoretical study of the effect of vacancies on the
magnetic model would imply numerical simulations of lattices
with randomly removed magnetic sites in the compound full
model, probably a Heisenberg model with at least NNN hopping.
Such kind of computational approximation (see for instance Ref.
[18]) is beyond the scope of this work. Instead, we introduce a
simple, phenomenological model for the disorder originated by
vacancies. We assume that

� The disordered lattice has regions where the number of
neighbours y is approximately constant. This number varies
between 0 and the number z of magnetic neighbours in the
non-substituted compound GdRhIn5. Thermodynamic quan-
tities follow from a weighted average of the properties for those
regions. This hypothesis should fail close to the percolation limit
as a fractal dimension gives a more accurate description of the
disordered lattice [19].

� The Hamiltonian for a region with y neighbours is the same as
for a 3D Heisenberg model on a simple cubic lattice. Only the
coupling strength is rescaled according to the ratio y/z. This
approximation mimics the mean field approach, where only the
effective field yJ acting on a site determines all properties (see
below). This is partially justified by the successful application of
the 3D Heisenberg model on a simple cubic lattice (previous
section). It is worth noting that the z¼6 describes the cubic
case, but the real experimental situation of tetragonal symmetry
should take into account 10 couplings (Fig. 3): the 6 NN (with J0,
J2 coupling) and 4 NNN (with J1). It can be inaccurate when y is
small ( ≤y 2) as the actual thermodynamic responses are not
similar to those in the 3D Heisenberg model for a simple cubic
lattice ( =y 0, 1, 2 corresponds, respectively, to an isolated
atom, a molecule and a linear chain)

In order to illustrate our approach, in Fig. 5 we present a two
dimensional example of this analysis of disorder. We consider
spins on a square lattice with one vacancy every four sites. In this
network of spins, there will be isolated (with no magnetic
neighbours), 1-, 2-, 3- or 4-neighbour sites. The last four cases are
highlighted, respectively, with green, blue, red and black arrows in
Fig. 5(a). Fig. 5(b) considers the homogeneous situation where
every site has the average value of three neighbours. A slightly
more complex approach to the real disorder can be considered by
decomposing the spin network of panel (a) as a collection of
regular arrangements with =y 0, 1, 2, 3 or 4 neighbours (Fig. 5
(c)). Each situation has a given probability (panel d) which, for
simplicity, we approximate to a binomial distribution. In this case,
the thermodynamic properties are weighted averages of rescaled
results from the dense spin network. Thermodynamic results for

=y 0, 1, 2, 3, 4 are taken from those of the original dense lattice
with a coupling y/4J.

To gain insight into the effect of disorder in the 3D case of
−Gd La RhInx x1 5, let us begin with a mean field approximation. We

consider an antiferromagnet with only NN interaction. The effec-
tive field on each site is given by ∝ 〈 〉B zJ Seff . z is the number of NN,
J is the NN coupling and |〈 〉|S is the mean value of the spin on any
site. If a fraction x of sites become vacant (by substituting magnetic
ions by non-magnetic ones, for instance), the average number of
neighbours decreases from z to ( − )z x1 and the effective field
acting on a site decreases correspondingly. The Beff strength de-
termines the paramagnetic to antiferromagnetic phase transition

(Néel) temperature = ( − ) ( + )T z x S S J1 1 /3N [33]. For <x 1, this
transition is always second order with a sharp discontinuity in the
specific heat. Certainly, this is not the experimental situation ob-
served in the series −Gd La RhInx x1 5 for >x 0, which shows that a
better approach must be implemented.

We now consider the existence of regions where order can be
defined. Inside each region, any site has exactly y neighbours. This
region appears with a relative weight or probability P(y). We ap-
proximate P(y) as the probability of finding y magnetic neighbours
in a site of the full sample. Each site could have up to z magnetic
neighbours, thus ≤ ≤y z0 . The probability of a given site to have y
spin neighbours in a given configuration is the product of the
probability of having exactly y spin neighbours and the probability
of having −z y vacancies, ( − ) −x x1 y z y. The number of configura-
tions is given by the combinatorial of y on z, ( )y

z
. Therefore, the

probability of having a region with y spin neighbours is given by
the binomial probability ( ) = ( )( − ) −P y y z x x/ 1 y z y.

The sample is represented by the original lattice with z
neighbours, but the coupling is rescaled ( ) =J y y zJ/eff . This re-
scaling assures that the effective field in the region is proportional
to yJ and relates the thermodynamic properties for each region
(with y neighbours) to those of the original model with z neigh-
bours and coupling J. This approximation is clearly wrong for small
values of y. For example, y¼0 or 1 would mean an isolated atom or
a two atoms molecule, respectively, while y¼2 implies a linear
chain, which cannot give a finite ordering temperature. We as-
sume that for ≤x 0.50 such small number of neighbours ( ≤ )y 2 is
uncommon and have low impact in the specific heat. For the
magnetic susceptibility, we consider that these regions have a free
ion paramagnetic contribution.

The computation of the disorder-averaged specific heat and
susceptibility data follows below. The subindex “y” (z) will be used
for the sample (original) lattice property. For comparison with the
experimental results we use z¼10, which corresponds to the
number of relevant magnetic neighbours in GdRhIn5 (see Fig. 3).

3.2.1. Specific heat
The specific heat for each region with y neighbours and effec-

tive coupling Jeff(y) can be related to the original lattice by

( ) = ( )
( × ) = ( )

( ) ( )
C T

dE T
d T J J

dE T J

d T J/

/

/
.

3
y

y

eff eff

y eff

eff

Because there is a single energy scale
α α( = ) = ( = )E T J J E T J J/ /y eff eff z , so
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( ) = ( × )

( × ) = ( × )
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/
/ ,

4
y

z eff

eff

z eff

eff
z eff

meaning that the specific heat in a region equals the specific heat
in the original model at temperature ×T J J/ eff .

For a collection of samples with couplings Jeff(y) and relative
weight P(y) the averaged specific heat is given by

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∑ ∑( ) = ( ) ( ) = ( ) × ( )

( )= =
C T C T P y C

T
J y

J P y ,
5y

z

y
y

z

z
eff1 1

where Cz is the specific heat for the ordered (x¼0) Hamiltonian.
Notice that Cz could be obtained from the experimental data of the
non-substituted GdRhIn5 compound. Then, we start from the
Heisenberg model specific heat of GdRhIn5 as it correctly describes
the experimental data (Fig. 4(b)).

The results from these averages are shown in Fig. 4(c) with
continuous curves. Black, blue and green colours were used to
identify the curves for the =x 0.15, 0.40 and 0.50, respectively.
The temperature has been scaled by the average exchange term
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( ) = ( − ) ×J x x J1 . A good agreement between the modelled and
experimental data can be seen. When x increases, the specific heat
gets smoother around the transition. In the simulation, the original
x¼0 sharp transition is split between z smaller transitions. This
causes the splines observed around the transition for the

=x 0.15, 0.40 continuous curves.
For x¼0.5, we computed the specific heat by considering a flat

distribution of y, ( ) =P y z1/ , for continuous values of < ≤y z0 .
This distribution has shown to be more adequate to describe the
specific heat and susceptibility data (Fig. 4(c)).

For all concentrations and large enough T/J(x) ( ≥ )40 the uni-
versal behaviour is recovered. This is also the case for low T and
concentrations ≤x 0.40. It is worth to notice that despite we only
show data for x¼0.15 and 0.40, the low T data for x¼0.00 and 0.30
also collapses for ( ) ≤T J x/ 10. This universal behaviour corres-
ponds to spin waves ( ∝ )C T3 at low T. For x¼0.5 the spin-wave-
like behaviour is lost as a consequence of the large amount of
disorder.

3.2.2. Susceptibility
Similar to the specific heat calculation, the susceptibility χy for

the region with y neighbours can be related to the original lattice
susceptibility χz by

χ χ( ) = ( )
( × ) = ( × )

( )
T

d E B T
d B J J

J
J

T J J
,

/
/

6
y

y

eff eff eff
z eff

2

2

The average susceptibility of a collection of samples with Jeff(y)
and relative weight P(y) is

∑ ∑
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where for ≤y 2 we consider a paramagnetic susceptibility.
These disorder-averaged susceptibilities are shown in Fig. 4(d).

The temperature has been scaled by the average exchange term J
(x). A good agreement between experiment and theory can be
observed for the smallest doping x¼0.15, while for x¼0.40 the
model agrees well in the paramagnetic region and down to near
TN. For x¼0.50, only a qualitative agreement is seen: the con-
tinuous model reproduces the lack of the maximum and the di-
vergence when →T 0.

4. Discussion

We have shown that magnetic specific heat and susceptibility
data in GdRhIn5 are well reproduced by the Heisenberg model in a
cubic lattice. As the La-content increases, the maximum on χ ( )T
shifts to lower temperatures in agreement with the weakening of
magnetic correlations between Gd3þ ions. There is also an in-
creased broadening of the C/T data around the transition tem-
perature. Broadening and shifting of the anomaly around TN in the
specific heat data was also observed in the −Ce La RhInx x1 5 series
[2,4]. For the series −Tb La RhInx x1 5 and −Nd La RhInx x1 5, an Ising-like
magnetic behaviour was observed even close to the percolation
limits [14,15]. In an Ising-like system, it is expected that weak
disorder renormalizes the exchange parameters and the transition
should remain sharp [16], as seen for the Tb and Nd based series.
Given that for GdRhIn5 the magnetic properties are well described
by the Heisenberg model and their large spin, one should expect
that the substitutional disorder affects this system like in the
classical Heisenberg model. For the latter, disorder affects the
magnetic properties in the same way as in the Ising model,

renormalizing parameters and having a sharp magnetic transitions
[16]. As this is contrary to our experimental results on doped
GdRhIn5, in order to explain the data along the series we consider
the presence of a distribution of regions with well defined order.

In this work, we have modelled the weak disorder as a dis-
tribution of regions, each with a uniform effective coupling be-
tween spins, which causes a distribution of TN. The experimental
data for the series ( ≤ ≤ )− xGd La RhIn 0.15 0.40x x1 5 shows an ap-
parent contradiction with the Heisenberg model. Our model for
disorder assumes a larger number of neighbours z than in the
original Heisenberg Hamiltonian, which means that the couplings
are of longer range. In particular, next-nearest in-plane neighbours
have to be taken into account to explain the C-AFM order. For
x¼0.50, the substitutional disorder affects even the basic me-
chanisms destroying the low energy spin wave excitations (Fig. 4
(c)). The flat distribution used to account for that case points to
relevant long range interactions, quite probably related to RKKY
couplings.

The experimental magnetic specific heat can be well re-
produced for all concentrations. This good agreement reflects the
fact that specific heat measurements sense energy variations. The
low T universal behaviour is clearly seen for all concentrations

≤x 0.4 pointing to the existence of well defined spin wave ex-
citations. This good agreement is less obvious for the susceptibility
data, particularly for ≥x 0.4. From the theoretical side, the model
considers a simple paramagnetic behaviour for regions with small
number of neighbours. As these regions are more common for
higher La concentration, their contributions are more complex,
especially around the transition. This is clear for the χpoly data of
x¼0.5 where a low T paramagnetic divergence is seen. These di-
vergent contributions certainly affect the existence of a maximum
in the susceptibility data at finite temperatures (down to the
lowest T available). Divergent susceptibilities when →T 0 can be
obtained also in two dimensional spin arrangements. This change
in the interactions dimensionality is the dominant effect in

−Ce La RhInx x1 5 where inter-plane couplings are inferred to be
smaller than in-plane couplings [2,4,12]. However, for GdRhIn5, it
was shown that all couplings have similar magnitude [26]. The
presence of the spin disorder, as discussed above, may indeed
change the dimensionality of interactions with La content, thus
affecting the TN behaviour with x.

In Fig. 6 we analysed the evolution of TN for the −Gd La RhInx x1 5
series, normalized by the TN of the GdRhIn5 compound, =T T/N x N x, , 0.
For the Gd-based series, the data were extracted from the results

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

X

T Ν
,x

/T
Ν

,x
=

0

T (Mean field)

Fig. 6. Normalized Néel temperature (TN) evolution for the RERhIn5 series (RE¼Ce,
Tb and Gd) as a function of La-substitution. The thick dashed line is the mean field
TN prediction.
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of Fig. 2 for all the studied samples. It can be observed that for
≤x 0.30, TN can be defined with the same value both from the

maximum of the susceptibility or the inflection point of the ( )C T T/
data. Indeed, up to this concentration TN varies smoothly following
the expected mean field tendency ( ∝ − )T x1N . For larger con-
centrations both criteria differ, thus TN defined from susceptibility
data drops abruptly for x¼0.40 while remains close to the mean
field expected value (dashed line) when defined by C/T. For
x¼0.50, the cross-filled circle symbol indicates the normalized TN
as extracted from the disorder simulation. We show for compar-
ison the reported TN values from the series −Ce La RhInx x1 5 (filled
diamonds) [2], −Tb La RhInx x1 5 (stars) [14] and −Nd La RhInx x1 5 (filled
circles with error bars) [15]. The normalized TN for −Gd La RhInx x1 5,
as extracted from specific heat data, closely follows the behaviour
of the series −Tb La RhInx x1 5. Therefore, one may expect the loss of
the magnetic order in the Gd diluted lattice at the same con-
centration as Tb ( ∼ )x 0.68c . This is the expected result for a 3D
magnetic system where the order must disappear at the percola-
tion limit xc¼0.68 [17–19]. The susceptibility points to a critical
concentration of ∼x 0.4c . This value would suggest a 2D percola-
tion limit ( =x 0.39c D,2 [20]) for the magnetic response, which is
clearly the case for −Ce La RhInx x1 5 where TN can be well defined
from both χ ( )T and C/T datasets. For the present series, it seems
more like an artefact of the large susceptibility associated to the
connected magnetic regions.

Finally, dilution in −Nd La RhInx x1 5 series [15] seems to share
characteristics of both Tb (with Ising-like couplings) and Gd (with
Heisenberg like couplings). It also shows an Ising like behaviour
with sharp transitions. However, the 3D percolation limit is par-
tially hidden by a divergent susceptibility, that does not allow to
follow the magnetic transition beyond x¼0.4.

5. Conclusions

In summary, the results of the magnetic properties of La-sub-
stituted ( ≤ )− xGd La RhIn 0.50x x1 5 antiferromagnetic compounds
are discussed. While GdRhIn5 can be modelled by a J¼7/2 Hei-
senberg model, when La substitutes Gd the spin wave behaviour is
conserved at low temperatures but the sharp magnetic transition
is destroyed. The substitutional disorder in these compounds is
described by a distribution of critical temperatures as a function of
x. It determines the deviation of the TN decreases with x from a
mean field behaviour. This weak disorder can be simulated if we
consider the existence of regions with ordering temperature lower
than the bulk order temperature. For larger concentrations, but
still below the percolation limit, the critical temperatures dis-
tribution suffers a strong change that is clearly seen in both the
low temperature specific heat and magnetic susceptibility data.
Contrary to the expected behaviour, these results are not compa-
tible with a classical spin Heisenberg model. The studied series
represents a simple 4f (L¼0) AFM system for the study of sub-
stitutional disorder effects and short range order in anti-ferro-
magnets, which are relevant to understand AFM quantum phase
transitions [4,34]. Furthermore, for the physics of the RRhIn5 fa-
mily, our results confirm the relevance of CEF effects on the be-
haviour of the magnetic properties when R¼Tb,Nd. Further dilu-
tion studies on −Gd Y RhInx x1 5 would be valuable to shed light into
the role of the disorder discussed in this work since Y3þ has closer
atomic size to Gd3þ than La3þ has.
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Abstract – We present β-FeSe magnetotransport data, and describe them theoretically. Using
a simplified microscopic model with two correlated effective orbitals, we determined the normal
state electrical conductivity and Hall coefficient, using Kubo formalism. With model parameters
relevant for Fe-chalcogenides, we describe the observed effect of the structural transition on the
ab-plane electrical resistivity, as well as on the magnetoresistance. Temperature-dependent Hall
coefficient data were measured at 16 tesla, and their theoretical description improves upon inclu-
sion of moderate electron correlations. We confirm the effect of the structural transition on the
electronic structure, finding deformation-induced band splittings comparable to those reported in
angle-resolved photoemission.

Copyright c� EPLA, 2016

Introduction. – Since the discovery of superconduc-
tivity in LaFeAsO1−xFx [1], several types of iron-based
superconductors have been reported. The so-called “11”
family of FeSe superconductors attracted much attention
due to their simpler crystal structure, and particular elec-
tronic and physical properties. Since the first report of
superconductivity with critical temperature Tc = 8 K for
PbO-type α-FeSe0.88 by Hsu et al. [2], a Tc of 37 K at a
pressure of 8.9 GPa was already reached [3]. FeSe com-
pounds have a band structure similar to that of ferrop-
nictides [4,5]. FeSe1−x with Se deficiency was reported
to exhibit anomalies related to spin density waves (SDW)
and magnetic ordering at temperatures near 100 K [6]. On
the other hand, ref. [7] reported that FeSe exhibited su-
perconductivity within a narrow range of stoichiometries,
Fe1.01±0.02Se, without magnetic ordering.

Pure β-FeSe undergoes a structural transition from a
low-temperature orthorhombic to a tetragonal phase at
Ts ∼ 90 K, not accompanied by a SDW, and the com-
pound exhibits superconductivity below Tc = 8.87 K.
Angle-resolved photoemission spectroscopy (ARPES) ex-
periments in β-FeSe revealed a significant change in the
electronic structure when going through the structural
transition [8]. Recently it was claimed [9] that the
observed changes in electronic structure could not be

explained by the small lattice distortion, an issue which
we will address in our present work.

Recently, Amigó et al. [10] reported that multiband ef-
fects are needed to describe the magnetotransport prop-
erties of β-FeSe (Fe0.96Se) single crystals. Concretely,
in the normal state below 90 K, a strongly anisotropic
positive magnetoresistance, that becomes negligible above
that temperature, was found. This magnetoresistance
and the upper critical field could be understood with a
phenomenological uncorrelated two-band model. Also a
recent ultra-high magnetic-field study [11] reported that
magnetotransport in FeSe results from a small multiband
Fermi surface (FS) with different carrier mobilities.

In this work, to study normal-state magnetotrans-
port properties of β-FeSe superconductors, we propose
to employ a minimal microscopic model, which includes
two effective bands describing the low-energy electronic
structure, as well as intra- and inter-orbital Coulomb in-
teractions. Previously [12] we treated the model using
perturbative techniques to determine the electron Green’s
functions and the temperature-dependent spectral density
function. The kinetic energy part of the Hamiltonian is
represented by the effective two-orbital model proposed by
Raghu et al. in ref. [13], consisting of a two-dimensional
lattice for the Fe atoms, with two degenerate orbitals
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per site. Tight-binding parameters were fitted to obtain
an effective band structure describing the Fermi surface
topology of ferropnictides [13,14]. The two-orbital model
was shown to be suitable to describe the extended s-wave
pairing and other superconducting properties of these
systems [14–21].

Calculation of magnetotransport properties of
FeSe compounds. –

Microscopic two-orbital minimal model for FeSe. To
describe analytically the normal-state magnetotransport
properties of FeSe superconductors, we will consider the
following minimal model preserving the essential low-
energy physics:

H = H0 + Vint. (1)

The kinetic energy part of the Hamiltonian in eq. (1) is
given by the uncorrelated two-orbital model by Raghu
et al. [13] mentioned in the Introduction:

H0 =
�

k,σ

�
Ec(k)c†

kσckσ + Ed(k)d†
kσdkσ

�
, (2)

where c†
kσ creates an electron with crystal momentum �k

and spin σ in the effective band with energy Ec(�k), likewise

for d†
kσ and Ed(�k). The effective band energies are

Ed
c
(�k) = �+(�k) ±

�
�2−(�k) + �2xy(

�k) − μ, (3)

where μ denotes the chemical potential at temperature T ,
and

�±(�k) =
�x(�k) ± �y(�k)

2
; �xy(�k) = −4t4 sin(kx) sin(ky),

�x(�k) = −2t1 cos(kx) − 2t2 cos(ky) − 4t3 cos(kx) cos(ky),

�y(�k) = −2t2 cos(kx) − 2t1 cos(ky) − 4t3 cos(kx) cos(ky).

The tight-binding parameters ti, i = 1 − 4, denote the
hopping amplitudes between sites of the two-dimensional
lattice of Fe atoms, derived in ref. [13] as t1 = −1 eV,
t2 = 1.3 eV , t3 = t4 = −0.85 eV.

The electron correlations are represented by Vint in
eq. (1). The effect of local intra- and inter-orbital corre-
lations in ferropnictides was previously studied [12,19,22].
It was found that the inter-orbital correlation was less rel-
evant than the intra-orbital one. Therefore, in our mini-
mal model for FeSe we consider only the local intra-orbital
Coulomb repulsion U :

Vint =
�

i

U(ni↑ni↓ + Ni↑Ni↓), (4)

where niσ = c†
iσciσ and Niσ = d†

iσdiσ, and i denotes the
Fe-lattice sites. Since correlations in FeSe compounds are
intermediate [12,23–27], and mainly motivated by the fact
that it had been possible to describe previous magneto-
transport results in terms of a phenomenological model

with two uncorrelated carrier bands [10], here we de-
cided to use Hartree-Fock approximation (HF) for the
correlations. A recent study of the effect of correlations
in FeSe [27], which found no relevant qualitative differ-
ences employing density functional theory (DFT) calcula-
tions and DFT+DMFT (DFT with dynamical mean-field
theory) for the FS and the low-energy spectral properties,
provides further justification for the level of approxima-
tion we used. We determined the HF renormalized band
structure, and self-consistently calculated μ(T ) for total
electron filling n of the two renormalized effective bands
(see ref. [12] for details).

Calculation of the electrical conductivity tensor and Hall
coefficient. To describe magnetotransport in FeSe com-
pounds, we evaluated the electrical conductivity tensor
σαβ , defined by

�jα(t)� = σαβEβ(t), (5)

where �jα(t)� is the average current at temperature T and
time t flowing in the α-direction, in response to an electric
field, Eβ(t), applied in the β-direction.

Assuming the presence of a magnetic field �H = Hz ẑ
perpendicular to the ab-plane of FeSe, and the electric
current flowing in the x-direction (jx) as a result of an
electric field along x̂ plus the Hall electric field along ŷ
we have

�jx� = σxx(ω)Ex(t) + σxy(ω)Ey(t), (6)

where σxx(ω) and σxy(ω) are, respectively, the lon-
gitudinal and transversal components of the electrical
conductivity tensor. To compare our analytical results
with experiments, we determined the ab-plane dc-resistiv-
ity (ρxx) and the Hall resistivity (ρxy) as the static (zero-
frequency, i.e. ω → 0) limit of

ρxx =
σxx(ω)

σ2
xx(ω) + σ2

xy(ω)
; ρxy =

σxy(ω)

σ2
xx(ω) + σ2

xy(ω)
. (7)

In the Kubo formulation for transport [28,29], σαβ are
given by appropriate generalised susceptibilities χAB(ω),
measuring the linear response of observable A of a system
to an applied external field coupling to its observable B.
The susceptibilities, in turn, can be calculated using re-
tarded Green’s functions, ��A; B��(ω) [29,30]. Here

σxx(ω) = χjx,eX(ω) = ��jx; eX��(ω), (8)

σxy(ω) = χjx,eY (ω) = ��jx; eY ��(ω), (9)

where X and Y are the respective components of the sys-
tem’s position operator. The electron Green’s functions
include a sum of the respective contributions from the c
and d effective bands, which can each be calculated from
the following exact set of equations of motion (EOM) [30]:

ω��jx, eX��c,d =
1

2π
�[jc,d

x , eX ]� + ��[jc,d
x , H]; eX��,

ω��jx, eY ��c,d =
1

2π
�[jc,d

x , eY ]� + ��[jc,d
x , H]; eY ��,

(10)
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where the current operator [31] is defined as jc
x =

e
m∗

c

�
�k,σ kxc†

�k,σ
c�k,σ and jd

x = e
m∗

d

�
�k,σ kxd†

�k,σ
d�k,σ, being

m∗
i , i = c, d, the effective masses of the carriers in each

band. New higher-order Green’s functions appear cou-
pled in eqs. (10). In order to close the system of coupled
equations of motion we used HF approximation to decou-
ple them, and determined ��jx, eX�� and ��jx, eY �� in first
order of perturbations on the electron correlation U . The
final expressions obtained for the ab-plane electrical con-
ductivity components, in the presence of �H = Hz ẑ, read

σxx(ω) =
e2

Ω

�

�k,σ

�
�c†

�kσ
c�kσ�

h̄(ω − ωc) − ncEc(�k) − 2Un2
c

+
�d†

�kσ
d�kσ�

h̄(ω − ωd) − ndEd(�k) − 2Un2
d

�
, (11)

σxy(ω) =
ne

Hz
+

e2

Ω

�

�k,σ

φ(�k)

�
1

h̄ω − Ẽc(�k) + h̄(ω + ωc)

− 1

−h̄ω − Ẽc(�k) + h̄(ω − ωc)
+

1

h̄ω−Ẽd(�k) + h̄(ω + ωd)

− 1

−h̄ω − Ẽd(�k) + h̄(ω − ωd)

�
, (12)

where Ω is the unit cell volume, Ẽi(�k) = Ei(�k) + 2Un2
i

for i = c, d. Above: φ(�k) ≡ (
�c†

�kσ
c�kσ

�−�d†
�kσ

d�kσ
�

Ed(�k)−Ec(�k)
), being

ωi ≡ eHz

c ( 1
m∗

i
) (i = c, d), i.e. the cyclotron frequency

of c and d electrons. m∗
i , i = c, d represent the diag-

onal components of the effective mass tensor, given by

( 1
m∗

i
)μν = 1

h̄2
∂2Ei(�k)
∂kμ∂kν

. The conductivity due to multiple

band maxima or minima is proportional to the sum of
the inverse of the individual masses, multiplied by the
density of carriers in each band, to take into account
all contributions to the conductivity [32]. To evaluate
the conductivities, we used the Chadi-Cohen BZ sampling
method [33,34] for square and rectangular lattices, to per-
form the required BZ summations.

The following expression for the Hall coefficient (RH)
was obtained, using eq. (12):

RH =
1

σxyHz
; σxy = lim

ω→0
δ→0+

� [σxy(ω + iδ)] ≡
�

1

γc + γd

�
,

γi ≡
��

eni

m∗
i

�
(ω+ωi)[(ω−ωi)

2+δ2]+(ω−ωi)[(ω+ωi)
2+δ2]

(ω+ωi)2(ω−ωi)2+δ2(ω+ωi)2−δ2(ω−ωi)2+δ4

�
.

(13)

In the next section, we will compare our Hall coefficient
results with those obtained using the classical expression
for two types of uncorrelated carriers (with charge e): [35]

RH =
1

e

(μ2
cnc + μ2

dnd) + (μcμdHz)
2(nc + nd)

(μcnc + μdnd)2 + (μcμdHz)2(nc + nd)2
, (14)
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Fig. 1: (Colour online) H = 0: ab-plane resistivity as a func-
tion temperature. ρxx(T )/ρxx(150 K), calculated for different
doping values (indicated in the figure): using the temperature-
dependent lattice parameters, a(T ) and b(T ), reported for
FeSe [37]. Also included is the result obtained assuming a
tetragonal lattice, with constant lattice parameter: a = b =
3.77 Å (double-dot–dashed line). Experimental curve (dot-
ted line): Fe0.96Se single crystal, from ref. [10]. Inset: ex-
perimental ρxx(T )/ρxx(150 K) (dotted line) measured for a
Fe0.94Se0.98S0.02 single crystal, and calculated curve (solid line)
for n = 2.25. Model parameters used: U = 3, t1 = −1.0,
t2 = 1.3, t3 = t4 = −0.85. All energies are in eV. Chadi-
Cohen [33,34] order for BZ summations: ν = 9.

where μi, i = c, d, denotes the mobility in each elec-
tron band. One has μi = eτi/m∗

i = σi/(eni) [36], being
τ−1
i and σi, respectively, the scattering rates and dc-

conductivities for the electrons in each band.

Results and discussion. – We present magnetotrans-
port results for the normal state of FeSe compounds, and
compare them with those calculated as presented in the
previous section. Using the optimal correlation value
U = 3 eV, previously found to describe best other elec-
tronic properties of these compounds [12], we analize the
dependence on temperature, doping and magnetic field
Hz = H , and compare our results with new experimental
data and those of ref. [10], as well as with the results ob-
tained assuming uncorrelated electrons. Notice that the
value U = 3 eV represents less than one-third, ∼ 0.29, of
the total bandwidth for uncorrelated electrons [13], thus
characterising FeSe compounds as systems with interme-
diate electron correlations as discussed in the previous
section.

First, in fig. 1 we study the temperature dependence
of the ab-plane dc-resistivity, represented by ρxx(T ), for
Fe0.96Se and Fe0.94Se0.98S0.02 single crystals in the absence
of magnetic field, measured with a standard 4-points dc-
technique. The main figure compares the experimental
data (normalized at T = 150 K) with two calculations
using our approach: one for a tetragonal crystal with
constant lattice parameters (the normalized resistivity
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Fig. 2: (Colour online) Effect of a magnetic field parallel to
the c-axis: temperature dependence of the ab-plane resistiv-
ity (normalized to ρ(150 K,H = 0)) for Fe0.96Se (n = 2.3) in
the main figure. Calculated and experimental [10] results for
H = 8T, 16 T, as indicated in the plot. Other parameters
as in fig. 1. Inset: calculated and experimental [10] ab-plane
resistivity (normalized to ρ(150 K,H = 0)) of Fe0.94Se0.98S0.02

for H = 16 T.

plotted has negligible dependence on doping up to 150 K),
while the other, more realistic, takes into account the
T -dependence of the lattice parameters a(T ), b(T ) of
FeSe [37] and, in particular, the structural transition
[10,38], which occurs at Ts ∼ 90 K for the Fe0.96Se sam-
ple, and at 87 K for the Fe0.94Se0.98S0.02 one. As ex-
pected, a clear improvement of the description of the
ab-plane dc-resistivity at H = 0 is obtained using the
T -dependent lattice parameters of FeSe [37]. The best
agreement to the experimental data is obtained consider-
ing a total electron filling n = 2.3 (main figure), and 2.25
(inset), for the correlated two-orbital model, which corre-
sponds to an Fe-content of x = 0.96, and x = 0.94, re-
spectively. In accordance with experiment, the calculated
ab-plane resistivity presents a metallic-like behavior in the
normal state with a change of slope around the struc-
tural transition temperature. Hence, we will continue us-
ing the temperature-dependent lattice parameters in what
follows.

In the next three figures we will present magnetotrans-
port results obtained under applied magnetic fields paral-
lel to the c-axis of the FexSe samples: i.e. perpendicular
to the plane formed by the Fe atoms.

In fig. 2, the main figure exhibits the normal-state
ab-plane resistivity ρxx(T ) calculated and measured at
magnetic fields of 8 T and 16 T, having fixed the total band
filling at n = 2.3 to describe Fe0.96Se. In the inset we show
ρxx(T ) at 16 tesla for the Fe0.94Se0.98S0.02 sample, with
the corresponding calculated curve using n = 2.25. Notice
that above Tc = 8.87 K for Fe0.96Se [10], and above Tc =
10.06 K for Fe0.94Se0.98S0.02, we obtain very good agree-
ment. A change of slope of the resistivity at the struc-
tural transition temperature is seen, and, in particular, our
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0.25

0.5

0.75

1
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ρ xx
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Exp. data (T = 14 K) [10]
Calc. (T = 14 K)
Exp. data (T = 16 K)
Calc. (T = 16 K)
Exp. data (T = 50 K)
Calc. (T = 50 K)

Fig. 3: (Colour online) Magnetoresistance as a function of H
parallel to the c-axis: calculated (lines) and experimental (sym-
bols) results for temperatures T = 14, 16, and 50 K, as indi-
cated in the plot. The experimental data at T = 14K are
taken from ref. [10]. Model parameters: U = 3 eV, n = 2.3 and
others as in fig. 1.

results describe the positive magnetoresistance observed
below Ts [10] and the negligible one above Ts.

In fig. 3 we present calculated and experimental magne-
toresistance results for Fe0.96Se as a function of the mag-
netic field parallel to c, at three different temperatures.
Only the experimental T = 14 K results included have
been published before [10]. Notice the remarkable agree-
ment at T = 14 K, 16 K, and 50 K between the experimen-
tal magnetoresistance and the values calculated assuming
U = 3 eV and n = 2.3. In particular, our results describe
a quadratic ∼ H2 behavior of the magnetoresistance, con-
sistently with the prediction from a phenomelogical two-
band model used in ref. [10]. In the present work, we
also find experimentally and describe theoretically that
the magnetoresistance concavity (and therefore also its
magnitude) is monotonically reduced as temperature is
increased towards Ts ∼ 90 K, which is consistent with the
results in fig. 2, and in agreement with recent measure-
ments included in an ultra-high magnetic field study of
FeSe [11].

At T = 40 K, we find effective masses: m∗
c = 2.63me and

m∗
d = 3.46me, in agreement with DFT + DMFT calcula-

tions by Aichhorn et al. [23], where a significant orbital-
dependent mass renormalization in the range 2–5 was pre-
dicted, and confirmed by ARPES results at T = 40 K [24].

Next, in fig. 4, we present experimental and theoret-
ical results obtained for the Hall coefficient RH in a
Fe0.94Se0.98S0.02 single crystal as a function of tempera-
ture, at H = 16 T parallel to the c-axis. The Hall contri-
bution was measured with a standard dc-technique using
four contacts along two perpendicular lines, separating the
small resistivity contributions by measuring in positive
and negative magnetic fields along the c-axis. We also
included in fig. 4 the theoretical result obtained with our
analytical approach, for the correlated two-orbital model
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Fig. 4: (Colour online) Temperature dependence of the Hall
coefficient at H = 16 T. Comparison between: our experimen-
tal results for Fe0.94Se0.98S0.02 (points), and two theoretical
calculations: present analytical approach (solid line) for the
correlated two-orbital model (U = 3 eV, n = 2.25, other pa-
rameters as in fig. 1), and phenomenological uncorrelated two-
carrier model: eq. (14) (dot-dashed line). An arrow indicates
the critical temperature of the sample at H = 0. The inset
shows the effect of temperature on the difference (nc − nd)
of the partial fillings of the effective bands in our correlated
two-orbital model.

with parameters U = 3 eV and filling n = 2.25. Notice the
good agreement obtained with the experimental data. We
found that, in our theoretical approach, RH , apart from its
dependence on the magnetic field, is very sensitive to total
electron filling n, presenting qualitative sizeable changes
depending on the Fe-content. These changes are related
to the position of the Fermi level with respect to the effec-
tive model’s band structure [12,13] (which can be seen in
fig. 5(a)). The theoretical curve in fig. 4 corresponds to a
multi-band situation in which the Fermi level crosses the
two c and d correlated bands, with unequal fillings of those
bands. In particular, the inset depicts the temperature de-
pendence of the difference (nc − nd) between the partial
fillings of these bands at total filling n = 2.25. Notice that
it is maximum at the same temperature, ∼ 38 K, at which
the dependence on temperature of the lattice parameters
sets in. This maximum coincides with the inflection point
in RH(T ), which we checked that also occurs at H = 16 T
if two uncorrelated carrier bands contributed to RH(T )
according to eq. (14). The latter case is also shown in
fig. 4, using the carrier mobilities and densities obtained
from our approach for U = 0 and n = 2.25. Figure 4 evi-
dentiates that better agreement to the experimental data
is obtained with the correlated two-orbital model, than in
the absence of electron correlations.

To end, we discuss the effect of the lattice deforma-
tion related to the structural transition on the electronic
properties of FeSe superconductors, in the absence of mag-
netic field. It has been suggested that the emergence
of magnetoresistance in FeSe superconductors below Ts
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Fig. 5: (Colour online) H = 0, effect of lattice deformation δ on
the electronic structure. (a) Band structure of the correlated
two-orbital model in Hartree-Fock approximation shown in the
large (unfolded) BZ [13], i.e. one Fe/cell, at δ = 0 (dashed line)
and δ = 0.002 (solid line). T = 10K, nc = 1.87 and nd = 0.43.

Inset: amplification near �k0 = (π, π), which corresponds to
the zone center Γ in the small (folded) BZ, i.e. two Fe/cell.
(b) T -dependence of the band splitting at two BZ points: de-
noted as Γ and M in the small BZ. Concretely: T -dependence
of the calculated band splitting at Γ, and for comparison we
include the respective ARPES data at Γ and M . Inset: tem-
perature dependence of the deformation parameter using the
lattice parameters of ref. [37].

might be related to changes in the electronic struc-
ture [8,10]. On the HF renormalized band structure of
our effective correlated two-orbital model for FeSe com-
pounds, the main effects of the deformation are found
in the BZ region around �k0 = (π, π) of the large BZ,
i.e., with one Fe/cell [13], as fig. 5(a) shows. We in-
clude results for two values of the orthorhombicity pa-
rameter δ = (a − b)/(a + b) [8], namely, δ = 0 and
δ = 0.002. Our results indicate that the energetically
non-equivalent xz and yz orbitals [13] become degenerate
at and above the structural transition, in agreement with
recent ARPES experiments [8]. The symmetry break-

ing, manifested in the band splitting appearing at �k0,
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results from the lattice deformation from tetragonal to
orthorhombic. Next, fig. 5(b) exhibits the temperature

dependence we calculated for the band splitting at �k0,
measured by Φ(T ) = Ed( �k0) − Ec( �k0). Notice that �k0

of the large BZ, corresponds to the centre of the small
BZ obtained with two Fe/cell, i.e. Γ. For comparison, in
fig. 5(b) we also include ARPES results for Φ(T ) at Γ and
M (using the small BZ notation, as in ARPES [8,9,39]).
Reference [8] mentions that the band splitting measured
at M is nearly comparable to that at Γ, possibly due to
the relatively large error bars for these data. The inset of
fig. 5(b) depicts the T -dependence of δ, resulting from the
T -dependent FeSe lattice parameters of ref. [37].

Conclusions. – We studied magnetotransport in the
normal state of FexSe compounds, presenting experimen-
tal data obtained in single crystals as well as a theoretical
description of the results. Using a simplified microscopic
model to describe the compounds, based on two correlated
effective orbitals, we determined the normal-state electri-
cal conductivity tensor and Hall coefficient in the linear
response regime, employing the Kubo formulation. We
decoupled the equations of motion for the current-current
correlation functions in first-order (Hartree-Fock) approx-
imation, with model parameters in the range relevant for
Fe-chalcogenides, previously used to describe their spec-
tral properties. With this simplified model we could suc-
cessfully describe i) the effect of the structural transition
from a tetragonal to an orthorhombic phase observed in
the ab-plane electrical resistivity; ii) the positive magne-
toresistance in the presence of a magnetic field perpen-
dicular to the ab-plane in the orthorhombic phase, which
becomes negligible above the structural transition tem-
perature; iii) the Hall coefficient RH as a function of tem-
perature, showing that the inclusion of moderate electron
correlations improves the description of the experimental
results; iv) effects of the lattice deformation related to the
structural transition on the electronic properties of FeSe
superconductors: we found changes in the electronic struc-
ture below the structural phase transition temperature,
comparable to those reported in ARPES experiments.

Our work presents experimental and theoretical evi-
dence confirming the key role of the structural transition
on the strongly anisotropic magnetotransport properties
observed in the normal state of β-FeSe superconduc-
tors, and that moderately correlated multiband models
can provide the best description of these experimental
results.
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a b s t r a c t

We analyze theoretically a common experimental process used to obtain the magnetic contribution to
the specific heat of a given magnetic material. In the procedure, the specific heat of a non-magnetic
analog is measured and used to subtract the non-magnetic contributions, which are generally dominated
by the lattice degrees of freedom in a wide range of temperatures.

We calculate the lattice contribution to the specific heat for the magnetic compounds GdMIn5

(M¼Co, Rh) and for the non-magnetic YMIn5 and LaMIn5 (M¼Co, Rh), using density functional theory
based methods. We find that the best non-magnetic analog for the subtraction depends on the magnetic
material and on the range of temperatures. While the phonon specific heat contribution of YRhIn5 is an
excellent approximation to the one of GdCoIn5 in the full temperature range, for GdRhIn5 we find a better
agreement with LaCoIn5, in both cases, as a result of an optimum compensation effect between masses
and volumes. We present measurements of the specific heat of the compounds GdMIn5 (M¼Co, Rh) up
to room temperature where it surpasses the value expected from the Dulong–Petit law. We obtain a good
agreement between theory and experiment when we include anharmonic effects in the calculations.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Specific heat measurements are a mighty tool to analyze and
unveil quantum critical points, superconducting or magnetic
phase transitions and heavy fermion behavior [1]. The tempera-
ture behavior of the specific heat can be used to extract micro-
scopic parameters like the effective mass of the electric carriers
and information about the order of a phase transition. Different
degrees of freedom typically contribute to the specific heat, and
when a set of degrees of freedom is weakly coupled to the others,
it becomes possible to analyze its contribution in a separate way.
In magnetic transitions, extracting the magnetic specific heat al-
lows to obtain information about the magnetic moments involved,
the nature of the transition, and can be used to test theoretical
models and methods. For some materials and temperature ranges,
one contribution may dominate over the others or have a char-
acteristic temperature dependence allowing to extract useful

information about it directly from the experiment, e.g. the elec-
tronic contribution at low temperatures. Other contributions,
however, may be difficult to disentangle because they have a
temperature dependence similar to other contribution or because
they are small. This is the case of the magnetic contribution which,
in some compounds, is small and has a low temperature behavior
with a temperature dependence of the same form as the phonon
one.

A common experimental procedure to obtain the magnetic
contribution to the specific heat is to subtract the specific heat of
an analogous non-magnetic compound [2–10]. Since the non-
magnetic contribution is dominated in general by the lattice de-
grees of freedom, it is not obvious a priory why this procedure
should work. While the analogous compound has the same crystal
structure as the magnetic one, the mass and size of the atomic
constituents differ leading to a change in the frequency of the
phonon modes and, as a consequence, to a different temperature
behavior of the lattice specific heat.

In the present work, we analyze theoretically the above-men-
tioned experimental subtraction procedure. To that aim, we study
the lattice dynamics and its contribution to the specific heat of the
magnetic compounds GdMIn5 (M¼Co, Rh) and analyze differences
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and similarities with the non-magnetic analogous materials RMIn5

(R¼Y, La; M¼Co, Rh). These materials belong to the so-called 115
family of compounds where R can be a 4f or 5f atomic element.
The multi-orbital character of the 115 materials, with important
crystal-field and spin–orbit (SO) effects and, in some cases, a
strong hybridization between the f states with the conduction
bands, produce fascinating physical properties like unconventional
superconductivity, heavy fermion behavior, and different magnetic
phases that are very complex to assess.

The Gd-based compounds simplify the physics of this family
because the Gdþ3 ion has zero orbital angular momentum, small
SO effect and negligible 4f hybridization with the conduction
electrons. This makes them a good starting point to study the low
temperature electronic and magnetic properties of the 115 series,
and get insights about its more complex compounds. Interestingly,
GdCoIn5 has a more two-dimensional magnetic behavior than its
Rh and Ir counterparts which leads to a lower Néel temperature
[11]. This may explain the lower Néel temperatures observed for
the Co based compounds across the 4f series, and help understand
the higher superconducting critical temperature in the Co based
Ce and Pu 115 compounds.

In order to properly describe the specific heat of these com-
pounds, at least three contributions must be considered [12,11]:
(i) the lattice dynamics, (ii) the electronic bandstructure, and (iii)
the magnetic interactions. We perform total-energy ab initio cal-
culations and obtain the phonon spectra and specific heat of
magnetic and non-magnetic compounds of the 115 family. Our
results indicate that the best non-magnetic analog for the sub-
traction of the phonon contribution to the specific heat will have
to satisfy a compensation effect between masses and volumes of
its constituents. However this is a delicate balance that will de-
pend on the magnetic material and also on the temperature range
that makes a hard task the formulation of a general rule. As it is
shown in this work, Density Functional Theory (DFT) calculations
can help to obtain the actual phonon background and/or choose
the best non-magnetic compound to subtract this background
experimentally.

We also measure the specific heat of GdCoIn5 and GdRhIn5

samples up to room temperature and analyze the calculated
phonon contribution for the subtraction. This subtraction has as-
sociated difficulties due to limitations of the calculations: these are
done at zero temperature and constant volume in the harmonic
approximation. The measured specific heats surpass the Dulong–
Petit law high temperature value to an extent that cannot be ex-
plained by electronic or magnetic contributions in these materials,
and that we attribute to anharmonic effects in the lattice. We find
that including a semiphenomenological correction to the calcu-
lated phonon specific heat, using a single adjustable parameter, we
obtain a good description of the anharmonic effects at high tem-
perature, allowing the phonon subtraction.

The rest of the paper is organized as follows: Section 2 de-
scribes the ab initio calculations of the crystal structure, the
phonon spectrum and the lattice contribution to the specific heat.
Section 3 details the sample preparation and the specific heat
measurements. In Section 4 we compare the experimental results
with the theory and in Section 5 we present our conclusions.

2. Theoretical results for the lattice properties

We perform first-principles calculations based on Density
Functional Theory using the full-potential augmented plane waves
þ local orbitals method as implemented in the WIEN2K code [13].
The results that we present here have been obtained within the
generalized gradient approximation (GGA) for the exchange and
correlation functional [14]. In order to better account for the local

Coulomb repulsion in the Gd f4 shell, we use GGAþU method.
This method has already been used in previous works to study
other compounds of the RMIn5 family [15–17]. Due to the localized
character of the f4 electrons the fully localized limit was used for
the double counting correction [18]. The local Coulomb and ex-
change interactions are described with a single effective local re-
pulsion = − =U U J 6 eVeff as in bulk Gd [19,20]. Taking into ac-
count that the atomic ground state of Gd3þ has L¼0 we decided to
neglect the spin–orbit coupling in these systems. Both the lattice
parameters and the internal positions were fully relaxed con-
sidering 1200 k points in the Brillouin zone and a plane-wave cut-
off Kmax determined by fixing RKmax¼8.5, being R¼2.41 a.u., the
muffin-tin radii of the In atoms. We verified that the calculations
were converged in the number of k points and plane waves.

2.1. Crystal structure

The materials under study crystallize in the tetragonal HoCoGa5
structure ( P mmm4/ space group), which is fully defined by the
lattice parameters a and c plus one internal coordinate z that de-
fines the position of one type of the In ions (see Fig. 1). To obtain
the equilibrium value of these parameters we iteratively find the
values of a, c and z that minimize the total energy ( )E a c z, , . The
threshold energy and forces used to determine convergence are
0.01 mRy and 0.1 mRy/a.u., respectively.

Table 1 presents the experimental and calculated values of the
lattice constants for the different compounds studied. In general,
the structural parameters calculated with GGA are about 1–1.5%
larger than the experimental observations, with a concomitant
overestimation of the volume of around 3–5%. The calculations,
however, capture accurately the relative changes in the lattice
constants as the R and M elements are replaced. An interesting

Fig. 1. Crystal structure for the 115 compounds. The In atoms are represented by
red spheres, the transition metal M by blue spheres and the R element by gray
spheres. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)
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feature observed in the experiments and reproduced by the DFT-
based calculations is the reduction of the lattice parameter c and the
increase of a as the transition metal is changed from Co to Rh and
from Rh to Ir. Both the theory and the experimental data show that
the structures of the La compounds have larger volumes than the Y
and Gd ones. As we show below, this is associated with an overall
softening of the optical phonon modes in the La compounds.

2.2. Elastic properties

We calculate from first-principles the phonon dynamical ma-
trix in the harmonic approximation using the Parlinksi–Li–Kawa-
soe method (for further details see Ref. [24]) as implemented in
the PHONOPY code [25]. Basically, for the crystal structure under
study, a set of independent atomic displacements (not related by
symmetries) is defined. For each of those displacements, a su-
percell DFT calculation is performed until selfconsistency. As a
result, Hellmann–Feynmann forces on all atoms within the su-
percell are obtained. These allow to determine the force constant
matrices by singular value decomposition. In our case there are
9 displacements not related by symmetry (see Ref. [15]) that can
be realized in a 2�2�1 supercell. To improve the precision, for
each of these displacements, we also consider the displacement in
the opposite direction. The size of the atomic displacements is
around 1% of the lattice parameter.

2.3. Phonons

We calculated the zero-temperature phonon spectrum and
phonon density of states (DOS) of the different compounds in
order to estimate the lattice contribution to the specific heat.
Within the harmonic approximation, the phonon spectrum is
temperature independent and we can calculate the contribution to
the specific heat as a function of the temperature from the zero-
temperature phonon DOS. As we discuss below, at high enough

temperatures, anharmonic effects do become relevant and a re-
lated contribution to the specific heat needs to be considered for a
quantitative comparison with the experimental data. An additional
correction is also needed because the experiments are performed
at constant pressure, while the calculations are done for the T¼0
volume.

Fig. 2 presents the total and partial phonon DOS for the dif-
ferent compounds studied. The partial DOS for a given ion is cal-
culated weighting the spectral density of the phonon modes ac-
cording to the contribution of the ion. The transition metal atoms
participate mainly on the high frequency optical modes, the R
atoms take part in modes in the middle of the optical spectrum,
and all optical modes have a significant In character.1 When the Gd
atom is replaced by Y, the high and low frequency parts of the
optical spectrum are only slightly modified, and there is a redis-
tribution of spectral weight in the center of the optical phonon
spectrum with a shift of the weight to higher energies due to the
hardening of the modes associated with the reduction of the mass
of the R ion. When Gd is replaced by La, however, there is an
overall softening of the optical phonon modes (signaled by a shift
of the spectrum to lower frequencies). The converse situation,
however, would be naively expected due to the larger mass of the
Gd ion. The observed total DOS difference stems from a reduction
in the lattice elastic constants associated with the Co and In atoms
in the La compound. Nevertheless, the partial phonon DOS

Table 1
Structural parameters (in Å) for the 115 compounds analyzed. The rightmost col-
umn indicates the relative differences (in %) between theory and experiment.

Experiment (Å) GGA (Å) % diff.

YCoIn5 a 4.551a 4.593 0.9
c 7.433a 7.529 1.3
z/c 0.3067

YRhIn5 a 4.601b 4.675 1.6
c 7.435b 7.516 1.6
z/c 0.3001b 0.3011 0.1

LaCoIn5 a 4.639(1)c 4.680 0.9
c 7.615(4)c 7.700 1.1
z/c 0.31134(9)c 0.3120 0.3

LaRhIn5 a 4.673b 4.751 1.6
c 7.590b 7.694 1.4
z/c 0.3078b 0.3069 0.3

GdCoIn5 a 4.568(1)d 4.606 0.9
c 7.4691(7)d 7.559 1.3
z/c 0.3077

GdRhIn5 a 4.606b 4.685 1.7
c 7.439b 7.555 1.6
z/c 0.3025b 0.3024 0.05

GdIrIn5 a 4.622(4)e 4.700 1.7
c 7.413(8)e 7.545 1.8
z/c 0.3019

Superscript letters correspond to References: a¼ [21], b¼ [5], c¼ [22], d¼ [12], and
e¼ [23].

Fig. 2. Phonon density of states for the different compounds studied. The total
density of states of each compound is presented with a solid black line. The
weighted DOS according to the participation of the different ions in the phonon
modes are presented with other line styles and colors as indicated on each panel.
(For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this paper.)

1 A detailed analysis of the different modes for this family of compounds was
presented by Piekarz et al. in Ref. [15].
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analysis reveals that the modes in which the R ion is involved are
shifted to higher energies. This weakening of the elastic constants
could be related to the increase of the equilibrium volume of the
unit cell when Gd is replaced by La (see Table 1). When Co is re-
placed by Rh, the main effect on the phonon spectrum is a soft-
ening of the highest energy optical mode which involves mainly
the transition metal atoms. The spectral weight of the lowest en-
ergy optical modes, which are mainly associated with the In ions,
remains essentially unchanged and there is a redistribution of
spectral weight in the middle of the spectrum. A similar behavior
is obtained for the La and Y compounds when the transition metal
is replaced.

As we will see below, the best approximation to the phonon
contribution to the specific heat of GdCoIn5 is obtained with
YRhIn5. Replacing Co by Rh in the YCoIn5 compound, there is a
softening of the modes associated with the transition metal due to
the higher mass of the ion. This softening partially compensates
the hardening associated with the replacement of Gd by Y in the
GdCoIn5 compound.

The case of GdRhIn5 is quite different, the best candidate to
reproduce its phonon contribution to the specific heat, among the
studied compounds, is LaCoIn5. The hardening of the modes ex-
pected when Gd is replaced by La and Rh by Co is partially com-
pensated by the weakening of the elastic constants in the La
compound.

2.4. Lattice contribution to the specific heat

We now analyze the phonon contribution to the specific heat
for GdCoIn5 and GdRhIn5 to compare with the nonmagnetic
compounds YRhIn5, YCoIn5, LaRhIn5, and LaCoIn5.

The top panel of Fig. 3 presents C T/vH vs T for all the compounds
studied. The largest differences between the specific heats are
obtained in the range of temperatures < <T10 K 60 K that in-
cludes the Néel temperatures of the magnetic compounds. Pre-
cisely in this range of temperatures the largest contributions to the
magnetic specific heat are obtained and is critical to perform an
accurate subtraction of the phonon contribution. The result of
subtracting the C T/vH values for GdCoIn5 to the corresponding for
the non-magnetic compounds is presented in central panel. There
is a strong resemblance between the C T/vH vs T curves of GdCoIn5

and YRhIn5. Interestingly, the unit cell masses and volumes of
these two compounds differ only by 3% and 0.77%, respectively.
While the difference in mass is slightly smaller between GdCoIn5

and LaRhIn5 (2.3%) these compounds have a much larger

difference in volume (5%). The LaCoIn5 optical modes are softer
and its CvH(T) curve lies above the GdCoIn5 one at intermediate
temperatures ( < <T20 K 200 K). The opposite situation occurs for
YCoIn5 which has a unit cell volume similar to GdCoIn5 but has a
unit cell mass significantly lower. For GdCoIn5 the best choice
found for the experimental subtraction is YRhIn5 while for
GdRhIn5 our calculations indicate that LaCoIn5 should be used (see
bottom panel of Fig. 3). The entropy difference ( ∫Δ = ΔS C T dT/vH )
between the magnetic and non-magnetic compounds obtained
integrating from zero up to the magnetic order temperature
( =T 30 KN for GdCoIn5 and =T 40 KN for GdRhIn5) lies in the range

≲ |Δ | ≲S0.01 J/K 1.9 J/K for GdCoIn5, and in the range
≲ |Δ | ≲S0.3 J/K 3.5 J/K for GdRhIn5. This difference would lead, in

the worst case, to an error of at least ∼|Δ |
( + ) 10%S

R JLog 2 1
(20%) for

GdCoIn5 (GdRhIn5) in the magnetic entropy.
The low temperature specific heat is dominated by the acoustic

modes. For all the compounds studied in this paper, the two
transverse branches have a lower sound velocity cs that the
longitudinal branch, and provide a much higher contribution to
the low temperature specific heat. Within the Debye model, the
phonon contribution to the low temperature specific heat is given
by

β( ) = ( )C T T , 1D
3

where β is a function of the Debye temperature θD. We calculated
the Debye temperature through a linear fit to C T/vH with a quad-
ratic function T2 (see inset to Fig. 4). The results are presented in
Fig. 4 as a function of the mass density ρ of each compound. Most
of the variation in θD between compounds can be explained by the
change of the mass density: θ ρ∝ ∝c 1/D s .

2.5. Anharmonic correction

In our calculations of the phononic contribution to the specific
heat, we assumed a temperature independent lattice parameter
(constant volume), while our experiments were performed at
constant ambient pressure. The constant pressure specific heat Cp
is connected to the specific heat at constant volume Cv through the
thermodynamical equation (see e.g. Ref. [26]):

α− = ( )C C TV B 2p v m v T
2

where BT, Vm and αv are the isothermal bulk modulus, the molar
volume and the coefficient of volume thermal-expansion,

Fig. 3. Top panel: Calculated harmonic lattice contribution to specific heat C T/vH for
the different 115 compounds studied. Central panel: C T/vH difference between the
non-magnetic compounds and GdCoIn5. Central panel: C T/vH difference between
the non-magnetic compounds and GdRhIn5.

Fig. 4. Calculated Debye temperature as a function of the mass density of different
115 compounds. The line is a least squares fit of the data using the function ρ−a1

1/2.
The inset presents the difference in specific heat between GdCoIn5 and other
compounds (indicated in the figure) at low temperatures.
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respectively. We estimated the experimental Cv using the mea-
sured Cp, αv and the zero-temperature value =B 78 GPaT obtained
using DFT. We obtain a linear discrepancy at high temperatures

∼dC dT/ 40 mJ/KV
2 which, as we show below, can be attributed to

anharmonic effects (not included in the calculation) that produce a
softening of the phononic modes as the temperature is raised.
Following Wallace [27] in the quasiharmonic approximation we
assume that the frequency of the phonon modes has a tempera-
ture and volume dependence given by Ω Ω Δ= ( ) + ( )V Tk k k

0 , where
Ω ( )Vk

0 is the harmonic contribution and Δ ( )Tk is an anharmonic
contribution. This leads to the following relation:

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠∑α Ω− ^ = − − ∂

∂
∂
∂ ( )

C C TV B T
T

n
T 3

v vH m v T
k

k

P

k

V

2

where ĈvH is the harmonic contribution to the specific heat cal-
culated using the shifted phonon frequencies. Assuming the same
linear shift Ω Ω Ω( ) = −T cTk k k

0 0 for all phonon modes,

α+ = ^ + ( )C TV B C cTC 4v m v T vH vH
2

replacing ĈvH by CvH to lowest order in cT, and combining with Eq.
(2) we obtain [28]

= ( + ) ( )C C cT1 5p vH

This linear correction at high temperatures due to anharmonic
effects is in accordance with the general anharmonicity theory
[29]. The anharmonic correction is expected to be negligible at low
temperatures. While Eq. (5) is not expected to be valid at low
temperatures, we will use it in the full experimental temperature
range as its contribution at low temperatures is very small.

3. Experimental details and sample preparation

Single crystalline samples of GdCoIn5 and GdRhIn5 were grown
by the self-flux technique starting from high purity elements as
described elsewhere [12]. Crystal quality and composition were
checked by x-ray diffraction (XRD) and energy-dispersive x-ray
spectroscopy (EDS), respectively. The XRD reflections were suc-
cessfully indexed with a tetragonal unit cell (HoCaGa5). Lattice
parameters for GdCoIn5 are given in Table 1. For GdRhIn5 our va-
lues (c¼7.535(5), a¼4.706(5)) are slightly larger than those re-
ported in the literature [5]. Specific heat measurements were
performed in both a commercial Quantum Design PPMS and a

silicon nitride (SiN) membrane microcalorimeter [30] using a
standard relaxation technique. Sample typical masses are in the
order of a few milligrams.

4. Theory vs experiment

Fig. 5 presents the total specific heat measurements for the
compounds GdCoIn5 and GdRhIn5. The peak at ∼T 30 K for GdCoIn5
and at ∼T 40 K for GdRhIn5 is associated with the Néel transition. In
the high temperature range ≳T 150 K the specific heat surpasses
the value expected from the Dulong–Petit law (DP) value expected
at high temperatures. The excess from the DP value cannot be ex-
plained by magnetic fluctuations [11] nor by the electronic con-
tribution as the γ value in these materials does not exceed 7 mJ/K2.
We used Eq. (5) to calculate Cp from CvH and include the anharmo-
nicity correction. The value obtained for the anharmonicity coeffi-
cient c is × − −3.0 10 K4 1 for GdCoIn5 and × − −4.5 10 K4 1 for GdRhIn5.
Similar values ( ∼ × − −1 10 K4 1) were reported for the compounds
R2RhIn8 (R¼Y, La Lu) of the 218 family [31].

5. Conclusions

We performed a theoretical and experimental study of the
specific heat of 115 materials and analyzed two alternative ways to
obtain the magnetic contribution to the specific heat: (i) Subtract
the specific heat of a non-magnetic analog. (ii) Subtract the spe-
cific heat calculated using ab initio methods. The main difficulty of
the experimental subtraction is that the phonon contributions of
the analog material and the magnetic compound are different. The
substitution of an atomic species to eliminate the magnetism has
associated changes in the mass of the atom and in the lattice
elastic constants which results in a modified temperature depen-
dence of the specific heat. An incorrect choice of the non-magnetic
analog can lead to an error larger than 10% in the magnetic en-
tropy. Performing a DFT study of non-magnetic compounds we
show that candidates for the subtraction can be found that would
produce a very low error in the range of temperatures of interest.
The non-magnetic compound to use depends however on the
magnetic material and the DFT analysis can be used to guide the
choice of a proper non-magnetic material for the experimental
subtraction. The DFT results for the phonon specific heat can be
used directly to perform the subtraction, but we find that there are
important anharmonic contributions that need to be taken into
account in the high temperature ( >T 100 K) regime. We find, from
an analysis of our experimental results for GdCoIn5 and GdRhIn5,
that the anharmonic effects can be taken into account using a
single pseudophenomenological parameter.
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a b s t r a c t

A good description of the electronic structure of BiS2-based superconductors is essential to understand
their phase diagram, normal state and superconducting properties. To describe the first reports of normal
state electronic structure features from angle resolved photoemission spectroscopy (ARPES) in

−LaO F BiSx x1 2, we used a minimal microscopic model to study their low energy properties. It includes the
two effective tight-binding bands proposed by Usui et al., Phys. Rev. B, 86, 2012, 220501(R), and we
added moderate intra- and inter-orbital electron correlations related to Bi-(pY, pX) and S-(pY, pX) orbitals.
We calculated the electron Green's functions using their equations of motion, which we decoupled in
second-order of perturbations on the correlations. We determined the normal state spectral density
function and total density of states for −LaO F BiSx x1 2, focusing on the description of the k-dependence,
effect of doping, and the prediction of the temperature dependence of spectral properties. Including
moderate electron correlations, improves the description of the few experimental ARPES and soft X-ray
photoemission data available for −LaO F BiSx x1 2. Our analytical approximation enabled us to calculate the
spectral density around the conduction band minimum at π π

→ = ( )k 0.45 , 0.450 , and to predict the tem-
perature dependence of the spectral properties at different BZ points, which might be verified by tem-
perature-dependent ARPES.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

In 2012, Mizuguchi et al. [1] discovered novel layered super-
conductors which have a crystal structure similar to that of the
cuprate and iron-based superconductors, the so-called BiS2-based
superconductors. Experimental and theoretical studies have been
carried out in order to establish the basic properties of these new
materials and identify the underlying mechanism for super-
conductivity [2,4,3]. Substantial enhancement of super-
conductivity under moderate pressures in BiS2-based compounds
has been reported [5]. Up to date, eleven compounds have been
discovered in the BiS2 family [4,3], and the highest Tc is 10.6 K,
reported in LaO F BiS0.5 0.5 2 under 2 GPa of applied pressure [1]. The
crystal lattice of BiS2-based superconductors consists of con-
secutive superconducting BiS2 planes and blocking layers. The
conduction planes can be viewed as a square array of Bi atoms,
each of them with a basis of two S atoms attached [1,4,3]. The

same crystal structure was found in LaO F BiSe0.5 0.5 2 [6], in this case
alternating superconducting BiSe2 and blocking LaO layers, with a
smaller Tc¼2.6 K.

For the discovered superconducting materials within the BiS2
family, superconductivity emerges from a metallic normal state
[7,8] while the parent compounds are band insulators. In fact,

−LaO F BiSx x1 2 changes from a band insulator at x¼0 to a metal by
means of chemical substitution: upon electron doping [1,7,8]. In
contrast to iron-based superconductors [9], in the LnOBiS2 (Ln¼La,
Ce, Pr, Nd) parent compounds neither magnetic nor structural
transitions have yet been reported, indicating that magnetism
would be of less relevance to superconductivity in the BiS2-based
compounds as in iron-based superconductors [10]. Recently, the
coexistence of superconductivity and ferromagnetism has been
reported in −Ce F BiSx x1 2 compounds with >x 0.4, while at <x 0.4 a
paramagnetic behavior was observed [11]. Very recently, an ana-
lysis comparing growth and characterization of LnOBiS2 single
crystals [12] highlights the fact that sizeable differences may exist
between the nominal F-composition (x) and the analytical
F-composition (y), which is obtained characterizing the samples
by X-ray diffraction, scanning electron microscopy and electron
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probe microanalysis. For instance, for −LaO F BiSx x1 2 single crystals,
to nominal: x¼0.3, 0.4, 0.5, 0.6, respectively correspond analytical
values: y¼0.23, 0.37, 0.43. 0.45 [12].

A number of density functional theory (DFT) band-structure
calculations have been reported [14,13,22,15–18,21,19,20], in par-
ticular for LaO F BiS0.5 0.5 2 and its parent compound. The valence
bands extend from �6 to 0 eV and consist of p-electron states
from the O and S atoms, while the bands related to La-f, La-d lie far
above the Fermi level (EF), near 4 eV, and the conduction bands are
dominated by Bi-p and S-p electron states [7]. Based on DFT cal-
culations, a minimal two-orbital model for −LaO F BiSx x1 2 was pro-
posed by Usui et al. [13] predicting a change of topology of the
Fermi surface (FS) when electron doping x is increased. Recently,
the FS topology proposed for higher doping [13] was confirmed by
ARPES in LaO F BiS0.54 0.46 2 [23]. Usui et al. [13] also suggested the

presence of nesting of the FS with wave vector π π
→ = ( )k , , 0 at

∼x 0.5, due to the quasi-one-dimensional nature of the conduc-
tion bands.

Core-level and valence-band soft X-ray photoemission spec-
troscopy (SXPES) [24] were used to investigate the electronic
structure of −LaO F BiSx x1 2 ( =x 0, 0.3, 0.5), which was found to be
mainly consistent with predictions of DFT calculations, including
the doping dependence [25,14,7]. Nevertheless, a deviation was
found between the experimental intensity and spectral shape of
the states near EF in comparison with those calculated [25,14,7]. As
x increases from 0 to 0.5, a rigid-band shift of the whole band-
structure is predicted, based on the valence band shift observed:
towards higher binding energy by about ∼0.3 eV, a value which is
much smaller than expected from DFT calculations [25]. Recently,
the electronic structure of nearly optimally doped superconductor
LaO F BiS0.54 0.46 2 was investigated using ARPES [23], finding rela-
tively weak electron correlation effects and a marked influence of
spin–orbit coupling on the BiS2 planes. A square-like ARPES in-
tensity distribution centered at the BZ center was found, con-
sistent with the prediction of the effective two-band model by
Usui et al. [13], who indicated that the Fermi surface was close to a
topological transition.

Other theoretical studies have focused on the study of elec-
tron–electron correlations and the possibility of unconventional
superconductivity in BiS2-based compounds [22,26,27,21,28]. In
this context, superconductivity was investigated by Zhou et al. [22]
using a microscopic model for LaOBiS2 including the effective two-
bands proposed by Usui et al. [13] and an on-site intra-orbital
Coulomb repulsion U. Concretely, the spin excitations in the su-
perconducting state were studied calculating the spin suscept-
ibility in random phase approximation (RPA), and three potential
pairing symmetries (d-, s- and p-wave) were analized, in a weak
correlation scenario: ∼ –U 0.8 2.5 eV. With the further addition of
an on-site interorbital Coulomb repulsion as well as Hund cou-
pling to the two-orbital model, Martins et al. [26] investigated the
superconductive pairing properties of BiS2-based superconductors.
Employing a weak-coupling multiorbital RPA analysis, a clear re-
lationship between quasi nesting in the Fermi surface, spin fluc-
tuations, and superconductivity was found [26], predicting that
pairing symmetry measurements may contain a mixture of both
A g1 and B g2 symmetries, suggesting ∼ –U 1.08 1.8 eV. In Ref. [29]
the pairing symmetry of BiS2 compounds was investigated using
the two-band model in Ref. [13] by assuming that electron–elec-
tron correlation are relevant. It was also assumed [29] that short
range superconductive pairing stems from short antiferromagnetic
exchange couplings, finding that extended s-wave pairing sym-
metry is always more favourable than d-wave pairing. The normal
state spectral properties using the two-band minimal model of
Ref. [13], were not investigated in RPA yet.

Many aspects of the normal state of −LaO F BiSx x1 2, such as the

effect of electron correlations on the electronic structure, the
doping and temperature dependence of the spectral properties,
remain unstudied, which has prompted our investigation. Here,
we present our study of the paramagnetic normal state of

−LaO F BiSx x1 2 compounds. In particular, we analize the effect of
electron correlations, believed to be moderate in these com-
pounds, as well as of doping and of temperature on the spectral
properties. We do this employing a minimal microscopic model,
which includes the two effective uncorrelated orbitals proposed by
H. Usui et al. [13] for −LaO F BiSx x1 2 as well as intra- and inter-orbital
Coulomb interactions, and using the method of equations of mo-
tion for the Green's functions which we solved in second-order of
perturbations on the correlations, to determine the temperature,
doping and k-dependent spectral density function and density of
states for −LaO F BiSx x1 2. In a previous work [30], we used this
analytical approach to study the normal state spectral properties
of ferropnictides [30], using for the non-interacting bandstructure
the two effective tight-binding orbitals proposed by Raghu et al.
[31]. Our paper is organized as follows: in Section 2 we describe
the microscopic correlated two-orbital model adopted for our
study of the normal state spectral properties of −LaO F BiSx x1 2

compounds, and the analytical method employed (which is com-
plemented by Appendix A, where we state the detailed expres-
sions obtained for the relevant Green's functions). In Section 3 we
present and discuss our results at different temperature and
doping values, for relevant BZ points, and compare them with the
relatively few available theoretical and experimental results for
the normal state of −LaO F BiSx x1 2. In Section 4 we summarize our
main conclusions, prompting for experiments to test our predic-
tions, and mention possible future applications of our work.

2. Microscopic model and analytical approach

2.1. Correlated effective model

As mentioned in Introduction, an effective non-interacting
two-orbital tight-binding model to describe the low energy phy-
sics of −LaO F BiSx x1 2, was proposed by Usui et al. in Ref. [13].
Starting from a first-principles band calculation for LaOBiS2, where
they found that the conduction bands near the Fermi level consist
mainly of a mixture of in-plane Bi-6p and S-3p orbitals, they
constructed maximally localized Wannier orbitals to obtain ef-
fective tight-binding models, describing the kinetic energy part of
the effective Hamiltonian. Extracting the portion of the bands
which is relevant to the BiS2 layers, assumed to be related to su-
perconductivity, and neglecting interlayer hoppings, when focus-
ing only on the bands that intersect the Fermi level Usui et al. [13]
obtained a reduced Hamiltonian consisting of a two-dimensional
effective two-orbital tight-binding model. The model [13] yields
two bands (per BiS2 layer) which have a quasi-one-dimensional
character, providing good nesting of the Fermi surface, with a
dispersion characterized by two conduction band minima [13]
located at π= ( )X , 0 and π= ( )k 0.45, 0.450 . DFT calculations [13]
indicated that the FS topology should undergo considerable
changes with doping as discussed in previous section, which the
two-orbital model could describe. Usui et al [13] also pointed out
that the total electron filling in the two-orbital model, n, should be
taken as: n¼x to describe −LaO F BiSx x1 2.

Concretely, the effective two-orbital tight-binding model of
Usui et al. [13] to describe the kinetic energy part of the effective
Hamiltonian for −LaO F BiSx x1 2, is given by:

∑= (→) + (→)
( )σ

σ σ σ σ→† → →† →⎡
⎣⎢

⎤
⎦⎥E k c c E k d d

1k
c

k k d
k k0

,
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where the operators
σ

→†c
k ,

and
σ

→†d
k ,

create an electron in the re-

spective orbitals c and d, with spin σ = ↑ ↓, , and crystal mo-

mentum
→
k , while the respective energies are:

μ(→) = ϵ + ϵ ± ( ϵ − ϵ ) + ϵ − ( )
⎡⎣ ⎤⎦E k

1
2 2c

X Y X Y XY
2 2

d

where μ is the chemical potential, and:

ϵ ( ) = + ( + ) + ( − ) + ( + )
+ ( + ) + ( + )
+ ( − ) + ( − )

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

t t k k t k k t k k

t k k k k

t k k k k

k 2 cos cos 2 cos 2 cos

2 cos 2 cos 2

2 cos 2 cos 2

X x y x y x y

x y x y

x y x y

0 1 3 4

6

8

ϵ ( ) = + ( + ) + ( + ) + ( − )
+ ( − ) + ( − )
+ ( + ) + ( + )

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

t t k k t k k t k k

t k k k k
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k 2 cos cos 2 cos 2 cos

2 cos 2 cos 2

2 cos 2 cos 2
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6

8

ϵ ( ) = ( − ) + ( − )
+ [ ( + ) − ( + )] ( )

t k k t k k

t k k k k

k 2 cos cos 2 cos 2 cos 2

4 cos 2 cos 2 3

XY x y x y

x y x y

2 5

7

The hopping parameters up to fourth neighbors in Eqs. (3), be-
tween sites on the square lattice formed by the Bi atoms, are taken
from Refs. [13,26]: =t 2.8110 , = −t 0.1671 , =t 0.1072 , =t 0.8803 ,

=t 0.0944 , = −t 0.0285 , =t 0.0146 , =t 0.0207 , =t 0.0698 , where all
energy parameters are given in eV (as in the rest of our paper).

In our present work, to describe analytically the normal state
properties of −LaO F BiSx x1 2 compounds, we will consider a minimal
model preserving the essential physics of the problem given by:

= + ( )V 4int0

where the kinetic energy is described by 0 of Eq. (1) including
the two effective orbitals proposed by Usui et al. [13] detailed
above, while we add electron correlations in Vint. In fact, assuming
that short-range Hubbard-like electron–electron interactions are
present, at each site we will consider an intra-orbital Coulomb
repulsion U, and an inter-orbital repulsion V, so that Vint reads:

( ) ( )( )∑= + + + +
( )↑ ↓ ↑ ↓ ↑ ↓ ↑ ↓⎡⎣ ⎤⎦V U n n N N V n n N N
5

int
i

i i i i i i i i

where =σ σ σ
†n c ci i i and =σ σ σ

†N d di i i , for spins σ = ↑ ↓, .
Thus, we will be modelling −LaO F BiSx x1 2 by an effective ex-

tended Hubbard model consisting of two correlated electron or-
bitals per site, to study the electronic properties of the para-
magnetic normal state of these compounds: in particular, the
k-dependence, effect of doping and temperature dependence of
the spectral properties.

2.2. Analytical calculation of the spectral properties

To determine the spectral density of c and d electrons in our
effective extended Hubbard model, we calculated the corre-
sponding retarded Green's functions at finite temperature in-
troduced by Zubarev [32] defined by:

ω ω δ ω δ(→ ) = ( + ) = ⪡ ⪢( + ) ( )σ σ σ
†G k G k i c c i, , ; 6ret

k k

ω ω δ ω δ(→ ) = ( + ) = ⪡ ⪢( + ) ( )σ σ σ
†F k F k i d d i, , ; 7ret

k k

where δ is an infinitesimal positive number, and ⪡⋯⪢ represents
the usual notation for Zubarev's Green's functions [32] which for
fermionic operators A B, are defined as the time Fourier-

transform of the retarded Green's function:

θ⪡ ( ) ( ′)⪢ = − ( − ′)〈 ( ) ( ′) + ( ′) ( )〉 ( )A t B t i t t A t B t B t A t; 8

where the time-dependent operators appear in Heisenberg re-
presentation, and θ ( )t is the Heavyside step function. The ex-
pectation values 〈⋯〉 of quantum observables at finite temperature
are calculated as the trace of the product of the density operator
and the observable, with the density operator written in terms of
the appropriate statistical ensemble at temperature T [32]. In our
case, we study the paramagnetic normal state of the system at
temperature T with fixed number of electrons n, thus evaluating
the required expectation values using the grand canonical en-
semble. (The technique can also be extended to study zero-tem-
perature properties, in which case the Green's function definition
involves calculating the expectation values in the ground state of
the system.)

We calculated ω( )σG k, and ω( )σF k, using Zubarev's equations of
motion (EOM) formalism, [32,33] in particular from the following
exact coupled set of equations:

∑ω ω
π

Γ ω

Γ ω Γ ω

− ( ) ( ) = + ( )

+ ( ) + ( )
( )

σ⎡⎣ ⎤⎦ ⎡
⎣⎢

⎤
⎦
⎥
⎥

E k G k
U
N

k k k

V
N

k k k
V
N

k k k

,
1

2
, , ,

, , , , , ,
9

c
k k,

1 1 2

2 1 2 3 1 2

1 2

∑ω ω
π

Γ ω

Γ ω Γ ω

− ( ) ( ) = + ( )

+ ( ) + ( )
( )

σ⎡⎣ ⎤⎦ ⎡
⎣⎢

⎤
⎦
⎥
⎥

E k F k
U
N

k k k

V
N

k k k
V
N

k k k

,
1

2
, , ,

, , , , , ,
10

d
k k,

4 1 2

5 1 2 6 1 2

1 2

where in Eq. (9) we denoted the higher-order Green's functions
which encode the charge, spin and orbital fluctuations:

Γ ω Γ ω

Γ ω Γ ω

Γ ω Γ ω

( ) ≡ ( )
( ) ≡ ( )
( ) ≡ ( ) ( )

σ σ σ

σ σ σ

σ σ σ

k k k k k k

k k k k k k

k k k k k k

, , , , , ,

, , , , , ,

, , , , , , 11

ccc

cdd

cdd

1 1 2 , , 1 2

2 1 2 , , 1 2

3 1 2 , , 1 2

and in Eq. (10):

Γ ω Γ ω

Γ ω Γ ω

Γ ω Γ ω

( ) ≡ ( )
( ) ≡ ( )
( ) ≡ ( ) ( )

σ σ σ

σ σ σ

σ σ σ

k k k k k k

k k k k k k

k k k k k k

, , , , , ,

, , , , , ,

, , , , , , 12

ddd

dcc

dcc

4 1 2 , , 1 2

5 1 2 , , 1 2

6 1 2 , , 1 2

while the following notation was introduced above:

Γ ω ω( ) ≡ ⪡ ⪢( ) ( )σ σ σ
α β γ

α β γ σ
† †

α β γ σα σβ σγ− +k k k c c c c, , , ; 13k
, ,

1 2 k k k k k2, 1, 1 2 ,

The Hartree–Fock solution to this problem is obtained by
closing the set of equations of motion in first-order of perturba-
tions on the correlations, performing a mean-field approximation
of the Γi ( = )i 1, 6 Green's functions in Eqs. (9) and (10), by which
each is expressed only in terms of ω( )σG k, and ω( )σF k, . In Ap-
pendix A.1 we state the Hartree–Fock solutions for the c and d
electron Green's functions.

In the present work, instead, we solved the problem at a higher
level of approximation: we went on to calculate the three exact
equations of motion for the Γi ( = )i 1, 3 Green's functions, coupled

to ω(→ )G k , in first order through Eq. (9); and proceeded likewise

for Γi ( = )i 4, 6 coupled to ω(→ )F k , through Eq. (10). Each of the six
second-order equations of motion for Γi ( = )i 1, 6 introduces three
new coupled higher-order Green functions in the problem.

To close the coupled set of equations of motion in second-order
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of perturbations on the correlations, we used the approximation
previously employed in our investigation of ferropnictides in Ref.
[30] (for full details of our calculations, see Appendix A of Ref.
[30]). Briefly, our approach consists in approximating all the
higher-order Green's functions introduced in each subset of
equations of motion for Γi ( = )i 1, 3 , expressing them in mean-

field only in terms of Γi ( = )i 1, 3 and ω(→ )G k , . We proceeded
likewise for the subset of equations for Γi ( = )i 4, 6 related to

ω(→ )F k , . This second-order approximation yields a closed system
of eqs. of motion for G, Γ1, Γ2, Γ3; and an analogous one for F, Γ4,

Γ5, Γ6, which we solved to determine ω(→ )G k , and ω(→ )F k , ob-
taining the expressions presented in Appendix A.2. Notice that the
evaluation of c and d Green's functions obtained in our second-
order perturbative approach requires performing double and triple
summations over the first Brillouin zone (BZ) of the crystal lattice.
For simplicity, we have assumed a square lattice, as done pre-
viously, [13] and for the BZ summations used the Chadi–Cohen BZ
sampling method [35]. As well known for other Hubbard-like
models (see e.g. Refs. [34,33]), the decoupling scheme adopted for
the higher order Green's functions coupled in the second-order
EOM, accounts for non-trivial k-dependent self-energy effects of
the single-particle Green function, as our results in next section
will show (and we previously demonstrated for ferropnictides: in
particular, in Appendix B of Ref. [30]).

With the c and d electron Green's functions determined for the
paramagnetic normal state of our effective extended Hubbard
model, we calculate the total spectral density function, to be

compared with ARPES experiments, ω(→ )A k , , as follows:

∑ω ω ω(→ ) = (→ ) + (→ )
( )σ

σ σA k A k A k, , ,
14

c d

where

ω
π

ω ω
π

ω(→ ) = − ( ) (→ ) = − ( ) ( )σ σ σ σA k ImG k A k ImF k,
1

, ; ,
1

, 15c
ret

d
ret

The total density of states (DOS), denoted as ω( )A , is obtained
by integrating over the whole BZ the spectral density function:

∑ω ω( ) = ( )
( )∈

A A k,
16k BZ

Finally, the self-consistent set of coupled equations to be solved
in our second-order perturbative approach is completed by the
equation which yields the total electron band filling n (or chemical
potential μ) at temperature T:

∫
μ

π
ω
π

ω ω

( ) = = +

=
→

( ) (→ )
+

+ (→ )
+ ( )β β(→) (→)

⎡
⎣
⎢⎢

⎤

⎦
⎥
⎥

n x n n

dk d
A k

e
A k

e2 2
,

1

1
,

1

1 17

c d

c
E k

d
E k2

c d

where β = k T1/ B and kB is Boltzmann's constant.

3. Results and discussion

In this section we present the electronic structure results ob-
tained in our approach for the paramagnetic normal state of

−LaO F BiSx x1 2 superconductors, at different temperature and doping
values, using the model presented in Section 2.1. We compare our
results with the relatively few experimental ARPES and soft X-ray
photoemission data and previous theoretical results which are
available for these compounds. We solved the self-consistent
equations for the Green's functions detailed in Section 2.2 nu-
merically, using the tight-binding parameters of Ref. [13] for the
non-interacting effective bands proposed to describe −LaO F BiSx x1 2.
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Fig. 1. (a) Total density of states as a function of energy, ω( )A (ω measured w.r.t the
Fermi level, EF), for different values of U (as indicated in the plot), and at fixed V¼0;
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=t 0.0207 , =t 0.0698 , and in the units of eV. π
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BZ summations order: ν¼8.

J.D. Querales-Flores et al. / Physica B 488 (2016) 32–42 35

245



Regarding the precision of the Chadi–Cohen sampling method [35]
used for the evaluation of Brillouin zone summations in the
Green's functions, it is specified by the order ν: we found good
convergence in most results using the seventh order (ν¼7) for the
square-lattice BZ Chadi–Cohen sampling, [35] but in this paper all
spectral density function and total density of states results pre-
sented were obtained using ninth order for improved accuracy,
except for Figs. 1 and 2 where ν¼8 was used (as indicated in the
respective figure captions). Notice that ν¼8 order for the square-
lattice BZ Chadi–Cohen sampling implies using 8256 special BZ
points, while ν¼9 implies using 32,896 ones [35]. For the retarded
Green's functions δ = −10 6 was used in the present work, except
for the DOS results plotted: with δ = −10 4 (these are typical values,
for instance in Ref. [26] δ = −10 5 was used).

We present our results divided in subsections, each of them
focusing on different aspects of the problem. First, we discuss the
separate effect of the intra- and inter-orbital electron correlations
in our approach for −LaO F BiSx x1 2, in particular on the density of
states. We also analyze the renormalization by correlations of the
Fermi surface and effective bands. Comparison with chemical po-
tential shift data for specific electron doping, allow us to identify
the range of moderate correlation values to be used in the rest of
our paper for a proper description of the compounds. Next, in
Section 3.2 we focus on the momentum dependence of the spec-
tral density function along symmetry paths of the square lattice
Brillouin zone, comparing our results with the available reported
ARPES data at X, and predicting the spectral density to be expected
near π= ( )k 0.45, 0.450 (the second relevant conduction band
minimum for −LaO F BiSx x1 2). In Section 3.3 we discuss the doping
dependence of the total density of states. In Section 3.4 we predict
the temperature dependence of the total density of states and of
the spectral density function at different k-points for −LaO F BiSx x1 2,
and compare with available data on −NdO F BiSx x1 2.

3.1. Effect of intra- and inter-orbital Coulomb interactions on the
electronic structure

Though several scenarios have been proposed to describe the
superconductivity in BiS2-based compounds, as discussed in Sec-
tion 1, there is still no agreement on the relevant mechanism
originating it. Similarities with the cuprate and pnictide

superconductors indicate the possibility of an unconventional
pairing mechanism involving electron correlations [26], possibly
not strong [13].

In this subsection we analyze the effect on the electronic
structure of the intra- and inter orbital correlations included in the
model for −LaO F BiSx x1 2 presented in Section 2.1. We compare the
results obtained with our second order perturbative approach for
the electron Green's functions, detailed in Section 2.2 and Ap-
pendix A, with other theoretical and the relatively few experi-
mental data yet available, determining typical values for U and V to
be used in the rest of the paper.

We first show the separate effects of the intra- and inter-orbital
correlation parameters included in the model. The total density of
states as a function of energy is shown in Fig. 1(a), for different
values of intra-orbital correlation U between 0 and 1.5 eV, at fixed
inter-orbital: V¼0, and at the same temperature T¼10K and
electron filling n¼0.46 as in the only normal state ARPES experi-
ment yet available for the −LaO F BiSx x1 2 family [23]. At those tem-
perature and filling values, for U¼1.5 eV¼2V the chemical po-
tential is: μ¼1.11 eV. Being the total bandwidth ∼W 4.5 eV for the
non-interacting (bare) effective band structure of Ref. [13],
U¼1.5 eV would correspond approximately to 0.33W. Increasing
U, we predict that the main difference in the DOS curves (see Fig. 1
(a)) would be a monotonous increase of the spectral weight of the
peak located slightly below EF w.r. to the non-interacting case
(U¼0¼V).

In Fig. 1(b), we focalize on the effect of the inter-orbital Cou-
lomb interaction V on the density of states, when a fixed U¼1.5 eV
is considered (the U¼0¼V case is included for comparison). We
find that the effect of increasing V is opposite to that of increasing
U, effectively tending to screen it: the main effect of increasing V is
a monotonous decrease of the spectral weight of the DOS peak
located slightly below the Fermi level, evolving the resulting DOS
towards the non-interacting one (U¼0¼V). Therefore, due to the
differences in the relevant non-interacting effective bandstructure
of −LaO F BiSx x1 2 [13] and ferropnictides [31], and the corresponding
differences in location of the Fermi levels, we predict a striking
difference in the effect of the inter-orbital electron correlation V
which is relevant in BiS2-based superconductors, while largely ir-
relevant for ferropnictides ([30,37,36]). This is a fact already
pointed out in connection with other correlated systems, [38,39],
where the presence of two or more bands close in energy to EF,
with relatively low density of electrons (as would be the case for

−LaO F BiSx x1 2 [13]), would amplify the effect of inter-orbital elec-
tron correlations.

The non-interacting Fermi surface of −LaO F BiSx x1 2 has been
discussed in Ref. [13,26], it includes a topological FS change be-
tween one topology characteristic of low doping, experimentally
confirmed by ARPES in related compounds: −NdO F BiSx x1 2 [41,40],
and a FS topology characteristic of high doping, experimentally
confirmed for LaO F0.54 0.46 BiS2 by ARPES [23]. Using the non-in-
teracting effective two-orbital model by Usui et al. [13], the FS
change of topology would take place at the critical doping:

=n 0.44crit , while we checked that this value is reduced when
correlations are taken into account: for = =U V1.5 eV 2 with our
second-order perturbative approach we find =n 0.35crit , while in
Hartree–Fock approximation =n 0.22crit . In Fig. 1(c) we exhibit the
effect of the renormalization by correlations on the FS obtained in
our approach for LaO F BiS0.54 0.46 2 and compare it with the non-in-
teracting result [13], at temperature T¼10 K for the nominal
composition x¼n¼0.46, exhibiting a FS with the characteristic
high doping topology. We predict that the main effect of increas-
ing electron correlations would be to enhance the nesting prop-
erties of large portions of the FS (in particular, of the large central
sheet around Γ, related to c orbitals). Interestingly, a similar effect
on nesting was reported by Martins et al. [26] but as a result from
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an increase of doping, in the same paper where they established a
relationship between the quasi-nesting properties of the FS, spin
fluctuations and superconductivity in BiS2 superconductors. Fig. 1
(c) confirms that, at fixed electron filling, the size of the FS is
conserved upon the increase of electron correlations, as expected:
we find that the decrease of the area of the electron pockets re-
lated to the d-band, is compensated by the increase of the FS area
related to the c electrons.

In order to determine typical values for U and V for an adequate
description of −LaO F BiSx x1 2, in Fig. 2 we compare different results
for the chemical potential shift as a function of doping. We include
the experimental SXPES estimation of Ref. [24] who, assuming that
the Fermi level of the x¼0 sample is located at the bottom of the
conduction band, deduced a chemical potential shift of ∼0.3 eV
between the x¼0 and 0.5 samples. This value is much smaller than
the expected one from band calculations in Ref. [25] (0.8 eV), also
plotted. Notice in Fig. 2, also, that the non-interacting effective
two-orbital model [13] yields a chemical potential shift of ∼0.4 eV
between x¼0 and 0.5, and that adding correlations with our
perturbative approach, the description of the experimental results
can be improved. Therefore, in the following we will present our
results for the description of −LaO F BiSx x1 2 fixing U¼1.5 eV and
V¼0.75 eV, similar values to those used in Ref. [26] to study other
properties.

Finally, in Fig. 3 we compare the renormalized band structure
for −LaO F BiSx x1 2 obtained including correlations in our second-
order perturbative approach (detailed in Section 2.2 and Appendix
A) with the first-order Hartree–Fock results, and the effective
bands of the non-interacting two-orbital model proposed in Ref.
[13]. Notice that, by including correlations, at Γ and M the de-
generacy of the non-interacting band structure is broken, as a
result of the difference in the c- and d-band self-energies obtained
in both the first order (Hartree–Fock) and the second order per-
turbative approaches whose results are detailed in Appendix A, i.e.
in both approximations an orbital-dependent renormalization by
correlations appears, which gives rise to the lifting of the degen-
eracy at Γ and M. While in Hartree–Fock approximation, the rigid-
band (k-independent) renormalization yields a larger total band-
width, the renormalization obtained with our second-order ap-
proximation is k-dependent and yields a narrowing of the total
band structure w.r. to the non-interacting two-orbital model [13].

Notice in Fig. 3, also, that while the non-interacting model and our
second-order perturbative approach to include correlations agree

near π
→ = ( )k , 0 , in placing electrons in the c and d bands which

cross the Fermi level, in Hartree–Fock only c-electrons appear;

while at π
→ = ( )k 0.45, 0.450 : all three approaches agree in that only

c electrons appear, though the non-interacting band barely tou-
ches EF while more c electrons are predicted to be present when
correlations are included.

3.2. Momentum dependence of the spectral density ω(→ )A k ,

In this section, we exhibit the spectral density function results
obtained with our approach along two BZ paths, around the two
relevant minima of the −LaO F BiSx x1 2 bandstructure, shown in
Fig. 3.

First, in Fig. 4 we exhibit ω(→ )A k , as a function of crystal mo-

mentum
→
k around X, at low temperature: T¼10 K, and doping

= =n x 0.46, parameters chosen as to compare our results directly
with the only available ARPES data for −La F BiSx x1 2 compounds [23].
Fig. 4(a) shows the spectral density function calculated with the
non-interacting two-orbital model of Usui et al. [13]: notice that
along the BZ path considered around X it exhibits a two-peak
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structure. The two well-defined and separated peaks, possessing
equal spectral weight, represent the non-interacting(bare) c and d
bands crossing EF near X shown in Fig. 3. ARPES experiments for
LaO F BiS0.54 0.46 2 [23] indicate that the bottom of the lower con-
duction band Emin is located near �0.75 eV, while in Fig. 4(a) and
Fig. 3, in the absence of correlations it is placed near �0.37 eV.
Interestingly, including renormalization effects by correlations
with our second-order perturbative approach, we find that the
agreement with ARPES improves: concretely, in Fig. 4(b) we ex-
hibit our calculated renormalized spectral density function around
X, yielding ∼ −E 0.7 eVmin for = =U V1.5 eV 2 (as also noticeable
in Fig. 3), closer to the ARPES result. Meanwhile, notice that the
Hartree–Fock approximation overestimates the correction, yield-
ing ∼ −E eV1min , and equal spectral weight for the two peaks. As
seen in Fig. 4(b), our approach including correlations also captures
the shift in spectral weight distribution between the two peaks
along the BZ path, which is present in ARPES results [23].

As a prediction, in Figs. 5(a) and (b) we exhibit the non-inter-
acting spectral density and our calculated renormalized spectral
density function along the symmetry path Γ−M , around

π π
→ = ( )k 0.45 , 0.450 , respectively. This BZ region has not yet been
probed by ARPES for −LaO F BiSx x1 2 compounds. Comparing the re-
sults in Fig. 4(b) with those in Fig. 5(b), one sees that the

renormalization effects by correlations around EF are more re-

levant near X than near
→
k0.

3.3. Effect of electron doping

In this subsection, we focus on effects of electron doping on the
spectral properties. In Fig. 6(a), we show our calculated total
density of states for doping values n between 0.29 and 0.62. In-
creasing electron-doping, n, we find an almost rigid-band-like
shift of the peak positions to lower energies, in agreement with
results of SXPES [24] and DFT [25] near the Fermi level in

−LaO F BiSx x1 2 with x between 0 and 0.5.
Our DOS results also describe an increase upon doping of the

spectral weight of the peak located at lower energy (closest to EF),
as reported in the SXPES experiment [24]. This fact is reminiscent
of the mentioned effect of the increase of U on the DOS and on the
FS topology discussed in Section 3.1, also in connection with Ref.
[26], and would justify the reduction upon increase of U of ncrit for
the FS topology change. Nevertheless, in Fig. 6(a) we find a dif-
ference: because the increase of doping not only increases the
spectral weight of the peak near EF, as increasing U does, but it also
shifts the peaks to lower energies as found in SXPES [24].

As mentioned before, the effective two-orbital model [13],
which was determined taking into account mainly the Bi-6p and
S-3p orbitals near EF, is suitable to describe the low-energy
properties of −LaO F BiSx x1 2. For a description of the DOS between
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1 eV and 4 eV, the inclusion of La and O orbitals would be im-
portant [25,3].

In Fig. 6(b), we exhibit the effect of doping on the filling of each
effective band: though both show a monotonous increase of filling
with n, as mentioned before most electrons occupy the lower c
band. We find the d band almost empty below n¼0.2. The inset of
Fig. 6(b) shows the chemical potential as a function of n at low
temperature T¼30 K, exhibiting an inflection point at n¼0.44.

3.4. Effect of temperature on the DOS and the spectral density

First, we will present our prediction for the temperature de-
pendence of the total density of states of −LaO F BiSx x1 2 compounds.
In Fig. 7(a), we show our calculated DOS for several temperatures
at n¼0.46 (doping value of sample studied by ARPES at T¼10 K
[23]).

Notice that the total DOS in Fig. 7(a), which includes the sum
over contributions from the whole BZ, is nearly independent of
temperature. The peak near EF is shown amplified in the figure
inset: increasing temperature a very slight reduction of spectral
weight of the peak is observable. In Fig. 7(b) we further plot the
corresponding band fillings, nc and nd, as function of temperature.
Since for the doping value and temperatures considered, the Fermi
level falls inside c and d bands, whose fillings change smoothly, the
negligible temperature dependence of the total DOS is not
surprising.

Next, we will focus on the temperature dependence of the
spectral density function, predicting it for −LaO F BiSx x1 2 compounds

where no T-dependent ARPES results are available. We do make a
comparison with the available temperature-dependent ARPES data
for NdO F BiS0.7 0.3 2 [41]. To allow for direct comparison with ARPES
data [41], the spectral density results presented in Fig. 8, which are

denoted by ω˜ (→ )A k , , were obtained by the convolution of ω(→ )A k ,
with the experimental energy resolution δ =E 25 meV [41].

First, we predict the evolution with temperature of the spectral

density function for −LaO F BiSx x1 2 compounds, fixing
→
k at the re-

levant high-symmetry points of the BZ, namely the conduction

band minima X and
→
k0 shown in Fig. 3. In Fig. 8(a), we show our

calculated temperature dependence for ω˜ (→ = )A k X, at n¼0.46,
doping which corresponds to LaO F0.54 0.46 BiS2 compound studied
by ARPES only at the temperature T¼10 K in Ref. [23]. In Fig. 8(a),
the spectral density at X exhibits a broad slightly asymmetric
hump, extending from about �1 eV to slightly above EF, in
agreement with Ref. [23] at T¼10 K (and our results of Fig. 4b
convoluted with δ =E 25 meV). Increasing temperature, we find
that the spectral weight is monotonically reduced, and no new
peaks appear with temperature. The inset in Fig. 8(a) shows the
integrated spectral weight of the hump as a function of tempera-
ture, with the substraction of the integrated spectral weight of the
hump at T¼230 (denoted as ( ) − ( )HW T HW 230 K ) as in the data
analysis reported for the T-dependent ARPES experiment in
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−NdO F BiSx x1 2 [41]. In Fig. 8(b), we predict the evolution of ω˜ (→ )A k ,

with temperature at
→
k0, not yet probed by ARPES. The spectral

function exhibits a single peak near EF, which is shifted to lower
energies as temperature is increased. Also, the standard thermal
broadening effect with redistribution of the peak's spectral weight
is visible. We checked that the total integrated spectral weight as a
function of temperature remains constant. Between 100 and 150 K,

we find negligible temperature dependence of ω˜ (→ )A k , at
→
k0.

The temperature dependence of ω˜ (→ )A k , we are predicting for
LaO F BiS0.54 0.46 2 in Fig. 8 could be probed by future ARPES experi-

ments at X and at
→
k0.

Finally, in Fig. 9, we compare the temperature dependent
spectral density results we predict for LaO F BiS0.7 0.3 2, with the only
available temperature-dependent ARPES experiment we found for
a BiS2-based compound: NdO F BiS0.7 0.3 2 [41]. This doping level
corresponds to the optimal electron doping for superconductivity
(TC¼4 K) in the −NdO F BiSx x1 2 family. (To allow a direct comparison
of the results included in Fig. 9, we have used the same data
treatment adopted in Ref. [41]: to remove thermal broadening

effects, the spectral data ω˜ (→ )A k , were divided by resolution-
convoluted Fermi functions at each temperature, and finally all
spectra were multiplied by the Fermi function at T¼10 K.)

Concretely, in Fig. 9, we compare the temperature dependence
of the integrated hump weight ( ) − ( )HW T HW K230 for both
compounds, and in the inset compare the temperature depen-
dence of the hump positions. Though a monotonous decrease of
both magnitudes with temperature is observable, there are dif-
ferences between our predictions for LaO F BiS0.7 0.3 2, and the ARPES
results for NdO F BiS0.7 0.3 2 [41]. But these are to be expected, since
our approach adds correlations to the effective two-orbital model
with tight-binding parameters specifically determined for

−LaO F BiSx x1 2 compounds [13]. No similar tight-binding parameters
were determined specifically for −NdO F BiSx x1 2 compounds yet, and
differences between the band structures are expected, according
to DFT calculations [42]: while for −LaO F BiSx x1 2 the two band
minima closest to EF (the d-band minimum at X and the c-band

minimum at
→
k0) have very similar energies, this is not the case for

−NdO F BiSx x1 2 where for x¼0 an energy difference of 0.8 eV was
determined between the two relevant band minima by DFT [42].

4. Conclusions

We have studied the normal state spectral properties of
−LaO F BiSx x1 2 superconductors, using an extended Hubbard model

based on two correlated effective orbitals and an analytical ap-
proximation to decouple and solve the equations of motion for the
electron Green's functions. Our results demonstrate that the in-
clusion of moderate electron correlations in −LaO F BiSx x1 2 improves
the description of the available experimental results for these
compounds. Concretely, including electron correlations with our
second-order perturbative approach we could (i) improve the
description of the chemical potential shift of approximately 0.3 eV
between the x¼0 and x¼0.5 compounds reported in soft X-ray
photoemission experiments at T¼300 K, by including moderate
intra- and inter-orbital correlations: U¼1.5 eV, and V¼0.75 eV; (ii)
describe the momentum dependence measured in ARPES around
X; (iii) and study the Fermi-surface topological change, which is
independent of temperature: it occurs at x¼0.44 in the absence of
correlations, while moderate correlations shift it to lower doping
values.

Furthermore, our analytical approximation has the advantage
of enabling us to describe temperature and k-dependent results,
which allowed us to explore the spectral density at other BZ re-
gions and in particular predict the momentum dependence
around the second relevant band structure minimum located at

π π
→ = ( )k 0.45 , 0.450 . We also found that electron correlations en-
hance the nesting properties of the Fermi surface. Regarding the
temperature dependence of the spectral function, our work pre-
dicts results which depend on the BZ point: at X we found that the
position of the main hump near the Fermi level is unchanged,
while an important hump spectral weight reduction takes place
when temperature is increased. Instead at k0 we found that tem-
perature induces a shift of the position of the peak close to the
Fermi level, while a spectral weight redistribution which leaves
the total hump weight almost constant takes place. It would be
interesting to have our predictions tested, by temperature-de-
pendent ARPES experiments in −LaO F BiSx x1 2.

Our calculated Green's functions could be used to evaluate
other low energy normal state physical properties of −LaO F BiSx x1 2:
being our analytical approach especially useful for analyzing
k-dependent results, in contrast to other theoretical techniques
where self-energies are local.
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Appendix A. Analytical results for the c and d electron Green's
functions

A.1. First order solution of EOM: Hartree–Fock

Below, we state the Hartree–Fock solutions obtained for the c
and d electron Green's functions, as mentioned in Section 2.2:

( )ω
π ω
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Fig. 9. Integrated spectral weight of ω(→ )A k , , at
→ =k X (temperatures are indicated

in the figure). Inset: temperature dependence of the energy of the maximum of the
hump. Experimental energy resolution of 25 meV, U¼1.5 eV, V¼0.75, n¼0.30.
Other parameters as in Fig. 1, except for: ν¼9.
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and,

( )ω
π ω

( ) ≅ − ( ) − 〈 〉 − 〈 〉 ( )σ
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d d c

. .

,

A.2. Second-order solution of EOM

Below, we present the solution in second-order of perturba-

tions on the electron correlations U and V for ω(→ )G k , and ω(→ )F k ,
obtained through the analytical approximation [30] described in
Section 2.2:
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To abbreviate, we use the following notation for summations:
α α[ ] ≡ ∑k k1 1

, for different α coefficients. Meanwhile:
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Analogously, for ω( )σF k, corresponding to the d-electrons we ob-
tained:
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Using a second-order perturbative Green’s functions approach we determined the normal state spectral 
function A(�k, ω) employing a minimal model for ferropnictides. Used before to study magnetic 
fluctuations and superconducting properties, it includes the two effective bands related to Fe-3d orbitals 
proposed by S. Raghu et al. [Phys. Rev. B 77 (2008) 220503(R)], and local intra- and inter-orbital 
correlations for the effective orbitals. Here, we focus on the normal state electronic properties, in 
particular the temperature and doping dependence of the total density of states, A(ω), and of A(�k, ω) in 
different Brillouin zone regions, comparing them with existing angle resolved photoemission spectroscopy 
(ARPES) and theoretical results. We obtain an asymmetric effect of electron and hole doping, quantitative 
agreement with the experimental chemical potential shifts, as well as spectral weight redistributions 
near the Fermi level with temperature consistent with the available experiments. In addition, we 
predict a non-trivial dependence of A(ω) with temperature, exhibiting clear renormalization effects by 
correlations. Interestingly, investigating the origin of this predicted behavior by analyzing the evolution 
with temperature of the k-dependent self-energy obtained in our approach, we could identify a number 
of Brillouin zone points, not probed by ARPES yet, where the largest non-trivial effects of temperature on 
the renormalization are predicted for the parent compounds.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In 2008, the discovery of superconductivity in LaFeAsO1−xFx, 
with transition temperature Tc = 26 K at x � 0.05 doping [1], 
prompted great interest in the experimental and theoretical study 
of iron-based superconductors. LaOFeAs-like compounds, denoted 
as the 1111-ferropnictide family, served as starting point and were 
followed rapidly by the discovery of similar electronic properties in 
a series of other iron-based families of compounds. In the mean-
time many new superconductors have been found, all of them 
including quasi-two dimensional(2D) layers with a square-lattice 
array of Fe ions [2,3]. A vast amount of experimental and theoret-
ical effort has been devoted to explore this family of compounds, 
evidenced by more than 15,000 articles published since 2008 ac-

* Corresponding author at: Centro Atómico Bariloche-CNEA and CONICET, Av. 
Bustillo 9500, R8402AGP Bariloche, Argentina.

E-mail address: ventura@cab.cnea.gov.ar (C.I. Ventura).

cording to the latest reviews, see e.g. Refs. [4–7] and references 
therein. Therefore, in the following we will focus on the previous 
research work most relevant to provide a proper context for the 
discussion of the open problem which we have addressed, and the 
new results on the normal state spectral properties we obtained.

It is generally recognized that the ground state properties of the 
ferropnictide parent compounds are mostly well described by first 
principles density functional theory (DFT) calculations, indicating 
that the low energy excitations are mainly due to electrons in the 
Fe-3d orbitals [8,9]. For LaOFeAs, calculations were carried out al-
most simultaneously in a number of works [10–14]. The Fermi 
surface topology and band structure are rather similar for the 11 
(e.g. FeSe), 111 (e.g. LiFeAs, NaFeAs), 122 (e.g. BaFe2As2, CaFe2As2, 
EuFe2As2), 1111 (e.g. LaOFeAs, LaFePO, SmFeAsO, CeFeAsO) series 
of iron-based superconductors [15–19]. However, as a function of 
doping the agreement between DFT calculations and ARPES exper-
iments in materials like LaOFeAs diminishes [12], and unexpected 
Fermi surface topology changes were found as a function of tem-
perature and doping [20–23].

http://dx.doi.org/10.1016/j.physleta.2016.02.042
0375-9601/© 2016 Elsevier B.V. All rights reserved.
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Theoretical predictions showed that the 1111 compounds con-
sist of two quasi-2D Fermi cylinders at the zone center (�) and a 
massive 3D hole pocket at the Z-point [10,24]. This behavior was 
observed by ARPES and quantum oscillation measurements [25]. 
On the other hand, in the case of 122 compounds, observations 
related to the dimensionality of the electronic structure revealed 
quite different behavior, i.e. a more 3D nature of the electronic 
structure was found in electron doped BaFe2As2 [26,27] whereas a 
quasi-2D electronic structure was derived for the case of K-doped 
BaFe2As2 [28]. Interestingly, Lui et al. [29] showed a transforma-
tion of the nature of the electronic structure of CaFe2As2 from 
quasi-2D to more 3D as a function of temperature, going from the 
high-temperature tetragonal to the low-temperature orthorhombic 
phases.

Many aspects of the temperature dependence of the normal 
state spectral properties remain largely unstudied in ferropnictides, 
which motivated our present work. Here, we present our study 
of the changes with temperature and doping of the normal state 
electronic structure, throughout the Brillouin zone (BZ). We com-
pare our results with ARPES experimental and previous theoretical 
results, where feasible, and have been able to predict interesting 
non-trivial temperature dependent effects at Brillouin zone points, 
yet unexplored by ARPES. To do this, we employed a minimal 
microscopic model, which includes two effective bands [30] to 
describe the low energy band structure, as well as intra- and inter-
orbital local Coulomb interactions, as detailed in next section. Sim-
ilar effective two-orbital models have been studied before, focusing 
on other aspects of the problem, mostly on the superconducting 
properties. For example, investigations of pairing mechanisms and 
gap symmetry were reported [31–38], studies of spin fluctuations 
[31,32,34] and a spin-density wave phase [39], Mott transition for 
strong electron correlations [40–42], lattice and orbital properties 
[42–45], etc. In our case, we studied the minimal microscopic two-
orbital model using analytical perturbative techniques to take into 
account the effect of electron correlations, in order to determine 
the relevant normal state Green’s functions and the correspond-
ing temperature-dependent electronic spectral density. We would 
like to highlight the fact that, in contrast to other analytical tech-
niques, in our approach a k-dependent self-energy is obtained, also 
dependent on temperature and doping, enabling us to explore nor-
mal state physical properties throughout the Brillouin zone, and 
thus address new problems.

Our perturbative treatment for the electronic correlations in fer-
ropnictides is justified by previous estimations of intermediate val-
ues for them, both from numerical calculations and experimental 
results. For example, a combination of local density approxima-
tion for DFT and dynamical mean field theory (DMFT) calculations 
for REOFeAs (RE = La, Ce, Pr, and Nd) [46], estimated a Hubbard 
local intra-orbital correlation value: U ∼ 3.69 eV. Refs. [11,47] es-
timated that with U = 4 eV, width of Fe-bands W F e = 3 eV from 
LDA, and a Hund’s coupling energy J = 0.7 eV, taking for the inter-
orbital correlation V = U − 2 J as in most Refs. [46,48–53], in this 
case yielding V = 2.6 eV, the available normal state ARPES results 
could be described, while the same parameters were also adopted 
for studying the superconducting state in Ref. [48]. Furthermore, it 
was concluded [47] that U = 4.5 eV would transform the system 
into a Mott-insulator, in contrast to other LDA + DMFT predictions 
[49–52], reporting that the system remains metallic and does not 
transform into a Mott-insulator even increasing U up to 5 eV, with 
W F e = 4 eV and J = 0.7 eV; while for J = 0 an electronic struc-
ture characteristic of much weaker correlations is obtained, with 
a quasiparticle weight renormalization factor Z ∼ 0.8 [52]. From 
ARPES, mass renormalization factors between 1.5 and 2.5 were es-
timated in 122 compounds of the form Sr1−xKxFe2As2, depending 
on the Fermi surface sheet [54–57], with similar reports of 1.3–2.1 
for 1111 and other 122 compounds [25,58,59]. X-ray absorption 

spectroscopy estimations of U , placed it below ∼4 eV [60,61]. To 
describe the smaller experimental Fermi-surface areas reported in 
de Haas–van Alphen experiments in SrFe2As2 [58], a renormal-
ization of the LDA band structure was suggested in 2009 [62], 
estimating an interband scattering of magnitude ∼ 0.46 eV be-
tween hole and electron bands to explain the reported experimen-
tal band shifts [25]. Regarding the minimal two-orbital model by 
Raghu et al. of Ref. [30], the full bandwidth of the non-interacting 
band structure is about 12 eV, and local intra-orbital correlation 
values U/W = 0.2–0.5 have been used previously [31,32]. Adding 
Hund’s coupling J and local Coulomb correlations, a Mott tran-
sition in the two-orbital model [30] was predicted at a critical 
interaction Uc/W ∼ 2.66/(1 + J/U ) [41], if J/U < 0.01, with a 
decrease of Uc for larger J : deducing that the effect of increas-
ing Hund’s coupling on critical Uc is similar to the effect of having 
more degenerate orbitals in a multiorbital Hubbard model [41], ef-
fectively weakening the effect of correlations [52] and stabilizing a 
metallic state [41].

In addition to effective two-orbital models for ferropnictides, 
other multiorbital effective models were proposed [4]. A three-
orbital Hamiltonian was constructed involving the 3d orbital xz, 
yz and xy for Fe [63], and compared with the two-orbital model 
of Ref. [30]. Improvement of two shortcomings of the latter were 
reported, related to the relative weights of each orbital on the 
Fermi surface. Also effective four-orbital [41] and five-orbital mod-
els [4,11,32,48,53,64] were studied. Nevertheless, the effective two-
orbital model of Ref. [30] is still recognized as a useful minimal 
model to describe the main features of the low-energy physics of 
ferropnictides [31–37,41,42,66].

Our paper is organized as follows. In Section 2.1 we present the 
microscopic correlated two-orbital model adopted for our study of 
the normal state of Fe-based superconductors, and describe the 
analytical Green’s function approach we used to calculate the elec-
tronic spectral density function and the total density of states in-
cluding the correlations in second-order of perturbations (further 
details of our analytical calculations appear in Supplementary Ap-
pendix A). In Section 3 we present and discuss electronic structure 
results obtained at different temperature and doping values along 
the Brillouin zone, and compare them with available theoretical 
and experimental ARPES results for the normal state spectral prop-
erties of ferropnictides. To understand the origin of the non-trivial 
temperature dependence we predict for the density of states, in 
Supplementary Appendix B we analyze the k-dependent electron 
self-energies obtained in our approach, having identified a number 
of specific Brillouin zone points, not probed by ARPES experiments 
yet, where we find the largest non-trivial effects of temperature on 
the renormalization. We conclude in Section 4, summarizing our 
main findings with the minimal model for pnictides and analyti-
cal treatment used, prompting for new ARPES experiments which 
could test our predictions, and mentioning possible extensions and 
applications of our work.

2. Microscopic model and analytical approach

2.1. Correlated effective two-orbital model

To describe analytically the properties of ferropnictides, we will 
consider a simplified model which contains the minimum num-
ber of degrees of freedom preserving the essential physics of the 
problem in 1111 and 122 compounds, as mentioned in previ-
ous section. In particular, a minimal two-orbital model suitable 
to describe the Fermi surface topology of ferropnictides was pro-
posed by Raghu et al. in Ref. [30]. The model consists of a two-
dimensional square lattice, with each site having two degenerate 
orbitals. Raghu et al. in Ref. [30] fitted the bare-band tight-binding 
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parameters, to obtain an effective band structure which, after fold-
ing the Fermi surface to the two Fe/cell Brillouin zone, exhibits two 
hole pockets around the � point and two electron pockets around 
the M point, which are characteristic of the majority of FeAs com-
pounds [15–19]. On the large one Fe/cell Brillouin zone, which we 
will be using in this work, the unfolded Fermi surface includes a 
hole-related band, relevant to the description of the physics near 
the � point, and an electron-related band to describe the physics 
near the M point. The two-orbital model was also shown to be 
suitable to describe the extended s-wave pairing believed to be 
relevant for ferropnictides, and other details of the superconduct-
ing phase [31–37,66].

In this work, we will study the doping and temperature effects 
on the electronic structure and spectral properties, using the fol-
lowing microscopic model for the normal state of pnictides:

H = H0 + V int. (1)

Thus, we will be modelling these compounds by an effective 
extended Hubbard model: consisting of two correlated electronic 
orbitals, described by Hamiltonian H0 including the two effective 
bands proposed by Raghu et al. [30] in the large BZ with one Fe 
atom/unit cell, and local intra- and interorbital electronic correla-
tions included in V int . Concretely:

H0 =
∑
k,σ

[
Ec(k)c†

kσ ckσ + Ed(k)d†
kσ dkσ

]
(2)

where the operators c†
kσ and d†

kσ create an electron in the re-
spective c and d effective bands, with spin σ =↑, ↓ and crystal 
momentum �k while, following Ref. [30], we consider for the two 
bare effective bands:

Ec,d(�k) = ε+(�k) ±
√

ε2−(�k) + ε2
xy(

�k) − μ (3)

μ denotes the chemical potential: notice that we refer the ener-
gies to μ, since we will adopt the grand canonical ensemble in 
our Green’s function treatment of the system, like in Ref. [30]. σ
denotes the spin degrees of freedom, and

ε±(�k) = εx(�k) ± εy(�k)

2

εxy(�k) = −4t4 sin(kx) sin(ky)

εx(�k) = −2t1 cos(kx) − 2t2 cos(ky) − 4t3 cos(kx) cos(ky)

εy(�k) = −2t2 cos(kx) − 2t1 cos(ky) − 4t3 cos(kx) cos(ky) (4)

where the parameters ti , i = 1, 4, denote the hopping amplitudes 
between sites on the square lattice formed by the Fe atoms [30] in 
ferropnictides.

As for the electronic correlations, we assume that short-range 
Hubbard-like electron–electron interactions are present, and con-
sider two local correlations between the effective orbitals at each 
site (as in Refs. [30,31]): intra-orbital Coulomb repulsion U , and 
inter-orbital repulsion V . Therefore V int has the following form:

V int =
∑

i

[
U

(
ni↑ni↓ + Ni↑Ni↓

) + V
(
ni↑ + ni↓

) (
Ni↑ + Ni↓

)]
(5)

Here: niσ = c†
iσ ciσ and Niσ = d†

iσ diσ , and i denotes the lattice 
sites. Fourier transforming, V int can be written in k-space as fol-
lows:

V int

= U

N

∑
k1,k2,k3

[
c†

k1↑ck2↑c†
k3↓ck1−k2+k3↓ + d†

k1↑dk2↑d†
k3↓dk1−k2+k3↓

]

+ V

N

∑
k1,k2,k3

[
c†

k1↑ck2↑d†
k3↑dk1−k2+k3↑ + c†

k1↑ck2↑d†
k3↓dk1−k2+k3↓

]

+ V

N

∑
k1,k2,k3

[
c†

k1↓ck2↓d†
k3↑dk1−k2+k3↑ + c†

k1↓ck2↓d†
k3↓dk1−k2+k3↓

]
(6)

2.2. Our electronic structure calculation for ferropnictides

The total electron spectral density to be compared with ARPES 
experiments is A(�k, ω), which in our effective extended Hubbard 
model is defined by:

A(�k,ω) = Ac(�k,ω) + Ad(�k,ω) (7)

with contributions from both electron bands given by:

Acσ (�k,ω) = − 1

π
ImGret

σ (k,ω); Adσ (�k,ω) = − 1

π
ImF ret

σ (k,ω)

(8)

Here: Gret
σ (k, ω) and F ret

σ (k, ω) denote the retarded Green’s 
functions corresponding the c and d electrons in our two effec-
tive bands, i.e.

Gret
σ (�k,ω) = G(k,ω + iδ) =� ckσ ; c†

kσ � (ω + iδ) (9)

F ret
σ (�k,ω) = F (k,ω + iδ) =� dkσ ;d†

kσ � (ω + iδ) (10)

where δ is an infinitesimal positive number. Integrating the spec-
tral density over the 1st Brillouin zone, yields the total density of 
states (TDOS), or local spectral function:

A(ω) =
∑

k∈B Z

A(k,ω) (11)

We calculated the temperature-dependent Green’s functions us-
ing Zubarev’s equations of motion (EOM) formalism [67,68], i.e.:

ω � Â; B̂ �= 1

2π
〈{ Â, B̂}〉+ � [ Â, Ĥ]; B̂ � (ω)

where Â and B̂ are fermionic operators, � Â; ̂B � is the time 
Fourier-transform of the retarded Green’s function
−iθ(t − t′)〈 Â(t)B̂(t′) + B̂(t′) Â(t)〉, where the time-dependent op-
erators appear in Heisenberg representation, and the expectation 
value is calculated using the appropriate statistical ensemble at fi-
nite temperature T (or the ground state of the system, at T = 0) 
[67]. In our case, we study the normal state of the system at tem-
perature T , and in particular evaluate the required expectation 
values in the paramagnetic normal phase, using the grand canoni-
cal ensemble.

We obtained the following exact coupled set of equations of 
motion for Gσ (k, ω) and Fσ (k, ω), respectively:

[ω − Ec(k)] Gσ (k,ω) = 1

2π
+

∑
k1,k2

[
U

N
�1(k1,k2,k,ω)

+ V

N
�2(k1,k2,k,ω) + V

N
�3(k1,k2,k,ω)

]
(12)

[ω − Ed(k)] Fσ (k,ω) = 1

2π
+

∑
k1,k2

[
U

N
�4(k1,k2,k,ω)

+ V

N
�5(k1,k2,k,ω) + V

N
�6(k1,k2,k,ω)

]
(13)

where in Eq. (12) we denoted:
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�1(k1,k2,k,ω) ≡ �ccc
σ ,σ ,σ (k1,k2,k,ω) =

= � ck2,σ c†
k1,σ ck1−k2+k,σ ; c†

kσ � (ω)

�2(k1,k2,k,ω) ≡ �cdd
σ ,σ ,σ (k1,k2,k,ω)

�3(k1,k2,k,ω) ≡ �cdd
σ ,σ ,σ (k1,k2,k,ω) (14)

and in Eq. (13):

�4(k1,k2,k,ω) ≡ �ddd
σ ,σ ,σ (k1,k2,k,ω)

�5(k1,k2,k,ω) ≡ �dcc
σ ,σ ,σ (k1,k2,k,ω)

�6(k1,k2,k,ω) ≡ �dcc
σ ,σ ,σ (k1,k2,k,ω) (15)

having introduced the following notation, above, for simplicity:

�
α,β,γ
σασβσγ

(k1,k2,k,ω) ≡ � cαk2,σα
c†
βk1,σβ

cγk1−k2+k,σγ
; c†

kσ � (ω)

(16)

where cα, cβ, cγ describe c- or d-annihilation operators and 
σα, σβ, σγ their spins (σ , or σ ), as required by each equation 
(more details in supplementary Appendix A).

Notice that the Hartree–Fock solution to this problem would 
be obtained by closing this set of equations of motion in first-
order, with a mean-field approximation of �i (i = 1, 6) in terms of 
Gσ (k, ω) and Fσ (k, ω), as detailed in supplementary Appendix A.

In our work, instead, we calculated the equations of motion for 
the three �i (i = 1, 3) functions coupled to G(�k, ω) in first order 
as stated in the previous equations; and proceeded likewise for 
�i (i = 4, 6) coupled to F (�k, ω). Each of these second-order equa-
tions of motion introduces three new coupled higher-order Green’s 
functions in the problem.

To close and solve the coupled set of equations of motion in 
second-order, we used the following approximation: all higher-
order Green’s functions introduced in each subset of equations of 
motion for �i (i = 1, 3), were approximated in mean-field in terms 
of �i (i = 1, 3) and G(�k, ω) (introducing proper average values), 
yielding a 4 × 4 closed set of equations of motion (for details, see 
supplementary Appendix A). We proceeded likewise for the sub-
set of equations for �i (i = 4, 6) related to F (�k, ω). Notice that this 
RPA-like approximation leads to a second-order closed system of 
eqs. of motion for G , �1, �2, �3; and an analogous one for F , �4, 
�5, �6; which after lengthy calculations we could solve. In sup-
plementary Appendix A we detail the full expressions obtained for 
these Green’s functions, which might be used to calculate other 
normal state properties, and in supplementary Appendix B we dis-
cuss the corresponding k-dependent electron self-energies, which 
are obtained in our level of approximation.

The decoupling scheme proposed for the higher order Green’s 
functions, which appear coupled in the EOM, accounts for the self-
energy effects of the single-particle Green’s function. These self-
energy effects may describe both intra- and inter-orbital coupling 
with equal and opposite spins at lowest order (charge and spin 
fluctuations), thus leading to band splitting effects, which are not 
a mere renormalization of the energy spectrum. This fact is well 
known for other Hubbard-like models (see e.g. Refs. [68,69]), and 
the band splitting effects may lead to a metal-insulator transition 
or to charge and spin instabilities.

We shall be interested in describing the behavior of this many-
particle system at finite temperatures. For a system in thermo-
dynamic equilibrium the expectation value of any operator may 
be computed by using the grand-canonical ensemble. To complete 
our solution in RPA approximation, the total electron band filling 
n (or the chemical potential μ) at temperature T is determined 
self-consistently by the following equation:

n(μ)

=
∫

d�k
(2π)2

dω

2π

[
Ac(�k,ω)

1

eβEc(�k) + 1
+ Ad(�k,ω)

1

eβEd(�k) + 1

]
(17)

Thus, a major self-consistent set of coupled equations has to be 
solved, since the total spectral density function, which we obtain 
by solving two coupled sets of Green’s functions, is required and 
will be integrated over the Brillouin zone (�k) and all energies ω, 
weighed by the Fermi occupation factors of each effective band at 
temperature T . The thermodynamic state of the system is defined 
by the parameter μ and β , the inverse temperature measured in 
energy units, i.e. β = 1

kB T , where kB is Boltzmann’s constant. Zero 
temperature, or β → ∞, describes the ground state of the system. 
Notice that in this model, half-filling (n = 2) corresponds to the 
ferropnictide parent compounds.

As detailed in supplementary Appendix A, to evaluate the 
Green’s functions Gσ (k, ω) and Fσ (k, ω), we need to perform dou-
ble and triple summations over the first Brillouin zone of the crys-
tal lattice. For simplicity, we have assumed a square lattice, as done 
previously [30], and have performed the BZ summations using the 
Chadi–Cohen BZ sampling method [70].

3. Results and discussion

Below, we present electronic structure results at different tem-
perature and doping values, which we obtained for the normal 
state of ferropnictides with the extended Hubbard model and our 
analytical treatment presented in previous section, and compare 
them with available theoretical and experimental ARPES results in 
ferropnictides. The self-consistent sets of equations obtained for 
the Green’s functions detailed in previous section, were solved nu-
merically using the following tight-binding interaction parameters: 
t1 = −1 eV, t2 = 1.3 eV, t3 = t4 = −0.85 eV, adopted in Ref. [30]
for the two effective bands in the large one Fe/cell Brillouin zone: 
BZ which was also used throughout our work. In the figure cap-
tions we specify the precision used in the Chadi–Cohen sampling 
method [70] for Brillouin zone summations, including the order 
ν used. We found good convergence in most results using the 
seventh order (ν = 7) of the Chadi–Cohen method [70], but the 
spectral function and total density of states results here presented 
were obtained using ninth or eighth order, respectively, for im-
proved accuracy. Note that ν = 8-th order for the square-lattice BZ 
sampling implies using 8256 special BZ points, while ν = 9 implies 
using 32,896 ones [70].

We will start by analyzing in subsection 3.1 the effect of corre-
lations in our model, comparing our calculations of the density of 
states to previous known results, like experimental data now avail-
able for 1111 and 122 compounds, in order to obtain a qualitative 
estimation of the relevant magnitudes of U and V in the model.

Next, in subsection 3.2 we exhibit the momentum dependence 
of the spectral density function along symmetry paths of the 
square lattice Brillouin zone (BZ), comparing our results with re-
ported ARPES data. Notice that in order to allow for direct com-
parison with the published ARPES intensity results, the same treat-
ment is adopted here for the data: i.e. all spectral density data 
here presented (denoted Ã(�k, ω), here) have been convoluted with 
an energy resolution of 30 meV, and also multiplied by the Fermi–
Dirac function f F D(ω) at temperature T as in the experimental 
references cited.

Subsequently, in subsection 3.3 we study the effects of hole 
and of electron doping in terms of our model, and compare them 
with the electronic properties of ferropnictides observed in ARPES. 
Finally, in subsection 3.4 we study and compare with available ex-
perimental data the temperature dependence of the total density 
of states and the spectral density at the most relevant BZ points.
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Fig. 1. a) Dependence of total DOS A(ω) on the intra-orbital repulsion U , for fixed 
V = 3.5 eV; b) Effect of the inter-orbital local Coulomb interaction V on the total 
DOS, for fixed U = 4.5 eV. At half-filling: n = 2, and temperature: T = 20 K; and as 
in Ref. [30]: t1 = −1.0, t2 = 1.3, t3 = t4 = −0.85 (in eV). Chadi–Cohen BZ summa-
tions order: ν = 8. Note that ω is measured w.r. to μ, in our treatment. All energies 
are given in eV, henceforth.

3.1. Effect of intra- and inter-orbital Coulomb interactions on the total 
density of states A(ω)

As discussed in the Introduction, previous theoretical and ex-
perimental research works estimate intermediate values for the 
electronic correlations, i.e. most of them placing the local intra-
orbital Hubbard repulsion in the range U ∼ 3.69 eV for ReFeAsO 
(Re = Ce, Pr, Nd) [46] to U = 4.5 eV for LaO1−xFxFeAs, [47,
52] while X-ray absorption experiments suggest U ≤ 4 eV for 
LaO1−xFxFeAs, [61] and BaFe2As2 [60]. For the inter-orbital cor-
relation V similar values are estimated in calculations for Fe-Se 
compounds [53].

We analyzed the separate effects of the intra- and inter-orbital 
correlation parameters included in the model. First, the total den-
sity of states A(ω), is shown in Fig. 1(a). for different values of 
intra-orbital U and a fixed inter-orbital: V = 3.5 eV, at half-filling 
n = 2 and temperature T = 20 K. We find a large spectral weight 
reduction at the Fermi level in the range U = 3.7–3.9 eV, with an 
important spectral weight redistribution around the Fermi level.

In Fig. 1(b), we focus on the effect of the inter-orbital Coulomb 
interaction V on the density of states. Note that the TDOS is al-
most independent of V , in the range of U values analyzed. We 
thus confirm that the most relevant Coulomb correlation in 1111 

Fig. 2. a) Spectral density Ã(�k, ω) (i.e. convoluted with an exp. resolution of 30 meV, 
and multiplied by f F D (ω), as in expts.) as a function of energy ω, for different 
BZ points (shown vertically displaced) along the symmetry path from � (bottom 
curve) to X (top curve). b) Ã(�k, ω) as a function of ω, for different BZ points along 
�–M . At T = 20 K, and n = 2 (as in Ref. [65]). Here: U = V = 3.5 eV; μ = 0.15 eV. 
Chadi–Cohen BZ summations order: ν = 9. Other parameters as in Fig. 1.

and 122 systems is in fact the local intra-orbital repulsion U , in 
agreement with previous research work [7,37].

In the following, we will focus on the dependence of the elec-
tronic structure on crystal momentum, doping and temperature, 
fixing the local Coulomb interactions as: U = V ∼ 3.50 eV, typical 
intermediate correlation values characteristic of Fe-pnictide com-
pounds as previously discussed [52,60,61,71]. Being the total band-
width W ∼ 12 eV for the non-interacting effective band structure 
of Ref. [30], the value U = 3.5 eV corresponds approximately to 
0.29W .

3.2. Momentum dependence of the spectral density Ã(�k, ω)

Our analysis of the two-orbital extended Hubbard model in-
cluded the calculation of the one-particle spectral function. In this 
section, we will show our electronic structure results along two BZ 
paths, namely along �–X in Fig. 2(a), and along �–M in Fig. 2(b), 
where: � = (0, 0), X = (π, 0) and M = (π, π). These paths were 
chosen as they allow us to compare our results with available 
ARPES data, in particular those of Refs. [65,72–74]. Concretely, we 
here show the evolution of the spectral function A(�k,ω) as a func-
tion of momentum �k, at low temperature: T = 20 K, and at half-
filling: n = 2 (i.e. for the parent compounds).
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In particular, in Fig. 2(a) notice that a relatively flat multiple-
peak structure near �, evolves into a sharp peak near the Fermi 
level at X . In accordance with ARPES experiments along �–X , 
e.g. in LaOFe (P, As) (Fig. 4 of Ref. [65]), in KxFe2−ySe2 (Fig. 2 
of Ref. [73]) and BaFe1.7Co0.3As2 compounds (Fig. 2 of Ref. [74]), 
during this evolution, the main peak describes an S-like trajectory 
including an intermediate regime with a two peak-like structure, 
though in experiments the width and intensity of these features 
are material-dependent.

Along �–M , in Fig. 2(b) notice how the broad relatively flat 
structure near � and near M , for intermediate BZ points devel-
ops a peak-like structure which describes a trajectory similar to 
that reported in ARPES experiments: (concretely, Fig. 1 of Ref. [74]
and Fig. 1 of Ref. [15]) in particular, it resembles the evolution of 
the ARPES peak in LaFeAsO assigned to two bulk-related energy 
bands in Ref. [15], where a second peak-like structure closer to 
the Fermi level but related to surface-bands is also shown. Very 
recently, ARPES in FeSe single crystals reported [75] very similar 
energy distribution curves along �–M in their Figures 1 and 2.

Notice that the spectral density results shown in Figs. 2(a) and 
2(b) include renormalization effects due to the correlations which 
are taken into account by our analytical approach, concretely by 
the electron self-energies obtained, discussed in Supplementary 
Appendix B, which depend explicitly on crystal momentum k, as 
well as temperature and doping. Band renormalization effects such 
as these, implying changes to the non-interacting electron band 
structure of the minimal model proposed in Ref. [30] (in partic-
ular, to their Fig. 2(a)), have also been reported in several ARPES 
experiments: e.g. in Refs. [20,54,74].

3.3. Effect of doping on the electronic structure

We will now refer to the effects of doping on the total density 
of states, and in particular the degree of accuracy presented by the 
results obtained with our approach, taking advantage of the ex-
perimental data available for comparison, such as Refs. [76,77]. In 
Supplementary Appendix C we complement these results, show-
ing also the effects of doping on the spectral density function at 
the � and M symmetry points. We carried out a systematic study 
covering a broad range of hole and electron doping values, which 
respectively correspond to less or more electrons in the system 
than present at half-filling (n = 2), which represents the parent 
compound. In our calculations we fixed the band filling n, while 
the chemical potential μ was obtained self-consistently according 
to Eq. (17).

In Fig. 3 (a) we exhibit a comparison of the effect of hole 
vs. electron doping on the renormalized total density of states. 
In agreement with ARPES experiments in Ref. [76] (in particular, 
their Fig. 2(e)), we find that upon increasing hole-doping a rigid-
band-like shift of all peaks towards the Fermi level ensues, thus 
increasing spectral weight there (for more details, see Suppl. Ap-
pendix C. In particular, in Figs. C.5 and C.6 the spectral density 
results at M are shown, and their comparison with experiments is 
discussed in detail). Meanwhile, when the system is doped with 
electrons, n = 2.12 and n = 2.25 in the figure, the bottom of the 
electronic structure is seen to be shifted to lower binding energies. 
Notice that for higher electron-doping values, e.g. n = 2.25, a sharp 
intense peak appears at the Fermi level.

For comparison with the results of Figure 3 of Ref. [76], in our 
Fig. 3 (b) we plot the chemical potential shift: δμ = μ(n) − μ
(n = 2) with respect to the undoped compound obtained in our ap-
proach as a function of the carrier (dopant) density: δn = n − 2. As 
indicated in Ref. [76], experimental chemical potential shifts, which 
we denote μC L S , can be obtained from the doping dependence 
of the measured As-3d core level shifts (EC L S ) reported in their 
Fig. 3.b: by using the formula μC L S = −EC L S + (V M + E R), 

Fig. 3. Electron vs. hole doping. a) Effect on the total DOS. b) Chemical potential 
shift as a function of carrier (dopant) density, with respect to the parent compound. 
For the exp. values shown, obtained from reported [76] core-level shift data μC L S

(solid triangles) and valence-band shifts μV B S (solid circles), the carrier density is 
given as x/2 (per Fe): either for BaFe2−xCoxAs2 or Ba1−xKxFe2As2, respectively for 
electron or hole doping. At T = 20 K, U = V = 3.5 eV. Other parameters as in Fig. 1.

where (V M + E R) accounts for doping-related changes in the 
Madelung potential and in the core-carrier screening, respectively, 
assuming that changes of As-valency upon doping are negligible. 
Using the As-3d core level shifts and the differences (V M +E R)

reported in Fig. 3(b) of Ref. [76], we calculated the experimental 
chemical potential shifts derived from core-level shift data μC L S

corresponding to the seven compounds experimentally studied, 
and have plotted them in our Fig. 3(b). A comparison with the 
theoretical results of our approach, shows that the asymmetry and 
especially the different signs exhibited by the chemical potential 
shifts for hole and electron doping are described, in agreement 
with experiments [25,76]. Notice that our theoretical results also 
describe the correct monotonous dependence of the chemical po-
tential shift as a function of doping for all samples, and quanti-
tative agreement is also obtained within the experimental error 
bars of μC L S for all the electron-doped samples as well as for 
the sample with the highest hole-doping. For completeness, in 
Fig. 3(b) we also include the experimental chemical shifts, denoted 
by μV B S , obtained as μV B S = −E V B S from the valence-band 
shift data (E V B S ) reported in Fig. 3(c) of Ref. [76], which are con-
sistent with μC L S obtained from the measured As-3d core level 
shifts. The reported electron–hole asymmetry in Ba-122 pnictides 
[76], in particular in BaFe2As2, has been also observed in the su-
perconducting phase [20,76,78–80]. We checked that the chemical 
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potential shift is almost independent of V , consistently with our 
DOS results discussed in Section 3.1.

Let us first stress one result: notice that in spite of the band 
renormalization effects due to correlations known to be included 
in our level of approximation (as shown in our self-energy anal-
ysis of Suppl. Appendix B), we obtain electron–hole asymmetric 
effects such as experimentally observed [76,77] i.e. the bottom of 
the band is shifted to lower, or higher, binding energies with re-
spect to the Fermi level upon, respectively, electron or hole doping, 
as one would expect if the electronic structure is not changed by 
doping.

Next, we would like to stress that, even though one might ex-
pect the values of the chemical potential shifts upon doping to 
be material-dependent, we find that our results in Fig. 3(b) agree 
better with the reported data on Ba-122 compounds (Figure 3 of 
Ref. [76]) than the LDA calculations mentioned in Ref. [76]: which 
required dividing their calculated chemical potential shift values by 
a factor of 4, in order to achieve quantitative agreement with ex-
periments. Previously, theoretical estimations [62] of an LDA band 
structure renormalization, amounting to a factor of 2 division, had 
been indicated as necessary to describe with LDA the observed en-
ergy shifts of the electron and hole bands [25].

Thus, our analytical treatment for the effective two-band model 
yields electronic structure results describing not only the observed 
opposite chemical potential shifts for electron and hole-doping, but 
the chemical potential shift values we obtain are in quantitative 
agreement with the experimental results of Fig. 3 of Ref. [76], re-
spectively for all electron doped samples in BaFe2−xCoxAs2 and for 
the sample with highest hole doping in Ba1−xKxFe2As2.

As mentioned in the Introduction, Lifshitz transitions have been 
reported for ferropnictides, in particular as a function of doping 
[20,22,23]. We have checked that the correlated two-orbital model 
indeed undergoes changes of topology of the Fermi surface upon 
doping increase, as exhibited in Figure C.8 of Suppl. Appendix C. A 
detailed study of this topic is out of the scope of the present work, 
though we plan to address it in the future.

3.4. Effects of temperature on the spectral properties

Our analytical approach is specifically well adapted to shed 
light on the temperature dependence of the normal state spectral 
properties throughout the Brillouin zone, subject largely unstudied 
in ferropnictides, on which we were able to find interesting pre-
dictions.

First, we will focus on the effect of the temperature on the total 
density of states. We found only low temperature density of states 
ARPES data reported for the parent compounds, e.g. in Refs. [65,
82], to compare the results of this section, while at room tem-
perature we only found a hard X-ray photoemission DOS result 
reported for undoped Ba-122 [81]. To allow a direct comparison 
with experimental data, in this section all density of states results 
exhibited, denoted Ã(ω), have been convoluted with an energy 
resolution of 30 meV and multiplied by f F D(ω), as in experiments 
[65,81,82].

In Fig. 4 we show the total DOS we obtain for several temper-
atures varying from 10 K to 100 K. As an inset, we plotted the 
corresponding partial densities of states at T = 40 K, correspond-
ing to the two effective TB bands [30] used in our model, denoted 
by c and d and defined in Eq. (8).

In Fig. 4, notice that with our simplified correlated model for 
pnictides the total DOS near the Fermi level consists of a sharp in-
tense peak, which the inset and our self-energy results presented 
in Supplementary Appendix B.1 show is mostly due to the renor-
malized c-effective band, i.e. obtained in our approach by renor-
malization of the non-interacting c-band from Eq. (3) proposed by 
Raghu et al. [30], which is the lowest energy effective band extend-

Fig. 4. Temperature dependence of Ã(ω). Parameters: U = V = 3.5 eV, n = 2. Other 
parameters as in Fig. 1. Inset: partial c- and d-band densities of states at 40 K.

ing from −8 to 4 eV. Our result agrees with previous work, which 
indicates that the peak originates mainly from Fe-3d states, in 
particular: ARPES experiments at low temperature in LaOFeP and 
LaOFeAs compounds (Figure 1 of Ref. [65]) at T = 20 K interpreted 
with DFT + LDA calculations, ARPES at T = 28.7 K in FeSe1−x (Fig-
ure 2 of Ref. [82]), and hard X-ray photoemission experiments 
in BaFe2As2 (Figure 2 of Ref. [81]) at 20 K and 300 K. The low 
temperature results agree also with LDA + DFMT calculations in 
SmO1−xFxFeAs [11], LDA + DFT calculations in LaFeAsO1−xFx [10], 
BaFe2As2 [13] and LiFeAs [13].

Regarding the evolution with temperature shown in Fig. 4, our 
calculations predict that this intense sharp peak near the Fermi 
level should be clearly observed for temperatures T < 40 K. By 
increasing temperature, we find that the peak near the Fermi 
level is shifted towards lower binding energy, diminishes intensity 
and becomes broader, eventually developing additional structure. 
This agrees with the observations in BaFe2As2 (Figure 2 of [81]) 
where, from the sharp peak near the Fermi level at 20 K, at room-
temperature a broad hump located at lower binding energies was 
reported.

Notice in Fig. 4 that we also find new temperature dependent 
peaks in the DOS due to correlation effects, as our self-energy 
analysis in Supplementary Appendix B confirms. Concretely, if one 
compares the density of states curves corresponding to various 
temperatures in Fig. 4: at 10 K the DOS is dominated by a single 
peak near the Fermi level, at 40 K we obtain two prominent peaks, 
shifted further below the Fermi level w.r. the T = 10 K result, and 
three sizeable peaks of the density of states (shifted still further 
below the Fermi level) are present at T = 100 K. Therefore, we are 
predicting a non-trivial temperature dependence of the total den-
sity of states due to correlations, which it would be interesting to 
investigate experimentally.

Furthermore, in connection with the location of the peak near 
the Fermi level, which may be material-dependent: in Fig. 4 we 
find it centered at ω ∼ −10 meV at 30 K, which is similar to the 
peak position estimated from fits in Ref. [82] in FeSe1−x, placing it 
at ω = −15 meV at 30 K, in particular their Figure 2(d).

Next, we will analyze the evolution with temperature of the 
spectral density, analyzing the changes in Ã(�k, ω). In first term, we 
will fix �k at the relevant high-symmetry points of the BZ which 
have been studied in ARPES experiments [15,29].

In Fig. 5(a), we show the evolution of the electronic struc-
ture with temperature at �. Notice that a number of promi-
nent peaks emerge as temperature decreases. This is qualitatively 
what was observed in ARPES experiments in LaFeAsO (Figure 7(a) 
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Fig. 5. a) Temperature dependence of Ã(k, ω), at �; b) Temperature dependence of 
Ã(k, ω), at M . Same energy range used for the ARPES data of Ref. [15]. Parameters: 
U = V = 3.5, n = 2, ν = 9. Other parameters as in Fig. 1.

of Ref. [15]) and CeFeAsO (Figure 4 of Ref. [72]) compounds, 
where three peaks were also reported in the same energy range, 
though our results differ in the relative intensities. Our results also 
agree qualitatively with recent ARPES experiments at � closer to 
the Fermi level in NaFe0.95Co0.05As (Figure 3(a) of Ref. [83]) and 
Ca1−xNaxFe2As2 (Figure 2 of Ref. [84]) compounds, who focus on 
the spectral density reduction at the Fermi level upon temperature 
increase.

In Fig. 5(b) we show the temperature evolution of the spec-
tral density at M , to be compared with the reported ARPES data 
in Figure 3 of Ref. [72] and Figure 4(b) of Ref. [85], who focus 
on the energy range [−0.2, 0] eV. The description of the low tem-
perature ARPES data at M with the effective two-orbital model 
is not as good as for �. Though the spectra at M in the energy 
range [−0.1, 0] eV exhibit a two-peak structure at low tempera-
ture which evolves to a broad single peak at higher temperature, 
in agreement with ARPES experiments in CeFeAsO (Figure 3 of 
Ref. [72]) and EuFe2As2 (Figure 4(b) of Ref. [85]) compounds, we 
find differences (e.g. a number of additional peaks at low temper-
ature below −0.1 eV) if we compare our results with experiments 
in a wider energy range. The temperature evolution of the elec-
tronic structure at � exhibits less relevant changes than at M , in 
agreement with experiments.

In any case, the spectral function results at the high symme-
try BZ points probed by ARPES, which are presented in Figs. 5(a) 
and 5(b), mainly exhibit the usual effects of thermal broadening, 

Fig. 6. Temperature dependence of Ã(k, ω), at the BZ points respectively indicated 
in each plot. Parameters: U = V = 3.5 eV, nc = 1.45 and nd = 0.55 (n = 2), ν = 9. 
Other parameters as in Fig. 1.

in correspondence with the negligible temperature-dependence of 
the self-energy at these points, discussed in Supplementary Ap-
pendix B.

Nevertheless, as discussed in connection with Fig. 4, our model 
predicts a non-trivial temperature-dependence of the total den-
sity of states, to which the whole BZ contributes. To understand 
this fact, we explored throughout the whole BZ the dependence 
on temperature of the k-dependent self-energy obtained in our 
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Fig. 7. Quasiparticle weights at the Fermi level, Z(�k), shown at a set BZ points 
(located as indicated in the inset), for temperatures: T = 40, 60, 100 K. U = V =
3.5 eV and other parameters as in Fig. 1. k0 = (π/2, π/2), k1 = (0.55π, 0.55π), 
k2 = (0.6π, 0.6π), k3 = (0.56π, 0.31π), k4 = (π, 0.5π) and k5 = (0.5π, 0).

approach, and in Supplementary Appendix B exhibit our results. 
Interestingly, for the parent compounds (n = 2) we have been able 
to identify a number of specific BZ points, not yet probed by 
ARPES, which exhibit sizeable and non-trivial temperature depen-
dent renormalization effects, allowing to explain the temperature 
dependence predicted for the total DOS. In particular, in Fig. 6 we 
show the evolution of the spectral density function with temper-
ature predicted at three specific BZ points ( �k1 = (0.55π, 0.55π), 
�k2 = (0.6π, 0.6π) and �k3 = (0.56π, 0.31π)), which we could iden-

tify as exhibiting the largest non-trivial temperature dependent 
renormalization effects due to correlations (for details, see Sup-
plementary Appendix B). Notice also that some non-Fermi liquid 
features [86] are visible at specific BZ points at higher temper-
atures: in fact, Fig. 6(b) shows that at T = 100 K the spectral 
density function at �k2 is mostly dominated by the incoherent 
contribution, a strong reduction of the quasiparticle peak hav-
ing taken place. Our prediction could be tested by temperature 
dependent ARPES experiments, and these effects should also be 
displayed by correlated multi-orbital models with more effective 
bands (though perhaps at larger correlation values). In Supple-
mentary Appendix C.1, we discuss how doping affects the re-
sults discussed above for n = 2, and in particular how it re-
duces the non-trivial temperature dependent renormalization ef-
fects by correlations in the density of states, with differences be-
tween electron and hole doping. We also show how doping af-
fects the k-dependence discussed for the parent compounds in 
connection with Fig. 6. Our results indicate that a subtle inter-
play between correlations, temperature and doping gives rise to 
the non-trivial temperature dependence effects in the spectral 
properties.

Finally, the quasiparticle weights Z(k) at the Fermi level, de-
fined as Z−1(�k) = 1 − ∂

∂ω Re�c(�k, ω)|ω=0, are shown at differ-
ent BZ points in Fig. 7, exhibiting the non-trivial effect of tem-
perature along the BZ: clearly larger at some points like k3 =
(0.56π, 0.31π), which would be interesting to probe by ARPES. 
Note that the mass renormalization ( m

m∗ ∝ Z ) obtained in our ap-
proach corresponds to a correlated metal, while the range of quasi-
particle weights obtained along the BZ agrees with LDA + DMFT 
results [52] who estimated a quasiparticle weight renormalization 
factor Z ∼ 0.8 for J = 0, as well as with T = 0 slave-spin mean-
field studies of two- and four-orbital models [41].

4. Conclusions

Though a large amount of experimental and theoretical research 
work has been done since 2008, the true nature of electron corre-
lations in ferropnictides remains an open question. Here, using a 
simplified model based on two correlated effective bands and an 
analytical approximation to decouple the equations of motion for 
the electron Green’s functions, we determined the normal state 
spectral density function and the total density of states. With 
model parameters in the range relevant for iron-based supercon-
ductors, we could describe: (i) the momentum dependence mea-
sured in ARPES along �–X , and the main features along �–M; 
(ii) an asymmetric effect of electron and hole doping, with the 
characteristics observed in ARPES experiments. In particular, the 
band structure renormalization due to the correlation effects cap-
tured by our analytical approach, allows to obtain a direct agree-
ment of our calculations with the experimental chemical potential 
shifts reported, with the correct order of magnitude in contrast to 
LDA calculations. (iii) We found that an important spectral weight 
reduction near the Fermi level takes place if temperature is in-
creased, and the evolution with temperature of the total density of 
states which we predict is consistent with the relatively few avail-
able data from ARPES and hard X-ray photoemission experiments. 
(iv) The conduction electron mass renormalization obtained cor-
responds to a correlated metal, while the range of quasiparticle 
weights at the Fermi level which we obtain along the Brillouin 
zone agrees with theoretical LDA + DMFT results which estimated 
Z ∼ 0.8 in the absence of Hund coupling.

Among the results obtained, we want to stress an interesting 
prediction which might be tested experimentally: our work not 
only predicts a non-trivial temperature dependence of the total 
density of states, due to correlation effects. We could trace the 
origin of this behavior to specific Brillouin zone regions where 
the effect of temperature on the renormalization is amplified, by 
exploring the k-dependent self-energy obtained in our approach 
throughout the Brillouin zone. It would be interesting to have this 
prediction tested, by temperature dependent ARPES experiments 
in the specific BZ points we explicitly identified for undoped com-
pounds.

Our calculated Green’s functions might be also employed to 
evaluate other normal state physical properties of iron pnictides, at 
our level of approximation: which has the advantage of enabling to 
describe temperature and k-dependent results, in contrast to other 
theoretical techniques where the self-energy is local.

We have shown that our results describe well most of the main 
common features of the bulk electronic structure observed, not 
only 1111 and 122 ferropnictides, but also in FeSe compounds 
which we believe is related to the fact that the two correlated ef-
fective bands of the model capture the relevant details of the 3d-Fe 
orbitals near the Fermi level, lying the As or Se orbitals further be-
low in energy.

The simplified pnictides model and analytical approach used in 
the present work, are suitable for extensions to describe details of 
magnetotransport in FeSe compounds, as well as adapting them 
to describe electronic properties of BiS2-based layered compounds. 
Our approach could also be useful to address the nature of corre-
lations in Hund metals and its relationship with Mott-physics in 
other multi-orbital systems [87], problems we plan to study in the 
future.
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The existence of non-substitutional b-Sn defects in Ge1ÀxSnx alloys was confirmed by emission

channeling experiments [Decoster et al., Phys. Rev. B 81, 155204 (2010)], which established that,

although most Sn enters substitutionally (a-Sn) in the Ge lattice, a second significant fraction corre-

sponds to the Sn-vacancy defect complex in the split-vacancy configuration (b-Sn), in agreement

with our previous theoretical study [Ventura et al., Phys. Rev. B 79, 155202 (2009)]. Here, we pre-

sent the electronic structure calculations for Ge1ÀxSnx, including the substitutional a-Sn as well as

the non-substitutional b-Sn defects. To include the presence of the non-substitutional complex

defects in the electronic structure calculation for this multi-orbital alloy problem, we extended the

approach for the purely substitutional alloy by Jenkins and Dow [Phys. Rev. B 36, 7994 (1987)].

We employed an effective substitutional two-site cluster equivalent to the real non-substitutional

b-Sn defect, which was determined by a Green’s functions calculation. We then calculated the elec-

tronic structure of the effective alloy purely in terms of substitutional defects, embedding the effec-

tive substitutional clusters in the lattice. Our results describe the two transitions of the fundamental

gap of Ge1ÀxSnx as a function of the total Sn-concentration: namely, from an indirect to a direct

gap, first, and the metallization transition at a higher x. They also highlight the role of b-Sn in the

reduction of the concentration range, which corresponds to the direct-gap phase of this alloy of

interest for the optoelectronics applications. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4962381]

I. INTRODUCTION

The semiconductor technology based on Si has limitations

for the optoelectronic and photovoltaic device applications,

because of the indirect nature of the fundamental bandgap,

which results in an inefficient absorption and emission of light.

To overcome these limitations, the direct energy-gap materials

based on group IV semiconductors have been searched.1–4

Among group-IV elements, Ge is considered an important

candidate to replace the Si in the semiconducting applica-

tions,1 because it has a larger free-carrier mobility and a lower

dopant activation temperature,2 which makes it an attractive

material in the future metal-oxide semiconductor field-effect

transistors.5,6 The Ge1ÀxSnx alloys have attracted a consider-

able attention because they become direct bandgap semicon-

ductors above $6%–10% Sn without an external mechanical

strain. Moreover, the theoretical calculations indicated that

strained Ge1ÀxSnx (x< 0.17) would exhibit an enhanced elec-

tron and hole mobility, which could make the alloy also inter-

esting for the high-speed integrated circuits.8,9 The integration

of Ge in the Si-based photonics is important for advances in

the performance of detectors, modulators, and emitters.

Experimental studies in the group-IV alloys were hin-

dered for a long time by the sample preparation problems.

When the Ge1ÀxSnx samples are experimentally prepared,

the distribution of the Sn atoms in the Ge matrix depends on

the growth conditions: The Sn-atoms can enter randomly,10

form a regular superstructure,11 or coalesce into a larger

cluster.1,10,12 At a temperature below 13 �C, pure Sn exists in

the a-Sn (gray tin) phase with a diamond structure, but it

undergoes a phase transition to b-Sn (white-tin) above this

temperature.13 Experiments have shown that a problem with

the incorporation of the Sn into the Ge lattice is the large

$17% lattice mismatch between these elements and the insta-

bility of the diamond-cubic structure of the a-Sn above

13 �C.4,14 Although the Ge1ÀxSnx alloys have been success-

fully grown by molecular beam epitaxy,15 chemical vapor

deposition,4 and enhanced direct bandgap luminescence that

has been demonstrated for up to 8% Sn,16,17 at higher Sn-

concentrations, several limitations arise due to the low ther-

modynamic solid solubility of Sn in the Ge crystal, which is

less than 1%, and, in many cases, the material quality is ques-

tionable due to the propensity of Sn to segregate toward the

film surface.4,14,18 Recently, the fabrication of a high quality

Ge1ÀxSnx on InGaAs buffer layers using a low-temperature

growth by the molecular beam epitaxy was reported.15 X-ray

diffraction, secondary ion mass spectroscopy, and transmis-

sion electron microscopy studies demonstrated that up to

10.5% Sn had been incorporated into the Ge1ÀxSnx thin films

without Sn precipitation.15 More recently, the Ge1ÀxSnx
homogeneous epitaxial layers were grown on the InP sub-

strates for the range 0:15 < x < 0:27.12 The direct bandgap

for the Sn-concentration range 0:15 < x < 0:27 was obtained

through the photon absorption spectra measured with the

Fourier transform infrared spectroscopy.

0021-8979/2016/120(10)/105705/10/$30.00 Published by AIP Publishing.120, 105705-1
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The incorporation of Sn in the Ge matrix has been inves-

tigated theoretically by Ventura et al.19,20 Through local

defect electronic calculations, the formation of several com-

plex Sn-defects in the Ge1ÀxSnx alloy was analyzed, confirm-

ing that, at low Sn concentrations, substitutional a-Sn, in
which a Sn atom occupies the position of a Ge atom in the

diamond lattice, is favoured. Above a certain critical Sn con-

centration19,20 dependent on temperature, Sn could also

appear as the non-substitutional b-Sn complex defect, in

which an interstitial Sn-atom occupies the center of a diva-

cancy in the Ge lattice. The metallic Sn clusters resulting in

inhomogeneous defect structures could appear at still higher

Sn concentrations.20 In 2010, emission channeling experi-

ments by Decoster et al.21 confirmed the existence of the b-
Sn defects in the homogeneous Ge1ÀxSnx alloy, establishing
that they represented the second significant fraction of Sn

incorporated in the Ge lattice, most Sn atoms entering substi-

tutionally (a-Sn) in Ge. The existence of such a defect in the

amorphous Ge-Sn alloys had already been confirmed by

detailed M€ossbauer experiments,22 which in fact showed a

signal corresponding to a Sn atom in an octahedral environ-

ment, besides the expected signal of the tetrahedral environ-

ment corresponding to the substitutional a-Sn. The local

environment and the interactions of a-Sn, the Ge vacancy

and b-Sn, confirming that b-Sn could be formed by the natu-

ral diffusion of a vacancy around a-Sn because of the small

energy barrier for the process, have been also studied.23

The tunability of its gap with the composition makes

Ge1ÀxSnx a highly interesting material for the infrared appli-

cations, especially at low Sn concentrations (x< 0.20).7 The

Ge1ÀxSnx alloys with high Sn concentrations could also be

important as an alternative to the HgCdTe system for the far-

infrared applications, as the II-VI compounds are expensive

and incompatible with the Si technologies.24 Recently, there

have been reports of a room temperature direct bandgap

emission for the Si-substrate-based Ge p-i-n heterojunction

photodiode structures, operated under forward bias.25 A

temperature-dependent photoluminescence (PL) study has

been conducted26 in the Ge1ÀxSnx films with Sn composi-

tions of 0.9%, 3.2%, and 6.0% grown on Si. The competition

between the direct and indirect bandgap transitions was

clearly observed. The relative peak intensity of the direct tran-

sition with respect to the indirect transition increases with an

increase in temperature, indicating that the direct transition

dominates the PL at high temperatures. Furthermore, as the

Sn composition increases, a progressive enhancement of the

PL intensity corresponding to the direct transition was

observed,26 due to the reduction of the direct-indirect valley

separation, which experimentally confirms that the Ge1ÀxSnx
grown on Si becomes a group IV-based direct bandgap mate-

rial by increasing the Sn content. More recently, the fabrica-

tion and properties of the Ge1ÀxSnx (x< 0.123) pn diodes

were reported.27 Electroluminescence results indicated that

the emission properties depend very sensitively on the Sn-

concentrations on both sides of the junctions, making this sys-

tem not only a serious candidate for laser devices but also an

ideal model system to study the properties of the quasi-direct

light emitting devices.

Experimentally, a series of values have been reported

for the critical Sn concentration for the indirect to direct gap

transition, hereafter denoted xIc: starting from Ref. 7 whose

optical absorption experiments predicted 0:11 < xIc < 0:15,
followed by Ladr�on de Guevara et al.28 who reported 0:10 <
xIc < 0:13 from transmittance measurements, D’Costa et al.4

who reported xIc $ 0:11 with ellipsometry experiments, and,

more recently, Chen et al.16 reported xIc $ 0:07 using photo-

luminescence. Then, xIc $ 0:06À 0:08 was suggested, based

on the photoluminescence studies of the strain free-GeSn

layers.16,17 Ryu et al.,29 by means of temperature-dependent

photoluminescence experiments of Ge/Si and Ge1ÀySny/Si,
indicated a possible indirect-to-direct bandgap transition at

the Sn content $0:06, consistent with the density functional

theory (DFT) calculations in Ref. 30. More recently, by a fit

to experimental data in Ge1ÀxSnx using a theoretical model

of the bandgap bowing, Gallagher et al.31 estimated a cross-

over concentration of xIc ¼ 0:09, significantly increased from

earlier estimations based on a strictly quadratic composi-

tional dependence of the bandgaps in Ref. 32, who obtained

xIc ¼ 0:073.
In this work, we concentrated on the electronic struc-

ture calculations for Ge1ÀxSnx, including the substitutional

a-Sn as well as the non-substitutional b-Sn defects. At pre-

sent, the ab-initio electronic structure calculations include

individual non-substitutional defects, such as interstitials,

but no standard approaches are available to calculate the

band structure of alloys involving the non-substitutional

complex defects formed by many components. An example

of such complex defects would be an interstitial impurity

atom attached to a divacancy, as is the case for the “b-Sn”
defects in Ge. In order to take into account the non-

substitutional complex defects in the electronic structure

calculation for this multi-orbital alloy problem, we trans-

formed the real alloy problem into an equivalent purely sub-

stitutional effective alloy problem. For this, we employed

an effective substitutional two-site cluster equivalent to the

real non-substitutional b-Sn defect and extended the

approach originally proposed by Jenkins and Dow33 for the

purely substitutional alloy, who used 20 tight-binding (TB)

sp3sÃ orbitals for the group IV elements combined with the

virtual crystal approximation (VCA) for the substitutional

disorder.

This paper is organized as follows. We present in Sec.

II a brief description of our proposal for the inclusion of the

b-Sn non-substitutional defects in the electronic structure

calculation. In Sec. II B 1, we discuss the indirect-to-direct

gap transition in Ge1ÀxSnx, as described by our present

extension of the TBþVCA approach, adjusted to experi-

mental data. In the Appendix, we show how the present

TBþVCA approach allows to improve the theoretical

description of experimental direct gap results for the substi-

tutional Ge1ÀxÀySixSny ternary alloys. The results of our

present electronic structure calculation for binary Ge1ÀxSnx
with the present approach, including the non-substitutional

b-Sn as well as the substitutional a-Sn, are presented in

Sec. III. In Sec. IV, we summarize the conclusions of our

work.
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II. INCLUSION OF THE b-Sn NON-SUBSTITUTIONAL
COMPLEX DEFECTS IN THE ELECTRONIC
STRUCTURE CALCULATION

Above a critical Sn concentration, the non-substitutional

b-Sn defects become important,20,21 but there are currently no

electronic structure approaches that include their effect. To fill

this important gap, we devised an analytical method that

makes it possible to incorporate the b-Sn defects within the

framework of the virtual crystal approximation. A first imple-

mentation was presented in Ref. 38, although the present pro-

posed method includes improvements allowing us to refine our

description of Ge1ÀxSnx. VCA assumes a random alloy to be

composed of “virtual” atoms, forming a periodic crystal poten-

tial modelled as a composition-weighted average of the constit-

uent element potentials. To include b-Sn in the electronic

structure calculation, we extend the TBþVCA approach by

Jenkins and Dow33 for the substitutional Ge1ÀxSnx alloy. In

the latter, only a substitutional a-Sn was assumed to be present,

and a 20-orbital TB basis (s,p,s* states) was introduced for

group IV elements. The 20Â 20 Jenkins-Dow tight-binding

Hamiltonian includes: the second-neighbor33,34 and spin-orbit

interactions.33,35–37

For our present electronic structure calculation, we

started by considering the Ge1ÀxSnx alloy formed by three

components: Ge, a-Sn, and b-Sn atoms, as an effective binary

alloy composed by two components: one, represented by the

(Geþ a-Sn) substitutional alloy as considered by Jenkins and

Dow,33 and the other component represented the b-Sn non-

substitutional defects. For the latter, we proposed an effective

substitutional 2-site cluster equivalent to the real non-

substitutional b-Sn,38 as illustrated in Fig. 1 and detailed in

Subsection IIA. In Subsection IIB, we present our extension

of the Jenkins-Dow TBþVCA calculation to treat the effec-

tive substitutional binary alloy representing the real alloy with

Ge, a-Sn and b-Sn.

A. Effective substitutional two-site cluster equivalent
to the non-substitutional b-Sn defect

As mentioned earlier, in a previous work,38 we deter-

mined and compared two effective substitutional two-site

clusters equivalent to the real non-substitutional b-Sn defects,

which is schematically represented in Fig. 1. In Fig. 1(a), we

depict the real non-substitutional b-Sn defect (with energy

Ec
bÀSn, where c represents each basis orbital (c ¼ s; p; sÃ) in its

six fold coordinated configuration). Meanwhile, Fig. 1(b) rep-

resents an equivalent cluster composed by two substitutional

sites, where the effective atoms occupying each site in the

cluster have an energy denoted by Ec
1 (considered to be equal

in both sites of the cluster, by symmetry).38

The equivalence was established under the following

conditions: (1) for simplicity, we proposed that the equiva-

lence was valid for each separate orbital; (2) we assumed

that only interactions between orbitals of the same type

between the nearest-neighbour (NN) atoms are relevant; and

(3) we demanded that the local Green’s functions in the orig-

inal and equivalent problem be equal and will thus have the

same analytical properties.

Due to our investigation in Ref. 38, no qualitative differ-

ences are expected for the electronic structure obtained using

equivalent clusters with a null intra-cluster hopping t¼ 0 or

with an intra-cluster hopping equal to that between the clus-

ter and the rest of the lattice: t ¼ t0.
Thus, in our present work, we adopted the effective

equivalent substitutional cluster with t¼ 0, to represent the

b-Sn non-substitutional defects. In this case, from Ref. 38

we have

Ec
1 ’ ðEc

bÀSn þ t0Þ: (1)

The energy of the effective pseudo-atoms with the cor-

rect symmetry has been expressed in terms of energy param-

eters corresponding to the original b-Sn defect, allowing the

incorporation of these non-substitutional defects in the elec-

tronic structure calculation of the alloy under study in terms

of the substitutional defects.

B. TB1VCA extension to include a-Sn
and non-substitutional b-Sn in the Ge1-xSnx

electronic structure calculation

To obtain the virtual-crystal band structure of Ge1ÀxSnx,
including the substitutional a-Sn and non-substitutional b-Sn,
we proposed the following extension for the TBþVCA

approximation of the substitutional alloy originally proposed

by Jenkins and Dow.33 We used the same basis of 20 tight-

binding orbitals (with s, p, sÃ character) introduced by Jenkins
and Dow for group IV elements, but in the diagonal part of

FIG. 1. (a) Non-substitutional b-Sn, (b) substitutional 2-site cluster equiva-

lent for b-Sn. Blue balls: Ge atoms (lattice with diamond symmetry); gray

balls: Sn atoms, (a): The Sn-atom located at the center of a Ge-divacancy

and (b): The Sn-atoms in substitutional positions. t0 represents a hopping

between a Sn-atom and the nearest neighbors Ge-atoms. t denoted an intra-

cluster hopping between Sn atoms on substitutional representation.
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the Hamiltonian, we added a set of three orbital weight fac-

tors, depending on the orbital character of the basis state, and

took into account the presence of b-Sn. Concretely, we con-

sidered the following matrix elements for the TBþVCA

Hamiltonian of the binary alloy:

Hc
ii ¼ 1À xð Þ Ge½ �c

iiþWc xa aÀ Sn½ �c
iiþxb ~b À Sn

Â Ãc
ii

� �
;

Hc
ij ¼

1À xð Þ Ge½ �c
ijfaGeg2 þ x aÀ Sn½ �c

ijfaSng2
h i

fa xð Þg2
; (2)

where Hc
ii and Hc

ij denote the diagonal and non-diagonal

matrix elements of the Hamiltonian, respectively, the subindi-

ces i and j refer to the TB-orbital states, and c denotes each

Hamiltonian block with s, p, or sÃ orbital character. Further

details of the structure of this TB Hamiltonian can be found in

Ref. 33. By [Ge] and [a-Sn] we refer to the tight-binding

parameters for pure Ge or for a-Sn, respectively, as given in

Ref. 33. Meanwhile, [~b-Sn] denotes the TB Hamiltonian

matrix elements corresponding to the substitutional equivalent

used for the real non-substitutional defect, in our case:

[~b-Sn]¼Ec
1 ¼ [b-Sn] þ t0. In our present calculations, for sim-

plicity, we have assumed that a Sn-atom has the same tight-

binding parameters in both the configurations: a-Sn and b-Sn.
By xa and xb, we denote the relative concentration of a-Sn and
b-Sn, respectively, in Ge1ÀxSnx; therefore, x ¼ xa þ xb.

In the diagonal matrix elements of the Hamiltonian

above, we introduced three orbital weight factors: Wc (c¼ s,
sÃ or p), in order to reproduce as closely as possible the band

structure of Ge1ÀxSnx alloys, according to recent experi-

ments,4,7,31 and, in particular, to improve the description of

the indirect to direct gap transition of the substitutional alloy

with respect to the original approach by Jenkins and Dow.33

Wc were included as factors of the Sn-atoms contribution to

the diagonal matrix elements, as the pure Ge indirect (and

direct) gaps49 are correctly described by the Jenkins and Dow

TB elements.33 In Sec. IIB 1, we will discuss in detail the

parametrization adopted for theseWc parameters.

It has to be noted that we had adopted the non-diagonal

Hamiltonian matrix elements of Jenkins and Dow,33 which

include the lattice parameters for Ge and a-Sn, namely:

aGe¼ 5.65 Å, and aSn¼ 6.46 Å, and we assumed that

Vegard’s law39 is valid for the binary alloy lattice parameter,

thus: aðxÞ ¼ ð1À xÞaGe þ xaSn.
The present extension of TBþVCA enables us to tackle

two important issues in Ge1ÀxSnx: (1) as already mentioned,

a more realistic description of the crossover from an indirect

to a direct fundamental bandgap, according to recent experi-

ments, and (2) the inclusion of the non-substitutional com-

plex b-Sn defects in the electronic structure calculation,

which has been confirmed to exist by experiments, and as we

will show would play an important role in the electronic

properties of the Ge1ÀxSnx, basically limiting the direct gap

phase of interest for the optoelectronics applications.

1. The parametrization of W c: Indirect to direct gap
transition in substitutional Ge12xSnx

Next, we have explained how we optimized the values

of the weight parameters: Wc (c¼ s, sÃ or p), introduced in

Eq. (2), in order to properly reproduce the available experi-

mental data of Ge1ÀxSnx alloys, and in particular, the critical

Sn-concentration xIc for the indirect to direct gap transition in

the substitutional Ge1ÀxSnx.
Using the original TBþVCA approach for substitutional

Ge1ÀxSnx by Jenkins and Dow,33 one obtains xIcÀJD ¼ 0.15.20

Recently, other theoretical predictions were reported:

xIc¼ 0.17 was obtained with a charge self-consistent pseudo-

potential plane wave method,40 xIc¼ 0.11 with the empirical

pseudopotential method with adjustable form factors fitted to

experimental data,41 while the full potential augmented plane

wave plus local orbital method within the density functional

theory (DFT) yielded: xIc¼ 0.105.42 Gupta et al.43 predicted

xIc¼ 0.065, using a theoretical model based on the nonlocal

empirical pseudopotential method. Eckhardt et al.,44 predicted
xIc $ 0.1 for the Ge1ÀxSnx grown commensurately on Ge(100)

substrates, using a supercell approach and VCA, with DFT in

the local density approximation.

Our extension of the TBþVCA described in Subsection

II B includes three orbital weight parameters Wc (c¼ s, sÃ or
p), which we introduced to improve the fit of the TB model

to experimental electronic structure results. They enable us

to construct a TB model to correctly reproduce the experi-

mental data reported for the indirect and direct bandgaps of

Ge and Ge1ÀxSnx at particular alloy concentrations.4,7,16,31 In

our present work, we adjusted Wc (c¼ s, sÃ or p), using
experimental data for the indirect and direct bandgaps of

pure Ge (x¼ 0) and Ge0:85Sn0:15: obtained by He and

Atwater7 through optical absorption experiments, later con-

firmed by transmittance measurements by D’Costa et al.4

and by the recent room-temperature photoluminescence

spectroscopy data by Gallagher et al.31 The set of optimal

weight factors obtained by fitting these data are

Ws ¼ 1:256; WsÃ ¼ 1:020; Wp ¼ 1:00: (3)

Regarding the choice of the weight factors specified in

Equation (4), it was done taking into account our study of the

orbital character of the eigenvectors along the Brillouin zone

(BZ),38 and, in particular, at the symmetry points, which define

the fundamental bandgap, depending on the alloy composition:

namely, the BZ center, C, with the relevant valence band max-

imum, the conduction band minimum determining the direct

gap, and the BZ point L ¼ ð2p=aðxÞÞð1=2; 1=2; 1=2Þ, which
corresponds to the location of the conduction band minimum

that determines the indirect gap in Ge. At C, we find that the

eigenvectors correspond mainly to s-states at the conduction

band minimum and mainly p-states at the valence band maxi-

mum, while at L, the eigenvectors correspond mostly to

ðsþ sÃÞ-states, although a minor proportion of p-character is
retained, and these results do not exhibit significant changes

increasing the Sn-concentration. Meanwhile, increasing x the

energy of the valence band maximum at C remains almost

fixed, while it is the energies of the conduction band minima at

L– and C, which are changed.38 On the basis of these facts, we
set Wp¼ 1.00 and proceeded to adjust Ws and WsÃ to fit the

experimental direct and indirect bandgaps4,7,16 at x ¼ 0:15.
Henceforward, the set of values for Wc specified in

Eq. (3) will be kept constant for all the electronic structure
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calculations in this work. It can be noted that the only change

to the matrix elements of the tight-binding Hamiltonian of

Jenkins and Dow,33 due to the introduction of these opti-

mized weight factors Wc in Eq. (2), appears in the diagonal

TB parameters for a-Sn (and b-Sn in our approximation),

here given by: Es ¼ À7:3853 eV and EsÃ ¼ 6:0180 eV.

In Table I, we show a comparison between the direct and

indirect bandgaps obtained with the TBþVCA approach

described earlier and the experimental results reported in Ref.

7 for them. As expected, there is an agreement for x¼ 0 and

x¼ 0.15, used for our fits, but at intermediate Sn concentra-

tions, the calculated values show some deviations from the

experimental ones, as discussed in Sec. III A.

A considerable improvement is obtained for the pre-

dicted critical Sn-concentration for the transition from an

indirect to a direct fundamental gap in Ge1ÀxSnx, which the

present approach places in the vicinity of xIc ¼ 0:088 (with

the optimized Wc values, specified in Eq. (3)). This is much

closer to the recently reported experimental values detailed

in the Introduction than the prediction of xIcÀJD $ 0:15,
obtained20 using the original TBþVCA by Jenkins and

Dow.33 It can be noted that the simple parametrization

scheme here proposed to improve the description of the

experimental data of the substitutional alloy has the advan-

tage that it can be easily adjusted to fit data placing the indi-

rect to direct transition of the substitutional alloy at other

values. The flexibility provided by this parametrization in

terms of three adjustable weight parameters is especially

convenient if one considers the spread of the experimental

values reported for xIc (as mentioned in our Introduction),

possibly due to the sample preparation differences.

Finally, before discussing in detail the results obtained

with our approach in Sec. III, we would like to comment on

two recent parametrizations of the tight binding parame-

ters46,47 and compare them with those including the spin

orbit interaction and up to the second-nearest neighbour

effects proposed by Jenkins and Dow.33

K€ufner et al.,46 studied the structural and electronic prop-

erties of pure a-Sn nanocrystals from the first principles, using

DFT within approximations based on the hybrid exchange-

correlation functional and including spin-orbit interaction

effects. They reported a list of the first-NN tight-binding

parameters for a-Sn with some differences with respect to those

of Refs. 33 and 48. Replacing in the TBþVCA approach by

Jenkins and Dow,33 the first-NN tight-binding parameters of

pure a-Sn by those of K€ufner et al.,46 we find that the predic-

tion for the indirect to direct gap transition in Ge1ÀxSnx would
be shifted from xIcÀJD $ 0:1520,33 to xIc $ 0:10.

In 2014, based on the first-NN tight-binding parameters

for pure Ge of Vogl et al.48 and those by K€ufner et al. for
a-Sn,46 Attiaoui and Moutanabbir47 presented a semi-empirical

second-NN tight-binding calculation of the electronic structure

of Ge1ÀxÀySixSny ternary alloys as well as Ge1ÀxSnx. Using
the same 20 basis states as in Refs. 33, 46, and 48, they evalu-

ated new TB parameters for the alloy components, with some

changes to the previous ones also including the second-

neighbours and spin orbit corrections.33 For the indirect to

direct gap transition in the substitutional unstrained Ge1ÀxSnx,
they obtain xIc $ 0:11, which is smaller than xIcÀJD $ 0:15 and

agrees with the experimental data of Ref. 4, although it overes-

timates more recent experimental values mentioned in the

Introduction.16,17,31 Concerning the electronic structure study of

the substitutional unstrained Ge1ÀxÀySixSny ternary alloys, the

prediction of Ref. 47 is consistent with the previous results58

obtained using an extension of the TBþVCA by Jenkins and

Dow.33 In particular, almost equal critical concentration values

(with minor differences possibly related to the use of different

pure Sn-lattice parameter values47,58) are predicted for the tran-

sition of the indirect gap: between two different relevant con-

duction band minima defining the gap (one Ge-like at Brillouin

zone point L, and the other Si-like). The supplementary mate-

rial can also be viewed for a comparison of the bandstructure of

a pure a-Sn and the ideal substitutional alloy at x ¼ 0:15; 0:30,
employing different parametrizations.

III. RESULTS AND DISCUSSION

Here, we will present electronic structure results

obtained using our approach described in Sec. II, divided in

two Secs. III A and III B, respectively. In Sec. III A, we will

discuss and compare in detail with recent experiments our

results for the low Sn-concentration regime: where only sub-

stitutional a-Sn is expected to be present. In Sec. III B, we

show our predictions for Ge1ÀxSnx alloys at higher Sn-

concentrations where, above a temperature-dependent criti-

cal Sn-concentration, the non-substitutional b-Sn defects are

also expected to be present.19,20 In particular, for each of

these two regimes, we discuss the fundamental gap transition

of Ge1ÀxSnx that is expected to take place.

A. Substitutional alloy: Results of the present
approach for Ge1 a-Sn

Using the TBþVCA approach described in Sec. II for

the Ge1ÀxSnx alloys in the low x regime, where all Sn atoms

occupy the substitutional positions in the Ge lattice, we

obtained the results exhibited in Fig. 2. There, we show the

compositional dependence of the direct (E0) and indirect (EI)

bandgaps of Ge1ÀxSnx obtained with the present approach,

intersecting at xIc ¼ 0:088 where the indirect to direct transi-

tion of the fundamental gap is thus predicted. For compari-

son, we included a series of recently available experimental

data4,7,15,16,28,31,53,54 and showed the indirect to direct gap

transition prediction of xIcÀJD ¼ 0:15, obtained using the orig-

inal TBþVCA approach,20,33 which yielded a gap value of

0.568 eV at that Sn-concentration, much higher than the

observed fundamental direct gap of 0.346 eV (Ref. 7)

detailed in Table I.

TABLE I. A comparison between the theoretical bandgap energies in the

present work and the reported experimental data of Atwater et al.7 for

Ge1ÀxSnx. E0: Direct gap and EI: indirect gap.

x E0 : Exp. E0 : Theory EI : Exp. EI : Theory

0.00 0.8006 0.004 0.803 0.6706 0.019 0.670

0.06 0.6146 0.004 0.613 0.5996 0.019 0.578

0.11 0.4456 0.003 0.468 0.4286 0.019 0.502

0.15 0.3466 0.003 0.346 0.4416 0.004 0.441
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The direct and indirect bandgaps obtained with our

approach (in eV) can be, correspondingly, fitted as follows:

E0ðxÞ ¼ 0:803À 3:047 x;

EIðxÞ ¼ 0:670À 1:527 x:
(4)

By comparing our results with the experimental data in

Fig. 2, one can notice that a relatively good description of the

compositional dependence of the direct and indirect gaps was

obtained, indeed much better than if a linear interpolation

between the respective gap values for pure Ge and a-Sn was

used.4,7,16 Nevertheless, small deviations from linearity in the

data were evident,4,7,45 as experimentally reported for the lat-

tice constant of Ge1ÀxSnx as well.
45 Many other binary semi-

conducting alloys AxB1Àx also exhibited similar non-linear

dependences of their physical properties as a function of alloy

composition, behaviour known as bowing effects. Although
VCA cannot describe the non-linear bowing effects, it, never-

theless, often yields good qualitative results.4

Fig. 3(a) shows the total density of states (TDOS)

obtained for Ge1ÀxSnx as a function of energy, at the

substitutional-Sn concentrations: x ¼ 0:0; 0:15; 0:25; 0:30. In
agreement with the results obtained using the ab-initio
FPLO5þCPA code50 in Ref. 20, it can be noticed that a

smooth behaviour as function of Sn concentration is obtained,

with changes in the bandwidth and a progressive reduction of

the gap around the x¼ 0 with Sn concentration. Experiments

in Ge1ÀxSnx
4,7,16,28,53 confirmed that the direct gap decreases

primarily through a Sn-content increase in the alloy.1,4,7

In Fig. 3(b), we show the total and the three partial den-

sities of states as a function of energy for Ge0:78Sn0:22 sub-

stitutional alloy. Around the bandgap, two peaks are visible

in the density of states: the peak located just below the gap

is clearly dominated by p orbital contributions, while p, s,
and sÃ orbitals contribute to the peak located just above the

gap. Moreover, we can see that the lowest band ($À12 eV)

corresponds essentially to s orbitals, while the highest band
($10 eV) is originated essentially by sÃ and p orbitals, as in

pure Ge. These features also agree with the FPLO5þCPA

results.20,50

In Fig. 4, we show that the band structure obtained for

the substitutional Ge0:78Sn0:22 alloy. In order to analyze the

fundamental bandgap in Ge1ÀxSnx, we focus on three spe-

cific BZ points that define it: the maximum of the valence

band at C, the minima of the conduction band at C and at L,
with energies denoted C0; C1, and L1, respectively. It can be

noticeed that Ge0:78Sn0:22 possesses a fundamental direct

gap: 0.132 eV ¼ C1 À C0 and as indirect gap: 0.334 eV

¼ L1 À C0. Moreover, analyzing the orbital-character of the

band structure: we found that the eigenvectors corresponding

to C0 and C1, were mainly due to p and s states, respectively.
Meanwhile, the eigenvectors at L1 were due to s and sÃ

states. These results were analogous to those obtained for

pure Ge, which indicated that the relative weights of the

orbital contributions to the electronic properties of Ge1ÀxSnx
were weakly dependent of the Sn-content in the substitu-

tional alloy.

FIG. 2. A comparison between our theoretical bandgap energies (direct gap:

full line, indirect gap: dashed line) yielding: xIc ¼ 0:088, and available

experimental data (symbols: see references in the plot), for the various Sn

compositions. The theoretical gap prediction at critical xIcÀJD ¼ 0:15
obtained20 with the original TBþVCA approach33 is also shown (large

diamond).

FIG. 3. Substitutional Ge1ÀxSnx - results of the present TBþVCA: (a) The

total density of states for the a-Sn concentrations indicated in the plot; (b)

the total DOS (TDOS) and partial DOS (PDOS) “p,”“s and sÃ” densities of

states at x¼ 0.22 (>xIc ¼ 0:088), a direct gap alloy. t0 ¼ À3 eV as in Refs.

51 and 52.
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B. Ge12xSnx : The TB1VCA results including a-Sn and
b-Sn, metallization transition

In Sec. III A, we showed that Ge1ÀxSnx possesses an

indirect fundamental gap at low Sn-concentrations and that,

by increasing the Sn-concentration, the substitutional binary

alloy undergoes a crossover from an indirect to a direct

bandgap at xIc $ 0:088. At higher Sn-concentrations, the

non-substitutional b-Sn defects appear in the binary alloy, as

predicted theoretically19,20 and confirmed by experiments.21

We will now show that the presence of b-Sn reduces the con-
centration range where Ge1ÀxSnx possesses a direct gap, i.e.,
it reduces the critical concentration xIIc at which the direct

gap closes, corresponding to the metallization transition.

We analyzed the effect of both the substitutional and

non-substitutional Sn defects on the electronic structure of

Ge1ÀxSnx employing the TBþVCA extension proposed in

the present work, detailed in Section II.

To assess the effect of the b-Sn defects on the electronic

structure, in particular, on the bandgaps, in Fig. 5(a), we

plotted the TBþVCA band structure of Ge0:78Sn0:22 along

the LÀ CÀ X Brillouin zone path, for a fixed total Sn-

concentration x ¼ xa þ xb ¼ 0:22, but different relative con-

tents of the a-Sn and non-substitutional b-Sn. It can be found

that, when xb increases, for example, from 0 to 0.035, the

bandgap decreases: a progressive reduction of the direct gap

at C upon increase of the b-Sn concentration was observed.

In Fig. 5(b), we show the effect of b-Sn upon the DOS, for

fixed total Sn-concentration x¼ 0.22 and varying the relative

b-Sn content in the alloy. The changes induced by increasing

the b-Sn concentration on the density of states were less

noticeable than those obtained in the band structure (see Fig.

5(a)). The progressive reduction of the gap confirmed that

the presence of the non-substitutional b-Sn favours the met-

allization in Ge1ÀxSnx.
In Fig. 6, we plotted the direct gap energy E0, for the

binary alloy with a fixed total Sn-concentration x ¼ 0:22 as a

function of xb (i.e., xa ¼ 0:22À xb), for four different values
of hopping t0 between b-Sn and its Ge nearest-neighbours. A

linear dependence of E0 as a function of xb was obtained.

The critical concentration xIIc at which the direct gap closes,

and the alloy becomes metallic, is strongly dependent on t0 in
our approach.

Analyzing the effect of the non-substitutional b-Sn on

the total and partial densities of states, using our TBþVCA

approach, we found that the relative weights of the orbital

contributions to the electronic properties of Ge1ÀxSnx were

weakly dependent on the Sn-content.

Experimentally, the critical Sn-concentration xIIc for the

metallization transition in Ge1ÀxSnx is yet unknown. As

shown in Fig. 2, the gap measurements were reported at rela-

tively low Sn-concentrations: x < 0:15.4,7,16,28,41,55 More

recently, the direct gap was determined in the homogeneous

epitaxial layers of Ge1ÀxSnx grown on the InP substrates12

for 0:15 < x < 0:27, from the photon absorption spectra

measured with the Fourier transform infrared spectroscopy.

In particular, for Ge0:73Sn0:27, Nakatsuka et al.12 obtained a

direct gap of $0.25 eV, so that the metallization of these epi-

taxial layers would occur at x > 0:27.

FIG. 4. The Ge0:78Sn0:22 substitutional alloy: band structure Eð~kÞ obtained
along the BZ paths of the face-centered cubic diamond lattice, between

symmetry points: C ¼ ð0; 0; 0Þ; L ¼ ð2p=aÞð1=2; 1=2; 1=2Þ, X ¼ ð2p=aÞ
ð1; 0; 0Þ; U ¼ ð2p=aÞð1; 1=4; 1=4Þ, and K ¼ ð2=aÞð3=4; 3=4; 0Þ, being a
the lattice parameter. The parameters used for the present TBþVCA, as

in Fig. 3.

FIG. 5. (a) The b-Sn effect on the band structure of Ge0:78Sn0:22: the lowest

conduction band along LÀ CÀ X path for different values xb of b-Sn con-

tent, as indicated in the plot. (b) Effect of b-Sn on the DOS of Ge0:78Sn0:22:

relative b-Sn similar to Fig. 6(a). The parameters used for the present

TBþVCA extension, as in Fig. 3.
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Additional measurements for higher Sn-concentrations

would be required to locate the metallization transition in

bulk Ge1ÀxSnx. Extrapolating the experimental data fits, two

predictions for xIIc were obtained: xIIc $ 0:30 by Atwater

et al.,7 and xIIc $ 0:37 by D’Costa et al.4

On the other hand, Jenkins and Dow predicted

xIIc $ 0:6233 with their original TBþVCA approach for the

substitutional Ge1ÀxSnx. If we would consider only the sub-

stitutional a-Sn to be present and use our present TBþVCA

extension, we would predict for the transition from a direct

gap to a metallic regime: xIIc $ 0:26, the same value which

can be obtained if using the TB parameters for a-Sn reported

in Ref. 46.

In 2009, we proposed a statistical model for the forma-

tion of the b-Sn defects in Ge1ÀxSnx,
19,20 from which the rel-

ative concentrations of b-Sn (and a-Sn) in the alloy can be

obtained as a function of temperature and the total Sn-

concentration x.
Using the statistical model19,20 to determine xb in

Ge1ÀxSnx (and from it: xa ¼ xÀ xb), we can explore the

dependence of the critical concentration for metallization xIIc
on the only free parameter (t0) in our present approach.

Furthermore, if xIIc values were experimentally known, they

might be used to tune the free parameter t0. In Figure 7, we

addressed this issue, by plotting t0 corresponding to the xIIc
values in the range from 0.22 to 0.5 for different tempera-

tures T. Specifically, for T¼ 16 �C, 32 �C, 62 �C, 85 �C, and
131 �C, while the relative contents xb and xa are obtained

from the statistical model.19,20

Figure 7 shows that, for 0:22  xIIc < 0:26; t0 is negative
and increases monotonically with an increasing xIIc . On the

other hand, for xIIc ! 0:26; t0 is positive. It can be noted that,

all of these graphs in Fig. 7 intersect at xIIc ¼ 0:26, which
corresponds to t0 ¼ 0, which in our model is equivalent to

considering only the substitutional Sn to be present.

For instance, if we consider the temperature T ¼ 16 �C,
by adjusting t0 $ 1:0037 eV, we would obtain a value

xIIc ¼ 0:30, as suggested extrapolating the experiments of

Ref. 7, while, if we consider the same temperature but adjust

t0 $ 1:4920 eV, we would obtain a value xIIc ¼ 0:37, as sug-
gested by extrapolating the experiments of Ref. 4.

The inset of Figure 7 depicts, for t0 ¼ À3 eV, the tem-

perature dependence obtained in our approach for the critical

concentration for metallization, xIIc (full line), and for the

ratio between the non-substitutional b-Sn and the substitu-

tional a-Sn (dashed line) concentrations at x ¼ xIIc from Refs.

19 and 20. The inset reveals an increase in xb=xa as a func-

tion of temperature, while a decrease in xIIc as a function of

temperature is observed. These results indicate that increas-

ing the non-substitutional Sn content leads to a lower xIIc , i.e.,
confirming that the presence of b-Sn favours metallization. It

would be interesting to have this prediction confirmed by

other theoretical approaches.

As we mentioned in the Introduction, the main interest

for technological applications of Ge1ÀxSnx is linked to its

direct gap phase.1,4 However, our results show that the con-

centration range (Dx ¼ xIIc À xIc), in which Ge1ÀxSnx pos-

sesses a direct fundamental gap would be reduced if the

temperature of formation of the alloy is increased, since

b-Sn might appear at lower Sn-concentrations. An important

aspect in the fabrication of high-quality thin films using the

molecular beam epitaxy is the growth-temperature.1,4,56,57

Therefore, a detailed experimental study of the electronic

properties of these alloys, including the second gap transition

(metallization), could allow to determine the optimal growth

conditions to control the proportion of b-Sn in Ge1ÀxSnx.

IV. CONCLUSIONS

We have studied the effect of the b-Sn non-substitutional

complex defects on the electronic structure of the Ge1ÀxSnx
binary alloy.

In order to include the non-substitutional complex

defects in an electronic structure calculation, we presented

FIG. 7. t0 hopping values as a function of the critical Sn concentration for

metallization: xIIc , at different temperatures. Inset: temperature dependence

of the relative proportion of non-substitutional to substitutional Sn, xb=xa, at
x ¼ xIIc as obtained from the statistical model of Refs. 19 and 20; and, as a

result, our prediction for the temperature dependence of the metallization

transition: xIIc ðTÞ, for t0 ¼ À3 eV.

FIG. 6. t0 dependence of the metallization transition for Ge0:78Sn0:22: energy

value at C0(E0) as a function of xb, for different values of t
0. Other parame-

ters used for the present TBþVCA extension, as in Fig. 3.
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our extension of the method originally proposed by Jenkins

and Dow for substitutional Ge1ÀxSnx, using 20 tight-binding

sp3sÃ orbitals for the group IV elements combined with the

virtual crystal approximation. We included the complex non-

substitutional b-Sn defects through the introduction of an

effective substitutional two-site equivalent cluster for them,

which we appropriately embedded in the lattice to calculate

the electronic structure of the effective alloy purely in terms

of the substitutional defects.

Our method allows to describe the two transitions of the

fundamental gap of Ge1ÀxSnx as a function of the total Sn con-
centration. In particular: (i) with our proposed extension for

the tight-binding matrix, we could tune the critical Sn concen-

tration xIc for the transition from an indirect to a direct gap, in

agreement with the most recent experimental data. Our exten-

sion also improved the theoretical description of the direct gap

experimental values for ternary Ge1ÀxÀySixSny alloys, as

shown in the Appendix. (ii) The metallization transition (clo-

sure of the direct gap) of Ge1ÀxSnx at higher x ¼ xIIc can also

be described, and we demonstrated the relevance of the non-

substitutional b-Sn for the determination of xIIc . In fact, if xIIc
would be measured, it could be used to determine the hopping

parameter (t0) between the b-Sn defects and the Ge matrix, the

only free parameter of our model. (iii) We predict the effect of

temperature on the metallization transition xIIc ðTÞ (not yet

experimentally measured), resulting from the increase with

temperature of the ratio xb=xa between the concentrations of

the non-substitutional to the substitutional Sn in Ge (which we

obtain from our statistical model for Ge1ÀxSnx).
We believe that the physical properties of Ge1ÀxSnx are

strongly affected by the Sn complex defects in the Ge matrix,

such as b-Sn among others,20 and future experimental work

would provide further support and increase the usefulness of

the present approach. Furthermore, the general idea we pro-

posed to include the non-substitutional complex defects in

the electronic structure calculations, by determining effective

substitutional equivalent clusters to replace them and solve

the problem in terms of purely substitutional effective alloys,

has a wide potential for applications in other systems.

SUPPLEMENTARY MATERIAL

The supplementary material can be viewed for a com-

parison of the bandstructure of pure a-Sn and the ideal sub-

stitutional alloy at x ¼ 0:15; 0:30, employing different

parametrizations.
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APPENDIX: APPLICATION TO Ge12x2ySixSny

TERNARYALLOYS

In 2013, we reported a first calculation of the electronic

structure of Ge1ÀxÀySixSny ternary alloys,58 employing a

combined TBþVCA approximation method, which we

developed as a direct extension to ternary substitutional

alloys of the Jenkins and Dow approach33 for binary substi-

tutional Ge1ÀxSnx. The same problem was later studied in

Ref. 47 as well.

Our electronic structure results for ternary Ge1ÀxÀySixSny
confirmed predictions and experimental indications that a

1 eV bandgap was attainable with these alloys, as required for

the fourth layer planned to be added to present-day record-

efficiency triple-junction solar cells, in order to further

increase their efficiency for satellite applications.

It is interesting to apply the present TBþVCA parame-

trization for the substitutional alloy discussed in Section IIB 1

FIG. 8. The compositional dependence of the bandgap of Ge1ÀZðSi0:79Sn0:21ÞZ
ternary alloys lattice-matched to Ge, obtained using the modified

TBþVCA approach in the present work: direct gap (solid line) and indirect

gap (dashed line). For comparison, we included our results from Ref. 58:

direct gap (dotted line) and indirect gap (dashed-dotted line). Other data

included for comparison correspond to experimental results for the direct

gap from Refs. 60–62.

FIG. 9. A comparison of our theoretical results for the direct gap and lattice

parameter with experimental data reported in Ref. 59, for the following ternary

alloys: I: Ge0:864Sn0:10Si0:036, II: Ge0:86Sn0:082Si0:058, III: Ge0:94Sn0:042Si0:018,

IV: Ge0:916Sn0:047Si0:037, and V: Ge0:947Sn0:032Si0:021. Inset: lattice parameter

for each of the ternary alloys I-V.
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of the present work, in particular, the renormalized a-Sn tight-
binding parameters, as a starting point to recalculate the elec-

tronic structure of the ternary alloys and compare it with the

results of our previous calculation.58 We exhibit the compari-

son of the direct gap results as a function of composition in

Figs. 8 and 9. In Fig. 8, one can see how the parametrized

TBþVCA approach of the present work improves the

description of the experimental compositional dependence of

the direct gap with respect to our previous approach of Ref.

58 for a series of samples lattice-matched to Ge, while we

also showed how the predicted indirect gap was slightly modi-

fied. In Fig. 9, we compared our present parametrized

TBþVCA results for the direct gap with recent experimental

results59 for five ternary alloys with different lattice parame-

ters (shown as inset): within the experimental error bars, the

agreement was indeed very good for all samples, greatly

improved with respect to the direct gap values predicted by

the previous TBþVCA approach.58
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Kohn-Sham potential for a strongly correlated finite system with fractional occupancy
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Centro Atómico Bariloche and Instituto Balseiro, Comisión Nacional de Energı́a Atómica, 8400 Bariloche, Argentina
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Using a simplified one-dimensional model of a diatomic molecule, the associated interacting density and
corresponding Kohn-Sham (KS) potential have been obtained analytically for all fractional molecule occupancies
N between 0 and 2. For the homonuclear case, and in the dissociation limit, the exact Kohn-Sham potential builds
a barrier at the midpoint between the two atoms, whose strength increases linearly with N , with 1 < N � 2. In
the heteronuclear case, the dissociating KS potential besides the barrier also exhibits a plateau around the atom
with the higher ionization potential, whose size (but not its strength) depends on N . An anomalous zero-order
scaling of the Kohn-Sham potential with regards to the strength of the electron-electron repulsion is clearly
displayed by our model; without this property both the unusual barrier and the plateau features will be absent.

DOI: 10.1103/PhysRevA.94.052506

I. INTRODUCTION

Ground-state density-functional theory (DFT) maps the
interacting electronic problem into an effective noninteracting
system that shares with the real system the ground-state
density and energy [1,2]. In the Kohn-Sham (KS) formulation
of DFT [3], the electrons are acted on by an effective
single-particle, multiplicative potential, the KS potential. All
the complicated many-body effects of the real system are
fully included in this effective potential, whose crucial role
is to do whatever is needed to reproduce the density and
total energy of the real interacting system. The aim of the
present work is to explore some of the unusual features of
the exact KS potential, in particular its behavior when the
system under study has a noninteger (fractional) number of
electrons.

There are several reasons why the analysis of systems
with fractional charges within the DFT framework may be
of some interest. A good example is the behavior of the
molecule H2

+ when stretched by increasing the distance
between the two protons beyond the equilibrium separation.
At the dissociation limit, and without any symmetry breaking,
H2

+ correctly splits into two identical fragments or open
subsystems, each one consisting of a proton and half of
one electron: H0.5+ · · · H0.5+. Most of the local or semilocal
energy functionals of common use in DFT behave poorly
in this limit of fractional occupancies, yielding energies far
below the proper binding energy of 1 hartree, due to the
tendency of approximate functionals to spread out the electron
density artificially. In practical calculations, the problem may
be “solved” by breaking the spatial symmetry and localizing
the electron on one of the two protons. Proceeding this way, the
resulting binding energy of the H2

+ molecule at its dissociation
limit is reasonable, but the associated density is not correct. In
exact DFT, however, the problem is solved by the condition
that the energy of the two hydrogenlike fragments must be
the same either if the electron is localized in one of the
protons or if there is half of one electron at each proton [4].

*Present address: Catalan Institute of Nanoscience and Nanotech-
nology (ICN2), Campus UAB, Barcelona 08193, Spain.

†proetto@cab.cnea.gov.ar

The same happens with all radical symmetric molecules A2
+

at infinite bond length. This failure has been denoted the
“many-electron self-interaction error” [5,6] or “delocalization
error” [7] of semilocal functionals, and it happens when
some occupied KS orbitals share an electron between two
open subsystems, equivalent to having in each subsystem
a noninteger occupation number. A related situation occurs
with many asymmetric molecules AB that with approximate
functionals dissociate not to neutral atoms A and B but improp-
erly to fractionally charged fragments Aq+ · · · Bq− [5]. Also,
long-range charge transfers are usually overestimated [8], and
the energy barriers that control the reaction rates in chemical
reactions are underestimated or even absent [9]. All these
problematic issues of current DFT may be related to specific
missing features of the KS potential resulting from semilocal
functionals.

From a rigorous point of view, the extension of the ground-
state DFT formalism to the case of systems whose density
integrates to a fractional number was made in a seminal work
by Perdew et al. [10]. They proved, by introducing a zero-
temperature ensemble DFT formalism, that the total energy is
a piecewise linear function of the electron number between two
adjacent integers. In turn, this leads to the theoretical prediction
of a discontinuity of the KS potential as the electron number
passes through an integer. This abrupt jump of the exact KS
potential, missed in all local or semilocal approximations,
is, however, the crucial ingredient that explains the severe
underestimation of the fundamental band gap of insulators and
semiconductors [11,12]. All these issues have been discussed
in the influential review of Ref. [13]; for a more updated review,
see Ref. [14].

The aim of this work is to illustrate some of the non-
intuitive features of the KS potential through the use of a
simple but strongly correlated one-dimensional model of the
hydrogen molecule, for which the exact interacting density
is available for any electron number between 0 and 2. By
a reverse-engineering procedure, the N -dependent exact KS
potential is then obtained from the N -dependent density. The
simplicity of our model allows us to prove unambiguously
an anomalous scaling of the correlation potential, with regard
to the strength of the electron-electron repulsion. The present
work is organized as follows: in Sec. II we introduce the model
and explain the method we use for finding its solutions, in

2469-9926/2016/94(5)/052506(8) 052506-1 ©2016 American Physical Society
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Sec. III we provide the main numerical and analytical results,
and Sec. IV is devoted to the conclusions.

II. MODEL AND METHOD OF SOLUTION

The bottleneck of our reverse-engineering method is in
finding the solution (in principle exact) of an N = 2 closed-
shell diatomic molecule. As this is not easily available, and
we are more interested in understanding the physics behind
the KS potential than in describing a real three-dimensional
molecule, we simplify the model. Following Refs. [15,16],
we use a one-dimensional mimic of a diatomic molecule [in
atomic units (a.u.)]:

[
−1

2

(
∂2

∂x2
1

+ ∂2

∂x2
2

)
+ vext(x1) + vext(x2)

+ vint(|x1 − x2|)
]
�γ (x1,x2) = E(2)�γ (x1,x2), (1)

with

vext(x) = −v[λδ(x + d/2) + δ(x − d/2)] (2)

and

vint(|x − x ′|) = γ δ(x − x ′). (3)

As we will see, this simplified model preserves all the main
physical ingredients of the real three-dimensional molecule
with the long-range Coulomb interactions. Here, v and λ are
both positive; λ = 1 ( �= 1) corresponds to the homonuclear
(heteronuclear) diatomic molecule. Since a one-dimensional
attractive δ potential has only one bound state [17], the two
attractive δ potentials in vext(x) provide the two-dimensional
bound-states basis needed for the forthcoming considerations.
vext(x) represents in our model the attractive Coulomb poten-
tials from the two protons of the real hydrogen molecule.
Equation (3) represents the repulsive interaction (γ � 0)
between the two electrons in the molecule, expressed here
by a short-range (contact) interaction. The noninteracting
limit of Eq. (1) is obtained for γ = 0, while γ → ∞ drives
the “molecule” towards the strongly interacting limit. The
value of the ratio v/γ moves the system from the weakly
interacting regime (v/γ � 1) towards the strongly interacting
regime (v/γ � 1). And the nice point is that the ground-
state �γ (x1,x2) and E(2) may be found analytically for
γ → ∞ by appealing to the boson-fermion mapping [18].
More precisely,

�γ→∞(x1,x2) = |φ+(x1)φ−(x2) − φ+(x2)φ−(x1)|, (4)

and E(2) = ε+ + ε−. In equation above, the symbol | · · · |
represents the absolute value, and φ±(x) and ε± are the
normalized eigenfunctions and eigenvalues of the following
single-particle Schrödinger equation:

[
−1

2

∂2

∂x2
+ vext(x)

]
φ±(x) = ε± φ±(x). (5)

From Eqs. (5) and (2) one obtains

φ±(x) = A±(e−α±|x+d/2| + f±e−α±|x−d/2|), (6)

with

A2
± = α±

1 + f 2± + 2f±e−dα± (1 + dα±)
, (7)

α± = v(1 + λ)

2
± v

2
[(1 − λ)2 + 4λe−2dα± ]1/2, (8)

f± = ve−dα±

α± − v
, (9)

and ε± = − α2
±/2; since α+ � α−, ε+ � ε−. The density of

the two-electron system is defined by

ρ2(x) :=
∫

[�γ→∞(x,x ′)]2dx ′ = φ2
+(x) + φ2

−(x), (10)

which should be contrasted with the noninteracting two-
electron density ρ0

2 (x) = 2 φ2
+(x).

Following the prescription of zero-temperature ensemble
DFT [1,2], the ground-state density for the diatomic molecule
with N electrons, with 0 � N � 2, is given by

ρN (x) =
{
Nρ1(x) if 0 � N � 1,

(2 − N )ρ1(x) + (N − 1)ρ2(x) if 1 � N � 2,

(11)

with ρ2(x) defined in Eq. (10), and ρ1(x) = φ2
+(x) [19].

Replacing we obtain that

ρN (x) =
{
Nφ2

+(x) if 0 � N � 1,

φ2
+(x) + (N − 1)φ2

−(x) if 1 � N � 2.
(12)

This result for the interacting density should be contrasted with
the N -dependent noninteracting density ρ0

N (x) = Nφ2
+(x), for

0 � N � 2. Both ρN (x) and ρ0
N (x) are identical for 0�N �1,

as it should be. However, for N > 1, while ρ0
N (x) continues

with the progressive occupancy of the single-particle ground-
state orbital φ+(x), ρN (x) places the fractional occupancy
beyond unity fully in the first-excited orbital φ−(x). This
striking difference between both densities is displayed in
Fig. 1 for the homonuclear case (λ = 1) and in Fig. 2 for
the heteronuclear case (λ �= 1).

FIG. 1. ρ0
N (x) (dotted lines) and ρN (x) (solid lines) for the

homonuclear case, and N = 1 (blue lower lines), 1.5 (black middle
lines), and 2 (green upper lines). v = λ = 1 and d = 4. For N = 1
both densities coincide.
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FIG. 2. ρ0
N (x) (dotted lines) and ρN (x) (solid lines) for the

heteronuclear case, and N = 1 (blue lower lines), 1.5 (black middle
lines), and 2 (green upper lines). v = 1, λ = 1.5, and d = 4. For
N = 1 both densities coincide.

Having ρN (x), the KS potential is obtained by reverse
engineering from the expression

vN
KS(x) = 1

2
√

ρN (x)

∂2√ρN (x)

∂x2
+ C, (13)

with C being a constant to be fixed later. While Eq. (13) is
self-evident in the KS framework for N = 1 and N = 2, its
applicability in the full range 0 � N � 2 has been discussed
and validated in Ref. [20]. Replacing the N -dependent density
ρN (x) in Eq. (13), it yields

vN
KS(x) =

{
vext(x) + �v<

KS(x) if 0 � N � 1,

vext(x) + �v>
KS(x) if 1 < N � 2,

(14)

where �v<
KS(x) = ε+ + C<, �v>

KS(x) = vbarr
C (x) + v

step
C (x) +

C>, and

vbarr
C (x) = (N − 1)[φ

′
+(x)φ−(x) − φ

′
−(x)φ+(x)]2

2[ρ>
N (x)]2

, (15)

v
step
C (x) = −ε+φ2

+(x) + (N − 1)ε−φ2
−(x)

ρ>
N (x)

, (16)

with ρ>
N (x) equal to ρN (x) for N � 1, and primes de-

noting derivate with respect to the coordinate x. For
N = 2, �v>

KS(x) reduces to the expression obtained in
Ref. [15] for the same model. Choosing C< = − ε+, we
obtain that �<

KS(x) ≡ 0. In the asymptotic limit |x| � d,
φ+(x)/φ−(x) → 0, vbarr

C (x) goes to zero, while v
step
C (x) ap-

proaches − ε−; as a consequence �>
KS(x � d) → − ε− +

C>. Choosing C> = ε−, �>
KS(|x| � d) → 0. �v>

KS(x) has
the following interesting property: lim|x|→∞ �v>

KS(x) → 0,
but lim|x|→∞ limN→1+ �v>

KS(x) → ε− − ε+ = I (1) − A(1) >

0 [10]. Here we have defined I (N ) = E(N − 1) − E(N )
and A(N ) = I (N + 1) = E(N ) − E(N + 1) as the ionization
potential and electronic affinity, respectively, of the N -
electron molecule. This is precisely the discontinuity of the
N -dependent KS potential addressed above, when crossing
integer values of N (N = 1 in this case). Using a different
model with an external harmonic confinement, Ref. [21]

analyzes the discontinuity for the case N = 1, while in
Ref. [22] the discontinuity has been analyzed for several real
atoms, for other values of N .

The case N = 2 of the present model for the diatomic
molecule has been generalized in Ref. [15], replacing the
δ-function potentials in Eqs. (2) and (3) by soft Coulomb
potentials of the type 1/ cosh2(x). The results between the
two models are quite similar, particularly in the dissociation
limit where the respective KS potentials become essentially
identical.

III. RESULTS AND DISCUSSIONS

A. Homonuclear case

For λ = 1, the eigenvalue equation simplifies to α± =
v(1 ± e−dα± ), and this leads to f± = ±1, and A2

± =
(α±/2)/[1 ± e−dα± (1 + dα±)]. φ+(x) becomes the symmetric
“bonding” solution, while φ−(x) becomes the antisymmetric
“antibonding” solution. In the dissociation limit, defined as
vd � 1, α+ ∼ α− ∼ v, and since ε− ∼ ε+ ∼ − v2/2, the
“step” contribution to �v>

KS(x) becomes a constant that cancels
with C>(= ε−). For the “barrier” contribution one obtains that
if −d/2 < x < d/2,

vbarr
C (x,vd � 1) � 4I (N − 1)

[2 − N + N cosh(2
√

2Ix)]2
, (17)

with I = v2/2 being the ionization potential of any of the two
identical fragments. Clearly vbarr

C (x) vanishes for N = 1 and
has the largest value for N = 2, while as a function of the
coordinate x it has the shape of a barrier centered at x = 0, of
height I (N − 1). We display in Fig. 3 a drawing of vbarr

C (x) for
two typical situations, using the expression in Eq. (15).

The physics behind this barrier in the KS potential is best
understood by writing the interacting density for 1 � N � 2
as

ρ>
N (x) = ρ0

N (x) + (N − 1)[φ2
−(x) − φ2

+(x)]. (18)

FIG. 3. vbarr
C (x) for N = 1.1 (blue lower lines), 1.5 (black middle

lines), and 2 (green upper lines). v = λ = 1 and d = 4 (dotted lines)
and d = 10 (solid lines).
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As may be appreciated from Fig. 1, the difference φ2
−(x) −

φ2
+(x) is positive for x ∼ ± d/2, but negative in the “bonding”

region x ∼ 0. Considering both facts, one concludes that the
main difference between ρ0

N (x) and ρN (x) is that the electronic
charge (even when fractional) tends to be more localized
around the “atoms” in the latter, as a way of diminishing
the repulsive interaction. And the only way that the KS
effective one-body potential has to provide a ground-state
density equal to ρN (x) is through the building of a barrier
around the “bonding” region, as given by Eq. (17). It is
interesting to note that, once the dissociation limit vd � 1 sets
in, vbarr

C (x,vd � 1) is independent of the distance d between
the two atoms. The size of the barrier, however, depends
crucially on an atomic property of the two separated fragments,
the ionization potential I , and also on the number of electrons
in the molecule.

From Eq. (17) one obtains that vbarr
C (0,vd � 1) = I (N −

1) � 0.05, 0.25, and 0.50 for N = 1.1, 1.5, and 2, respectively,
and for the parameters in Fig. 3. This confirms that for
d = 10, vbarr

C (x) is fully in the dissociation limit, but not
when d = 4. When vd � 1, the electronic density in the
bonding region is exponentially small (∼e−dv), and then
the only role of the barrier consists in maintaining the
difference φ2

−(x) − φ2
+(x) positive for x ∼ ± d/2. Its second

role, depressing the density in the interatomic region, becomes
irrelevant in the dissociation limit, since as discussed above the
density is exponentially small there. As a consequence, in the
dissociation limit the barrier becomes essentially an atomic
property, independent of the distance between the fragments,
and with an “intrinsic” height of I (N − 1). When the two
atoms become closer (d = 4 in Fig. 3), the height of the barrier
increases beyond its dissociation limit, since it becomes more
difficult to isolate the electronic charge of the two approaching
fragments.

Returning to Eq. (12), it is seen that in the dissociation limit
it can be written as

ρ>
N (x,vd � 1) ∼ N

2
[ρL(x) + ρR(x)]

+ (2 − N )
√

ρL(x)
√

ρR(x), (19)

with ρL(x) = √
2ILe−2

√
2IL|x+d/2| and ρR(x) =√

2IRe−2
√

2IR |x−d/2| being the normalized densities
associated to the left and right fragments, respectively.
In the approximation of Eq. (19), IL � IR � I . It shows that
for 1 � N < 2 the interacting density is not the plain sum of
the density of the left and right fragments. Only for N = 2,
ρ2(x,vd � 1) ∼ ρL(x) + ρR(x), as found in Ref. [15]. Note
that if, erroneously, one would approximate ρ>

N (x,vd � 1)
by the sum of the two atomic densities, the resulting vN

KS(x)
would be independent of N [23], contrary to the rigorous
result for vbarr

C (x,vd � 1) in Eq. (17). In other words, when
electronic systems with fractional charges are involved, the
hallmark of the dissociating limit is not always the fact that
the density can be written as the sum of the isolated or atomic
densities.

For N = 2, the appearance of a potential barrier at the
midpoint between the two protons in the H2 molecule was dis-
cussed long ago, in works by Baerends and co-workers [24,25].
What we have denoted here as vbarr

C (x) is what these authors

denoted as vkin(r). Since the definition of this “kinetic”
potential is in terms of a conditional probability, which in
turn is defined only for integer occupancies (it is N = 2 in our
case), the latter may be considered as a particular case of the
former.

B. Heteronuclear case

As can be appreciated from Fig. 2, the evolution of ρ>
N (x) is

quite different from ρ>
N (x) for the homonuclear case displayed

in Fig. 1, while there also exist marked differences between the
heteronuclear densities ρ>

N (x) and ρ0
N (x). The differences are

easily seen in the dissociation limit e−vd � |1 − λ|; expanding
the square root in Eq. (8), it yields

α± � v(1 + λ)

2
± v|1 − λ|

2

[
1 + 2λe−2dα±

(1 − λ)2

]
. (20)

To proceed, let us choose that λ > 1. One obtains then that
α+(λ > 1) ∼ vλ, α−(λ > 1) ∼ v − vλe−2vd/(λ − 1), f+(λ >

1) ∼ e−vλd/(λ − 1) � 1, and f−(λ > 1) ∼ (λ − 1)evd/λ �
1. Returning to Eq. (6), if f+(λ > 1) � 1, this implies that in
the dissociating limit φ+(x) essentially corresponds to φL(x)
(= √

ρL(x)), while φ−(x) is essentially equal to φR(x) (=√
ρR(x)). This already explains the results in Fig. 2: (a) since

ρ0
N (x) = Nφ2

+(x) ∼ Nφ2
L(x), increasing N the density of the

left well increases, while the right well remains essentially
empty; (b) since ρ>

N (x) = φ2
+(x) + (N − 1)φ2

−(x) � φ2
L(x) +

(N − 1)φ2
R(x), as N increases beyond unity now the density

at the right well is the one that increases, while the density
at the left well remains essentially constant, and equal to its
value at N = 1; and (c) since α+ > α−, the decay of the density
around x = − d/2 is faster than the decay of the density around
x = d/2. Choosing instead λ < 1, the roles of φL(x) and φR(x)
are exchanged, resulting in an interacting density, for instance,
given by ρ>

N (x) = φ2
R(x) + (N − 1)φ2

L(x).
This is the way that the interacting system finds to minimize

the repulsive contact interaction: for 0 � N � 1 we have a
noninteracting system and all the charge goes to the single-
particle orbital with the lowest energy; for 1 < N � 2 the
interacting system locates all the extra charge in the opposite
well.

We display in Fig. 4 �v>
KS(x), for d large enough such

that the molecule is in the dissociation limit. The mapping
φ+(x) → φL(x) [φR(x)] and φ−(x) → φR(x) [φL(x)] for λ >

1 (λ < 1) in the dissociation limit provides us with alter-
native expressions for vbarr

C (x,vd � 1) and v
step
C (x,vd � 1),

as follows:

vbarr
C (x,vd � 1) = (N − 1)(

√
2IL + √

2IR)2ρL(x)ρR(x)

2[ρL(x) + (N − 1)ρR(x)]2
,

(21)
and

v
step
C (x,vd � 1) = ILρL(x) + (N − 1)IRρR(x)

ρL(x) + (N − 1)ρR(x)
. (22)

Replacing the expressions for ρL(x) and ρR(x) in the equations
above, one obtains after some manipulation

vbarr
C (x,vd � 1) = (

√
2IL + √

2IR)2/8

cosh2[(
√

2IL + √
2IR)(x + x0)]

, (23)
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FIG. 4. �v>
KS(x) for N = 1.2, 1.4, 1.6, 1.8, and 2. v = 0.4,

λ = 2.5, and d = 10.

while

v
step
C (x,vd � 1) = IL − IR

1 + exp {2[(
√

2IL + √
2IR)(x + x0)]} ,

(24)

where

x0(N ) = 1

2(
√

IL + √
IR)

×
[
d(

√
IL −

√
IR) + 1√

2
ln

(√
IR(N − 1)√

IL

)]
.

(25)

Note that the dependence on N is hidden now in the parameter
x0(N ), which signals the location of the peak feature. For
N = 2, these equations reduce to the ones found in Ref. [15].
These equations are only valid for −d/2 � x � d/2, and
IL > IR . For IL = IR and N = 2, x0(2) = 0 and v

step
C (x,vd �

1) ≡ 0; only in this case does Eq. (23) coincide with the
homonuclear result of Eq. (17) for vbarr

C (x,vd � 1). For any
other N between 1 and 2, v

step
C (x,vd � 1) still vanishes for

IL = IR , but the correct homonuclear limit for vbarr
C (x,vd � 1)

as given by Eq. (17) cannot be obtained as a limit from Eq. (23).
This is quite reasonable, as the starting point for the derivation
of Eqs. (23) and (24) above is that in the dissociation limit
the density can be written as ρ>

N (x) = ρL(x) + (N − 1)ρR(x),
with ρL(x) and ρR(x) being the densities of the left and
right wells, or vice versa. And such a simplification for the
interacting density is not possible (except for N = 2), as can
be seen from Eq. (19). The explanation for this apparently
paradoxical situation is given below.

The structure “step” + “barrier” observed in Fig. 4 was
already discussed previously [13,15], but its dependence on
N , to the best of our knowledge, has been not studied
before. Using the parameters corresponding to Fig. 4, one
obtains that x0(1.2) � 1.24, x0(1.4) � 1.49, x0(1.6) � 1.63,
x0(1.8) � 1.74, and x0(2) � 1.82, in agreement with the
position of the peak in the shoulder, which is located at
x = −x0(N ). Also, IL − IR = (α2

L − α2
R)/2 � 0.42.

The physics behind the barrier and step features in �v>
KS(x)

have been already discussed for N = 2, and here we provide
additional insight by considering the case of fractional N . The
crucial concept is that the effective single-particle potential
�v>

KS(x) should manage to reproduce the interacting ground-
state density, as displayed in Fig. 2. The step structure forms
around the “atom” with the higher ionization potential (the left
atom in Fig. 2) and locally induces the “equilibrium” condition
εL + IL − IR = εR , which allows the exclusive population of
the right well in Fig. 2, as soon as N > 1. The barrier structure
comes from vbarr

C (x), and as in the homonuclear case its role
is to provide a barrier that induces the decoupling of the two
atoms, in the dissociation limit. This can be seen clearly from
Eq. (21): vbarr

C (x,vd � 1) will display its maximum strength
at the coordinate x where the left and right densities have
their maximum overlap in “units” of the density ρN (x). By
inspection of Eq. (21) is easy to check that this happens
when ρL(x) = (N − 1)ρR(x). Solving this equation for x,
one obtains Eq. (25) in an alternative way. As N increases
beyond 1, the effective right-related density (N − 1)ρR(x),
and the point of maximum overlap between the two atomic
density distributions, moves closer to the atom with the higher
ionization energy, as seen in Fig. 4. These considerations also
explain why the barrier peak moves closer to the left well as
N increases in Fig. 4.

Proceeding analogously, the following expressions are
obtained for x � −d/2:

vbarr
C (x,vd � 1) = (

√
2IL − √

2IR)2/8

cosh2[(
√

2IL − √
2IR)(x + x ′

0)]
, (26)

v
step
C (x,vd � 1) = IL − IR

1 + exp {2[(
√

2IL − √
2IR)(x + x

′
0)]} ,

(27)

with

x
′
0(N ) = 1

2(
√

IL − √
IR)

×
[
d(

√
IL +

√
IR) − 1√

2
ln

(√
IR(N − 1)√

IL

)]
.

(28)

Using once more the parameters of Fig. 4, one obtains
x ′

0(1.2) ∼ 12.62 and x ′
0(2) ∼ 12.43. As before, vbarr

C (x,vd �1)
presents a maximum at x = − x ′

0(N ), while v
step
C (x,vd � 1)

vanishes exponentially for x < − x ′
0(N ) and increases mono-

tonically towards its limiting value IL − IR for x > − x ′
0(N ).

Interestingly, the sum of both potentials also increases mono-
tonically around − x ′

0(N ).
We display in Fig. 5 how the sum of the barrier and step

contributions to �v>
KS(x) combines to yield the barrier feature

centered at x = − x0(1.4) � − 0.39. We remark that this
barrier structure in the exact KS potential at the dissociation
limit appears exactly at the position of the maximum overlap
of the left and (effective) right density distributions, centered
in this case at x = −5 and x = 5, respectively. The bottom
panel gives a global view of �v>

KS(x), showing the marked
asymmetry of v

step
C (x), which although associated with the

electron located at the left well at x = −5, extends much

052506-5

277
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FIG. 5. �v>
KS(x) for v = 1, λ = 1.3, N = 1.4, and d = 10.

Top: Detail of the barrier contribution vbarr
C (x) and the step con-

tribution v
step
C (x); bottom: global view of �v>

KS(x) (solid line),
and the associated density centered about ±d/2 = ±5 (dashed
line). For these parameters, the plateau region has the height
IL − IR = 0.345.

further towards the left side than towards the right side,
taking as reference the left-well coordinate. From Eq. (28),
one obtains that x ′

0(1.4) � 40, in good agreement with the
beginning of the left side of �v>

KS(x). The length of the
plateau or step in v

step
C (x) may be estimated from the difference

x ′
0(N ) − x0(N ): it increases linearly with d, while displaying

a logarithmic dependence on N , decreasing its length as N

increases beyond 1.
A two-electron one-dimensional model of a heterodiatomic

molecule composed of two open-shell atoms has been also
considered [26], with the Coulomb interaction being replaced
by a soft Coulomb potential. Their numerical results, restricted
to the case N = 2, are similar to ours, as they also obtained
the exact KS potential with a barrier and step features.

C. Further discussions

1. The dissociation of the H2
+ molecule

For λ = 1 (homonuclear molecule), we have used as
definition of the dissociation limit the condition e−2vd � 1.
For λ �= 1 (heteronuclear molecule), however, the condition for
dissociation modifies to 2

√
λe−vd � |λ − 1|. This suggest that

for λ → 1, for increasing d the molecule may transition from
a quasihomonuclear configuration to a quasiheteronuclear
configuration; the situation is particularly interesting for the
case of N → 1+. The critical value of d for that transition is
approximately given by the equation e−vd∗ = |λ − 1|/(2

√
λ).

Solving for d∗, it yields

d∗ � −1

v
ln

( |λ − 1|
2
√

λ

)
. (29)

If λ → 1 from above or from below, d∗ → ∞ and the
molecule is in the homonuclear limit for any finite value of d.
Writing λ = 1 + ε, with ε � 1, d∗(λ = 1 + ε) ∼ − ln |ε|/v;
for d � d∗, the molecule (a one-dimensional mimic of the

FIG. 6. Interacting density versus coordinate x, for different
molecule sizes: v = 1, λ = 0.99, and N = 1.01. The configuration
transition homonuclear → heteronuclear is evident as d passes
through d∗ ∼ 5.3.

H2
+ molecule if N → 1+) will display a density distribution

essentially of the homonuclear case, which, however, is
expected since λ ∼ 1. But for d � d∗, the density will start
to display instead a quasiheteronuclear configuration, with
electrons being transferred from the atom with the lower
ionization potential towards the one with the higher ionization
potential. This is not as intuitive as in the previous case,
since in principle λ ∼ 1 is associated with a “bonding” charge
distribution. This explains why the homonuclear limit of
Eq. (23) does not coincide with the strict homonuclear result
of Eq. (17): for arriving at the former we have assumed that the
system is in a heteronuclear configuration such that d � d∗,
and after this it is not possible to recover the homonuclear limit
with d � d∗. The results displayed in Figs. 4 and 5 are well
inside the heteronuclear regime, considering that d∗ � 1.86
and d∗ � 2.03 in these two figures, respectively.

We display in Fig. 6 an example of this situation. For
these parameters, d∗ ∼ 5.3 from Eq. (29). Note that this
dramatic change in the molecule’s electronic density from
a (H0.5+ · · · H0.5+)-like configuration to a (H1+ · · · H)-like
configuration is achieved through the “step” contribution to
�v>

KS(x), whose height IR − IL � v(1 − λ2) � 0.02 is very
small and can be as small as desired by choosing λ closer to 1.

The limit N → 1+ of these results suggests a simple
intuitive scenario for the “physical” dissociation process of
the real three-dimensional H2

+ molecule. As the separation
between the two protons increases beyond the equilibrium
distance, the molecule will start to feel increasingly the effect
of any of the symmetry-breaking fields from the environment
(represented in our model by having λ �= 1), and no matter how
small this breaking field may be, charge will be transferred
from one proton to the other about some critical distance d∗.
After this, and by increasing d further, the probability for the
molecule to return to the symmetric charge distribution will
become extremely small, as the tunneling probability for this
process decreases exponentially as d increases.
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2. The anomalous scaling of vKS(x) with the contact repulsion
parameter γ

It is also of some fundamental interest to analyze how
the KS potential scales with γ . According to the ensemble
generalization of the KS formulation of ground-state DFT [10],

vN
KS(x) = vext(x) + vHXC([ρN ]; γ ), (30)

with

vHXC([ρN ]; γ ) = vH([ρN ]; γ ) + vX([ρN ]; γ ) + vC([ρN ]; γ ).

(31)

Here vH([ρN ]; γ ), vX([ρN ]; γ ), and vC([ρN ]; γ ) are the
Hartree, exchange, and correlation contributions to the KS
potential, respectively. They depend on the contact parameter
γ . For example, within our model,

vH([ρN ]; γ ) =
∫

dx ′ρN (x ′) γ δ(x − x ′) = γ ρN (x). (32)

Besides, vX([ρN ]; γ ) = − vH([ρN ]; γ ) for 0 � N � 1,
while [21]

vX([ρN ]; γ ) = −N2 − 2N + 2

N2
vH([ρN ]; γ )

+ 2(2 − N )

N3
U [ρN ], (33)

for 1 < N � 2. Here,

U [ρN ] = 1

2

∫
dx

∫
dx ′ρ>

N (x)ρ>
N (x ′) γ δ(x − x ′)

= γ

2

∫
dx[ρ>

N (x)]2. (34)

The problem here is that for γ → ∞ (our case), vH([ρN ]; γ ),
vX([ρN ]; γ ), and vC([ρN ]; γ ) all diverge linearly with γ .
However, our previous results are such that both �v<

KS(x) and
�v>

KS(x) are finite. How is this possible?
The answer is clear for 0 � N � 1: here vH([ρN ]; γ ) +

vX([ρN ]; γ ) ≡ 0, canceling mutually, whatever the value of
γ . vC([ρN ]; γ ) ≡ 0 also, since for N � 1 the system is
not correlated. This is of course consistent with the result
�v<

KS(x) ≡ 0 obtained before. The situation for 1 < N � 2
is more interesting, since in this case the cancellation of the
divergent contributions in vH([ρN ]; γ ) and vX([ρN ]; γ ) is only
partial. For vHXC([ρN ]; γ ) in Eq. (30) to remain finite, one
concludes that a necessary condition is that vC([ρN ]; γ ) must
be the sum of two contributions: vC([ρN ]; γ ) = ṽC([ρN ]; γ ) +
�v>

KS(x). ṽC([ρN ]; γ ) must scale linearly with γ and should
fulfill the cancellation constraint vH([ρN ]; γ ) + vX([ρN ]; γ ) +
ṽC([ρN ]; γ ) ≡ 0, while the second contribution, which remains
finite even when γ → ∞, is what we have denoted as �v>

KS(x)
in Eq. (16). In the more general case of finite γ or by
using more realistic (Coulomb-like) potentials, we expect that

both vH([ρN ]; γ ) + vX([ρN ]; γ ) + ṽC([ρN ]; γ ) and �v>
KS(x)

will be different from zero [27]. Our strongly interacting model
exhibits somehow this anomalous scaling in its extreme limit,
forcing the complete mutual cancellation of all the “normal”
scaling contributions to vHXC([ρN ]; γ ), and keeping finite only
the “anomalous” contribution �v>

KS(x), which is of zero order
in γ .

We expect then the main result of this section regarding
the anomalous scaling property of the KS potential to remain
valid even after the replacement of the δ-function interaction
potential by more realistic models [27,28].

The fact that the Kohn-Sham potential must include a term
with an anomalous scaling in the strength of the Coulomb
interaction has been recently noticed [28], and our present
results confirm even more clearly this important point. The
conclusion is clear: without these anomalous scaling terms, the
dissociation limit of homonuclear and heteronuclear molecules
will be poorly described, since the KS potential will suffer
from the absence of the barrier and step features in it. As
discussed in Ref. [28], the absence of these “Mott barriers”
has also important consequences on the electronic properties
of strongly correlated solids.

IV. CONCLUSIONS

Some unusual features of the exact Kohn-Sham potential
for finite systems with a fractional number of electrons have
been discussed. The exact ground-state density of a strongly
interacting model for a one-dimensional diatomic molecule
has been obtained, from which by reverse engineering the
Kohn-Sham potential is derived for all fractional molecule
occupancies between 0 and 2. Large differences exist between
the results for the homonuclear and heteronuclear cases,
particularly in the dissociation limit. For the homonuclear case,
and in the dissociation limit, the exact Kohn-Sham potential
builds a barrier at the midpoint between the two atoms, whose
strength increases linearly with N , with 1 < N � 2. In the
heteronuclear case, the KS potential exhibits a peak related
to the barrier of the homonuclear case, exactly centered at
the coordinate of maximum overlap between the left and right
density distributions. Besides, it also displays a plateau around
the atom with the higher ionization potential, whose size (but
not its strength) depends on N . An anomalous zero-order
scaling of the KS potential with regards to the strength of the
electron-electron repulsion is clearly displayed by our model,
without which both the unusual barrier and plateau features
will be absent.
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Recent experiments on Gd3+ electron-spin resonance (ESR) in the filled skutterudite
Ce1−xGdxFe4P12(x ≈ 0.001), at temperatures where the host resistivity manifests a smooth insulator-metal
crossover, provide evidence of the underlying Kondo physics associated with this system. At low temperatures
(below T ≈ 160 K), Ce1−xGdxFe4P12 behaves as a Kondo insulator with a relatively large hybridization gap,
and the Gd3+ ESR spectra display a fine structure with Lorentzian line shape, typical of insulating media. In
this work, based on previous experiments performed by the same group, we argue that the electronic gap may
be attributed to the large hybridization present in the coherent regime of a Kondo lattice. Moreover, mean-field
calculations suggest that the electron-phonon interaction is fundamental at explaining such hybridization. The
resulting electronic structure is strongly temperature dependent, and at T ∗ ≈ 160 K the system undergoes an
insulator-to-metal transition induced by the withdrawal of 4f electrons from the Fermi volume, the system
becoming metallic and nonmagnetic. The Gd3+ ESR fine structure coalesces into a single Dysonian resonance,
as in metals. Our simulations suggest that exchange narrowing via the usual Korringa mechanism is not enough
to describe the thermal behavior of the Gd3+ ESR spectra in the entire temperature region (4.2–300 K). We
propose that the temperature activated fluctuating valence of the Ce ions is the key ingredient that fully describes
this unique temperature dependence of the Gd3+ ESR fine structure.

DOI: 10.1103/PhysRevB.94.235143

I. INTRODUCTION

Among the strongly correlated electron systems, several
rare-earth compounds, known as hybridization gap semicon-
ductors or Kondo insulators/semiconductors, have recently
attracted great interest [1–11]. Kondo insulators belong to a
class of strongly correlated materials that form a group of either
nonmagnetic semiconductors with a narrow gap or semimetals
with tiny gaps. At low T, the Kondo lattice develops coherence
throughout the system, forming a renormalized Fermi liquid,
where conduction and 4f electrons contribute to the counting
for the volume of the Fermi surface. Different from heavy
fermions systems, in Kondo insulators the heavy-electron band
is completely filled and the chemical potential falls in the
middle of the hybridization gap (half-filling condition [12]).
This semiconducting state manifests when the pseudogap
straddles the Fermi energy, and is subjected to many-body
renormalizations, leading to a T-dependent reduction of its
magnitude [1,3–11,13–17]. Among interesting compounds
with properties being related to this model are Ce-based filled
skutterudite compounds [18]. They have the chemical formula
REM4X12 and crystallize in the LaFe4P12 structure, with space
group Im3̄ and local point symmetry Th for the rare-earth (RE)
ions [19]. The RE cations are usually referred to as guest or
filler ions, and reside within the voids of the [M4X12] polyanion
host framework, or cage structure. Based upon simple electron
counting, one can conclude that the series of Ce-based filled
skutterudites CeM4X12 for which M = Fe, Ru, Os and X = P,

*Corresponding author: venegas@fc.unesp.br

As, Sb are systems presenting a half-filled band in the presence
of a 4f electron.

The low-T transport properties of these materials are similar
to conventional semiconductors, but in contrast to what is
expected from simple thermal activation, the gap seems to
disappear at a temperature T ∗, which is low relative to the
gap size, indicating strong collective behavior [20,21]. Con-
cerning CeFe4P12, its semiconducting properties at low T were
considered anomalous when compared to other isostructural
members of this class of compounds, most of which are
metallic and magnetic [22]. The resistivity varies over six
orders of magnitude between 50 and 300 K, but the data can
only be fitted to an activated conduction process over a limited
temperature range. This fitting yields a pseudogap of about
1500 K in magnitude, roughly three times smaller than the
value predicted by LDA calculations [23], but in agreement
with other experiments [24]. The magnetic susceptibility is
nearly T independent over the range 100 K < T < 300 K,
clearly indicating that the ground state is nonmagnetic.

Lattice parameter deviations indicate mixed-valence char-
acter for the 4f element in all cases, which has also led to
the definition of intermediate-valence semiconductors [25].
Recent studies of Ce and Sm compounds in this class of
materials led to a renewed interest in this old hybridization gap
(pseudogap) problem [1,2] and also to exotic types of Kondo
effects [26]. Photoemission spectroscopy on single crystals of
CeFe4P12 [1,22] showed a strong mixed-valence behavior of
Ce ions, with a three-peak structure for the 4f level, with the
presence of 4f 0, 4f 1, and 4f 2 configurations due to the strong
hybridization with the band. They found a mean occupation
nf = 0.86 for the 4f level, which is near the trivalent case
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as the nominal valence (a value of 3.14). In addition, the
anomaly observed in the lattice parameter [3,27] and results
from band-structure calculations [23] are also compatible with
an intermediate valence for the Ce ions.

A topic of growing interest in the field of the skutterudites is
to understand the interplay between their lattice dynamics and
physical properties. Local vibrations of RE cations presumably
indicate strong electron-phonon coupling that should be taken
into account in any realistic picture. In Ce1−xYbxFe4P12,
rattling behavior is believed to account for the 20% reduction
of the hyperfine parameters for the two Yb3+ sites observed
in the electron spin resonance (ESR) experiments [28]. As for
La1−xGdxPt4Ge12, it was suggested to explain the evolution
of the ESR linewidth as a function of temperature [29]. In
any case, the energy scale of these vibrations are close to
the so-called Einstein temperature (θE), obtained through the
independent rattler approximation. In the case of Ce-based
skutterudites, this characteristic energy scale is about 100 K
and, in the particular case of CeFe4P12, θE = 148 K, as probed
by EXAFS studies [30]. Surprisingly, this temperature scale is
about the same as the temperature T ∗ ≈ 150 K, which marks
the loss of coherence of heavy-fermion behavior, obtained
from resistance experiments [20].

In a previous work on the ESR of Gd3+ in Ce1−xGdxFe4P12

[31], it was shown that the low-T Gd3+ ESR spectra,
composed of seven resolved insulatorlike Lorentzian lines,
present temperature-activated behavior that yields a strik-
ing coalescence of the resolved fine structure into a sin-
gle Dysonian (metalliclike) resonance at T ∗ ≈ 150–160 K.
This behavior is certainly related to the insulator-to-metal
crossover induced by the loss of coherence, and ex-
hibits the sensitivity of ESR experiments to probe such
a remarkable effect. In this paper, we present numeri-
cal simulations for the collapse of the crystal-field fine
structure of the Gd3+ ESR spectra in Ce1−xGdxFe4P12

(x ≈ 0.001) in the temperature range of interest. Our simu-
lation shows the subtle and concomitant interplay between
the Ce 4f fluctuation-valence (FV) and exchange-narrowing
(EN) effects. The loss of coherence of the Fermi-liquid
state, yielding a smooth insulator-metal (IM) transition at
T ∗ ≈ 160 K, gives further support to the assignment of
CeFe4P12 as a Kondo semiconductor with a relatively large
and T-dependent pseudogap [1,30,32]. This T dependence
originates from many-body correlation effects in a Kondo
lattice. At low T, long-range coherence effects develop among
f electrons, so that they participate in band properties and a
gap opens due to the strong hybridization with the conduction
band. At half filling, the valence band is completely filled
if one counts f and conduction electrons together and the
system is an insulator. When the temperature is increased,
changes of the electronic structure are produced, with the
progressive filling of the gap at a lower temperature than
would be expected from the simple thermal activation picture
in conventional semiconductors [21]. An insulator-to-metal
transition is induced at a coherence temperature T ∗ much
lower than the Kondo temperature, marking the drop out of f

electrons from the Fermi volume, leaving behind conducting
holes in the valence band and localized f electrons at the
RE ions [33]. In this regime, f electrons are nearly decoupled
from the conduction band and stay in localized states relatively

FIG. 1. Temperature-dependent properties of the DOS, showing
in red the partial contribution of 4f electrons. For the low-T state
(T � T ∗), Ce 4f electrons participate in band properties. Hybridiza-
tion effects are enhanced by the electron-phonon interaction, and a
gap opens in the DOS (upper panel), the system becoming a Kondo
insulator. The lower panel shows the high-T (T � T ∗) behavior,
where Ce 4f -electron states decouple from the band and become
localized, with a vanishingly small hybridization. The chemical
potential µ moves inside the valence band, while the gap closes.

away from the Fermi level, which is purely of conduction
electrons nature, with a nonzero but small density of states
at EF . We illustrate the above scenario with a hypothetical
density of states (DOS) for temperatures below and above T ∗.
The qualitative picture is displayed in Fig. 1, showing results
obtained with a model that accounts for the IM transition
induced by electron-phonon coupling in CeFe4P12. The model
is introduced in the next section. It qualitatively explains the
role of lattice dynamics in affecting the electronic properties
through strong coupling, and then, based on that model, we
re-examine experimental results [31] in the whole temperature
range 4.2–300 K.

Lattice dynamics

The simplest model for the interplay between 4f orbitals
and conduction electrons is the periodic Anderson model
(PAM). The PAM [34,35] (also similar are the copper-
oxide-like [36] and Kondo lattice models [37]) has been
extensively studied. These studies show that antiferromagnetic
or paramagnetic ground states are the probable states when
the electronic concentration corresponds to half filling (one
electron per orbital). Usually, to model PAM, one considers
fully occupied rare-earth (RE) sites with 4f level below the
Fermi level. However, spectroscopic experiments performed
on those systems [1,22] suggest a 4f level above the Fermi
level.

Electron-lattice coupling, the other essential ingredient, has
been studied generically in the Su-Schrieffer-Heeger [38,39]
model. In this model, lattice distortions are stable up to some
critical temperature. The particular case of PAM, where lattice
distortion couples to on-site energy and hopping, was dis-
cussed in Ref. [40], showing that the electron-lattice coupling
suppresses the magnetic state. We find that the electron-lattice
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coupling leads to a low-temperature paramagnetic insulator
and a high-temperature metal at half filling. To illustrate the
mechanism, we consider a simple one-dimensional geometry,
although similar results can be obtained in more dimensions.
To this end, we consider an array of RE 4f orbitals (cor-
responding to Ce3+ ions) coupled to a bath of conduction
electrons. To qualitatively explain the experimental results, the
inclusion of lattice distortions modifying the 4f -conduction
electrons hopping is crucial. The Hamiltonian considered reads

H =
∑

〈〈i,l〉〉,σ
tsc

†
i,σ cl,σ +

∑

j,σ

Ef nd,j,σ +
∑

〈〈〈i,l〉〉〉,σ
tsf c

†
i,σ dj,σ

+U
∑

j

nd,↓,j nd,↑,j + λ
∑

j

Lj .Sj +
∑

j

1/2Cxj
2

+ H.c.,

where c operators refer to conduction electrons and d to 4f -site
orbitals. The first sum runs over the lattice sites i and l of
the conduction electrons. The third sum runs over the lattice
sites i of the conduction electrons and nearest neighbors j

on RE of the so-defined zigzag chain. Ef is the RE on-site
energy, ts is the hopping between conduction electrons sites,
and U is the on-site Coulomb repulsion for RE sites. λ is the
coupling between the electronic spin S and the orbital angular
moment L on the RE. The distortion x modifies the conduction
electrons-RE hopping as tsf = tsf ,0 − Cg2x. Assuming a
uniform distortion and minimizing with respect to x results
in tsf = tsf ,0 − g2

2(〈c†d + d†c〉). Within this approximation,
the temperature dependencies of x and tsf are entirely given
by the electronic thermodynamics.

We solve the resulting electronic Hamiltonian using a mean-
field approximation:

H =
∑

〈〈i,j 〉〉,σ
tsc

†
i,σ cj,σ +

∑

i,σ

Ef nd,i,σ +
∑

〈〈〈i,j 〉〉〉,σ
tsf c

†
i,σ dj,σ

+U
∑

i

(nd,↓,i〈nd,↑,i〉 + nd,↑,i〈nd,↓,i〉

− 〈nd,↓,i〉〈nd,↑,i〉)

+ λ
∑

i

[〈Lz,i〉1

2
(nd,↑,i − nd, ↓ ,i)] + H.c.,

where we decouple the on-site Coulomb repulsion as

nd,↑,ind,↓,i ∼ (nd,↓,i〈nd,↑,i〉 + nd,↑,i〈nd,↓,i〉 − 〈nd,↓,i〉〈nd,↑,i〉).
We simplify the spin-orbit coupling to

L · S ∼ 〈Lz〉Sz = 〈Lz〉 1
2 (nd,↑,i − nd,↓,i). When the RE

occupation is low, 〈Lz〉 should be proportionally small, so
we assume 〈Lz〉 ∝ L〈nd,i〉(nd,i = nd,↑,i + nd,↓,i), where the
magnitude of L is 3 for a rare earth. To allow for a possible
antiferromagnetic (AF) order we consider two different sites
for conduction electrons and RE ions (a four-site basis). To
this end, we associate alternating angular moments ±〈Lz〉 to
the RE sites (staggered order). The inclusion of the spin-orbit
coupling is not essential. The main result is reproduced if this
term is excluded: The IM transition with the lattice coupling
is independent of λ. Without this L · S coupling the AF
ordering is lost for the small value of U consider here. Any
small value of L · S induces an AF ground state as expected

FIG. 2. Zigzag chain model. Circles indicate conduction elec-
trons (bottom) and RE (top) sites. Parameters are shown in the figure.

from exact diagonalization methods [34]. We take a global
density of one electron per site (four electrons on the four-site
basis). The simplified Hamiltonian decouples up and down
electrons. Due to the proposed alternating angular moments,
the Hamiltonian has an up/down symmetry between different
f sites:

nd,σ ,1 = nd,−σ ,2 where σ = ↑ or ↓.

To illustrate the physics of the IM transition in CeFe4P12

we use a zigzag chain (see Fig. 2).
The Hamiltonian can be readily diagonalized in Fourier

space. The resulting k-space Hamiltonian is

H =
∑

k,σ

[Ef,σ,1nd1,σ,k + Ef,σ,2nd2,σ,k

+ ts(1 + eIk)c†
1,σ,kc2,σ,k

+ tsf (c†
1,σ,kd1,σ,k + d

†
1,σ,kc2,σ,k + c

†
2σ,kd2σ,k

+ eIkd
†
2,σ,kc1,σ,k) + H.c.]

where c1,σ,k(d1,σ,k), i = 1,2, corresponds to the destruction
operators for the two different conduction electrons (RE)
sites of the basis. We take ts = 1 as our energy unit. The
parameters tsf ,0 = 0.05 and Ef = 0.5 are chosen as to leave
almost empty the 4f orbitals without any further interaction
and to be compatible with a 4f state fluctuating between 4f 0

and 4f 1. The parameters 1
2λL = 0.1 and U = 0.5 are of order

of magnitude of the size of the bandwidth as expected for RE
ions [41].

We compare the cases of g2 = 0 and g2 = 1, for
the uncoupled and the strongly coupled situations re-
spectively, in order to assess the role of the electron-
phonon coupling in the electronic structure. In this
mean-field approximation, the on-site energies of the
4f orbitals are Ef,σ,1 = Ef + 1

2λL〈nd1〉 + U 〈nd,−σ ,1〉 and
Ef,σ,2 = Ef − 1

2λL〈nd2〉 + U 〈nd,−σ ,2〉, and Ef 1 and Ef 2

must be determined self-consistently.
Figure 3 shows the low- and high-temperature dispersion

relation with (g2 = 1, dotted line) and without (g2 = 0, full
line) electron-lattice coupling. Flatter bands have mostly 4f

character. The two flat bands split due to the spin-orbit coupling
and the Coulomb repulsion. For g2 = 1, bands have a mixed
character with a large participation of 4f electrons (see also
Fig. 1). This last state is known as the coherent regime in the
Kondo and heavy fermion systems.

The electron-lattice coupling greatly enhances the hy-
bridization and induces a gap between the valence and
conduction bands at low T. With one particle per site, the
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FIG. 3. Dispersion relation (left panels) and corresponding den-
sity of states (DOS = −1

π
Im[G(ω + 0.002I )], right panel). Full black

(dashed red) lines correspond to the coupled (uncoupled) lattice and
electron case. Top panels correspond to T = 0.01. Lower panels
correspond to T = 0.7.

chemical potential falls between the second and third band
(zero value in the energy axis). At this temperature the coupled
system is an insulator. The gap between the second and third
band is roughly proportional to t2

sf . Without electron-lattice
coupling the low-temperature gap is proportional to tsf ,0. The
much larger gap in the coupled case is due to the fact that tsf is
dominated by g2

2(〈c†d〉 + H.c.), which in turn is much larger
than tsf ,0.

At high temperature, both coupled and uncoupled disper-
sions are similar. This is due to a vanishing hybridization 〈c†d〉
with temperature [Fig. 4(a)], effectively decoupling electrons
and lattice. The g2 = 1 case becomes metallic as the highest
state of the valence band [f − in Fig. 6(b)] moves above the
Fermi level [Tc(g2 = 1) ∼ 0.4]. The uncoupled case is always
metallic, as the chemical potential falls inside the third band
at low temperatures (T < 0.4) and inside the second band at
higher temperatures.

The net charge on the conduction electrons and RE sites is
similar in the coupled and uncoupled cases [Fig. 4(c)]. The RE
charge is close to 0.8. With g2 = 0, the RE magnetic moment
is almost completely polarized on each site [Fig. 4(d)]. This
magnetic moment decreases abruptly at high temperatures,
signaling an AF transition [TN (g2 = 0) ∼ 0.3]. When g2 = 1,
the RE polarization is strongly reduced. The temperature de-
pendence of the RE polarization is weaker, with no appreciable
variation at the IM transition temperature Tc. We identify the
g2 = 1 state with a paramagnetic state.

In the coupled case, the gap follows the hybridization
trend. Both gap and hybridization decrease as the temperature
increases. The hybridization goes to zero smoothly around
T ∼ 0.4 (coherence temperature) in the g2 = 1 case, while
in the uncoupled case the hybridization remains small. The
gap between valence and conduction bands [Fig. 4(b)] is
almost zero for the uncoupled case, while it has a strong
temperature dependency for g2 = 1. But note that it never
closes completely.

FIG. 4. Effect of temperature T on various properties of the
model: (a) hybridization; (b) gap (continuous and dashed line) and
highest energy of the second band (dotted and dash dotted line) with
respect to the Fermi level. The second band is mainly of f character
(see Fig. 3); (c) electron density in the conduction electron (upper
curves) and RE (lower curves) sites; (d) polarization (nd1,↑ − nd1,↓),
black (red) line corresponds to the coupled (uncoupled) case.
Hybridization in panel (a) and charge gap in panel (b) for the
uncoupled case are very small (close to zero).

A paramagnetic or AF ground state is expected from
numerical results for the Anderson model [35] and Kondo
lattice model [37]. Our results show that an Anderson-like
model [34] (or more precisely copper-oxide-like [36]) coupled
to lattice distortions describes an IM transition driven by the
shift of the chemical potential. In agreement with Ref. [40], our
results show that the AF order is suppressed with the electron-
lattice coupling. As expected from [39,40], our solution shows
a long-range distortion at low T. The large variation of the
conduction electrons–RE hybridization with T, when g2 
= 0,
is consistent with numerical results of Ref. [35].

No attempt has been made to use realistic values of
parameters, since only a qualitative discussion is presented.
Nevertheless, the present approach clarifies a key point,
showing that the electron-lattice coupling is essential to the
occurence of an IM transition in a paramagnetic state. The
insulating state with a large charge gap at low T explains
the almost temperature-independent linewidth of the ESR
experiments in this temperature range. The IM transition marks
the onset of a Korringa broadening at high temperatures, and
the activated behavior of valence fluctuations of RE ions
in the metallic regime is explained, since 4f states do not
form a wide band, but instead are well localized above the
Fermi level.

The IM transition reported in the literature [20,31] is
qualitatively explained as the result of the coupling between
the electronic hybridization and the lattice distortion. At the
transition temperature, the gap between bands does not close.
Instead, the onset of the metallic state is induced by the shift
of the Fermi level to inner states of the valence band, due to
the withdrawal of f electrons from the Fermi volume (loss of
coherence). This explains the exponential fluctuations on the
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rare-earth valence and global metallic behavior of CeFe4P12

above the IM transition as seen by ESR.

II. SIMULATION OF EXPERIMENTAL
RESULTS AND ANALYSIS

The analysis of the ESR spectra of Gd3+ diluted in
CeFe4P12 from 4.2 to 300 K requires consideration of three
separate temperature regions to understand the T dependence
of the observed spectra: (i) Below 150 K, the ESR spectra is
consistent with Gd3+ ions diluted in insulators, i.e., there is
no relaxation via conduction electrons (Korringa relaxation)
[42,43]. The line shape associated to each fine structure of the
spectrum is Lorentzian and the fully resolved spectra can be
accounted for by the well-known anisotropic spin Hamiltonian
for cubic symmetry [44]:

H = μBHgS + 1
60b4

(
O0

4 + 5O4
4

)
, (1)

where the first term is the Zeeman energy, the second term is
the fourth-order contribution of the cubic crystal field, with
b4 the fourth-order crystalline field parameter for Gd3+, and
O0

4 and O4
4 are the spin operators of fourth degree (note that

for this specific cerium compound the sixth-order contribution
of the cubic crystal field is canceled). (ii) Between ∼150 and
∼200 K, the observed fine structure coalesces into a single line
of Dysonian shape, characteristic of ESR of diluted magnetic
moments in metals [45,46]. (iii) above ∼200 K the single
Dysonian line presents a nearly linear thermal broadening of
the linewidth of ∼1 Oe/K, characteristic of a Korringa-like
relaxation via conduction electrons.

Since the system is undergoing a “smooth” IM transition
at about 150 K, the exchange interaction between Gd3+ local
moments and conduction electrons must be considered. The
Plefka-Barnes (PB) model, for the EN of the fine structure,
is normally attempted to simulate such spectra [47–49].
Although we found that the PB model gives a good description
of the thermal broadening of the linewidth for T � 200 K, it
is not capable of reproducing the experimental details for the
coalescence of the fine structure observed in the ESR spectra
between 150 and 200 K [31]. Two discrepancies between the
calculated and experimental spectra between 150 and 182 K
can be noted: (i) using the PB theory the spectra still show a
partially resolved fine structure where the experiment already
displays a collapsed spectrum; (ii) the experiment shows a
nonlinear thermal broadening of the spectra at the angle of
collapsed fine structure [30◦ from the [001] direction in the
(110) plane; see Fig. 5], whereas the PB theory shows a
linear increase. Therefore, these results suggest that, besides
the crystal-field and exchange coupling effects, one needs
an additional and complementary mechanism in order to
understand the coalescence of the Gd3+ ESR fine structure
between ∼150 and ∼200 K.

The missing ingredient that can satisfactorily explain the
experimental results is the fluctuating valence (FV) of the
Ce ions in the filled skutterudite CeFe4P12. The mechanism
leading to this FV is usually ascribed to the formation of the
hybridization gap. However, in skutterudites, there is also the
intriguing possibility that the coupling between the electronic
state and the low-energy vibrations of the lattice may lead
to FV and Kondo-like phenomena. In CeFe4P12, the picture
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FIG. 5. ESR linewidth of Ce1−xGdxFe4P12 (x ≈ 0.001), triangles
represents the experimental results [31]. Region I shows the ESR
linewidth of transition − 1

2 ↔ 1
2 for main crystal orientations. Full

lines in regions II and III show theoretical simulations of the overall
full linewidths of the collapsed spectra, including all ESR transitions.

obtained from spectroscopic experiments [1,22], indicates a
large f-conduction electron hybridization strength. Below T ∗,
lattice vibrations cooperate coherently with the electronic
insulating state, favoring the opening of the hybridization gap.
Due to the large hybridization, Ce 4f electrons participate in
band properties, hopping on and off between f states and the
band, with strong fluctuations of the Ce valence. Despite one
of the configurations being magnetic, it is known that these
strong fluctuation effects quench the magnetic susceptibility
[17,50], which remains practically constant with temperature,
as observed in experiments [20]. This picture is also consistent
with the unusual transport properties obtained in Ref. [32] for
the thermoelectric power and the Hall carrier mobility, which
are attributed to the 4f -electron hybridization.

When T  T ∗, our model indicates that f states decouple
from the band and stay above the Fermi energy, the system
being metallic (with a small density of states at µ) and
nonmagnetic. Rattling of Ce ions is now incoherent and 4f

states become localized. Since the hybridization is now small,
the FV now implies an activation energy to move a band
electron from the Fermi level to the f states (see Fig. 1).
The simulation indicates that the above activation energy is
weakly T dependent and can be approximated by its value at
the insulator-to-metal transition (which we call Eex).

Therefore, there are enough indicia to include in the
simulation the effect of the FV of Ce ions on the Gd3+ ESR
spectra. The formalism developed by Venegas et al. [51] can be
considered as an additional T-dependent relaxation mechanism
caused by the exchange interaction between the Gd3+ ion and
the fluctuating Ce magnetic moments. This contribution to the
Gd3+ ESR linewidth is approximated by an activation law, and
is written as

�HFV = Ae−Eex/kT , (2)

where A is a constant and Eex is the interconfigurational
excitation energy discussed above.
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Results for �H are shown in Fig. 5 for several orientations
of the field. At low T, in the insulating regime, T � T ∗
(region I), the linewidth of the − 1

2 ↔ 1
2 transition is nearly

constant, equal to a residual value, �Hres. At T ≈ T ∗,
contributions including the Korringa rate, exchange narrowing
(EN) effects, and activated FV mechanism begin to appear. The
crystal-field effects on the Gd3+ fine structure are responsible
for the angular dependence of �H , and at about T ≈ 200 K,
the line becomes nearly isotropic. An apparent Korringa
behavior is displayed for T � 200 K, but our simulation
suggests that the increase of the linewidth in region III should
be ascribed to the activated FV exchange. The calculation
of the overall ESR linewidth between ∼150 and ∼200 K,
shown in Fig. 5, is much closer to the experimental data and
considerably improved in comparison with the data analysis
shown in Ref. [31].

The simulated spectra, within the same temperature range,
are presented in Fig. 6. The agreement with experimental
results from Ref. [31] is remarkable, including the collapse
of the individual Gd3+ ESR fine-structure lines due to both
EN and FV processes.

We have assumed that the conduction band starts becoming
appreciably populated at T ∗ = 160 K. Therefore, the Korringa
contribution to the linewidth starts at T ∗ and increases linearly
with temperature, as b(T − T ∗). Following Urban et al.

TABLE I. Parameters obtained from the simulation of exper-
imental results of the ESR spectra of Gd diluted in CeFe4P12.
Values were extracted from calculations in the temperature range
4 K � T � 300 K. The table includes parameters from Eqs. (1)
and (3).

b (Oe/K) �Hres (Oe) Eex (K) A (Oe) b4 (Oe) g

0.05 5 1180 11 000 7 1.987

[31], narrowing effects are included in a phenomenological
way, mimicking an effective Gd-Gd interaction, with a mean
exchange field of 0.035 Oe and a mean width of ∼100 Oe,
for the distribution of exchange fields. The overall linewidth
is fitted to the expression

�H = �Hres + b(T − T ∗) + Ae−Eex/kT , (3)

where �Hres is the residual linewidth, b is the Korringa
parameter, A is a constant, and Eex is the interconfigurational
excitation energy discussed above. The main parameters for
optimal fitting obtained from simulations are listed in Table I.

At this point we should mention that the fourth-order
crystal-field parameter b4 of Eq. (1) was kept constant and
positive [52] throughout the simulations of the Gd3+ spectra
in this Kondo semiconductor of relative large (insulatorlike)
hybridization gap (∼1500 K). This positive value is in contrast
to what is in general found for insulators and metals, where
this parameter is usually found to be negative in insulators and
positive in metals [53,54]. Hence, this is another anomalous
example where the subtle and not well understood mechanism
of crystal-field splitting of the Gd3+ excited states acts, via a
L · S coupling, on the S-state ground state.

From Table I, the extracted Korringa rate is much smaller
than the apparent Korringa rate of ∼1 Oe/K obtained for
T � 200 K. This is of key importance. The Korringa rate
depends on Jf sηF , the product of the f-conduction electron
exchange interaction, and the density of states at the Fermi
level. Then, the small extracted value implies either small Jf s ,
small ηF , or both. Therefore, the relatively large variation of
�H for T � 200 K is mainly associated with the influence
of the FV mechanism of Ce ions on the Gd3+ ESR spectra.
The extracted interconfigurational excitation energy of the Ce
ions, Eex = 1180 K, illustrates the nature of the pseudogap
as a full many-body concept. In the incoherent regime of the
Kondo physics, f and conduction electrons states are mostly
decoupled. While the Fermi surface is of conduction electrons
nature, with a small density of states at the chemical potential
µ, the excitation energy Eex obtained in the simulation
measures the distance from the Fermi level to the isolated
f-electronic states. Remarkably, the ESR experiment captures
both aspects of the same phenomenon: Korringa rate and
EN effects due to conduction electrons, and FV exchange
contributions [Eq. (2)] which come from the physics of the
f-electronic structure.

III. CONCLUSIONS

Based on our previous ESR experiments in the
Ce1−xGdxFe4P12(x ≈ 0.001) skutterudite [31], we propose
that the hybridization gap present in this Kondo semiconductor
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is indeed strongly T dependent and closes with increasing
temperatures. At T = T ∗ ≈ 160 K, the gap is not completely
closed, but the system undergoes an insulator-metal transition
due to the dropout of f electrons from the Fermi volume, with
the chemical potential shifting inward the valence band (see
Fig. 1). This temperature T ∗ marks the loss of coherence, when
f states decouple from the band and localize above the Fermi
level. As a consequence, the system remains nonmagnetic due
to the small weight of f states, which are practically empty
in the ground configuration. Since the hybridization is small
for T � T ∗, the high-energy scale Eex being probed by ESR
experiments (of the order of 1000 K) is to be associated with the
activated promotion of a conduction electrons from the Fermi
level to the 4f 1 magnetic configuration, leaving a hole in
the conduction band. The presence of a temperature activated
FV effect renders an extra exponential thermal broadening
for the Gd3+ ESR linewidth. This allows us to simulate the

coalescence of the Gd3+ fine structure in the ESR spectra and
the change of the resonance line shape from Lorentzian (insu-
lator media) to Dysonian (metallic media) at about the same
temperatures where a smooth insulator-metal transition takes
place. Just as importantly, by means of ESR measurements,
we have obtained unequivocal experimental evidence for the
presence of strong FV in a Kondo semiconductor, with the
simultaneous identification of the coherence temperature T ∗
of the Kondo lattice. These results are further supported by
a model that considers the coupling between localized states,
itinerant electrons, and a lattice distortion.
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