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Caballero, I. Fernández Aguirre, L. J. Albornoz, A. B. Kolton, J. C.
Rojas-Sánchez, S. Collin, J. M. George, R. Diaz Pardo, V. Jeudy,
S. Bustingorry, J. Curiale, Excess velocity of magnetic domain
walls close to the depinning field, Physical Review B 96, 224422
(2017) (ver art́ıculo 18).



Memoria 2017
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5



Introducción

La División Teoŕıa de la Materia Condensada pertenece al Departamento F́ısica de la Materia
Condensada de la Gerencia de F́ısica del Centro Atómico Bariloche (CAB), Comisión Nacional de Enerǵıa
Atómica (CNEA). El grupo de Teoŕıa de la Materia Condensada comprende 18 investigadores y alrede-
dor de 20 estudiantes y becarios (entre estudiantes de Licenciatura, Maestŕıa y Doctorado, y becarios
postdoctorales). Dentro de este grupo se estudia una amplia gama de temas relacionados a la F́ısica de
materiales condensados.

En general, se puede decir que entre los objetivos del grupo se busca entender en la problemática
teórica de la f́ısica de los materiales condensados duros y blandos, de interés básico o aplicado, y as-
esorar en temas afines a sectores de la CNEA y de la sociedad toda. La materia condensada incluye
a materiales sólidos cristalinos y amorfos, vidrios, sistemas nanoestructurados, biológicos, y molecu-
lares, entre otros. Los estudios realizados indagan sobre distintos aspectos de la materia que incluyen
propiedades estructurales, estad́ısticas, termodinámicas, mecánicas, ópticas, electrónicas, magnéticas,
cuánticas, emergentes y de transporte de sistemas condensados. Es esperable que en el desarrollo de
las investigaciones realizadas en el grupo se logren desarrollar distintas técnicas anaĺıticas y numéricas
de alto desempeño. También es parte importante de los objetivos fundamentales del grupo aportar a la
formación de recursos humanos y a la divulgación de la ciencia en la sociedad.

Presentamos aqúı la memoria anual interna 2017 del grupo. Se incluye información breve sobre las
ĺıneas de investigación, miembros del grupo, estudiantes, visitantes, las tesis de doctorado, de maestŕıa y
de licenciatura realizadas o en progreso, colaboraciones y subsidios, además de otras actividades relevantes
realizadas durante 2017.

Se destaca la obtención del premio Bunge y Born 2017 en F́ısica otorgado al Dr. Carlos Balseiro por
la Fundación Bunge Y Born en reconocimiento a su larga y exitosa trayectoria.

Esperamos que esta recopilación sirva como memoria de la trayectoria del grupo y de su evolución.
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6. Pablo S. Cornaglia. CONICET.

7. Daniel Doḿınguez. CONICET.

8. Ezequiel Ferrero. CONICET.

9. Daniel J. Garćıa. CONICET.

10. Karen Hallberg. CONICET.

11. Alexander D. Hernández Nieves. CONICET.

12. Eduardo Jagla. CONICET.

13. Alejandro B. Kolton. CONICET.
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Gases de electrones bidimensionales acoplados. Sistemas cuánticos forzados.

Investigadores: Aligia, Balseiro, Allub, Cornaglia, Doḿınguez, Garćıa, Hallberg, Hernández, Proetto,
Sánchez, Simońın, Usaj.
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4. Yasuo Oda. Renormalización en teoŕıa de campos y sus aplicaciones a la f́ısica de altas
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Combining ab initio calculations and effective models derived from them, we discuss the electronic
structure of oxygen doped gold chains when one Au atom is replaced by any transition-metal atom
of the 3d series. The effect of O doping is to bring extended Au 5dxz and 5dyz states to the Fermi
level, which together with the Au states of zero angular momentum projection leads to three possible
channels for the screening of the magnetism of the impurity. For most 3d impurities the expected
physics is similar to that of the underscreened Kondo model, with singular Fermi liquid behavior. For
Fe and Co under a tetragonal crystal field introduced by leads, the system might display a non-Fermi
liquid behavior. Ni and Cu impurities are described by a S = 1 two channel Kondo model and an
SU(4) impurity Anderson model in the intermediate valence regime, respectively. In both cases, the
system is a Fermi liquid, but the conductance shows some observable differences with the ordinary
SU(2) Anderson model. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4973982]

I. INTRODUCTION

In the last years, there has been a great amount of exper-
iments in electronic transport through semiconducting1–7 and
molecular8–12 quantum dots (QDs), in which manifestations
of the Kondo effect were observed. In addition, experiments
with mechanically controllable break junctions made possi-
ble to create one-dimensional atomic chains of several ele-
ments,13–15 and the conductance of noble-metal nanowires
with transition-metals impurities has been measured using
point-contact techniques.16,17

The Kondo effect is one of the paradigms in strongly cor-
related condensed matter systems18 and arises when the spin
of a localized electron (such as that of a magnetic 3d impurity)
is at least partially screened by conduction electrons interact-
ing with the spin. The Kondo model, in its simplest version,
consists of a spin 1/2 with an exchange interaction with a sin-
gle conduction band. The localized spin and the conduction
electrons form a many-body singlet ground state. The binding
energy of this singlet is of the order of the characteristic Kondo
temperature TK below which the effects of the “screening” of
the impurity spin manifest themselves in different physical
properties, such as the conductance as a function of tempera-
ture G(T ), which has been measured in quantum dots and is in
excellent agreement with theory.5

In the general case, the localized spin has magnitude S
and can be screened by N channels, which correspond to
conduction states of different symmetry. The case 2S = N
(including the simplest one 2S = N = 1) corresponds to the
fully screened case with a singlet ground state. For 2S > N

one has the underscreened case, in which the total spin of the
ground state is S �N /2 and the scattering of conduction elec-
trons near the Fermi energy corresponds to singular Fermi
liquid behavior.19,20 Finally 2S < N corresponds to the over-
screened Kondo effect, in which inelastic scattering persists
even at vanishing temperatures and excitation energies, lead-
ing to a non-Fermi liquid. The simplest overscreened model is
the two-channel Kondo one, S = 1/2, N = 2, in which the impu-
rity contribution to the entropy is ln 2/2 and the conductance
per channel at low T has the form G(T ) ' G0/2± a

√
T , where

G0 is the conductance at zero temperature in the one-channel
case.21,22

The underscreened Kondo effect and quantum phase tran-
sitions involving partially Kondo screened spin-1 molecular
states were observed in transport experiments by changing
externally controlled parameters.10,11 On the other hand, a sys-
tem consisting in a Co atom inside a Au chain, in which the
symmetry is reduced to four-fold by connecting it to appro-
priate leads, has been proposed as a possible realization of the
overscreened Kondo model.23–25 Here, the role of the two con-
duction channels is played by the 5dxz and 5dyz electrons of
Au, which are equivalent by symmetry (asymmetry between
the channels destroys the non-Fermi liquid behavior22).

We note that for one localized electron with two conduc-
tion channels equivalent by symmetry (for example xz and
yz in tetragonal symmetry), one expects the orbital SU(2)
symmetry, which combined with the spin SU(2) one leads to
the SU(2) × SU(2) symmetry. However often in practice, the
symmetry corresponds to a larger Lie group, the SU(4) one,
leading to another exotic Kondo effect. In fact the low-energy
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effective Hamiltonian for a molecule of iron(II) phtalocya-
nine on Au(111) has the SU(4) symmetry.12,26 This is also the
case for quantum dots in carbon nanotubes.27–35 Recently, the
SU(4) Kondo effect has been argued to correspond to exper-
imental observations of a system of two quantum dots for a
certain range of parameters.7,36–41 As we show below, a Cu
impurity in a Au chain doped with O can be described by the
SU(4) Anderson model, which can be thought as a general-
ization of the Kondo model to include charge fluctuations. If
instead of one we have two localized electrons, the Coulomb
repulsion breaks the SU(4) symmetry. If in the system above
the Cu impurity is replaced by Ni, the system can be described
by a spin 1, two channel Kondo model with the SU(2) × SU(2)
symmetry,42 which is also analyzed in this work.

In this paper, we study the electronic structure of 3d impu-
rities in oxygen doped gold chains. Using ab initio calcula-
tions, we determine the occupancy of the different spin-orbitals
at the impurity site. In some problematic cases, we also use
continuous-time quantum Monte Carlo with three orbitals to
solve the impurity, in a similar way as in dynamical mean-field
theory (DMFT). From this information, we infer the effective
Anderson or Kondo model that describes the system at low
energies. The case for a Co impurity23–25 and a Ni one42 was
studied before. Using the numerical renormalization-group
(NRG) applied to the effective model, we calculate explic-
itly the conductance as a function of temperature for the Ni
impurity showing that it has a behavior qualitatively similar as
for ordinary one-channel S = 1/2 Kondo impurities but with
important and observable quantitative differences. We also cal-
culate the conductance for a Cu impurity, corresponding to the
SU(4) Anderson model.

In Section II we explain the different methods used in this
work. Section III contains the results for the whole 3d series.
In Section IV we summarize the results.

II. METHODS

The basis of this study consists in ab initio calculations
based on density functional theory (DFT). We use the full
potential linearized augmented plane waves method, as imple-
mented in the WIEN2K code.43 The generalized gradient
approximation for the exchange and correlation potential in
the parametrization of PBE (Perdew, Burke, and Ernzerhof),44

and the augmented plane waves local orbital basis are used.
The cutoff parameter, which gives the number of plane waves
in the interstitial region, is taken as RMT ∗ Kmax = 7, where
Kmax is the value of the largest reciprocal lattice vector used in
the plane waves expansion and RMT is the smallest muffin tin
radius used. The number of k points in the Brillouin zone is
enough, in each case, to obtain the desired energy and charge
precisions, namely, 10�4 Ry and 10�4 e, respectively. In all the
studied cases we consider a periodically repeated hexagonal
lattice with a = b = 15 bohrs, and the coordinate system is fixed
in such a way that the chain axis is aligned with z. The a and
b distances in the supercell were checked to be large enough
to avoid artificial interactions between the periodic replicas of
the wire.

As it is known, transport experiments in Au chains indicate
that the conduction channel is a single 6s band.45,46 However,

due to self-interaction errors, DFT calculations can yield a
spurious magnetization in a Au wire at its equilibrium distance,
deq

Au–Au = 4.9285 bohrs.47–49 In order to avoid it, we include a
Hubbard U = 4 eV correction in the 5d-electron Au manifold,
as discussed in Ref. 42.

As mentioned in Section I, the purpose of this work is
to study the Kondo physics in cases where the localized spin
has magnitude S and can be screened by N channels, which
correspond to conduction states of different symmetry. One
possible experimental realization for obtaining the N chan-
nels in Au wires is the incorporation of O-dopants, which
make the 5dxz ,yz orbitals of Au cross the Fermi level, due to
the large hybridization with the oxygen 2px ,y states, and the
transfer of electrons to them due to the larger electronegativity
of oxygen. In our previous work,42 we have determined that
an O-doping of 19% is the minimal amount needed in order
to open the |m| = 1–symmetry conduction channel through
all the Au atoms in the chain. The Au atoms that have an O
atom as a nearest neighbor become slightly spin polarized. To
avoid a magnetic interaction with the localized spin, in most
of our calculations these Au atoms are placed away from the
impurity.

In Fig. 1 we show a schematic representation of the
16-atom unit cell used in our ab initio calculations. The 3d
impurity is placed in the center of the O-doped Au chain,
and it has two O atoms symmetrically located as fourth
neighbors. In this configuration, the effect of O-doping is
the desired one and does not alter neither the spin-state nor
the symmetries that each 3d impurity has when embedded
in a bare Au chain. To set the distances between atoms in
O-doped Au chains, we relax the Au–O distance for the case
of AuO diatomic chain (two-atom unit cell) and, afterwards,
we take the same bond length, deq

Au–O = 3.625 bohrs, for all
the studied chains. In a similar way, we relax all the 3d
impurity-Au distances taking into account the corresponding
two-atom unit cell and fix the obtained length in the subsequent
calculations.

Due to the presence of localized 3d electrons in a low
dimensional system, we test the effects of electron correlations
in the orbital occupancies, by including a variable Hubbard U
parameter in the transition metal 3d orbitals. Among the dif-
ferent possibilities for the GGA+U approach, we use the self-
interaction correction variant.50 For some impurities, the spin
state as well as the hole/electron’s symmetry is stable when
taking into account the correlations. However, there are a few
cases (Cr and Fe) where GGA and GGA+U give qualitatively
different results. In order to elucidate the charge distribution
for those cases, we use the continuous-time quantum Monte
Carlo (CTQMC).52,53 For simplicity in these calculations we
include only those orbitals which have a significant hybridiza-
tion between the impurity and the rest of the chain, namely,
those with angular momentum projection m = ±1 and m = 0.
In all the treated cases, the states with m = ±2 are the most

FIG. 1. Schematic representation of the unit cell used for the 3d impurity
embedded in a 19% O-doped Au chain.
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localized, as they lie perpendicular to the chain, thus having a
small hybridization.

Restricting the Coulomb interaction to these states,51 the
effective Hamiltonian for the impurity takes the form

HI = U
∑

α

nα,↑nα,↓ + Jt

∑

σ1,σ2

d†xz,σ1
d†yz,σ2

dxz,σ2 dyz,σ1

+ Jt

∑

β,γ

d†
β,↑d

†
β,↓dγ,↓dγ,↑ + (U − 2Jt)

∑

σ1,σ2

nxz,σ1 nyz,σ2

+ (U − 2Jb)
∑

ζ

∑

σ1,σ2

n3z2−r2,σ1
nζ ,σ2

+ Jb

∑

ζ

∑

σ1,σ2

d†
3z2−r2,σ1

d†ζ ,σ2
d3z2−r2,σ2

dζ ,σ1

+ Jb

∑

ζ

(
d†

3z2−r2,↑d
†
3z2−r2,↓dζ ,↓dζ ,↑ + H.c.

)
, (1)

where d†α,σ (dα,σ) are creation (destruction) operators, nα,σ

the number operator, and the sum with α index runs over all
orbitals (3z2

� r2, xz, yz) while the sums with other Greek index
run over degenerate xz, yz symmetries. For an isolated impu-
rity, we assume that the on-site energy of all 3d orbitals is the
same. This neglects part of the crystal field due to interatomic
Coulomb interactions, but this is usually much smaller than
the effect of hopping with the neighbors which is included in
our treatment.51 For all cases we fix U = 4 eV, J t = 0.70 eV,
and Jb = 0.49 eV. The last two values result from a fit of the
lowest atomic-energy levels of the 3d series. For a detailed
discussion of the general values of these parameters, see
Ref. 51.

The hybridization of the impurity with the Au-chains can
be taken into account defining a hybridization matrix ∆ which
is simply related to the Green’s function of the extreme site
of the chain, close to the impurity. In Matsubara frequen-
cies iωn = (2n − 1)πT , with T the temperature in eV, it
reads

[∆(iωn)]α,α = t2
α

[
G0

L(iωn) + G0
R(iωn)

]
α,α

. (2)

Here G0
L(R) are the Green’s function of the nearest site to

the left (right) of the impurity. They were obtained by first
solving an isolated O-doped Au-chain with an empty site
instead of a 3d-impurity, by using GGA and then calculating
the Green’s function by definition, using the local density of
states. The hopping parameters tα were estimated from the fact
that the imaginary part of the hybridization at zero frequency
(after performing an analytic continuation), Γα = −Im∆(0)α,α
= πt2

α(ρL(0)+ ρR(0)), can be related with the half-width of the
peak corresponding to the GGA 3d-impurity density of states.
For the studied cases of Cr and Fe, we obtain t3z2−r2 = 0.38 eV,
while txz ,yz = 0.7 eV for Cr and txz ,yz = 1.05 eV for Fe. It might
seem surprising that t3z2−r2 < txz,yz since the hopping between
two d orbitals with m = 0 is expected to be larger than the corre-
sponding hopping for m=±1. However, the relevant parameter
is Γα, and it is always larger for α = 3z2 − r2.

The impurity (1) and its hybridization with the chains (2)
define an effective multiorbital Anderson model that can be
solved by continuous time quantum Monte Carlo. Here we
use a hybridization expansion based algorithm.52,54

As we will show in Sec. III, for the Cr impurity we fix its
total occupancy to two electrons while for Fe we considered
two cases with total occupancies of three and four electrons.

To calculate the conductance in specific cases, we use
the numerical renormalization group55,56 as implemented
in the NRG Ljubljana open source code.57,58 We take the
discretization parameter Λ= 3 and we keep up to 10 000
states.

III. RESULTS

In Table I we present the ab initio results for the orbital
projected electronic occupancies obtained integrating the
charge in each muffin tin, for the first five members of the
3d series, when considering U = 0 at the impurity sites. The
effect of U is discussed below. We note that the ab initio
methods discussed in Sec. II are mean-field approximations
and predict a long-range ferromagnetic order, which is not
expected in a one dimensional system. This has been proved,
for example, for the periodic Anderson model.59 In spite
of this, we believe that the predicted charge distribution for
the magnetic impurity is in general reliable for a given ori-
entation of the spin of the Hund rules ground state and
consistent with CTQMC, which does not break the SU(2)
symmetry.

From the resulting occupancies, we expect the following
behavior for the different impurities:

A. Sc

This case should correspond to only one electron at the
impurity site. The obtained partial occupancies indicate that
this electron occupies one of the degenerate orbitals dx2−y2 ,
dxy. Since the top of the Au states with the same symmetry lies
about 1.3 eV below the Fermi energy, the states with one of
these orbitals occupied have practically no hybridization with
the Au states. Thus one expects a localized spin 1/2 and no
Kondo effect. The mixing with other configurations suggested
by the occupancies of Table I is probably an artifact of the
GGA.

B. Ti

One electron occupies one of the degenerate orbitals
dx2−y2 , dxy, and another one partially occupies the d3z2−r2

orbital. One can describe the system as valence fluctuations
between a configuration with one “frozen” electron (because
it has no hopping) with |m| = 2 and another one with two elec-
trons (the other electron occupying the d3z2−r2 orbital) with
spin 1 due to Hund’s rules. This model was solved exactly

TABLE I. Orbital projected electronic occupancies for majority spin for the
different elements. All the minority spin d orbitals are almost empty.

3d impurity n(3d3z2−r2 ↑) n(3dxy,x2−y2 ↑) n(3dxz,yz ↑)

Sc 0.12 0.31 0.13
Ti 0.43 0.99 0.16
V 0.77 1.64 0.21
Cr 0.80 1.72 1.23
Mn 0.91 1.86 1.86
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by Bethe ansatz.60–63 The physics corresponds to that of the
underscreened S = 1, one-channel Kondo model.

C. V

Two electrons occupy each of the inert orbitals dx2−y2 ,
dxy with majority spin. A third electron fluctuates between
the localized d3z2−r2 orbital at V and the Au band with the
same symmetry. The occupancy of the V 3d3z2−r2 orbital is
high suggesting that the model that describes the system is
the S = 3/2 one-channel Kondo one. If charge fluctuations are
important, the model that describes the system is the one that
mixes the S = 3/2 configuration with the two-electron S = 1
one. This model is also exactly solvable.61–63 The ground state
has total spin 1 and therefore corresponds to the underscreened
case.

D. Cr

As for V, the inert orbitals with majority spin are occu-
pied. In addition, it seems that there is a little bit less than
one electron in the d3z2−r2 orbital and a little bit more than
one electron in the degenerate orbitals dxz and dyz. Assum-
ing integer occupancies, one has an orbitally degenerate
S = 2 impurity screened by three channels. One would expect
a two-stage partial screening, first by the 5d3z2−r2 Au conduc-
tion states which have a larger hybridization and then by the
5dxz and 5dyz, with some similarities to iron(II) phtalocyanine
molecules on Au(111),12 but here the ground state would have
S = 1.

In order to study in more detail the charge distribution
between the hybridized orbitals with |m| < 2, we have per-
formed GGA+U calculations introducing the interaction U
in the 3d shell. We have to mention that in the case of V
no appreciable changes are seen when U is introduced. For
this reason we omit the details for V. Instead, from Fig. 2,
we see that the effect of U for Cr is to push up the 3d3z2−r2

orbital and transfer the electron to the |m| = 1 orbitals. This is
more clearly seen in Table II where the partial occupancies are
shown. The results for U = 4 eV suggest a ground state with
all orbitals with |m| > 0 occupied forming an S = 2 orbitally

FIG. 2. Partial density of states for the Cr impurity embedded in an O-doped
gold chain with U = 0 (top) and U = 4 eV (bottom) at the impurity site.

TABLE II. Orbital projected electronic occupancies of the Cr majority spin
for different values of U at the Cr site.

U (eV) n(3d3z2−r2 ↑) n(3dxy,x2−y2 ↑) n(3dxz,yz ↑)

0 0.80 1.72 1.23
2 0.82 1.73 1.27
3 0.20 1.76 1.75
4 0.15 1.77 1.77

non-degenerate ground state screened by two degenerate
channels (m = ±1).

In attempt to clarify the discrepancies in the charge dis-
tribution as a function of U in the GGA+U calculation, we
have used CTQMC as outlined in Sec. II. We assume that one
electron occupies each of the inert orbitals m = ±2, with par-
allel spins, and adjust the chemical potential in such a way that
two additional electrons are present in the system formed by
the other orbitals with |m| < 2, the interactions among which
is described by Eq. (3). The resulting charge distribution indi-
cates that these two additional electrons occupy each of the
|m| = 1 orbitals. This distribution agrees with GGA+U for large
U. In spite of the complexity introduced by the presence of
two channels, we expect a similar physics to the one-channel
S > 1/2 underscreened Kondo model, with singular Fermi
liquid behavior.

E. Mn

As expected, this case corresponds to an S = 5/2 Kondo
model, partially screened by the three conduction channels
(|m| < 2) at low enough temperatures.

In Table III we list the orbital projected electronic occu-
pancies for the remaining members of the 3d series, except for
Zn, which is expected to have a full 3d shell and therefore not
showing interesting physics. In all the listed cases we consider
U = 0 at the impurity sites.

F. Fe

It has six electrons, or four holes in the 3d shell. The GGA
results point to 1.40 holes in the inert |m| = 2 orbitals, 0.81 holes
in the m = 0 one, and 1.61 holes in the |m| = 1 orbitals. However,
since the |m| = 2 electrons do not hop, one expects an integer
population of them. If the occupancy is 1 and the remaining 3
holes occupy each of the remaining orbitals (d3z2−r2 , dxz, dxz),
the configuration is similar to that of Co below except for the
presence of the 3d3z2−r2 hole. Interestingly after a first-stage
Kondo effect in which the spin of this orbital is screened (as
in iron(II) phtalocyanine on Au(111)12), the physics would be
the same as that for a Co impurity (discussed below).

TABLE III. Orbital projected electronic occupancies for the minority spin
for the different elements. All the majority spin d orbitals are occupied.

Case n(3d3z2−r2 ↓) n(3dxy,x2−y2 ↓) n(3dxz,yz ↓)

Fe 0.19 0.60 0.39
Co 0.88 1.17 0.22
Ni 0.92 1.87 0.56
Cu 0.83 1.89 1.87
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FIG. 3. Partial density of states for the Fe impurity embedded in an O-doped
gold chain with U = 0 (top) and U = 4 eV (bottom) at the impurity site.

In this case, we have also investigated the effect of U
within GGA+U to gain more insight into the charge distri-
bution. Taking into account the results shown in Fig. 3 and
the occupancies listed in Table IV, we see here that the effect
of U is to push down the d3z2−r2 orbital, increasing abruptly
its occupancy between U = 2 eV and U = 3 eV. In this case,
all holes are in 3d states with |m| > 0. By an electron-hole
transformation, the physics is the same as that suggested by
GGA+U for large U for Cr: an S = 2 orbitally non-degenerate
ground state screened by two degenerate channels.

As for the case of Cr, we have studied the charge dis-
tribution with CTQMC. In this case we have the additional
ambiguity that the occupancy of the inert orbitals, absent in
the Hamiltonian solved by CTQMC, lies between 2 and 3, for
a total occupancy of 6 electrons. Therefore we have adjusted
the chemical potential in this Hamiltonian for two occupancies:
(i) 4 and (ii) 3 electrons. In the first case we obtain a double
occupancy of the 3d3z2−r2 and single occupancy of the m = ±1
orbitals, in agreement with Table IV for large U. In case (ii) we
obtain one electron in each of the non-inert orbitals (d3z2−r2 ,
dxz, dxz), resulting in the Co configuration with an additional
3d3z2−r2 hole, mentioned above. Unfortunately our results are
not enough to determine which of these two configurations is
more probable.

G. Co

As shown before,23 the configuration of Co corresponds
to two holes occupying the |m| = 1 orbitals and the remaining
one is in one of the inert |m| = 2 orbitals, forming a total spin
S = 3/2 according to Hund’s rules. There is some admixture

TABLE IV. Orbital projected electronic occupancies of the Fe minority spin
for different values of U at the Fe site.

U(Fe) (eV) n(3d3z2−r2 ↓) n(3dxy,x2−y2 ↓) n(3dxz,yz ↓)

0 0.19 0.60 0.39
2 0.16 0.69 0.23
3 0.89 0.01 0.13
4 0.89 0.01 0.11

with the S = 1 ground-state configuration of Ni described
below. The low temperature physics corresponds to an under-
screened Kondo model, S = 3/2 screened by two channels. It
is interesting that under an appropriate tetragonal crystal field,
the orbital degeneracy of the |m| = 2 orbitals is broken and at the
same time the spin-orbit coupling leads to a physics similar to
the S = 1/2 two-channel Kondo model with non-Fermi liquid
properties. This has been discussed in detail elsewhere.23–25

As stated above, Fe impurities might display similar
physics.

H. Ni

From the occupancies listed in Table III, one realizes that
Ni fluctuates between a configuration with two holes and total
spin 1 in the degenerate orbitals with |m| = 1 and one with
one hole in one of these orbitals. A closer investigation of the
effective model reported before indicates that the first config-
uration dominates and the system is in the Kondo regime.42

This is confirmed by our NRG calculations on the effective
model Heff. Thus the system can be considered as a realiza-
tion of a two-channel fully screened S = 1 Kondo model.
The effective Hamiltonian including charge fluctuations
is42

Heff =
∑

M2

(E2 + DM2
2 )|M2〉〈M2 | +

∑

αM1

E1 |αM1〉〈αM1 |

+
∑

νkασ

ενkc†
νkασcνkασ +

∑

M1M2

∑

ανkσ

Vνα〈1M2 | 12
1
2

M1σ〉

× (|M2〉〈αM1 |cνkασ + H.c.), (3)

where Ei and M i indicate the energies and the spin projections
along the chain, chosen as the quantization axis, of states with
i = 1,2 holes in the 3d shell of the Ni impurity, and c†

νkασ creates
a hole in the conduction band with symmetry α and spin σ at
the left or right of the impurity (denoted by the subscript ν)
with wave vector k.

FIG. 4. Squares: NRG data for Gα(T ) =
∑

σ Gασ (T ) in units of its maxi-
mum Gs as a function of T /TK for εd = −2∆, where ∆ = 0.115 eV is half
the resonant-level width.42 Dashed black line: fitting of numerical data with
expression Eq. (4) with s = 0.155. Continuous red line: Eq. (4) with s = 0.22.
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TABLE V. Symmetry-dependent d-band minority spin fillings of the Cu atoms (in electrons) for the selected
studied cases. The color coding of the schematic representation of the chains is the one presented in Fig. 1.

Case n(3d3z2−r2 ↓) n(3dxy,x2−y2 ↓) n(3dxz,yz ↓)

0.83 1.89 1.87

0.91 1.89 1.64

0.90 1.89 1.65

0.83 1.79 1.36

The ground state of this model is a Fermi liquid, as for
the one-channel S = 1/2 Kondo model. The reader might ask
if there are important differences in the properties of both
models. One difference is that well inside the Kondo regime,
the conductance at zero temperature is two times larger in
the two-channel S = 1 case (4e2/h for symmetric contacts)
because two conduction channels and two spins are contribut-
ing. Experimentally, asymmetry between the couplings of the
impurity to the left and the right decreases the conductance,
but this difference is likely observable in real experiments.
Another difference is that the shape of the conductance as
a function of temperature is different in the two cases. This
is shown in Fig. 4, where the conductance is calculated for
the parameters extracted in Ref. 42. For the one-channel
S = 1/2 Anderson model, it is well known that the empirical
expression

G(T ) =
Gs[

1 +
(
21/s − 1

)
(T/TK )2

] s , (4)

where s = 0.22 and Gs is the conductance at temperature
T = 0, matches not only the experimental results but also NRG
calculations.1,64 For the parameters that we extract for Ni in
O-doped Au chains, we obtain that a similar empirical law
holds but with s = 0.155, yielding a less steep decrease in the
intermediate temperature regime.

I. Cu

Since Cu is similar to Au, it has an almost filled 3d shell,
and therefore oxygen doping moves the spectral density of
the orbitals with |m| = 1 to the Fermi energy, introducing a
partial emptying of these orbitals.24 We analyze the effect of
the presence of oxygen impurities on the spin-state of the Cu
impurity or its hole’s symmetries, for several configurations,
also changing the amount of O in the Au chain. In Table V we
introduce the different cases studied and their corresponding
Cu occupancy numbers (in electrons) obtained by integrating
the minority band separated in the different symmetries, within
the Cu-muffin-tin sphere. From the last configuration listed in
Table V, it can be inferred that for this case a hole of the Au–O
conduction bands with symmetry either xz or yz and spin either
up or down can enter the full 3d shell of Cu or vice versa.
Thus, this system can be described by an SU(4) Anderson
model.12,26

In Fig. 5 we show the NRG result for the total conductance
G(T ) as a function of temperature in units of G0 = 2e2/h for

three values of the on-site energy of the xz and yz orbitals
relative to the Fermi energy, εd , and hybridization ∆ = 0.01 in
units of the half-bandwidth D. All of them correspond to the
intermediate valence regime with a total occupancy of the 3d
shell of 0.484 for εd = −3∆, 0.439 for εd = −2.5∆, and 0.398
for εd = −2∆, shared equally between the four spin-orbitals.
Note that the intermediate-valence regime in the present SU(4)
case extends to larger values of −εd/∆ than in the most usual
SU(2) case. There is a clear maximum at temperatures of the
order of εd . At smaller temperatures, the conductance is rather
flat, in contrast to other fully screened cases, such as those
displayed in Fig. 4.

At T = 0 the conductance is determined by the Friedel
sum rule. For constant density of states and hybridization (as
we have assumed for the NRG results), according to this rule,
the contribution of the conductance for each spin and channel
with occupancy nασ is40

Gασ =
e2

h
sin2(πnασ), (5)

and G =
∑
ασ Gασ .

The numerical results of Fig. 5 are quite consistent
with this rule. They lie above those obtained using Eq. (5)
by near 1%. This is likely due to numerical errors in the
conductance.

FIG. 5. Total NRG conductance G(T ) for the SU(4) Anderson model as a
function of temperature, for three values of εd (−2∆, −2.5∆, and −3∆) with
hybridization ∆ = 0.01 in units of the half-bandwidth D.

24



092315-7 Barral et al. J. Chem. Phys. 146, 092315 (2017)

IV. SUMMARY AND DISCUSSION

Using ab initio methods combined with continuous-time
quantum Monte Carlo, we have studied the electronic struc-
ture of systems with one substitutional 3d impurity in oxygen
doped gold chains, along the whole 3d series, searching for
unusual behavior in the screening of the impurity spin. The
effect of oxygen doping is to bring 5dxz and 5dyz orbitals to the
Fermi energy, which together with the 5d3z2−r2 ones constitute
three screening channels for the impurity spin.

We left Zn out because one expects that it has a full 3d
shell and no magnetism. At the other end of the 3d series, we
find that Sc behaves as an isolated magnetic impurity with spin
S = 1/2, because it has one electron occupying either the 3dx2−y2

or the 3dxy orbitals, and they have a negligible hybridization
with the orbitals of the rest of the chain. For this reason we
call them inert.

The system with Ni and Cu impurities behaves as a Fermi
liquid, obeying the Friedel sum rule. In the first case, the
low-energy physics can be described by a fully compensated
S = 1, two-channel Kondo model. In this case, we have calcu-
lated the conductance through the system using NRG, pointing
out quantitative differences with the most usual S = 1/2, one-
channel case. For Cu impurities, the appropriate low-energy
model is the SU(4) Anderson impurity one, in the intermediate-
valence regime. In this case, the conductance also shows
differences with more usual cases.

The remaining systems, taking out some peculiarities,
are expected to behave as singular Fermi liquids, like under-
screened Kondo model. This is due to the presence of partially
filled inert orbitals which tend to couple into large spins due
to the Hund rules and cannot be screened by the conduction
electrons. The conductance as a function of temperature for
several underscreened Kondo models is presented in the Sup-
plementary material of Ref. 10. Particularly complex is the
case of Cr, in which different configurations seem mixed, and
Fe, for which our results are inconclusive with respect of the
ground state configuration. One possibility for Fe is that it has
the same configuration of Co with one additional 3dx2−y2 hole.
The spin of this hole is expected to be screened in a first-stage
Kondo effect leaving a low-energy physics similar to that of
Co. As shown before for the latter,23–25 under an appropriate
tetragonal crystal field, which can be realized connecting the
system with leads with a square cross section, the spin-orbit
coupling leads to an effective spin 1/2 overscreened by two
degenerate channels with xz and yz symmetries, leading to
non-Fermi-liquid behavior.

The results using CTQMC have been done using a
restricted basis set. This has the advantage of accelerating the
time in the calculations, and the interactions take a simpler
form than those of the complete basis set.51 The main draw-
back however is then the Hund interaction with the spin of the
inert orbitals is neglected. We believe that this does not alter
the resulting occupancies of Cr and Fe because the resulting
spin of the remaining orbitals is the maximum possible, taking
maximum advantage of the Hund interaction.

Finally we comment on the effect of symmetry-breaking
perturbations, like distortions or defects in the chains. This
effect breaks the channel degeneracy and changes the physics

in those cases in which the impurity has partial degenerate
orbitals which are not inert. For example in the case of Ni,
breaking of the degeneracy of the xz and yz orbitals would
change the S = 1 two-channel Kondo physics, in a two-stage
Kondo model with two characteristic temperatures, each one
corresponding to each channel. The ground-state however con-
tinues to be a Fermi liquid. In the case of Co, the partial
screening of the S = 3/2 spin by two channels also would
occur in two stages, but the ground state still corresponds to an
S = 1/2 singular Fermi liquid. The breaking of symmetry is
more dramatic for Co in tetragonal symmetry because the
symmetry breaking renders the effective S = 1/2 overscreened
model with non-Fermi liquid behavior to a usual Fermi liq-
uid below a characteristic energy scale. A previous estimate
indicates that this scale is below TK (and the non-Fermi liq-
uid features are observable) if the splitting between xz and yz
orbitals is less than 100 meV.23
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The (111) surface of Cu, Ag, and Au is characterized by a band of surface Shockley states with a constant
density of states beginning slightly below the Fermi energy. These states as well as bulk states hybridize with
magnetic impurities which can be placed above the surface. We calculate the characteristic low-temperature
energy scale, the Kondo temperature TK of the impurity Anderson model, as the bottom of the conduction band
Ds crosses the Fermi energy εF . We find simple power laws TK � |Ds − εF |η, where η depends on the sign
of Ds − εF , the ratio between surface and bulk hybridizations with the impurity �s/�b, and the ratio between
on-site and Coulomb energy Ed/U in the model.

DOI: 10.1103/PhysRevB.95.045143

I. INTRODUCTION

The Kondo effect is one of the paradigmatic phenomena
in strongly correlated condensed matter systems [1]. It takes
place when a localized magnetic impurity interacts via an
exchange interaction with extended states. Below a charac-
teristic temperature TK , the impurity spin is screened by the
conduction electrons, and the ground state is a many-body
singlet formed by the impurity spin and the spin of the
conduction electrons. Originally observed in dilute magnetic
alloys, the Kondo effect has reappeared more recently in
the context of semiconducting [2–6] and molecular [7–13]
quantum-dot systems, and in systems of magnetic adatoms
(e.g., Co or Mn) deposited on clean metallic surfaces, where
the effect has been clearly observed experimentally as a narrow
Fano-Kondo antiresonance in the differential conductance
[G(V ) = dI/dV , where I is the current and V the applied
voltage)] observed by a scanning tunneling microscope (STM)
[14–20].

A STM permits the manipulation of single atoms or
molecules on top of a surface [21] and the construction
of structures of arbitrary shape such as quantum corrals
[16,22,23]. The differential conductance measured by the STM
is in general proportional to the local density of metal states,
and it has contributions from bulk and surface states [24,25].
These contributions are weighted differently by the STM tip
due to the different decay rate of the wave functions out of the
surface [26,27]. The effect of the different distance dependence
of tunneling processes involving 3d and s/p states has been
observed recently for Fe2N on Cu(001) [28].

The (111) surfaces of Cu, Ag, and Au were used as
the substrate for many observations of the Kondo effect
[14–20,29–32] and have the property that a parabolic band
of two-dimensional Shockley surface states, confined to the
last few atomic planes exists [33–35]. This band is uncoupled
to bulk states for small wave vectors parallel to the surface, due
to the presence of a bulk-projected band gap at the center of
the surface Brillouin zone [33]. These surface states represent
an almost ideal example of a two-dimensional electron gas
on a metal surface. The effective mass is between 0.31 and
0.38 of the electron mass [18,22,36], and the constant surface
density of states begins at a step which lies below the Fermi
energy by an energy ≈450 meV for Cu [17], ≈475 meV for Au

[34], and ≈67 meV for Ag [18]. The corresponding steps have
been observed in STM experiments [18,34]. Interestingly, it
has been shown recently that the Shockley surface states can
be thought of as topologically derived surface states from a
topological energy gap lying about ∼3 eV above the Fermi
energy [37].

The surface states are expected to be more sensitive to
adatoms at the surface, and this fact has been used to confine
electrons in corrals or resonators built from different adatoms
[23]. Recently, it has been shown that the effect on the surface
density of states of resonators of Co and Ag adatoms built on
the Ag(111) observed by an STM can be modeled by the effect
of an attractive potential at the position of the adatoms on free
electrons in two dimensions [38]. In a famous experiment,
a Co atom acting as a magnetic impurity was placed at one
focus of an elliptical quantum corral built on the Cu(111)
surface. A Fano-Kondo antiresonance was observed in the
differential conductance not only at that position, but also
with reduced intensity at the other focus [16]. This “mirage”
can be understood as the result of quantum interference in
the way in which the Kondo effect is transmitted from one
focus to the other by the different eigenstates of surface
conduction electrons inside a hard-wall ellipse [25,39–44].
This experiment reveals that conducting surface states have
an important hybridization with the impurity, although other
experiments suggests that the hybridization of bulk electrons
plays the dominant role in this effect [17–19]. Interestingly,
a Kondo resonance with TK ∼ 180 K was obtained for a
system of a molecule containing a magnetic Co atom on a
Si substrate prepared in such a way to have a surface metallic
state on top of insulating Si [45]. In this case clearly bulk
states do not contribute to the observed Kondo resonance.
Some calculations suggest that surface states give an important
contribution to the Fano-Kondo antiresonance [46], while
others obtain a contribution of 1/36 or less depending on the
orbital [47]. A recent study for Co on Cu(111) suggests that
the line shape of the Kondo resonance is affected by the
presence of surface states [48]. From the mirage intensity it
has been estimated that the coupling to the surface states is
at least 1/10 that of the bulk [25]. Recent experiments for a
Co impurity on Ag(111) [49] in which the surface density of
states at the Fermi level ρs(0) has been modified by means of
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resonators [38,49] obtain an increase of a factor larger than
2 in TK as a consequence of a moderate increase in ρs(0),
indicating a very important contribution of the surface states
to the Kondo effect.

As we show in the next section, for hybridization indepen-
dent of the energy (as usually assumed to be a reasonable
approximation), the presence of a step in the conduction
spectral density near the Fermi energy has dramatic effects
on the Kondo temperature TK (the characteristic energy scale
of the Kondo effect). It has been shown that the bottom of the
surface band Ds can be changed by alloying the different noble
metals at the surface [34,35]. In fact this displacement has
been measured by STM [34], and it should be possible to use
the STM to measure also the Fano-Kondo antiresonance and
determine TK . One may suspect that disorder affects the sharp
onset of the surface states at Ds , but the states at this onset have
a very long wavelength averaging the disorder. Furthermore,
experiments on epitaxial Ag(111) films on Si(111)-(7×7) have
shown that it is possible to change Ds and make it cross the
Fermi energy by strain [50]. We note that recent developments
in scientific instruments using a piezoelectric vice [51] have
been used to obtain both uniaxial compression and uniaxial
tension on different samples. As an example, both effects
increase the superconducting critical temperature of Sr2RuO4

[52].
In this work we calculate the Kondo temperature as a

function of the bottom of the surface band, using different
techniques: poor man’s scaling (PMS) [1,53] on the effective
Kondo model, noncrossing approximation (NCA) [1,54], slave
bosons in the mean-field approximation (SBMFA) [1,55,56],
and numerical-renormalization group (NRG) [1,57–61]. These
approaches are known to reproduce correctly the relevant
energy scale TK and its dependence of parameters in cases
in which the conduction density of states is smooth. As we
shall see, the presence of the surface states introduces some
complications, due to the divergence of the one-body part of
the self energy [Eq. (6) below] at energies near the step, but
this can be handled by the NCA, which exactly incorporates
arbitrary conduction densities and hybridizations in its integral
equations [62].

The PMS is a perturbative approach that integrates out
progressively a small portion of the conduction states lying
at the bottom and at the top of the conduction bands,
renormalizing the Kondo coupling J . It ceases to be valid
when |Ds − εF | ∼ J , where εF is the Fermi energy [1,53].

The NCA is equivalent to a sum of an infinite series
of diagrams in perturbations in the hybridization [1,54]. In
contrast to NRG in which finite-energy features are artificially
broadened due to the logarithmic discretization of the con-
ducting band [63,64], NCA correctly describes these features.
For instance, the intensity and the width of the charge-transfer
peak of the spectral density (the one near the dot level Ed ) was
found [65] in agreement with other theoretical methods [66,67]
and experiment [68]. Furthermore, it has a natural extension
to nonequilibrium conditions [69], and it is especially suitable
for describing satellite peaks of the Kondo resonance, as those
observed in Ce systems [70,71], or away from zero bias voltage
in nonequilibrium transport [72–74]. An alternative to NCA for
nonequilibrium problems is renormalized perturbation theory,
but it is limited to small bias voltage [75,76].

The SBMFA, as the NCA uses a pseudoparticle represen-
tation, but in contrast to the latter, neglects the dynamics of
the pseudoboson and takes it in average [1,55,56]. In spite
of this and the fact that the charge-transfer peak is lost, the
spectral density near the Fermi level and low-energy properties
are well described. For this reason it has been successful in
describing several Kondo systems [77–79], including adatoms
or molecules on the (111) surface of Cu or noble metals
[25,77,79,80].

The NRG is a very accurate technique that has been used for
many problems [48,57–61]. However, as stated above, in some
cases it misses some finite energy features. This fact seems to
introduce some difficulties in our problem, as we shall show.

In Sec. II, we describe the impurity Anderson model, the
particularities of our case, and its Kondo limit used in PMS.
The results are presented in Sec. III, and Sec. IV contains a
summary and discussion.

II. MODEL AND FORMALISM

A. Hamiltonian

The Hamiltonian can be written as

H =
∑
kσ

εs
ks

†
kσ skσ +

∑
kσ

εb
kb

†
kσ bkσ + Ed

∑
σ

d†
σ dσ

+U
∑

d
†
↑d↑d

†
↓d↓ +

∑
kσ

V s
k [d†

σ skσ + H.c.]

+
∑
kσ

V b
k [d†

σ bkσ + H.c.], (1)

where d†
σ creates an electron with spin σ at the relevant orbital

of the magnetic impurity (assumed nondegenerate) and s
†
kσ

(b†
kσ ) are creation operators for an electron in the kth surface

(bulk) conduction eigenstate.
The spectral density of electrons at the magnetic

impurity is

ρdσ (ω) = 1

2πi
[Gdσ (ω − iε) − Gdσ (ω + iε)], (2)

where ε is a positive infinitesimal. Calling z = ω + iε (z =
ω − iε), the retarded (advanced) Green’s function at the
interacting QD can be written in the form [81,82]

Gdσ (z) = 1

z − Ed − 
0σ (z) − 
dσ (z)
, (3)

where 
dσ (z) is the self-energy due to the interaction U and

0(z), the noninteracting part of the self-energy (present also
for U = 0) is


0σ (z) = 
b
0σ (z) + 
s

0σ (z),


c
0σ (z) =

∑
k

∣∣V c
k

∣∣2

z − εc
k

, (4)

where c = b or c = s. As usual in this type of problem, in
which the bulk contribution has no special features near the
Fermi level, we assume a constant density of bulk states ρb

extending in a wide range from −D to D, and a constant
hybridization V b

k . Defining �b = πρb|V b
k |2, for energies near

the Fermi level εF (D � |ω − εF |), we can neglect the real
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part of the bulk contribution to 
0σ (z) [25], and it becomes
simply


b
0σ (ω + iε) = −i�b. (5)

The surface contribution to the density of states ρs is constant
and begins near the Fermi energy at Ds . For simplicity we
assume that it ends also at D as does the bulk one. Then


s
0σ (ω + iε) = −�s

π
ln

(
D − ω

|Ds − ω|
)

− i�sθ (ω − Ds), (6)

where �s = πρs |V s
k |2 and θ (ω) is the step function. Thus, the

noninteracting (U = 0) Green’s function can be written in the
form

G0
dσ (z) = 1

z − Ẽd (ω) + i[�b + �sθ (ω − Ds)]
, (7)

where

Ẽd (ω) = Ed − �s

π
ln

(
D − ω

|Ds − ω|
)

(8)

is an effective energy of the localized level.

B. The Kondo limit

The Kondo effect takes place for dot occupations near
one. This condition in terms of the parameters means
�b + �sθ (εF − Ds) � εF − Ẽd (εF ), Ẽd (εF ) + U − εF . The
Kondo Hamiltonian is obtained from the Anderson one by
means of a canonical transformation to second order in the
hybridization V b

k and V s
k [1,83]. To simplify the problem,

using the fact that all physical quantities depend on conduction
spectral densities and hybridization only through the products
�b and �s , we consider an equivalent problem in which both
hybridizations are equal to the bulk one, and the new surface
density of states ρ̃s is modified accordingly in such a way that

�s = πρ̃s

∣∣V b
k

∣∣2
. (9)

Then, the effective Kondo interaction can be written in the
form

HK = J
∑
kq

[S+c
†
k↓cq↑ + S−c

†
k↑cq↓ + Sz(c

†
k↑cq↑ − c

†
k↓cq↓)],

(10)

where c
†
iσ (i = k,q) includes both bulk and surface conduction

electrons, and the spin operators act on the localized spin
(|σ 〉 = d†

σ |0〉). The interaction is calculated for conduction
states near the Fermi energy εF and becomes for V b

k = V

near εF

J = |V |2
εF − Ẽd (εF )

+ |V |2
Ẽd (εF ) + U − εF

. (11)

III. RESULTS

In this section we present the results of the different
techniques used. For simplicity, from now on we choose the
origin of energies at εF = 0.

A. Poor man’s scaling

Here we used the PMS [1,53] for the Kondo Hamiltonian,
which allows us to obtain analytical results in the Kondo
regime and for |Ds | � J . The idea is very simple. Integrating
out successively the states on the top and bottom of the
conduction band renormalizing J , one has the same problem
but with a smaller total band width (from −D′ to D′ and
larger Kondo interaction J (D′)). Proceeding in this way until
D′ = |Ds |, the step in the density of states disappears and one
recovers the ordinary Kondo problem. In its simplest form (to
second order in J ), the equation for the change in J in the
range where the running cutoff D′ is larger than |Ds | is

dJ

d ln D′ = −(2ρb + ρ̃s)J
2. (12)

The different factors in front of the densities is due to the fact
that the surface part only acts at the top of the band.

Integrating Eq. (12) one has an equation for J (|Ds |)

D exp

[
− 1

(2ρb + ρ̃s)J

]
=|Ds | exp

[
− 1

(2ρb + ρ̃s)J (|Ds |)
]
,

(13)

and now one can use the expression for the Kondo temperature
for a band with |Ds |, Kondo interaction J (|Ds |), and density
ρ = ρb + ρ̃s (ρ = ρb) for Ds < 0 (Ds > 0):

TK � |Ds | exp

[
− 1

2ρJ (|Ds |)
]
. (14)

Using Eqs. (9), (13), and (14) one obtains for Ds < 0

TK � |Ds |νD1−ν exp

[
− 1

2J (ρb + ρ̃s)

]
,

ν = �s

2(�b + �s)
, (15)

and for Ds > 0

TK � D−μ
s D1+μ exp

[
− 1

2Jρb

]
,

μ = �s

2�b

. (16)

From Eqs. (8) and (11) one has

1

Jρb

= π

�bU
[−Ed (Ed + U ) − (2Ed + U )x − x2],

x = �s

π
ln

|Ds |
D

. (17)

If |Ds | is not too small, one can neglect the term in x2 in
comparison with the first term in square brackets in Eq. (17).
In any case for small |Ds |, the PMS ceases to be valid. Using
this approximation and replacing Eq. (17) in Eqs. (15) and (16)
we obtain

TK � A|Ds |ηD1−η exp

[
πEd (Ed + U )

2U (�b + �s)

]
,

η = �s

(�b + �s)

(
1 + Ed

U

)
, if Ds < 0.
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TK � BDζ
s D1−ζ exp

[
πEd (Ed + U )

2U�b

]
,

ζ = �sEd

�bU
, if Ds > 0, (18)

where to second order in J , A = B = 1. This is the main
result of this section. As expected, the expressions are correct
in the obvious limits, �s = 0, Ds = −D, and Ds = D,
although the prefactor is somewhat larger that a more accurate
one that can be obtained including terms up to third order
in J in PMS [1,84]. Including these terms in the present
case is more involved than in the usual case in which an
electron-hole symmetric conduction band is assumed. Terms
of order J 3/(D′ + |Ds |) appear when calculating dJ/dD′,
and an analytical solution of the differential equation is not
possible. When |Ds | = D, the band recovers the electron-hole
symmetry and we can borrow previous results, that we display
for later use:

A =
√

2ρbJ (1 + �s/�b),

B =
√

2ρbJ , (19)

where ρbJ is given by Eq. (17).
For comparison with the results of other techniques, we note

the limiting values of the exponents for infinite U depending
if either Ed or Ed + U remains finite

η = �s

(�b + �s)
, ζ = 0

if U → +∞, Ed finite, (20)

η = 0, ζ = −�s

�b

if U → +∞, Ed + U finite. (21)

B. Noncrossing and slave-boson mean-field approximations

The noncrossing approximation (NCA) is a diagrammatic
technique that reproduces correctly the Kondo temperature of
the spin-1/2 impurity Anderson model in the limit U → +∞
[1,54]. Unfortunately, this is not the case for finite U [66,85–
87]. Therefore, we restrict the NCA calculations to U → +∞.
To determine the value of the Kondo temperature TK , we
calculate the conductance through the magnetic impurity as
a function of temperature G(T ) and look for the temperature
such that G(TK ) = G0/2, where G0 is the ideal conductance
of the system (reached for T = 0 and occupancy 1 of the dot
level). Alternative definitions of TK differ in factor of the order
of 1 [88], which is not relevant to us, since we are interested
in the dependence of TK with Ds .

In the following we take �b + �s of the order of the unit of
energy and set D = 10. We begin taking Ed = −4 so that the
system is in the Kondo regime. In Fig. 1 we show the resulting
TK as a function of Ds for a ratio �s/�b = 1/10, the lower
limit estimated on the basis of the mirage experiment for a
Co impurity inside an elliptical corral on the Cu(111) surface
[25]. A fit of the NCA results with the function TK = C|Ds |η
in the interval −10 � Ds � −0.5 gives C = 0.01204 and η =
0.09039. The exponent is in very good agreement with the
PMS result η = 1/11 = 0.09091 from Eq. (20). For smaller

-10 -5 0 5 10Ds
6
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10

12

14

16

T K
× 

10
−3

10-4 10-2 1|Ds|
4.1×10-3

1.2×10-2

TK

FIG. 1. Kondo temperature as a function of the bottom of the
conduction band. Squares and circles: NCA. Triangles: SBMFA.
Dashed (dot) line: fit to the NCA (SBMFA) results. The inset shows
the NCA results in log-log scale. Parameters are Ed = −4, �b = 1,
�s = 0.1.

|Ds |, in particular when |Ds | ∼ TK , the PMS ceases to be
valid. The NCA gives a continuous function for TK with a finite
value for Ds = 0. For positive Ds , PMS predicts a constant TK

[Eqs. (18) and (20)]. As a first approximation, the NCA results
are consistent with this. However, for small Ds , TK decreases
by about 17%. There is also a nonmonotonic behavior with a
minimum near Ds = 0. Concerning the magnitude of TK , the
NCA value for Ds = −D is 0.0148, while Eq. (18) with A =
0.42 given by Eq. (19) gives TK = 0.0139 in good agreement
with the NCA result. For Ds = D, the corresponding values
are 0.0080 and 0.0075, respectively. The NCA values are near
7% higher.

In Fig. 1 we also show the result of TK using the SBMFA
for the same parameters. In this case, we define TK as the
half width at half maximum of the Kondo resonance in the
spectral density of states. The results shown in the figure were
multiplied by 0.447 so that they coincide with those of the NCA
for Ds = −D. Curiously, this factor is similar to A = 0.42
discussed above. Although the SBMFA gives the correct order
of magnitude of TK for not too small Ds , the dependence with
Ds is not reproduced, although the function can still be fit
with power laws. For negative (positive) Ds the fit gives an
exponent 0.0442 (−0.045). Curiously, these values are close
to the values ν = 1/22 = 0.0454 and −μ = −1/20 = −0.05
given in Eqs. (15) and (16). This fact suggest that the SBMFA
misses the renormalization of Ed due to the step in the density
of states [Eq. (8)]. This is a shortcoming of the approximation
for small |Ds | and might be a problem for Ag, for which −Ds

is only 67 meV. However, for Co on Ag(111), for example, the
ratio TK/|Ds | is still slightly below 0.1 [20]. For TK/|Ds | =
0.1 the ratio in Fig. 1 between the SBMFA and NCA is 1.11.
As we shall see this ratio increases with �s/�b but remains
below an order of magnitude.

In Fig. 2 we show TK vs Ds for a larger ratio �s/�b = 2/5.
The first obvious change with respect to the previous case is
that now TK for negative and large in magnitude Ds is about
50 times larger than for positive and large Ds , while in the
previous case this factor was near 2. This is due to the fact
that for negative Ds both surface and bulk states contribute
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FIG. 2. Same as Fig. 1 for �b = 0.5 and �s = 0.2.

to the Kondo effect while for positive Ds only the bulk states
remain at the Fermi energy. Fitting as before the NCA results
for Ds < −0.125 by a power law we obtain an exponent η =
0.2772, again very near the PMS value η = 2/7 = 0.2857. For
positive Ds , TK increases slightly. In this case for Ds = −D,
Eqs. (18) and (19) give A = 0.33 and TK = 4.16×10−3 while
the NCA value is 4.44×10−3. For Ds = D the corresponding
values are 9.8×10−6 and 1.06×10−5. Again the NCA values
are near or 8% larger than the PMS results.

The fitting of the SBMFA results for |Ds | > 0.125 gives
an exponent 0.142 for Ds < 0 again near to ν = 1/7 = 0.143
and −0.199 for Ds > 0 very near to −μ = −1/5. For the
comparison in Fig. 2, the SBMFA results were multiplied by
0.35, near to A = 0.33, suggesting as before that SBMFA gives
a value near to the PMS result to second order in J , while the
NCA seems to capture higher order corrections. An additional
factor 3.16 exists between SBMFA and NCA results for the
point where for the NCA TK/|Ds | = 0.1.

The case �s = �b is displayed in Fig. 3. The general
features are similar to those of the previous two figures, with a
more dramatic difference in TK between negative and positive
Ds reaching three orders of magnitude. The NCA exponent
of the fit for Ds < −0.01 gives η = 2/7 = 0.482 near to the
expected PMS value 1/2. As above, TK increases slowly for
Ds > 0. Here for Ds = −D, the PMS results give A = 0.40

-10 -5 0 5 10Ds
0

2

4

6

8

T K
× 

10
−3

10-4 10-2 10|Ds|
10-6

10-4

10-2

TK

FIG. 3. Same as Fig. 1 for �b = 0.5 and �s = 0.5.
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FIG. 4. Same as Fig. 1 for Ed + U = 4, �b = 0.5, and �s = 0.2.

and TK = 7.48×10−3 while the NCA value is 7.74×10−3 (3%
larger). For Ds = D the PMS value is the same as in the
previous case and the NCA value is 1.05×10−5 (7% larger).

Fitting of the SBMFA results for |Ds | > 0.01 gives expo-
nents 0.239 and −0.496, near to the expected values 1/4 and
−1/2 according to the analysis of the previous figures. The
SBMFA results in the figure were multiplied by 0.412. To see
the difference between NCA and SBMFA results for small Ds ,
we have calculated the ratio between both of them when for
the NCA TK/|Ds | = 0.1. Here the SBMFA gives a value 5.54
larger in the figure, or 13.4 times larger taking into account
both factors.

The previous results were taken for infinite U and finite Ed

for which the occupancy of the magnetic impurity fluctuates
between 0 and 1, although it is near 1 in the Kondo limit.
Another possible way to take this limit is to send Ed → −∞
together with U → +∞ keeping Ed + U constant. This
case correspond to fluctuations between a singly and double
occupied impurity. The expected exponents are given by
Eqs. (21). The behavior is qualitatively different from that
studied so far in that TK is expected to be constant for Ds < 0
and divergent for Ds > 0 and not too small Ds . To solve one
of these cases with the NCA we have performed a special
electron-hole transformation that reflects the conduction bands
around the Fermi energy and Ed is changed to −Ed − U [64].

The results in the original electron representation for
Ed + U = 4 and an intermediate ratio �s/�b = 2/5 are
shown in Fig. 4. In contrast to the previous cases, for negative
Ds , TK increases with increasing Ds reaching near 50% for
Ds = 0. According to Eqs. (21) one would expect a constant
behavior for Ds < 0. The difference might be due to terms of
higher order in J not included in our PMS treatment. Instead,
the SBMFA predicts a decreasing TK with increasing Ds ,
which is not expected. For positive Ds a fit of the NCA data
gives an exponent ζ = −0.395 in very nice agreement with
ζ = −0.4 given by Eqs. (21). Fitting of the SBMFA results
gives exponents 0.142 for negative Ds and −0.200 for positive
Ds , again near to the values ν = 1/7 and −μ = 1/5 and in
disagreement with NCA and PMS.

The PMS results for TK at |Ds | = D are the same as for
the case of Fig. 2 because of electron-hole symmetry in the
absence of the step, namely TK = 4.16×10−3 and 9.8×10−6,
while the NCA values are very similar to those of that case
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FIG. 5. Spectral density of states within NCA for Ed = −4, �b =
�s = 0.5 and two values of Ds , full line: Ds = −0.5, dashed line:
Ds = 0.5. The insets show details of the peaks near ω = 0.

4.38×10−3 and 1.04×10−5. The difference might be due to an
error of the order of 1% in determining TK .

1. Spectral density within the NCA

The spectral density at the magnetic impurity for each
spin ρdσ (ω) is given by Eq. (2). Due to the structure of the
noninteracting part of the self-energy 
0σ (see Sec. II) one
expects that some anomaly might be present in ρdσ (ω) for
ω ∼ Ds , particularly for large �s . In Fig. 5 we show ρdσ (ω)
calculated with NCA for two small values of Ds and other
parameters as in Fig. 3. The main difference with usual NCA
results for the spectral density is that the step in the conduction
density of states is transferred through the hybridization to the
impurity density of states and small steps are observed for
ω = Ds . The peak of larger spectral weight near ω = Ed is
the charge-transfer peak. Since for ω ∼ Ed , there is no surface
density of states, the total width at half maximum expected
for this peak is ∼ 4�b = 2 [65], in agreement with what we
obtain. This peak is almost unchanged as Ds crosses the Fermi
energy [Ẽd (Ed ) increases a little bit, see Eq. (8)].

Instead, the width of the Kondo peak near the Fermi
energy changes dramatically. This width is of the order of the
Kondo temperature TK , and the absence of surface states for
Ds > 0 renders TK nearly three orders of magnitude smaller.
Mathematically this is caused by the absence of �s in the
exponent of Eq. (18). In spite of this, the shape of the Kondo
peak does not change too much. Another difference apparent
in the figure is a factor near 2 between the intensity of the
peak for Ds > 0 compared to that for Ds < 0. We remind the
reader that due to the Friedel sun rule, the spectral density at
the Fermi energy can be written in the form [64,81]

ρdσ (εF ) = sin2 ϕσ

π�σ (εF )
, (22)

where

ϕσ = π〈d†
σ dσ 〉 + Im

∫ εF

−∞
dωGdσ (ω + iε)

∂
0σ (ω + iε)

∂ω
.

(23)
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FIG. 6. Same as Fig. 5 for Ed + U = 4.

In the usual case of a flat wide symmetric conduction band,
∂
0σ /∂ω = 0 and the integral in Eq. (23) can be neglected.
This is not our case. However we expect that the influence
of this term is rather small except when εF ∼ Ds . Taking
into account that the NCA has some deviations of the order
of 10% in Friedel sum rule [89], we do not calculate the
integral here. Since for both Ds we obtain an occupancy 0.47 <

〈d†
σ dσ 〉 < 0.5, one expects ϕ ∼ π/2 and ρdσ (εF ) slightly

below 1/[π (�b + �s)] ≈ 0.318 for Ds < 0 and 1/(π�b) ≈
0.637 for Ds > 0. The corresponding NCA values are 0.315
and 0.614, respectively. In any case NCA tends to overestimate
ρdσ (εF ) [89].

In Fig. 6 we show the spectral density for the case in
which the on-site energies of the impurity Ed and Ed + U are
reflected through the Fermi energy, keeping U → ∞. This was
calculated with NCA using an electron-hole transformation
as explained in the previous section. The charge transfer
peak is now located for energies above εF and has a width
near 4(�s + �b), wider than in the previous case, because
the surface states also contribute to its width. The Kondo
temperatures are larger than in the previous case, because now
the shift given by the second member of Eq. (8) pushes the
effective d level towards the Fermi energy and then also J

increases [see Eq. (11)]. The structures for ω ∼ Ds are more
pronounced in this case, in particular for Ds = 0.5, where one
can see a pronounced peak mounted on the left side of the
charge-transfer peak and probably taken some spectral weight
from it. We have verified that in contrast to the Kondo peak,
which as it is well known rapidly loses intensity with increasing
temperature, the peak at ω = Ds for Ds = 0.5 is practically
independent of temperature for T < TK .

Concerning the magnitude of the spectral density at the
Fermi energy, we obtain with the NCA ρdσ (εF ) = 0.315 for
Ds < 0 and 0.597 for Ds > 0, near to the maximum possible
values according to the Friedel sum rule. They are likely
overestimated by a few %.

C. Numerical renormalization group

Here we present our NRG results for the same case and pa-
rameters shown in Fig. 3. We have determined TK in the same
way as with the NCA, namely the temperature at which the
conductance through the systems falls to half the ideal value.
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the Kondo temperature for Ds = −D.

To calculate the conductance we have calculated the Green
function in each iteration which corresponds to a temperature
scale ∼ λ−0.5(N−1/2) where λ is the renormalization parameter
and N is the number of iteration, and we have used the z-trick
[90] to reduce the errors due to discretization.

The result is shown in Fig. 7 for several values of �.
We see that for the largest value � = 2.5 one observes
some oscillations, suggesting that the algorithm has some
difficulties in representing a step at finite energies due to
the logarithmic discretization. As � decreases, the curve for
negative Ds approaches the dependence with Ds expected
from PMS and NCA. Unfortunately, decreasing � further
would require a precision that is beyond our capabilities.
Concerning the magnitude of the Kondo temperature, the NRG
value for Ds = −D is T 0

K = 0.0048, 38% smaller than the
corresponding NCA value 0.0077. For Ds > 0 the behavior of
TK is also similar to the NCA result.

IV. SUMMARY AND DISCUSSION

We have calculated the dependence of the characteristic
energy scale of the Kondo effect TK for the impurity Anderson
model in the presence of a step in the conduction density of
states. This is the physical situation that takes place at the
(111) surface of Cu, Ag, and Au, where a two-dimensional
band of surface Shockley states start at an energy Ds slightly
below the Fermi level εF . Depending on the element, εF − Ds

ranges from 67 to 475 meV. This difference can be changed by
alloying the different noble metals at the surface [34,35], or by
applying strain, changing the sign of it [50,51], as explained
in Sec. I.

We obtain that in the general case, as Ds is varied, TK

can be well described by a power law TK � |Ds − εF |η for
Ds − εF < 0 and a different power law TK � (Ds − εF )ζ for
Ds − εF > 0. This dependence is no more valid for very
small |Ds | ∼ TK . The Kondo temperature is much larger for
negative Ds − εF because of the presence of surface states at
the Fermi energy. The exponent is in general nontrivial, except
for U → ∞ and Ds − εF > 0 (<0) if Ed (Ed + U ) is finite, in

which case ζ = 0 (η = 0) and TK slightly increases with Ds .
The exponents are given by Eq. (18) and depend on the ratio
between surface and bulk hybridizations with the impurity
�s/�b and the ratio between on-site and Coulomb energy
Ed/U . Thus, changing Ds − εF by alloying or by another
method might provide a way to extract these ratios which are
difficult to estimate by alternative methods.

For |Ds − εF | < �s + �b and �s � �b, the spectral den-
sity of states of the magnetic impurity also shows steps or
peaks at ω ∼ Ds . We expect that our work stimulates further
experimental work on the subject.

We now discuss several effects that might be present
in real systems absent in our model. We have assumed a
constant hybridization between the magnetic impurity added
at the surface and both bulk and surface states. Actually, the
important fact is that the hybridization is rather featureless in
an energy range larger than 2|Ds | around the Fermi energy.
In general, one expects that this should be true for sufficiently
small |Ds |, if symmetry allows it. Some calculations suggest
rather constant hybridization in a range of 1 eV around the
Fermi energy [46].

We have also assumed a nondegenerate magnetic orbital
hybridizing with bulk and surface states of the same symmetry
(like a d3z2−r2 localized state hybridizing with bulk and
surface s and pz states), leading to the simplest Anderson
model to describe the system. In some cases degenerate
orbitals are expected. For example, for iron(II) phtalocyanine
(FePc) molecules on Au(111), the important orbitals are the
degenerate Fe 3d Fe orbitals with symmetry xz and yz, and
the effective low-energy impurity model has SU(4) symmetry
[31,79,80]. Our results can be easily extended for this model,
and similar power-law dependences would result. However,
in this case we expect that the hybridization vanishes at the
bottom of the surface band for symmetry reasons. In the
hypothetical case of two electrons occupying both orbitals,
one has the two-channel spin-1 Kondo model, which is also a
Fermi liquid [91], and we expect a similar physics.

One might wonder if Rashba spin-orbit coupling, which
splits the Fermi wave vector of the surface states of Au(111)
in two values (0.160 AA−1 and 0.186 AA−1 [92]) affects our
conclusions. However, NRG calculations show that the effect
on the Kondo temperature is very small [93,94]. Therefore,
except perhaps for very small Ds − εF , we do not expect a
significant effect.

Finally, to estimate the effect of a nonsharp edge in the
surface spectral density of states, we have calculated using
PMS the Kondo temperature for a linear increase of ρs between
Ds − δ and Ds with δ > 0 for Ds < 0. To linear order in δ/|Ds |
the result is

TK (δ) = TK (0)

[
1 + �s

4(�s + �b)

δ

|Ds |
]
.

Therefore, the correction is small except when Ds is very near
the Fermi level.

Concerning the different techniques used, we obtain a very
good agreement between poor man’s scaling (PMS) on the
effective Kondo model and the noncrossing approximation
(NCA). Taking into account the success of both approaches
in similar problems, this is a further indication that these ap-
proximations give accurate results for the Kondo temperature,
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apart from a factor of the order of one in the smallest nontrivial
order in PMS.

The numerical-renormalization group which is usually a
very accurate technique for low-energy features has trouble
in capturing the step in the conduction band, due to the
logarithmic discretization of the latter.

The slave bosons in the mean-field approximation
(SBMFA) give wrong exponents for the dependence of TK

on Ds − εF . It seems to miss the renormalization of the
effective exchange constant. In spite of this for not too small
|Ds − εF | it gives the correct order of magnitude of TK .
Usually |Ds − εF | � TK . In one of the worst cases, Co on
Ag(111), the ratio TK/(εF − Ds) is slightly below 0.1 [20].

For this ratio and some cases we have studied, the SBMFA
overestimates TK by a factor near 4 in comparison with
NCA [in addition to the prefactor A in Eq. (18)], while it
works better for small �s or Ed + U near the Fermi energy.
These results are useful for researchers studying similar
problems.
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We report on the growth and characterization of Ti/La1/3Ca3/2MnO3/SiO2/n-Si memristive devices.

We demonstrate that using current as electrical stimulus unveils an intermediate resistance state, in

addition to the usual high and low resistance states that are observed in the standard voltage

controlled experiments. Based on thorough electrical characterization (impedance spectroscopy,

current-voltage curves analysis), we disclose the contribution of three different microscopic regions

of the device to the transport properties: an ohmic incomplete metallic filament, a thin manganite

layer below the filament tip exhibiting Poole-Frenkel like conduction, and the SiOx layer with an

electrical response well characterized by a Child-Langmuir law. Our results suggest that the exis-

tence of the SiOx layer plays a key role in the stabilization of the intermediate resistance level, indi-

cating that the combination of two or more active resistive switching oxides adds functionalities in

relation to the single-oxide devices. We understand that these multilevel devices are interesting and

promising, as their fabrication procedure is rather simple and they are fully compatible with the

standard Si-based electronics. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4975157]

The continuous increase in memory densities over the last

decades has been, to a large extent, responsible for the impres-

sive evolution of new micro- and nanoelectronic devices.

Further progress, especially in mobile appliances, crucially

depends on new developments in solid-state memories. New

memory devices should combine non-volatility, speed, durabil-

ity and extended scaling. Different technologies have been pro-

posed to accomplish these requirements, such as phase-change

memories, magnetic or ferroelectric random access memories

and resistive random access memories (RRAM). The latter are

based on metal/insulator/metal or metal/insulator/semiconduc-

tor structures, usually called “memristors,” which display a

significant, non-volatile change in their resistance upon appli-

cation of electrical stress. This effect was named resistive

switching (RS) since early 00’s (see reviews Refs. 1 and 2 and

references therein). RS has been found to ubiquitously exist in

a huge variety of simple and complex transition metal oxides,

and it shows promising properties in terms of scalability, low

power consumption and fast write/read access times. In addi-

tion, memristors were shown to behave similarly to human

brain bit-cells (synapses),3,4 suggesting the possibility of devel-

oping disruptive devices with neuromorphic behaviour. Thus,

additional functionalities foster the search of selected oxides

that could potentiate memory device capabilities.

Massive Si planar technology prompts the use of heavily

doped Si substrates as the bottom electrode (instead of a

metal) in memristive stacks. Naturally, SiOx was tested as an

active RS oxide with promising results. Metal/SiOx/Si struc-

tures have been shown to display resistive switching even for

ultrathin SiOx layers (�1 nm thick).5 The associated physical

mechanisms were related to the formation of conducting

nanofilaments, either due to the reduction of Si atoms6,7 or

due to the drift/diffusion of the metallic electrode through

the oxide layer.8 These devices displayed excellent retention

time, high ON/OFF ratio and multilevel storage potential.9,10

Other reports account for a localized switching model

involving proton exchange reactions, where resistive switch-

ing is related to an interplay between conductive Si-H-Si and

non-conductive H-SiSi-H defects.11–14 This effect was found

to be stable at high temperatures.11,14 On the other hand, it

has been proposed that inserting an SiOx layer in contact

with other active memristive oxide such as ZnO changes the

resistive switching behavior from bipolar to complementary

(similar to the behavior of two serial RRAM devices with

bipolar resistive switching in a back-to-back structure).15

This effect seems to be strongly related to the oxygen storage

capacity of the inserted SiOx layer. A related scenario was

proposed for TiN/SiO2/Fe structures, where the presence of

SiO2 allows the spontaneous formation of FeOx during the

Fe deposition, which is ultimately responsible of the memris-

tive behavior.16 These works suggest that the RS behavior

can be dramatically affected by combining two or more

active oxides.

On the other hand, memristive behaviour in manganese

oxides, usually known as “manganites,” has been extensively

studied in the last 15 years since the initial report of Ignatiev

et al.17 Phenomenological models that successfully describe

a)Author to whom correspondence should be addressed. Electronic mail:

diego.rubi@gmail.com
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the electrical behavior have been developed.18,19 Proposed

mechanisms associated with the memristive behavior in

manganites include the modulation of the height of the

Schottky (Sch) barrier at the oxide/metal interface,20 the oxi-

dation/reduction of a thin layer of the metallic electrode in

contact with the manganite21 and the creation/disruption of

conducting (metallic) filaments bridging both electro-

des.20–22 Concerning electronic transport, different mecha-

nisms such as Poole-Frenkel (PF),23 space charged limited

current (SCLC)24 or Schottky (Sch) conduction25,26 have

been reported for manganite-based devices.

We have already faced the study of memristive TE/

La2/3Ca1/3MnO3 (TE: Ti/Cu with the thicknesses of 10 and

100 nm, respectively) devices grown on heavily doped n-Si

(which acted as bottom electrode) without removing the

native SiOx layer.20 A bipolar RS behavior was found with a

crossover between two of the above mentioned mechanisms –

modulation of the metal/manganite interface resistance and

metallic filament formation – controlled by the compliance

current (CC) programmed during the transition from high to

low resistance states (SET process). We recall that in that

work the applied electrical stress was voltage and only two

stable resistance states (RHIGH and RLOW) were obtained. We

argued that the time window of a few ms that the standard

source-meters take to stabilize the CC leads to an uncontrolled

power overshoot during the SET process (power P¼V2/R)

that induces the hard dielectric breakdown of the SiOx layer

laying between the Si substrate and the manganite layer.20,27

This unwanted effect could be avoided if the electrical stress

is in the current controlled mode because the dissipated power

during the SET process remains self limited (P¼ I2R). This

strategy has been followed in Ref. 28, where an intermediate

resistance state (RINT) was unveiled. This multilevel behavior

could be related to a combination of the oxidation/reduction

of the SiOx ultrathin layer plus the formation of a (partial)

metallic filament that does not bridge both the electrodes.28,29

However, further evidence clarifying this physical mechanism

is still needed.

In the present work, we report on impedance spectroscopy

(IS) experiments performed on the different resistive states of

the Ti/La1/3Ca2/3MnO3/SiOx/n-Si structures. Complemented

with a careful analysis of the dynamical current-voltage

curves, the IS analysis allows us conclusively setting the physi-

cal scenario associated with the multilevel resistive switching

observed in these systems, in which the capability of the SiOx

layer for taking and releasing oxygen ions from and to the

nearby manganite layer is proposed to play a key role. These

results confirm that the combination of two active oxides

improves the functionalities of the devices with respect to the

single-oxide structures.

The La1/3Ca2/3MnO3 manganite (LCMO) thin films were

grown on top of heavily doped n-type silicon (d< 5 mX cm)

by pulsed laser deposition. No chemical removal of the native

SiOx layer was performed. The thickness of this layer in an as-

received substrate was estimated in �1 nm by the X-ray photo-

emission spectroscopy (see supplementary material), although

it may become thicker after heating the substrate in O2 atmo-

sphere in the chamber, prior to deposition. A 266 nm Nd:YAG

solid state laser, operating at a repetition frequency of 10 Hz,

was used. The deposition temperature and oxygen pressure

were 850 �C and 0.13 mbar, respectively. The films resulted

single phase and polycrystalline.28 The film thickness was esti-

mated by cross-section scanning electron microscopy imaging

in 100 nm. Ti top electrodes (100 nm thick) were deposited by

sputtering and shaped by means of optical lithography. Top

electrode areas ranged between 32 � 103 lm2 and 196 � 103

lm2. Electrical characterization was performed at room tem-

perature with a Keithley 2612 source-meter hooked to a probe

station. The n-type silicon substrate was grounded and used as

bottom electrode. The electrical stimulus was applied to the

top electrode. Samples were electrically formed by applying a

positive current of 2 mA, which starts the formation of a metal-

lic filament and renders the device in a high resistance state.28

Upon forming, the resistance changes from the virgin state

RV� 2MX to RHIGH� 60 kX. Complex impedance was mea-

sured by using an AutoLab PGSTAT302N impedance analyzer

at room temperature. A fixed AC signal of 100 mV was

applied, with the frequencies between 10 Hz and 1 MHz.

Figures 1(a) and 1(b) display a dynamical current-voltage

(I–V) curve and a hysteresis switching loop (HSL), respectively.

The I–V curve is obtained by applying a sequence of current

pulses of different amplitudes (0! 17.5 mA! �16 mA! 0,

with a time-width of a few milliseconds and a step of

0.1 mA), while the voltage is measured during the applica-

tion of the pulse. Additionally, after each current pulse, we

apply a small undisturbing reading voltage of 100 mV that

allows measuring the current and evaluating the remnant

resistance state (HSL). The device is initially in RHIGH and,

upon positive stimulus, goes through two transitions, first to

RLOW (SET process) after a pulse of 2 mA and then to RINT

after a pulse of 14 mA. When the polarity of the stimulus is

reversed, a transition from RINT to RHIGH (RESET process)

is observed after a �16 mA pulse. Also, the transition from

RLOW to RHIGH was obtained for negative bias. The three

FIG. 1. (a) Current-voltage curve corresponding to a Ti/LCMO/SiO2/n-Si

device; (b) Hysteresis switching loops corresponding to the same device.

Three non-volatile resistance levels are seen.
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(remanent) resistance states (60 kX, 3.5 kX and 800 X) are

clearly seen in the HSL of Figure 1(b). These resistance lev-

els were stable for at least 104 s, and the device was found to

display a reproducible behavior for at least 70 cycles.28

In order to gain information regarding the physical sce-

nario behind the described phenomenology, we have performed

complex impedance spectroscopy on the three resistance levels.

This technique allows to characterize as a function of the fre-

quency, the dielectric contribution from different regions of the

device by modeling an equivalent electrical circuit. It has been

already used to study the RS mechanisms in NiO, TiO2, HfO2

and amorphous Si based structures.30,31 In particular, it was

used as a tool to characterize the nature of conductive nanofila-

ments, as it permits to discriminate between “complete” fila-

ments bridging both electrodes (ohmic resistors) and

“incomplete” filaments, where exists a gap between the tip of

the filament and the nearby electrode. In the latter case, the

electrical behavior of the oxide in the gap is modeled by a

capacitor in parallel with a resistor.30,32 Recently, impedance

spectroscopy was used in the memristive SiOx-based systems

to disclose the involved transport and switching mechanisms.33

Figure 2 displays the complex impedance spectra Z00 vs.

Z0 (where Z00 and Z0 are the imaginary and real components

of the complex impedance Z, respectively) associated with

the RLOW, RINT and RHIGH states. In the three cases, we

observed semicircle-like curves, which can be accurately fit-

ted by assuming an equivalent circuit constituted by a resis-

tor (R1) in series with two parallel resistor and capacitor

combinations (R2//C2 and R3//C3), as shown in the sketch of

Figure 3(a). We stress that no good fitting was obtained for

other simpler equivalent circuits such as a single parallel

resistor/capacitor combination (even in series with another

resistor). The series resistor R1 is related to the shift to the

right of the diagram with respect to the origin of Z0 axis.

The fitted parameters for each resistance level are shown in

Table I. As depicted in Figure 3(b), the obtained equivalent cir-

cuit is consistent with the existence of a metallic filament that

does not connect both electrodes30 and produced as a conse-

quence of the migration of Tiþ due to the positive polarity of

the forming protocol. This Ti filament is represented by the

series resistor R1, while the parallel resistor/capacitor elements

correspond to the manganite layer between the tip of the Ti fila-

ment and the native SiOx, and to the SiOx layer, respectively.

The metallic filament is consistent with the lack of electrode

area dependence of the RLOW state,28 while the existence of the

gap between the tip of the filament and the bottom electrode is

supported by the semiconductor-like temperature dependence

of RLOW (see Ref. 28 and supplementary material).

The observation of Table I shows that the three resis-

tance states are nicely reflected in the fitted resistances val-

ues: the RHIGH state is dominated by R3 � 85 kX, which we

attribute to the SiOx layer after the positive polarity forming

process. This value significantly drops to R3 � 1.5 kX in the

transition to RLOW. Due to the positive polarity of the stimu-

lus, the SiOx layer becomes oxygen deficient giving rise to a

lower value of R3 (see below for more details). The transi-

tion from RLOW to RINT is dominated by the variation of R2,

which changes from �1.5 kX to �2 kX, indicating a change

of the resistance of the manganite layer. There are concomi-

tant changes of the capacitances C1 from 4.5 to 3.5 nF and

C2 from 0.9 nF to 2nF. Changes in the capacitance after the

application of electrical stress has been observed in the

LaAlO3-based memristive systems and were related to the

modifications of the interfacial depletion layers due to oxy-

gen movement.34 Further studies are needed in our case to

confirm this possible scenario. The slight variations in R1

could be related to some minor filament reshaping produced

during the resistive transitions.

FIG. 2. (a), (b): Complex impedance spectra corresponding to the three

resistance levels. Full red lines correspond to the fittings of the spectra.

FIG. 3. (a) Equivalent circuit proposed for modeling the complex impedance

spectra; (b) Sketch showing the physical scenario related to the equivalent

circuit.

TABLE I. Fitted circuit parameters for the three resistance levels.

R1 (X) R2 (X) C2 (nF) R3 (X) C3 (nF)

RHIGH 800 1.5 k 4.5 85 k 0.7

RLOW 400 1.5 k 4.5 2.3 k 0.9

RINT 600 2 k 3.5 2.3 k 2
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More information regarding the physics of the observed

resistive transitions can be achieved by analyzing the dynamic

I–V curves corresponding to the three resistive states, as

shown in Figure 4(a) and recorded by applying stimuli (cur-

rent again) in the “read” range, that is, not high enough to trig-

ger the resistive transitions. An easy way to graphically

analyze the I–V curves consists of plotting the power expo-

nent c as a function of V1/2, where c is defined as d(ln(I))/

dln(V), as shown in Figures 4(b)–4(d). This is better than per-

forming fits of the I–V curves with the usual non-linear math-

ematical expressions related to each particular conduction

mechanism through the metal-oxide interfaces, as a constant

value or a straight line dependence of c with V1/2 may reveal

the conduction mechanism, without the need of numerically

judging the quality of a fit.35 This is particularly the case for

both RHIGH and RLOW, where a constant value c� 3/2 is

observed, indicating a dominating Child-Langmuir (Ch-L)

conduction mechanism.36 A similar mechanism has been

observed in the case of Al/SiO2/n-Si devices.37 In the Ch-L

conducting regime, the current can be expressed as

I ¼ AV3=2

d2
; (1)

where A is related to the permittivity of vacuum and with the

electron’s mass and charge, and d is the distance of the volt-

age drop. The switching from RHIGH to RLOW can then be

ascribed to a decrease in d to �d/10, indicating the formation

of a conducting channel that dramatically reduces the effec-

tive value of d but preserves the dominant conduction

mechanism.

The graphic power exponent method is especially useful

for the cases where two or more conduction mechanisms are

present.38 This is particularly what happens for the RINT

state, which shows a non-monotonic evolution of c, display-

ing a characteristic shape that includes an almost constant

initial value of 1 at low voltages, a linear increase and a cusp

with c � 4 for V1/2 � 2.2 V1/2. As shown in Ref. 38, this

shape of the c curve indicates the existence of a PF emission,

which dominates the conduction mechanism in the interme-

diate current-voltage regime, in parallel with an ohmic ele-

ment, and both in series with a lower c process, visible at

higher voltages, possibly related to the Ch-L conduction

observed for RHIGH and RLOW.

We recall that the PF conduction mechanism is a bulk

process related to the electronic emission of carriers from

traps in the oxide.36 It can be found typically in the interfaces

of metal-complex oxides, such as cuprates or cobaltites.39,40

In this way, its origin can be related to the LCMO layer,

which contributes with a pure ohmic conduction in the

RHIGH and RLOW regimes, but becomes Poole-Frenkel after

the RLOW! RINT transition, due to the generation of defects

(traps).

Within this framework, we propose the following physi-

cal scenario, as shown in Figure 3(b): after the initial positive

electroforming, an incomplete metallic filament is formed

and the device is stabilized in the RHIGH resistance level,

where the device resistance is dominated by the SiOx layer

(with x close to the stoichiometric value 2) and the Ch-L

conduction mechanism originating in this layer prevails. The

application of positive stimulus leads into the SET transition

(RHIGH to RLOW), which is related to oxygen transfer from

the SiOx to the manganite layers. In the case of SiOx, it is

known that the electrical conductance is enhanced if the oxy-

gen stoichiometry is reduced. This is reflected by the abrupt

decrease in R3. The conduction mechanism in the RLOW state

is still dominated by the SiOx layer, remaining Ch-L type but

with an enhanced conducting channel, consequence of its

lower oxygen stoichiometry. Upon the application of further

positive stimulus, more oxygen ions are transferred from the

SiOx to the manganite layer, stabilizing the RINT state. In

FIG. 4. (a) Current-voltage curves cor-

responding to the three resistance lev-

els for low stimulus (“reading” range);

(b), (c), (d) Evolution of c¼ d(ln(I))/

dln(V)) as a function of V1/2, for the

three resistance levels.
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this state, the conduction mechanism starts being dominated

by the manganite layer. It can be argued that the transfer of

oxygen ions from the SiOx to the manganite layer fill oxygen

vacancies and above a certain threshold (RLOW ! RINT,

reflected by an increase in R2) forms trap-centers, increasing

the manganite resistance and stabilizing the Poole-Frenkel

conduction mechanism that dominates the macroscopic

transport. The application of negative stimulus reverses the

processes already described; oxygen is transferred back from

the manganite to the SiOx layer that becomes more stoichio-

metric and returns to RHIGH, and the dominating conduction

mechanism becomes Ch-L again.

In summary, we have conclusively disclosed the physical

scenario associated with the three-level resistive switching in

n-Si/SiOx/LCMO/Ti devices. The contribution of three

regions (metallic filament, manganite and SiOx layers) to the

transport properties has been individualized. Our results show

that the existence of the native SiOx layer plays a key role in

the stabilization of an intermediate resistance level, indicating

that the combination of two or more active RS oxides in single

devices improves their functionalities. We understand that

these multilevel devices are interesting and promising as their

fabrication procedure is rather simple and they are fully com-

patible with the standard Si-based electronics.

See supplementary material for the X-ray photoemission

spectroscopy characterization of an as received Si substrate

and the temperature dependence of RLOW, RHIGH and RINT.
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An efficient impurity-solver for the dynamical mean field theory
algorithm

Y. Núñez Fernández,1∗ K. Hallberg1

One of the most reliable and widely used methods to calculate electronic structure of
strongly correlated models is the Dynamical Mean Field Theory (DMFT) developed over
two decades ago. It is a non-perturbative algorithm which, in its simplest version, takes
into account strong local interactions by mapping the original lattice model on to a single
impurity model. This model has to be solved using some many-body technique. Several
methods have been used, the most reliable and promising of which is the Density Matrix
Renormalization technique. In this paper, we present an optimized implementation of
this method based on using the star geometry and correction-vector algorithms to solve
the related impurity Hamiltonian and obtain dynamical properties on the real frequency
axis. We show results for the half-filled and doped one-band Hubbard models on a square
lattice.

I. Introduction

Materials with strongly correlated electrons have
attracted researchers in the last decades. The
fact that most of them show interesting emergent
phenomena like superconductivity, ferroelectric-
ity, magnetism, metal-insulator transitions, among
other properties, has triggered a great deal of re-
search.

The presence of strongly interacting local or-
bitals that causes strong interactions among elec-
trons makes these materials very difficult to treat
theoretically. Very successful methods to calculate
electronic structure of weakly correlated materials,
such as the Density Functional Theory (DFT) [1],
lead to wrong results when used in some of these
systems. The DFT-based local density approxima-

∗E-mail: yurielnf@gmail.com

1 Centro Atómico Bariloche and Instituto Balseiro, CNEA,
CONICET, Avda. E. Bustillo 9500, 8400 San Carlos de
Bariloche, Ŕıo Negro, Argentina

tion (LDA) [2] and its generalizations are unable
to describe accurately the strong electron correla-
tions. Also, other analytical methods based on per-
turbations are no longer valid in this case so other
methods had to be envisaged and developed.

More than two decades ago, the Dynamical Mean
Field Theory (DMFT) was developed to study
these materials. This method and its successive
improvements [3–8] have been successful in incor-
porating the electronic correlations and more reli-
able calculations were done. The combination of
the DMFT with LDA allowed for band structure
calculations of a large variety of correlated ma-
terials (for reviews, see Refs. [9, 10]), where the
DMFT accounts more reliably for the local corre-
lations [11,12].

The DMFT relies on the mapping of the cor-
related lattice onto an interacting impurity for
which the fermionic environment has to be deter-
mined self-consistently until convergence of the lo-
cal Green’s function and the local self-energy is
reached. This approach is exact for the infinitely
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coordinated system (infinite dimensions), the non-
interacting model and in the atomic limit. There-
fore, the possibility to obtain reliable DMFT solu-
tions of lattice Hamiltonians relies directly on the
ability to solve (complex) quantum impurity mod-
els.

Since the development of the DMFT, several
quantum impurity solvers were proposed and used
successfully; among these, we can mention the it-
erated perturbation theory (IPT) [13,14], exact di-
agonalization (ED) [15], the Hirsch-Fye quantum
Monte Carlo (HFQMC) [16], the continuous time
quantum Monte Carlo (CTQMC) [17–20], non-
crossing approximations (NCA) [21], and the nu-
merical renormalization group (NRG) [22, 23]. All
of these methods imply certain approximations.
For a more detailed description, see [24].

Some years ago, we proposed the Density Ma-
trix Renormalization Group (DMRG) as a reliable
impurity-solver [25–27] which allows to surmount
some of the problems existing in other solvers, giv-
ing, for example, the possibility of calculating dy-
namical properties directly on the real frequency
axis. Other related methods followed, such as in
[28,29]. This way, more accurate results can be ob-
tained than, for example, using algorithms based
on Monte Carlo techniques. The scope of this pa-
per is to detail the implementation of this method
and to show recent applications and potential uses.

II. DMFT in the square lattice

We will consider the Hubbard model on a square
lattice:

H = t
∑

〈ij〉σ
c†iσcjσ + U

∑

i

ni↑ni↓ − µ
∑

i

ni, (1)

where ciσ

(
c†iσ

)
annihilates (creates) an electron

with spin σ =↑, ↓ at site i, niσ = c†iσciσ is the den-
sity operator, ni = ni↓ + ni↑, U is the Coulomb
repulsion, µ is the chemical potential, and 〈ij〉 rep-
resents nearest neighbor sites.

Changing to the Bloch basis d†k, the non-
interacting part becomes:

H0 =
∑

k,σ

t(k)d†kσdkσ, (2)

with t(k) = 2t (cos kx + cos ky) − µ. The Green’s
function for (1) is hence given by:

G(k, ω) = [ω − t(k)− Σ(k, ω)]
−1
, (3)

where Σ(k, ω) is the self-energy.
The DMFT makes a local approximation of

Σ(k, ω), that is, Σ(k, ω) ≈ Σ(ω). This locality of
the magnitudes allows us to map the lattice prob-
lem onto an auxiliar impurity problem that has the
same local magnitudes G(ω) and Σ(ω). The im-
purity is coupled to a non-interacting bath, which
should be determined iteratively. The Hamiltonian
can be written:

Himp = Hloc +Hb, (4)

where Hloc is the local part of (1)

Hloc = −µn0 + Un0↑n0↓, (5)

and the non-interacting part Hb representing the
bath is:

Hb =
∑

iσ

λib
†
iσbiσ +

∑

iσ

vi

[
b†iσc0σ +H.c.

]
, (6)

where b†iσ represents the creation operator for the
bath-site i and spin σ, label “0” corresponds to the
interacting site.

The algorithm is summarized as:

(i) Start with Σ(ω) = 0.

(ii) Calculate the Green’s function for the local in-
teracting lattice site:

G(ω) =
1

N

∑

k

G(k, ω) (7)

=
1

N

∑

k

[ω − t(k)− Σ(ω)]
−1
.

(iii) Calculate the hybridization

Γ(ω) = ω + µ− Σ(ω)− [G(ω)]
−1

. (8)

(iv) Find a Hamiltonian representation Himp with
hybridization Γd(ω) to approximate Γ(ω). The
hybridization Γd(z) is characterized by the pa-
rameters vi and λi of Himp through:
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Γd(ω) =
∑

i

v2i
ω − λi

. (9)

(v) Calculate the Green’s function Gimp(ω) at
the impurity of the Hamiltonian Himp using
DMRG.

(vi) Obtain the self-energy

Σ(ω) = ω + µ− [Gimp(ω)]
−1 − Γd(ω). (10)

Return to (ii) until convergence.

At step (iv) we should find the parameters vi and
λi by fitting the calculated hybridization Γ(ω) us-
ing expression (9). At half-filling, because of the
electron-hole symmetry, we have Γ(ω) = Γ(−ω)
and hence λ−i = −λi, and v−i = vi, where the
bath index i goes from −p to p, and it does not
include i = 0 for an even number of bath sites 2p.

Almost all of the computational time is spent
at step (v), where the dynamics of a single impu-
rity Anderson model (SIAM) (see Fig. 1) is cal-
culated. We use the correction-vector for DMRG
following [30]. The one-dimensional representation
of the problem (needed for a DMRG calculation) is
as showed in Fig. 1, except that for the spin degree
of freedom we duplicate the graph, generating two
identical chains, one for each spin. Moreover, it
should be noticed that this is not a local or short-
range 1D Hamiltonian (usually called chain geom-
etry, where the DMRG is supposed to work very
well). However, we refer to [31, 32] where strong
evidence of better performance of the DMRG for
this kind of geometry (star geometry) compared to
chain geometry is presented.

The correction-vector for DMRG consists of tar-
geting not only the ground state |E0〉 of the system
but also the correction-vector |Vi〉 associated to the
frequency ωi (and its neighborhood), that is:

(ωi + iη −Himp − E0) |Vi〉 = c†0 |E0〉 , (11)

where a Lorentzian broadering η is introduced to
deal with the poles of a finite-length SIAM. For
a better matching between the ω windows (with
width approximately η), we target the correction
vectors of the extremes of the window. Once the
DMRG is converged, the Green’s function is eval-
uated for a finer mesh (around 0.2 of the original

Figure 1: Schematic representation of the impurity
problem for the DMFT. The circles (square) repre-
sent the non-interacting (interacting) sites, and the
lines correspond to the hoppings. Top: star geome-
try drawn in two ways. Bottom: 1D representation
as used for DMRG calculations.

window) [30]. In this way, a suitable renormalized
representation of the operators is obtained to cal-
culate the properties of the excitations around ωi,
particularly the Green’s function.

In what follows, we present results for a paradig-
matic correlated model using the method described
above.

III. Results

We have used this method to calculate the density
of states (DOS) of the Hamiltonian (Eq. 1) on a
square lattice with unit of energy t = 0.25, for sev-
eral dopings, given by the chemical potential. We
consider a discarded weight of 10−11 in the DMRG
procedure for which a maximum of around m = 128
states were kept, even for the largest systems (50
sites). For these large systems, the ground state
takes around 20 minutes to converge and each fre-
quency window, between 5 and 20 minutes. This is
an indication of the good efficiency of the method.

The metal-insulator Mott’s transition at half-
filling is showed in Fig. 2. The transition occurs
between U = 3 and U = 4. In Fig. 3, we observe
that the metallic character of the bands remains
robust under doping for a given value of the in-
teraction, showing a weight transfer between the
bands due to the correlations. The metallic char-
acter is also seen in the variation of the filling with
µ.
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Figure 2: Top: Density of states for U = 1, 2, 3, 4 at
half-filling. We use a bath with 30-50 sites per spin
and a Lorentzian broadening η = 0.12. The Fermi
energy is located at ω = 0. Bottom: Imaginary
part of the self-energy.

Figure 4 shows our results for a larger value of the
interaction U , for which we find a regime of dop-
ing having an insulating character. However, for a
large enough doping (obtained for a large negative
value of the chemical potential), the systems turn
metallic and acquire a large density of states at
the Fermi energy. While the system is insulating,
changing the chemical potential only results in a
rigid shift of the density of states. The small finite
values of the DOS at the Fermi energy for the insu-
lating cases are due to the Lorentzian broadening
η, see Eq. (11).

IV. Conclusions

We have presented here an efficient algorithm to
calculate dynamical properties of correlated sys-
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Figure 3: Top: Density of states for U = 3, same
parameters as in Fig. 2, and several chemical po-
tentials (µ = 0 corresponds to the half-filled case).
Bottom: Filling vs chemical potential showing a
metallic behavior.

tems such as the electronic structure for any dop-
ing. It is based on the Dynamical Mean Field
theory method where we use the Density Matrix
Renormalization Group (DMRG) as the impurity
solver. By using the star geometry for the hy-
bridization function (which reduces the entangle-
ment enhancing the performance of the DMRG for
larger bath sizes) together with the correction vec-
tor technique(which accurately calculates the dy-
namical response functions within the DMRG) we
were able to obtain reliable real axis response func-
tions, in particular, the density of states, for any
doping, for the Hubbard model on a square lattice.
This improvement will allow for the calculation of
dynamical properties on the real energy axis for
complex and more realistic correlated systems.

090005-4

44



Papers in Physics, vol. 9, art. 090005 (2017) / Y. Núñez Fernández et al.
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We formulate a general theory to study the time-dependent charge and energy transport of an adiabatically
driven interacting quantum dot in contact with a reservoir for arbitrary amplitudes of the driving potential. We
study within this framework the Anderson impurity model with a local ac gate voltage. We show that the exact
adiabatic quantum dynamics of this system is fully determined by the behavior of the charge susceptibility of
the frozen problem. At T = 0, we evaluate the dynamic response functions with the numerical renormalization
group (NRG). The time-resolved heat production exhibits a pronounced feature described by an instantaneous
Joule law characterized by a universal Büttiker resistance quantum R0 = h/(2e2) for each spin channel. We show
that this law holds in the noninteracting as well as in the interacting system and also when the system is spin
polarized. In addition, in the presence of a static magnetic field, the interplay between many-body interactions
and spin polarization leads to a nontrivial energy exchange between electrons with different spin components.

DOI: 10.1103/PhysRevB.95.235117

I. INTRODUCTION

The generation of electron currents by locally applying
time-dependent voltages in coherent conductors is a topic
of intensive research activity for some years now. Any
mechanism to be implemented with this goal is accompanied
by energy dissipation.

Quantum capacitors are prominent experimental realiza-
tions of these systems [1–3]. They were introduced by Büttiker,
Thomas, and Prêtre as quantum equivalents of the classical
linear RC circuits [4–6], by assuming a small amplitude of the
driving voltage. The corresponding ac complex impedance
depends on the driving frequency, the capacitance of the
quantum dot, and the resistance of the circuit. In the original
theory [4–6], transport coherence is assumed along the full
setup, and the only resistive element is the contact, which
results in a quantized electron relaxation resistance Rq =
R0/Nc where Nc is the number of transport channels and R0 =
h/(2e2) is the Büttiker resistance quantum. The universality of
this resistance remains robust in the low frequency regime
upon adding electron-electron interactions in the quantum dot
provided that the system behaves as a Fermi liquid (FL) [7–11].

While in some experiments the driving amplitudes were
within the range of linear response theory [1], further exper-
imental [2,3] and theoretical [12–15] contributions focused
on quantum capacitors as single-electron sources, implying
large amplitudes. In Ref. [12] a theory for the regime of
large amplitudes was proposed for noninteracting systems.
The effect of many-body interactions was later considered
within perturbation theory [16], mean-field approximations
[17], and exact approaches valid in the large-transparency limit
[18]. One of the goals of the present contribution is to study
the low-frequency nonlinear regime while fully taking into
account many-body interactions and spin-polarization effects
caused by external magnetic fields.

The setup consists of a quantum dot driven by a gate voltage
Vg(t) and connected to an electron reservoir, as sketched in
Fig. 1. We focus on the so-called adiabatic regime where
the time scale associated with a variation of Vg(t) is much

larger than the characteristic time scale for the dynamics of
the electrons inside the quantum dot.

As mentioned before, in linear response, it is usual to
represent this setup in terms of a resistance in series with a
capacitor, as sketched at the top of Fig. 1 [1–11]. In this paper,
we show that this representation with R = Rq is also sound
to describe the adiabatic dynamics of the interacting system
without magnetic field beyond linear response. In the case of a
magnetic field applied at the quantum dot, we analyze the setup
in the context of the circuit sketched in Fig. 2, where each spin
channel is regarded as a branch of a circuit with a capacitance
in series with a resistance accounting for a total voltage drop
Vg(t). For the quantum dot without many-body interactions,
we show that the resistance per spin channel is R0, while we
argue that for the interacting quantum dot with magnetic field,
the charge dynamics cannot be properly represented by this
circuit.

The quantum dot-reservoir system dissipates the energy
received from the ac source in the form of heat that flows
into the reservoir. For a noninteracting quantum dot connected
to a single-channel reservoir at zero temperature and for low
frequency but arbitrary amplitude of the driving potential, the
time-dependent rate for the dissipation of energy was found
to obey an instantaneous Joule law (IJL), with the universal
resistance R0 [19,20],

PJoule(t) = R0

�

σ

[IC,σ (t)]2, (1)

where IC,σ (t) is the instantaneous charge current of electrons
with spin σ flowing from the quantum dot to the reservoir. Here
we investigate to what an extent the Coulomb interaction at the
quantum dot affects this picture. We analyze this ingredient in
the framework of the Anderson impurity model. One of the
scenarios in this context is the Kondo effect, which takes place
below the so-called Kondo temperature TK when the quantum
dot is strongly connected to the reservoirs and occupied by an
odd number of electrons [21]. The electrons of the reservoir
and the effective spin 1/2 localized at the quantum dot form
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FIG. 1. Sketch of the setup. A quantum dot described by a single
electron level with Coulomb interaction U and is driven by an ac gate
voltage Vg(t) = V0 sin(�t) and is connected to a normal lead. Top:
representation of the setup in terms of a resistance connected in series
with a capacitor.

a many-body singlet state. Another scenario is the Coulomb
blockade, according to which it is necessary to overcome the
energy of the Coulomb interaction to introduce an additional
electron in the quantum dot once it is already filled with one
electron. In all the regimes, the single impurity Anderson
model behaves as a FL, even in the presence of a magnetic
field. We show that, due to this fact, the dynamics for the
energy dissipation in the adiabatic regime is ruled by the IJL
of Eq. (1) even beyond linear response. However, the mech-
anisms for the energy transport depend on the interactions
and the spin polarization. We show that in systems without
spin polarization (interacting and noninteracting), as well as
in noninteracting systems (with and without spin polarization),
electrons with each spin orientation separately dissipate energy
at a rate described by a Joule law PJoule,σ (t) = R0[IC,σ (t)]2.
Instead, the interplay between many-body interactions and
spin polarization leads to regimes where electrons with a
given spin orientation exchange energy with electrons with
the opposite spin orientation, although the total rate for the
energy dissipation is described by Eq. (1).

The paper is organized as follows. We present the theoreti-
cal treatment in Sec. II. In Sec. III we discuss the case where
the quantum dot is noninteracting. We show that the exact
description of the adiabatic dynamics is fully determined by
the behavior of the charge susceptibility of the frozen system
described by the equilibrium Hamiltonian frozen at a given
time. The effect of many-body interactions is discussed in

FIG. 2. Sketch of the circuit. Upper and lower branch corresponds
to ↑ and ↓ spin channels.

Sec. IV. In Sec. V we present numerical results obtained with
numerical renormalization group (NRG). For systems without
spin polarization, we also use exact results of static properties
obtained using the Bethe ansatz (BA). We present the summary
and conclusions in Sec. VI.

II. THEORETICAL TREATMENT

A. Model

We consider the system of Fig. 1. A driven quantum dot is
connected to a normal lead of free electrons at zero temperature
and chemical potential μ. The full setup is described by an
Anderson Hamiltonian,

H (t) = Hdot(t) + Hres + HT. (2)

The first term describes the dot

Hdot(t) =
�

σ

εd,σ (t)ndσ + U

�
n↑ − 1

2

��
n↓ − 1

2

�
, (3)

with ndσ denoting the number operator with spin σ = ↑,↓,
U is the Coulomb repulsion, and εd,σ (t) = ε0 + sσ

δZ

2 +Vg(t)
is the single-particle energy modulated by the applied gate
voltage Vg(t), with Vg(t) = eVg(t) = V0 sin(�t), δZ is the
Zeeman splitting due to the presence of an external magnetic
field, sσ = ±1 for σ = ↑,↓, and −e is the charge of the
electron. The reservoir is described by the Hamiltonian Hres =�

σ,k �kc
†
kσ ckσ , which is assumed to have a constant density of

states within a bandwidth 2D. The coupling between dot and
reservoir is HT = Vc

�
kσ [c†

kσdσ + H.c.].

B. Charge and energy adiabatic dynamics

The conservation of the charge in the full system implies

eṅd (t) = e
�

σ

ṅdσ (t) =
�

σ

IC,σ (t), (4)

where ndσ (t) ≡ �ndσ (t)� is the occupancy of the dot by
electrons with spin σ at time t , IC,σ (t) is the contribution
of the electrons with spin σ to the charge current flowing out
of the dot at time t , and e > 0 the elementary charge.

The power developed by the external ac source on the
electron system is defined as [22] Pac(t) = −�∂H/∂t� =
−e

�
σ ndσ (t)V̇g(t). This leads to a net heat production in

the electron system at a rate Q̇(t) = −Pac(t) [20]. We find it
convenient to define the power

P (t) = e
�

σ

ndσ (t)V̇g(t), (5)

such that P > 0 implies work delivered from the electron
system against the ac sources. With this definition, the
rate for the heat production in the electron system reads
Q̇(t) = P (t) = Pcons(t) + Pdiss(t) [23]. This power contains a
purely ac component Pcons(t) associated to the reversible heat
produced by the conservative (Born-Oppenheimer) forces and
a dissipative component Pdiss(t) with a nonzero time average.

The dynamics of the heat production and the charge
current is fully determined by ndσ (t). For low frequencies,
the latter can be calculated within the adiabatic formalism of
Ref. [24], which corresponds to linear response in V̇g(t) (see
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Appendix A). The result is

ndσ (t) = nf σ (t) + e�σ (t)V̇g(t), (6)

where nf,σ (t) ≡ �ndσ �t is the snapshot occupancy of the
dot, evaluated with the exact equilibrium density matrix ρt

corresponding to the Hamiltonian H (t) frozen at the time t .
The coefficient of the second term is

�σ (t) = − lim
ω→0

Im[χσσ
t (ω) + χσσ

t (ω)]

h̄ω
, (7)

with ↑ = ↓ and ↓ = ↑. χσσ �
t (ω) is the Fourier trans-

form of the charge susceptibility χσσ �
t (t − t �) = −iθ (t −

t �)�[ndσ (t),ndσ �(t �)]�t evaluated with ρt .
In the case of the system with applied magnetic field, it is

appropriate to analyze separately the current and the power
developed by electrons with the different spin components.
The current per spin can be calculated by the derivative of
Eq. (6)

IC,σ (t) = e
dnf,σ

dVg

V̇g(t) + e2 d[�σ (t)V̇g(t)]

dt
, (8)

where the first term is related to the static charge susceptibility
through dnf,σ /dVg = χσσ

t (0).
The frozen component nf,σ (t) contributes to the con-

servative component of this power, while the last term of
Eq. (6) contributes to the nonconservative one. They read,
respectively,

Pcons,σ (t) = enf σ (t)V̇g(t), Pσ (t) = e2�σ (t)[V̇g(t)]2. (9)

It is important to notice that the nonconservative components
Pσ (t) are not necessarily fully dissipative. They certainly
contribute to the total dissipation, but they may also contain
a nondissipative “exchange” part Pex(t), such that P↑(↓)(t) =
±Pex(t) + Pdiss,↑(↓)(t). The exchange component is associated
with time-dependent induced forces that are proportional to
V̇g(t). In this sense, these forces are akin to the “Lorentz”
forces discussed in Ref. [32]. However, in the present case
they may develop work only instantaneously while the average
over one period is zero.

The total power has conservative Pcons(t) = �
σ Pcons,σ (t),

and dissipative components Pdiss(t) = �
σ Pdiss,σ (t), which

read

Pcons(t) = e
�

σ

nf σ (t)V̇g(t),

(10)
Pdiss(t) = e2

�

σ

�σ (t)[V̇g(t)]2.

For later use we also define

�σσ �(t) = − lim
ω→0

Im[χσσ �
t (ω)]

h̄ω
,

(11)
Pσσ �(t) = e2�σσ �(t)[V̇g(t)]2.

When performing the averages over one period τ =
2π/� for these two contributions to the power, P cons,diss =
(1/τ )

� τ

0 dtPcons,diss(t), we find P cons = 0 and P diss � 0 in
accordance with the second law of thermodynamics. We see
that the full charge and energy dynamics in the adiabatic
regime is completely determined by the behavior of the frozen

charge susceptibility χσσ �
t (ω), irrespective of the strength of

the interactions and the amplitude of the driving potential.

C. Analogy to the nonlinear classical circuit

We now discuss the representation of the equations for the
dynamics of the charge and energy introduced in the previous
section, in terms of a classical nonlinear circuit. We find it
convenient to treat the two spin channels separately as a circuit
with two branches (one for each spin species) connected in
parallel to the ac source, as sketched in Fig. 2. Each branch
contains a capacitance Cσ (t) in series with a resistance Rσ (t).

We assume that the equation relating the current through
each branch of the circuit with the potential Vg(t) is

IC,σ (t) = −Cσ (t)V̇g(t) + e2 d[Rσ (t)Cσ (t)2V̇g(t)]

dt
. (12)

As discussed in Appendix B, this equation corresponds to a
true macroscopic classical RC circuit in the nonlinear low-
frequency regime satisfying �Rσ Iσ 	 1. Identifying linear
and quadratic terms in V̇g in the above equation with those of
the quantum current Eq. (8) one obtains

Cσ (t) = −e
dnf,σ (t)

dVg

= −eχσσ
t (0), Rσ (t)C2

σ (t) = e2�σ (t).

(13)
Here, unlike the linear case, the nonlinear capacitance Cσ (t)
and resistance Rσ (t) are, in general, functions of t . In terms of
these coefficients, the dissipated power (10) reads

Pdiss(t) =
�

σ

Rσ (t)C2
σ (t)[V̇g(t)]2. (14)

We see that for the case where Rσ (t) = R0, Eq. (14) reduces
to the IJL described by Eq. (1), which is immediately derived
by retaining only the first term of Eq. (8). In fact, the latter is
the only term of Eq. (8) which has a contribution ∝[V̇g(t)]2 to
Pdiss(t), since d�σ (t)/dt = (d�σ (t)/dVg(t))V̇g(t).

The above equations are exact and valid in general within
the adiabatic regime. However, in order to establish a meaning-
ful correspondence between the charge and energy dynamics
of the quantum system and the classical circuit of Fig. 2, the
coefficients defined in Eq. (13) should also verify Rσ (t) > 0
and Cσ (t) > 0. As we will discuss in detail in the next sections,
such a correspondence is valid in the system without spin
polarization (δZ = 0) for arbitrary Coulomb interaction U , as
well as in the noninteracting case (U = 0) with arbitrary δZ .
We also argue in Secs. IV and V that the dynamics of the
driven interacting quantum dot in the presence of a magnetic
field cannot be interpreted in terms of the circuit of Fig. 2.

III. NONINTERACTING ELECTRONS

A. Review of the spinless case

The expressions of the previous sections are completely
general and valid for arbitrary temperatures, for noninteracting
as well as interacting systems. We now relate them to the non-
interacting results for spinless electrons of Refs. [12,19,20,24].
This corresponds to the Hamiltonian (3) with U = δZ = 0 and
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with only one spin species. Following Refs. [19,20,25], we get

C(t) = −e

�
d�

∂f

∂�
ρf (t,�),

(15)

�(t) = −h

2

�
d�

∂f

∂�
[ρf (t,�)]2,

where ρf (t,�) = (�/π )/[(� − εd (t))2 + �2] is the noninter-
acting frozen density of states of the quantum dot connected to
a reservoir with constant density of states ν, � = πνV 2

c , and
f (�) is the Fermi distribution function.

The resistance can be directly calculated from Eq. (13). At
T = 0, we have −∂f/∂� = δ(� − μ). Hence, the coefficients
simplify to C(t) = e2ρf (t,μ) and R(t) = R0 = h/(2e2). The
latter corresponds to the universal resistance quantum for a
single channel. By substituting these expressions in Pdiss(t)
and IC(t), and keeping terms up to O(V̇ 2

g ), we recover the
IJL of Eq. (1) as in Ref. [19]. Interestingly, we get the
same expression of the current IC(t) in the noninteracting
limit as the one of Ref. [12]. However the definition of R(t)
presented there differs from the definition of Eq. (13) with
�(t) given by Eq. (15). Such difference should be traced
back to the equation for the nonlinear circuit (12). Unlike
the one considered in Ref. [12], Eq. (12) includes the factor
RC inside the time derivative of the second term. The structure
of the latter equation is motivated by the adiabatic expansion
of the occupancy Eq. (6), by identifying the coefficient �(t)
as the dissipative contribution. Remarkably, our definition of
R(t) can be easily related to R0 in the limit of T = 0, and it
consistently leads to the Joule law of Eq. (1), while it is also in
agreement with the effective resistance defining the noise [12].

B. Spinful electrons

We now consider the case with U = 0 and arbitrary δZ .
Notice that for noninteracting electrons the “crossed suscep-
tibility” χ

σ,σ
t (ω) = 0. Hence the coefficient �σ (t) is fully

determined by the susceptibilities χ
σ,σ
t (ω). The calculations of

Refs. [12,19,20,24] can be easily extended to noninteracting
electrons with spin.

The frozen occupancy of the quantum dot with spin σ is

nf,σ (t) =
�

d�ρf,σ (t,�)f (�), (16)

where ρf,σ (t,�) = (�σ /π )/[(� − εd,σ (t))2 + �2
σ ]. For this

model ∂ρf,σ (t,�)/∂t = e(∂ρf,σ (t,�)/∂�)V̇g(t). Hence, after
integrating by parts the above equation, we get for T = 0

Cσ (t) = eρf,σ (t,μ). (17)

In addition, we get an expression like (15) for each spin
orientation σ . For T = 0, it reads

�σ (t) = h

2
[ρf,σ (t,μ)]2 = h

2

�
χσσ

t (0)
�2

, (18)

which is a special case of the Korringa-Shiba (KS) law
discussed in the next section. Inserting these expressions in
Eq. (13) we obtain Rσ (t) = R0. Substituting in (10), we see
that the dissipated power is ruled by the IJL of Eq. (1).

Therefore, for noninteracting electrons, Korringa-Shiba
law of Eq. (18) implies that there is a full one-to-one

correspondence between the charge and energy dynamics of
the driven electron system and the two-branch circuit sketched
in Fig. 2, with resistances Rσ (t) = R0, even when the electrons
are spin polarized. This also means that the ac forces associated
with the induced charge for each spin orientation dissipate heat
in the form of a Joule law, Pσ (t) = R0[IC,σ (t)]2 = PJoule,σ (t).
Hence, Pdiss(t) = �

σ PJoule,σ (t) = Rq[IC(t)]2, with IC(t) =�
σ IC,σ (t) and Rq = R0/2.

IV. INTERACTING ELECTRONS

A. Exact results

For interacting electrons, the crossed susceptibility χ
σ,σ
t (ω)

contributes to the coefficient �σ (t), in addition to χ
σ,σ
t (ω).

For Fermi liquids, an important relation exists for the total
charge susceptibility χ c

t (ω) = �
σ,σ � χ

σ,σ �
t (ω), which receives

the name of Korringa-Shiba law [26]. In the noninteracting
case, it is expressed in Eq. (18). In the interacting case, it is a
nontrivial result, which was originally proved by Shiba in the
Anderson model [26] and later generalized by Fillipone et al.
when a magnetic field is also considered [10,11]. It reads

lim
ω→0

Im[χ c
t (ω)]

h̄ω
= −h

2

�

σ

�
χσσ

t (0)
�2

. (19)

This relation has been used to study the present problem within
the linear response regime [7–11]. Here, we show that the
Korringa-Shiba law Eq. (19) is equivalent to the instantaneous
Joule law Eq. (1), even in the presence of a magnetic field and
also in the nonlinear response regime.

In fact, from Eqs. (7) and (10) and taking into account that
Eq. (19) is satisfied, we have

Pdiss(t) = e2h

2

�

σ

�
χσσ

t (0)
�2

V̇g(t)2. (20)

On the other hand, the up-to-O(V̇g(t)) charge current with spin
σ is given by the first term of Eq. (8) and reads

IC,σ (t) � e
∂nf σ (t)

∂Vg(t)
V̇g(t) = eχσσ

t (0)V̇g(t). (21)

Then, substituting in Eq. (20), we get

Pdiss(t) = h

2e2

�

σ

[IC,σ (t)]2, (22)

which is, precisely, the IJL. This result holds for electrons with
and without spin polarization, in the nonlinear as well as in the
linear regimes.

B. Nonpolarized electrons and the representation by the
classical circuit

In the case of nonpolarized electrons, the two spin ori-
entations are equivalent. The total charge current IC(t) =�

σ IC,σ (t) associated with the change in the dot occupancy
by up and down spins is given by [see Eqs. (8) and (13)]

IC(t) = −C(t)V̇g(t) + e2 d[�c(t)V̇g(t)]

dt
, (23)

with C(t) = �
σ Cσ (t), and �c(t) = �

σ �σ (t).
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The definition of the resistance given in Eq. (13), along
with C(t) = −e2χ c

t (0) and the KS relation Eq. (19), lead to the
resistance R0 for each spin channel or an equivalent resistance
Rq = R0/2 for the equivalent circuit of Fig. 1. In fact, because
of the equivalence of both branches of the circuit of Fig. 2,
the voltage drop at the middle point between the resistance
and capacitance for each branch are the same. Therefore,
one can connect these two points with a cable carrying no
current and the circuit becomes equivalent to that at the top
of Fig. 1, with an effective resistance R−1

q = 2R−1
0 in series

with the effective capacitance C(t) = 2Cσ (t). In addition, the
arguments of the next section as well as the numerical results
will show that C(t) � 0. Hence, for nonpolarized electrons,
the behavior of the charge and energy dynamics is consistent
with the representation of the setup in terms of the parallel
circuit of Fig. 2 or the equivalent one of Fig. 1. The charge
dynamics is described by Eq. (23) with e2�c(t) = Rq[C(t)]2,
while the dissipated power obeys the IJL Eq. (22).

C. Polarized electrons in the random-phase approximation

In the case of polarized electrons, the two spin orientations
are not equivalent and it is not easy to analyze the dynamics by
simple analogy to the classical circuit. It is important to notice
that the Coulomb interaction effectively renormalizes the gate
voltage at a given time. At the mean field level, this can be
accounted for by an occupancy-dependent term U �nf,σ � which
adds to Vg(t) in the effective local energy experienced by an
electron with spin σ at the quantum dot. Here, we will analyze
the consequence of this effect on the basis of the behavior of
the charge susceptibility in the “random phase approximation”
(RPA). In the next section we will present a more accurate
analysis based on NRG results.

RPA corresponds to calculating the dynamic susceptibility
from the summation of an infinite perturbative series of
“bubble” diagrams. The result in the present case is

χσσ
t (ω) = χ0σ

t (ω)
�
1 + Uχ0σ

t (ω)
�

1 − U 2χ0σ
t (ω)χ0σ

t (ω)
, (24)

where χ0σ
t (ω) is the susceptibility for U = 0. The latter is

a function of the gate voltage Vg(t) and satisfies the KS
relation (18). The static limit is given by Eq. (17), χ0σ

t (0) =
−ρf,σ (μ). In the case of nonpolarized electrons, where the
two spin orientations are equivalent, we have χσσ

t (ω) =
χ0σ

t (ω)/[1 + Uχ0σ
t (ω)]. Hence, the calculation of the capac-

itance gives Cσ (t) = Cσ,0(t)/[1 + UCσ,0(t)/e], where Cσ,0(t)
is the capacitance of the noninteracting system (17), which
indicates that Cσ (t) � 0.

In the case of polarized electrons we have situations where
|χ0σ

t (0)| 	 |χ0σ
t (0)| or vice versa, in which case Eq. (24) leads

to negative values of the coefficient Cσ (t) for large enough U .
This corresponds to a current between the reservoir and the
dot which opposes the sense of circulation imposed by the
voltage drop. Furthermore, after some algebra from (24) and
the KS relation for the noninteracting susceptibilities (18),
we can see that in such situations the signs of �σ (t) and
�σ (t) are opposite. This would correspond to instantaneous
exchange of power between the two spin species, Pσ (t) ∼
Pex(t) ∼ −Pσ (t). We can interpret this behavior as electrons
with spin σ receiving energy from the electrons with spin

σ to move against the external voltage drop. In addition to
this component, there is a dissipative component of the power
satisfying the IJL [see Eq. (22)]. Since the behavior explained
above is not expected in a capacitive circuit element, we
conclude that the representation of the dynamics of the driven
interacting quantum dot in the presence of a magnetic field
is not properly represented by a circuit like that of Fig. 2. In
the next section, we will verify that such a behavior indeed
takes place when the susceptibilities are exactly calculated
with NRG.

V. NUMERICAL RESULTS FOR THE NONLINEAR
INTERACTING REGIME

We now turn to further analyze the adiabatic fully interact-
ing case for arbitrary amplitudes of the driving on the basis of
numerical results. We use the numerical renormalization group
(NRG) algorithm of Ref. [27] to compute the frozen occupancy
of the dot nf σ (t) and the charge susceptibility χσ

t (ω). We stress
that the evaluation of these two quantities corresponds to an
equilibrium calculation with the Hamiltonian H (t) frozen at
the time t (for details see Appendix C). We also use analytical
expressions of the impurity occupancy obtained from Bethe
ansatz (BA) [28] using the procedure outlined in the appendix
of Ref. [29].

A. Results for zero magnetic field

In a system without spin polarization, the two spin ori-
entations are equivalent and the dynamics of the quantum
system is fully equivalent to that of the circuit of Fig. 2 or
that with the equivalent components sketched in Fig. 1. As
argued in the previous section, the two resistances can be
simply substituted by the resistance Rq = R0/2 in series with
the capacitance C(t) = 2C↑(t) = 2C↓(t). The total current
circulating through the single branch of the equivalent circuit
is given by Eq. (23). The total dissipated power is given by
Eq. (10) with �c(t) = �

σ �σ (t).

1. Benchmark

We start with a benchmark of the numerical results
calculated with NRG against exact analytical results calculated
with BA. In particular, we verify that the Korringa-Shiba law
Eq. (19) is satisfied. To this end, we analyze the Fourier
transform of the total charge susceptibility χ c

t (t − t �) =
−iθ (t − t �)

�
σσ � �[ndσ (t),ndσ �(t �)]�t evaluated with the exact

equilibrium density matrix ρt . An example is shown in Fig. 3
for a fixed time. For the parameters of the figure we estimate
a Kondo temperature TK ≈ 2.94 × 10−4D, where D = 1 is
half the bandwidth used in the NRG calculations. The general
aspect of the curve is similar to that reported previously [8].
According to the Korringa-Shiba law Eq. (19) one has for
ω → 0

Imχ c
t (ω) = −ω

h

4

�
χ c

t (0)
�2 = −ω

h

2

�

σ

�
χσ

t (0)
�2

. (25)

Fitting the results for ω 	 TK as shown in the bottom
panel of Fig. 3, we obtain −Imχ c

t (ω)/π = 7.36h̄2ω /(DTK ),
or −Imχ c

t (ω) = �ch̄ω, with �c = 7.36h/(2TKD) = 12520
h/D2. Calculating the charge susceptibility by numerical
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FIG. 3. Imaginary part of the dynamic susceptibility as a func-
tion of frequency for �t = π/2, � = 8x10−4D, ε0 = μ = 0, U =
0.05D, V0 = 0.024D, and T = 0.

differentiation of the total occupancy nf (t) = �
σ nf σ , ob-

tained with NRG from

χ c
t (0) =

�

σ

dnf σ (t)

dεd

, (26)

with εd ≡ εd,↑(t) = εd,↓(t) and using Eq. (25), we obtain �c =
12732h/D2, a value 1.7% larger. By numerical differentiation
of the BA occupancy we obtain �c = 12690h/D2, which
differs from the previous result by 0.3%. This deviation might
be due to the fact that in the BA procedure we take D → ∞.

We have also checked the Fermi liquid relation Eq. (25)
for other values of the parameters obtaining agreement with
the static results within about 2%. This confirms the validity
of these relations. The slight discrepancy between both NRG
results is likely to be due to larger numerical errors in the
dynamic calculation.

In Fig. 4 we represent the static susceptibility, proportional
to the total capacitance C(t) = −e2χ c

t (0) in the nonlinear
circuit analog �c(t) and the total dissipated power Pdiss(t)
as a function of time. The total resistance is for all times
Rq = R0/2. The other parameters are the same as in the
previous case, which was limited to t = π/(2�). One sees
that the NRG and BA results agree very well for all times.

2. Charge and energy dynamics

From the practical point of view, it is easier to calculate
static properties than dynamic ones. In addition, static quanti-
ties can be calculated exactly with BA. Hence, in what follows
we calculate nf,σ (t). Then, we calculate the static susceptibility
from Eq. (26). Finally, we use the Korringa-Shiba relation
Eq. (25) to derive the dynamic response function �c(t).

Results for the total frozen occupancy of the dot as a
function of time nf (t) are shown in Fig. 5. These correspond to
a given driving amplitude and frequency and different values of
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FIG. 4. (a) Capacitance C(t), (b) dissipation coefficient �c(t),
and (c) dissipated power Pdiss(t) in the interacting nonlinear regime, as
a function of time, calculated with two techniques. Other parameters
as in Fig. 3.

the Coulomb repulsion. To analyze these results, let us start by
focusing on the plot with dashed-dot lines, corresponding to the
smallest U . At t = 0 the dot is at the half-filling configuration,
corresponding to a mean charge nf (0) = 1. As a function of
t , Vg increases and the occupancy of the dot decreases. In

0 0.5 1 1.5 2
Ωt/π
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0.5

1
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2

n f (t
)

U=12.5Δ
U=37.5Δ
U=62.5Δ

FIG. 5. Occupancy of the quantum dot as a function of time for
different values of the Coulomb interaction (indicated in the figure).
Other parameters as in Fig. 3.

235117-6

53



NONLINEAR CHARGE AND ENERGY DYNAMICS OF AN . . . PHYSICAL REVIEW B 95, 235117 (2017)

0

0.05

0.1

0.15

0.2

(Δ
/e

2 ) C
(t)

0

0.002

0.004

0.006

0.008

(Δ
2 / h

)Λ
c (t)

0 0.2 0.4 0.6 0.8 1
Ωt/π

0

2

4

6

8

(Ω
2 /h

)-1
P di

ss
(t)

U=12.5Δ
U=37.5Δ
U=62.5Δ

FIG. 6. Same as Fig. 4 calculated with BA for several values of U .

particular, when εd (t) ∼ U/2, the quantum dot becomes empty
and remains in that configuration while Vg passes through its
maximum at �t = π/2. As the time continues to increase,
the dot begins to get filled again with one electron. For larger
time, Vg continues to decrease and the single-particle energy
of the dot εd (t) reaches the value ∼−U/2. The dot gets filled
with two electrons and remains at this occupancy as Vg passes
through its minimum at �t = 3π/2. Finally, the occupancy
decreases to reach the half-filled configuration, as the gate
voltage completes the period. For the larger values of U shown
in the figure, we can observe similar features. For the largest
one, corresponding to the solid lines, the dot does not reach
the occupancy with zero and two electrons, since for all times
|εd (t)| < U/2.

The changes in the occupancy of the dot as a function
of time generate a charge current between the dot and
the reservoir, according to Eq. (23). The corresponding
capacitance C(t), the dissipation coefficient �c(t), and the
dissipated power Pdiss(t) are shown in Fig. 6, for the same
values of U shown in Fig. 5. We can identify features in the
capacitance associated with the static charge susceptibility
(26). Due to the Korringa-Shiba law, similar features are also
found in the dynamic coefficient �c(t). This determines also
the behavior of the dissipated power shown in the lowest
panel of the figure, where we can distinguish the peaks
corresponding to the IJL described by Eq. (1).

To close this section, we comment on the relation between
the features characterizing the charge and energy dynamics
and the behavior of the local frozen density of states at the
quantum dot as a function of time. For gate voltages close
to the symmetric configuration satisfying |εd (t)| ∼ 0 there
is one electron in the quantum dot and the density of states
has typically a resonant peak at the Fermi energy (the Kondo

resonance) and charge-transfer (or Coulomb-blockade) peaks
at high energies ∼±U/2 [21]. As the gate voltage moves
away from the symmetric configuration within the range
|εd (t)| � U/2 the dot remains filled with a single electron,
the Kondo resonance persists at the Fermi energy while the
high-energy peaks move rigidly following εd (t) (details of
the evolution of the spectral weight can be found in, e.g.,
Ref. [30]). When εd (t) ∼ ±U/2, one of these peaks becomes
aligned with the Fermi energy of the reservoir and the dot
changes its occupancy to 0 or 2 electrons for εd (t) = ±U/2,
respectively. At the time this happens, a current flows towards
or from the reservoir, respectively. This exchange of charge
between the dot and the reservoir is accompanied by an
instantaneous dissipation of energy in the form of a Joule
law, as described by Eq. (1). This is reflected in the peaks of
C(t), �c(t), and Pdiss(t) shown in Fig. 6.

In all the processes discussed, the Kondo resonance does
not play any significant role. Therefore, the behavior of
Figs. 5 and 6 is also representative of the Coulomb blockade
regime taking place at finite temperatures when the coupling
to the reservoir is very weak. Interestingly, this behavior
is also similar to what is observed in experiments of the
compressibility of strongly correlated quantum dots, which
are also related to the behavior of the charge susceptibility at
the Fermi energy [31].

B. Results for finite magnetic field

The behavior of the time-dependent occupancies for ↑ and
↓ spins in the presence of a Zeeman splitting δZ at the quantum
dot are shown in Fig. 7 for different values of U . The upper,
middle, and bottom panels correspond, respectively, to the
same parameters as the plot in dot-dashed, dashed, and solid
lines of Fig. 5, with the additional ingredient of a magnetic
field. In all the cases, the dot is in the half-filled configuration at
t = 0 (nf (0) = 1) and is predominantly occupied by electrons
with spins parallel to the direction of the magnetic field (in this
case ↓). The magnitude of the Zeeman splitting is chosen larger
than the Kondo temperature TK for all times. Hence, for one
electron in the dot, the system is in the local moment regime
of the Anderson model with a significant spin polarization.

Starting from the symmetric configuration at t = 0, the
energy of the localized electrons for both spin orientations
εd,σ (t) increases in time and the occupancy of the quantum dot
evolves to the empty configuration when εd,↓(t) ∼ U/2 (this
situation is however not reached for the largest U considered).
As this happens, of course also the local spin of the quantum
dot vanishes. After passing through its maximum at �t = π/2,
εd,σ (t) decreases and the quantum dot becomes again filled
with a ↓ electron when εd,↓(t) ∼ U/2. As εd,σ (t) continues
to decrease towards its minimum at �t = 3π/2, an additional
electron occupies the quantum dot when εd,↓(t) ∼ −U/2. This
implies again a vanishing total spin at the quantum dot and
as a consequence, the magnetic field does not lead to a spin
polarization. In fact, we see in all the panels of the figure that
the two occupancies differ only for values of the gate voltage
where the total mean occupancy is close to one electron, in
which case there is a finite spin polarization at the quantum
dot,

�
σ nf,σ (t) �= 0,2.

We note that for ε0 = μ = 0 and any magnetic field the
Hamiltonian is invariant under the following transformation:
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FIG. 7. Frozen occupancies nf,↑(t) and nf,↓(t) for a Zeeman
splitting δZ = 10−3D and different values of U . Other parameters
are the same as in the previous figures.

t → −t and

d
†
↑ → d↓, d

†
↓ → −d↑, c

†
k↑ → −ck�↓, c

†
k↓ → ck�↑, (27)

assuming a symmetric conduction band such that for any
eigenstate k of the isolated band, there is another one k�

with �k� = −�k . As a consequence of this symmetry, nf,↑(t) =
1 − nf,↓(−t) as can be seen in the figure.

Focusing on the interval 0 < �t < π/2 of Fig. 7, for which
the one-site energy of the dot increases, we see that the
expected decrease in the occupancy for the majority down spin
is accompanied by an increase in the occupancy of the minority
up spin, denoting a charge susceptibility of opposite sign for
spin up. As already mentioned in Sec. IV C, within a mean field
description, the effective local energy for spin up is εd,↑(t) =
ε0 + δZ

2 + Vg(t) + Unf ↓, and the increase in Vg(t) is over-

come by the decrease in Unf ↓ for large enough U and |χ↓↓
t |.

For other parts of the cycle similar arguments can be followed,
in particular using the symmetry transformation Eq. (27).

The behavior of the coefficients �σ , which determine the
nonconservative component of the power, is illustrated in Fig. 8
for the largest value of U shown in Fig. 7. These coefficients
display a very interesting behavior as functions of time. Both
exhibit features at those times where the occupancy of the
quantum dot experiences a significant fluctuation, implying
a finite charge current flowing between the reservoir and the
quantum dot. The coefficient �↓(t), associated with electrons
with the majority spin polarization, is always positive in the
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FIG. 8. Analysis of the Korringa-Shiba laws of Eqs. (18) and
(19). The functions �↑(t) and �↓(t) are compared with [χ↑↑

t (0)]2

and [χ↓↓
t (0)]2 for U = 0.05D. Other parameters are the same as in

Fig. 7.

interval of time shown. Note that the symmetry transformation
Eq. (27) implies that �↑(t) = �↓(−t). Instead, the coefficient
�↑(t), which is related to the minority spin orientation, can
be negative. Notice that this is in strong contrast to the
nonpolarized case, where the two coefficients are identical and
positive. The coefficients �σ (t) do not separately satisfy the
Korringa-Shiba law of the noninteracting system expressed by
Eq. (18). This can be seen by comparing the plots in symbols
with those in lines in the upper panel of the figure. However,
the total coefficient �c(t) obeys the Korringa-Shiba relation
(19), as shown in the bottom panel of the figure.

The corresponding behavior of the developed power is
presented in Fig. 9 for the smallest and largest value of
U considered in Fig. 7. We show in the upper panels the
coefficients �σ (t) and in the middle panels the corresponding
nonconservative powers Pσ (t). Note that P↑(t) = −P↓(−t)
as a consequence of the symmetry transformation Eq. (27).
For comparison, the lower panels show the IJL per spin,
PJoule,σ (t). All these quantities have features at those times
t where the occupancy of the dot changes and a charge current
is established between the dot and the reservoir.

As mentioned in the discussion of the previous figure, the
striking feature is the different sign of �↓(t) and �↑(t), and
the consequent opposite sign of the powers P↓(t) and P↑(t).
This means that the contributions of different spin to the
total power do not separately dissipate heat in the form of
a Joule law, as is the case of the unpolarized quantum dot,
but they can be decomposed as Pσ (t) = ξσPex(t) + PJoule,σ (t),
with ξσ = ±. Here, the component PJoule,σ (t) is associated
with the energy dissipated in the form of heat. Instead, Pex(t)
is associated with energy that is transferred in the form of
work done by the electrons with the minority spin component
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Joule power PJoule,σ (t) (see text). Solid and dashed lines correspond to σ = ↓,↑, respectively. Left (right) panels correspond to U = 0.01D

(U = 0.05D), respectively. Other parameters are the same as in Fig. 7.

on the electrons with the majority spin component or vice
versa. The total dissipated power is given by the addition of
the Joule components, which is shown in the lower panels
of the figure. The mechanism of energy exchange leading to
Pex(t) is a consequence of the combined effect of many-body
interactions and the spin polarization due to the magnetic field.
In fact, we stress that in the noninteracting case with U = 0,
Pex(t) = 0, as shown in Sec. III B.

To understand the fundamental difference between the
noninteracting and interacting case, let us notice that in the
noninteracting case, electrons with the two spin components
behave independently of one another. Due to the Zeeman
splitting there is one energy level for electrons with ↑ spin and
one for electrons with ↓ spin, which are rigidly shifted upwards
and downwards in energy as the gate voltage changes. Every
time that one of these levels gets aligned with the Fermi energy
of the reservoir, the occupancy of the quantum dot changes
and a current sets between the quantum dot and the reservoir.
Such a process is accompanied by Joule heating in the form
of PJoule,σ (t) with resistance R0. Instead, in the interacting
regime, the single occupancy is dominated by spins aligned
with the magnetic field, while in the configurations with 0
and 2 electrons in the quantum dot, both spin orientations
are equally populated. For this reason, when the occupancy
changes from singly to double occupancy, there is a flux of
spins oriented opposed to the magnetic field following the gate
voltage, along with a smaller counter flow of electrons aligned
with the magnetic field against the gate voltage. Analogous
situations take place when the configuration changes from
double to single occupancy and from single occupancy to the
empty configuration. The energy to generate the current of
the electrons with one of the spin components that opposes
the direction dictated by the external gate voltage is pro-
vided by the electrons with the opposite spin component.
This is precisely what we have discussed within the RPA

approximation in Sec. IV C. In a full cycle, this energy ex-
change averages to zero and only the Joule dissipation remains.

In Fig. 10 we represent the average power over the cycle
for a given spin P̄σ . As a consequence of the symmetry
transformation Eq. (27) for the chosen parameters, P̄↓ = P̄↑.
We also represent in the figure the components P̄↑↑ and P̄↑↓,
which correspond to the contributions of the same and opposite
spin to the average total power for spin up, according to
Eqs. (9), (10), and (11). One can see that the crossed component
P̄↑↓, which vanishes for U = 0, decreases rapidly as U is
turned on and saturates when U reaches values much larger
than both � and the Zeeman splitting δZ . Instead, for small
U , P̄↑↑ increases but not so fast as the decrease in P̄↑↓, so that
the sum P̄↑ decreases for small U . For larger values of U after
a modest increase, P̄σ decreases because the charge-transfer
peaks in the spectral density (separated by U ) cross the Fermi
level with a smaller speed, so that the factor V̇g(t)2 is smaller
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[see Eq. (20)] and when U becomes larger than 2V0, the
charge-transfer peaks cannot cross the Fermi energy during
the cycle and the power drops to zero.

VI. CONCLUSIONS

We have generalized the theory of the dynamic charge and
energy transport of an interacting quantum dot modeled by an
Anderson model, coupled to a reservoir and driven by an ac
gate voltage in the nonlinear adiabatic regime. We considered
the cases with and without spin polarization due to a Zeeman
splitting. We have shown that the exact adiabatic dynamics is
fully characterized by the behavior of the charge susceptibility
of the frozen system. We have presented analytical numerical
calculations obtained with NRG and BA techniques.

We have shown that, within and beyond linear response
and zero temperature, the energy is instantaneously dissipated
in the form of an instantaneous Joule law with a universal
coefficient R0 = e2/(2h) for each spin channel. In the case of
vanishing magnetic field or in the absence of electron-electron
interaction there is a one-to-one correspondence between the
dynamics of the driven quantum system and that of a classical
circuit sketched in Fig. 2 with R0 in each branch. In those cases,
electrons with a given spin orientation independently dissipate
energy as in the circuit of that figure. However, in the interact-
ing and spin-polarized case, an exchange of energy takes place
between electrons with different spin components, which can-
not be properly accounted for by this simple classical circuit.
This exchange of power is in some sense akin to the one be-
tween driving forces in quantum pumps discussed in Ref. [22].
However in that work, that mechanism takes place in nonin-
teracting electrons driven by two time-dependent parameters.
Instead, in the present case, it is a consequence of electron-
electron interactions in combination with Zeeman splitting in
a system driven by a single parameter. The forces involved are
nonconservative and proportional to V̇g(t), like the Lorentz
forces discussed in Ref. [32]. However, in the present case, the
energy exchange takes place only at time intervals and does
not lead to net work production when averaged over a cycle.

These predictions could be experimentally confirmed in
quantum capacitors, where, so far, only the dynamics of the
charge transport has been addressed [1–3]. In fact, the Kondo
regime has been realized in similar setups without driving
[33,34]. Hence, the combinations of the experimental arrays
of Refs. [1–3] and Refs. [33,34] with suitable fast thermometry
as in Refs. [35,36] should enable the measurement of the
concomitant heat generation.

The charge susceptibility has been measured recently in a
quantum dot inside an optical cavity in the Kondo regime [31].
Our setup provides an alternative way to study this quantity.
Furthermore our work predicts nontrivial results for the spin
resolved components in the presence of strong interactions.
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APPENDIX A: ADIABATIC RESPONSE FORMALISM

For completeness we review the treatment presented in
Ref. [24]. Taking into account that the time-dependent per-
turbation Vg(t)nd changes slowly in time, expanding H (t �)
around t � = t , the evolution operator is approximated up to
linear order in V̇g(t) as follows

Û (t,t0) ≈ T exp

�
−iHt (t − t0) − i

� t

t0

dt �(t − t �)F V̇g(t)

�
,

(A1)
where F = −∂H (t)/∂Vg(t) is the “generalized force” in-
duced by the driving and Ht is the full Hamiltonian of the
system frozen at time t .

Hence, to first order in V̇g(t), using Vg(t) = eVg(t), the
expectation value of an observable A can be expressed in this
“adiabatic approximation” as:

�A(t)� ≈ �A�t − ie

h̄

� t

t0

(t − t �)�[A(t),F (t �)]�t dt �V̇g(t), (A2)

with �A�t = Tr[ρtA], and the operators F (t), A(t) evolving
according to the Heisenberg picture with respect to Ht ,
i.e., o(t) = e

iHt t

h̄ oe− iHt t

h̄ . From Eq. (A2), and using F (t) =
−nd (t), an adiabatic retarded susceptibility corresponding to
the frozen Hamiltonian Ht can be defined as χA

t (t − t �) =
−iθ (t − t �)�[A(t),nd (t �)]�t . Hence,

�A(t)� ≈ �A�t + e�t V̇g(t), (A3)

with

�t = − 1

h̄

� ∞

t0

(t − t �)χA
t (t − t �)dt �. (A4)

In Eq. (A4) let us make the change of variables τ = t − t �. We
have, taking t0 = −∞,

�t = − 1

h̄

� ∞

−∞
τχA

t (τ )dτ. (A5)

We define the Fourier transform with respect to τ = t − t �

χA
t (ω) =

�
dτeiωτχA

t (τ ). (A6)

We can now use

∂χA
t (ω)

∂ω
= i

�
dτeiωτ τχA

t (τ ) (A7)

along with the fact that �t is a real function to write

�t = − 1

h̄

dIm
�
χA

t (ω)
�

dω

�����
ω=0

= − 1

h̄
lim
ω→0

Im
�
χA

t (ω)
�

ω
, (A8)

where in the last step we have assumed that Im[χA(0] = 0.
Notice that ω has units of frequency, thus in order to compare
with NRG results one has to transform to energy units by
making ω = �/h̄.
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APPENDIX B: EQUATION FOR THE
NONLINEAR CIRCUIT

Here we analyze the current through each branch of the
classical circuit of Fig. 2. We define the differential capacitance
from

Cσ

�
V σ

C

�
= dqσ

dV σ
C

, (B1)

where qσ is the charge in the capacitor and V σ
C the potential

drop through it. The total potential drop is V = V σ
C + V σ

R ,
where V σ

R = Rσ Iσ is the potential drop through the resistance
and Iσ is the current in the branch with spin σ . Using Iσ =
dqσ /dt = q̇σ and Eq. (B1) one has a differential equation for
the current,

Iσ = Cσ (V − Rσ Iσ )

�
V̇ − d(Rσ Iσ )

dt

�
. (B2)

The derivatives with respect to the time introduce a factor of
the order of the frequency �. We now assume small frequen-
cies, specifically �Rσ Iσ 	 1. Then as a first approximation,
the last term of Eq. (B2) can be neglected. This limit also im-
plies V � Rσ Iσ , and thus to the same order of approximation
one can take Cσ (V ) as the first factor of Eq. (B2) leading to

I 1
σ = Cσ (V )V̇ , (B3)

to first order in V̇ . Replacing this result in the second
member of Eq. (B2), expanding the first factor and using
dCσ /dt = V̇ dCσ /dV , we obtain the following expression
for the current to second order in V̇ ,

Iσ = Cσ V̇ − d(RσC2
σ V̇ )

dt
. (B4)

In order to map the classical circuit to our quantum problem,
we identify V = Vg as minus the gate voltage of the quantum
dot (the energy of electrons with negative charge in the
dot changes as the gate voltage increases) and according to
the definition Eq. (4) Iσ = dqσ /dt = −IC,σ . Performing the
corresponding replacements one obtains Eq. (12).

APPENDIX C: NUMERICS

In this work we use the known “NRG Ljubljana” free code
to calculate the observables of interest (and their correlations)
in the case where there is a local Coulomb interaction in the
dot (U > 0) and also for U = 0. There are some subtleties in
the NRG method, most of them described in the literature (see
for instance Ref. [37] and references therein). However, for
the sake of completeness, the main steps of the NRG approach
we have employed are described below.

(1) We first map the Anderson model onto a Wilson chain,
composed of an impurity site with its many body term plus
a linear chain of noninteracting sites. Upon this process,
the continuous Anderson model has been discretized in the
energy space. Here we used the known z-trick logarithmic
discretization scheme, in which the characteristic energy scale
is given by [27,38,39]

�N = 1 − λ−1

log λ
λ−(N−1)/2+1−z, (C1)

where here we have set λ = 2 and averaged the results for 32
values of z ∈ [0,1].

(2) We then diagonalize iteratively a series of Hamiltonians,
starting from an initial H−1 describing just the impurity
(containing the many-body term) and increasing it with a
noninteracting site of the Wilson chain at each iteration. Hence,
at a given iteration we need to diagonalize a Hamiltonian HN

describing the impurity plus N + 1 sites of the chain whose
dimension is (N + 2) × (N + 2). Because of the rapid increase
of the dimension of the Hilbert space along the iterating
process, we have to take advantage of the symmetries of
the Hamiltonians. Here, since HN commutes with both the
total charge (Q̂N ) of chain described by HN and with its
total spin operator squared (Ŝ2

N ), we exploit U(1) × SU(2)
symmetry. In this way, at the N th NRG iteration we diagonalize
an enlarged block-diagonal (N + 2) × (N + 2) Hamiltonian
matrix whose sectors are labeled by the quantum number
(QN,SN ), where QN and SN represents the eigenvalues of
Q̂N and Ŝ2

N , respectively.
Even though taking advantage of the U(1)× SU(2) is a great

improvement, it is not enough to allow us to diagonalize large
Wilson chains. To overcome this problem it is necessary to
truncate the Hilbert space by discarding states.

In the present calculations we retain states with energy
up to Ekeep = 2�N , a reasonably good choice to converge the
many-particle eigenenergies to the strong coupling fixed point,
i.e., it does not change upon reached the fixed point. At each
iteration we not only diagonalize the Hamiltonians but also
calculate all the physical quantities we are interested in.

(3) With the matrix elements of the relevant quantities
at each iteration, we can calculate the thermodynamic and
dynamic quantities, such as the static and dynamic suscepti-
bilities. For the dynamic quantities we have employed the full
density matrix (FDM) version of the NRG, which is known
to provide a better resolution of the spectral quantities. The
energy delta peaks appearing in the dynamic susceptibilities
are usually broadened by using various smooth distribution
functions [37]. In our case we use a modified broadening kernel
K(�,�j ) defined piecewise by [40]

K(�,�j ) =
�

L(�,�j ) if |�j | � �0,

G(�,�j )[1 − h(�)] if |�j | � �0,
(C2)

with

G(�,�j ) = θ (��j )√
πα|�|exp

�
− ln

� |�/�j |
α

− γ

�2�
, (C3)

L(�,�j ) = 1√
π�0

exp

�
− ln

� |�/�0|
α

�2�
, (C4)

h(�) = exp

�
− ln

� |�/�0|
α

�2�
, (C5)

where α defines the broadening parameter, γ = α/4, and ω0 is
an energy threshold that changes the broadening distribution
function from a log Gaussian to a Gaussian at low energies. In
practice, smaller α diminishes NRG over broadening but leads
to nonphysical oscillations in the dynamic susceptibilities,
which can be reduced by averaging over a convenient number
of discretization meshes of the conduction band. The broad-
ening parameter is chosen to be α = 0.02 and �0 = 10−99D.
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Time-reversal-invariant topological superconducting (TRITOPS) wires are known to host a fractional
spin ℏ=4 at their ends. We investigate how this fractional spin affects the Josephson current in a TRITOPS-
quantum dot-TRITOPS Josephson junction, describing the wire in a model that can be tuned between a
topological and a nontopological phase. We compute the equilibrium Josephson current of the full model
by continuous-time Monte Carlo simulations and interpret the results within an effective low-energy theory.
We show that in the topological phase, the 0-to-π transition is quenched via formation of a spin singlet from
the quantum-dot spin and the fractional spins associated with the two adjacent topological superconductors.

DOI: 10.1103/PhysRevLett.119.046801

Introduction.—The interplay of many-body interactions
in quantum dots and superconductivity has been the
focus of interest for some time [1–6]. While electrons
are paired in superconductors, the charging energy effec-
tively suppresses pairing in quantum dots (QD). A promi-
nent consequence of this competition is the transition
between 0 and π junction behavior of the Josephson current
in devices where a QD connects between ordinary (non-
topological) singlet-superconducting wires (S-QD-S junc-
tion) [7–10]. As a result of numerous studies [11–19], this
phenomenon is now well understood for conventional
superconductors. Essentially, S-QD-S junctions exhibit
π-junction behavior when the QD hosts an effective
spin-1=2 degree of freedom.
Here, we address the 0-to-π transition for Josephson

junctions in which a quantum dot connects between time-
reversal-invariant topological superconductors (TRITOPS).
Unlike their time-reversal-breaking cousins [20–23],
TRITOPS preserve time-reversal symmetry and can coexist
with an unpolarized quantum-dot spin. It is thus an
interesting question whether π-junction behavior can be
observed in TRITOPS-QD-TRITOPS junctions. Such junc-
tions differ from conventional S-QD-S junctions in several
ways. First, the Majorana-Kramers pairs present in the
topological phase allow for the coherent transfer of single
electrons, while the Josephson current of a conventional
junction is carried by Cooper pairs. Even more intriguing,
TRITOPS host a fractional ℏ=4 spin at their ends. Thus, a
TRITOPS-QD-TRITOPS junction allows one to study the
hybridization of fractional and ordinary spins. We show
that the 0-π transition constitutes a signature that distin-
guishes between the topological and the nontopological
phase, and trace the quenching of the transition for
TRITOPS to the formation of a spin singlet from the

quantum-dot spin and the fractional spins of the adjacent
TRITOPS.
In the wake of proposals to engineer time-reversal-

breaking topological phases and corresponding experiments,
there has also been substantial interest in time-reversal-
invariant topological superconductors [24–37]. TRITOPS
are characterized by Kramers pairs of Majorana end states
and localized fractional spins [28]. Time reversal protects the
pair of Majorana states from hybridizing, which therefore
generically remain at zero energy. Similarly, the fractional
spin is topologically protected and cannot be determined
from a local measurement without breaking time reversal.
Several routes have been proposed to engineer TRITOPS
although their experimental realization is more demanding
than that of time-reversal-breaking topological super-
conductors [36].
Conventional Josephson junctions assume their minimal

energy at zero phase difference and their maximal energy
at a phase difference of π (0-junction behavior). This
behavior is reversed in π junctions, which assume their
minimal energy at a phase difference of π [1,2]. In S-QD-S
junctions, π-junction behavior occurs when the quantum
dot forming the junction is singly occupied and acts
effectively as a magnetic impurity. When the QD is weakly
coupled to the superconductors, tunneling of Cooper pairs
between the conventional superconductors relies on a
fourth-order cotunneling process [1,10]. This process
includes a π phase shift that originates from the Fermi
statistics of electrons and becomes manifest in the π-
junction behavior. As a consequence, the current-phase
relation of the junction phase shifts by π when the
occupation of the quantum dot is tuned from even to
odd. When the quantum dot is strongly coupled to the
superconductors, the impurity spin can be screened, turning
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a doublet into a singlet ground state and resulting in
0-junction behavior. Depending on the parameter regime,
this transition can be described as a result of Kondo
correlations or a zero-energy crossing of a Yu-Shiba-
Rusinov state [19].
Model.—Our considerations are based on a time-

reversal-invariant superconductor with Hamiltonian [27],

Hα ¼
XN
j¼1

X
σ

ð−tc†α;jþ1;σcα;j;σ þ iλσc
†
α;jþ1;σcα;j;σ

þ Δσeiϕαc†α;jþ1;σc
†
α;j;σ̄ þ H:c: − μnα;j;σÞ; ð1Þ

where λ↑;↓ ¼ �λ, Δ↑;↓ ¼ �Δ, and ↑̄ ¼ ↓; ↓̄ ¼ ↑.
Moreover, t is the hopping parameter, μ is the chemical
potential, and λ andΔ are the strengths of Rashba spin-orbit
coupling and extended s-wave pairing, respectively. The
index α ¼ L, R labels the left and right superconductors of
the junction with order parameter phases ϕα. The phase
difference ϕ ¼ ϕL − ϕR ¼ 2πΦ=Φ0 can be tuned by
including the junction in a superconducting loop and
threading the loop by a magnetic flux Φ. (Φ0 ¼ h=2e
denotes the superconducting flux quantum.) The entire
TRITOPS-QD-TRITOPS Josephson junction is then
described by the Hamiltonian

H ¼
X
α¼L;R

Hα þHc þHd: ð2Þ

Here,

Hd ¼ εd
X
σ

nd;σ þUnd↑nd↓ ð3Þ

describes the quantum dot with gate-tunable level energy
εd, spin-resolved level occupation nd;σ , and charging
energy U, and

Hc ¼ −t0
X
σ

½ðc†L;N;σ þ c†R;1;σÞdσ þ H:c:� ð4Þ

accounts for the hybridization between quantum dot and
superconductors.
The Hamiltonian Hα supports topological and nontopo-

logical phases. The topological phase occurs when jμj < 2λ
and is characterized by Kramers pairs of Majorana end
states. For each lead, the corresponding Majorana operators
can be combined into conventional fermionic operators

ΓL=R ¼
Z

dxφL=RðxÞ½ψ↑ðxÞ ∓ iψ†
↓ðxÞ�; ð5Þ

where φL=RðxÞ denotes the Majorana wave functions of
the left (L) and right (R) superconducting lead and
ψσðxÞ denotes the electron field operator for spin σ (see
Supplemental Material, Sec. II [38]). While the Majorana

operators mix the two spin components, the operators ΓL=R

remove a spin of ℏ=2 from one end of the wire. Thus, ΓL=R

and Γ†
L=R toggle the system between ground states with

fractional spins of �ℏ=4 localized at the ends of the
wire [28].
Numerical results.—The Josephson current can be com-

puted from the Green function expression

I ¼ 2t02

β

X
σ

X
n

Im½gð12Þ1α;σðiωnÞGð21Þ
d;σ ðiωnÞ�: ð6Þ

The derivation is included in Ref. [38] (see Sec. I).
The Green functions correspond to the Matsubara
components of frequency ωn ¼ ð2nþ 1Þπ=β (β is the
inverse temperature) of the imaginary-time Green func-

tions gð12Þ1α;σðτÞ ¼ −hTτ½ĉ†α;1;σðτÞĉ†α;1;σ̄ð0Þ�i0 and Gð21Þ
d;σ ðτÞ ¼

−hTτ½d̂σðτÞd̂σ̄ð0Þ�i, where h…i0 (h…i) denotes the ensem-
ble average over the states of Hα (H). The first Green
function can be obtained exactly.
First consider a junction with a noninteracting quantum

dot. For U ¼ 0, the Green function Gd;σðiωnÞ and thus
the Josephson current can also be evaluated analytically.
Moreover, our model can be written in Nambu representa-
tion with a Bogoliubov–de Gennes (BdG) Hamiltonian
ĤBdG ¼ Ĥ0τz þ Δ̂τx, where Ĥ0 results from the normal
parts of the Hamiltonian H while Δ̂ originates from the
pairing contributions. The Pauli matrices τi (with i ¼ x, y,
z) operate in particle-hole space. Diagonalizing the BdG
Hamiltonian, the Josephson current can be obtained from
I ¼ ð2e=ℏÞ∂E0ðϕÞ=∂ϕ, where E0ðϕÞ is the many-body
ground state energy. Corresponding results are presented
in Fig. 1.
The spectrum of ĤBdG is shown in the lower panels for

the topological (left and middle) and the nontopological
(right) phase. In the topological phase, there are zero-
energy bound states (light-blue curves) that emerge from
the Majorana states localized at the far ends of the finite-
length chains. The solid red curves emerge from the
hybridization of the dot states with the adjacent
Majorana states. In the nontopological phase, the subgap
states are gapped. As a consequence of Kramers theorem,
the subgap states are twofold degenerate at ϕ equal to
integer multiples of π. At other flux values, time reversal is
broken by the phase bias and the subgap states are non-
degenerate. The top panel of Fig. 1 shows the Josephson
current for values of μ both in the topological (μ < 2λ)
and the nontopological (μ > 2λ) phases. In the topological
phase, the Josephson current jumps at ϕ ¼ π (up to finite-
size effects), reflecting the level crossing of the subgap
states. (Note that we assume complete equilibration over
fermion parities.) The nontopological phase exhibits the
usual smooth behavior.
For a nonzero interaction U, the Josephson current can

be calculated by evaluating Gð21Þ
d;σ ðiωnÞ using quantum
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Monte Carlo simulations [39]. Previous works on S-QD-S
junctions [12,15,16] as well as normal wires coupled to
correlated dots and molecules [40,41] proved this strategy
to be accurate and reliable. We perform a Shiba trans-
formation, mapping H to a particle-number conserving
Hamiltonian with negative U [15]. The Green function of
the transformed problem is then calculated by the algorithm
introduced in Refs. [42,43]. Inversion of the Shiba trans-
formation leads to Gd;σðiωnÞ, which enters the Josephson
current (6). Results for a half-filled configuration (i.e.,
hnd↑ þ nd↓i ¼ 1) are shown in Fig. 2.
The nontopological case (bottom panel) shows the

expected 0-to-π transition. When coupling the quantum
dot to superconducting leads, the local moment persists
when Δ is larger than the Kondo temperature TK , but
becomes Kondo screened by the quasiparticle states for
Δ ≪ TK . For a particle-hole symmetric configuration, the
Kondo temperature of the junction is given by kBTK ¼ffiffiffiffiffiffiffiffiffiffiffi
δU=2

p
exp ð−πU=8δÞ [44] with the hybridization param-

eter δ ∼ πðt0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2=ð2tÞ2

p
=ð2tÞ. Consequently, there is a

0-π transition as U increases. For U ¼ t, the dot is in the

intermediate valence regime, while for U ¼ 6t and
U ¼ 10t, it would be in the Kondo regime when attached
to normal leads. In our case, kBTK ∼ Δ for U ∼ 8.5t,
consistent with the observed transition between 0- and
π-junction behavior between U ¼ 6t and U ¼ 10t.
It is our central observation that there is no correspond-

ing 0 − π transition when the superconducting leads are in
the topological regime. Instead, the current-phase relation
remains similar to the noninteracting case for all interaction
strengths U. In particular, the abrupt dependence at a phase
difference of ϕ ¼ π, while slightly smoothed by finite
temperature, becomes more pronounced as the number of
sites increases, as in the noninteracting case (cp. the inset
of Fig. 1). These results suggest that the impurity spin is
efficiently screened in the topological case, despite the
presence of the superconducting gap. This robust screening
of the spin of the quantum dot originates from its
interaction with the subgap states emerging from the
Kramers pairs of Majorana states of the adjacent left and
right wires.
Effective Hamiltonian.—To arrive at this conclusion,

we interpret our numerical results in the context of an
effective Hamiltonian. Consider a singly occupied, inter-
acting quantum dot coupled to two time-reversal-invariant
topological superconductors. For simplicity, we assume
that the superconducting gap is large compared to the
Kondo temperature so that we can neglect hybridization
with the quasiparticle continuum. Then, we only need
to consider the hybridization with the subgap states
originating from the Majorana bound states. We can
project out the empty and doubly occupied dot states by
employing a Schrieffer-Wolff transformation [45] (see also
[37] for similar considerations). This yields an effective
Hamiltonian in the eight-dimensional subspace spanned
by the two eigenstates of the quantum dot spin Sd and the
two states for each of the superconducting leads that are
associated with the Kramers pair of Majorana operators.
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FIG. 2. Josephson current for an interacting quantum dot at
β ¼ 400 with t0 ¼ t, εd ¼ −U=2, λ ¼ t=2, Δ ¼ t=5. The upper
(lower) panel corresponds to the topological (nontopological)
phase. The values of U and μ are indicated in the figure. Energies
are expressed in units of t ¼ 1.
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FIG. 1. Top: Josephson current vs ϕ for a quantum dot at
T ¼ 0 with U ¼ 0, t0 ¼ t, λ ¼ t=2, Δ ¼ t=5, and values of μ in
the topological (μ < t) as well as the nontopological (μ > t)
phase. The wires have N ¼ 500 sites. Inset: Josephson current at
finite temperature. Red, blue, and green lines correspond to
β ¼ 400; 200, and 100, respectively. The T ¼ 0 case is plotted in
black for reference. Bottom: Spectrum of ĤBdG for μ ¼ εd ¼ 0
(left), μ ¼ 0, εd ¼ t (middle), and μ ¼ −εd ¼ 1.8 (right). Other
parameters are as they are in the top panel. Energies are measured
in units of t ¼ 1.
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Here, we sketch the derivation of this Hamiltonian (for
details, see [38], Sec. III).
In a first step, we project the tunneling Hamiltonian

Hc to the subgap states of the wires, giving Hc ¼
teffeiϕ=4

P
σðΓ†

L;σdσ þ d†σΓR;σÞ þ H:c:, where teff ≲ t0 and
the Bogoliubov operators for the zero-energy modes satisfy
Γ†
L ¼ Γ†

L;↑ ¼ iΓL;↓, and Γ†
R ¼ Γ†

R;↑ ¼ −iΓR;↓ (see [46,38],
Sec. II). Focusing on the particle-hole symmetric point
εd ¼ −U=2, and eliminating the empty and doubly occu-
pied states of the quantum dot by a Schrieffer-Wolff
transformation, we obtain (see [38], Sec. III for details,
including more general configurations)

Heff ¼ J

�
Szd

�
ðnL þ nR − 1Þ þ i sin

ϕ

2
ðΓ†

LΓR − Γ†
RΓLÞ

�

þ i cos
ϕ

2
ðS−dΓ†

LΓ
†
R − Sþd ΓRΓLÞ

�
; ð7Þ

where J ¼ 4t2eff=U and we defined the occupations
nα ¼ Γ†

αΓα. A convenient basis for this Hamiltonian is
jσ; nL; nRi with nα ¼ 0, 1 and σ ¼ ↑;↓. Note that nα also
labels the polarization of the fractional spins.
The HamiltonianHeff is easily diagonalized. It conserves

the number parity of n ¼ nL þ nR. For n ¼ 1, the terms
involving S�d do not contribute and we find doubly
degenerate eigenstates that are linear superpositions of
jσ; 1; 0i and jσ; 0; 1i with energy �J=2 sinðϕ=2Þ. For even
occupations n, we have two phase-independent states with
degenerate eigenergies J=2 corresponding to j↑; 1; 1i and
j↓; 0; 0i as well as a pair of nondegenerate states with
energies −J=2� J cosðϕ=2Þ, which are linear combina-
tions of the states j↑; 0; 0i and j↓; 1; 1i.
At all phase differences, the ground state is an equal-

probability superposition of j↑; 0; 0i and j↓; 1; 1i. These
states describe configurations with overall zero spin.
Indeed, in both states the quantum-dot spin of ℏ=2 is
pointing opposite to the fractional spins of ℏ=4 of the two
adjacent superconductors. Thus, these configurations can
be interpreted as an effective singlet configuration of the
quantum dot spin and the fractional spins of the topological
superconductors.
Similar to the singlet formation via hybridization with

the quasiparticle continuum of nontopological supercon-
ductors [19], this singlet formation with the fractional spins
quenches the π-junction behavior. Indeed, the low-energy
spectrum emerging from the Schrieffer-Wolff treatment
predicts a Josephson energy that is minimal at phase
differences equal to integer multiples of 2π. Moreover,
we also see that there is a cusp in the ground state energy at
a phase difference of π. Both of these results are consistent
with our numerical results that incorporate the hybridiza-
tion with the quasiparticle continuum above the super-
conducting gap.

In Fig. 3, we benchmark our low-energy Hamiltonian
with results for the LDOS at the quantum dot ρðωÞ ¼
−2

P
σIm½GR

d;σðωÞ�. The latter was calculated by analyti-
cally continuing the Monte Carlo data to the real frequency
axis. Results are shown in the color plot. The low-energy
spectrum obtained from Heff is shown as solid lines for
comparison. The peaks in the LDOS reflect the energy
necessary to add or remove one particle. Thus, the peak
positions can be estimated from Heff by the energy differ-
ence between the odd-parity eigenstates and the ground
state, which yields �½J=2þ Jj cosðϕ=2Þj � J=2 sinðϕ=2Þ�.
We find that our numerics is qualitatively consistent with
the predictions of Heff , although the numerics is performed
in a regime where the addition spectrum already hybridizes
with the quasiparticle continuum. Apart from shifts in
energy, the hybridization lifts the degeneracies at ϕ ¼ 0
and 2π. Besides the low-energy features that are qualita-
tively described by Heff, the numerical results also exhibit
high-energy features at �U=2, which are associated with
the charge-transfer peaks of the impurity Anderson model.
TRITOPS-QD-TRITOPS Josephson junctions combine

topological superconductivity with time-reversal symmetry
and electron-electron interactions. While this is super-
ficially similar to quantum spin Hall Josephson junctions
including interactions either within the edge states [47,48]
or through coupling to an interacting quantum dot [49,50],
these two types of Josephson junctions are governed
by remarkably different physics. Quantum spin Hall
Josephson junctions exhibit an 8π-perodic Josephson effect
that can be interpreted as resulting from the tunneling of
e=2 charges enabled by the formation of Z4 parafermions or
from a spin transmutation as a consequence of the fermion
parity anomaly [49]. In contrast, the present system has a
Josephson effect that is 4π periodic and results from an
effective singlet formation with two fractional spins.

FIG. 3. Local density of states (LDOS) at the quantum dot
obtained by QMC. The black dashed lines are the predictions for
the peaks in the density of states on the basis ofHeff with J ¼ 0.2.
The amplitude of the superconducting gapΔ ¼ 0.2 is indicated in
thin lines. Other parameters are U ¼ 4t, J ¼ 0.2, λ ¼ 0.5t, t0 ¼ t,
μ ¼ 0, and β ¼ 400.
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We analyze, from a quantum information theory perspective, the possibility of realizing an SU(4) entangled
Kondo regime in semiconductor double quantum dot devices. We focus our analysis on the ground-state properties
and consider the general experimental situation where the coupling parameters of the two quantum dots differ.
We model each quantum dot with an Anderson-type Hamiltonian including an interdot Coulomb repulsion and
tunnel couplings for each quantum dot to independent fermionic baths. We find that the spin and pseudospin
entanglements can be made equal, and the SU(4) symmetry recovered, if the gate voltages are chosen in such a
way that the average charge occupancies of the two quantum dots are equal, and the double occupancy on the
double quantum dot is suppressed. We present density matrix renormalization group numerical results for the
spin and pseudospin entanglement entropies, and analytical results for a simplified model that captures the main
physics of the problem.
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I. INTRODUCTION

Quantum information theory has proved to be a powerful
tool to analyze many-body problems in condensed matter
physics, both providing new insights into strongly correlated
states and in the development of numerical tools [1–3]. En-
tanglement measures have been used to characterize quantum
phase transitions [4–7] and to analyze spatial correlations in
the Kondo problem [8–14], a paradigm example of many-body
physics.

In the Kondo problem, a spin-1/2 magnetic impurity
couples antiferromagnetically to a noninteracting Fermi sea.
As the temperature is lowered there is a crossover, at a
characteristic temperature TK , from a free magnetic moment
regime to a fully screened regime. The Kondo temperature
TK is the only relevant scale at low energies and all physical
properties are universal functions when properly scaled by
TK . The Kondo problem was first encountered for atomic
impurities in metallic hosts in the 1930s, remained unsolved for
more than 40 years and enjoyed a revival after 1998 when it was
realized in quantum-dot and in single-molecule devices [15].
The development of dynamical mean-field theory as a tool to
study the physics of strongly correlated electron systems in
the lattice spurred further interest on the Kondo problem and
other related multiorbital quantum impurity problems [16].

These and other related models present a rich variety of
phenomena as singular and non-Fermi liquid behavior and a
high sensitivity to external fields and may provide a road for the
understanding of strongly correlated materials. In particular,
the SU(4) Kondo model, which has been realized in carbon
nanotube devices [17–21], has an enhanced Kondo tempera-
ture and peculiar low-energy spectral properties that lead to
a large thermoelectric power at low temperatures [22,23]. It
has also been proposed as a means to build high-transmittance
spin-filtering devices [24–27].

The double-quantum-dot (DQD) device proposed in
Ref. [24] to observe the SU(4) Kondo effect was realized in
Ref. [28] and an excellent agreement in the transport properties
with an Anderson-like Hamiltonian was found. A scaling of
the conductance consistent with an SU(4) behavior was also

reported. Nishikawa et al. in Ref. [29] showed, however, using
a renormalized perturbation theory treatment of the Anderson
model, that the low-energy effective Hamiltonian is not SU(4)-
symmetric unless the original model is SU(4)-symmetric or
the local interactions on the DQD are very large [29,30].
These conditions are not met in the experiments of
Ref. [28].

In this paper, we address this apparent contradiction using
quantum information theory tools. By analyzing the symmetry
of the entanglement of the ground-state wave function, we
show that charge fluctuations into doubly occupied states
must be vanishingly small or all doubly occupied states be
equally probable in order not to break the SU(4) symmetry.
Even for SU(4)-symmetric interactions and when the charge
symmetry between the quantum dots (QDs) is restored, the
fluctuations to doubly occupied states break the SU(4) symme-
try of the ground-state wave function when the electrode-QD
hybridizations of the two QDs differ. We show that it is
possible to reduce the size of SU(4) symmetry breaking in the
entanglement by reducing the DQD average occupancy to less
that one electron, therefore suppressing charge fluctuations
to the doubly occupied states. Interestingly, the results for
the SU(4) scaling presented by Keller et al. (Ref. [28]) are
precisely in a regime with less than a single electron on average
on the DQD.

The rest of the paper is organized as follows. The model
Hamiltonian and the methods are presented in Sec. II.
Numerical results for the entanglement entropy together with
analytical results for a toy model are presented in Sec. III.
Finally, a summary and the conclusions are presented in
Sec. IV.

II. MODEL AND METHODS

We consider a double-quantum-dot device DQD (see
Fig. 1), with a single relevant electronic level on each QD.
The device is described by the following Hamiltonian:

H = HC + HV + Hel . (1)
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FIG. 1. Schematic representation of the double-quantum-dot
device. Each quantum dot (a and b) is tunnel coupled to a pair of
source (Sa and Sb) and drain (Da and Db) electrodes. The local (Ua

and Ub) and the interdot (Uab) electron-electron repulsion, and the
tunnel coupling of the quantum dots to the electrodes (Vkν� with
ν = S,D, and � = a,b) are indicated in the figure.

Here, HC describes the electrostatic interaction on the QDs,

HC =
∑
�=a,b

⎛
⎝ ∑

σ=↑,↓
ε�σ n̂�σ + U�n̂�↑n̂�↓

⎞
⎠ + Uabn̂an̂b, (2)

where σ = ±1/2 indicates the electron spin projection along
the ẑ axis, n̂�σ = d

†
�σ d�σ is the electron number operator of

the �th QD, n̂� = n̂�↑ + n̂�↓, U� is its charging energy, ε�σ =
ε� + σgμBB, where B is the magnetic field Zeeman coupled
to the QDs’ spins, and ε� = U� − Cg�Vg� is controlled by a
gate voltage Vg�, where Cg� is the capacitance of QD � with
its corresponding gate electrode,

HV =
∑

ν=S,D

∑
�=a,b

∑
k,σ

(Vkν�d
†
�σ cν�kσ + H.c.) (3)

describes the coupling between the QDs and their respective
source (S) and drain (D) electrodes, which are modeled by
noninteracting Fermi gases:

Hel =
∑

ν,�,k,σ

εν�kc
†
ν�kσ cν�kσ . (4)

This model was used in Ref. [28] and an excellent agreement
with the experimental results was obtained for the conductance
and low-energy spectral properties.

Each QD couples to a specific combination of states from
the source and drain electrodes c0,�σ = 1

V�

∑
k

∑
ν Vkν�cν�kσ ,

where V� = √∑
k

∑
ν |Vkν�|2. For the study of equilibrium

properties, the coupling of the QDs to the electrodes can be de-
scribed using the hybridization functions ��(ω) = πV 2

� ρ�(ω),
where ρ�(ω) is the local density of states of the electrodes
associated with the operator c0,�σ . For simplicity, we will
consider all asymmetries in the coupling to the electrodes to
be described by the parameters V�, and take ρ�(ω) = ρ(ω) =

2
πD2

√
D2 − ω2 with support in the range [−D,D].

For the numerical calculations, the electrodes are described
using two one-dimensional tight-binding chains (one for each
QD):

Hel = −t

L∑
i=1

∑
�

∑
σ

(c†
i,�σ ci+1,�σ + H.c.), (5)

FIG. 2. Schematic representation of the DQD model solved
numerically using DMRG for L values of up to a few hundred. The
L = 1 case can be solved analytically in the large-interaction limit
(Ua,Ub,Uab → ∞).

which leads to the required local density of states at site 1 for
L → ∞ and t = D/2. The tunnel coupling is given by

HV =
∑

�

∑
σ

(V�d
†
�σ c0,�σ + H.c.). (6)

This model (see Fig. 2 for an schematic description) can be
solved for finite L using the density matrix renormalization
group (DMRG) [31,32]. To avoid finite size effects, we
performed a finite size analysis for total systems sizes N =
2L + 2 ranging from 4 to 384. The case L = 1 including a
single site on each bath can be solved exactly in specific cases
and will guide us in the interpretation of the numerical results.

A. Low-energy Hamiltonian and SU(4) symmetry

For symmetric parameters: εa = εb = ε, Va = Vb = V , and
Ua = Ub = Uab = U , the Hamiltonian of the system can be
written as

Hsym = εQ̂ + U

2
Q̂(Q̂ − 1) + V

∑
α

(d†
αc0,α + H.c.)

− t
∑

α

∑
i

(c†
i,αci+1,α + H.c.), (7)

where α runs over the four combinations {a↑,a↓,b↑,b↓}, and
Q̂ = ∑

α n̂α is the total charge operator of the DQD.
In the parameter regime where −U < ε < 0, and |ε|, ε +

U � πV 2ρ(0), the average charge of the DQD in the ground
state is n = 〈Q〉GS ∼ 1. In this case, it is instructive to associate
a pseudospin degree of freedom to the QD and to the nonin-
teracting chain indices a →⇑, b →⇓. The fully symmetric
model of Eq. (7) is invariant under unitary transformations
that mix spin and pseudospin degrees of freedom on the DQD
and on each site of the noninteracting chain [the last term
on Eq. (7)]. A Schrieffer-Wolff transformation that decouples
the empty and multiple occupied states on the DQD leads
to an SU(4)-symmetric Kondo Hamiltonian with a single
exchange coupling for the four combinations of spin and
pseudospin degrees of freedom. The SU(4)-symmetric Kondo
Hamiltonian leads to an SU(4) Kondo effect leading to a
symmetric entanglement of spin and pseudospin degrees of
freedom.

In the usual experimental situation, however, the parameters
are not symmetric. In the experiments of Ref. [28] the interdot
coupling Uab is an order of magnitude smaller than the
intradot couplings Ua and Ub and the hybridizations are not
symmetric. Performing a Schrieffer-Wolff transformation in
the general case does not lead to an SU(4)-symmetric Kondo
Hamiltonian. However, it was shown in Ref. [24], using
renormalization group arguments and numerical results, that
an SU(4)-symmetric effective Kondo Hamiltonian is obtained
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at low energies. The charge fluctuations that are eliminated
from the Hamiltonian after a Schrieffer-Wolff transformation
do, however, change the low-energy physics and need to be
included in the analysis [29,30].

Using renormalized perturbation theory for identical QDs
(Ua = Ub, Va = Vb), Nishikawa et al. found that if the interdot
Coulomb repulsion Uab is lower than the intradot repulsions
Ua,Ub, the SU(4) symmetry is not obtained for the low-energy
quasiparticle Hamiltonian, unless these interaction parameters
are larger than the bandwidth D of the conduction band of the
electrodes [29]. The spectral properties of a DQD device model
with asymmetric QDs (Va = Vb) were studied in Ref. [30] in
the limit of large Coulomb repulsion Ua,Ub,Uab → ∞, where
it was shown that the spectral densities of the two QDs could
be made very similar by tunning the average charge on the
QDs to be equal. These results were confirmed in Ref. [33]
through numerical renormalization group calculations which
also indicate that Uab must be larger or of the order of D for
the symmetry to be restored. In the experiments presented in
Ref. [28], the hybridizations of the two QDs with the electrodes
are different and the interdot interaction is ten times smaller
than the intradot interaction, which in turn is not larger than the
electrode’s bandwidth. In what follows, we revisit this problem
and study the possibility of observing an SU(4)-symmetric
Kondo effect in a DQD device by analyzing the entanglement
entropy of the ground-state wave function.

B. Von Neumann entropy

For a system described by the density matrix ρ, the Von
Neumann entropy reads

S(ρ) = −Tr(ρ log2 ρ). (8)

If the Hilbert space can be written as product of two subspaces
A and B: H = HA ⊗ HB , the density matrix for subsystem A

is given by

ρA = TrBρ. (9)

For a system in a pure state ρ = |�〉〈�|, we can measure the
entanglement between subsystems A and B using

SA := S(ρA) ≡ S(ρB ). (10)

In this work, we analyze the ground-state properties (ρ =
|�GS〉〈�GS|) and we will be mainly interested in the partitions
of the total system H↑ ⊗ H↓ and H⇑ ⊗ H⇓ which define the
entropies S↑ and S⇑, respectively.

A necessary condition for the ground state to be SU(4)-
symmetric is that S↑ = S⇑. In the next section we use this
condition to explore where in the parameter space an SU(4)-
symmetric ground state could be obtained. As we will see
below, many important features of the entanglement entropy
can be understood by analyzing a toy model having a single
site on each fermionic bath, i.e., L = 1 in Eq. (5).

C. Spin and pseudospin susceptibilities

Following Ref. [29], we define the zero-temperature spin
susceptibility

χs = dms

dhs

, (11)

TABLE I. Notation for the relevant toy model states of the
subchain including QD a and its associated fermionic bath site (see
Fig. 2). The notation is analogous for the subchain containing QD b.

State Configuration

|0〉a | ↑↓︸︷︷︸
1a

, −︸︷︷︸
a

〉

|S〉a
1√
2
(|↑,↓〉 − |↓,↑〉)

|2〉a | − , ↑↓〉

which measures the change in the spin polarization of the QDs
in the ground state ms = 〈∑�(n̂�↑ − n̂�↓)〉/2 when a Zeeman
energy splitting 2hs = gμBB is applied. In analogy with the
spin susceptibility,

χps = dmps

dhps

, (12)

defines the pseudospin susceptibility, where mps =
〈∑σ (n̂aσ − n̂bσ )〉/2 and hps = (εb − εa)/2. In the numerical
calculations presented below, the parameters are fixed in order
to obtain an unpolarized ground state (ms = mps = 0) and a
small enough energy splitting δhs/ps is applied, such that the
response is linear.1

In the SU(4) Kondo regime, these two susceptibilities
are expected to be equal χs = χps = χ , and the low-energy
properties of the system to be universal functions when
properly scaled by the Kondo energy kBTK ∝ 1/χ [34].
When the SU(4) symmetry is broken, we may define a spin
(pseudospin) Kondo energy kBT

s(ps)
K ∝ 1/χs(ps) and quantify

the degree of symmetry breaking using the ratio δK = |T s
K −

T
ps

K |/min(T s
K,T

ps

K ) ≡ |χs − χps |/max(χs,χps). For δK � 1,
we do not expect SU(4)-Kondo-like physics to be observed.
For δK � 1, however, there is an energy regime [e.g., the range
of temperatures between |T s

K − T
ps

K | and min(T s
K,T

ps

K )] where
a single parameter SU(4)-Kondo scaling could be obtained.

III. RESULTS

We first analyze the entanglement entropies in the case
where the Hamiltonian is given by Eq. (7) and has SU(4)
symmetry. The ground-state wave function preserves the
SU(4) symmetry and the associated entanglement entropies
S↑ and S⇑ are identical. The toy model [i.e., L = 1 in Eq. (5)]
can be solved analytically in the U → ∞ limit. The ground
state is in a charge sector with a total of four electrons in the
system of which 2 electrons of opposite spin projection are on
each QD-bath site combination. For n � 1, the wave function
has the form

|�GS〉 = α|0〉a ⊗ |0〉b + β√
2

(|S〉a ⊗ |0〉b + |0〉a ⊗ |S〉b),

(13)

where |0〉i corresponds to QD i devoid of electrons and its
associated fermionic bath site doubly occupied (see Table I),

1An energy shift δhs/ps = 0.0001D proved to be appropriate in the
whole parameter regime studied.
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and |S〉i represents a singlet state between QD i and the
reservoir site coupled to it. The entanglement entropy of the
toy model can be written as a function of the DQD occupancy
n = β2:

S tm
↑ (n) = S tm

⇑ (n) = h

(
1

2
+ 1

2

√
1 − n2

)
, (14)

where h(x) = −x log2 x − (1 − x) log2(1 − x) is the Shannon
binary entropy. For n → 0, the DQD is empty (|�GS〉 →
|0〉a ⊗ |0〉b, which is separable) and the interaction is not
effective creating correlations. As n increases, S increases
monotonically to reach its maximum value S = 1 that cor-
responds to a maximally entangled state (α = 0 and β = 1),
which is a superposition of spin singlets on the left and right
electrodes. This state can also be rewritten as a superposition
of two pseudospin singlets making explicit the symmetry
between spin and pseudospin degrees of freedom.

For 1 � n � 2, and large U , the wave function takes the
form

|�GS〉 = β(|S〉a ⊗ |0〉b + |0〉a ⊗ |S〉b)

+ γ√
6

(2|S〉a ⊗ |S〉b + |2〉a ⊗ |0〉b + |0〉a ⊗ |2〉b),

(15)

where the second term is a symmetric combination of six Fock
states with double occupancy on the DQD. It is also possible
to obtain an analytic expression for the entanglement entropy
in this case, but the expression is more complicated than in the
n � 1 case. In the n ∼ 1 regime, we find

S tm(n → 1) =
{

1 − 1−n
log(2) if n < 1

1 + 2(1−n)
3 log(2) if n > 1

. (16)

The asymmetry between n < 1 and n > 1 [S tm(1 − δ) >

S tm(1 + δ) for δ > 0] is due to the fact that while the state
|0〉a ⊗ |0〉b is clearly separable both in the spin and pseudospin
sectors, the combination of states with a double occupancy on
the QD [second term in Eq. (13)] is not.

For finite values of U , the toy model can be solved
numerically and the entropy as a function of the DQD
occupancy has a behavior as a function of n similar to the
U → ∞ case. While the entanglement entropy for a given n

decreases with decreasing U , it continues to be asymmetric
and presents a maximum near n = 1.

The numerical results obtained using DMRG2 are presented
in Fig. 3 as a function of the DQD occupancy n for different
values of the interaction U . The behavior of S↑(n) follows
qualitatively the toy model results. Namely, S↑(n) has an
asymmetric shape with a maximum at n ∼ 1 and for a given

2The DMRG results were obtained for chains of up to 384 sites,
with open boundary conditions and half-filled conduction electron
bands, which allowed us to work in a subspace with zero total spin
projection along the z axis (Sz

tot = 0). The largest truncation error in
the calculations, keeping up to 256 states per block and performing
six sweeps in the finite-size algorithm, was ρ � 10−5. Such an error
translates to an entropy defined at least with two decimals (relative
error lower than 1%).

0.5

0.6

0.7

0.8

0.9

1

1.1

ε = −2.2

ε = −4 ε = −5.5

0

10

20

30

40

50

0.9 0.95 1 1.05 1.1 1.15 1.2

0.9

0.95

1

1
384

1
192

1
96

1
48

U = 8

S
χ

1 D

n

U = 10
U = 8
U = 5

S

1/N

FIG. 3. The upper panel presents the entanglement entropy S for
systems with different values of U = 5, 8, 10 and Va = Vb = 0.45.
The entanglement in the spin S↑ and pseudospin S⇑ sectors is identical
for a given value of U . The finite size behavior of S(n) for U = 8 and a
total number of DMRG calculation sites N = 2L + 2 ranging from 48
to 384 is presented for εa = εb = ε = −2.2 (solid triangles), ε = −4
(solid disks), and ε = −5.5 (solid squares). The inset presents the
behavior of S as a function of 1/N for the values of ε indicated above.
The lower panel presents the spin susceptibility (which is identical to
the pseudospin susceptibility) for the same set of parameters.

value of n it increases monotonically with increasing U . The
most significant difference is that S↑(n) becomes larger than
1 for large enough values of U and n ∼ 1. Interestingly, these
values of S exceeding 1 are due to correlations that cannot
be understood using a variational wave function approach
with a Varma-Yafet ansatz [35]. The spin susceptibility (see
lower panel of Fig. 3), which is identical to the pseudospin
susceptibility in this fully symmetric case, presents a maxi-
mum for n ∼ 1. As expected, the susceptibility increases for
n ∼ 1 much faster with increasing U than predicted by the toy
model, which does not capture the Kondo renormalization of
the parameters [29].

A. Broken interaction symmetry (Ua = Ub > Uab)

We now consider a more realistic parameter regime where
the symmetry of the interaction is broken, Uab < Ua,Ub. In
this case, the different states with double occupancy in the
DQD are expected to have a differing participation on the
GS wave function. In particular, the state |Sab〉 = |S〉a ⊗ |S〉b,
which has an associated interaction energy Uab, is expected
to have a larger amplitude in the GS wave function than the
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states having two electrons on a single QD (which have a
larger interaction energy U� associated). This breaking of
the symmetry for the amplitude in the GS wave function
of states having a doubly occupancy in the DQD leads to
a breaking of the spin-pseudospin symmetry and therefore
of the SU(4) symmetry. This effect can be understood by
analyzing the structure of the ground-state wave function, and
the entanglement entropy of the toy model. To simplify the
analysis, we consider the limit Ua,Ub → ∞ that captures the
main features of the entropy behavior. The GS wave function
has the form

|�GS〉 = α|0〉a ⊗ |0〉b + β√
2

(|S〉a ⊗ |0〉b + |0〉a ⊗ |S〉b)

+ γ |S〉a ⊗ |S〉b, (17)

where the double occupancy on each QD is completely sup-
pressed and α2 + β2 + γ 2 = 1. The pseudospin entanglement
entropy has the form

S⇑ = h

(
1

2
+ 1

2

√
1 − C2

)
, (18)

where C = |β2 − 2αγ | is Wootters’ concurrence [36] in the
pseudospin sector. For γ � 1 (which is the case for n <

1 and V/U � 1), we find S⇑(n,γ ) � S⇑(n,0) = S↑(n,0) �
S↑(n,γ ).

For large Uab � t , α is strongly suppressed for n > 1. In
this regime, we obtain C = n for n < 1 and C = 2 − n for
n > 1, which leads to a mirror symmetric S⇑(n) with respect
to n = 1. The origin of this symmetry is that the states |0〉 and
|Sab〉 are both separable in pseudospin. The spin entanglement
entropy, however, increases monotonically with n for n > 1
and can be roughly approximated by S↑(n > 1) ∼ n.

Figure 4 presents results for the entanglement entropy in
systems with Uab < Ua = Ub = U < ∞. The entanglement
in the spin partition is larger than in the pseudospin one
for all values of the DQD occupancy. While S⇑(n) has a
maximum at n � 1 and is nearly symmetric S⇑(n) ∼ S⇑(2 −
n) around this point, S↑(n) increases monotonically with n.
The most important observed feature is that while for n � 1
the symmetry breaking is suppressed for large enough values
of Uab, for n > 1, the asymmetry in the entanglement entropy
persists and increases with n. As a consequence, in order
to observe properties associated with an SU(4)-symmetric
GS, the DQD occupancy would need to be smaller than 1
to minimize symmetry breaking effects. Interestingly, in the
experiments of Keller et al. [28], the results presented for
the conductance as a function of the temperature which are
compatible with an SU(4) Kondo behavior are with the gate
voltages shifted towards a n < 1 regime and not in the middle
of the Coulomb blockade valley. The conclusions drawn from
the analysis of the entanglement entropy are confirmed by the
susceptibility results (see lower panel in Fig. 4), which show
a much smaller SU(4) symmetry breaking, as measured by
the ratio δK , for n < 1 than for n > 1. This ratio is also more
strongly suppressed with increasing Uab for n � 1.

B. Broken hybridization symmetry (Va �= Vb)

When the hybridization symmetry is broken (Va = Vb)
the diagonal energies ε� need to be adjusted in order to
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FIG. 4. The upper panel presents the entanglement entropy in the
thermodynamic limit for systems with different values of Uab = 5, 8
(black and red lines, respectively) and Ua = Ub = 20. The results
for the entanglement in the spin S↑ and pseudospin sectors S⇑,
for symmetrically coupled devices (Va = Vb = 0.45), are presented
using dashed and solid lines, respectively. The lower panel presents
the susceptibilities for the same set of parameters. The SU(4)
symmetry breaking, as measured by the ratio δK (see Sec. II C)
presented in the inset, increases with increasing n and decreases
with increasing Uab.

recover a symmetric occupancy in the two QDs, which is
a necessary condition to obtain an SU(4)-symmetric GS.
As we will see below, this is not, however, a sufficient
condition even for symmetric interactions (Ua = Ub = Uab =
U ). To simplify the discussion and focus of the effect of
an hybridization asymmetry, we consider in what follows
symmetric interactions. The main conclusions do, however,
apply for a more general situation with Ua,Ub > Uab.

For the toy model with U → ∞, and fixed εb, Va , and Vb,
it is always possible to obtain an εa such that the two QDs are
equally charged (see Appendix). The GS wave function has
the same form as in the case Va = Vb [see Eq. (13)] and is
SU(4)-symmetric. For a finite but large U � Va,Vb, a simple
1/U first-order perturbation theory analysis of the toy model
shows that the double occupancy probabilities for QD a, QD
b, and for a single electron on each QD are, respectively,
∼ cV 2

a /U 2, ∼ cV 2
b /U 2, and c(Va + Vb)2/4U 2. This breaking

of the symmetry of the double occupied states in the ground-
state wave function breaks the spin-pseudospin symmetry.
This can be observed in the entanglement entropies in Fig. 5,
calculated using DMRG, where the difference between S↑
and S⇑ increases with increasing n. For n � 1, however, the
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FIG. 5. Entanglement entropy in the thermodynamic limit for
systems with SU(4)-symmetric interactions (U = 5), Va = 0.45, and
different values of Vb = 0.25, 0.35 (black and red lines, respectively).
The results for the entanglement in the spin S↑ and pseudospin sectors
S⇑, are presented with dashed and solid lines, respectively. The lower
panel presents the susceptibilities for the same set of parameters. The
SU(4) symmetry breaking, as measured by the ratio δK (see Sec. II C)
presented in the inset, increases with increasing n.

double occupancy probability is strongly suppressed and the
entanglement asymmetry is smaller.

IV. SUMMARY AND CONCLUSIONS

We explored the possibility of obtaining SU(4) Kondo
behavior in DQD devices where the interactions and the
hybridizations are in general nonsymmetric. To that aim,
we analyzed the symmetry of the entanglement entropy for
the ground state of a model Anderson Hamiltonian in a wide
regime of parameters. We obtained both analytical results for
a toy model in the narrow-band limit and for the full model
using numerically exact DMRG calculations.

We find that for nonsymmetric interactions or hybridiza-
tions, the charge fluctuations to doubly occupied states need
to be strongly suppressed in order to avoid breaking the
SU(4) symmetry. While it has been shown that for a non-
SU(4)-symmetric Kondo model the low-energy properties
of the system are described by an SU(4)-symmetric Kondo
Hamiltonian, real systems do present charge fluctuations,
which can change this picture. We find that the double
occupancy probability is set primarily by the bare model pa-
rameters and essentially unaffected by the Kondo correlations.
As the double occupancy probability increases so does the

spin-pseudospin symmetry breaking in the ground-state wave
function. This is nicely illustrated by the toy model which,
as such, does not present a Kondo-like renormalization of the
parameters, but quantitatively reproduces both the behavior of
the charge fluctuations and of the entanglement entropy in the
thermodynamic limit.

We have also calculated the spin and pseudospin suscep-
tibilities. The results are consistent with the entanglement
entropy analysis, namely that the SU(4) symmetry breaking
can be reduced by suppressing the DQD double occupancy
probability. The results suggests that by appropriately setting
the parameters a regime with a finite range of temperatures
where an SU(4) Kondo scaling could be obtained.

Although the SU(4) symmetry of the ground-state wave
function is in general broken, the participation of double
occupied states, and the degree of symmetry breaking, can be
reduced by shifting the level energies of the QDs (experimen-
tally using gate voltages) in such a way that the average charge
on the DQD is smaller than 1. Even in systems where the in-
teractions are the largest energy scale, the level energies would
need to be set in a regime such that the DQD average occupancy
is n � 1, to suppress significantly the symmetry breaking.

It is interesting to point out that in the experiments of Keller
et al. the results for the conductance as a function of the
temperature, which show a scaling behavior compatible with
an SU(4)-symmetric Kondo entanglement, are in a regime
where the occupancy of the DQD is expected to be smaller
than 1. A detailed analysis of the conductance as a function
of the temperature for different regimes of DQD occupancy
would be in order to determine how the degree of SU(4)
symmetry breaking in the ground-state wave function affects
the conductance scaling.
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APPENDIX: TOY MODEL (NARROW-BAND LIMIT)

We present here a more detailed analysis of the toy model
described in the main text. This simplified model takes into
account a single site for each reservoir [i.e., L = 1 in Eq. (5)],
which can be interpreted as the narrow conduction band
limit [37,38] of the full model (L → ∞).

As already pointed out, the ground state of this model can be
obtained analytically for a restricted, but physically relevant,
set of parameters. We first consider the Ua,Ub → ∞ case
where the double occupation on either QD is suppressed. The
Hamiltonian matrix for the ground-state subspace reads

HS =

⎛
⎜⎜⎝

0
√

2Va

√
2Vb 0√

2Va εa 0
√

2Vb√
2Vb 0 εb

√
2Va

0
√

2Vb

√
2Va εa + εb + Uab

⎞
⎟⎟⎠,

in the {|0ab〉, |Sa〉, |Sb〉, |Sab〉} basis. Here the state |0ab〉
corresponds to the DQD devoid of electrons and four electrons
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TABLE II. Notation for the relevant states for the toy model (see Fig. 2).

State Description

|0ab〉 |0〉a ⊗ |0〉b = | ↑↓︸︷︷︸
1a

, −︸︷︷︸
a

, −︸︷︷︸
b

, ↑↓︸︷︷︸
1b

〉

|Sa〉 |S〉a ⊗ |0〉b = 1√
2
(|↑,↓, − ,↑↓〉 − |↓,↑, − ,↑↓〉)

|Sb〉 |0〉a ⊗ |S〉b = 1√
2
(|↑↓, − ,↑,↓〉 − |↑↓, − ,↓,↑〉)

|Sab〉 |S〉a ⊗ |S〉b = 1
2 (|↑,↓,↑,↓〉 − |↑,↓,↓,↑〉 + |↓,↑,↓,↑〉 − |↓,↑,↑,↓〉)

|2a〉 |2〉a ⊗ |0〉b = |↑↓, − ,↑↓,−〉
|2b〉 |0〉a ⊗ |2〉b = | − ,↑↓, − ,↑↓〉

located at the reservoir sites, |Si〉 corresponds to a singlet state
between the QD i and the reservoir site coupled to it, and no
electrons in the remaining QD (with the associated reservoir
site doubly occupied), and |Sab〉 is a direct product of two
singlet states formed between each QD and its associated
electron bath site. Table II presents a description of these
states which are in a charge sector with four electrons in the
system and a zero total spin projection along the z axis. In what
follows, we consider that the site energies (εa and εb) are tuned
to balance the occupancy of the QDs in the ground state |�GS〉
(i.e., 〈�GS |n̂a|�GS〉 = 〈�GS |n̂b|�GS〉). In the Uab → ∞ limit,
this can be done setting

εa = εb

2

(
1 + Va

Vb

)
+

√
8
(
V 2

a + V 2
b

) + ε2
b

2

(
1 − Va

Vb

)
, (A1)

while for finite Uab the condition for charge balance can be
numerically obtained. The ground-state wave function in the
Ua,Ub → ∞ limit and for a balanced occupancy in the QDs
has the form

|�GS〉 = α|0ab〉 + β√
2

(|Sa〉 + |Sb〉) + γ |Sab〉. (A2)

The entanglement entropy for partition H⇑ ⊗ H⇓ can be
readily calculated as the system can be regarded as composed
by two two-level systems [36],

S⇑ = h

(
1

2
+ 1

2

√
1 − C2

)
, (A3)

where h(x) = −x log2 x − (1 − x) log2(1 − x) is Shannon bi-
nary entropy and C is Wootters concurrence for the state |�GS〉,
which equals |β2 − 2αγ |. The entanglement entropy for the
partition H↑ ⊗ H↓ is more complicated as the dimension of the
subspace associated with each spin is no longer 2. The reduced
density matrix for the spin partition ρ↑ := Tr↓|�GS〉〈�GS |

TABLE III. Notation for the relevant states for the toy model,
for ↑-spin sector, written in terms of pseudospin degrees of freedom.
Notation for ↓-spin sector is analogous.

State Configuration

|0↑〉 | ⇑⇓︸︷︷︸
1↑

, −︸︷︷︸
↑

〉

|S↑〉 1√
2
(| ⇑ , ⇓〉 − | ⇓ , ⇑〉)

|T↑〉 1√
2
(| ⇑ , ⇓〉 + | ⇓ , ⇑〉)

|2↑〉 | − , ⇑⇓〉

reads

ρ↑ =

⎛
⎜⎜⎜⎜⎝

β2

2 + γ 2

4 − β√
2

(
α + γ

2

) − βγ

2
√

2
0

− β√
2

(
α + γ

2

)
1 − β2

2 − 3γ 2

4
αγ

2 0

− βγ

2
√

2
αγ

2
γ 2

4 0

0 0 0 γ 2

4

⎞
⎟⎟⎟⎟⎠

in the basis {|S↑〉, |0↑〉, |2↑〉, |T↑〉}, which is described in
Table III.

No simple expression could be obtained in this case for
the entropy of entanglement in terms of the GS wave function
coefficients.

Figure 6 presents the entanglement entropy for the two
partitions considered in the limit of large interaction. For
symmetric interactions (Ua = Ub = Uab = U → ∞) and hy-
bridizations (Va = Vb), we trivially have S↑ ≡ S⇑. The entan-
glement entropy is asymmetric with respect to the n = 1 axis 3

where it presents a cusp [see Eq. (16)]. For finite values of U

(not shown), the cusp is rounded and S(n) presents a maximum
at n ∼ 1 as in the L → ∞ case. In the large-interaction
limit, the entropy preserves the spin-pseudospin symmetry
for n � 1 when the symmetry of the parameters is broken
Ua,Ub > Uab [see Fig. 6(a)] or Va = Vb [see Fig. 6(b)]. This
can be readily seen analyzing the entanglement entropy of
the ground-state wave function of Eq. (A2) when the double
occupation is suppressed and γ = 0. For n > 1 in the same
limit, the different doubly occupied states have a different
amplitude in the ground-state wave function, which breaks the
spin-pseudospin symmetry.

In order to analyze the symmetry of the ground-state wave
function, it is instructive to consider what happens to the states
when transformed according to a map P̂ , which exchanges spin
and pseudospin degrees of freedom, i.e., P̂ : (↑,↓) ↔ (⇑,⇓).
We detail the procedure for the singlet state in QD a (⇑), |Sa〉:

P̂ |Sa〉 = P̂
1√
2

(c†
↑⇑d

†
↓⇑ − c

†
↓⇑d

†
↑⇑)c†

↑⇓c
†
↓⇓|vac〉

= 1√
2

(c†
↑⇑d

†
↑⇓ − c

†
↑⇓d

†
↑⇑)c†

↓⇑c
†
↓⇓|vac〉

= 1√
2

(−c
†
↑⇑c

†
↓⇑d

†
↑⇓c

†
↓⇓ + c

†
↓⇑d

†
↑⇑c

†
↑⇓c

†
↓⇓)|vac〉

= 1√
2

(|↑↓, − ,↑,↓〉 − |↓,↑, − ,↑↓〉).

3To obtain occupations larger that 1, the limit ε� → −∞ needs to
be taken together with the U → ∞ limit.
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FIG. 6. Entropy of entanglement in the U → ∞ limit for the
toy model. (a) Symmetric model (Ua = Ub = Uab = U → ∞).
(b) Asymmetric interactions Uab < Ua,Ub. (c) Asymmetric hy-
bridizations Va = 0.45 and Vb = 0.25.

We use c† to denote electron-creation operators for the bath
sites, dropping the subindex 0 as there is only one for each QD.
In the second step above, we reorder creation operators so as

FIG. 7. Schemes showing the different interaction channels for
the electrons in the DQD system. The outermost levels represent bath
electrons, while innermost ones represent DQD electrons.

to have all ⇑ ones to the left. Performing a similar operation
on each of the other relevant states, we get

P̂ |0ab〉 = −|0ab〉,
P̂ |Sb〉 = 1√

2
(|↑↓, − ,↓,↑〉 − |↑,↓, − ,↑↓〉),

P̂ |Sab〉 = −1

2
(|↑,↓,↑,↓〉 + |↓,↑,↓,↑〉

+ | − ,↑↓, − ,↑↓〉 + |↑↓, − ,↑↓,−〉).
The state with no electrons in the DQD is trivially invariant
(it only changes sign), whereas |Sa〉, |Sb〉 and |Sab〉 are not.
However, it is straightforward to realize that the combination
|Sa〉 + |Sb〉 is indeed invariant: P̂ (|Sa〉 + |Sb〉) = −(|Sa〉 +
|Sb〉). As a consequence, a finite amplitude of the state |Sab〉
in the ground state will lead to a spin-pseudospin symmetry
breaking, unless the states with a double occupancy on a single
QD have the same amplitude.

Finally, in Fig. 7, we present the interaction and coupling
channels of the DQD for a partition in spin [Fig. 7 (a)]
and pseudospin [Fig. 7 (b)] sectors. In the case where Ui >

Uab, electrons in the DQD can be thought as interacting
through a symmetric coulombian interaction Uab, plus an
antiferromagnetic-like term between the pseudospin degrees
of freedom with coupling constant Ui − Uab, which increases
correlations and thus entanglement for the H↑ ⊗ H↓ partition.
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Microfluidic manipulation 
of magnetic flux domains in 
type-I superconductors: droplet 
formation, fusion and fission
G. R. Berdiyorov1, M. V. Milošević2, A. D. Hernández-Nieves3, F. M. Peeters2 & D. Domínguez  3

The magnetic flux domains in the intermediate state of type-I superconductors are known to resemble 
fluid droplets, and their dynamics in applied electric current is often cartooned as a “dripping faucet”. 
Here we show, using the time-depended Ginzburg-Landau simulations, that microfluidic principles hold 
also for the determination of the size of the magnetic flux-droplet as a function of the applied current, 
as well as for the merger or splitting of those droplets in the presence of the nanoengineered obstacles 
for droplet motion. Differently from fluids, the flux-droplets in superconductors are quantized and 
dissipative objects, and their pinning/depinning, nucleation, and splitting occur in a discretized form, all 
traceable in the voltage measured across the sample. At larger applied currents, we demonstrate how 
obstacles can cause branching of laminar flux streams or their transformation into mobile droplets, as 
readily observed in experiments.

Moving superconducting vortices are known to be the main source for energy dissipation in current-carrying 
type-II superconductors, limiting their large scale energy-related applications. For that reason, much attention 
has been given in the past to hampering vortex motion by introducing arrays of artificial pinning centers in 
superconductors, nanoengineered in size and geometry for optimal vortex pinning and enhancement of maximal 
sustainable magnetic field and electric current in the superconducting state1–17. Pinning is also of importance in 
type-I superconductors, for example in defining the structure of the intermediate state (IS)18,19, which is a very 
rich study object and has received a revival of interest in recent years20–32. Contrary to type-II superconductors, 
the competition between the interface energy (that favors the formation of large normal domains) and the mag-
netic energy (that tends to form small normal domains) results in the formation of different spatially modulated 
IS structures in type-I superconductors23,30. There, flux tubes and lamellae are the most encountered shapes18–20, 
formation of which strongly depends on the size and shape of the samples22–24, as well as on the magnetic history 
of the system18,19.

Unlike Abrikosov vortices in type-II superconductors, each carrying a single flux quantum Φ0 = hc/2e33,34, flux 
droplets in type-I superconductors may contain hundreds of flux quanta and are considered as building blocks 
for the IS flux patterns35,36. When driven by applied current, these flux structures can undergo different dynamic 
phases, where the motion of droplets can be periodic (with single or multiple periods) as well as chaotic21. Recent 
numerical simulations revealed that type-I flux droplets are always decomposed into singly-quantized fluxoids 
during dynamic interactions, reaffirming that one flux quantum is the smallest and fundamental building block 
of the IS in type-I superconductors25. Stationary flux droplets in type-I superconductors, with sizes down to singly 
quantized vortices, have been recently visualized in thick Pb films by scanning Hall probe microscopy30.

An important degree of complexity (and possibilities) is added to the problem when effect of pinning centers 
is considered, where, in addition to long-range repulsive magnetic interaction between the flux domains and the 
short-range attractive force due to interfacial tension, the interaction of the flux structures with the underlaying 
pinning landscape should be taken into account. To date, no theoretical study has addressed the response of 
type-I superconductors with artificial pinning centers to external electric and magnetic fields. In this context, 
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of particular interest is the effect of such pinning centers on the topological transformations reported in recent 
experiments18,19,36. Furthermore, one wonders to which extent the flux droplets can be manipulated in the pres-
ence of pinning, possibly merged or split, using the nanoengineered pinning. In that respect, the experience of 
microfluidic community is very valuable, where similar manipulation of liquid droplets is of main interest37. In 
microfludic devices, the pressure gradient takes the role of the Lorentz force in superconductors. At the same 
time, the interaction of the droplets with obstacles is expected to be similar in the two (very remote) systems, due 
to the finite surface tension of the droplets, their ability to deform under hydrodynamic forcing, and pinch-off due 
to Rayleigh instability38 and pinning/depinning inertial deformations.

Therefore, in this work we explore the basic dynamics of IS flux structures in a current-carrying type-I super-
conducting slab, with one inclusion to serve as an obstacle for flux motion, as depicted in Fig. 1. For this pur-
pose, we employ the time-dependent Ginzburg-Landau (TDGL) theory, which is the most suitable approach to 
describe the dynamics of the IS, taking into account the internal structure and elastic deformations of the flux 
domains25,39,40. Contrary to previous approaches available in the literature where domains were considered as 
singly-connected objects41–44, in our analysis the IS flux structures are allowed to dynamically decompose or 
merge due to encountered interactions in the sample25. We show that regardless of the size and the shape (tubular 
or laminar) of the domains, both their pinning and depinning processes at a trapping site occur in a discretized 
form with a single fluxoid at a time. Nevertheless, in terms of formation and manipulation of flux droplets, their 
merger and splitting, we show that the basic principles of microfludific passive fusion and fission can be success-
fully used. Just as size and manipulation of droplets in microfluidics is important for pharmaceutic applications, 
the one in type-I superconductors is applicable in hybrid devices where droplets are the localized sources of mag-
netic field that can e.g. trap and entangle spin and charge textures (see e.g. ref.45 and citing papers).

Results
Generation of flux droplets. In theory of superconductivity, the mechanism of flux entry is well stud-
ied46–48. In type-II superconductors, the conditions for vortex nucleation are reached at the sample edges when the 
velocity of the superconducting condensate there exceeds its critical value in increasing magnetic field. In type-I 
superconductors, the normal domains also nucleate at the sample edges, when the local magnetic field there 
exceeds the thermodynamic magnetic field Hc. The minimal size of the created flux droplet in the sample is the 
one whose stray magnetic field reduces the field at the edge back below Hc. In the presence of the applied electric 
current along the edges, as in our present case, the value of the current is directly related to the field at the sample 
edge, and hence dictates the size of the induced flux droplets. In addition, one can add a surface defect on the 
sample edge, where due to current crowding49 the local field conditions are changed50,51. In that case, the droplets 
nucleate exactly at the defect, and their size is controlled by the defect size. Therefore, in the present work, in order 
to facilitate the control of the nucleation and to further follow-up the flux droplets, we included an artificial defect 
of radius r at the edge for all simulations, where we consider that superconductivity is entirely suppressed (we take 
that the working temperature equals the critical temperature in the defect, see Fig. 1; this corresponds to setting 
the Tc-nonuniformity coefficient f(x, y) = 0 inside the defect, see Methods). All results presented here are obtained 
without externally applied magnetic field.

As we showed in our previous work25, for sufficient applied current the flux penetrates the sample as 
singly-quantized vortices (as in the case of type-II superconductors) and the flux droplet is formed only at a dis-
tance ~10ξ inside the sample44. Figure 2 shows the dependence of the size of the flux droplet, upon pinch-off from 
the sample edge, as a function of the applied current and the size of the edge defect (for other parameters fixed as 
given in Sec. II). In other words, the defect acts exactly as a nozzle through which normal “fluid” is injected in the 
sample, whereas the applied current corresponds to the velocity of the superconducting “fluid” in the orthogonal 
direction. This cartoon is fully analogous to the pinching-off of a droplet at the end of the orifice of a capillary52, 
where applied current generates the magnetic field to create the droplet, and plays the role of gravity (i.e. deter-
mines the incoming stream), whereas the superconducting condensate provides the shearing force to ultimately 
cause droplet pinch-off. The size of the droplet is determined by the balance of the shearing and the interfacial 
forces, where latter depends also on the size of the orifice - in the present case, the size of the defect for the entry of 

Figure 1. The considered system: a current-carrying superconducting slab (dimensions w × L × d) with an edge 
defect (radius r) and with a weakly (strongly) superconducting inclusion (depicted as circular with radius R) 
with critical temperature Tc1 < Tc (Tc1 > Tc).
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flux droplets. As discussed above, flux droplets in superconductors are quantized objects, and for larger currents 
droplet formation becomes unfavorable - instead, a moving chain of singly-quantized vortices is formed, eventu-
ally turning into a continuous flow of the normal “fluid”.

Droplet pinning. In what follows, we consider the interaction of the flux droplets with a nano-engineered 
pinning center or obstacle inside the sample. First we consider the case when the engineered center for drop-
let manipulation has a smaller critical temperature Tc1 < Tc (i.e., f(x, y) < 1), acting as a pinning center for the 
incoming IS flux domains. Thick curve in the main panel of Fig. 3 shows the voltage vs. time characteristics of 
the sample with dimensions 64ξ × 64ξ × 12ξ and the GL parameter κ = 0.4 at j = 0.246j0 (please see Methods for 
definition of all units) for the size of the pinning center R = 3ξ and the nonuniformity coefficient f(x, y) = 0 there. 
At this value of the applied current the surface magnetic field exceeds the thermodynamic one near the surface 
defect, so that normal domains start nucleating, in this particular case, in the form of a “train” of flux droplets of 
same size (see panel 1)53. As we showed in our previous work25, flux penetrates the sample as singly-quantized 
vortices (as in the case of type-II superconductors) and the flux droplet is formed only at a distance ~10ξ inside 
the sample (panel 3)44. The same discretization process occurs during the expulsion of the flux droplet from the 
sample (see panels 4 and 5 of Fig. 3).

Both the penetration and the expulsion processes reflect in strong oscillations in the voltage signal across the 
sample, as discussed above25. To exclude such oscillations and focus only on the voltage response of the sample 
to the flux pinning and depinning in the central circular reservoir, we calculated the voltage signal in the area 
between w/4 and 3w/4 (shown in Fig. 3), thereby excluding the signal coming from the entrance and exit of 
vortices at the sample boundary. We find that the pinning of a flux droplet also occurs in a discretized form - one 
single flux quantum at a time (see panels 2 and 3 of Fig. 3) - leaving clear oscillatory traces in the local V(t) curve. 
Notice that the number of sequential voltage peaks exactly matches the size of the flux droplet (8 flux quanta in 
this particular case, c.f. with number of oscillatory peaks in the thin red curve in Fig. 3). After entire droplet is 
inside the pinning reservoir, a pronounced minimum develops in the voltage-time curve.

With time, the flux is depinned from the defect, again in a discretized form (see panel 4). Each individual 
vortex exit results in a visible feature in the differential voltage dV/dt (thin red curve in Fig. 3). Note that these 
features are observed on the background of increasing voltage, which is due to the motion of the new incoming 
flux droplet in the detection area (panel 5). The depinned single vortices merge into a droplet due to their positive 
interface energy (panel 5), and the final “break-off ” of the domain takes place at the distance ~10ξ away from the 
defect, as in the case of flux penetration at the sample boundary. Resulting flux droplet is further driven by the 
Lorentz force and the voltage increases with time until the next droplet approaches the pinning center and the 
entire process repeats (see animated data of the time evolution of the Cooper-pair density in the Supplementary 
Video 1, showing the Φ0-discretized pinning and depinning of flux tubes by the defect). Notice that Fig. 3 shows 
just one period of the voltage oscillations.

We here emphasize that the droplet contains the same number of flux quanta (in this particular case 8) before 
pinning and after depinning. This is driven by the long-range magnetic interaction between the droplets, requir-
ing the uniformity of the “train” of moving droplets in the dynamic equilibrium. To illustrate this further, Fig. 4 
shows the results for larger applied current, where tube formation is no longer energetically favorable and an 
elongated flux domain is formed. Due to its discrete dynamics, instead of the elongated IS stripe we observe a 
nearly continuous flow of single vortices towards the pinning reservoir (see panels 1 and 2 in Fig. 4). The flux fills 
the reservoir up to the “saturation” of the pinning center is reached (in this particular case 12Φ0), which also takes 
place in Φ0 discretized form (see associated voltage oscillations and the Supplementary Video 2 for animated data 
corresponding to Fig. 4). The voltage becomes entirely periodic at later time where each peak corresponds to 
consecutive single-flux quantum pinning and depinning. With further increasing current, the scenario remains 
unchanged, except for increasing frequency of the processes and the measured voltage.

Droplet fusion. As a next step, we employ the accummulated knowledge about flux droplets to achieve flux 
accummulation and droplet fusion, referring again to the known principles of microfluidics. For that, we reverse 
engineer the pinning site, to make it act as a cummulative barrier for incoming flux droplets. For that, we employ 

Figure 2. The size of the nucleated flux droplet (in units of flux quanta Φ0) as a function of the applied current 
density j and the radius of the edge defect r. Other parameters are κ = 0.4, L = w = 64ξ, and d = 12ξ (c.f. Fig. 1). 
Nonuniformity coefficient f(x, y) is set to zero inside the defect. Lower κ and larger d increase the size of the 
droplets, but reduce the range of current in which discrete droplets are formed.
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defects which interact with the flux droplets repulsively, i.e., having Tc1 > Tc (f(x, y) > 1). Such “anti-pinning” 
centers in superconductors can also be made geometrically, as pillars54 or using out-of-plane magnetized mag-
netic dots, when the applied field is antiparallel to the magnetic moment of the dots (see, e.g., refs55–59).

In particular, we use two “faucets” for incoming droplets, where size of the formed droplets for given applied 
current can be tuned by the size of the edge defect according to Fig. 2. In the path of those moving droplets, we 
make a repulsive wedge of a material with higher Tc, that prevents further motion of droplets and guides them 
towards merger at the tip of the wedge. As shown in Fig. 5, this indeed works, and flux “liquid” accumulates in 
the wedge before the new droplets start to leak out at the tip of the wedge. In this particular example, the newly 
formed droplets contained 11Φ0 compared to initial 7Φ0. The size of the initial droplets can be tuned as already 
explained, and the size of the merged droplets will depend on the chosen Tc and precise shape of the barrier. 
This and similar geometries are readily used in microfluidics for passive mixing of droplets of different liquids. 
We again emphasize that in our system droplets are not entirely passive, due to long-range magnetic repulsion. 
Moreover, our droplets are quantized objects, and all interactions (however fast) are realized one flux quantum 
at a time.

Droplet fission. In what follows, we find further use of repulsive barriers for flux droplets, but with an oppo-
site intention compared to the previous example. Namely, contrary to droplet fusion, we will attempt to break the 
flux droplets by their interaction with a repulsive defect in their path of motion.

As a representative example, we show in Fig. 6 the voltage vs. time characteristics of the sample (dimensions 
64ξ × 64ξ × 12ξ) with a repulsive defect of radius R = 1ξ and nonuniformity coefficient f(x, y) = 2 in the middle of 
the sample. For the used applied current density j = 0.246j0, a train of flux droplets is formed at the surface defect 
(r = 2.5ξ and f(x, y) = 0) and the measured voltage shows periodic oscillations in time due to periodic entry of 
flux droplets into the detection area (panel 1). When the droplet reaches the defect, it stops and laterally splits 
in smaller (singly-quantized) units, in attempt to circumvent the defect. Eventually, in this particular case, two 
new droplets with equal number of flux quanta are formed, continuing their motion in two separate paths left 
and right of the defect (see panels 2–4 in Fig. 6). Supplementary Video 4 directly showplays the dynamics of this 
splitting process. The splitting leaves clear traces in oscillatory features of the dV/dt curve (see the inset in the 

Figure 3. Voltage signal calculated near the pinning center (from L/4 to 3L/4) vs. time (V(t), thick black curve) 
and differential voltage-time (dV/dt, thin red curve, referred to right axis) characteristics of the sample (κ = 0.4, 
L = w = 64ξ, d = 12ξ, defects size r = 2.5ξ) for R = 3ξ and f(x, y) = 0. The applied current density is j = 0.246j0. 
Panels 1–5 show snapshots of the Cooper-pair density (in logarithmic scale) at time intervals indicated in the 
main panel, where the edge of the pinning center is shown by a white circle. The arrow in panel 1 indicates the 
direction of motion of flux droplets.
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main panel of Fig. 6), with sharp peaks corresponding to initial Φ0-splitting, a dip at the time of formation of two 
new droplets (points 3–4) and a noticeable plateau in the V(t) curve once those droplets continue their motion 
away from the defect (point 5). We found that for here used value of the Tc-nonuniformity coefficient (f(x, y) = 2), 
the tubes can circumvent the defect without splitting only when the radius of the defect is very small, i.e. R < 1ξ.

With further increase of the applied current, the flux enters the sample at a larger pace and flows in the lam-
inar formation, as shown in Fig. 7(a,b) [where we plot snapshots of the Cooper-pair density distribution in the 
same system, but for current values j = 0.29j0 (a) and j = 0.319j0 (b)]. When this normal strip reaches the defect it 
evolves into equal size and equally spaced droplets [see Fig. 7(a)]. Voltage response of the system in this regime 
is similar to the one shown in Fig. 4. Note that similar tubular phase is expected as the equilibrium pattern of the 
IS in the absence of driving current18,19. At higher driving forces, no such topological transformation takes place 
and only branching of laminar structures is observed, as shown in Fig. 7(b). The newly formed lamelae after the 
splitting contain less flux, hence their discrete nature may become more visible [as is the case in Fig. 7(b)].

Obviously, in the previous case we considered an ideallly symmetric situation, unattainable in any real sample. 
To address the effect of misalignment between the nucleation point of the flux droplet and the repulsive defect in 
their path of motion, we conducted simulations for the case when the defect is shifted by a small distance dx par-
allel to the applied current. Figure 7(c,d) show snapshots of the domain splitting for dx = 1ξ (c) and dx = 2ξ (d). It 
turns out that such a small displacement of the defect results in considerable changes in the evolution of the flux 
droplets: we observed a clearly asymmetric topological transformations of the laminar structures to combination 

Figure 4. The same as in Fig. 3 but for a larger applied current density j = 0.275j0.

Figure 5. The sequence of snapshots of Cooper-pair density (taken at intervals of 103tGL), showing the fusion 
of droplets (of 7Φ0 each) generated at two faucets of radius 2.5ξ (with applied current density j = 0.24j0) and 
collected in a funnel of higher Tc [f(x, y) = 1.5]. The larger droplets (of 11Φ0 each) are periodically leaking out of 
the funnel. The full sequence of animated data is shown in Supplementary Video 3.
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of tubular and laminar phases [see Fig. 7(c,d)]. In practice, by varying dx between 0 and 2.8ξ at current j = 0.29j0, 
we could pinch off droplets of any size between 1 and 11Φ0 from the otherwise laminar shape of flux flow (see 
Supplementary Video 5 for direct visualization of pinching of flux droplets from the laminar flow, corresponding 
to Fig. 7).

Thus, repulsive defects in type-I superconductors can very effectively split flux droplets into smaller ones, con-
vert the laminar structures into mobile tubular droplets, or split off droplets of arbitrary size from the laminar flux 
flow. These processes are analogous to passive manipulation of liquids in microfluidics, especially splitting of 
confined droplets at microfluidic junctions. Branching of the laminar normal domains in type-I superconduc-
tors is readily observed in the experiment (see, e.g., ref.60). We note once more that in superconductors all these 
processes are always discretized in individual vortices, and long-range magnetic interactions always play a role.

Discussion
Droplet microfluidics is a well established field of manipulation of discrete fluid packets, essentially based on four 
major unit operations: droplet fusion, droplet fission, mixing in droplets, and droplet sorting. Each of these oper-
ations comes with challenges, thoroughly analyzed in related literature. In this paper, we point out the well-known 
fact that normal domains in the intermediate state of a type-I superconductor exhibit many analogies to fluid 
packets. We have principally focused on geometry-mediated passive interaction of droplets, to give only few 
examples of successful manipulation of magnetic flux domains in a type-I superconductor.

First we have discussed how the size of the edge defect in the presence of applied current plays the role of an 
orifice for injecting fluid droplets in the flow of another fluid. The span of realized droplet sizes as a function of 
the defect size and the applied current (shown in Fig. 2) can be further enlarged by e.g. applied magnetic field, or 
an adjusted shape of the edge (we considered a defect on a straight edge, whereas a concave shape of the sample 
would foster current crowding49, hence larger edge currents for the weaker applied one).

When it comes to droplet fusion in microfluidics, although it may seem straightforward, there is one key 
challenge involved in this process. Namely, in order for droplets to fuse, they must achieve temporal and spatial 
synchronization. In microfluidics, creative strategies have to be employed to synchronize droplets prior to fusion, 
both for passive and active droplet fusion systems. In superconductivity, synchronization of moving droplets of 
flux is not a challenge, it is a property directly achieved in the dynamic equilibrium. As a first step, we have shown 
that a pinning center of significant size (created by suppressed critical temperature, and/or blind hole, and/or 
magnetic dot on top) can act as a reservoir for accumulation of flux, in which droplets can be intermittently added 
and released. However, the synchronization of the droplets, enhanced by their long-range magnetic repulsion, 
leads to exactly same size of droplets going into and out of the reservoir. Still, this property is potentially useful for 

Figure 6. V(t) (thick black) and dV/dt (thin red) curves of the sample with dimensions 64ξ × 64ξ × 12ξ with 
a repulsive defect (f(x, y) = 2) of radius R = 1ξ for the applied current density j = 0.246j0. Panels 1–5 show the 
evolution of the intermediate state through the contourplots of |ψ|2 at time intervals indicated in the main panel.
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mixing (and possible entanglement) of the “information” carried by flux droplets, for example the confined spins 
in a DMS film underneath or on top of the superconductor45.

Further in the discussion of droplet fusion, we focused on the geometry-mediated passive microfluidic tech-
niques. As a representative example, we chose to merge two channels of moving droplets by interaction with a 
nanoengineered “wall” in the shape of a funnel (e.g. region with higher Tc, magnetic dot of an opposite polarity, 
geometrically higher barrier made of the same material, or similar). Here the size of both initial droplets is tun-
able (as explained above), and the resulting droplets depend on the properties and geometry of the funnel. This 
geometry-based manipulation is relatively easily scalable, and such carefully designed droplet operations allow 
for the multiplexing of a large number of droplets to enable complex assays fully analogous to ones used in biol-
ogy and chemistry.

Droplet splitting is a reversed process, where we used an obstacle smaller than the droplet to split it in smaller 
ones. In e.g. ref.61, a microfluidic design for droplet splitting was proposed, where a large post near the middle of 
a microfluidic channel was used to induce droplet fission. By adjusting the position of this post in the microchan-
nel, the ratio of sizes of daughter droplets can be changed. We have performed similar simulations, where the size 
of daughter droplets was tuned by shifting the obstacle with respect to the incoming flux flow. Here we went a step 
further, allowing for the nearly continuous flux flow in a shape of a lamella (basically a fully open “faucet”) from 
which droplets of arbitrary size can be detached by choosing the appropriate size and position of the obstacle.

As a major difference from microfluidic principles, flux droplets in type-I superconductors always interact in 
the form of singly-quantized vortices. All dynamical processes are Φ0-discretized, including entry (formation) of 
droplets at the sample edge, the subdivision of tubular configurations, conversion of lamellae into tubular phases, 
as well as branching of laminar patterns. Still, we hope that shown analogies will prove useful in understanding 
formation of flux patterns (in and out of equilibrium) often similar to those observed in various biological and 
physico-chemical systems62, but with underlying quantized nature bound to produce exciting differences.

Figure 7. Snapshots of the Cooper-pair density in the sample of Fig. 6 at j = 0.29j0 (a) and j = 0.319j0 (b–d) at 
t = 30000tGL. The defect is located in the middle of the sample (a,b) and it is shifted by 1ξ (c) and 2ξ (d) in the 
-x-direction (i.e., in the direction of applied current).
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Methods
We perform numerical simulations on a current-carrying type-I superconducting slab with dimensions L × w × d 
(see Fig. 1), with nanoengineered defects of arbitrary shape - areas still superconducting but with critical temper-
ature Tc1 ≠ Tc. For this system we solved the standard TDGL equations:

ψ ψ ψ ψ∂
∂

= ∇ − + −u
t

i f x yA( ) ( ( , ) ) , (1)
2 2

κ ψ ψ= − ∇ − −
∂
∂

≡⁎ i
t

A A A Jrot rot Re[ ( ) ] , (2)
2

where the spatially-dependent parameter f(x, y) = (1 − T/Tc1(x, y))/(1 − T/Tc) accounts for the Tc-nonuniformity 
in the system: for f(x, y) < 1 (i.e., Tc1 < Tc) superconductivity is suppressed inside the defect (consequently it 
attracts the magnetic flux), whereas in the case of f(x, y) > 1 the defect is strongly superconducting (and interacts 
repulsively with the flux). This approach has been used previously to describe both static63 and dynamic64 prop-
erties of type-II superconductors with weakly superconducting inclusions. In Eqs (1 and 2), distance is scaled to 
the coherence length ξ(T), the vector potential A is in units of Φ0/2πξ(T), time is in units of the GL relaxation 
time tGL = πħ/8kB(Tc − T)u, and voltage is scaled to ϕ0 = ħ/2etGL. Current density J is in units of j0 = cΦ0/(8π2λ2ξ). 
The material parameter u, which characterizes the ratio of the relaxation times of the phase and the amplitude of 
the order parameter ψ) is taken as u = 5.6 (Our conclusions are actually independent of the chosen value of u). 
Since our sample is thin enough to disallow vertical “branching” of domains (i.e., d  800(ξ-λ)65) both ψ and J 
may be averaged over the sample thickness22.

The magnetic screening is calculated via the inductance Bz = rot(A)|z (see ref.22 and references therein):

∫= = ′ ′ ′B z
c

Q g dr r r r r( , 0) 1 ( , ) ( ) , (3)z
2

where the scalar function g(r) is defined through = ∇ × ˆgJ r z r( ) ( ) and the kernel Q is chosen as 
πδ= − +Q d dr r R( ) 4 ( ) /[ /4]2 2 3/222. The boundary conditions (BC) are ψ∇ − =⊥iA( ) 0 and g = 0. The trans-

port current is introduced in the system through the BC setting the vector potential, rot A|z(y = 0, L) = ±HI, 
where HI ≈ 2πI/c is the magnetic field induced by the injected current I66. We solved Eqs (1–3) numerically, 
always starting from the fully superconducting state (i.e., |ψ| = 1). Subsequently we increased the current linearly 
over the time interval Δt = 200tGL, from zero to its desired value, and then conducted simulations until the 
dynamically stable state was reached (typically up to total simulation time of 2 × 104tGL). The equations are solved 
self-consistently, in a centered time-difference scheme, with spatial grid discretization of 0.1ξ and a time step of 
10−4tGL. Such a small time step is necessary to ensure convergence of the system of equations in the presence of a 
strong self-induced field (as is the case in type-I superconductors) and fast moving flux domains (see e.g. ref.67).
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PACS 71.15.Mb – Density functional theory, local density approximation, gradient
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Abstract – It is shown here that the exact-exchange (EE) formalism provides a natural and
rigorous approach for a density functional theory (DFT) of the integer quantum Hall effect (IQHE).
Application of a novel EE method to a quasi–two-dimensional electron gas (q2DEG) subjected to
a perpendicular magnetic field leads to the following main findings. i) the microscopic exchange
energy functional of the IQHE has been obtained, whose main feature being that it minimizes
with a discontinuous derivative at every integer filling factor ν; ii) an analytical solution is found
for the magnetic-field dependent EE potential, in the one-subband regime; iii) as a consequence of
i), the EE potential display sharp discontinuities at every integer ν; and iv) the widely used local
spin density approximation (LSDA) is strongly violated for filling factors close to integer values.

Copyright c© EPLA, 2017

Introduction. – Density functional theory (DFT) is
one of the most used computational tools for the theo-
retical study of inhomogeneous interacting systems such
as atoms, molecules, and solids [1]. In its Kohn-Sham
(KS) implementation, the real interacting electronic sys-
tem is rigorously mapped into an auxiliary non-interacting
system, where all the interactions are included in an ef-
fective single-particle potential, the spin-dependent KS
potential vσKS(r). The crucial ingredient of this poten-
tial is its exchange-correlation (xc) contribution, that is
obtained from the xc energy functional Exc[ρ(r)], with
ρ(r) = ρ↑(r) + ρ↓(r) being the electronic density. While
it is usually stated that Exc is unknown, this is not fully
correct: Exc can be split in its exchange (Ex) and cor-
relation (Ec) contributions, being only the latter the one
that is really unknown. From the exact Fock expression
for Ex one may obtain the corresponding exact-exchange
(EE) local potential, to be used in the KS effective
single-particle equations [2,3]. Along the years, many ad-
vantages of the EE formalism have been addressed. To
quote just a few: correct asymptotic behavior of vσKS(r)
for atoms and molecules [2], and for solid surfaces [4],

complete cancellation of the self-interaction error between
the Hartree energy and conventional density-based ap-
proximations for the exchange energy [3], and considerable
improvement of the KS gaps of semiconductors [5]. The
EE method also provides a natural solution to the hard
problem that represent electronic systems of reduced di-
mensionality. Differently from the usual functionals based
on local density approximations, in the EE scheme Ex is
an explicit functional of the KS orbitals, thus dimensional-
ity of the system is automatically and rigorously included.
A good example of this is the great improvement achieved
in the computation of many-body effects on the elec-
tronic properties of quasi–two-dimensional electron gases
(q2DEG) using either the EE formalism [6,7] or the more
elaborate optimized effective potential (OEP) method,
where correlation effects are also computed through an
orbital-dependent Ec energy functional [8,9].
Possible generalizations of the DFT formalism to the

high magnetic field regime of the fractional quantum Hall
effect (FQHE) have been proposed by Ferconi, Geller and
Vignale [10] and by Heinonen, Lubin, and Johnson [11].
The inherent fractional filling factors ν needed for the
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Fig. 1: (Colour online) Schematic view of the q2DEG for a
GaAs quantum well of width d = 240 Å, and symmetric delta-
doping layers on the AlxGa1−xAs barriers. vσKS(z) is the self-
consistent KS potential, εσi,n are the broadened Landau levels,
and ΔEz is the Zeeman splitting. Only the ground-state sub-
band i = 1 is occupied.

FQHE were generated in the first case by appealing to
a finite-temperature DFT formalism, and through an en-
semble DFT scheme in the second case. In both works,
a suitable ad hoc Exc(ν) with slope discontinuities at the
main fractional ν’s was generated. Very recently, a new
DFT formalism for the FQHE has been presented, based
on the composite-fermion description of the FQHE [12].

Detailed Hartree-Fock calculations [13–16] have estab-
lished a classification of the ferromagnetic regimes within
the integer quantum Hall effect (IQHE). Notably, the
application of DFT methods to this regime has been
much less considered and limited to local density approx-
imations [17,18], or solutions in limiting regimes [19,20].
A possible reason for this is that the experiments within
the IQHE [21–31] are usually satisfactorily explained by
effective non-interacting models that capture the correct
physics of fully filled Landau levels in terms of effective
g-factors [22], plus phenomenological descriptions of the
localization effects induced by disorder [32]. While this is
in principle correct as far as the correlation effect is con-
cerned, we show here that exchange interactions modify
considerably the single-particle description of the IQHE.
These are particularly relevant at the crossings of Landau
levels, where ferromagnetic phase transitions occur. The
EE formalism presented here is ideally suited for achiev-
ing this goal. The present DFT-EE scheme is formulated
in a way that can be applied to any electronic system
with translational symmetry in a plane. In particular, to
a q2DEG confined in a semiconductor quantum well with
modulation- or delta-doped barriers, and with a magnetic
field B applied along the perpendicular to the plane, as
shown schematically in fig. 1.

Kohn-Sham formulation. – Within the KS formula-
tion of DFT, the 3D spin(σ)-dependent KS orbitals of the
present system in the Landau gauge may be factorized as
Ψσ

i,n,k(x, y, z) = φn(x)e
ikyλσ

i (z)/
√
L, where

φn(x) =

exp

[
− (x−l2Bk)

2

2l2B

]

[
√
π lB 2n (n!)]

1/2
Hn

(
x − l2Bk

lB

)
, (1)

and the λσ
i (z) are the self-consistent solutions of the effec-

tive one-dimensional KS equations

[
−1

2

∂2

∂z2
+ vσKS(z)

]
λσ
i (z) = γσ

i (ν) λ
σ
i (z), (2)

in effective atomic units (effective Bohr radius a∗0 =
ǫh̄2/e2m∗, and effective Hartree Ha∗ = m∗e4/ǫ2h̄2).
The full 3D eigenvalues associated with Ψσ

i,n,k(x, y, z)
are given by εσi,n(ν) = γσ

i (ν) + (n + 1/2)h̄ωc/Ha∗ −
|g|μBBs(σ)/(2Ha∗). Here ωc = eB/m∗c is the cyclotron
frequency, and the last term is the Zeeman coupling, with
s(↑) = +1, and s(↓) = −1. The set of energy lev-
els εσi,n(ν) are the Landau levels (LL) of the q2DEG.
Each LL is represented by a Gaussian density of states
(DOS) of half-width Γ (see fig. 1), that represents the
disorder effects from charged impurities, interface defects,
etc. [33,34]. Hn(x) are the n-th Hermite polynomials, and
n (= 0, 1, 2, . . .) is the orbital quantum number index. k is
the one-dimensional wave vector label that distinguishes
states within a given LL, each with a degeneracy Nφ =
AB/Φ0. A is the area of the q2DEG in the x-y plane,
B is the magnetic field strength in the z-direction, and
Φ0 = ch/e is the magnetic flux number. lB =

√
ch̄/eB/a∗0

is the magnetic length. ν = N/Nφ is the dimensionless
filling factor, with N being the total number of electrons.
The λσ

i (z) are the self-consistent KS eigenfunctions for
electrons in subband i (= 1, 2, . . .), spin σ (=↑, ↓) and
eigenvalue γσ

i (ν). The spin-dependent KS potential is the
sum of three contributions: vσKS = vext(z)+vH(z)+vσxc(z).
vext(z) represents the epitaxial potential plus the external
fields (in the present case the electric field generated by the
delta-doping layers). vH(z) is the classical Hartree poten-
tial. vσxc(z) is the local exchange-correlation (xc) potential
to be defined below.
The xc potential can be further split in the form

vσxc(z) = vσx (z) + vσc (z). In the following we shall con-
sider only its exchange contribution, assuming that corre-
lation effects are negligible for ν’s around integer values
(IQHE), since the phase-space blocking situation of a set
of full Landau levels precludes the existence of low-energy
correlation-induced effects. In other words, as the num-
ber of electrons on the LL’s is close to its full occupa-
tion, only a few Slater determinants would contribute to
the wave function, thus the exchange energy dominates
over the correlation effects. This amounts to the “exact-
exchange” characterization of the present computational
approach.
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Exact exchange at finite magnetic field. – The ex-
act 3D Fock expression for the exchange energy is given by

Ex = −
∑

a,b,σ

fσ
a f

σ
b

×
∫

d3r

∫
d3r′

Ψσ
a(r)

∗Ψσ
b (r

′)∗Ψσ
b (r)Ψ

σ
a(r

′)
2 |r − r′| , (3)

with fσ
a , f

σ
b being the finite temperature weights, taking

values between 0 and 1. Substituting the eigenfunctions
Ψσ

i,n,k(r) in eq. (3) and using the quasi-2D Fourier repre-
sentation of the Coulomb interaction [34], we obtain

Ex = −Nφ

2lB

∑

i,j,σ

∫
dz

∫
dz′ λσ

i (z)λ
σ
i (z

′)λσ
j (z)λ

σ
j (z

′)

×
∑

n,m

n2D
i,n,σn

2D
j,m,σI

m
n (z − z′). (4)

Here n2D
i,n,σ =

∫
g(ǫ−ǫσi,n)fFD(ǫ)dǫ is the occupation factor

of a LL labeled by i, n, σ. fFD(ǫ) = [1 + e(ǫ−μ)/(kBT )]−1 is
the Fermi-Dirac distribution function, and μ is the chem-
ical potential. g(ǫ) is the DOS normalized to 1, so that
0 ≤ n2D

i,n,σ ≤ 1. Under these conditions,
∑

i,n,σ n
2D
i,n,σ = ν

is constant and defines μ. Finally,

Imn (z − z′) =
n<!

n>!

∫ ∞

0

dx e−x2/2(x2/2)n>−n<

×
[
Ln>−n<
n< (x2/2)

]2
e−x|z−z′|/lB , (5)

as given elsewhere [16]. Here Lm
n (x) are the general-

ized Laguerre polynomials, and n< = min(n,m), n> =
max(n,m). We emphasize that eq. (4) is valid for all val-
ues of ν, either integer or fractional, which results from an
“ensemble average” defined as follows. While in a perfect
crystal the degenerate states within a LL can be labeled
by k and a delta-Dirac DOS, an average over an ensemble
of impurities and defects breaks this degeneracy, yielding
the Gaussian DOS used above. This allow us to convert
sums over the occupied k states into the integral defined
in n2D

i,n,σ.
When only the first subband i = 1 is occupied, eq. (4)

simplifies drastically to

ex(ν) =
−1

2νlB

∑

σ

〈ρσ|Sνσ
1 |ρσ〉

(νσNφ)2
, (6)

with ex = Ex/N being the exchange energy per particle1,
〈ρσ|Sνσ

1 |ρσ〉 representing integrals over z and z′ of the den-
sities ρσ(z) and ρσ(z

′) times Sνσ
1 (z − z′), and

Sνσ
1 (z − z′) =

∑

n,m

n2D
1,n,σ n2D

1,m,σ Imn (z − z′). (7)

1In ref. [19] an analytical expression for the exchange energy of a
3D electron gas subjected to a magnetic field is given, for n = 0, 1.
The physical situation is however quite different: the energy spec-
trum along z is a free-particle continuum, instead of our discrete
spectrum γσ

i ; besides, the value of n is not restricted to any partic-
ular value in eq. (6).

Here we have used that ρσ(z) = Nσ|λσ
1 (z)|2 = νσNφ ×

|λσ
1 (z)|2, and that νσ =

∑
n n

2D
1,n,σ is the spin-dependent

filling factor. Since
∫
ρσ(z)dz = νσNφ, this allows us

to define νNφ/A
∗ = (πr2s)

−1, with rs being the 2D di-
mensionless parameter that characterizes the electronic in-
plane density, andA∗ is the area in units of a∗0. Using these
relations, one obtains ν = 2(lB/rs)

2. This one-subband
(1S) regime is quite relevant both from the experimen-
tal and theoretical viewpoints. Real q2DEG are easily
driven to this regime by a suitable modulated or delta-
doping design, bias application, or by changing the width
d of the quantum well, barrier height, etc. [34]. From
the theoretical side, it was realized already some time ago
the considerable simplification one gets in the EE defining
equations at zero-magnetic field, when restricted to this
regime [6–9,35,36]. In particular, in the B = 0 1S regime
the EE potential is given by an explicit analytical expres-
sion, while in the many-subband regime i > 1 it is defined
through an integral equation that must be solved numer-
ically. As shown below, all these nice features of the 1S
regime are preserved in the IQHE situation, even for large
values of the filling factor ν.

The expression for ex(ν) may be further simplified if
we suppose that the LL broadening Γ is smaller than the
energy difference between consecutive LL’s with the same
spin (h̄ωc > Γ). Then, denoting by [νσ] the integer part
of νσ, the occupation factors are just given by

n2D
1,n,σ ≡ n2D

n,σ =

⎧
⎨
⎩

1, n < [νσ],
pσ, n = [νσ],
0, n > [νσ],

(8)

where pσ = νσ − [νσ], and 0 < pσ < 1 is the fractional
occupation factor of the more energetic occupied LL with
spin σ. This allow us to simplify the sum in eq. (7) as
follows:

Sνσ
1 (t) = aνσ (t) + 2 pσ bνσ (t) + p2σ cνσ (t), (9)

with aνσ (t) =
∑[νσ]−1

n,m=0 I
m
n (t), bνσ (t) =

∑[νσ]−1
n=0 I

[νσ]
n (t),

cνσ (t) = I
[νσ]
[νσ]

(t), and t = z − z′.
When constrained to the strict 2D limit, which amounts

to the replacement |λσ
1 (z)|2 → δ(z), eq. (6) with the Sνσ

1 (t)
as approximated in the last equation, exactly reduces to
the result for the strict 2D exchange energy for fractional
filling factors, as obtained by taking the low-temperature
limit from the finite-temperature expression for ex(ν) (see
footnote 2). Each term in eq. (9), and also then in ex(ν)
admits a transparent physical interpretation. The first
term represents the exchange energy associated with spin-
σ electrons in [νσ]− 1 fully filled LL’s. The second, linear
in pσ, corresponds to the exchange energy due to the in-
teraction between the electrons in the [νσ] LL and those in
the lower levels. The third term, proportional to p2σ, rep-
resents the exchange energy among electrons in the par-
tially occupied [νσ] LL. We note here that all numerical

2See for example eq. (10.93) in ref. [37].
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results to be presented below were obtained by using the
full expression for Sνσ

1 (t) in eq. (7); nonetheless the ap-
proximated eq. (9) is quite useful to understand the full
numerical results.
Next, we obtain the spin-dependent EE potential from

vσx (z) = δ(Nex)/δρσ(z) for the 1S case, which reads

vσx (z) =
−1

lBNφν2σ

∫
dz′ρσ(z

′)Sνσ
1 (z − z′)

− 1

2lBNφ

∫
dz

∫
dz′ρσ(z)ρσ(z

′)

× ∂
(
Sνσ
1 (z − z′)/ν2σ

)

∂γσ
1

∂γσ
1

∂ρσ(z)
, (10)

where the first (second) term comes from the explicit (im-
plicit) dependence of Ex on ρσ(z). This implicit depen-
dence is easy of understand: by changing ρσ(z), a change
in vH(z) and vσx (z) is induced through the self-consistent
solution of the KS equation, that in turn affects γσ

1 . After
some cumbersome calculations, eq. (10) becomes

vσx (z) = uσ
x (z) + ∆v

σ

x , (11)

with uσ
x (z) being the first term in eq. (10), ∆v

σ

x = ηνσ
x −

ūσ
x , ūσ

x =
∫
λσ
1 (z)

2uσ
x (z)dz, and ηνσ

x = − 〈ρσ|Sνσ
2 |ρσ〉 /

(ν2σ(Nφ)
2lB). It remains to define

Sνσ
2 (t) =

∑
n,m

(
∂n2D

n,σ/∂γ
σ
1

)
n2D
m,σ Imn (t)

∑
n

(
∂n2D

n,σ/∂γ
σ
1

) . (12)

Equations (6) and (11) are the main results of this pa-
per. Notice that eq. (11) is not invariant under a con-
stant shift vσx (z) → vσx (z) + C, since here we consider
the grand-canonical ensemble. That is, for given values
of the external parameters ν, rs, and T , the chemical
potential μ is fixed. A rigid shift in vσx (z) will induce
then a rigid shift in the KS eigenvalues γσ

i , that at con-
stant μ will modify the occupation factors n2D

n,σ, lead-
ing to a change in vσx (z). In other words, vσx (z) is fully
determined by eq. (11), and then no floating constant
should be fixed by imposing asymptotic boundary con-
ditions, as is usual for similar closed systems [35,38]. Nat-
urally, the KS equations must be solved numerically and
self-consistently: For each ν, both vH(z) and vσx (z) deter-
mine and are determined by the solutions λσ

1 (z) and γσ
1 ,

which yields the self-consistent loop. The following set
of GaAs material parameters have been used in the nu-
merical calculations: m∗ = 0.067m0, (m0 being the bare
electronic mass), ǫ = 12.85, g = −0.44, T = 340 mK,
and Γ(B) = 0.150

√
BmeV. The GaAs-AlxGa1−xAs con-

duction band barrier height has been taken as 228 meV,
which corresponds to x ≃ 0.3.

Results and discussion. – In the following we analyze
the dependence upon ν of ex(ν), and vσx (z). First, fig. 2
shows the results for the exchange energy ex(ν), as given
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Fig. 2: (Colour online) (a) Spin-dependent filling factors νσ
(left scale) and relative spin polarization Δν/ν (right scale)
for increasing values of the total filling factor ν; Δν = ν↑ − ν↓.
(b) Exchange energy per particle ex(ν) vs. ν, at fixed density
rs = 2.5. e↑x(ν) and e↓x(ν) are also shown. The straight lines
at ν = 2 and ν = 3 represents the analytical approximations
associated with the slope discontinuities of e↓x(ν) and e↑x(ν), re-
spectively. The x-LSDA results are also shown for comparison.

by eq. (6). ex(ν) approaches a constant asymptotic value
in the limit of large ν (small B limit). This is easy to
understand: as B → 0, at fixed density, electrons redis-
tribute among an increasing number of LL’s, such that the
overlap of many Gaussian DOS reaches asymptotically the
constant DOS of a q2DEG in the zero-field limit.
The oscillations of ex(ν) are however its more inter-

esting feature: At every integer value of ν, ex(ν) mini-
mizes locally in a non-analytical way, yielding an inverted
“cusp”. Besides, at each odd ν (= νo), e↑x(ν) has a lo-
cal minimum while e↓x(ν) exhibits a local maximum, with
the sum of both resulting in a weaker local minimum in
ex(ν), due to a partial cancellation between the two oppo-
site behaviours. An equivalent situation happens at each
even ν (= νe), but with the roles of e↑x(ν) and e↓x(ν) ex-
changed. The qualitative behaviour of e↑x(ν) and e↓x(ν)
around each νo and νe is easy to understand. For example,
at each νo the relative spin-polarization displayed in the
upper panel of fig. 2 attains its possible maximum value
∆ν/ν = 1/νo, and this optimizes the spin-up exchange
energy gain. However, for e↓x(ν) this is the worst possible
configuration, and then it exhibits a local maximum. For
each νe, on the other side, ∆ν/ν = 0 as corresponds to a
spin-compensated situation, and this optimizes the gain of
the spin-down exchange energy, but delivers the smallest
energy gain in e↑x(ν), that displays thus a local maximum.
Besides these qualitative considerations, one can obtain
the same results analytically, starting directly from eq. (6)
and expanding around every νo and νe. Proceeding this
way, we have found that both e↑x(ν) and e↓x(ν) depart lin-
early from each integer ν, and these analytical linear ap-
proximations are represented by the crossing straight lines
displayed at νe = 2, and νo = 3.
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Fig. 3: (Colour online) Exact-exchange potentials v↑x(z) and
v↓x(z) as a function of z for selected values of ν (upper panels)
around ν = 2, and as a function of z and ν (lower panels).
Graded colors in the z-ν plane corresponds to a bidimensional
projection of the EE potentials. Both EE potentials suffer
abrupt discontinuous jumps at every integer ν. The density is
fixed at rs = 2.5.

The x-LSDA results are also shown in fig. 2. The ex-
change energy per particle is obtained from the corre-
sponding expression for the spin-polarized homogeneous
interacting 3D electron gas [37]. For large ν (small B),
the x-LSDA overestimates the EE energy, but this is not
a general trend. For bigger densities (smaller rs), we have
found that it underestimates the EE energy (not shown).
Interestingly, the x-LSDA displays small oscillations with
non-analytical cusps around odd ν, where the spin polar-
ization (fig. 2(a)) is maximum.

The remarkable behavior of v↑x(z) and v↓x(z) as a func-
tion of z and for several values of ν is displayed in fig. 3.
The crucial feature to note from fig. 3 is the abrupt
jump (a rigid upward shift) of v↑x(z) and v↓x(z) when ν
crosses an integer value. After the jump, and as the fill-
ing of the corresponding LL proceeds, both v↑x(z) and
v↓x(z) somehow follow the opposite behavior, and start to
move down continuously. As shown in the upper panel,
for ν = 2.99 both EE potentials are again close to their
value at ν = 1.99, just before the jump. It should be
noted here, however, that only for pσ → 0, the differ-
ence vσx (z)[ν = [ν] + pσ] − vσx (z)[ν = [ν] − pσ] becomes a
constant. For finite (not infinitesimal) pσ, the potentials
at filling factors smaller and greater than [ν] differ by a
z-dependent function, as can be seen in fig. 3.

The discontinuity in vσx (z) at integer values of ν can be

traced back to a discontinuity in S
[νσ]
2 (t), that in turn in-

duces a discontinuity in η
[νσ]
x . To explain this, we should

return to the general expression for S
[νσ]
2 (t) in eq. (12), and

assume that for ν close to an integer value (either even or
odd) essentially only one (per spin) of the occupation fac-
tors n2D

n,σ contributes to the derivative with respect to γσ
1 .

This situation is schematically depicted in fig. 4, for fillings
close to ν = 2 (left panel) and close to ν = 3 (right panel).

Fig. 4: (Colour online) Schematic view of the lowest energy LL:
(a) ν close to ν = 2, and (b) ν close ν = 3. The straight hor-
izontal line corresponds to different positions of the chemical
potential µ.

Expressed in a different way, the assumption amounts to
the approximation ∂n2D

n,σ/∂γ
σ
1 ≃ δn,[νσ] (∂n2D

[νσ],σ
/∂γσ

1 ).
Referring to the situation displayed in fig. 4, for ν ≃ 1.99,
[ν↑] = [ν↓] = 0, and these are the only two LL that con-

tributes to S
[νσ]
2 (t) in eq. (12) (one for each spin); for

ν ≃ 2.01 instead, [ν↑] = [ν↓] = 1, and only for them the
occupation factors change when γσ

1 changes.
Proceeding in this way, eq. (12) may be simplified to

S
[νσ]
2 (t) ≃

∑

n

n2D
n,σ I [νσ]

n (t). (13)

We emphasize here that eq. (13) is valid only for ν close
to integer values, while eq. (12) is valid for arbitrary fill-
ing factors. Application of eq. (13) to the filling factors
displayed in fig. 4 leads to the same result in all cases. For

the discontinuity in S
[νσ]
2 we obtain thus

∆S
[νσ]
2 (t) ≡ S

[νσ]+pσ

2 (t) − S
[νσ]−pσ

2 (t)

=

[νσ]−1∑

n=0

(
I [νσ]
n (t) − I [νσ]−1

n (t)
)
< 0, (14)

and the negative sign is justified below for a few simple

cases. From this, one obtains the discontinuity in η
[νσ]
x ,

∆η[νσ]
x ≡ η[νσ]+pσ

x − η[νσ]−pσ
x = −〈ρσ|∆S

[νσ ]
2 |ρσ〉

ν2σ(Nφ)2lB
> 0,

=
−1

rs
√

ν/2

∫∫
dz dz′(λσ

1 (z)λ
σ
1 (z

′))2∆S
[νσ]
2 (z−z′),

(15)

with a positive sign, in agreement with the full numerical
results displayed in fig. 3.
The simplest case to analyze is the discontinuity at

ν = 1. In this case, [ν↑] = 1, [ν↓] = 0 and eq. (14) re-
duces to

∆S
[ν↑]=1
2 (t) = I10 (t) − I00 (t), (16)
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Fig. 5: (Colour online) x-LSDA potentials v↑x(z) and v↓x(z) as
a function of z for selected values of ν (upper panels) around
ν = 3, and as a function of z and ν (lower panels). Graded
colors in the z-ν plane corresponds to a bidimensional projec-
tion of the corresponding potentials. The x-LSDA results are
continuous as ν passes through integer values. The density is
fixed at rs = 2.5.

which admits a simple physical interpretation. I00 (t) is
proportional to the exchange energy among electrons in
the filled ground-state LL (intra-LL exchange interac-
tion), while I10 (t) is proportional to the exchange interac-
tion among electrons in the ground and first-excited LL’s
(inter-LL exchange interaction). Since usually intra-LL
interactions are stronger than inter-LL ones, I00 (t) > I10 (t)

for all values of t, one gets the negative sign of ∆S
[ν↑]=1
2 ,

that in turn leads to the abrupt positive jump in v↑x(z) dis-
played in fig. 3 at ν = 1. The next simple case is the dis-
continuity at ν = 2. Here [ν↑] = [ν↓] = 1, with the result

that ∆S
[ν↑]=1
2 (t) = ∆S

[ν↓]=1
2 (t) = I10 (t) − I00 (t), the same

as above. This implies that the discontinuities in v↑x(z)
and v↓x(z) are the same at ν = 2, as observed in fig. 3 and
as expected from physical grounds. Note, however, that

since ∆η
[νσ]
x scales as ν−1/2 at fixed rs (see eq. (15)), the

discontinuity at ν = 2 in v↑x(z) and v↓x(z) is approximately
a factor 1/

√
2 smaller than the discontinuity in v↑x(z) at

ν = 1. The next interesting case is ν = 3. Here [ν↑] = 2
and [ν↓] = 1, and then

∆S
[ν↑]=2
2 (t) = I20 (t) + I21 (t) − I10 (t) − I11 (t), (17)

while ∆S
[ν↓]=1
2 (t) is once again given by eq. (16). When

replaced in eq. (15), this leads to discontinuities of differ-
ent sizes for v↑x(z) and v↓x(z) at ν = 3, as can be barely
appreciated from the upper panels in fig. 5; we also pro-
vide there a comparison between the EE and the x-LSDA
potentials. The difference between the x-LSDA exchange
potentials are indistinguishable on the scale of the draw-
ing for ν = 2.99 and ν = 3.01, as expected. It is also
worth of note the drastically different asymptotic behav-
ior of both types of exchange potentials: the well-known
exponential decay of x-LSDA should be contrasted with
the much slower and physically correct −1/z decay of the
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Fig. 6: (Colour online) Six lowest energy LL as a function of the
filling factor ν. (a) Exact-exchange results, and (b) x-LSDA
results. The chemical potential µ is denoted with the thick red
line. rs = 2.5 (fixed density).

EE potentials. In the lower panel of fig. 5 we give a global
view of the x-LSDA exchange potential as a function of z
and ν. Being just proportional to (ρσ(z))

4/3, the same has
no discontinuities at integer values of ν, showing instead
changes in the slope as ν crosses integer values. This is
also easily grasped from the projection in the ν-z plane.
The much faster decay of the x-LSDA exchange potential
is evident from the strong narrowing of the central seg-
ment, whose darkness is proportional to the deepness of
the potential.

In retrospective, it is important to realize that the dis-
continuity originates from the ηνσ

x term, which comes from
the implicit derivative of the exchange energy with respect
to the density. This is the term that includes the in-plane
density (νσNφ/A

∗) dependence of the exchange energy.
The inclusion of the implicit derivative is also important to
recover the correct strict-2D limit at zero magnetic field3.

The six lowest LL eigenvalues εσ1,n(ν)(≡ εσn(ν)) are
shown in fig. 6, both in the EE and x-LSDA approaches.
The discontinuities that the EE v↑x(z) and v↓x(z) have at
integer values of ν induces an abrupt change of all the LL
energies, and of the chemical potential μ. These numerical
self-consistent results fully validate the strong renormal-
ization of the LL electronic structure schematically dis-
played in fig. 4. Focusing first in the situation at ν ≃ 2,
the “doublet” LL ordering {ε↑n ε↓n} is easily observed from
fig. 6, and is schematically shown in the left panel of fig. 4.
The LL ordering changes however drastically for ν ≃ 3,
since now the “doublet” structure is built with {ε↓n ε↑n+1}
pairs of LL, as shown schematically in the right panel of
fig. 4. How does the q2DEG passes from one configuration
close to even ν to the case close to odd ν? The answer
is in the evolution of v↑x(z) and v↓x(z) for 2.01 ≤ ν ≤ 2.99
displayed in the upper panel of fig. 3. It is seen there
how the continuous downward shift of v↑x(z) is larger than
the one for v↓x(z), being the net result a global down-
ward shift of the spin-up LL relative to the spin-down LL.
And this is precisely the situation schematically depicted
in fig. 4, restricted however to the two limiting values
ν = 2.01, 2.99. Once again, these qualitative considera-
tions are validated by inspection of how the self-consistent

3This will be presented elsewhere.
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LL eigenvalues εσn(ν) evolve in fig. 6 in this filling factor
window.
The x-LSDA eigenvalues displayed in the right panel

of fig. 6 behaves in a quite different way. First, since the
x-LSDA exchange potentials are continuous functions of ν,
no discontinuities are present in the corresponding eigen-
values. Second, the chemical potential μ still have how-
ever some broadened discontinuities, either proportional
to the “cyclotron gap” h̄ωc at ν = even, or proportional
to the “spin-gap” ε↓n(ν)− ε↓n(ν) at ν = odd. For instance,
h̄ωc ≃ 0.16 and 0.08 for ν = 2 and 4, respectively, in
reasonable agreement with the jump in μ at these filling
factors. Third, note that the jump in μ at ν = 4 (cyclotron
gap) is bigger than the jump at ν = 3 (spin-gap).

Conclusions. – The exact-exchange energy functional
of the integer quantum Hall effect (IQHE) has been
found. It minimizes locally with discontinuities in the
derivative at each integer filling factor ν. In the one-
subband regime, where only the ground-state subband of
the quasi–two-dimensional electron gas is occupied, an ex-
plicit analytical expression has been found for the associ-
ated spin-dependent exact-exchange potential. Its striking
feature is that it jumps abruptly by a positive constant
every time ν passes through an integer value. This is in
analogy to the discontinuities in finite systems and solids
when the total number of electrons N passes through inte-
ger values, but in our case the novelty is that the disconti-
nuities are induced by the magnetic field, at fixed density.
The size of the jump is the same for spin-compensated sit-
uations at each ν = even. For ν = odd, the discontinuities
are different, being the jump bigger for the exact-exchange
potential of the majority spin-component. Strong differ-
ences are found regarding the standard x-LSDA for filling
factors close to integer values.
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[3] Kümmel K. and Kronik K., Rev. Mod. Phys., 80
(2008) 3.

[4] Horowitz C. M. et al., Phys. Rev. Lett., 97 (2006)
026802.
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Asymptotic analysis of the Berry curvature in the E ⊗ e Jahn-Teller model
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The effective Hamiltonian for the linear E ⊗ e Jahn-Teller model describes the coupling between two electronic
states and two vibrational modes in molecules or bulk crystal impurities. While in the Born-Oppenheimer
approximation the Berry curvature has a delta function singularity at the conical intersection of the potential
energy surfaces, the exact Berry curvature is a smooth peaked function. Numerical calculations revealed that
the characteristic width of the peak is h̄K1/2/gM1/2, where M is the mass associated with the relevant nuclear
coordinates, K is the effective internuclear spring constant, and g is the electronic-vibrational coupling. This
result is confirmed here by an asymptotic analysis of the M → ∞ limit, an interesting outcome of which is the
emergence of a separation of length scales. Being based on the exact electron-nuclear factorization, our analysis
does not make any reference to adiabatic potential energy surfaces or nonadiabatic couplings. It is also shown
that the Ham reduction factors for the model can be derived from the exact geometric phase.

DOI: 10.1103/PhysRevA.96.062503

I. INTRODUCTION

Some polyatomic molecules display a peculiar type of
cyclic vibrational motion in which the molecule passes through
a sequence of distorted configurations that are equivalent
modulo rigid rotations of the whole molecule. Since no real
rotation takes place, such motion is called pseudorotation. A
similar phenomenon occurs for bulk crystal impurities, where
the local crystal structure can distort in various symmetry-
equivalent ways, e.g., the environment of an impurity at an
octahedral site can deform tetragonally in x, y, or z directions.
If the potential barriers between equivalent minimum energy
distorted structures are low enough, the rapid interconversion
between them, known as the dynamical Jahn-Teller effect,
restores the higher symmetry of the undistorted state.

If one tracks the electronic Born-Oppenheimer (BO) wave
function along a closed pseudorotational path in nuclear
coordinate space, choosing its phase so that it always remains
real-valued, one finds that it changes sign after one complete
cycle if the path encircles a conical intersection of the adiabatic
potential energy surfaces. The electronic wave function chosen
this way is therefore a double-valued function of the nuclear
coordinates. The sign change, known as the Longuet-Higgins
phase [1,2], is a special case of the Berry phase [3,4], and
its effects are observable in the vibrational spectroscopy of
pseudorotating molecules [5,6] and electron paramagnetic res-
onance [7–11] and optical [12,13] spectroscopy of transition
metal impurities in bulk crystals. Evidence for the dynamical
Jahn-Teller effect in the excited states of the nitrogen-vacancy
center in diamond has been reported [14–18], making the
Longuet-Higgins phase relevant to its optical properties.
Recent theoretical work has explored the sign change in
the bound states of small molecules by ab initio and model
calculations [19–28].

To see that the Longuet-Higgins phase is a special case of
the Berry phase, one can change from the gauge in which the

*rrequist@mpi-halle.mpg.de

electronic wave function �̃BO
R (r) is real and double-valued to

one in which it is complex and single-valued, i.e., �BO
R (r) =

�̃BO
R (r)exp( i

h̄

∫
Aμ dRμ), where the vector potential Aμ is

chosen so that the Dirac phase factor cancels the sign change
[4]. The Longuet-Higgins phase for the pseudorotational path
C is then recovered by evaluating the Berry phase formula

γ BO = 1

h̄

∮
C

Im
〈
�BO

R |∂μ�BO
R

〉
dRμ, (1)

where ∂μ = ∂/∂Rμ,R = {Rμ} denotes the set of nuclear
coordinates, and the inner product is taken with respect to
electronic coordinates r = (r1,r2, . . .) only. Throughout the
paper, an implicit sum over repeated indices is assumed.
Equation (1) can be transformed to an integral over the Berry
curvature BBO

μν = 2h̄ Im〈∂μ�BO
R |∂ν�

BO
R 〉,

γ BO = 1

h̄

∫∫
S

BBO
μν dRμ dRν, (2)

where S is a surface bounded by C. In the BO approximation,
the Berry curvature is zero except at conical intersections of the
adiabatic potential energy surfaces, where it has delta function
singularities.

In this paper, we consider the Berry curvature calculated
with the conditional electronic wave function from the exact
electron-nuclear factorization [29–31] instead of the BO
wave function and study its asymptotic behavior in the
large mass limit of the E ⊗ e Jahn-Teller model. Jahn-Teller
models, which describe the coupling between electrons and
vibrations, were originally introduced to explain the instability
of electronically degenerate nonlinear polyatomic molecules
to static symmetry-lowering distortions [32,33]. Analytical
results for various Jahn-Teller models have been obtained
using perturbative and asymptotic approximations [1,34–
43], a canonical transformation method in second quantiza-
tion [44–50], and approximations based on coherent states
[51–53].

The motivation for a detailed asymptotic analysis of
the Berry curvature comes from a recent nonadiabatic

2469-9926/2017/96(6)/062503(11) 062503-1 ©2017 American Physical Society
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generalization of density functional theory [54], where the
exchange-correlation energy is a functional of the Berry
curvature in addition to the density. Unlike standard density
functional theory [55,56], which depends on the BO approx-
imation, nonadiabatic density functional theory is an exact
theory of electrons and nuclei. Having an explicit formula for
the Berry curvature in a representative model system, as well as
an understanding of how it depends on parameters such as the
nuclear mass and electronic-vibrational coupling, might yield
insights into the Berry curvature dependence of the functional.

However, most of the analytical studies cited above have
focused on approximating the eigenvalue spectrum, as needed
to explain the unique spectroscopic signatures of Jahn-Teller
systems, while the Berry curvature is a property of the wave
function. Our purpose here is to revisit the problem using an
exact factorization-based analysis that it is better suited to
evaluating the Berry curvature. We obtain intuitive and com-
pact formulas for the Berry curvature, nuclear wave function,
and nonadiabatic contributions to the potential energy surface
that are accurate for large nuclear mass. Unlike traditional
analyses that take the BO approximation as a starting point,
our calculations make no reference to the adiabatic potential
energy surfaces and nonadiabatic couplings.

Two key aspects of our analysis are a transformation to
coupled nonlinear differential equations and the emergence
of a separation of length scales. These two features justify
our use of different approximations in different regions of
nuclear configuration space. The separation of length scales
may be of interest beyond the E ⊗ e Jahn-Teller model
because it suggests that the Berry curvature, as a function
that is nonzero only in the immediate neighborhood of the
conical intersection, might have effectively higher symmetry
than other variables, e.g., the nuclear wave function. Such
emergent symmetry might be relevant to understanding the
structure of functionals in nonadiabatic density functional
theory. In fact, our present results for the high-symmetry
linear E ⊗ e Jahn-Teller model can be used to self-consistently
incorporate nonadiabatic effects into density functional theory
calculations of lower symmetry systems [57]. Our analysis is
nonperturbative, as the M → ∞ limit is a singular limit of
the Schrödinger equation.

In Sec. II we review the definition of the Berry curvature
beyond the BO approximation. In Sec. III we introduce
the linear E ⊗ e Jahn-Teller Hamiltonian and derive the
coupled electronic and nuclear Schrödinger equations within
the exact factorization scheme. Approximations to the nuclear
wave function and the Berry curvature are derived from an
asymptotic analysis in Sec. IV. Nonadiabatic terms in the
potential energy surface are investigated in Sec. V. Finally,
a relationship between Ham reduction factors and the beyond-
BO molecular Berry phase is derived in Sec. VI.

II. EXACT BERRY CURVATURE

Since the BO ansatz �BO
R (r)χBO(R) is an approximation to

the true electron-nuclear wave function �(r,R), the Longuet-
Higgins phase only approximately characterizes the latter
[30] and is actually an artifact in some cases [26]. An exact
molecular geometric phase can be defined by replacing �BO

R (r)
in Eq. (1) by the conditional electronic wave function �R(r) =

FIG. 1. Adiabatic potential energy surfaces for the linear E ⊗ e

Jahn-Teller model with respect to vibrational normal mode coordi-
nates Q2 and Q3.

�(r,R)/χ (R) derived within the exact factorization scheme,
where χ (R) = eiS(R)[

∫ |�(r,R)|2 dr]
1/2

is the nuclear wave
function with arbitrary phase S(R) [26,28,30,31]. Calculations
for a model pseudorotating triatomic molecule found that the
exact geometric phase deviates from the Longuet-Higgins
phase of π due to nonadiabatic effects near the conical
intersection of the adiabatic potential energy surfaces [28]. To
understand these deviations, we write the molecular geometric
phase as a surface integral over the exact Berry curvature
Bμν = 2h̄ Im〈∂μ�R|∂ν�R〉:

γ = 1

h̄

∫∫
S

Bμν dRμ dRν. (3)

If the coordinates Rμ are chosen so that the conical intersection
lies in the (R1,R2) plane, the so-called “branching plane,”
then the relevant elements of the Berry curvature are B12

and B21 = −B12. While B12 is a delta function in the BO
approximation, an exact calculation shows that the delta
function gets broadened into a smooth peaked function while
its integrated weight is preserved. Hence, for a finite surface
S, γ will generally be less then γ BO. The peak in B12 is
centered on the conical intersection and has a characteristic
width of order h̄K1/2/gM1/2 for large M, where M is
the nuclear mass, K is the effective spring constant of the
internuclear repulsion, and g is the electronic-vibrational
coupling [28]. The exact Berry curvature must reduce to the
adiabatic Berry curvature as M → ∞, but it is a nontrivial
problem to determine its functional form as it sharpens and
contracts to a delta function in this limit.

III. LINEAR E ⊗ e JAHN-TELLER MODEL

Some molecules and bulk crystal impurities can be ap-
proximated by an effective Hamiltonian, called a Jahn-Teller
or vibronic coupling model [32,33], comprising just a few
relevant electronic states and vibrational modes. The simplest
such model in which one observes a nontrivial Berry curvature,
the linear E ⊗ e Jahn-Teller model, consists of an electronic
doublet E linearly coupled to a twofold degenerate vibrational
mode e. Its adiabatic potential energy surfaces are shown in
Fig. 1 as a function of the vibrational normal mode coordinates,
denoted Q2 and Q3. The conical intersection at the origin

062503-2
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occurs for a high-symmetry nuclear configuration, e.g., the
equilateral geometry of a triatomic molecule such as Na3. Due
to the electronic-vibrational (vibronic) coupling, any static
displacement from the origin lifts the electronic degeneracy.
For purely linear vibronic coupling, the potential energy
surfaces are cylindrically symmetric since the interaction is
isotropic. In molecules and crystal defects, quadratic and
higher-order vibronic interactions as well as the coupling to
additional electronic states cause a warping of the potential
energy surfaces that breaks rotational symmetry (see, e.g.,
Refs. [58] and [59]). These effects are not considered here as
they can be accounted for in ab initio calculations, and our
primary focus is on the behavior of the nonadiabatic Berry
curvature near the origin, where the linear vibronic coupling
dominates.

The linear E ⊗ e Jahn-Teller model Hamiltonian is

Ĥ = − h̄2

2M

(
d2

dQ2
2

+ d2

dQ2
3

)
+ K

2

(
Q2

2 + Q2
3

) + Ĥen, (4)

where the linear electronic-vibrational coupling is

Ĥen = g

(
Q2 −Q3

−Q3 −Q2

)
(5)

in a basis of electronic states {|u〉,|g〉} that are odd or even
with respect to Q3 reflection. Defining cylindrical coordinates
Q =

√
Q2

2 + Q2
3 and η = tan−1(Q3/Q2) and applying the

unitary transformation Û = ((i, − i),(1,1))/
√

2 yields the
Hamiltonian in the basis of current-carrying electronic states
|±〉 = (|g〉 ± i|u〉)/√2 as

Ĥ ′ = − h̄2

2M

(
1

Q

d

dQ
Q

d

dQ
+ 1

Q2

d2

dη2

)
+ K

2
Q2 + Ĥ ′

en

(6)

with

Ĥ ′
en = Û †ĤenÛ = g

(
0 −Qe−iη

−Qeiη 0

)
. (7)

To simplify the analysis, we will exploit the electronic-
vibrational (vibronic) symmetry of the model [1,60,61]. First,
define an operator τ̂z such that

τ̂z|±〉 = ±|±〉. (8)

The electronic angular momentum operator l̂z = h̄
2 τ̂z has

eigenvalues l = ±h̄/2. We then define a pseudorotational
angular momentum operator L̂z = −ih̄∂/∂η and the total
angular momentum operator

Ĵz = L̂z + l̂z. (9)

Since Ĵz commutes with the Hamiltonian, all states can be
labeled by the quantum number j = m + l, which takes the
values ±1/2, ± 3/2, ± 5/2, . . .. Only states with the same
value of j are coupled. Ĵz is the generator corresponding to
the rotational symmetry of the model. The general form of a
state with quantum number j is

|�j (Q,η)〉 =
(

aj (Q)ei(j− 1
2 )η)

bj (Q)ei(j+ 1
2 )η)

)
. (10)

The ground state is a j = ±1/2 doublet. Our calculations
will be made for the j = 1/2 state |�〉 = a|+〉 + beiη|−〉,
where here and hereafter we suppress the subscript j . The
Schrödinger equation becomes[

− h̄2

2M

(
1

Q

d

dQ
Q

d

dQ

)
+ K

2
Q2

](
a

b

)

+
(

0 −gQ

−gQ h̄2/2MQ2

)(
a

b

)
= E

(
a

b

)
, (11)

which is a linear system of differential equations for the
functions a = a(Q) and b = b(Q), which are additionally
required to satisfy the normalization condition∫ 2π

0
dη

∫ ∞

0
(a2 + b2)QdQ = 1. (12)

Using the exact factorization scheme [29–31], we define
the nuclear wave function

χ = χ (Q) =
[∫

�∗(r,R)�(r,R) dr

]1/2

=
√

a2 + b2 (13)

and the conditional electronic wave function

|�R〉 = |�(Q,η)〉
χ (Q)

=
(

cos θ
2

sin θ
2 eiϕ

)
, (14)

where the subscript R denotes a parametric dependence on the
nuclear coordinates R = (Q,η) and |�R〉 has been expressed
in terms of the Bloch sphere angles

θ = θ (Q) = 2 tan−1 b

a
and ϕ = η. (15)

The exact factorization scheme converts the original full
Schrödinger equation into separate electronic and nuclear
Schrödinger equations [30]. For the present model, the nuclear
equation is found to be

− h̄2

2M

[
1

Q

d

dQ
Q

d

dQ
− 1

Q2
sin4 θ

2

]
χ + E(Q)χ = Eχ,

(16)

where the second term in the brackets is A2
η(Q) with Aη(Q) =

h̄ Im〈�R|∂η�R〉. The scalar potential E(Q) is

E(Q) = K
2

Q2 − gQ sin θ + Egeo(Q), (17)

where

Egeo(Q) = h̄2

2M

[
1

4

(
dθ

dQ

)2

+ sin2 θ

4Q2

]
(18)

is a term of geometric origin [28]. The θ dependence of E
accounts for nonadiabatic effects, as will be discussed below.
Since |�R〉 is fully determined by θ and ϕ, and ϕ is a known
function of R, the electronic Schrödinger equation can be
replaced by the following differential equation:

Q2 d2θ

dQ2
+

(
1 + Q

d ln |χ |2
dQ

)
Q

dθ

dQ
− sin θ

+ 4gM
h̄2 Q3 cos θ = 0, (19)
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which can be derived from the Euler-Lagrange equation for the
stationarity of E or directly from the Schrödinger equation. We
observe that the d2θ/dQ2 and dθ/dQ terms come from the
first term of Egeo, the sin θ term comes from the sum of A2

η

and the second term of Egeo, and the last term comes from the
coupling gQ sin θ .

We have thus transformed the original Schrödinger equa-
tion, Eq. (11), into a pair of coupled nonlinear equations, one
for the nuclear variable χ and one for the electronic variable θ .
This transformation can be realized as the simple change of
variables (a,b) → (χ,θ ).

To obtain the ground state, we need to solve Eqs. (16)
and (19) subject to the inner and outer boundary conditions,
θ (0) = 0 and θ (∞) = π/2, and the normalization condition in
Eq. (12). The inner boundary condition is necessary in order for
the j = 1/2 state to have bounded energy, since the rotational
energy〈

�

∣∣∣∣ − h̄2

2MQ2

d2

dη2

∣∣∣∣�
〉

=
∫ ∞

0
dQ

πh̄2χ2

MQ
sin2 θ

2
(20)

diverges unless either χ (0) = 0 or θ (0) = 0. It will later be
shown that χ (0) 
= 0, so we must have θ (0) = 0. The outer
boundary condition is necessary in order to obtain the ground
state: since Eq. (11) reduces to the BO equation in the Q → ∞
limit, the solution must converge to the lower energy BO state,
implying a(∞) = b(∞) and hence the boundary condition
θ (∞) = π/2.

Even before solving the differential equations, we can eval-
uate the Berry curvature and molecular Berry phase in terms
of θ (Q) and discuss the consequences of the inner and outer
boundary conditions. Since the nuclear configuration space
is two-dimensional, the Berry curvature can be represented
as a 2 × 2 matrix. Since it is an antisymmetric matrix, it is
completely determined by the single element

BQ2Q3 = 1

Q
BQη = h̄

2

1

Q
sin θ

dθ

dQ
. (21)

The electronic variable θ (Q) determines the shape of the
Berry curvature as a function of Q. Figure 2 shows that θ (Q)
develops a sharp step at Q = 0 in the M → ∞ limit. As
θ (Q) approaches a step function, the Berry curvature
BQ2Q3 (Q) approaches a delta function, thus recovering the
BO result. The nonadiabatic effects captured by θ (Q) are
responsible for smearing out the delta function to the smooth
function BQ2Q3 (Q) [28].

The molecular geometric phase for a circular path C with
radius Q in the (Q2,Q3) plane can be evaluated according to
Eq. (2) as

γ (Q) = 1

h̄

∫ 2π

0
dη

∫ Q

0
dqBQη(q)

= π [1 − cos θ (Q)]. (22)

The inner boundary condition θ (0) = 0 forces the exact
geometric phase to vanish as Q→ 0, in contrast to the
adiabatic case where the Longuet-Higgins phase remains
equal to π for any finite Q > 0, no matter how small. The
vanishing of the geometric phase coincides with a transfer
of angular momentum from nuclei to electrons as Q → 0.
Since we have chosen a gauge in which χ is real, we have

FIG. 2. Nuclear wave function χ (Q) and the electronic variable
θ (Q) for increasing values of M (light red to dark red). The minimum
of the adiabatic potential energy surface occurs at Q/Q0 = 1.

the identity 〈�R|L̂z|�R〉 + 〈�R|l̂z|�R〉 = h̄/2. The second
term, 〈�R|l̂z|�R〉 = (h̄/2) cos θ , is the angular momentum
carried by the electrons, conditional on Q. Since θ (0) = 0,
the electrons carry the full angular momentum of the state
when Q = 0. The conditional angular momentum carried
by the nuclei is directly related to the geometric phase via
〈�R|L̂z|�R〉 = h̄(γ /2π ).

As a consequence of the outer boundary condition θ (∞) =
π/2, the exact geometric phase γ approaches π as Q→ ∞,
recovering the Longuet-Higgins phase. This proves that
although the Berry curvature is spread out by nonadiabatic
effects, its integral over all space, h/2, is conserved.

IV. LARGE MASS LIMIT

A. Overview of approximation strategy

Before beginning the calculations, we briefly summarize
our strategy and introduce the length scales needed to analyze
the M → ∞ limit.

The exact factorization scheme transforms the original
Schrödinger equation into coupled nonlinear differential
equations, Eqs. (16) and (19), for the functions χ (Q) and
θ (Q). Since most asymptotic methods are designed for linear
differential equations, it appears that the exact factorization
equations will be even more difficult to approximate than the
original Schrödinger equation. However, a key feature of these
exact factorization equations is the emergence, as M → ∞,
of a separation of length scales that is not manifest in the linear
equations. As visible in Fig. 2, χ (Q) becomes localized in the
classically allowed region near Q = Q0, where Q0 ≡ g/K
is the radius at which the adiabatic potential energy surface
reaches its minimum, while θ (Q) is essentially constant
throughout that region and undergoes significant changes only
near the origin, i.e., on a much shorter length scale. We will
denote the region near the origin where θ (Q) rises from 0 to

062503-4

93



ASYMPTOTIC ANALYSIS OF THE BERRY CURVATURE IN . . . PHYSICAL REVIEW A 96, 062503 (2017)

π/2 as the inner region and all larger Q as the outer region;
these regions are depicted in Fig. 2.

In the outer region, θ (Q) is readily approximated by a
slowly varying function. Substituting an approximate θ (Q)
into the equation for χ (Q), Eq. (16), yields a linear differential
equation that can be approximated by standard semiclassical
methods. In the inner region, an adequate zeroth-order approx-
imation for χ (Q) and θ (Q) can be obtained by neglecting the
gQ and (K/2)Q2 terms in Eq. (16). Matching the inner and
outer approximations gives a global approximation to χ (Q),
which can then be used in the equation for θ (Q). To make
these arguments more precise, we now define the relevant
length scales and a dimensionless small parameter ε.

The two relevant length scales in the outer region are Q0

and the amplitude of zero-point motion

Qzp =
(

h̄2

KM

)1/4

. (23)

A dimensionless small parameter that quantifies the degree of
localization of χ (Q) is the ratio

ε =
(

Qzp

Q0

)2

= h̄K3/2

g2M1/2
. (24)

The M → ∞ limit can be realized by taking the limit ε → 0.
This dimensionless parameter can be equivalently expressed as
ε = h̄�/2�, i.e., the ratio of the zero-point energy h̄�/2 to the
Jahn-Teller stabilization energy � ≡ g2/2K; the fundamental
frequency is � ≡ √K/M. Longuet-Higgins et al. defined a
parameter k quantifying the strength of electronic-vibrational
coupling in the adiabatic potentials (1/2)r2 ± kr , where r is
a dimensionless radial coordinate [1]. Since k = ε−1/2, their
strong coupling limit k → ∞ is equivalent to our ε → 0 limit.

The relevant length scale in the inner region is the
characteristic length, denoted as Qwidth, over which θ (Q) rises
from 0 to π/2. This gives the characteristic width of the peak
in the Berry curvature. The analysis in the following section
will demonstrate that

Qwidth = h̄K 1
2

gM 1
2

, (25)

which is consistent with the numerical results of Ref. [28].
Since Qwidth = εQ0 and Qzp = ε1/2Q0, we have the hierarchy
of length scales Qwidth � Qzp � Q0.

B. Asymptotic analysis in the outer region

To analyze the outer region, we first perform a change of
variables to bring the nuclear equation to the standard form
of the Wentzel-Kramers-Brillouin (WKB) method so that it
can be approximated by the method of comparison equations
[62–64]. After changing the independent variable to q =
Q/Q0, Eqs. (16) and (19) become

−ε2

(
1

q

d

dq
q

d

dq
− 1

q2
sin4 θ

2

)
χ + E

�
χ = E

�
χ (26)

and

q2 d2θ

dq2
+

(
1 + q

d ln |χ |2
dq

)
q

dθ

dq
− sin θ

+ 4

ε2
q3 cos θ = 0 (27)

with

E
�

= q2 − 2q sin θ + ε2

[
1

4

(
dθ

dq

)2

+ sin2 θ

4q2

]
. (28)

Next, changing the dependent variable to μ = q1/2χ , the
nuclear equation becomes

d2μ

dq2
+ 1

ε2

[
E

�
− E

�
− ε2

q2

(
sin4 θ

2
− 1

4

)]
μ = 0, (29)

which is in standard WKB form. The method of comparison
equations provides an approximation that is asymptotic to the
exact solution in the ε → 0 limit, but unlike the WKB solution,
it is uniformly valid across both turning points, so there is no
need to use connection formulas to relate the solutions in
classically allowed and classically forbidden domains. Having
a uniform approximation is an advantage if one needs to
evaluate integrals over the solutions, as we do in Sec. VI.

Although Eq. (29) is linear in μ, it depends nonlinearly on θ

through E and the sin4(θ/2) term. To see how to approximate
θ in the outer region, consider Eq. (27) and recall the outer
boundary condition θ (∞) = π/2. Since θ (q) is approximately
constant, a dominant balance [65] is achieved by neglecting
the first two terms in Eq. (27). Hence, the lowest-order outer
approximation is

θout,0 = tan−1 4q3

ε2
+ O(ε3). (30)

An effective potential Eeff,out(q) in Eq. (29) can be identified
by combining the centrifugal potential with E(q). Substituting
θout,0 into Eeff,out and expanding in ε gives

Eeff,out(q)

�
= q2 − 2q sin θ + ε2

[
1

4

(
dθ

dq

)2

+ sin2 θ

4q2

]

+ ε2 sin4 θ
2 − 1

4

q2

= q2 − 2q + ε2

4q2
− ε4

16q5
+ O(ε6). (31)

Keeping only the terms up to O(ε2) corresponds to setting
θ = π/2 and gives the equation

d2μ0

dq2
+ 1

ε2
p2(q)μ0 = 0, (32)

with

p2(q) = E

�
− q2 + 2q − ε2

4q2
. (33)

The last term comes from the second term of Egeo and the
centrifugal potential ε2[sin4(θ/2) − 1/4]/q2.

The idea behind the method of comparison equations is to
choose an exactly solvable reference equation (the so-called
comparison equation) that resembles the original equation in
the sense that it has the same number and type of turning
points. In the present case, we choose

d2U

dX2
+ 1

ε2
P 2(X)U = 0; P 2(X) = 2J − X2. (34)
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This is similar to Eq. (32) because P 2(X), like p2(q), has
two simple turning points. It describes a harmonic oscillator
with energy J = 1

2 (P 2 + X2). The ground state is

U (X) = 1√
2πQ0

(
1

πε

)1/4

e−X2/2ε, (35)

which implies the following approximation for μ0(q):

μ0(q) = Nout√
2πQ0

(
1

πε

)1/4(
dX

dq

)−1/2

e−X2(q)/2ε, (36)

where Nout is a normalization constant and X = X(q) is
defined implicitly via [62]∫ X

−√
2J

P (X′) dX′ =
∫ q

q1

p(q ′) dq ′. (37)

The lower limits of the integrals are the turning points
defined by P (−√

2J ) = 0 and p(q1) = 0. The right-hand side
depends on the energy eigenvalue E, a first estimate for which
can be obtained from the semiclassical Bohr-Sommerfeld
quantization condition (for n = 0)

1

ε

∫ q2

q1

p(q) dq = π

2
. (38)

With p(q) given by Eq. (33) this integral can be evaluated
analytically. If we neglect the ε2/4q2 term of p(q), it gives

E0 = −� + h̄�

2
, (39)

which is simply the sum of the Jahn-Teller stabilization energy
and the zero-point energy of radial motion. Since∫ +√

2J0

−√
2J0

P (X) dX = πJ0, (40)

Eqs. (37) and (38) imply J0 = ε/2. To determine E sys-
tematically to higher order, two solutions should be matched
together in the classically allowed region: one originating from
a solution that decays to the left and the other from a solution
that decays to the right. However, the error in the semiclassical
energy is here only O(ε4), which is small enough for our
purposes.

We now derive the function X = X(q) according to the
definition in Eq. (37). The function X(q) acts as a kind
of deformation function, accounting for the perturbation of
the harmonic oscillator wave function due to the repulsive
potential ε2/4q2. The left-hand side of Eq. (37) can be
evaluated exactly to give∫ X

−√
2J

P (X′) dX′ = 1

2
XP + J

[
π

2
+ tan−1 X

P

]
. (41)

The right-hand side can be evaluated in terms of elliptic
functions, but the result is too lengthy to record here. Thus,
we can construct X = X(q) by equating the analytical results
for the left- and right-hand sides of Eq. (37) and finding
the solution numerically. The zeroth-order approximation
is X0(q) = q − 1. Since the repulsive potential is a small
perturbation for q  ε, dX/dq is slowly varying for large
q. In Fig. 3 we plot X(q) − X0(q), which shows the small but
crucial O(ε2) contribution to X(q).

FIG. 3. The function X1(q) = X(q) − X0(q) for ε2 = 0.0025.

Substituting the function X = X(q) into Eq. (36) and
changing back to the dependent variable χ gives

χout,0(q) = Nout√
2πqQ0

(
1

πε

)1/4(
dX

dq

)−1/2

e−X2(q)/2ε. (42)

In Fig. 4 χout,0(q) is compared with the exact function χexact(q).
The error, O(ε4), which is too small to be seen in Fig. 4, will
be shown in Fig. 6. The approximations for θout and χout could
be systematically improved by keeping higher powers of ε in
Eqs. (27) and (29).

The differential equation for θ (q) depends only on
d ln χ2/dq, i.e., the relative rate of change of χ as opposed
to its actual value. Figure 5 shows the exact d ln χ2/dq for
several values of ε. The asymptotic behavior for large q is
2(1 − q)/ε, consistent with χ (q) approaching a Gaussian [1]

χ (q) = 1√
2πqQ0

(πε)−1/4e−(q−1)2/2ε (43)

as ε → 0. It is worth noting the following simple approxima-
tion to d ln χ2/ds:

d ln χ2

ds
= βs

(1 + s)(1 + s2)
+

[
2(1 − εs) − 1

1 + s

]
s2

1 + s2
,

which was constructed to have the correct asymptotic behavior
in the limits s → 0 and s → ∞; β is a constant determined
in the next section. The maximum error 0.05 is approximately
independent of ε.

FIG. 4. The exact function χexact(q) (black) and the approxima-
tion χout,0(q) (red dashed).
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FIG. 5. The function d ln χ 2/dq is plotted for the series of values
ε = ( 1

120 , 1
100 , 1

80 , 1
60 , 1

40 , 1
20 ) (dark red to light red).

C. Asymptotic analysis in the inner region

To set up the equations in the inner region, we make
a sequence of changes to the independent and dependent
variables. First, the independent variable is changed to s =
Q/Qwidth, where Qwidth is the natural length scale for the inner
region. Equations (16) and (19) become

1

s

d

ds
s
dχ

ds
+

(
E

�
− Eeff,in

�

)
χ = 0 (44)

with

Eeff,in

�
= 1

4

(
dθ

ds

)2

+ sin2 θ
2

s2
− 2εs sin θ + ε2s2 (45)

and

s2 d2θ

ds2
+

(
1 + s

d

ds
ln |χ |2

)
s
dθ

ds
− sin θ + 4εs3 cos θ = 0.

(46)

Following Ref. [66], we apply the Langer transformation
s = ex [64], which takes the independent variable s restricted
to the half line to a variable x whose domain is the real axis.
Defining χ̃ (x) = χ (ex) and θ̃(x) = θ (ex), Eqs. (44) and (46)
transform to

d2χ̃

dx2
+ k̃2(x)χ̃ = 0 (47)

with

k̃2(x) = E

�
e2x − 1

4

(
dθ̃

dx

)2

− sin2 θ̃

2

+ 2εe3x sin θ̃ − ε2e4x (48)

and

d2θ̃

dx2
+ d ln |χ̃ |2

dx

dθ̃

dx
− sin θ̃ + 4εe3x cos θ̃ = 0. (49)

The θ̃ dependence in Eq. (47) accounts for nonadiabatic
effects. The rate of decay of χ̃ as x → −∞ is not only
controlled by (E/�)e2x but also by (dθ̃/dx)2 and sin2(θ̃/2),
since the latter two terms will be seen to be proportional to
e2x . Hence, nonadiabatic effects crucially influence the rate of
decay of χ̃(x) as x → −∞.

FIG. 6. The error χuniform(q) − χexact(q).

We have applied the method of comparison equations in the
inner region following Ref. [66]; however, to obtain a simple
zeroth-order approximation to Eqs. (47) and (49), it is more
convenient to go back to the linear equations for the dependent
variables a and b. After changing the independent variable to
s = Q/Qwidth, Eq. (11) transforms to

1

s

d

ds
s

d

ds

(
a

b

)
−

(
ε2s2 −2εs

−2εs s−2 + ε2s2

)(
a

b

)
= E

�

(
a

b

)
.

To zeroth order in ε, the equations for a and b decouple into
separate equations for a free particle in cylindrical symmetry
[41]. The solutions are the Bessel functions

a0(s) = AI0

(√
−E

�
s

)
, (50)

b0(s) = BI1

(√
−E

�
s

)
. (51)

From these solutions we can define χin,0 =
√

a2
0 + b2

0 . To
fix the undetermined coefficients A and B, we match the
inner and outer χ and their derivatives dχ/ds at s = 1.
Patching together the outer approximation in Eq. (42) and
the inner approximation χin,0(s) defines a compact, uniform
approximation χuniform(s), whose O(ε4) error is shown in Fig. 6
for ε2 = 0.0025.

As anticipated from Fig. 2, θ (s) is approximately linear
for small s. The proportionality constant α is related to the
energy eigenvalue E/� and the rate of growth of χ (s). We will
demonstrate this by first assuming θ (s) = αs in Eq. (44) and
subsequently verifying the self-consistency of this assumption.
Since the sum of the geometric and centrifugal terms in
Eeff,in(s) then simplifies to

1

4

(
dθ

ds

)2

+ sin2 θ
2

s2
= α2

2
, (52)

the solution to Eq. (44) within this approximation is

χ (s) ∼ I0(
√

βs). (53)

The constant β = α2/2 − E/� relates the rate of growth of
χ (s) to α and E/�. Neglecting the d ln χ2/ds term in Eq. (46)
for small s gives, to zeroth order in ε,

s2 d2θ

ds2
+ s

dθ

ds
− θ = 0, (54)
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which has a solution θ = αs satisfying the inner boundary
condition. This confirms the self-consistency of the assump-
tion.

D. Analytical expression for the Berry curvature

The uniform approximation to χ (q) derived in the previous
section provides a compact and physically intuitive expression
that accurately incorporates nonadiabatic effects near the
conical intersection. It has proved difficult to derive a similar
approximation for θ (s) due to the nonlinearity of its differential
equation. Moreover, since θ (s) is defined in terms of the ratio
of two small quantities, a(s) and b(s), it is also challenging to
approximate starting from the linear equations. In this section,
we propose a one-parameter approximation that provides an
accurate fit to θ (s) over a range of ε.

The approximation we propose is

1 − cos θ (s) = [1 + (s/s0)−ν]−μ. (55)

To determine the parameters, we require that θ (s) has the
correct local behavior θ (s) ∼ αs as s → 0, where α was
related to the energy eigenvalue in the previous section. This
implies μν = 2 and s0 = √

2/α. Setting μ = 2/ν, the one
remaining parameter ν has been determined as a function of
ε by fitting Eq. (55) to the numerically exact solution. The
resulting ν(ε) is a slowly varying function of ε that can be
accurately fit by

ν = 2.436 + 0.225 ε1/2

1 + 0.124 ε1/2
(56)

over the range ε = (0.01,0.5). The above approximation for
θ (s) directly determines the Berry phase in Eq. (22). The
corresponding Berry curvature in Eq. (21) is

BQ2Q3 = h̄

Q2
0ε

2

1

ss0
[1 + (s/s0)−ν]−1−μ(s/s0)−1−ν .

As expected, the Berry curvature is localized at the origin, and
its width in terms of the variable s is s0 = O(1). Translated
back to the original coordinate Q, this implies a width of
order h̄K 1

2 /gM 1
2 , as anticipated in Eq. (25) and confirming

the numerical analysis of Ref. [28].

V. EXACT POTENTIAL ENERGY SURFACE

An important product of the exact electron-nuclear fac-
torization [29–31] is the derivation of a potential energy
surface E(R) which is exact in the sense that when it is used
together with the induced vector potential Aμ(R) in the nuclear
Schrödinger equation, the solution reproduces the nuclear
wave function of the exact electron-nuclear factorization.
Here we examine the nonadiabatic contributions to this exact
potential energy surface in the large mass limit of the linear
E ⊗ e Jahn-Teller model.

Nonadiabatic effects enter solely through the θ dependence
of the exact potential energy surface. Since these effects are
localized near the origin, we will focus on the effective one-
dimensional potential Eeff,in(s) that appears in the differential
equation for χ (s) in the inner region, Eq. (44). Eeff,in(s) is
the sum of E(s) and the centrifugal repulsion sin4(θ/2)/s2,
which originates from the vector potential. If we had an

FIG. 7. The effective potential energy surface Eeff,in(s) (black) and
BO potential energy surface with (without) the centrifugal potential
[dashed red (dotted blue)] are plotted for ε = 1/20.

uncoupled nuclear equation with angular momentum quantum
number l, the centrifugal repulsion would be l2/s2. However,
as mentioned above, in the E ⊗ e Jahn-Teller model with
l = 1/2 the coupling causes a transfer of angular momentum
from nuclei to electrons as s → 0. The resulting s-dependent
nuclear angular momentum Lz(s)/h̄ = sin2(θ/2) quenches the
divergent centrifugal potential as s → 0, as seen in the exact
surface (black curve) in Fig. 7. In the BO approximation,
θ = π/2 and there is no quenching (dashed red curve).

A second nonadiabatic effect is the smoothing of the
nonanalytic cusp associated with the conical intersection. The
BO potential energy surface without the centrifugal repulsion,
the dotted blue curve in Fig. 7, shows the characteristic linear
dependence near the origin. In the exact surface Eeff,in(s),
the sin θ factor multiplying the bare electronic-vibrational
coupling 2εs changes the linear behavior to a regular quadratic
behavior, since θ ∼ αs.

The remaining nonadiabatic contribution is the following
term of geometric origin [28], which is responsible for the
additional peak in the exact surface near s = 0:

Egeo(s) = 1

4

(
dθ

ds

)2

+ sin2 θ
2

s2
. (57)

We will denote the first term as Egeo,1(s) and the second term as
Egeo,2(s). These contributions are plotted for a series of ε values
in Fig. 8. According to the definition in Eq. (18), the geometric
term Egeo(Q) vanishes as M−1 as M → ∞. Instead, Egeo,1(s)
and Egeo,2(s) are seen to approach universal functions since
Egeo(s) = ε−2Egeo(Q). In fact, Egeo,1(s) and Egeo,2(s) have the
same s = 0 intercept equal to α2/4, though Egeo,2(s) decays
more slowly.

VI. HAM REDUCTION FACTORS

When the induced vector potential Aμ(R) is calculated
with the exact conditional electronic wave function, the
path-dependent geometric phase γ = ∮

Aμ dRμ is an exact
and proper gauge-invariant quantity, but it remains an open
question to identify experiments that can differentiate it from
γ BO. Here we show that Ham reduction factors [36,67,68],
which have long been used to explain the vibronic coupling-
induced weakening of the response of Jahn-Teller systems
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FIG. 8. The geometric contributions Egeo,1 (top panel) and Egeo,2

(bottom panel) to the effective potential energy surface are plotted for
the same series of ε values as in Fig. 5.

to external perturbations such as magnetic fields, spin-orbit
coupling, and strain, can be expressed as integrals of the exact
geometric phase weighted by the nuclear probability density.
This provides a way to infer the difference between γ and γ BO.

To see how electronic-vibrational coupling weakens the
response of the E ⊗ e Jahn-Teller model to external perturba-
tions, first consider the uncoupled problem. By assumption, the
uncoupled electronic states are assumed to be degenerate and
transform as an irreducible representation E of the symmetry
group, which may be, e.g., the D3h group of a triatomic
molecule or the octahedral group Oh of a bulk transition metal
impurity.

In the absence of electronic-vibrational coupling, the action
of a general perturbation on the electronic states of E symmetry
can be represented as

V̂ = V0Î + �V · �̂σ (58)

in the basis {|u〉,|g〉} of electronic states; �̂σ are the Pauli
matrices. The physical effect of the perturbation is fully
described by the matrix elements 〈α|V̂ |β〉; α,β = u,g.

When the electronic-vibrational coupling is turned on, the
electronic states |u〉 and |g〉 evolve into vibronic states |�u〉 and
|�g〉 with the same symmetry as the original electronic states.
Therefore, the coupling preserves the symmetry, but now the
matrix elements describing the response of the system to the
external perturbation V̂ need to be calculated with respect
to |�u〉 and |�g〉. Since the vibronic wave functions contain
electronic and vibrational parts, these matrix elements are
reduced in magnitude with respect to the corresponding purely
electronic matrix elements. The action of the perturbation on
the vibronic states of E symmetry is therefore

V̂ = V0Î + qV1σ1 + pV2σ̂2 + qV3σ3, (59)

where the reduction factors are defined by

p = 〈�u|σ̂2|�g〉
〈u|σ̂2|g〉 (60)

and

q = 〈�u|σ̂1|�g〉
〈u|σ̂1|g〉 = 〈�u|σ̂3|�u〉

〈u|σ̂3|u〉 . (61)

In the linear E ⊗ e Jahn-Teller model, p and q are related by
the identity q = (1 + p)/2 [36].

It is now simple to show that in the linear E ⊗ e Jahn-Teller
model p and q can be expressed in terms of the exact geometric
phase in Eq. (22). In the notations of Sec. III, the expressions
for p and q become

p = 2π

∫ ∞

0
dQQ|χ (Q)|2 cos θ (Q),

q = 2π

∫ ∞

0
dQQ|χ (Q)|2 1 + cos θ (Q)

2
. (62)

Since cos θ (Q) is proportional to the conditional electronic
angular momentum lz(Q), p will be small if the electronic
angular momentum is effectively quenched at all values of Q

for which |χ (Q)|2 is appreciable. This is clearly the case for
the states shown in Fig. 2, as cos θ (Q) is only significantly
different from zero in the classically forbidden region near
the origin where |χ (Q)|2 is exponentially small. Using the
expression for the exact geometric phase in Eq. (22), p can be
expressed as

p =
∫ ∞

0
dQQ|χ (Q)|2

[
1 − γ (Q)

π

]
. (63)

The more rapidly γ (Q) saturates to its asymptotic value, i.e.,
the more localized the Berry curvature, the smaller the value
of p. In the BO limit, p = 0.

VII. CONCLUSIONS

The adiabatic molecular Berry phase depends on the
nonanalyticity implied by conical intersections of BO potential
energy surfaces. Yet points of conical intersection are precisely
where the BO approximation breaks down most severely,
raising doubts about whether the molecular Berry phase would
survive in an exact calculation. In fact, an example was found
in which the molecular Berry phase becomes identically zero
when calculated with the conditional electronic wave function
from the exact factorization scheme instead of the BO wave
function [26]. Hence, the adiabatic molecular Berry phase is
in this case an artifact of the BO approximation.

Spectroscopic signatures of the Berry phase have been ob-
served in Jahn-Teller systems since the 1960s [9–11]. Although
the BO approximation breaks down at conical intersections in
these systems, the effects of the Berry phase are nevertheless
observable because they influence the global behavior of the
conditional electronic wave function far from the point of con-
ical intersection. However, the specific topological character
of the adiabatic Berry phase in Jahn-Teller systems is not a
true and observable feature of the exact wave function [28].

When the Berry phase is calculated with the exact con-
ditional electronic wave function in Jahn-Teller systems, it
becomes a genuinely path-dependent quantity that is close
to but slightly less than π for most paths. The deviation
from π is a nonadiabatic effect that arises because the
Berry curvature—a featureless Dirac delta function in the
BO approximation—gets broadened into a smooth peaked
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function in an exact calculation based on Eq. (3). That the
Berry phase is close to π follows from the fact that the Berry
curvature is highly localized so that all but the smallest paths
pick up most of the weight of the peak and thus almost recover
the adiabatic result. In physical terms, the breakdown of the
BO approximation at conical intersections has only a small
perturbative effect on the exact conditional electronic wave
function at faraway points, and since the wave function at
those points is therefore close to the BO wave function, the
value of the Berry phase calculated on a path that stays away
from the conical intersection is close to its BO value.

The precise value of the Berry phase for a given path de-
pends on the detailed shape and extent of the Berry curvature.
One of the main objectives of this paper was to derive an
analytical formula that accurately describes the Berry curva-
ture in the large mass limit of the prototypical linear E ⊗ e

Jahn-Teller model. Although we have found numerically that
the Berry curvature approaches a universal function in the
limit M → 0, we were not able to find its analytical form in
terms of special functions. Nevertheless, we have proposed a
compact formula that we hope will prove helpful in designing
functional approximations in a nonadiabatic generalization of
density functional theory, in which the exchange-correlation
energy depends on the Berry curvature [54].

Since we cannot force the nuclei to move along any given
path, the exact molecular Berry phase can only be inferred from
an observable that will involve an integral over nuclear con-
figuration space of a parametrically R-dependent conditional

variable weighted by the nuclear probability density. It has
been an open question to identify an experimental observable
that clearly distinguishes between the molecular geometric
phase calculated with the exact conditional electronic wave
function from that calculated with the BO wave function. We
have shown here that Ham reduction factors, which describe,
e.g., how electronic-vibrational coupling modifies g-factors in
electron spin resonance experiments, are related to an integral
over the exact molecular geometric phase. Thus, experimental
measurements of Ham reduction factors are sensitive to the
difference between the exact and adiabatic molecular Berry
phases.

Note added. Two articles relevant to dynamical Jahn-Teller
effects and Berry phases have recently appeared. Ribeiro and
Yuen-Zhou explain the reason for ground state degeneracies
in Jahn-Teller models with maximal continuous symmetries
[69]. Thiering and Gali present ab initio calculations for the
dynamical Jahn-Teller induced damping (Ham effect) of the
spin-orbit interaction in diamond nitrogen-vacancy centers
[70].
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Observation of the two-way shape memory effect in an atomistic model
of martensitic transformation

E. A. Jagla1∗

We study a system of classical particles in two dimensions interacting through an isotropic
pair potential that displays a martensitic phase transition between a triangular and a
rhomboidal structure upon the change of a single parameter. It has been previously shown
that this potential is able to reproduce the shape memory effect and super-elasticity, among
other well-known features of the phenomenology of martensites. Here, we extend those
previous studies and describe the development of the more subtle two-way shape memory
effect. We show that in a poly-crystalline sample, the effect is mostly due to the existence
of retained martensite within the austenite phase. We also study the case of a single crystal
sample where the effect is associated to particular orientations of the dislocations, either
induced by training or by an ad hoc construction of a starting sample.

I. Introduction

Martensitic transformations are temperature
driven non-diffusive phase transitions in which
the atoms of a solid perform small individual
atomic displacements between a high temperature
high symmetry austenite (A) phase, and a low
temperature lower symmetry martensite (M) phase
[1]. When the symmetry of the martensite phase
is a sub-group of that of the austenite phase, the
system displays the remarkable shape memory
effect (SME) [2]: the sample in the martensite
phase can be mechanically deformed significantly,
yet, when the temperature is raised and the
austenite becomes stable, the sample returns to its
original shape. In simple terms, the origin of the
shape memory effect is associated to the fact that

∗E-mail: jagla@cab.cnea.gov.ar

1 Comisión Nacional de Enerǵıa Atómica, Instituto Bal-
seiro (UNCu), and CONICET. Centro Atómico Bar-
iloche, Avda. E. Bustillo 9500, 8400 Bariloche, Ar-
gentina.

in the martensite phase, and even if the sample
is mechanically deformed, each atom preserves
the atomic neighborhood it had in the austenite,
and when temperature is raised and austenite
becomes stable again, each single atom returns to
its original position.

It is quite remarkable that in many cases, af-
ter a sample was submitted to one (or more) of
these cycles, it is able to “remember” the kind of
deformation it was submitted to, and upon a new
cooling step, it deforms spontaneously to the re-
membered shape, without the application of an ex-
ternal deformation. The shape change under this
cooling-heating cycling is termed the two-way (or
all-round) shape memory effect (TWSME). The
origin of the TWSME is more subtle than the sim-
pler SME. It does not originate in general symme-
try considerations but in the remaining, after the
initial cooling-deformation-heating “training” cy-
cles, of atomic arrangements within the austenite
that “remember” the form in which the sample was
stressed; upon a new cooling, they favor the nucle-
ation of martensite in preferential orientations. It
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austenite

(a) (b)

(c)

(d1)

(d2) (e2)

(e1)

SME

TWSME

Figure 1: Sketch of the shape changes in a sample
displaying a martensitic transformation. Marten-
site is schematically indicated by the dashed re-
gions, which can be vertical or horizontal, indicat-
ing a martensitic variant elongated in the corre-
sponding direction. (a) Starting austenite sample.
(b) Isotropic martensite after cooling. (c) Marten-
site deforms due to interconversion of variants, after
an applied stretching along x. (d) Sample returns
to the austenite phase after heating, recovering to-
tally (d1) or partially (d2) its original form (the
amount or remaining deformation in (d2) may be
hardly visible experimentally). This is the SME. In
the last case, the retained martensite in (d2) can
trigger the spontaneous shape change of the sample
after cooling (e2), giving rise to the TWSME.

has been observed that the TWSME can be trig-
gered by small remaining pieces of the martensite
phase within the austenite (this is referred to as re-
tained martensite), collections of dislocations with
particular orientations or regions of the austenite
with anisotropic remnant strains [3–8]. The generic
scheme giving rise to the TWSME is qualitatively
depicted in Fig. 1.

Although well understood in qualitative terms,
many details of the TWSME have not been to-
tally elucidated. Particularly, the thermodynam-
ical or dynamical reasons that favor the formation
of retained martensite or other kind of elastic dis-
torsions that trigger the effect are only poorly un-
derstood. Also, other interesting questions can be
asked, as for instance to what extent a starting
austenite sample can be engineered, in such a way

to obtain a predefined deformation effect upon cool-
ing, without the necessity of training cycles.

In this paper, we contribute to answer these
questions. In section II, we present an atom-
istic two-dimensional model that displays a marten-
sitic phase transition between a triangular and a
rhomboidal phase. In section III, we construct a
polycrystalline sample with periodic boundary con-
ditions, and apply a cooling-deformation-heating
training cycle. After that, we investigate if the
TWSME appears. We observe the appearance of
the TWSME for the case in which the deforma-
tion during the training cycle is large enough, which
is correlated with only a partial recovery of shape
after heating in the training cycle, and with the
existence of preferential orientations of retained
martensite in the austenite phase. In section IV,
we show the same effect for the more realistic situ-
ation of a long bar upon bending. In section V, we
study the TWSME in a single crystal sample with
dislocations, showing how preferential orientations
of the dislocations can justify the appearance of the
TWSME. We also address the potentially promis-
ing possibility of designing a sample with an ad hoc
distribution of defects that displays the TWSME.
We show that a particular spatial distribution of
dislocations can be proposed for which a robust and
persistent TWSME is obtained. Finally, in section
VI, we summarize and conclude.

II. Model

Martensitic transformations typically occur due to
an entropic stabilization mechanism of the austen-
ite phase [9]. The bare interaction potential be-
tween the particles has the deepest minimum at
the structure of the martensite phase, whereas the
austenite phase is at most a secondary metastable
minimum. Yet, the basin of attraction is wider for
the austenite than for the martensite, so that ther-
mal fluctuations generate a decrease of the free en-
ergy of the austenite with respect to the martensite
as temperature is raised. At a certain temperature,
the two structures can exchange stability, and the
transition occurs.

A full numerical simulation of a martensitic
transformation requires the simulation of the dy-
namics during a long time, to observe the transition
between the structures taking place. In addition,
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the elementary time step of the simulation must
be small enough in order to reproduce the ther-
mal movement of the particles. On the whole, this
fully first principle simulation requires a large tem-
poral span that makes the simulation very time-
consuming. Simulations along these lines have in
fact been done [10–12], however, the subtle effects
we want to detect are hard to observe with this
technique.

In an alternative approach, we consider an ef-
fective interaction potential that already includes
the effects of entropy. In this sense, this atomic
potential must be actually considered to be a free
energy functional in the spirit of Ginzburg-Landau
free energies used in general descriptions of phase
transitions. We will assume that the effect of tem-
perature is to change the form of this effective
free energy potential. The stability range between
martensite and austenite structures is directly en-
coded in the form of the potential, and then the
simulation will display the transition without the
need to truly simulate the atomic thermal vibra-
tions.

We numerically study the system by solving the
time dependence of the particle coordinates accord-
ing to a standard Verlet scheme in the presence of a
frictional term proportional to velocity. This term
takes out of the system any kinetic energy gen-
erated during the transformation, and effectively
keeps the system at a local energy minimum. As
we did in [13], we numerically study the system by
solving the time dependence of the particle coordi-
nates according to a Verlet scheme [14] of the form

r(t) = 2r(t− dt)− r(t− 2dt)

+dt2[f(t− dt)− µv(t− dt)] (1)

v(t) = [r(t)− r(t− dt)]/dt, (2)

with r(t) the position of each particle, v(t) its veloc-
ity and f(t) the force acting on the particle coming
from all neighbor particles at time t. Note that a
frictional term proportional to the velocities (and
to a friction coefficient µ) has been included. A
kind of term like this is neccesary as the conversion
between martensite and austenite occurs in gen-
eral at values of the control parameter that are not
precisely the equilibrium ones (see below). This
means that there is some conversion from potential
to kinetic energy at the transition, and this energy

excess has to be taken out of the sample to avoid
generating very large particle velocities. The lo-
cal friction term efficiently accomplishes this goal,
whereas protocols depending on the global energy
(the Nose-Hoover thermostat, for instance) would
not be effective [14]. In all this paper, we use µ = 6
and dt = 0.01.

The potential we use and its basic features were
presented in [13]. For completeness, we give the
form of the potential here. The interparticle po-
tential V (r) is composed of several parts:

V (r) = V0 + V1 + V2 + V3, (3)

where

V0 = A0

[
1

r12
− 2

r6
+ 1

]
if r < 1 (4)

V1 =

[
(r − 1)2(r + 1− 2c)2

(c− 1)4

]
− 1 if r < c(5)

V2 = −A2

s42
[(r − d2 − s2)2(r − d2 + s2)2]

if d2 − s2 < r < d2 + s2 (6)

V3 =
A3

s43
[(r − d3 − s3)2(r − d3 + s3)2]

if d3 − s3 < r < d3 + s3, (7)

and 0 otherwise in all cases. V0 is the repulsive part
of a LJ potential and its weight in the total poten-
tial is measured by the parameter A0. The quartic
term V1 contributes with an attractive well to the
total potential. The last two terms are fine tuning
terms that provide a small minimum of amplitude
A2 centered at d2, and a small maximum of ampli-
tude A3 centered at d3. They were adjusted to pe-
nalize appropriately the triangular lattice, and/or
favoring the martensitically related structure. The
potential is fully determined by the set of param-
eters P = {A0, A2, A3, c, d2, s2, d3, s3}. To study
the triangular-rhomboidal transition (T-R), we
use P = {A0, 0.003, 0.01, 1.722, 0.98, 0.04, 1.74, 0.2}
with variable A0. A0 is the parameter that models
the effect of temperature. There is a critical value
of Ac

0 ' 0.067 such that for A0 < Ac
0 (A0 > Ac

0)
the martensite (austenite) phase is globally more
stable.

The lattice parameter of the austenite phase is
approximately 0.995 at the transition point, in-
creasing slightly with the value of A0. The austen-
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ite phase is characterized by two different inter-
atomic distances that are approximately 0.93 and
1.04 at the transition. In order to visualize parts
of the sample in the austenite or martensite phase,
and since a direct examination of every atomic po-
sition is impractical, we make the following analy-
sis: given a configuration of the particles, neighbor
particles located at a distance compatible with the
largest interatomic distance in the martensite phase
are identified (for practical reasons, we use a dis-
tance window between 1.015 and 1.2), and those
links are plotted as segments. This highlights re-
gions of the sample in the martensitic phase. In ad-
dition, since our attention is focused on the shape
of the sample, the following color code is imple-
mented: when the large link of the martensite is
oriented mostly horizontally, the link is plotted in
red, whereas when the link is oriented mostly verti-
cally, it is plotted in green. This color coding allows
to identify at a glance if the sample (or a part of it)
is preferentially stretched in the x or y direction.

III. Shape memory and two-way
shape memory in a periodic,
polycrystalline sample

The “shape” of a sample has the characteristic of
being strongly connected to the existence of free
surfaces. Yet, as a first example and since we are
looking for tiny effects that must show up in the
simulations, a different set up will be more conve-
nient. In this section, we will study a system with
periodic boundary conditions within a rectangular
box of size lx, ly. In this set up, the shape of the
sample is characterized by the ratio lx/ly. The val-
ues of lx of ly are allowed to adjust dynamically
during the simulation according to the following
mechanism. The internal compressions fx and fy
in the system in both directions x and y are calcu-
lated along the simulation and are driven towards
externally imposed valuesfextx and fexty , by the ad-
justment of lx of ly, according to the equations

dlx,y
dt

= λ(fx,y − fextx,y ). (8)

If fextx,y are set to zero, the equilibrium values of lx,y
determine the shape of a “free” sample. Instead,
non-zero values of fextx,y model the application of
external forces along the x or y directions.

Figure 2: (a) The starting polycrystalline sample
after initial relaxation in the austenite phase. Plot-
ting details and the meaning of the color code are
provided in the text. Note that although the bulk
of the grains is in the austenite phase, atoms with
interatomic distances compatible with the marten-
site are widely present at the grain boundaries. (b)
The sample after transformation to the martensite
phase. There is no appreciable shape change during
this transformation.

The starting sample consists of a poly-crystal
constructed in the following way: a number of grain
centers and orientations are randomly chosen, and
they are used to generate a given grain orientation
around each of the centers. Each grain extends
in the sample according to a Voronoi tessellation
criterion, namely each sector of the sample is dom-
inated by the nearest grain center. As a first step,
this initial configuration is relaxed with the true
interatomic potential and A0 = 0.085, namely well
within the stability range of the austenite phase.
The values of lx,y are also allowed to relax dur-
ing the process, under fextx,y = 0. The configuration
obtained is shown in Fig. 2(a). We observe that al-
though the grains are in the austenite phase in bulk,
in the grain boundaries there are atoms that are at
the appropriate relative distance so as to trigger the
martensite transformation. As A0 is reduced and
the martensite becomes progressively more stable,
martensite crystals grow from the grain boundaries
and invade the bulk of the grains, until all the sam-
ple is transformed [Fig. 2(b)]. In this transfor-
mation, the form of the sample does not change,
beyond some fluctuations associated to finite size
effects.

At this stage, we apply an external deformation
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Figure 3: (a) The sample in Fig. 2(b) after exter-
nal stretching in the x direction and further relax-
ation once the stretching is withdrawn. (b) State
after re-transformation to the austenite. (c) and
(d) The same for an initial compression along x
direction. The black square is an outline of the
sample in Fig. 2(b), for comparison. Note that the
remaining martensite in (b) and (d) corresponds to
the deformation produced by the applied stretch-
ing.

through the setting of non-zero values of fextx =
−fexty , until we get a prescribed change in the shape
of the sample, characterized by the ratio lx/ly. Fig-
ure 3(a) depicts the structure of the sample after a
9% change in lx/ly, and ulterior relieve of the ex-
ternal force and relaxation. Interconversion of vari-
ants caused by the external deformation (favoring
x-elongated red ones) is apparent, and the sample
retains a deformation of about 5%. From this con-
figuration, the value of A0 is taken back to 0.085,
and the final configuration is shown in Fig. 3(b).
Note that although the sample mostly returns to
its initial configuration, displaying SME, there are
remains of martensitic variants, mostly red ones,
that correspond to pieces of martensite compatible
with the previously applied deformation. This pro-
duces that the shape of the sample in Fig. 3(b) is
not exactly equal to that in Fig. 2(b), but some

elongation along x remains. Figure 3(c) and (d)
show the equivalent situation that occurs when the
external stretching is performed along the y direc-
tion. In this case, the remaining martensite in Fig.
3(d) is mostly of the green type, and the sample
retains an elongation along the y direction.

The detailed evolution of the shape of the sam-
ple, as measured by lx/ly, is presented in Fig. 4(a):
the shape does not change in the first A→M trans-
formation. The sample elongates upon the appli-
cation of the external stress (S). When the stress
is relieved (R), the deformation is reduced, but the
sample remains deformed. When the sample re-
turns to the austenite phase (A2), it mostly recovers
its original shape. This is the standard SME. From
the configurations A2, we perform new austenite-
martensite cycling, without applying any external
stress. The evolution of the shape during this pro-
cess is seen in Fig. 4 (A2 → M2 → A3...). We see
that a systematic TWSME is observed and that fol-
lows the training imposed by the original external
deformation. To better quantify this effect, we first
plot in Fig. 4(b) the amount of remnant deforma-
tion after the first re-transformation to the austen-
ite (A2) as a function of the deformation caused by
the external loading (R). We see that this depen-
dence is strongly non-linear. It is vanishingly small
if the amount of applied deformation is low, but it
rapidly increases at larger applied deformation. In
(c), we see that the intensity of the TWSME is pro-
portional to the remaining deformation after the
training step indicating that preferential orienta-
tion of the remaining martensite within the austen-
ite is the main responsible of TWSME. In fact, the
remaining deformation in the austenite can be ar-
gued to be proportional to the imbalance between
the different orientations of the retained marten-
site. In turn, this imbalance is responsible for the
preferential growth of conveniently oriented vari-
ants when the sample transforms to the martensite
phase.

It is worth to be mentioned that the TWSME we
observe is robust with respect to cycling between
martensite and austenite. Typically, the effect is
maximum in the first cycle, it diminishes about 20%
in the second cycle, and then it conserves this value
for at least 20 cycles. That was the longest run we
performed.

In experimental realizations, it has been observed
that the TWSME can be almost perfect: the sam-
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Figure 4: (a) Evolution of the shape (lx/ly) of the
sample according to the following protocol. A:
starting austenite [Fig. 2(a)]. M : transforma-
tion to the martensite [2(b)]. S: stretched sam-
ple upon application of different external loads. R:
relaxed sample after external force is set to zero
[examples in 3(a),(c)]. A2: transformation to the
austenite, and observation of the SME. M2, S2 and
the following: shape change under cyclic austenite-
martensite transformation, in the absence of exter-
nal loading. This is the TWSME. (b) The remnant
deformation as a function of the maximum defor-
mation. The form of this curve is clearly non-linear.
(c) The amount of shape recovery in the TWSME
as a function of the remnant deformation in the
austenite phase. This relation is seen to be almost
linear in the range of deformations analyzed, with a
proportionality factor of about 0.5. The two crosses
and the dotted line show a few results in a sample
with larger grain sizes, where this factor is much
bigger.

ple may recover the deformed shape, even if the
remnant deformation is so small that it is unde-
tectable. On the contrary, the plot in Fig. 4(c)
shows that the amount of the TWSME in our case

Figure 5: The bar shaped sample. The black lines
outline the grains in the starting sample. The ac-
tual configuration of the sample after initial relax-
ation in the austenite phase is shown.

is tiny: it approximately corresponds to a sponta-
neous deformation upon transition to the marten-
site that is about one half of the remnant deforma-
tion in the austenite after training. We think that
this is related to the grain size of our sample. In
fact, in additional simulations using smaller grains,
the TWSME was almost unobservable. Instead, in
a more demanding simulation using grains of linear
size about three times those in Fig. 2, the effect was
much stronger, as the two crosses in Fig. 4(c) indi-
cate. The dotted line indicates in this case that the
shape recovery is about five times larger than the
remnant deformations. We think that this trend
makes plausible that the TWSME we are observ-
ing is compatible with that observed experimen-
tally, where the grain sizes are much larger than
those in our samples.

IV. SME and TWSME in a free bar

The results in the previous section show clearly that
our model contains all the necessary ingredients to
explain the origin of the TWSME. It would be de-
sirable, however, to show the effect appearing in
an experimentally achievable configuration, partic-
ularly in a sample with free surfaces.

In order to do this, we consider the case of the
bending of a bar shaped sample, with free surfaces.
The internal structure of the sample is again poly-
crystalline but, in this case, the spatial distribu-
tion of the grains was chosen by hand. The rea-
son for this choice is that truly random grains pro-
duce too strong variations from sample to sample
in our small systems. The outline of the grains
and the actual initial configuration after relaxation
are shown in Fig. 5. The system is submitted to
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Figure 6: Evolution of the bar along the treatment.
(a) Free sample in the martensite state. (b) Bend-
ing caused by an external loading, after the loading
has been relieved. (c) Transformation to austenite.
The sample straights, showing SME, but an appre-
ciable deformation remains. (d) Re-transformation
to the martensite phase. The sample bends (a small
amount) spontaneously. This is the TWSME.

a sequence of transformations as displayed in Fig.
6. First: reduce A0 down to 0.057 to reach the
martensitic state (a). In this process, the shape of
the sample does not change appreciably. Second:
application of an external bending stress followed
by the removal of the stress. The final configura-
tion obtained is shown in (b), where it is seen that
an important bending deformation remains in the
sample. Third: transform back to the austenite, by
increasing A0 to 0.085 (c). In this stage the SME
shows up, and the bar tends to recover its original
straight shape. Note, however, that the recovery
is not complete: a certain amount of deformation
remains that is originated in pieces of x-elongated
(green) martensite in the lower part of the sample,
and y-elongated (red) martensite in the upper part.
This imbalance of martensitic variants is the germ
of the spontaneous bending of the sample when we
transform to the martensite phase (A0 = 0.057) in
the absence of external stresses. The final configu-
ration is shown in (d).

To quantify the TWSME, which is tiny for our
small samples, we calculated the average vertical
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Figure 7: Profiles of the samples in the previous
figure, to quantify the degree of bending in each
stage. Both axis are in units of the inter-atomic
distance.

coordinate of the particles in slices of the bar at
different horizontal coordinates, and these values
are plotted in Fig. 7 for the configurations in Fig.
6. We see that in addition to the clear SME be-
tween (b) and (c), a small but clearly noticeable
TWSME between (c) and (d) exists, in which the
sample bends spontaneously without the applica-
tion of any stress. This effect is persistent upon
successive cycling between austenite and marten-
site, and it is of the same intensity as the one de-
scribed in the previous section for a sample with
periodic boundary conditions. In fact, quantifying
the effect by the curvature of the bar, we see that
the shape recovery when the sample transforms to
the martensite (the “TWSME” arrow in Fig. 7) is
about 0.4-0.5 of the remnant deformation (the (c)
profile in the same figure), very much as in Fig.
4(c).

V. SME and TWSME in single crys-
tals with dislocations

In the previous sections, the origin of the TWSME
was related to the remaining of martensite variants
within the austenite structure. For the systems
analyzed, these remains were favored by the poly-
crystal nature of the sample that allows for low
energy atomic rearrangements at the grain bound-
aries.

TWSME occurs also in the case of single crystal
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Figure 8: Lattice structure around a single dislo-
cation in a perfect triangular structure. The dislo-
cation core is indicated by the ”⊥” symbol. High-
lighted interatomic links indicate those that are in
the range [1.015, 1.2], well different than the equi-
librium lattice parameter of the triangular struc-
ture (0.995).

samples. In fact, although a perfect austenite single
crystal is not able to encode within its structure a
memory of a previous deformation in the marten-
site phase, the unavoidable existence of defects –
particularly dislocations– in the crystal structure
provides a mechanism to generate the TWSME.
Dislocations are defects that produce anisotropic
stresses in the crystal structure, which can favor
the growth of martensite variants of particular ori-
entations upon cooling [3, 15,16].

Experimentally, it is known that the TWSME
can be induced in single crystals by training, this
means that dislocations acquire a convenient distri-
bution to trigger the shape transformation in some
prescribed way, after the removal of the external
stress. It is also possible to consider the case of a
sample that is engineered with a collection of dis-
locations distributed in some appropriate manner,
such that the sample may have a tendency to spon-
taneously elongate in one direction and contract in
the perpendicular one upon the martensitic trans-
formation. Although at present it is not feasible
to produce such an ad hoc distribution of disloca-
tions, this seems an interesting theoretical situation
to consider.

The elastic distortions that a single dislocation
generates on an isotropic elastic solid are well-
known. However, it is not necessary to consider
this deformation in full detail here. The follow-
ing analysis is more appropriate to our purposes.
We constructed by hand a single crystal structure

with a dislocation in an otherwise perfect single
crystal sample. After preparation, the structure
was relaxed using the interatomic potential in the
austenite phase (A0 = 0.085). The final structure
is shown in Fig. 8. We also plot in that figure
the interatomic distances that are in the range ap-
propriate to become the largest lattice parameter
of the martensite structure, i.e., they will be the
germs on which martensite crystals will grow. It is
thus seen in the particular case of Fig. 8 that this
dislocation will induce a tendency to elongate the
sample along the insertion line of the dislocation (y
direction in this case) and a tendency to contract
along the glide direction (x direction).

In order to see to what extent dislocations are
effective to encode the TWSME, we first consider
a simple case. To avoid the existence of free sur-
faces that can blur the effect of the dislocations,
a single crystal with periodic boundary conditions
is necessary. However, it is not possible to accom-
modate a single dislocation with these boundary
conditions. Instead, we used a crystal with two
dislocations as sketched in Fig. 9(a). Note that
both dislocations have the same orientation of the
glide plane, thus contributing in the same way to a
possible TWSME. The separation between the two
glide planes was chosen by hand, however, note that
the relative position of the two dislocation along
this direction (the x separation of the dislocation
cores) is adjusted by the system, as dislocations
are very mobile along x. As the A0 parameter of
the potential is reduced, the system remains within
the austenite phase up to A0 ' 0.60 [Fig. 9(a)],
well below the equilibrium transition value which
is 0.65. This indicates that there is an appreciable
energy barrier to the nucleation of the martensite
in the present case. Reducing A0 further produces
an abrupt transition to the martensite phase [Fig.
9(b)-(e)], in which only two of the three possible
martensitic variants are present. These variants
are precisely those favored by the dislocations in
the system, and generate a global contraction along
x and expansion along y, as indicated in the last
panel of Fig. 9 by the outline of the initial and
final shapes. The amount of the TWSME is, in
this case, very close to the ideal value that can be
expected in this case (about 7 % in lx/ly) This is
a clear evidence that the sample displays a strong
TWSME.

The previous example shows –in a rather ideal
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Figure 9: Martensitic transition of a sample with
two dislocations and periodic boundary conditions.
(a) Stable configuration for A0 = 0.060. (b) to (e)
spontaneous transformation for A0 = 0.059. (f) fi-
nal configuration at A0 = 0.057. The red rectangle
is the shape of the original sample in (a), and allows
to see that there was an important shape change.

situation– that the TWSME may be induced in our
model by dislocations. Looking for the same effect
in a more realistic set up, we tried to train a sin-
gle crystal to display TWSME. Since some amount
of disorder in the starting sample is necessary, we
started with a sample with a small concentration of
vacancies, and performed austenite-martensite cy-
cles in the presence of an external stress. It was
observed that the vacancies reacommodated in the
form of dislocations, that were distributed in the
sample in a more or less random fashion. How-
ever, we did not observe an overabundance of dis-
locations with the insertion plane parallel to the
stretching direction that would favor the TWSME.
In fact, this was not observed beyond the limit of
sample to sample variations. It is not clear to us

Figure 10: A free bar engineered with a collection of
dislocations to induce the TWSME. (a) Structure
after a relaxation with a parameter A0 correspond-
ing to the austenite phase. (b) The sample after
the first transition to the martensitic, and (c) back
to the austenite. (d) The austenite sample after
a few cycles, where some degradation is observed.
Details of the configurations in the two outlined
boxes are shown in the next figure.

why this attempt was unsuccessful.

We thus decided to insert by hand an ad hoc dis-
tribution of dislocations that produce the TWSME
in a sample with free boundaries. We concatenated
many elemental pieces similar to those in Fig. 9(a),
although the separation between dislocations was
much shorter. The sample obtained after a relax-
ation step in the austenite phase is shown in Fig.
10(a). A detail displaying the distribution of dis-
locations can be seen in Fig. 11(a). Note that
all dislocations have the same glide directions, and
all contribute to a shrinkage along x and expan-
sion along y upon the martensitic transformation.
The sample after the transition to the martensitic
phase is shown in Fig. 10(b), where an apprecia-
ble decrease of length is apparent. The sample re-
turns to its initial length after back-transforming
to the austenite [Fig. 10(c)]. The shape change is
persistent, as Fig. 12 shows, although we also see
in Fig. 10(d) and 11(b) that the sample degrades
after cycling. We suspect that the degradation ef-
fect would be lesser in larger samples, and also in
a three dimensional set up where the movement of
dislocations is more limited due to dislocation en-
tanglement.

The present example is a theoretical verification
that dislocations can be appropriately distributed
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Figure 11: Detail of the configurations in the two
square boxes highlighted in the previous figure. In
(a), note the almost periodic arrange of disloca-
tions that were introduce by hand. In (b), we show
a particular part of the sample that has suffered of
an important degradation due to dislocation move-
ment.

in a single crystalline sample in order to induce the
TWSME.

VI. Conclusions

In this paper, we have used a tunable, classical,
isotropic potential for identical particles in two di-
mensions to study the origin of the two-way shape
memory effect (TWSME) in martensitic transfor-
mations. Our model starts with an effective model
at intermediate time scales, in which the actual
atomic vibrations are not explicitly resolved, but
their effect is incorporated in an effective change of
the interatomic potential. In this way, subtle ef-
fects such as the TWSME can be studied without
much numerical effort, something that would not
be possible from a full ab initio simulation.

We first studied the case of a polycrystalline sam-
ple, and made clear how the TWSME has its origin
in the remaining of martensite pieces of the ap-
propriate orientation inside the austenite, after a
cooling-deformation-heating protocol. In addition,
we were able to show that the same effect is observ-
able in the more natural experimental configuration
of a bar, under bending stresses.

In the second part of the work, we have seen
how the presence of dislocations may induce the
TWSME of single crystal samples, as dislocations
produce a strain field on its neighborhood that fa-
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Figure 12: The shape of the free bar in Fig. 10 as
a function of successive austenite-martensite trans-
formations. The I parameter reported is propor-
tional to the moment of inertia with respect to x,
defined as I =

∑
i (xi − xi)2.

vors the martensitic transformation into variants
that produce a stretching of the sample in the in-
sertion plane, and a contraction along the glide di-
rection. We have seen that a properly chosen peri-
odic arrange of dislocations is able to induce a bulk
effect with an important shape change.

These findings indicate, first of all, that the
present model and simulation techniques are ap-
propriate to discuss subtle effects, as the TWSME,
that are well understood on a qualitative basis, but
only rather superficially in their microscopical de-
tails. It also allows to study problems that are not
immediately accessible to present experimental ca-
pabilities, as for instance to address the effect of a
given dislocation distribution in the shape change
of a given sample under martensitic transformation.
All these results are promising, and give confidence
that other even more demanding studies, as for in-
stance the interplay of martensitic transformation
and cracking and fracturing of a sample, can also
be studied with the kind of model studied here.
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In the presence of impurities, ferromagnetic and ferroelectric domain walls slide only above a finite
external field. Close to this depinning threshold, they proceed by large and abrupt jumps called avalanches,
while, at much smaller fields, these interfaces creep by thermal activation. In this Letter, we develop a novel
numerical technique that captures the ultraslow creep regime over huge time scales. We point out the
existence of activated events that involve collective reorganizations similar to avalanches, but, at variance
with them, display correlated spatiotemporal patterns that resemble the complex sequence of aftershocks
observed after a large earthquake. Remarkably, we show that events assemble in independent clusters that
display at large scales the same statistics as critical depinning avalanches. We foresee these correlated
dynamics being experimentally accessible by magnetooptical imaging of ferromagnetic films.

DOI: 10.1103/PhysRevLett.118.147208

The physics of disordered elastic systems is relevant
for many areas of physics such as magnetic [1–5] and
ferroelectric [6,7] domain wall, contact lines in wetting [8],
crack propagation [9,10], and vortex lines in type-II
superconductors [11]. It involves the driven motion of
an elastic object, such as a manifold or a periodic structure,
in a weakly disordered medium. At zero temperature,
setting the system in motion requires the application of a
finite force f exceeding a critical value fc, a process known
as depinning. When f ≫ fc, and due to dissipation, the
system flows with a velocity essentially proportional to the
driving force f, while it is pinned for f < fc. At a finite
temperature, this behavior is drastically modified since
energy barriers can always be passed by thermal activation,
leading to a finite velocity for any finite force.
One of the important questions is the response of an elastic

interface to a very small force, f ≪ fc. Understanding this
regime is relevant to assess the electrical resistance of a
superconductor [11] or to judge in which conditions ferro-
electric or ferromagnetic materials can be used to store and
retrieve information [12]. It is now well known that at very
low driving, the response is highly nonlinear, leading to the
so-called creep regime. Phenomenological arguments based
on the Arrhenius activation of segments of the interface
(thermal nuclei) showed that, instead of a linear response, one
should expect a stretched exponential response [13–17],
where the average velocity of the wall is exponentially
small in a power law of the external force. This behavior
was later confirmed by more microscopic derivations based
on a functional renormalization group procedure (FRG) in
d ¼ 4 − ϵ dimensions [18,19]. Experiments onmagnetic and
ferroelectric domain walls also provided confirmation of the
creep law for the average velocity [1,6].

Despite these important successes between experiments
and FRG, two important questions remain open concerning
the creep motion. (i) First, a convincing confirmation of
the creep law is still missing. While experiments typically
concern systems in d ¼ 1 and d ¼ 2, the FRG is valid only
in d ¼ 4 − ϵ, with ϵ assumed to be small. The only
available theoretical tools to address the dynamics of
low dimensional interfaces, so far, are numerical simula-
tions. In this respect, traditional molecular dynamics
techniques have difficulties reaching the very long times
which are necessary to deal with the ultraslow motion
characterizing creep [17,20]. Thus, a well-controlled
numerical technique that would not suffer from slowing
down when the force is reduced would be highly suitable.
(ii) Second, and more importantly, the understanding of
creep dynamics besides its mean velocity is an open issue.
The FRG suggests that beyond the size of the thermal
nucleus, the coarse-grained motion should be depinning-
like up to a second temperature-controlled and very large
length scale where the flow regime occurs [18,19].
However, the evidence of such a large scale and the
description of this depinning-like motion are still elusive.
In this Letter, we provide a novel numerical technique

able to tackle the creep at very small forces and vanishing
temperature, computing the full sequence of activated
events. We determine the distribution of their sizes—which
displays an anomalous power-law behavior—and study
their surprising spatiotemporal organization: initial seeds
trigger large reorganizations of events (as shown in Fig. 1),
statistically identical at large scales to deterministic depin-
ning avalanches. In this way, our results give a clear
interpretation of the FRG predictions. Further, they link
the creep motion with the complex earthquake dynamics
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[21], where a main shock triggers a cascade of aftershocks
[21–24]. We foresee these correlated dynamics being
experimentally accessible by events’ detection in ferro-
magnetic films [4]. To motivate such an experimental test,
we specify the relevant scales for the particular case of
Pt=Co=Pt films [25].
Phenomenology.—We consider a d¼1-dimensional in-

terface in absence of overhangs. At any time t, the local
displacement is described by a single valued function,
hðx; tÞ, which, in the overdamped limit, is described by the
so-called quenched Edwards-Wilkinson equation [26–28]:

γ∂thðx; tÞ ¼ c∇2hðx; tÞ þ f þ Fpðx; hÞ þ ηðx; tÞ; ð1Þ
where c∇2hðx; tÞ accounts for the elastic force due to the
surface tension, f is the external pulling force, and the
fluctuations induced by impurities and temperature are
encoded in the quenched disorder term Fpðx; hÞ and in the
Langevin thermal noise ηðx; tÞ, respectively. We consider
here random bond (RB) disorder in which the pinning
potential is short-range correlated in the direction of
motion. The analysis of the random-field disorder case,
where the pinning force is short-range correlated (and thus,
the energy displays correlations in the direction of motion),
is deferred to the Supplemental Material [29].
At zero temperature, there are two reference points

where self-affinity and scale-free behavior are expected.
Equilibrium scaling.—The first reference point, at f ¼ 0

corresponds to thermodynamic equilibrium where the
extensive ground state energy displays a critical sample
to sample fluctuations, growing as Lθeq , and the interface is
rough with a self-affine width growing as Lζeq . The
exponents θeq and ζeq are universal and depend only on
dimension, range of elastic interactions, and disorder class.

Depinning scaling.—The second critical point at f ¼ fc
and zero temperature corresponds to the depinning tran-
sition above which the interface acquires a finite global
velocity V ∼ ðf − fcÞβdep. This point is characterized by a
roughness ζdep (see Fig. 2 at f ¼ fc). At any force close to
fc, a small perturbation can induce a large reorganization of
the interface, called depinning avalanche. The avalanche
size, namely the area spanned by the moving interface, has
power-law statistics with exponent [37,38]

τdep ¼ 2 −
2

dþ ζdep
: ð2Þ

Creep scaling.—At small but finite temperature (T > 0)
and below fc, the instantaneous dynamics appears as a
collection of incoherent vibrations localized around deep
metastable configurations. However, the presence of a
small positive drive makes a global forward motion
energetically favorable in the long term. It was shown that
at vanishing temperature, this forward motion is effectively
dominated by the sequence of metastable states of decreas-
ing energy, separated by the minimal energy barrier
[39,40]. Scaling arguments suggest that at a very small
force (i.e., in the creep regime), the typical size for these
activated rearrangements is

LoptðfÞ ∼ 1=fνeq ; with νeq ¼
1

dþ ζeq − θeq
: ð3Þ

The global velocity is determined using the Arrhenius
formula, assuming that the energy barriers scale as the
ground state fluctuations, i.e., as Lθ

opt with θ ¼ θeq, result-
ing in the creep law [13–19]

− logV ∝ f−μ; ð4Þ
where μ ¼ νeqθeq ¼ θeq=ðdþ ζeq − θeqÞ.

FIG. 1. Spatiotemporal patterns. Top: snapshot of 300 consecu-
tive configurations for the moving interface. On the left, a typical
sequence of events at a small force in the creep regime that assemble
in space on a pattern of two clusters. On the right, a typical sequence
of deterministic avalanches at a larger force close to depinning that
appear randomly distributed in space. Bottom: activity maps
showing for each event of the top row, a horizontal line representing
its lateral extension. In all cases, the time sequence is illustrated by a
color code, from dark red (older) to dark blue (more recent).

FIG. 2. Velocity-force characteristics and reference points. Two
aspects of the T > 0 dynamics below fc are schematically shown:
(i) thevelocityV has a finitevalue at low forceswell approximatedby
Eq. (4), and (ii) a characteristic length scaleLopt, which diverges as f
goes to zero, separates two dynamical regimes identified by different
roughness exponents, ζeq below Lopt and ζdep above Lopt. When
f → fc, Lopt is identified with the microscopic Larkin length [16].
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In order to overcome the difficulties of the traditional
integration schemes for Eq. (1), it has been proposed to
target the rare events that move the interface forward
[39,40]. This corresponds to enumerate all pathways that
end in a state with lower energy and select the one that has
overcome the smallest barrier. Unfortunately, this exact
enumeration grows exponentially with Lopt and does not
permit to access the creep regime and to test the scaling
arguments of Eqs. (3) and (4).
Modeling.—Below fc, the dynamics that evolves the

interface from one metastable state to the next one is
composed by two steps: an activated move to jump a barrier
and find a lower energy state, followed by a deterministic
relaxation that further drives the interface through the energy
lowering gradient until the next minimum is reached. The
difference between the new and the previous metastable
configurations is a compact object that we call an event, well
characterized both by its area Seve and by its lateral size Leve.
In order to explore the low force regime, we adopt here a

new strategy for the activated move. Thanks to the Dijkstra
algorithm, we compute (in a polynomial time) the minimal
rearrangement in size that takes the interface to a lower energy
state. At small forces, this approximate method is equivalent
to searching for a minimal barrier since they grow with the
size of the rearrangement. This strategy allowsus toovercome
the severe computation limitations of the exact algorithm and
make it possible not only to increase by a factor 30 the system
size, but, and more importantly, to decrease by a factor 100,
the external drive f. Numerical checks show that even at
forces smaller and comparable to fc, the approximated
method provides the same macroscopic dynamics as the
exact algorithm. We refer the reader to the Supplemental
Material [29] for this validation and algorithmic details. For a
given realization of the disorder, the sequence of metastable
configurations generated by our algorithm is unique once the
steady state is reached. A typical sequence of locked
configurations can be seen in Fig. 1 (left). Unless specified,
all the reported numerical data correspond to a system
size L ¼ 3360.
Results analysis.—From the conventional picture of

creep dynamics, one would expect that for small driving
forces (f ≪ fc), the event size fluctuates around a “typical"

value L
dþζeq
opt (note that when f ≪ fc, the rearrangements

induced by relaxation are minimal). However, in Fig. 3, we
show that the event size distribution displays an unexpected
power-law scaling:

PðSeveÞ ∼ S−τeveGðSeve=ScÞ; ð5Þ
similar to the depinning one with a force-dependent cutoff
ScðfÞ. A good collapse of the distributions at different
forces is found for ScðfÞ ∼ f−α, with α ¼ 1.25. This scaling
with force is perfectly consistent with the cutoff being

Sc≃Sopt∼L
dþζeq
opt ; that for d ¼ 1 yields α ¼ ð1þ ζeqÞνeq ¼

5=4. We conclude that at variance with standard scaling, the

characteristic length Lopt corresponds to the “largest” rather
than the “typical” size of the irreversible events. However, the
creep law (4) is not affected, since, for activated dynamics, the
velocity is controlled by the largest barriers and therefore by
Lopt. Notice that for larger forces (f → f−c ), the activated
nucleus Lopt saturates to a microsopic length, but the event
size is dominated by the deterministic relaxation [40] so that
Leve diverges as ðfc − fÞ−νdep . Therefore, alsoSeve (defined as
combination of an activated and a deterministic move)
diverges at both critical points while taking a minimal value
at intermediate forces (see Supplemental Material [29]).
A second important feature of PðSeveÞ is the power-law

decay. A scaling argument, valid for elastic systems [41],
suggests that the cutoff exponent α and the power-law
exponent τ should satisfy the relation τ ¼ 2 − 2νeq=α ¼
2 − 2=ðdþ ζeqÞ, in analogy to Eq. (2). Here, the cutoff
∼f−α is controlled by the distance to equilibrium f ¼ 0,
and we would expect the value τ ¼ τeq ¼ 4=5. However,
this is not the case, and we find a larger exponent
τ ¼ 1.17� 0.01. Such a distribution with τ > τeq, violating
the scaling relation, expresses an excess of small events
compared to what is expected a priori for a distribution of
fully independent avalanches.
To shed light on this issue, we further inspect Fig. 1. We

observe that creep events are organized in compact spatio-
temporal patterns in contrast with depinning avalanches that
appear randomly distributed along the interface, as well
illustrated by the activity maps that supplement the sequence
of metastable configurations. Remarkably, there is a sim-
ilarity of such time correlations between events with the ones
observed in real earthquakes, where a large main shock is
followed by a cascade of aftershocks [21–24]. The statistics
of the energy dissipated by earthquakes is characterized by
the Gutenberg-Richter exponent b, which is equivalent to the
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exponent τ via the exact relation b ¼ 3
2
ðτ − 1Þ. For classic

avalanche models (e.g., depinning, directed percolation,
Abelian sandpiles), the maximal value for b is 3=4 (which
corresponds to the mean field exponent τ ¼ 3=2). From
the analysis of the seismic records, one gets [21,22]
b≃ 1 > 3=4. Thus, we observe that, due to the presence
of time correlation in the sequence of events, both earth-
quakes and creep events display an effective exponent τ
bigger than the one predicted by simple avalanche models.
In the interest of evaluating these spatiotemporal patterns,

we collect correlated events in clusters (creep events
enclosed by a circle in Fig. 1). In presence of short range
elasticity, a simple criterion for the cluster formation is to add
a new event to a growing cluster if their spatial overlap is not
null. The growth of a cluster stops whenever a new event has
no overlap with it. This event, in turn, represents the seed for
the creation of a new cluster. In finite systems, this procedure
can generate systemsized clusters, and in this case,wedecide
to artificially break the cluster construction and start with a
new cluster. This finite-size effect is mitigated here by
considering big enough systems, its analysis being the goal
of a separate work [42]. Upon identifying the sequence of
clusters, one can compute their size, namely the sum of the
areas of all the events that compose the cluster.
Figure 4 shows the cluster size distribution PðSclustÞ that

displays a crossover at a value Sclust ≃ Sopt. Below Sopt, we
observe a power lawwith exponent≈0.80� 0.06, consistent
with the equilibrium value, τeq ¼ 4

5
. Above Sopt, instead,

the power-law exponent ≈1.11� 0.04 is in good agreement
with the depinning critical avalanches distribution value
[38] τdep ∼ 1.11. In order to span more than eight decades
in Sclust=Sopt, we have simulated a range of forces
f ∈ f0.002; 0.2g. The equilibrium exponent appears in the
limit of small forces, while forces larger than f ≃ 0.05 only
display the depinning exponent τdep, with a lower cutoff
around Sopt. The upper cutoff of the distribution is controlled
by the system size and diverges in the thermodynamic limit.
The inset of Fig. 4 shows the structure factor SðqÞ SðqÞ ¼

hqh−q (here, hq is the Fourier transform of a metastable
configuration hðxÞ in the steady state, and the overline stands
for the average over many metastable configurations). The
figure clearly shows a crossover length scale 1=qc ∼ Lopt ∼
f−νeq that separates short scales (large q) displaying an
equilibrium roughness exponent ζeq ¼ 2=3 from large scales
(small q) displaying a depinning roughness ζdep ≈ 1.25, in
agreement with Refs. [43] and [44,45], respectively. This
geometrical crossover is compatible with the exponent
crossover in the clusters’ size distribution and supports
the idea of these objects being depinning-like above a scale
Lopt. The robustness of this conclusion is confirmed by the
study of the random field (RF) disorder case, which belongs
to a different universality class at equilibrium but shares the
same exponents as RB at the depinning transition [19,37,45]
(see Supplemental Material [29]).

Discussion.—Our newly developed algorithm allows us
to go deep in the creep regime of an elastic interface
moving in a disordered environment. It gives us an accurate
description of the forward irreversible motion in terms of a
sequence of well-defined activated events that goes far
beyond the FRG analysis. The most striking property
emerging from our study of creep events is their occurrence
in correlated spatiotemporal patterns, in sharp contrast with
depinning avalanches nucleating randomly along the line.
Despite the novel properties displayed by such dynamics,
we find that the creep law is verified by measuring below
f ¼ 0.1 a divergence compatible with Lopt ∼ f−νeq and
therefore, with Eq. (4).
We have constructed collective avalanches or “clusters”

of creep events. We identify their sequence with the
depinning-like motion predicted by the FRG analysis
[19] at intermediate scales above Lopt and below a temper-
ature-dependent length (denominated Lav), which diverges
for T → 0. Because of the imposed limit of vanishing
temperature in our study, the cluster statistics are scale free;
otherwise, we would expect a cutoff related to Lav.
Remarkably, we find out that the dynamics inside the
cluster is activated, as creep events are required to over-
come energy barriers, and not simply a deterministic
gradient-descent motion. Not being fully anticipated by
FRG, our picture opens a door for future theoretical studies.
We believe that the clustering behavior of creep events can

be observed in experiments with the current magnetooptical
techniques able to directly visualize the interface motion.
In fact, monitoring ion-irradiated magnetic thin films,
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Repain et al. [4] were able to observe small correlated events
in the creep regime, their characteristic size increasing when
lowering the external field, in good qualitative agreement
with our predictions. Furthermore, we can quantitatively
anticipate the observation of spatially resolved individual
creep events on Ptð0.35 nmÞ=Coð0.45 nmÞ=Ptð0.35 nmÞ
films [25] at room temperature for domain wall velocities
of order 1 nm=s (see Supplemental Material [29]). We
expect not only direct visualizations but also noise mea-
surements [46–48] to allow for a full quantitative test of our
predictions on creep dynamics.
Despite the experimental interest, there are few theoretical

studies on avalanches’ dynamics at finite temperature. One
should mention the Bak-Sneppen model of biological
evolution, where the successful mutations are activated over
finite barriers [49] and induce scale free patterns of spatially
correlated mutations similar to our clusters.
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Universal depinning transition of domain walls in ultrathin ferromagnets
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We present a quantitative and comparative study of magnetic-field-driven domain-wall depinning transition in
different ferromagnetic ultrathin films over a wide range of temperature. We reveal a universal scaling function
accounting for both drive and thermal effects on the depinning transition, including critical exponents. The
consistent description we obtain for both the depinning and subthreshold thermally activated creep motion
should shed light on the universal glassy dynamics of thermally fluctuating elastic objects pinned by disordered
energy landscapes.

DOI: 10.1103/PhysRevB.95.184434

I. INTRODUCTION

The depinning transition from a pinned to a sliding
state upon increasing a driving force is a nonequilibrium
phenomenon observed in extremely diverse systems, ranging
from fractures [1,2], charge density waves [3], vortex glasses
in superconductors [4,5], ferroelectric [6,7] and ferromagnetic
materials [8–11] to wetting [12], reaction fronts [13], and cell
migration advancing fronts [14]. At zero temperature, a pinned
elastic system presents, upon increasing the driving force f ,
a depinning threshold fd separating the zero velocity state for
f < fd from a finite velocity regime for f > fd . At finite
temperature and below the depinning threshold, the thermal
fluctuations result in a so-called “creep” motion over effective
pinning barriers. In this dynamical regime, the velocity follows
an Arrhenius law v ∼ exp(−�E/kBT ) where kBT is thermal
activation (and kB the Boltzmann constant). Close to zero
drive (f → 0), phenomenological scaling theory [15,16] and
functional renormalization group [17] calculations for an
elastic line moving in a random pinning disorder predict the
effective pinning barriers present a universal power-law vari-
ation �E ∼ f −μ with a critical exponent value μ = 1

4 which
was observed in a real system [18]. More recently, it was shown
experimentally that the whole thermally activated dynamical
regimes up to the depinning threshold can be universal and
controlled by a unique pinning energy barrier function [19].

For the depinning transition, the situation is much less
clear since the pinning barriers vanish and their height
becomes comparable to thermal activation. Statistical
physics approaches predict universal scaling functions of
the driving force and temperature for the velocity near
depinning [17,20–25]. Above the depinning threshold, it is
well established that the velocity displays the critical behavior
v ∼ (f − fd )β , β being the depinning exponent [3,20,26]. At
finite temperature, the combined effects of drive and thermal
noise produce a “thermal rounding” of the velocity-force
characteristics. The velocity is usually described by v ∼ T ψ

at the threshold (f = fd ), with ψ the thermal rounding
exponent [20,24,25]. Just above the depinning threshold
(f � fd ), the combined effects of the drive and thermal noise
are conjectured to be caught by v ∼ T ψg[T −ψ (f − fd )β],
where g is a universal scaling function [3,20,22–25]. This

*vincent.jeudy@u-psud.fr

kind of response, phenomenologically predicted by exploiting
the analogy with equilibrium phase transitions, is supported
by numerical simulations of a driven elastic string [24,25],
the random-field Ising model [21], and charge density waves
models [20] but still remains elusive to a rigorous functional
renormalization group (FRG) treatment [17]. Experimentally
on the other hand, it has been extremely challenging to go
beyond critical exponent analysis [1,6–8]. Investigations of the
depinning transition is complicated by the thermal rounding
of the velocity-force characteristics [24,25] which impedes a
straightforward determination of the depinning threshold and
consequently a clear distinction between material-dependent
and universal behaviors. Therefore, assessing the very
existence of a universal scaling function of a reduced force
and temperature remains an important open issue.

In this work, we address the question of the universality
of the depinning transition in presence of drive and thermal
fluctuations, going beyond the determination of critical expo-
nents and we evidence a universal function which captures
both the temperature and external drive scaling properties.
Strategically, we have chosen to study the motion of domain
walls driven by magnetic field in an ultrathin film with
perpendicular anisotropy [9,27]. In this system, the magnetic
field corresponds to the driving force and the domain walls
to elastic one-dimensional lines moving in a two-dimensional
medium. The subthreshold creep universal behavior is well
understood, so that the nonuniversal material-dependent pa-
rameters can be treated consistently. The effective energy
barrier [19] �E ∼ (H/Hd )−μ − 1, with a creep exponent
μ = 1

4 [9,17,18], describes the whole subthreshold regime up
to the depinning threshold. The depinning thresholds as well as
the other material-dependent parameters are nonambiguously
determined from the methods developed in Ref. [19] and
are then used to analyze the depinning transition. At and
above threshold, we use the depinning critical exponents
β = 0.25 [26] and ψ = 0.15 [24,25] which are deduced
from recent numerical simulations and are compatible with
experimental findings [27].

II. DOMAIN-WALL DYNAMICS

A. Experimental methods

In order to test the universal behaviors of depinning tran-
sition, the domain-wall dynamics was analyzed for a Pt/Co/Pt
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FIG. 1. Domain-wall velocity in Pt/Co/Pt measured for different temperatures and presented in linear (a) and semilog (b) scales to show the
high and low drive regimes, respectively. The creep regime [0 < H < Hd (T )] is highlighted by the black dotted curves corresponding to fits of
Eq. (1) with μ = 1

4 and ends for velocities v(Hd (T ),T ) indicated by black diamond symbols. The depinning regime extends from the depinning
threshold H = Hd (T ) to the universality limit Hu(T ) (indicated by black solid spheres). The depinning velocities vT (Hd (T ),T ) deduced from
Eq. (3) correspond to empty diamonds. The dashed curves are the predictions of Eq. (4) for a unique value of x0 = vT /vH = 0.65 and match
with part of all velocity curves as indicated by black solid segments. The linear flow regime, indicated by a straight dashed-dotted line, is
reached for sufficiently high drive (and only for T > 50 K). Inset: universal reduced energy barrier as a function of reduced field deduced from
velocity curves. The solid line is a plot of Eq. (2).

ultrathin film and then compared to results published in the
literature for Au/Co/Au (Ref. [28]) and CoFeB (Ref. [29])
ultrathin films which present different strengths of pinning
disorder.

The Pt(3.5 nm)/Co(0.45 nm)/Pt(4.5 nm) ultrathin film was
grown by sputtering on an etched Si/SiO2 substrate [9].
It was placed in an optical He-flow cryostat in order to
explore a large range of temperature (4.4–300 K). For the
measurement of domain-wall velocity, we used the bubble
expansion method. A set of circular domains were submitted
to magnetic field pulses of variable amplitude (between 0
and 160 mT) using a small coil (∼100 turns and ∼1 mm
in diameter) placed on the film. Depending on the pulse
amplitude, the duration was set from 1 μs up to 1 s. The motion
of domain walls was observed by polar magneto-optical Kerr
effect microscopy (PMOKE). The displacement produced by
magnetic field pulses was deduced from the difference between
images recorded before and after the pulses. The velocity was
defined as the ratio between domain-wall displacement and
pulse duration. The raw velocity curves were smoothed using
a sliding average over five points to facilitate the comparison
between predictions and experiments. The obtained velocity
curves are shown in Fig. 1. For the lowest temperatures, the
low drive limit of the creep regime (H � Hd ) was beyond
experimental access due to the combined large magnetic field
amplitude and long pulse duration (>60 μs) required to move
domain walls. The exploration of the flow regime was limited
by multiple nucleation of magnetization reversal occurring
during magnetic field pulses.

B. Unified description of the glassy dynamics

Different dynamic regimes can be identified in the velocity-
field curves obtained for the Pt/Co/Pt ultrathin film (see
Fig. 1). An inflection point in the velocity-field curve separates
the low drive [0 < H < Hd (T )] creep regime, where the

velocity varies several orders of magnitude over a relatively
narrow applied magnetic field range [see Fig. 1(b)], from the
depinning regime observed for [H � Hd (T )]. At sufficient
large drive, domain walls follow the flow regime characterized
by a linear variation of the velocity [see Fig. 1(a)]. The
slope m = 0.28 ± 0.02 m/(s mT) is compatible with results
obtained for the asymptotic precessional regime in Pt/Co/Pt
ultrathin films of similar thickness [9]. For Au/Co/Au and
Ta/CoFeB/MgO films, the velocity curves (see Fig. 2) also
present an inflection point corresponding to the depinning
threshold Hd (T ). However, the linear flow regime is not
observed at high drive.

In order to discuss those different regimes on a quantitative
basis, we propose a unified description of the glassy domain-
wall dynamics. For the whole creep regime, the domain-wall
velocity is described [19] by the following expression:

v(H,T ) = v(Hd,T ) exp

(−�E

kBT

)
(1)

with an effective pinning energy barrier

�E = kBTd

[(
H

Hd

)−μ

− 1

]
, (2)

where Hd and v(Hd,T ) are the coordinates of the upper
boundary of the creep regime (�E → 0) and kBTd is a
characteristic energy scale measuring the pinning strength. The
parameters v(Hd (T ),T ), Hd (T ), and Td (T ) were determined
from the creep motion for each temperature using the method
developed in Ref. [19] (see Sec. II C for details and the obtained
values). As shown in Fig. 1, the fit of Eqs. (1) and (2) presents
a good agreement over the whole creep regime.
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FIG. 2. Domain-wall dynamics observed (a) in Au/Co/Au for different temperatures and (b) in Ta/CoFeB/MgO for different cobalt and
iron concentrations and for as-grown (ag) and annealed (an) films. The data are taken from Refs. [28,29], respectively. The diamond symbols
represent the upper boundaries of the creep regime [Hd (T ),v(Hd,T )]. The black solid spheres correspond to the universality limit Hu(T ). The
dotted lines are fits of Eqs. (1) and (2) for the creep regime. The solid and dashed lines correspond to the predictions of Eq. (4) for x0 = 0.65
and is obtained without adjustable parameter.

For the depinning transition, the asymptotic power laws can
be written as

v(Hd,T ) = vT

(
T

Td

)ψ

, (3)

reflecting the variation with temperature of the velocity at the
threshold (H = Hd ) and

v(H,T � Td ) = vH

(
H − Hd

Hd

)β

, (4)

corresponding to the variation with magnetic field at zero
temperature (T � Td ). Here, vT and vH are depinning ve-
locities. Following the more general scaling hypothesis [30],
the velocity can be described as a generalized homogeneous
function [25,31], which implies the following scaling form:

y = g

(
x

x0

)
, (5)

where we have defined the scaled dimensionless variables

x = [(H − Hd )/Hd ]β(T/Td )−ψ (6)

and

y = (v/vT )(T/Td )−ψ, (7)

and where x0 = vT /vH is the amplitude ratio [31] of the
depinning velocities.

In this model, the function g is expected to be universal
within a given class of universality, as it is the case for the
critical exponents. The shape of the function g should reflect
the two asymptotic behaviors described by Eqs. (3) and (4).
For x � x0, we should have g(x/x0) → 1 which corresponds
to Eq. (3). On the opposite, for x � x0, we expect g(x/x0) →
x/x0 in agreement with the zero-temperature asymptotic limit
[Eq. (4) with vH = vT /x0].

Therefore, close to the depinning threshold [x � x0,
i.e., H − Hd � Hd (Td/T )−ψ/β], velocity should depend on

temperature while for increasing fields far from the depin-
ning threshold [x � x0, i.e., H − Hd � Hd (Td/T )−ψ/β] the
velocity should not have an explicit temperature dependence
and follow Eq. (4). The precise form of the scaling function
g determines the extent of the crossover between these two
behaviors, as further discussed in Sec. III E.

Moreover, the parameters vT , vH , Hd , and Td are nonuni-
versal material and temperature dependent. As the velocities
vT and vH both reflect the dynamics of domain-wall depinning
at the same length scale (Larkin length) [18,27] and time scale,
their values should be of the same order of magnitude and x0

close to 1. However, since vT and vH act here as purely metric
factors in the function g [31], x0 is a priori a nonuniversal
parameter.

C. Material- and temperature-dependent parameters

The material- and temperature-dependent parameters
Hd, v(Hd ), and Td were deduced from Eqs. (1) and (2)
describing the creep regime, with the creep exponent μ = 1/4.
For each velocity curve, the following iterative method was
used:

(i) Step 1: We assumed the coordinates of the upper
boundary of the creep regime [Hd, v(Hd )] to correspond to the
inflection point of the velocity characteristics v(H ). Indeed,
the curvature is predicted to be positive [see Eqs. (1) and (2)]
for the creep regime (H < Hd ) and to become negative [see
Eq. (4)] for the depinning regime (H > Hd ).

(ii) Step 2: An estimate of Td is then deduced from a fit of
v(H ) with Eqs. (1) and (2) over the range 0 < H < Hd .

(iii) Step 3: In order to improve the accuracy for the values
of Hd and v(Hd ) a fit of Eqs. (1) and (2) was performed
for increasing values of H . The upper boundary of the creep
regime [Hd, v(Hd )] was defined as the limit above which the
fit and the experimental curve start to diverge.

(iv) Steps 2 and 3 were then repeated in order to provide a
fine tuning of the values of Hd, v(Hd ), and Td .

184434-3
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TABLE I. Material- and temperature-dependent parameters. For each material, the thickness [Thick. (nm)] and the temperature of the
experiment [T (K)] is indicated. The fitted parameters are the depinning temperature (Td ), magnetic field (Hd ) and the domain-wall depinning
velocity (vT ). The coordinates [Hu, v(Hu)] correspond to the upper boundary of the universal behavior. The data depicted for Au/Co/Au and
CoFeB are deduced from results reported in Refs. [28,29], respectively.

Material Thick. (nm) T (K) Td (K) Hd (mT) vT (m/s) Hu (mT) v(Hu) (m/s)

Pt/Co/Pt 0.5 4.4 450(100) 136(3) 40.0(1.0) 151(3) 18.5(1)
10 660(70) 130(1) 39.3(1.0) 138(2) 29(1)
50 2860(150) 120(2) 35.8(1.0) 133(3) 31(2)
100 3090(280) 107(2) 31.3(1.0) 117(2) 27(1)
150 2700(150) 101(1) 28.7(1.0) 116(2) 27(1)
225 2750(120) 75(1) 21.5(1.0) 96(3) 24(1)
300 2650(20) 57(1) 16.6(1.0) 73(2) 18.5(1)

Au/Co/Au 1.0 150 25800(1000) 123.5(1.0) 23.1(1.0) 126.5(0.5) 15.8(0.6)
183 28800(1500) 115.0(1.0) 23.9(1.0) 121.5(0.5) 16.7(0.6)
213 29400(1500) 110.0(1.0) 22.8(1.0) 116.0(0.5) 16.9(0.6)
243 29300(1500) 102.5(1.0) 23.0(1.0) 108.5(0.5) 16.5(0.6)
273 29000(1500) 96.5(1.0) 20.5(1.0) 102.0(0.5) 15.5(0.6)
318 28400(1500) 88.0(1.0) 18.5(1.0) 90.5(0.5) 12.2(0.6)

Co20Fe60B20 an 1.0 293 1800(100) 6.6(0.2) 2.4(0.5) 27.0(7.0) 4.9(0.4)
Co20Fe60B20 ag 1800(100) 4.8(0.2) 3.3(0.5) 16.0(3.0) 6.4(0.6)
Co40Fe40B20 an 1400(100) 5.0(0.2) 2.8(0.5) 12.6(3.0) 4.9(0.6)
Co40Fe40B20 ag 2000(100) 4.3(0.2) 8.1(0.5) 8.9(2.0) 12.2(2.0)
Co60Fe20B20 an 2200(100) 3.5(0.5) 3.7(0.5) 10.7(2.0) 6.5(0.5)

Note that when the flow regime is observed [as in the case
of Pt/Co/Pt films, see Fig. 1(a)], the coordinates [Hd, v(Hd )]
could be also finely adjusted using Eq. (3) and assuming vT

to coincide with the velocity of linear flow regime (see the
discussion in Sec. III).

The set of temperature-dependent parameters [Hd, v(Hd ),
and Td ] are reported in Table I. Equation (1) is then used
to plot the reduced energy barrier height �E/kBTd (T ) =
[T/Td (T )] ln[(v(Hd (T ),T )/v(H,T )], as a function of the
reduced force H/Hd (T ). As shown in the inset of Fig. 1(b),
this transformation collapses all the velocity curves onto a
single master curve which reflects the universal behavior
of the pinning energy barrier [19]. The good agreement of
data with Eq. (2) for μ = 1

4 indicates that the whole creep
dynamics indeed belongs to the universality class described
by the motion of an elastic line with short-range elasticity
in a random-bond short-range correlated microscopic pinning
potential [19]. The clear discrimination between the universal
behavior of the creep energy barrier and the the material- and
temperature-dependent pinning properties controlled by the
parameters Hd, v(Hd ), and Td paves the way for a systematic
study of domain-wall depinning.

III. UNIVERSALITY OF THE DEPINNING TRANSITION

Let us now address the universality of the depinning
transition on the basis of Eqs. (3) and (4), using the parameters
deduced from the analysis of creep motion, and the critical
exponents ψ = 0.15 and β = 0.25.

A. At the depinning threshold

At the depinning threshold (H = Hd ), Eq. (3) (with ψ =
0.15) allows to determine the value of the depinning velocity

vT for different temperatures. As it can be seen in Fig. 1(a),
vT presents systematically a good agreement with the velocity
corresponding to the linear flow regime. This suggests the
depinning velocity vT to correspond to the velocity domain
wall would reach in absence of pinning. Moreover, assuming
vT = mHd , where m is the slope of the flow regime, and
inverting Eq. (3), we can estimate the critical exponent ψ ,
directly from the velocity curves. As shown in Fig. 3, ψ

is found to be temperature independent and equal to 0.154
± 0.006. The good agreement with previous experimental
findings [27] and with numerical predictions [24] is a first
signature of the universality of the depinning transition.

B. Upper limit of the depinning transition

In order to analyze universal behaviors above the depinning
threshold, it is particularly important to define a criterion fixing

FIG. 3. Depinning critical exponent ψ deduced from experimen-
tal curves of Fig. 1 and shown as a function of temperature.
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the upper limit Hu of the depinning transition. Above the depin-
ning threshold, since the temperature ratio Td/T is large (see
Table I), part of velocity curves should follow the predictions
of Eq. (4) with β = 0.25, provided the depinning universality
class corresponds to the elastic line model with short-range
elasticity in a random-bond short-range correlated microscopic
pinning potential, previously shown to be compatible with
the observed creep behavior. In order to test this hypothesis,
the values of vH were adjusted so that the predictions
present the largest matching with the velocity curves [see
Fig. 1(a)]. As expected, a good agreement is only obtained
over a limited field range. The latter starts slightly above Hd

(H − Hd > 1 − 7 mT for T = 4.4 − 300 K) due to thermal
effect. The onset of the divergence between the experimental
curve and the fit of Eq. (4), can define the upper boundary
of the depinning regime [Hu, v(Hu)]. The obtained values for
Pt/Co/Pt as well as for Au/Co/Au and Ta/CoFeB/MgO are
reported in Table I. Above Hu(T ), domain walls should follow
an a priori nonuniversal crossover to the linear flow regime
observed at larger drive.

C. Universal depinning velocity ratio

We now investigate the universality of the whole depinning
transition (Hd < H < Hu) beyond power laws and critical
exponents. Let us first discuss the variations of the ratio
x0 = vT /vH with the reduced temperature Td/T . Surprisingly,
x0 is found to be temperature independent (x0 = 0.64 ± 0.02)
as shown in Fig. 4. As direct consequence, a unique value
of x0 allows the predictions of Eq. (4) to describe the full
set of velocity curves [see Fig. 1(a)]. Moreover, an identical
analysis can be performed for other ferromagnetic ultrathin
films (see Fig. 2). As shown in Fig. 4, the obtained results
present a particularly good agreement for CoFeB [29] (x0 =
0.64 ± 0.02) and a slightly lower value x0 (= 0.62 ± 0.02) for
Au/Co/Au [28]. Therefore, as the mean values vary by less
than 5% over wide explored range of reduced temperature
(10 < Td/T < 170), x0 can be reasonably considered as
material and temperature independent, which was a priori

FIG. 4. Universal velocity ratio x0 = vT /vH as a function of
the reduced temperature Td/T for different ferromagnetic materials.
The solid and dashed lines indicate the average value and standard
deviation deduced from a fit of the curve in Fig. 5 (see text),
respectively.

not predicted. This result implies that only three material-
and temperature-dependent parameters (vT = x0vH , Hd , and
Td ) are sufficient to describe the whole domain-wall glassy
dynamics in a universal way.

D. Universal depinning function

As discussed in Sec. II B, both magnetic field and tempera-
ture effects on domain-wall dynamics should be described by
a single function g. Figure 5 shows experimental values for the
scaled velocity y [see Eq. (7)] as a function of the scaled driving
field x [see Eq. (6)]. All the velocity curves collapse onto a
single master curve, thus indicating that x and y are appropriate
reduced variables to describe the depinning transition and
the existence of a universal function g. The expected linear
asymptotic behavior g(x/x0) → x/x0 [derived from Eq. (4)]
and corresponding to the low-temperature limit (Td/T � 1)
is observed for x > 0.8. For x < 0.5, the scaled field y

remains almost constant and data extrapolate to y = 1 for
x → 0 as derived from Eq. (3) (for H → Hd ). Therefore, the
universal g function essentially displays two linear asymptotic
behaviors and a narrow crossover region (0.5 < x < 0.8),
which is in qualitative agreement with predictions deduced
from numerical simulations which found x0 ∼ 1 [25]. A rather
accurate empirical description of data (see the solid lines in
Fig. 5) is given by g(x) = [1 + ( x

x0
)n]1/n, where n reflects

the width of the crossover [32], with a best fit obtained for
x0 = 0.65 ± 0.04 and n = 8.7 ± 0.4. This law is also found
to be relevant for other magnetic materials. In the inset of
Fig. 5, we show the scaling of the velocity data corresponding
to Au/Co/Au [28] and CoFeB [29] using exactly the same
function g (i.e., using the same values for x0 and n as for

FIG. 5. Universal depinning scaling function obtained using the
scaled domain-wall velocity y [see Eq. (7)] as a function of the scaled
field x [see Eq. (6)]. The data points only correspond to universal
depinning transition (Hd < H < Hu). The solid curve (also shown
the inset) is an empirical function g(x/x0) describing the data (see
text). The dashed-dotted straight line is the linear asymptotic limit of
function g(x/x0). Inset: scaled domain-wall velocity y as a function
of scaled field x for Au/Co/Au [28] and for CoFeB [29].
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FIG. 6. Domain-wall velocity in reduced coordinates for different
reduced temperatures Td/T and materials. The vertical dashed-dotted
line corresponds to the depinning threshold which separates the
creep regime (H/Hd < 1) from the depinning transition (H/Hd > 1).
The inclined dashed line corresponds to the linear flow regime
(v/vT = H/Hd ). The solid curve corresponds to the zero-temperature
depinning curve, Eq. (4). The gray surface area is the magnetic and
velocity ranges over which thermal effects are expected to contribute
to the velocity (and which corresponds to the range x < x̃ = 0.8 of
Fig. 5). At higher drive, the reduced velocity becomes independent
of temperature as reflected by the merging of velocity curves on the
solid curve. Eventually, velocity curves quit the universal depinning
transtion at a magnetic field Hu which depends on temperature and
material and undergo a crossover to the flow regime.

Pt/Co/Pt), thus bringing further evidence that the depinning
transition is well described by a unique universal function.

E. Thermal effects on the depinning velocity

The shape of the universal depinning function allows to
go beyond the usual asymptotic analysis and to address,
in particular, the question of the thermal rounding of the
depinning transition. Figure 6 presents a comparison of
velocity curves in reduced coordinates (v/vT vs H/Hd ) for
increasing values of the reduced temperature Td/T covering a
large range of values (9–172). For the creep regime (H/Hd <

1), the velocity presents a strong variation with temperature
associated to the thermal activated nature of the motion [see
Eq. (1)]. For the depinning transition, just above the depinning
threshold (H/Hd = 1), the thermal effects are still important
(see the gray area in Fig. 6). The range of magnetic field for
which thermal effects are relevant depends on the values of
Td/T which reflects the shape of the universal function g.

As discussed previously, thermal effects are expected to play a
role in the depinning transition only for x < x̃ ≡ 0.8 (with ỹ ≡
x̃/x0). Following Eqs. (6) and (7), this corresponds to H/Hd <

H̃/Hd = 1 + [x̃(T/Td )ψ ]1/β which is the upper magnetic field
boundary below which thermal effects are observed in the
depinning transition. Concomitantly, a velocity upper limit is
given by ṽ = vT x̃/x0. Figure 6 shows indeed that the reduced
velocity curves join the predictions of Eq. (4) for a ratio
H/Hd which decreases as Td/T increases. Moreover, for the
explored reduced temperature range, no more thermal effects
are observed above H/Hd ≈ 1.1. Above this limit, the re-
duced velocity displays explicit temperature independence as
reflected by the merging of the curves on predictions of Eq. (4).

The crossover between the depinning transition and the
flow regime is also highlighted in Fig. 6. The reduced upper
limit of the depinning transition Hu/Hd is found to depend on
temperature and to strongly differ between magnetic materials.
For Pt/Co/Pt, the ratio Hu/Hd varies between 1.1 and 1.3
over the reduced temperature range Td/T = 9−102 and it is
significantly smaller than for CoFeB (Hu/Hd = 3−4). The
variation of Hu/Hd and of xu (= 1.1−2.0) suggests that
the limit of universality Hu is not associated to a universal
phenomenon.

IV. CONCLUSION

In conclusion, the depinning transition of domain walls
driven by magnetic field in ultrathin films has been shown
to present a universal behavior. The latter is characterized
by a universal function of the rescaled field, temperature,
and velocity whose shape governs the domain-wall velocity
including its asymptotic scaling law behaviors. Moreover,
the proposed phenomenological model and a single set of
material- and temperature-dependent parameters (Hd, Td , and
vT ) are found to allow a self-consistent analysis of both the
depinning transition and the subthreshold thermally activated
creep regime. Our study thus paves the way for a unified and
systematic description of thermal effects in the driven glassy
dynamics of disordered elastic systems.
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We directly image individual vortex positions in nanocrystals in order to unveil the structural property that
contributes to the depletion of the entropy jump entailed at the first-order transition. On reducing the nanocrystal
size, the density of topological defects increases near the edges over a characteristic length. Within this “healing-
length” distance from the sample edge, vortex rows tend to bend, while towards the center of the sample, the
positional order of the vortex structure is what is expected for the Bragg-glass phase. This suggests that the
healing length may be a key quantity to model confinement effects in the first-order transition of extremely
layered vortex nanocrystals.

DOI: 10.1103/PhysRevB.96.024507

I. INTRODUCTION

The growing demand of miniaturization in superconduct-
ing devices applied to the detection of different types of
radiation [1–5] and magnetic signals [6–8] has triggered the
study of thermodynamic and transport properties of high-Tc

superconducting materials at the micro- and nanoscale. Since
many of these devices operate in the mixed state, understanding
the change in thermodynamic and structural properties of
vortex matter when reducing the number of vortices down to
the nanoscale is crucial for predicting their working range. For
instance, transition-edge superconducting devices are based
on the detection of a sudden increase of dissipation due to
particular events when continuously measuring voltage with a
low applied current. If confinement changes the critical current
up to which vortices do not dissipate, then the detection edge
needs to be readjusted.

From a fundamental point of view, vortex matter in type-II
superconductivity is a case study for understanding how the
physical properties and phase diagrams change when going
from macroscopic to nanocrystalline condensed matter. In the
case of hard condensed matter, nanocrystals are made up of,
at most, a few-thousand particles (atoms) [9,10]; similarly,
soft-condensed-matter “vortex nanocrystals” can be nucleated
in micron-sized samples with the same amount of vortices
[11–18]. Typically, hard-condensed-matter nanocrystals
present a decrease of transition temperatures, entropy, and
enthalpy jumps in melting and solid-solid first-order phase
transitions [9,10,19,20]. This is the consequence of a depletion
of the total binding energy since the particle’s surface-to-
volume ratio increases on decreasing the system size. In the
case of nanocrystalline vortex matter, confinement effects also
affect the transition lines and structural properties [21,22],
although different degrees of freedom and interactions are at
play. Particularly, in the case of vortex nanocrystals nucleated
in extremely layered high-temperature superconductors, the
phase diagram is finely tuned by many energy scales [23]. The
interplay among intervortex interactions, thermal fluctuations,

*Corresponding author: yanina.fasano@cab.cnea.gov.ar

pinning, and extremely anisotropic magnetic properties can be
controlled by applied field, temperature, crystalline disorder,
and oxygen doping, respectively.

Recently, some of us reported [24] on the peculiarities of
decreasing the system size in extremely layered vortex matter:
for roughly one-hundred particles (vortices), no melting-point
depression is observed, in contrast to results in hard condensed
matter [9]. The entropy jump entailed at the first-order
transition decreases on reducing the system size and we
suggested that this might have its origin in two effects that
can eventually occur simultaneously at the transition. First,
since there is evidence that the first-order transition might be
concomitant with a c-axis decoupling of pancake vortices [25],
confinement can induce an extra contribution to decoupling
and thus reduce the entropy jump. Second, confinement can
also entail a deterioration of the in-plane structural order when
nucleating vortex nanocrystals [24]. Unveiling the structural
properties of vortex nanocrystals is therefore mandatory in
order to gain insight and model the origin of the entropy-jump
depletion.

In this work, we study the evolution of the structural
properties on reducing the system size of nanocrystalline
vortex matter. We characterize the variation and spatial
distribution of elastic and plastic deformations in the quenched
nanocrystalline vortex solid. Our vortex nanocrystals with
less than 4000 vortices are nucleated in the whole area of
micron-sized engineered samples at low applied fields. We
have direct access to the static structural properties with
single-vortex resolution [26]. We present a systematic study as
a function of the number of vortices in the nanocrystal, tuned
either by sample physical size or vortex density.

II. EXPERIMENT

Nanocrystalline vortex matter is nucleated in micron-
sized Bi2Sr2CaCu2O8+y disks with diameters d in the range
30–50 μm and thicknesses between 1 and 2 μm. Disks
are engineered from optimally doped crystals (Tc = 90 K)
by combining optical-lithography and physical ion-milling
techniques [27]. During the last step of the sample fabrication
process, thin freestanding and freshly cleaved disks are
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obtained. The micron-sized samples were obtained from the
macroscopic sample studied in Ref. [28], and part of the
fabricated disks were used to investigate the phase diagram
of mesoscopic vortex matter reported in Ref. [24]. The disks
are placed on the sample holder with micromanipulators and
carefully glued with conducting epoxy such that the cleaved
surfaces remain clean.

As a result of the final cleaving process, more than 90%
of the disks present submicron steps at the surface. We avoid
using these disks for our study when possible. In some cases,
we considered disks with submicron steps that divide the
sample in terraces with one of them containing less than ∼10%
of vortices. In these cases, we only consider for our analysis
the roughly 90% of vortices that are at the same terrace.

The nanocrystalline vortex solid is directly imaged with
single-vortex resolution by magnetically decorating vortex
positions at 4.2 K after field cooling the sample at low fields
from T > Tc, as described in Ref. [29]. The lattice spacing
of the vortex structure, a = 1.075

√
�0/B, was tuned by

changing the applied field that controls the magnetic induction
B. For the experiments presented here, a ranges from 0.7 to
1.2 μm (B from 50 to 16 G). These lattice-spacing values
are well above the zero-temperature penetration depth for this
material, λ(0) = 0.2 μm [23]. In field-cooling experiments,
the vortex structure decorated at 4.2 K corresponds to a
configuration frozen at length scales of lattice spacing at
a larger temperature, Tfreez [29]. The magnetic decoration
technique is not sensitive to the vortex meandering at distances
smaller than λ that can occur at T < Tfreez. For the material
studied here, Tfreez ∼ Tirr, the irreversibility temperature at
which pinning sets in [30] (Tirr ∼ 85 K for the studied field
range [28]).

III. RESULTS

Figure 1 shows real-space images of vortex nanocrystals
with a vortex density of 16 G nucleated in micron-sized
Bi2Sr2CaCu2O8+δ disks with d ranging 50 to 30 μm (with
approximately 1500 to 400 vortices). The nanocrystals have
the outer vortex compact lines slightly bent, following the
edges of the samples. In all cases, this effect is produced
without a detectable change in vortex density (within 2%)
in the whole vortex nanocrystal. Vortices at the center of the
sample form a crystallite with decreasing size on reducing
field. As observed in Fig. 1, these two structural properties are
achieved by accumulating plastic deformations towards the
edges of the nanocrystals. This is evident in the Delaunay tri-
angulations [30] of the right panels that indicate the nonsixfold
coordinated vortices, highlighted in red, and the neighborhood
of plastic deformations, highlighted in gray. These topological
defects are mainly unpaired screw dislocations, each formed
by a five- and a seven-fold coordinated vortex. The Fourier
transforms of the central panels of Fig. 1 show six diffraction
peaks that broaden on decreasing sample size. For the smallest
studied sample, these peaks split up due to the nucleation
of two crystallites of similar size with compact planes with
a very small misalignment (smaller than 5◦); see Fig. 1(c).
Therefore, plastic deformations producing topological defects
in the vortex nanocrystal proliferate on increasing confinement
effects for a fixed vortex density.

FIG. 1. Vortex nanocrystals with a vortex density of 16 G
nucleated in micron-sized Bi2Sr2CaCu2O8+δ disks with diameters of
(a) 50, (b) 40, and (c) 30 μm. Left panels: Vortices imaged in white
by means of field-cooling magnetic decorations performed at 4.2 K.
Central panels: Fourier transforms of the vortex positions. Right
panels: Delaunay triangulations of the vortex structure depicting
nonsixfold (sixfold) coordinated vortices in red (blue) with plastic
deformations highlighted in gray. The scale bar indicates 10 μm.

When increasing the vortex density to roughly two and
three times (B = 32 and 50 G), the outer vortex shells of the
nanocrystals also mimic the edges of the sample without any
noticeable local change in a; see Supplemental Material [31].
For the higher vortex densities of 32 and 50 G, the nanocrystal
is formed by a single crystal in the whole sample in contrast to
the central crystallites observed at 16 G. A particular case is
that of the 32 G vortex structure nucleated in a 50-μm-diameter
disk presenting a submicron step at the sample surface.
This feature induces a local ordering of the vortex structure
presenting one compact plane parallel to the step in a region
of less than 10a. As a result, a planar grain boundary of paired
screw dislocations is formed in the nanocrystal. Besides this
spurious effect, on enhancing the nanocrystal stiffness (by
increasing B [23]), the stress induced by the outer vortex
shells mimicking the sample edge produces a proliferation
of isolated clusters of topological defects. The size of the
clusters apparently increases with stiffness; see Supplemental
Material [31].

In order to quantify the impact of pinning on increasing con-
finement, we will consider the distance evolution of the average
displacement correlator. This magnitude defined as W (r) =
〈[u(r) − u(0)]2〉/2 quantifies the average over quenched dis-
order and thermal fluctuations of the displacements of vortices
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with respect to the sites of a perfect triangular lattice, u(r).
In the case of macroscopic vortex matter, the theoretical
prediction [32] states that the displacement correlator presents
three different regimes as a function of r/a. Within the
Larkin regime expected at short distances, W (r) ∝ r and the
pinning is not yet effective in generating lattice distortions.
When the displacements reach the scale in which pinning is
effective, i.e., when [u(r) − u(0)] ∼ ξ , the system is in the
random manifold regime. In this regime, the evolution of the
displacement correlator is algebraic with distance, W (r) ∝ rν

with ν = 0.44 for three-dimensional structures. In addition,
in this regime, a constant ratio of transversal-to-longitudinal
displacement correlators is expected, WT(r)/WL(r) ∼ 1.44.
The longitudinal correlation function is defined as WL(r) =
〈[u(r) − u(0)] · r/r2〉/2. The displacements perpendicular to
the vortex structure’s main directions are quantified by the
transverse displacement correlator that can be obtained as
WT = 2W (r) − WL(r). For sufficiently large distances such
that [u(r) − u(0)] > a, the Bragg-glass structure enters in
the quasiordered regime in which the dependence of W (r)
is logarithmic with distance.

Direct imaging of vortex structures in dislocation-free
regions of Bi2Sr2CaCu2O8+δ vortex matter [33] showed the
stabilization of the Larkin and random manifold regimes.
The Bragg-glass regime was not directly observed since at
distances larger than 100a, the structure presents topological
defects and thus u(r) is not well defined. In order to estimate
W (r) in our vortex nanocrystals, we implemented an algorithm
for locally calculating the displacement correlator in the
presence of topological defects. The algorithm calculates
W (r) not in the whole vortex nanocrystal but in regions,
considering lanes of vortices in the three principal directions
of the structure. The regional lanes stop running two lattice
parameters away of any topological defect. The schematic
representation of Fig. 2 indicates how the lanes are defined
in a given vortex structure and how W (r) is calculated
for every lane. The figure also illustrates the lanes (color
lines) identified, for instance, in a 16 G vortex nanocrystal
nucleated in a 50-μm-diameter disk. The algorithm computes
the Wi

k (r),with k = 1,2,3 the three principal directions of
the structures, up to a distance equal to the length of every
ith lane. Then we average the results obtained for all the
ith parallel lanes within the k direction in order to obtain
Wk . Finally, we calculate W ∗ by averaging the three Wk

magnitudes associated to the main directions. We present the
W ∗ data for macroscopic and nanocrystalline vortex matter for
different sample sizes and applied fields of 16, 32, and 50 G in
Fig. 3.

For macroscopic Bi2Sr2CaCu2O8+δ vortex matter with a
density of 16 G, we do not observe the Larkin regime
W ∗(r) ∼ r , indicating that the Larkin length is smaller than
our spatial resolution for u(r). We do observe, however, that
W ∗(r) ∼ (r/a)ν with ν = (0.4 ± 0.1) and WT(r)/WL(r) ∼
(1.4 ± 0.5) up to the r/a ∼ 10 range [see Fig. 3(a)], as
theoretically expected for an equilibrated random-manifold
regime. In the case of the more dense macroscopic vortex
structures of 32 and 50 G, we find the same exponent for
the algebraic dependence of W ∗(r) within 5% dispersion for
such a short-distance scale. Therefore, vortex structures in
macroscopic samples are in agreement with the nucleation of

uL(r)

uT(r)

perfect lattice
sixfold
non-sixfold

1
2

3

FIG. 2. Top: Lanes considered to calculate the local vortex
displacements u(r) in the case of the 16 G vortex nanocrystal
nucleated in the 50 μm disk of Fig. 1(a). The lanes running parallel
to one of the three principal directions of the vortex structure are
identified with the same color. Bottom: Schematics of the vortex
displacements computed in order to calculate the displacement
correlator W ∗(r) along [uL(r)], and perpendicular to [uT(r)], a given
lane at a distance r from its starting point. The real positions of
the vortices are indicated with large dots, whereas the positions
corresponding to a perfect triangular lattice are shown in small gray
dots.

a Bragg-glass phase. Since the decorated structure is expected
to be a snapshot of a configuration freezed at a characteristic
temperature Tfreez ∼ Tirr [22,30], our results yield information
on creep-relaxation (random-manifold) dynamics at such a
temperature. In particular, they show that at Tfreez, length scales
as large as ∼10a and 5–15 μm can get equilibrated in the
experimental time scale.

This scale of equilibration of the random-manifold regime
is of the order of the vortex nanocrystals that we study. The
displacement correlator in nanocrystalline vortex matter, as
a function of field and sample physical size, is shown in
Figs. 3(b) and 3(c). The absolute value of W ∗(r)/a2 for vortex
nanocrystals is more than 30% larger than for macroscopic
samples. The r/a evolution of the displacement correlator is
algebraic even for the smallest nanocrystal with roughly 400
vortices.
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FIG. 3. Evolution of the normalized displacement correlator
W ∗(r)/a2 with r/a for vortex nanocrystals nucleated in micron-sized
Bi2Sr2CaCu2O8+δ disks. (a) Data for 16 G vortex structures nucleated
in macroscopic samples (full squares) and disks (open symbols). The
inset shows the transversal-to-longitudinal displacement correlator
ratio and dashed lines indicate the 1.44 value expected theoretically.
Magnetic field evolution of the displacement correlator for disks of
(b) 50 and (c) 40 μm diameters. Full lines are fits to the data with an
algebraic decay with an exponent ν (with an error of ±0.1) indicated
for each case at the right.

The exponent ν and the WT/WL ratio have values expected
for the random-manifold regime within the error, but in the case
of the smallest 16 G nanocrystal, both magnitudes increase
considerably. Indeed, the Delaunay triangulation of Fig. 1(c)
shows a structure with very small crystallites. When increasing
the vortex density for the same sample size, the structure
also presents an algebraic W ∗(r) with an exponent of roughly
0.4 within the error of 0.1, whereas it slightly enhances on
increasing vortex density; see Figs. 3(b) and 3(c). The increase
of ν when enhancing confinement can be due to the bending of
vortex rows close to the sample edge dominating the nucleation
of the smallest studied nanocrystal.

In order to study these edge effects, we quantify the
proliferation of topological defects with the radial density
of topological defects, ρdef(r) = Ndef(r)/Nv(r). We actually
consider Ndef and Nv at a radius r as the number of defects
and of vortices included in a circular shell with inner radius
r − δr/2 and outer radius r + δr/2. The calculations are
performed considering concentric circular shells of width δr =
2a and taking the origin at the center of the vortex nanocrystal.
The top panel of Fig. 4 shows the spatial distribution of defects
in the considered circular shells. Figure 4(a) shows ρdef(r) at
a fixed vortex density of 16 G for samples with three different
radii, whereas Fig. 4(b) shows the results at densities of 16,
32, and 50 G for the same sample size of 50 μm. The error
bars in the data correspond to the standard deviation of the
values obtained in different magnetic decorations for the same
sample diameter and B.

In all cases, ρdef(r) increases dramatically on approaching
the sample edge (indicated in the figures with dashed lines)
and stagnates on the center of the nanocrystals. These
saturation values roughly approach, within the dispersion of
values for different experimental realizations, the density of
defects found in macroscopic samples for each B, ρmacro

def =
Nmacro

def /Nmacro
v . For the macroscopic parent sample from which

the disks were engineered, ρmacro
def ∼ 11, 3, and 2% for 16, 32,

and 50 G structures, respectively [22] (see horizontal lines
in Fig. 4). The total density of topological defects for the
nanocrystals, ρdef = Ndef/Nv, is always larger than ρmacro

def . For
a fixed B, ρdef enhances on increasing confinement. On the
other hand, for a fixed sample size, ρdef increases when the
structure softens on lowering B.

The abrupt increase of ρdef(r) at the vicinity of the sample
edge occurs in a larger typical distance when increasing
the nanocrystal flexibility (decreasing B). We quantified
this tendency by fitting the data with a ρdef(r) = A1 +
A2 exp [(r/a − d/2a)/α] dependence; see full lines in Fig. 4.
The parameter α can be interpreted as a number of lattice
parameters in which the vortex nanocrystal relaxes the shear
stress induced by the bending of the outer vortex lines towards
the center of the sample. This relaxation is performed via the
nucleation of plastic deformations. We will thus regard a · α

as a characteristic “healing length.” The evolution of α with
d for the three studied vortex densities is shown in Fig. 4(c).
The length α, in lattice parameter units, increases with sample
size. This indicates that for larger nanocrystals, the nucleation
of topological defects for mimicking the sample edge is
performed more gradually than for smaller nanocrystals. In
addition, for a fixed sample size, α increases on softening the
vortex nanocrystal.

The previous analysis shows that the relevance of bulk
pinning for vortex nanocrystals with 400–1500 vortices does
not differ quantitatively from what is expected for macroscopic
vortex matter. Physical properties that are affected by confine-
ment in nanocrystalline vortex matter are thus controlled by
the vortices located in a strip of width of the order of a · α from
the sample edges. The larger a · α as compared to the sample
diameter d, the more important are confinement effects. In
summary, except for those cases in which more than 20% of
vortices are located at the nanocrystal surface and therefore
confinement effects are dominant, in the interior of samples,
vortex nanocrystals nucleate and are able to locally equilibrate
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FIG. 4. Radial density of topological defects ρdef(r) as a function
of r/a for nanocrystalline Bi2Sr2CaCu2O8+δ vortex matter. (a) Vortex
nanocrystals with a density of 16 G nucleated in 30, 40, and 50 μm
diameter disks. Top panel: Circular shells considered to calculate this
magnitude and location of topological defects (indicated with dots).
(b) Vortex nanocrystals with densities of 16, 32, and 50 G nucleated
in 50-μm-diameter disks. Vertical dashed lines indicate the sample
edge, d/2, and horizontal lines indicate the topological defect density
for the parent macroscopic sample, ρmacro

def . The full lines are fits
to the data with a function ρdef(r) = A1 + A2 exp [(r/a − d/2a)/α].
(c) Evolution of the healing length of vortex nanocrystals, α · a, with
the sample diameter d for the three studied vortex densities.

a structure consistent with the Bragg-glass phase [32]. More
precisely, for distances from the edge towards the center of
the sample larger than a · α, nanocrystalline vortex matter is
equilibrated in the random-manifold regime.

The healing length a · α described above may be a useful
quantity to model the B and d-dependent entropy-jump
depletion in the vortex first-order transition. This depletion
refers to the observation of a smaller 	S/	S0 at the first-
order melting transition of nanocrystalline vortex matter as
compared to the case of macroscopic samples; see inset to
Fig. 4 in Ref. [24]. The entropy-jump depletion can have two
extra contributions on top of the configurational one of the
vortex solid phase. The first one can come from a change on
the coupling of pancakes making up the outermost vortex lines
when reducing the nanocrystal size. The second one can come
from the possibility of the sample surface straightening the
outermost vortices as any correlated disorder would produce.
In any case, the existence of the characteristic length a · α

quantifying the crossover towards bulk behavior may be a
useful empirical quantity for modeling these three plausible
effects.

In this respect, it is worth noting that the value α

we detect is finite and no appreciable spatial gradient in
vortex density is observed in the decoration results presented
here. This is in sharp contrast to the effects observed in
other soft-condensed-matter systems such as disk-confined
one-component plasmas, where the density is nonuniform
and topological defects appear in the whole system [34].
Nevertheless, this finding qualitatively agrees with simulations
for the case of systems with short-range interactions [35] which
are more adequate to model vortex-vortex interactions in thick
superconducting samples. However, unlike these theoretical
case studies, vortices are line objects that interact with bulk
point disorder and, in the case of vortex nanocrystals, they
also interact with the sample surface that aligns the outermost
vortices along its border and bends vortex rows. This makes our
problem much more complex. In particular, (a) the expected
equilibrium bulk order is not the crystalline Abrikosov order,
and (b) the equilibration dynamics is expected to be glassy
(much slower than for a clean system) such that the equilibrium
may not be reached completely in a decoration experiment.

IV. CONCLUSION

We have shown that confinement affects the structure of vor-
tex nanocrystals nucleated in micron-sized Bi2Sr2CaCu2O8+δ

samples producing an excess of topological defects within a
characteristic healing-length distance from the edge. Towards
the center of the nanocrystal, the vortex lattice recovers the
bulklike structure observed in macroscopic samples, consistent
with the nucleation of a Bragg-glass phase.

The existence of a finite healing length may help to
explain why decreasing the system size to a few-hundred
vortices does not induce any melting-point depression as
observed for nanocrystals of hard condensed matter [10], but
entails a progressive depletion of the entropy jump at the
first-order transition [24]. Further experimental and theoretical
investigations on the magnetic field, temperature, and sample-
size dependence of the healing length would thus be promising
in order to build a simple phenomenological model for the
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anomalous properties of small confined systems of vortices
and alike.
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We study the slow stochastic dynamics near the depinning threshold of an elastic interface in a random medium
by solving a particularly suited model of hopping interacting particles that belongs to the quenched-Edwards-
Wilkinson depinning universality class. The model allows us to compare the cases of uniformly activated and
Arrhenius activated hops. In the former case, the velocity accurately follows a standard scaling law of the
force and noise intensity with the analog of the thermal rounding exponent satisfying a modified “hyperscaling”
relation. For the Arrhenius activation, we find, both numerically and analytically, that the standard scaling form
fails for any value of the thermal rounding exponent. We propose an alternative scaling incorporating logarithmic
corrections that appropriately fits the numerical results. We argue that this anomalous scaling is related to the
strong correlation between activated hops that, alternated with deterministic depinning-like avalanches, occur
below the depinning threshold. We rationalize the spatiotemporal patterns by making an analogy of the present
model in the near-threshold creep regime with some well-known models with extremal dynamics, particularly
the Bak-Sneppen model.

DOI: 10.1103/PhysRevE.96.022112

I. INTRODUCTION

The understanding of the behavior of elastic lines or
surfaces evolving on disordered potentials under the driving
of external forces is of great practical importance in a variety
of fields, as for instance the movement of domain walls in
ferromagnetic materials [1–4], wetting fronts on a rough
substrate [5,6], seismic fault dynamics [7–9], and even in the
advance of reaction [10] and cell migration fronts [11]. The
main feature of the dynamics of this kind of process is the
existence of a depinning transition as a function of the applied
driving force f . For f lower than a certain critical value fc,
the elastic surface is pinned, and its velocity v is zero. When
f > fc, the interface enters a moving regime with a finite
average velocity. The transition at fc has many features that
allow a description similar to that of equilibrium critical
phenomena [12–15]. In particular, when approaching fc from
above, the velocity of the interface plays the role of the order
parameter and vanishes, at zero temperature, as a power law,
namely

v(f ) ∼ (f − fc)β, (1)

where β defines the depinning exponent.
The transition from the regime of pinned metastable states

to the regime of moving steady state at fc is sharp only in the
ideal case in which activation effects are absent. A temporally
fluctuating random external field induces motion and thus a
finite velocity of the interface even for f < fc. When f is
much smaller than fc, the induced velocity is usually extremely

*vpurrello@ifimar-conicet.gob.ar
†iguain@mdp.edu.ar
‡koltona@cab.cnea.gov.ar
§jagla@cab.cnea.gov.ar

small because the effective barriers between metastable states
typically diverge as f → 0. This scenario is known as the
creep regime [16–19] and is related to the general glassy nature
of the ground state of elastic manifolds in random media.
When f is close to fc, the external fluctuating field produces
a smearing of the depinning transition [20–26], analogous to
the smearing of the magnetization by an external applied field
at a continuous ferromagnetic transition. In particular, right at
f = fc, the velocity of the interface is expected, by analogy
with standard phase transitions, to be a power of the external
field amplitude, which we will note T (although it is not
necessarily a temperature), namely

v(fc,T ) ∼ T ψ, (2)

where ψ defines the rounding exponent. In the case the noise
is associated to thermal fluctuations, we speak of ψ as the
thermal rounding exponent. Allowing for an applied force that
is close, but not exactly equal to the critical force at a finite (but
small) field amplitude T , the general expected scaled form for
the velocity as a function of the control parameters T and f

can be written as

v(�,T ) ∼ T ψg(�/T ψ/β), (3)

where we have defined � ≡ f − fc. The scaling function g

has the limiting behavior g(0) = 1, and g(x) ∼ xβ for large
x, in such a way that Eqs. (1) and (2) are limiting cases of
Eq. (3).

The exponent ψ is the main parameter characterizing
the rounding effect of the external noise on the depinning
transition, and there have been a number of attempts to asses
its universality and determine its precise value. Theoretically,
a few scaling expressions have been proposed [25,27] that
relate ψ to other well-known exponents of the depinning
transition. It seems that no solid support exists for these
expressions, however. Moreover, it has been also argued that
ψ might be nonuniversal or less universal than the other
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depinning exponents, due to its connection with localized
soft modes right at the transition, which are sensible to
microscopic characteristics of the pinning potential [20].
On the other hand, although mean field results [12,13]
and functional renormalization group techniques have been
successfully applied to the creep regime for f � fc and to the
zero temperature depinning transition, the description of the
thermal rounding regime remains elusive [28]. Numerically,
there is also a variety of results [21–26]. In particular, the
value of ψ � 0.15 found for an elastic string with short-range
elasticity in a random-bond short-correlated pinning potential
[21,22] seems to be compatible with experimental studies of
thermal rounding at the depinning transition of domain walls
in thin ferromagnetic films [29,30]. Both the numerical and
experimental determinations of ψ are subtle, however, and the
agreement must be taken with caution. On one hand, power-
law corrections to scaling were shown to be important in one
dimension, being the source of large numerical discrepancies
in the literature for the T = 0 depinning exponents [31]. The
magnitude of the possible bias these corrections may induce
in the ψ exponent are currently unknown. Experimentally, on
the other hand, although thin ferromagnetic films have become
paradigmatic systems to study universal creep phenomena for
f � fc, understanding the effect of temperature right at or
very close to fc remains a challenge, mainly because it is
hard to get a precise estimate for fc at finite T [32]. The
precision achieved so far for ψ numerically or experimentally
is thus not enough yet to test the various theoretical predictions,
nor to accurately test the scaling form of Eq. (3). A very
recent experimental work shows however good agreement with
the scaling form of Eq. (3) above the depinning threshold
f > fc [33]. This context motivates further research and
new ways to approach the problem of the thermal rounding
at the depinning transition and the dynamics just below the
threshold.

Here we study a particular version of the one-dimensional
depinning problem in the case the pinning potential is
composed of very narrow and uncorrelated pinning wells. The
characteristics of the potential make the model particularly
suitable to numerical simulation and to include a precise
scaling analysis. In particular, it allows us to consider two
types of activations from the pinning wells below the depinning
threshold: the usual Arrhenius activation rate, physically
associated to thermal fluctuations, and a uniform activation
rate, which is independent of the height of the energy barriers.
We find that in the case of a uniform activation our results
follow closely Eq. (3), with a numerical value of ψ that
can be linked with other depinning exponents of the model,
unveiling an hyperscaling-like relation. On the other hand, in
the case of a thermal activation, we find results that cannot be
appropriately scaled according to Eq. (3), for any value of ψ .
We argue that the data can be rationalized instead including
logarithmic corrections, allowing Eq. (3) to describe both
the motion just below and above the depinning threshold.
Interestingly, just below the depinning threshold we find
that activated events are spatially and temporally correlated,
forming large clusters analogous to depinning avalanches. This
is remarkably similar to what was recently found in creep
simulations well below the threshold [34] and consistent with
the expected geometrical phase diagram [35]. In the context of

our model, we show that this phenomenon is related to other
extremal dynamics models, particularly the Bak-Sneppen (BS)
model [36].

II. MODELS AND REFERENCE RESULTS

A prototypical description of the depinning transition
and the regimes of creep and flow it separates is provided
by the quenched Edwards Wilkinson (qEW) model. In a
one-dimensional geometry, the model can be defined by the
stochastic equation [37]

γ ∂tu(z,t) = c∂2
z u(z,t) + f + fp(u,z) + η(z,t), (4)

representing the overdamped driven dynamics for an elastic
interface, whose position is parametrized by a univalued
displacement field u(z,t) with stiffness c and friction con-
stant γ . The pinning force fp(u,z) = −∂uU (u,z) represents
the effects of a random-bond type of disorder described by
the bounded potential U (u,z), and f is the uniformly applied
external driving. Thermal effects are incorporated through
the white noise correlated term, η(z,t), with 〈η(z,t)〉 = 0 and
〈η(z,t)η(z′,t ′)〉 = 2γ T δ(t − t ′)δ(z − z′). In numerical imple-
mentations the continuous spatial coordinate z is typically
replaced by discrete spatial points, which are labeled by a
discrete index i. This model has been extensively studied.
In spite of this, accurate enough values of relevant critical
exponents at T = 0 were numerically obtained only very
recently, after acknowledging subtle power-law corrections
when simulating very large systems. The reported values are
β = 0.245 ± 0.006, z = 1.433 ± 0.007, ζ = 1.250 ± 0.005,
and ν = 1.333 ± 0.007 for the depinning, dynamical, rough-
ness, and correlation length exponents [31].

Here, we will work with a particular version of this
discretized model that adapts particularly well to numerical
simulations and permits us to study in a more precise and
controlled way some key properties of the thermal round-
ing problem. In this implementation, the potential energy
landscape Ui(u) is assumed to consist of very narrow wells
located at random positions along the u direction different
for every i. When the interface is pinned to a given well, its
location can be considered to be fixed (since the well is very
narrow). To be taken out of the well, a threshold force must be
applied. This threshold force is noted f th

i . Different wells have
different values of threshold forces, namely f th

i is a stochastic
variable. The energy landscapes at different spatial positions i

are assumed to be totally uncorrelated. It is expected that in
the presence of a finite driving force, and for a sufficiently
dense distribution of pinning wells, each point of the interface
must necessarily sit in one potential well, namely there are no
equilibrium position in which some point of the interface is in
a flat region of the pinning potential.

The state of the system can be characterized by the set
of values fi that represents by definition the total elastic
force acting on a particle trapped at a given site i [i.e., the
first term on the right-hand side of Eq. (4)]. The state of
the system is thus stable if fi + f < f th

i for every i. The
meaning of fc in this scheme is the following. There exist
stable configurations of the system if the applied force f is
lower than some critical value fc. On the other hand, when
f > fc there are always sites for which fi + f > f th

i . The
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critical force fc has a well-defined limit in the thermodynamic
limit, provided the explored sample maintains a correct aspect
ratio [38,39]. In this case, the temporal dynamics is assumed
to proceed as follows. In a unitary time step, any site i for
which fi + f > f th

i moves forward a distance λ to the next
pinning well (λ is the separation between consecutive random
pinning centers and, thus, exponentially distributed). This
produces a modification on the elastic force fi and those of the
neighbor sites i ± 1 according to (a unitary spring constant is
assumed)

fi → fi − 2λ,

fi+1 → fi+1 + λ, (5)

fi−1 → fi−1 + λ.

All sites that are unstable at a given time step are updated in
parallel. After the update, the new values of fi + f and f th

i

are compared, and the new unstable sites for the next time step
are determined. The number of unstable sites at a given time
step divided by the system size determines the instantaneous
velocity of the interface [40]. The average velocity is calculated
as the temporal average of this quantity.

Note that we generate new random pinning centers as the
values of the coordinate u of the interface increase along
the simulation, and they never repeat. Namely, the boundary
conditions are open in the u direction. This is known to
lead to some spurious effects associated to very rare pinning
configurations that can pin the system for any applied external
force [38,39]. However, we found that these effects are not
relevant for our system size (in the spatial direction), for
the time length of our simulations, and for the thresholds
distribution chosen.

First we will provide numerical evidence that this simple
scheme produces results that are not only qualitatively equiva-
lent to those obtained with the continuous model of Eq. (4)
but also quantitatively correct regarding T = 0 universal
depinning exponents. We numerically calculated the velocity v

as a function of the applied force f for a system of 3×104

sites, with an average separation between wells of 1/2 (i.e.,
λ = 1/2), and a distribution of f th given by a Gaussian
with unitary mean and unitary variance [41]. The results are
presented in Fig. 1. They were fitted with a power law of the
form v ∼ (f − fc)β , where the values of fc and β were freely
adjusted. The best fitting provides fc = 1.600 ± 0.001 and
β = 0.24 ± 0.01. The value of β coincides very well with the
best value determined in the continuous potential version of
the model [31], giving confidence that the narrow potential
well approximation does not introduce qualitative changes
in the properties of the depinning transition. Furthermore, in
Fig. 2 we show that the structure factor Sq(t) ≡ 〈|uq(t)|2〉 of
the configuration ui(t) generated by our model as a function
of the discrete time t displays an excellent agreement with
the nonstationary scaling Sq(t) ∼ q−(1+2ζ )G(qt1/z), predicted
for the relaxation of an initially flat interface, ui(0) = 0,
by using the roughness and dynamical depinning exponents
ζ = 1.25 and z = 1.43 accurately obtained for the continuous
qEW model right at fc [31]. Note that the identity β =
(z − ζ )/(2 − ζ ), expected from the statistical tilt symmetry
of the qEW model [37], is well satisfied. We conclude that
at T = 0 both the stationary and the nonstationary relaxation

FIG. 1. (a) Velocity as a function of the applied force for a qEW
model with 3×104 sites, using the narrow well form of the pinning
potential. Continuous line is a fitting using a function v ∼ (f − fc)β .
The fitted values of fc and β are fc = 1.600 ± 0.001, β = 0.24 ±
0.01. (b) Same data in logarithmic scale, with � ≡ (f − fc).

dynamics near the depinning transition is well described by the
qEW depinning exponents. Our simplified model, at T = 0,
thus belongs to the qEW universality class.

FIG. 2. Time-dependent structure factor Sq (t) ≡ 〈|uq (t)|2〉 for
an initially flat interface at t = 0 right at fc, for the model of
Eq. (4) with narrow pinning wells. Inset: raw data for different times.
Main: scaled data using the universal nonstationary relaxation form
Sq (t) ∼ q−(1+2ζ )G(qt1/z) and the precisely known [31] dynamical and
roughness depinning exponents, z and ζ , respectively.
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III. THERMAL ROUNDING OF
THE DEPINNING TRANSITION

We now discuss the way in which a fluctuating external
field rounds the depinning transition. We start, in Sec. III A,
with the simpler case of the rounding effect of a uniform
activation rate for trapped particles. Afterwards, we consider
the effect of thermal fluctuations in Sec. III B. In both cases we
have considered that each activation let a particle jump only
to the next trap, in the forward direction. This approximation
is justified near the depinning transition at small temperatures.
Due to the driving force, a particle requires much more energy
to reach the trap behind it than to reach the trap in front of it:
if a particle has to jump a barrier U to escape from its trap,
to reach the trap behind it implies to overcome a larger finite
barrier, U ′ ∼ U + f λ, where λ is the typical distance between
traps. Note that this remains true even if U → 0, when the
particle is near destabilizing. Hence, at small but finite T , the
backwards jump is not only exponentially prohibitive, but also
very improbable in a purely diffusive regime (no barriers at
all) due to the forward finite drive f ∼ fc.

A. Uniform activation rates

We first consider the effect of a “uniform activation rate” on
the depinning transition. This peculiar but still stochastic force
is meant to activate sites with a fixed probability h at every
time step and spatial position in the system, independent of
the interface state. In the context of the interface, we can think
h as a uniform activation for all particles with (fi + f ) <

f th
i , regardless of the actual values of fi , in sharp contrast

with the Arrhenius case where the activation does depend on
fi values through the energy barrier to escape a trap. That
is, we will consider that any pinned particle can escape its
trap with the same probability h. In the following, we will
indistinctly call h the “activation field” or rate, or simply the
“external field,” to emphasize the analogy with the spin model.
On the other hand, particles with fi > f th

i will always be
activated.

It is clear that the velocity of the interface (i.e., the number
of active sites per unit time) will be larger in the presence of
a finite h than for h = 0. For small values of h and close to
the critical force, the velocity is expected to follow a scaling
relation as in Eq. (3), namely

v(�,h) ∼ hψhg(�/hψh/β). (6)

We use ψh for the rounding exponent in this case, to emphasize
the fact that we are applying a uniform activation probability h.
Remarkably, in this case the value of ψh can be obtained in
terms of the other exponents of the transition. The argument
leading to this conclusion is contained in Ref. [42], p. 47, for
the directed percolation (DP) transition. Here we present the
argument in a slightly different form, for the rounding of the
qEW depinning transition. For � < 0 the value of v would
be zero were it not for the existence of a finite h. The finite
h triggers a number of avalanches with a density that is (for
small h) simply proportional to h. The average size of each of
those avalanches (its “mass” in the language of Ref. [42]) is
a property of the model in the h = 0 limit and is given by ∼
|�|−(d+z)ν+2β (allowing for an arbitrary spatial dimension d).

FIG. 3. Velocity v as a function of the intensity of the external
field h, at the critical point. Points are the results of the simulation.
Straight red line is drawn with the expected slope ψh � 0.082. The
numerical data approach the theoretical prediction for sufficiently low
values of h.

It is thus obtained that

v ∼ h|�|−(d+z)ν+2β (7)

for � < 0. The condition for this equation to be valid is that h

is so small that two different activated clusters do not overlap.
The condition that Eq. (7) is compatible with Eq. (6)

means that the function g(x) must behave for large x as
g(x) ∼ x−(d+z)ν+2β , leading to

ψh = β

(d + z)ν − β
. (8)

The numerical value of ψh predicted by Eq. (8) (using
the best known values of β, z, and ν, for qEW in d =
1) is ψh � 0.082. Results of numerical simulations of our
implementation of the model right at the critical point produce
the results in Fig. 3. The results of the numerical simulations
are consistent with the analytical prediction as h is reduced.
In fact, this is the limit in which the analytical prediction was
obtained.

We will now show that the full scaling law Eq. (6) is
satisfied. Figure 4(a) shows results of simulations at finite
value of h, both below and above criticality. In Fig. 4(b) we
show how all curves can be scaled onto a unique universal
curve using the appropriate value for the exponents β and
ψh. In particular, for large and negative �, the data converge
to the expected behavior from Eq. (7) [42]. We thus verify
the validity of Eq. (8) for qEW under uniform activation
rates.

It is instructive to observe the activity pattern in the system,
in the presence of the external field h controlling the uniform
activation rate. In Figs. 5 and 6 we show spatiotemporal plots
of the activity, where active sites are indicated. Active sites
are separated in two classes: standard active sites (which are
activated by other active sites in the previous time step) and
sites activated directly by the field h. Below the critical point,
the structure of activity follows the trend that was assumed
in deriving Eq. (7), namely a sparse and uncorrelated set of
sites activated by the field, each of them generating a cluster
of activity. Increasing the values of f or h (Fig. 6), we see how
the activity percolates across the system. It is worth noting here
that the so-called “mass” |�|−ν(d+z)+2β , measuring the amount
of active sites per unit time in one avalanche and giving place
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FIG. 4. (a) Velocity as a function of external field for qEW model,
below and above the critical point, for different values of h, as
indicated. The h = 0 critical behavior is indicated by the dotted line.
(b) Same results, rescaled using the expected values of β = 0.245
and ψh = 0.082 (� = f − fc). The continuous line is the asymptotic
form predicted by Eq. (7).

to Eq. (7), is different from the quantity |�|−ν(d+z) naively
expected using the characteristic spatial size |�|−νd and the
characteristic time |�|−νz of a depinning-like avalanche [35].
This is so because avalanches of activity are actually porous

FIG. 5. Space and time distribution of active sites in the system,
for the qEW case. Small (red) dots are sites that are activated by
neighbor sites in the previous time step. Larger (black) dots are sites
activated at the uniform rate h, and thus randomly distributed. The
plot was obtained below criticality, at f = 0.54, h = 10−3. Note the
structure of independent clusters, each of them initiated by a site
activated by the field. The space-time span of the graph is 1000 sites
and 1500 time steps.

FIG. 6. Same as previous figure, at f = fc � 1.600, h = 10−3.
The span of the graph is 300 sites and 450 time steps.

objects in the (d + 1-dimensional) space time. This porosity
can be appreciated in Figs. 5 and 6.

Scaling relation Eq. (8) is remarkably similar to the
hyperscaling relation in equilibrium statistical mechanics.
In fact, the order parameter of an equilibrium second-order
phase transition right at the critical temperature vanishes as a
function of the activation field h as ∼h1/δ , in terms of the so-
called magnetic exponent δ, which obeys the scaling relation
[43]

δ−1 = β

dν − β
. (9)

This follows from the generalized homogeneity property of
the free energy close to the critical point. Since the meaning of
δ−1 is formally analogous to the thermal rounding exponent,
Eq. (9) has been used, without modification, to compare
with the velocity-force characteristics obtained by numerical
simulations of the driven random field Ising model in Ref. [25].
Here we have shown, however, that Eq. (8) can be considered
to be equivalent to Eq. (9) if we recognize that in the DP
or qEW problem the “time” dimension (that scales with an
additional factor z with respect to spatial dimensions) must
be added to the internal, spatial dimension d. Moreover, such
relation holds for ψh, which corresponds to the particular case
of uniform activation rates (nonuniform Arrhenius activation
rates are discussed in the next section). We notice, however,
that despite the formal similarity between Eqs. (8) and (9),
the two expressions are obtained by very different kinds of
reasoning, the second being applied to thermal equilibrium,
while the first is applied to a far-from-equilibrium critical
phenomenon.

B. Arrhenius activation rates

The fundamental difference between thermal activation and
the uniform activation discussed in the previous section is
that for the latter the activation probability is the same at
each time step for each nonactive site, whereas the effect of
temperature depends on the value of an energy barrier that has
to be overcome. In the narrow well approximation of the qEW
case, given a stable configuration of the system, energy barriers
can be naturally identified in terms of the elastic forces fi and
maximum threshold forces f th

i . For convenience we define
xi = f th

i − fi . The energy barrier for site i (noted εi) vanishes
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FIG. 7. Energy barrier as a function of the applied elastic force
fel for different forms of the pinning wells. (a) Smooth pinning case.
(b) Sharp-ending parabolic pinning well. (c) Triangular well. The
energy barrier ε behaves as ε ∼ (fc − fel)α , with α = 3/2, α = 2,
and α = 1 respectively. Note that for one particle fc ≡ f th

i .

when the applied force f is such that f → xi . Typically, εi ∼
(xi − f )α . The value of α depends on the shape of the pinning
potential (see Fig. 7). For the most standard case in which the
pinning potential is smooth (more precisely, with a continuous
second derivative), the value of α is 3/2. On the other hand, if
the pinning potential is as depicted in Fig. 7(b) or 7(c), α = 2
or α = 1 is, respectively, obtained. In any case, the value of α

is well defined once the characteristics of the pinning potential
are defined (see Appendix for a general discussion of one
particle dynamics in a periodic potential with an anomalous
marginality at the critical force).

The effect of temperature can be incorporated in the
dynamical algorithm of the previous section in the following
way. At each time step the values of xi are calculated. Those
sites with xi < f are automatically active, as in the T = 0
case. Sites with xi > f are activated with some probability pi

according to an Arrhenius law, namely pi = exp(−εi/T ) =
exp(−(xi − f )α/T ) [44]. A wide distribution of barriers leads,
in general, to a power-law distribution of activation times
[45,46]. In turn, this implies a nontrivial correlation of the
activation process: the probability that a site becomes active
in the next time interval τ , given that we know it has not been
active for some time interval τ0 decreases as τ0 increases; i.e.,
the process acquires an effective “memory.” This is in contrast
to what happens for a constant activation probability h since
in that case the forward in time probability is independent of
the previous history. This simple qualitative idea can be used

FIG. 8. Same as Fig. 6 but for a finite temperature (α = 1), instead
of an uniform activation rate. Parameters of the simulation are f =
0.5, T = 0.01. Note how now the location of thermally activated sites
is strongly correlated spatially and temporally. The span of the graph
is 1500 sites and 1000 time steps.

to understand the activation pattern of a spatially extended
system. If in some spatial region there has not been activity
for some time, it means that the values of the energy barriers ε

in that region are rather large, and then it is likely that those
sites will not be thermally activated soon. On the other hand,
in regions in which there are active sites, it is likely that some
of them will fall in potential wells with small values of ε, and
thus will activate again soon, maintaining the activity in that
region.

To illustrate this, we show in Fig. 8 results equivalent to
those in Fig. 6, but for the case of a finite temperature instead
of a constant and uniform activation rate. The nonuniform
spatial and temporal distribution of thermally activated sites
is apparent in this figure, making clear that the effect of
temperature is much more subtle than that of a uniform
activation field [45].

We focus now on the effect of temperature on the average
velocity of the interface. Figure 9 shows results of velocity
as a function of applied force at different temperatures, with
the α exponent of the pinning wells equal to 1, and using the
standard thermal activation algorithm previously described,
namely: sites are active (and then jump to the next potential
well) either with probability 1, if xi < f , or with probability
exp(−(xi − f )α/T ), if xi > f . Although at first sight the
results in Fig. 9(a) look similar to those in Fig. 6(a), one
important difference is the fact that at low values of f , an
activated dependence of the form

v ∼ exp(−|�|/T ) (10)

is observed, as shown by the red lines in Fig. 9(b). This expo-
nential dependence can be naturally interpreted as indicating
the existence of activation barriers of height |�| in the system.
In fact, the assumed existence of such barriers led Middleton
[20] to suggest that for thermal rounding, the compatibility
between Eqs. (10), (3), and (1) implies that

v(�,T ) ∼ T βg(�/T ), (11)

namely, the prediction ψ = β is obtained [47].
To verify the prediction ψ = β, a direct run at f = fc

was performed in our model, and the results are shown in
Fig. 10. We see that the thermal rounding exponent obtained
seems to be around 0.18, clearly below the expected value of
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FIG. 9. Velocity as a function of applied force, at different
temperatures in a system of 104 sites with α = 1. Temperature is
T = 0.02 for the left-most curve, and is divided by two for each
successive curve linear (a) and logarithmic (b) scale. In (b), the red
straight lines display the form v = CT q exp(�/T ), with q = 1.7 and
a single C factor for all curves. For a justification of the T q factor see
Sec. IV B.

ψ = β � 0.245. The discrepancy appears also quite clearly
when trying to scale the set of curves v(�,T ), according to the
Middleton scaling in Eq. (11). This is done in Fig. 11(a), where
we see that there are systematic deviations to this scaling.
However, with an alternative point of view, we may argue
that the result in Fig. 10 must be taken into account, and
the data should be plotted according to Eq. (3), with ψ �
0.18. This is done in Fig. 11(b). A reasonable collapse of
the curves is observed for � > 0 and for a narrow range of
� < 0, but the exponential tail is not correctly scaled. One
could thus argue that Eq. (3) is only valid in such reduced
range. This is, however, in sharp contrast to what was found
for uniform activation rates in Fig. 4, or for the particle in a
periodic potential (see Fig. 20 in the Appendix), where the
collapse is excellent for absolute values of the scaling variable
�/T β/ψ as large as 10. The plain conclusion to be drawn from
here is that the data from the simulations cannot be scaled
according to Eq. (3) for any value of ψ .

FIG. 10. Velocity v as a function of temperature at the critical
point. The red straight line has a slope β ≡ 0.245, which is the value
predicted by the arguments of Middleton [20]. The numerical results
seem to point to a value � 0.18, instead (dotted line).

FIG. 11. The data in Fig. 9 scaled according to (a) the Middleton
suggestion, and (b) using the value 0.18 for the thermal rounding
exponent, according to results in Fig. 10. None of the cases permits a
correct scaling of the whole data.

We have found, however, that there is a way to appropriately
scale the numerical data to make them collapse onto a universal
curve. Before discussing this scaling, we shall first present a
more detailed analysis of the dynamical behavior of the system
in the limit of very low temperature.

IV. ACTIVATED DYNAMICS NEAR
THE DEPINNING THRESHOLD

We consider now the dynamics of the system for f < fc

and for vanishingly small temperature. This is known as the
creep regime [48]. For a finite system, if temperature is much
smaller than the other energy scales in the problem, it can
be shown [35] that the steady-state activated dynamics of
an elastic interface in a random medium becomes essentially
deterministic, with the system visiting a unique sequence of
metastable states connected exclusively by forward collective
moves. To reproduce this sequence, it is necessary to find
the optimal path connecting consecutive metastable states.
The optimal path is the one that takes the system from
one metastable state to another metastable state with lower
energy overcoming the minimal energy barrier. Finding this
path is a complex task even in a discrete system, since
elementary moves might consist in the simultaneous motion of
more than one particle and the enumeration of configurations
grows exponentially. Although the exact transition pathway
problem can be still approximated retaining collective moves
[34] using transfer matrix techniques, in our model we can
further simplify the construction of the metastable states. If
we consider only the case in which f is away from zero,
and sufficiently close to fc, the optimal nucleus we need to
activate to move forward reduces to one particle if the disorder
is strong enough [35]. In this limit, elementary moves consist
in one-particle Arrhenius activated jumps if the temperature is
still much smaller than the local barriers (xi − f )α . Backward
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motion is futile and can be neglected (as we are already doing
in our simulations) as it involves an extra energy penalty of
the order of fcλ where λ is the typical distance between the
narrow wells. Moreover, near fc a small event may produce
in general a large forward deterministic avalanche, similar to
a depinning avalanche above threshold of a transverse size
|�|−ν [34,35], so the motion is mostly irreversible in this
regime.

Therefore, given a pinned configuration with all xi > f ,
thermal activation at vanishingly small temperature proceeds
by acting on the site with the smallest activation barrier. The
thermal creep regime is simpler to implement numerically
than the full thermal activation case. As the activation barrier
is a monotonous function of xi , vanishing as xi → f from
above, the first site to be activated in the creep regime is
that with the smallest xi . In this limit, our model becomes
identical to the so-called Zaitsev model [49,50]. This simple
prescription greatly speeds up the numerical algorithm. So
we implement thermal creep by triggering the next avalanche
precisely at the site with the smallest xi . Beyond this difference
in the activation step, the developing of avalanches remains as
previously described.

A. Correlated events and extremal dynamics

Choosing the lowest xi generates a systematic increase
of the values of xi over time, which brings interesting
consequences into the dynamics. This is an example of what
is known as an extremal dynamics. One case in which this
effect was studied in all detail is the Bak-Sneppen (BS) model
[36]. In this model, a random number xi between 0 and 1 is
defined for each site of a 1D lattice. At each time step, the
lowest xi is selected and is replaced by a new random number.
The random numbers corresponding to the two neighbors
i + 1 and i − 1 are renewed too. The systematic choice of
the lowest xi produces that in the long run, a critical value
x∗ � 0.6670 builds up, such that all xi tend to be above x∗.
The system “self-organizes” in a critical state, without tuning
any parameter. This is a prototypical case of self-organized
criticality.

Qualitatively, the same occurs in the qEW model in the
thermal creep case. Independently of the value of f < fc,
the values of xi tend in the long run to accumulate above a
value x∗ and a “gap” appears in the range (f,x∗). We will see
that x∗ = fc, implying that eventually the configuration of the
system becomes a critical depinning one. This will allow us to
explain, through a much simpler model, the results previously
obtained with the exact transition pathway algorithm [35],
showing that the depinning geometry indeed dominates the
large scales of the interface, regardless of the magnitude of the
driving force, as has been originally suggested by functional
renormalization group arguments [28].

Let us consider a state with all xi > f (f being the applied
force). This is a metastable state of the system and corresponds
to a pinned configuration of the interface. A vanishingly small
temperature acts by eventually destabilizing the less stable
site (the one with the lowest xi), starting an avalanche that
takes the system to a new pinned configuration, with all
xi > f . The evolution of the interface can thus be described
as a sequence of metastable configurations. Some general
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FIG. 12. From bottom to top: sequence of metastable configura-
tions visited by an elastic string of size L = 128 driven upwards by the
subthreshold forces f2 = 1.0 (red lines) and f1 = 1.5 (black circles),
in the low-temperature limit for the same realization of the disorder.
The initial configuration, at the bottom, is the same for both sequences
and is an arbitrary metastable state prepared at f1 < fc ≈ 1.6. We
find that, in general, any metastable state of the f1-sequence is
contained in the f2-sequence, provided that f2 < f1. It follows that
the critical configuration itself belongs to any f -sequence, provided
f < fc.

properties of the evolution of elastic interfaces (generally
known as Middleton rules [51]) allow us to prove the following
property: given two subcritical values of the applied force f1

and f2 < f1, the sequence of metastable configurations that
occur under f1 is a subsequence of that occurring under f2.
A detailed demonstration of this statement will be presented
elsewhere, now we simply illustrate this fact in Fig. 12,
where we see indeed how it takes place. In particular, this
result allows us to show that under the action of anyf2 <

fc, the system will eventually pass through (meta)-stable
configurations of any f1 > f2 (f1 < fc). Letting f1 → fc,
this indicates that the system eventually explores critical
(depinning) configurations under the action of any applied
force.

Next avalanche generates values of xi above f , but not
necessarily above fc in the region spanned by the avalanche.
The situation is shown in Fig. 13. We see, in fact, that in most
of the system the value of xi is above fc, and only a limited
region around i ∼ 5500 (that has been affected by previous
avalanches) has abundant values of xi lower than fc. It is
thus clear that further avalanches will be nucleated around
the position of the previous one, leading to a strong spatial
correlation among them.

An example of the spatial correlations that appear among
avalanches is shown in Fig. 14. There, each avalanche is repre-
sented by a horizontal segment covering the affected sites, the
vertical coordinate being a sequential index of the occurrence
of avalanches. We clearly see the spatial superposition between
most consecutive avalanches. To appreciate also the temporal
correlation, we must calculate a realistic time to follow the
process. This can be done by first calculating the values
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FIG. 13. Distribution of values of xi in the system after a long
equilibration time, using the thermal activation protocol, in the
presence of an external force f . Note the appearance in most of
the system of a “gap” between f and fc. Sites around i ∼ 5500 have
lower values of xi because of recent avalanches in this region. It
is clear that next avalanches will occur around this region too, i.e.,
highly correlated spatially with previous avalanches.

xmin at which each avalanche nucleates. These values, for the
sequence of 4000 avalanches in Fig. 14, are shown in Fig. 15.
Considering that the triggering of every avalanche occurs
through thermal activation over a barrier ε ∼ (xmin − f )α ,
we can say that the waiting time δt for the activation of an
avalanche with a given xmin will be δt ∼ exp[(xmin − f )α/T ],
where the temperature T (that has been properly rescaled) is
supposed to be much smaller than typical values (xi − f )α (in
our case T � 0.1).

Results of this calculation are presented in Fig. 16. This
figure very naturally suggests the consideration of “clusters”
of avalanches, as groups of avalanches that occur close in
time and space [52]. To define clusters, we must choose a
criteria to group avalanches. In Ref. [34], a criteria of spatial
overlapping has been used. Here we use a temporal criteria that
corresponds to the one originally used to identify avalanches in
the BS model: Two consecutive avalanches belong to the same
cluster if they are separated in time less than some reference

FIG. 14. Sequential index n against the spatial extent of the
avalanche. Note the strong spatial correlation between consecutive
avalanches.

FIG. 15. Left: The value of xmin for the sequence of avalanches
in the previous figure. From these values of xmin, the values of time
in the next figure are obtained as indicated in the text. Dashed line
is a reference value used to define clusters. With this threshold, the
arrows point to the first and last avalanche that form a particular
cluster. Right: histogram of the observed values of xmin. The expected
exponent for the power law is 2ν − 1, and this coincides with the
observed value.

value tref. From the previous discussion it is clear that this
corresponds to ask if the value of xmin at which the second
avalanche nucleates is smaller than xref ≡ f + [T ln(tref)]1/α .
Namely, setting a value of xref (see Fig. 15), clusters are formed
starting at an avalanche with xmin > xref, and ending in the last
avalanche before the next xmin > xref. Note that it must be
xref � fc.

Defining clusters through the introduction of the reference
value xref, the comparison of cluster statistics with the
avalanche statistics at depinning is now straightforward in
view of the previous arguments. The value of xref can be
considered to be the value of f1 in the argument of the previous
paragraphs, and it leads to the conclusion that avalanches for
any given f < fc form clusters that distribute in the same way
that avalanches at depinning as xref → fc. In particular the

FIG. 16. Time of the nth avalanche tn (normalized to the max-
imum value tmax) against spatial extent of the avalanches, obtained
for T = 0.002, and using α = 1. The largest values of xmin in the
previous figure are responsible of the largest temporal intervals
between consecutive avalanches in this figure.
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size of clusters Scl distribute according to P (Scl) ∼ S−τ
cl , with

τ � 1.11 (in one spatial dimension) [34].
In general terms, the issue we have just discussed concerns

the relation between the behavior of dynamical systems under
parallel or extremal dynamics. This point has been addressed
also in the case of the BS model. In Ref. [53] it was shown
that a parallel update in the BS model transforms it into a
directed percolation problem. However, in that case, due to the
absence of an equivalent to the Middleton rules, the avalanches
generated using parallel dynamics are not equivalent to clusters
of avalanches with the extremal protocol. In fact, even the
value of the critical threshold is different in both cases: for
the BS model the threshold sets at x∗ � 0.6670, whereas for
the parallel update, the threshold for the corresponding DP
model is x∗ � 0.5371 [53]. In addition, Grassberger [54] has
numerically shown that critical exponents of BS and DP do not
coincide, indicating that parallel and extremal update produce
critical behavior in two different universality classes in that
case.

B. Velocity near the depinning threshold

The previous analysis, and in particular the identification of
typical xi values in the system that display a gap between f and
fc, allows us to examine in more detail the asymptotic form
of the velocity in the limit of very low temperature. We can
calculate the velocity v of the system in this limit as the ratio
between a given advance of the interface u0 (which will be
taken as a fixed parameter), and the time t0 necessary to obtain
such an advance. During the advance, different values of xmin

are encountered and have to be activated, the value of t0 being
thus equal to the sum over all xmin values involved. A site with
a given value xi takes typically a time ti ∼ exp[(xi − f )α/T ]
to be activated. The minimum xi , namely xmin, is activated
in the minimum time tmin ∼ exp[(xmin − f )α/T ]. However, as
there are many sites with xi close to xmin, the first activation
time is reduced, in the same way that the first occurrence of
one of M Poisson processes with the same rate r is r/M ,
instead of being simply r . For a fixed temperature, the sites
that have a comparable probability to become active are those
with xi between xmin and xmin + T 1/α . Namely, the time to
be expected up to the next activation is typically given by
T −1/α exp[(xmin − f )α/T ]. Now, we sum over all possible
values of xmin to obtain t0, i.e.,

t0 ∼ T −1/α

∫ fc

f

dxminN (xmin) exp[(xmin − f )α/T ], (12)

where N (xmin)dxmin represents the number of times that values
between xmin and xmin + dxmin are found along the temporal
evolution, i.e., the distribution of xmin values observed, for
instance, in Fig. 15. This distribution depends on the value
of f , but is independent of T since in this limit of very low
temperature, T enters only in determining the time scale of the
dynamics.

As shown in Ref. [50], the distribution of N (xmin) is
related to the average size of avalanches as a function of
the applied force S(f ). In concrete, they find N (xmin) ∼
(∂S(f )/∂f )−1. Taking into account that S(f ) ∼ Smax(f )2−τ ∼
(fc − f )−ν(1+ζ )(2−τ ), and using that τ = 2 − 2/(1 + ζ ) for
qEW (both for the size-distribution of deterministic avalanches

at f = fc [55] and activated events clusters at f < fc [34]),
we finally obtain

N (xmin) ∼ (fc − xmin)2ν−1. (13)

As shown in Fig. 15, this result is nicely verified in the
numerics.

Inserting this result into Eq. (12), we obtain

t0 ∼ T −1/α

∫ fc

f

dxmin(fc − xmin)2ν−1 exp[(xmin − f )α/T ].

(14)

Calculating the leading order of the integral, we obtain
the velocity of the interface at very small T and negative
� = f − fc as

v(�,T ) ∼ T −2ν+1/α|�|2ν(α−1) exp(−|�|α/T ), (15)

which is similar, for α = 1, to the one found in Ref. [26] using
an extremal dynamics model.

Summarizing the results in this section, in the creep regime
in which temperature is vanishingly small, the system evolves
toward a configuration in which typically all sites have a value
of xi > fc. This means that f can be increased up to fc without
triggering any avalanche in the system, and this demonstrates
that this configuration is actually a critical depinning one.
Moreover, the velocity of the interface [see Eq. (15)] has a
thermally activated form, with |�|α being the maximum barrier
height to be overcome, and a power-of-T and � prefactor
originated in the distribution of values of xmin that are activated
along the time evolution.

The dominance of the maximum barrier |�|α (which
is originated in its exponential influence in the activation
times) allows us to claim that the critical configuration,
which we showed is always visited for any applied force
f < fc, becomes also the dominant state for any f < fc.
Notably, the dominance of the depinning critical state goes
beyond the T → 0+ limit of the creep dynamics: it dominates
the large-scale geometry in the whole creep regime at any
finite temperature. To confirm this for our model we have
computed the steady-state disorder averaged structure factor
Sq ≡ 〈|uq |2〉 for various forces around fc both at T = 0
and T > 0. In Figs. 17(a) and 17(b), we see that at large
scales Sq ∼ q−(1+2ζ ) with ζ ≈ 0.5, reflecting the dominance
of the fast-flow geometry of the qEW model at large length
scales, only provided that the velocity is finite. Below a
characteristic scale ξ (f,T ) we observe a crossover toward
ζ ≈ 1.25, the depinning roughness exponent of the qEW
class. The behavior of ξ (f,T ) is shown in Fig. 17(c) at zero
and finite temperature. At T = 0, ξ (f,T ) tends to diverge
at fc, following closely the expected critical behavior of the
depinning correlation length, ξ (f,T = 0) ∼ (f − fc)−ν with
ν = 1/(2 − ζ ) ≈ 1.33. At finite temperature the divergence
at f = fc disappears, and ξ (f,T > 0) grows monotonically
with decreasing the force. This crossover was also observed in
molecular dynamics simulations of the smooth qEW model,
between the case T = 0 for f > fc [56] and at T > 0 and
f � fc [35]. Interestingly, however, our model displays the
same geometric crossover without actually having a proper
fast-flow regime v ∼ f when f � fc, because the velocity
saturates in this limit. The present results obtained in the
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FIG. 17. Spatial correlations around the depinning transition. The
steady-state disorder averaged structure factor Sq at T = 0 (a) and
T = 0.005 (b) displays a roughness crossover, between Sq ∼ 1/q1+2ζ

with ζ ≈ 1.25 and Sq ∼ 1/q2 at the characteristic length-scale
ξ (f,T ). (c) Force dependence of ξ (f,T ) for the two temperatures.
The dashed-line indicates the expected divergent behavior of the
T = 0 depinning transition, ξ (f,T = 0) ∼ (f − fc)−ν , with ν =
1/(2 − ζ ) ≈ 1.33. At finite temperature the divergence of ξ at fc

disappears, and ξ (f,T ) monotonically grows with decreasing f in
the creep regime. In either case, the large-scale geometry is described
by the critical roughness ζ .

creep regime are consistent with the “depinning-like” features
unveiled by functional renormalization group calculations at
scales larger than the activation scale [28], and with the
numerically observed depinning roughness at such scales,
both at intermediate [35] and vanishing driving forces in the
creep regime [34]. Quite interestingly, on the other hand,
the similarity of our model at low temperatures below the
depinning threshold with Zaitsev’s model [49] suggests a
possible nontrivial connection, at a coarse-grained level,
between collective creep and self-organized criticality.

V. GENERALIZED HEURISTIC THERMAL
ROUNDING SCALING

We may check the analytical form of the velocity in the
low-temperature regime and for f < fc [see Eq. (15)] against
the numerical simulations. Equation (15) for α = 1 is plotted
as red lines on top of the data in Fig. 9, adjusting only a single
global factor, the same for all curves. We see that the numerical
data adjust to this behavior very well, pointing to both the
accuracy of the numerical simulations and the correctness of
the analytical expression.

We have already shown that the results of numerical
simulations seem to be incompatible with the scaling proposed
in Eq. (3). Now we can confirm this from the analytical

FIG. 18. Generalized scaling of the v(�,T ) data. Here, the value
T0 = 0.1 is used, but note anyway that any value of T0 would be
equally effective.

expression we have obtained in the creep regime: Eq. (15)
(for α = 1, for instance) is not of the form of Eq. (3). The
failure of the scaling due to the activated behavior at very low
temperature had already been noticed in Ref. [26].

Yet, the results obtained up to here (both numerical and
analytical) allow us to propose heuristically a form for the
thermal scaling. We restrict to the case α = 1, which is the
one for which we have obtained more reliable numerical data.
On one side the form of the plot in Fig. 11(a) suggests that
a T -dependent horizontal shift of the curves may scale all
of them onto a universal one. On the other side, the form of
Eq. (15) suggests (for α = 1) that this shift may have origin in
the T −2ν+1 pre-exponential factor. Let us write Eq. (15) in the
form

v(�,T ) ∼ T β exp [�/T − (2ν − 1 + β) ln(T/T0)], (16)

with some unknown temperature scale T0. Our proposal is that
the previous form, which is valid for f < fc and T � fc − f ,
may be extended to a full scaling valid for both negative and
positive fc − f and T � fc by generalizing the exponential
function to a single scaling function g, in such a way
that

v(�,T ) ∼ T βg[�/T − (2ν − 1 + β) ln(T/T0)]. (17)

For x → −∞, the g(x) function behaves as exp(x). On the
other hand, for x → +∞ we expect g(x) → xβ , in such a
way that for � = 0 (i.e., f = fc) we obtain

v(0,T ) ∼ T βg[−(2ν − 1 + β) ln(T/T0)] ∼ [−T ln(T/T0)]β,

(18)

i.e., a logarithmically corrected power law.
We obtain support for this conjecture from the numerics.

The result of plotting the data in Fig. 9 according to Eq. (17)
is presented in Fig. 18, where we see that the existence of a
single scaling function g is well supported.

Additionally, in Fig. 19 we present again the data at f = fc.
The red line is the bare T ψ power that we knew already
that does not fit the results. Blue line is the asymptotic form
∼[−T ln(T/T0)]β we expect according to the new scaling.
Good agreement with the simulated points can be achieved for
the lowest values of T . For larger T , the asymptotic form
deviates from the simulated points, but we can show that
the simulated values are consistent with the full scaling. For
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FIG. 19. Symbols reproduce the same data as in Fig. 10.
Red line is ∼T β and blue one is the expected asymptotic form
∼[−T ln(T/T0)]β , for T0 = 0.1. Green line is the result expected
using the full form of the function g(x).

each value of T , we calculate x ≡ −(2ν − 1 + β) ln(T ) and
calculate g(x) from the plot in Fig. 18. Finally, we calculate
T βg(x) and plot the results as a green line in Fig. 19. We see
that the results nicely match the simulated values.

At this point, beyond the overall numerical consistency,
we have to mention that we do not have a convincing
argument explaining why the present scaling should be ap-
propriate. But the numerical evidence just presented strongly
supports the possibility that logarithmic corrections appear
in the temperature dependence of the data, in particular,
in the form of v(� = 0,T ) [see Eq. (17)], and this can
strongly affect a naive determination of the thermal rounding
exponent ψ .

In the theory of critical phenomena in equilibrium phase
transitions, the possibility of logarithmic corrections is well
known, and a consistent theory of their appearance is available
[57]. One of the key points that such analysis reveals is
that logarithmic corrections are expected only in particular
circumstances. One is the case in which the dimensionality of
the system corresponds to the critical dimension of the problem
separating mean-field and nontrivial scaling behavior. It is thus
natural to ask if the behavior we obtain for the case of thermal
rounding is also tuned to dimensionality. Although we did not
address this problem yet, our expectation is that logarithmic
correction for thermal activation should also be present in any
dimension, since these corrections appear in the present case
as a consequence of the dependence of the activation time on
temperature for single sites, i.e., they are not related to some
crucial feature associated to dimensionality.

VI. CONCLUSIONS

Using a model with random traps, we have shown that the
slow velocity regime near the depinning threshold of an elastic
interface in a random medium is very different for uniform
stochastic activation than for Arrhenius thermal activation. In
the former case, the velocity accurately follows a standard
scaling law involving force and noise intensity, with the
analog of the thermal rounding exponent satisfying a slightly
modified “hyperscaling” relation. It would be interesting to
investigate if there is some formal connection between the
relation we derive here and standard hyperscaling relations
that are valid only at equilibrium. For the Arrhenius activation,

we find instead that standard scaling fails for any value
of the thermal rounding exponent and propose a modified
form to satisfactorily describe the data. We argue that the
anomalous scaling of the velocity is related to the strong
correlation existing between activated hops, which, alternated
with deterministic depinning-like avalanches, occur below
the depinning threshold. We rationalize this spatiotemporal
patterns—interestingly very similar to the ones reported for
collectively activated events in creep simulations at low driving
forces [34]—by making an analogy of the present model in the
near-threshold creep regime with some well-known models
with extremal dynamics, particularly the Bak-Sneppen model.

We hope the present results will motivate further research on
the creep and thermal rounding regimes of elastic manifolds
in random media. In this respect, we note that the thermal
rounding regime was recently observed experimentally in
thin-film ferromagnets [33]. In that case, restricting to data
above the estimated critical depinning field, a scaling function
and an effective thermal rounding exponent ψ ≈ 0.15 were
found. It would be thus interesting to see if the kind of
scaling functions we propose provide a better collapse, both
below and above the depinning threshold, as we observe in
our simulations. Furthermore, it would be very interesting
to experimentally measure the spatiotemporal patterns we
observe for the activated events, which are similar to the ones
reported in Ref. [34] by using a different model.
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APPENDIX: THERMAL ROUNDING SCALING
FOR ONE PARTICLE

In this Appendix, we analyze the scaling of the velocity
force characteristics v(f,T ) for a pinned Brownian particle in
a ring. We consider a simple one parameter family of pinning
potentials yielding different critical exponents. For this family,
we first derive β, ψ and the barrier exponent α such that
above the threshold v(f,T = 0) ∼ (f − fc)β , at the threshold
v(f = fc,T ) ∼ T ψ , and below the threshold v(f � fc,T ) ∼
exp[−(fc − f )α/T ], provided T � fca (with the periodicity
fixed to a = 1 from now on). With these exponents, we test
the scaling prediction of Eq. (3).

Let us consider the overdamped Langevin dynamics,

u̇ = f + F (u) + η(t), (A1)

where η(t) is a Langevin noise at temperature T , characterized
by 〈η(t)〉 = 0, 〈η(t)η(t ′)〉 = 2T δ(t − t ′). We will assume a
periodic pinning force, F (u) = F (u + n) with n any integer,
with a well-defined steady-state depinning transition at f =
fc ≡ − maxu{F (u)} = −F (uc), with uc the critical position.
To fix ideas, we will assume that at T = 0 and f < fc there are
only two fixed points, one stable and the other unstable, that
annihilate exactly at f = fc, at the critical depinning position
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uc. For f � fc there are no fixed points and the particle will
spend most of its time around the bottleneck created at uc.
This bottleneck will dominate the critical behavior of the finite
mean velocity. A general normal form for the saddle-node
bifurcation described above is

u̇ ≈ (f − fc) + |u − uc|γ , (A2)

actually representing a family parameterized by the
exponent γ . Quite generically, smooth forces can be
developed to second order near their minimum at umin as
F (u) ∼ F (umin) + F ′′(umin)(u − umin)2/2 + O[(u − umin)3],
so they correspond to the “standard” case γ = 2. The
case γ �= 2 hence represents, for a particle, an “anomalous
marginality” case which will be useful for comparison with
the elastic string case. We will focus on the cases γ � 1 where
it is easy to show that the mean velocity and the barriers to
motion display critical behavior: the mean velocity behaves as
v = [

∫ 1
0 du′/(f + F [u′])]−1 ∼ (f − fc)β just above fc, while

just below fc the the particle must overcome an energy barrier
�E ≡ − ∫ u•

u◦
[f + F (u′)]du′ ∼ (fc − f )α to move forward,

where u◦ ≈ uc − (fc − f )1/γ is the stable fixed point of the
dynamics in the unit interval, and u• ≈ uc + (fc − f )1/γ is
the unstable fixed point. We will be particularly interested
in the mean velocity at f = fc where v ∼ T ψ is expected.
Simple estimations using the normal form of Eq. (A2) near fc

show that

β = 1 − 1/γ,

α = 1 + 1/γ, (A3)

ψ = β/α = (γ − 1)/(γ + 1).

If �E � T the velocity is controlled by Arrhenius activation
v ∼ exp[−�E/T ] = exp[−2(fc − f )α/T ]. Interestingly, the
scaling v ∼ T ψ with ψ = β/α coincides with the prediction
for a charge density wave system [20] assuming that just below
the depinning threshold the elastic manifold depins by ther-
mally exciting localized modes, which can then trigger large
deterministic avalanches. A crucial assumption in this picture
is that the energy barrier to activate such modes scales as
(fc − f )α ∼ T just below the depinning threshold. Hence, the
time scale ∼ (fc − f )−νz the avalanche evolves is much larger
than the activation time and then the velocity is controlled by
the avalanche evolution, yielding v ∼ (fc − f )β ≈ T β/α . To
test this conjecture, the value of α should be first determined
by the microscopic potential renormalized at such localization
scale. Reasonably, the single particle α = 3/2 has been usually
conjectured, leading to the prediction ψ = 2β/3, which mixes
the “mesoscopic” nonuniversal exponent α with the universal
exponent β dominated by the large-scale behavior.

To test the scaling of the velocity as a function of the
drive and temperature, we now go beyond the normal forms
of Eq. (A2) and propose a concrete form for F (u) containing
them. A simple well-known form is F (u) ∼ − cos(2πu), mod-
eling the overdamped dynamics of the superconducting phase
difference in a nonextended Josephson junction [58]. For this
simple case, corresponding to a standard γ = 2 marginality,
there exists an exact analytical closed expression for the
mean velocity as a function of the force and temperature,
and the values β = 1/2, α = 3/2, and ψ = 1/3 are well

FIG. 20. Mean velocity as a function of the driving force and
temperature (temperature increases from the bottom to the top curves)
for a particle in a periodic potential described by Eq. (A4) with
γ = 2 (a) and γ = 3 (b). Both family of curves can be collapsed
by rescaling using Eq. (3) with the appropriate critical exponents of
Eq. (A3): γ = 2 (c) and γ = 3 (d).

known [59]. The value ψ = 1/3 is in particular well known
from the study of thermal effects in “spinodal decomposition”
models [60]. The result of Eq. (A3) for ψ thus generalizes
this result for “anomalous marginality,” γ �= 2. Here we
will use an extension of the overdamped Josephson-junction
problem:

F (u) = [1 − cos(2πu)]γ /2

2γ /2�(γ /2+ 1
2 )√

π�(γ /2+1)

− 1, (A4)

for which we have set the constant factors to have fc = 1,
uc = 0, and

∫ 1
0 du F (u) = 0. It is clear that this model reduces

the well-known Josephson junction problem with F (u) =
− cos(2πu) for γ = 2, and the normal form is described by
the normal form family proposed in Eq. (A2).

The full mean velocity characteristics v(f,T ) for the general
Eq. (A1) can be obtained in an analytical form involving
two integrals over the period of the potential [61]. We can
either evaluate these integrals numerically or directly solve
the Langevin equation averaging the velocity for many noise
realizations. Here we have exploited the embarrassingly par-
allel nature of the latter approach, by concurrently simulating
millions of Brownian trajectories in general purpose graphical
processing units. In Fig. 20 we plot the curves v(f,T ) thus
obtained and show that a perfect collapse is produced for two
different values of γ and for driving forces both above and
below the threshold fc = 1, using the γ -dependent exponents
from Eq. (A3) and the scaling form of Eq. (3). These results
are in sharp contrast with the results we report for the
elastic string, where Eq. (3) fails, specially for f < fc. This
suggests that the anomalous thermal rounding scaling of elastic
manifolds may be related to the correlations and distributions
of local thresholds induced by particle-particle interactions in
an elastic string in a 2D random landscape.
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We study the yielding transition of a two-dimensional amorphous system under shear by using a mesoscopic
elasto-plastic model. The model combines a full (tensorial) description of the elastic interactions in the system and
the possibility of structural reaccommodations that are responsible for the plastic behavior. The possible structural
reaccommodations are encoded in the form of a “plastic disorder” potential, which is chosen independently at
each position of the sample to account for local heterogeneities. We observe that the stress must exceed a critical
value σc in order for the system to yield. In addition, when the system yields a flow curve (relating stress σ

and strain rate γ̇ ) of the form γ̇ ∼ (σ − σc)β is obtained. Remarkably, we observe the value of β to depend on
some details of the plastic disorder potential. For smooth potentials a value of β � 2.0 is obtained, whereas for
potentials obtained as a concatenation of smooth pieces a value β � 1.5 is observed in the simulations. This
indicates a dependence of critical behavior on details of the plastic behavior. In addition, by integrating out
nonessential, harmonic degrees of freedom, we derive a simplified scalar version of the model that represents a
collection of interacting Prandtl-Tomlinson particles. A mean-field treatment of this interaction reproduces the
difference of β exponents for the two classes of plastic disorder potentials and provides values of β that compare
favorably with those found in the full simulations.

DOI: 10.1103/PhysRevE.96.023006

I. INTRODUCTION

Upon the application of a sufficiently large shear stress, any
solid material will eventually yield. In the case of crystalline
materials, yielding is produced by the motion of dislocations,
which are defects of the otherwise perfect crystalline structure.
In the case of amorphous materials, there is no such reference
state on top of which imperfections can be easily defined.
This has greatly delayed a theory of amorphous plasticity.
However, as first recognized by Argon [1], plasticity in this
case can be defined in terms of discrete localized nonaffine
rearrangements that produce elastic stresses and can lead
to a complex sequence of correlated deformations. These
ideas have led to the development of the theory of shear
transformations zones [2] that is nowadays one of the central
concepts in amorphous plasticity.

One of the hallmarks of amorphous plasticity is the
existence of a yield point of the material, namely, the existence
of a minimum stress σc that has to be exceeded in order to
observe yielding. In many cases, particularly for soft complex
materials such as foams, pastes, etc., and in the case of metallic
glasses, it happens that for a fixed applied stress σ beyond
the yield point the material can reach a stationary condition of
constant strain rate γ̇ . This allows us to define the flow curve of
the material γ̇ (σ ). The nature of the yielding transition around
σc has been a matter of considerable interest. In the athermal
case, in which the effect of thermal fluctuations is negligible,
the most widely accepted view is that yielding corresponds
to a well-defined continuous transition at σc, such that γ̇ = 0
for σ < σc, with γ̇ increasing smoothly as σ becomes larger
than σc. It is typically found [3–7] that the dependence of
γ̇ near the yielding point has the Herschel-Bulkley form [8]
σ − σc ∼ γ̇ 1/β . β is known as the flow exponent, and it is an
important characteristic of the problem.

An appealing idea to better understand the yielding transi-
tion has emerged from the comparison of this problem with the
problem of depinning of elastic media moving onto disordered

energy landscapes [9,10]. In that case, the existence of a flow
curve with a well-defined β exponent has been proven in a
rather general way. One of the main conclusions of those
studies is that the depinning transition corresponds to a critical
point of the dynamics, at which the system becomes highly
correlated and a diverging correlation length exists. This points
in particular to values of β that are “universal,” depending in
particular on the dimensionality d of the system. For depinning
β � 0.25 in d = 1 [11], increasing for higher dimensions, and
reaching the value β = 1 in the mean-field limit (d � 4).

A second similarity between depinning and yielding is
in the form in which the dynamics proceeds close to the
transition. In both cases an infinitesimal increase in the driving
can produce an avalanche of activity. These avalanches are
characterized by their size and duration, and the distribution
is an important characteristic of the problem. Yet an important
difference between yielding and depinning is the following.
While for depinning the advance of a small piece of the inter-
face generates a positive effect on any other part of the system
(trying to move forward the interface in any other point), for
yielding the elastic interaction has effects of alternating signs
in different parts of the sample. This fact (early considered
by Eshelby [12]) has important consequences for the phe-
nomenology of yielding and is responsible for the existence of
slip directions in which deformation can accumulate without
producing any stress increase in the sample.

The formal analogy between the yielding problem and the
depinning transition is thus an interesting line of investigation.
Although there are clear numerical differences between the
two cases (in particular, β < 1 for depinning, whereas β > 1
is systematically found for yielding), a scenario in which the
yielding transition is supposed to correspond to a critical point
with diverging correlation lengths has found much consensus
[13] and triggered an important theoretical and experimental
effort aimed at its verification.

Different numerical techniques have been applied to
study the yielding transition, including direct atomistic
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simulations [14–18], effective approaches such as soft glassy
rheology [19,20], and elasto-plastic models [21–29]. Elasto-
plastic models are particularly suited to address the relation
between yielding and depinning. In these models the increase
of plastic deformation in some region leads (through the
action of a well-defined elastic kernel) to the modification
of the elastic stress in other regions of the sample, which can
produce new plastic rearrangements. In elasto-plastic models
the long-range elastic interaction is explicitly introduced in
the form of elastic propagators. Yet the dynamical nature of
the elastic interaction is not fully accounted for, and it is only
effectively incorporated in the form of time delays for the
interaction to propagate across the system.

The model we are going to study shares many features with
elasto-plastic models. In addition, it incorporates in a more
realistic way the elastic interactions through the system, and
allows for a detailed description of the plastic deformation.
Actually, one of the main findings will be that key properties
of the model depend on the way in which plastic deformation
evolves locally. In particular, we find the value of the flow
exponent β to depend upon certain details of the disorder
potential that is used to describe plasticity. Specifically, we find
different β values when the disorder potential has continuous
second derivative (β � 2.0, this case will be termed the
“smooth potential” case) and when it has points at which there
are jumps of its first derivative (β � 1.5, we call this case
the “parabolic potential” case). This unexpected nonunicity
of the β value is particularly important as it is obtained by
changing a single characteristic of the model, and it cannot
be related to artifacts originated in using different models or
different numerical techniques. This result challenges the idea
of a single universality class of the yielding transition which,
at least in this respect, seems to be less universal than its
depinning counterpart.

Trying to find a simple explanation of the results found,
we transform the original model in an equivalent scalar
problem that turns out to be a collection of interacting Prandtl-
Tomlinson models [30,31] (usually used to describe friction in
elementary terms). By studying this model in different levels
of approximation, we provide evidence that it accounts for a
yielding transition at a finite stress σc and provides different β

exponents depending on the nature of the plastic potential used.
Moreover, the actual values of β found with the scalar model
compare fairly well with those of the full tensorial simulations.

II. MODEL

The kind of modeling we are presenting originates in works
of Bulatov and Argon [32]. It was generalized in different
directions afterwards and has been used to model a variety
of nonlinear problems of solids in which elasticity plays an
important role. Examples include martensitic transformations
[33], fracture patterns [34] and elastic collapse of thin
films [35]. We have presented already the application of this
technique to the modeling of yielding of plastic materials
in Ref. [36], although in that case the focus was in the
development of shear bands in the system when the material
has some sort of structural relaxation. This last ingredient will
not be incorporated here.

e

e

e

(b) (c)

(a)

3

1

2

FIG. 1. (a) Definition of the three elementary distortions e1,
e2, e3 that describe the elastic state of the system at each spatial
position. (b–c) Sketch of the state of a sample under an applied shear.
(b) Corresponds to the case of a system formed by identical elements,
and (c) the case in which each element has its own energy potential
and energy minima.

We model a (two-dimensional) yielding plastic material
as a collection of cells, each of them encoding the behavior
of a large number of atoms or molecules in the system. The
state of the cell is defined by its strain tensor εij . It turns out
to be more convenient to describe the elastic deformations
by three independent strains e1(r), e2(r), e3(r), representing
volume distortions (e1) and the two independent deviatoric
distortions (e2 and e3) in the system (see Fig. 1). Values of e1,
e2, and e3 in different parts of the system are not independent.
They satisfy a differential equation (known as the St. Venant
condition) that reads [37](

∂2
x + ∂2

y

)
e1 − (

∂2
x − ∂2

y

)
e2 − 2∂x∂ye3 = 0. (1)

In order to describe the dynamics of the system it is
necessary to define a free energy that depends on the strain
state of all the cells. If the system was a perfectly elastic,
isotropic material, we would write a total free energy in the
form

F =
∫

d2r
[
Be2

1 + 2μ
(
e2

2 + e2
3

)]
(2)

with B and μ being the bulk and shear modulus of the
material. However, to allow for the possibility to describe
plastic deformation, the form of the free energy has to be
modified. Referring to the sketches in Fig. 2 the free energy
of a cell will increase upon deformation in the elastic regime
(a), but eventually it will reach a point in which a structural
rearrangement occurs, and the free energy is reduced again
to a new local minimum (b). It is assumed that structural
rearrangements can continue to occur in a given cell when
strain increases further, the local free energy thus consisting of
a sort of “plastic potential,” with different minima located at
different values of deformation. The form of the potential near
each minimum is quadratic, representing a local elastic state of
the cell. For the transition between different local minima, we
can consider at least two possibilities (see Fig. 2). If we think
of this transition as some sort of irreversible rearrangement
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strain

smooth 
potentialpotential

(a)

(b)

parabolic

FIG. 2. Sketch of the local free energy depending on the strain
state of a cell. (a) Perfectly elastic case. (b) Plastic case. In this case,
other minima appear as the strain is increased further.

within the cell, a potential V (e) consisting of a collection
of parabolic pieces seems to be appropriate. This case will
be called the “parabolic potential” case. However, we can
consider also the case in which the first potential minimum
gradually softens and eventually transforms smoothly into the
next minimum. This is the case of a “smooth potential.” One
of the main findings of this paper is that the properties of the
model depend crucially on the potential being “smooth” or
“parabolic.”

The strain values corresponding to the minima of the plastic
potential are assumed to have stochastic values, which are
different in different positions of the sample, leading to an
interplay between elasticity and plastic disorder [sketched in
Fig. 1(c)] that is crucial for the behavior of the model. We
consider the model to be externally driven by applying a global
deformation in one of the two deviatoric modes (we take it
to be e2, for concreteness [38]). For simplicity, we assume
that plastic deformation in the system can appear only in the
corresponding mode. This means that the quadratic part on
e2 of the free energy of an elastic solid [see Eq. (2)] will be
replaced by an expression V (e2) describing the function in
Fig. 2(b), in such a way that the free energy is written as

F =
∫

d2r
[
Be2

1 + 2μe2
3 + V (e2)

]
. (3)

Details on how the functions V (e2) are actually constructed
for the smooth and parabolic cases are given in an appendix.
We only notice here that in order to preserve the isotropy of
the model in the elastic limit, the form of V (e2) around any
energy minimum is of the form V (e2) = 2μ(e2 − emin

2 )2.
The dynamical evolution of the strains will be assumed to

be overdamped. This will be reasonable for sufficiently slow
external variations of the control parameters, particularly the

strain rate. To be concrete, defining the local principal stresses
σi as

σi(x,y) = δF

δei(x,y)
, (4)

the dynamical evolution of the strain is obtained through a first
order temporal evolution equation of the form

∂ei(x,y)

∂t
= −εσi(x,y) + 	i(x,y,ei,t), (5)

where 	i is a Lagrange multiplier chosen to enforce the
compatibility condition (1) [33,36], and ε is the damp-
ing coefficient. In equilibrium (∂ei(x,y)/∂t = 0), this equa-
tion reduces to the standard elastic equilibrium equations,
∂/∂xi(δF/δεij ) = 0 [33].

The numerical simulations presented here were performed
under a constant externally applied rate of change of e2,
namely, e2 = γ̇ t , and the main interest is in the evaluation
of the corresponding stress σ2. This is obtained from (4) and
(3), as (σ2 will be simply noted σ , for simplicity)

σ = ∂V

∂e2
+ γ̇

ε
, (6)

where the bar indicates average over the sample, and the last
term originates in the externally imposed zero mode. We scale
σ and γ̇ in order to make ε ≡ 1 and μ ≡ 1 in Eq. (3).

III. RESULTS

In Fig. 3 we see the main results for the average stress in the
system σ as a function of the applied strain rate γ̇ . Results are
presented for systems with different values of B/μ, for smooth
and parabolic potentials. The simulations clearly show the
existence of a finite value σc to which the stress converges as
γ̇ → 0, indicating the existence of a yield point in the model.
We observe that increasing B/μ systematically reduces the
value of σc. In addition, we fitted the lowest part of the curves
(γ̇ � 0.01) with a form γ̇ = C(σ − σc)β , adjusting σc, β, and
C to get the best fitting. The fitted values of β for increasing
values of B/μ are 1.61, 1.59, 1.43 for parabolic potentials,
and 2.04, 1.92, 1.96 for smooth potential. Taking into account
the numerical uncertainties, the conclusion is that the value
of β is independent of B/μ, but it depends on the fact of
using smooth or parabolic potentials. Although it is tempting
to assign simple rational numbers to the values found (namely,
β = 3/2 for parabolic, and β = 2 for smooth potentials), we
stress that there is no reason, at the moment, to expect this is
the case.

Other quantities that are studied in models of the yield-
ing transition have to do with the properties of individual
avalanches close to the yielding point, when driving the system
quasistatically. If driving is infinitely slow, the dynamics
proceeds by a sequence of avalanches that are well separated in
time, and that can be quantified by its size S (which is defined
as the stress drop in the system caused by the avalanche; see
Fig. 4) and its duration T . In order to calculate these quantities
in our model, and see in particular if they depend on the kind of
potential used, we run quasistatic simulations in the following
way. In a simulation with a small γ̇ , a quantity Z measuring
the rate of time evolution in the system is calculated. We
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FIG. 3. Strain rate vs stress curves, for systems with different
values of B/μ, for smooth and parabolic potentials. System size is
256×256. (a) Linear scale. (b) Logarithmic scale with the value of σc

subtracted. Dotted lines are drawn for reference.

choose the quantity Z to be Z ≡ ∑
(ė2)2, where the sum runs

over all sites of the system. Z is very small when the system
is in quasistatic equilibrium. However, when an avalanche is
being triggered, Z rapidly increases. When this happens (in
concrete, when Z exceeds some threshold value z0) we stop
the driving and follow the internal dynamics of the avalanche
until Z < z0 again. At this point driving is resumed until the
next avalanche is triggered. In this way, we obtain stress-strain
and stress-time curves as those shown in Figs. 4(a) and 4(b).
Figure 4(c) shows the evolution of the quantity Z. It has to be
noticed the difference in temporal evolution of Z for the two
kinds of potentials. In the parabolic case Z has an abrupt jump
up when a site goes over a cusp of the potential, initiating
an avalanche. The avalanche ends with an exponential time
decrease of Z. For the smooth potential case the evolution is
much smoother. In particular, the beginning of an avalanche is
marked by a progressive acceleration of Z as one site passes
over the smooth potential barrier. The finish of the avalanche
is also more gradual in this case.

From curves as those in Fig. 4, a collection of avalanche
sizes Si , and avalanche durations Ti can be obtained. These
data are conveniently displayed in the following form. First
we plot the histogram of avalanche size distribution in Fig. 5,
where results for different system sizes are presented (from
now on, all results presented correspond to B/μ = 1). We
observe that the distribution is compatible with a power law

FIG. 4. Examples of the evolution of stress in the system, under
the quasistatic protocol described in the text. The left part corresponds
to smooth potentials, and the right part to parabolic potentials. In
(a) we see the stress-strain plot, and in (b) the stress-time one. The
strain rate is zero in the gray regions [when Z, shown in panel (c),
is larger than a threshold value z0], whereas it is a fixed, small γ̇

outside these periods. T and S measure the duration and size of the
avalanches.

distribution of avalanches P (S) � S−τ , which is cut off at large
avalanche sizes by the system size. The value of the exponent
τ is difficult to assess due to the small system sizes that we
have been able to simulate. The reference power laws drawn
in Fig. 5 have lower slopes than values typically reported in
the literature for the exponent τ (see a list of values in Table 2
of Ref. [13]). We expect that simulations using larger system
sizes will provide larger values of τ .

On general grounds the scaling of the cutoff Smax with the
system size L in the avalanche size distribution can be related
to the fractal dimension df of the avalanches. From the results
in Fig. 5 we can extract the value of Smax as a function of L. The
results are plotted in Fig. 6. We observe that Smax ∼ Ldf with
df slightly smaller than one for the parabolic potential (df �
0.9), and slightly larger than one for the smooth potential
(df � 1.15). These results are compatible with values found in
the literature [13,39,40] (although larger values have also been
reported [24,41]) and are naturally interpreted as originated
in the fact that avalanches are correlated slip events along
easy directions in the system, which justifies its almost linear
scaling with L.

A third result that can be obtained from curves such as those
in Fig. 4 is the scaling between avalanche sizes and avalanche
duration. This is plotted in Fig. 7. We see that Ti versus Si

shows a power law behavior Ti ∼ S
p

i , with an exponent that
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FIG. 5. Histogram of avalanche size distribution, in systems of
different sizes, for (a) parabolic and (b) smooth potentials. The
straight lines show some reference slopes.

differs slightly for both kind of potentials: p � 0.63 for smooth
potentials and p � 0.53 for the parabolic potential. According
to Ref. [13] this exponent is p = z/df , and taking into account
the previously found value of df , we obtain the values of the
dynamical exponent as z � 0.75 for smooth potentials and
z � 0.5 for parabolic potentials. We believe this difference
between the two kinds of potentials is significant.

As a conclusion for this part, within the present accuracy
of the simulations we are not able to tell if exponents τ and
df are different or not between the two kinds of potentials.
However, the results for z are more convincing, pointing to a
difference between the two cases, in addition to the definitely
different values of β that we have found previously.

FIG. 6. The cutoff avalanche size Smax as a function of system
size, for the smooth and parabolic potential cases. A dependence
close to Smax ∼ L is observed in both cases.

FIG. 7. Avalanche duration vs avalanche size, for both kinds of
potential, in a system of 256 × 256. Black dots are the results of
individual avalanches; red (parabolic) and blue (smooth) curves are
the average of T in successive S slices. Black lines are shown to
display the overall behavior.

It is interesting to explore in the model some of the
consequences of the alternating sign nature of the interaction
kernel in the yielding problem (the Eshelby propagator [12]).
This is most easily seen in a single shear geometry: under the
application of an external single shear, the deformation in the
system does not need to be uniformly distributed. Actually, it
can be localized in the form of a slip in a very narrow region of
the system. Under some circumstances (requiring, for instance,
some kind of aging of the material; see Ref. [36]), the position
at which deformation occurs can be persistent in time upon
further application of the external stress, and a shear band in the
system can be formed. However. in the present case successive
external deformation can be accommodated in the system in
the form of slip between adjacent planes at different spatial
locations [42]. If these locations are uncorrelated in time, it can
be expected that the strain increase in a given position of the
system has the characteristics of a stochastic Poisson process.
This analysis is also valid for the case in which the external
deformation is a deviatoric stress, as in the present simulations,
the only difference is that now deformation accumulates in a
system of two different perpendicular slip directions (the ±45◦
directions in Fig. 1 when deformation is of the e2 type).

In Fig. 8 we observe the evolution of the variance �2 of
the strain in the system as a function of the average strain
itself. We see in fact how this quantity does not saturate but
increases rather linearly with the applied total deformation.
Note that the increase is more rapid when the value of γ̇ is
reduced. However, the results point clearly to an asymptotic
maximum increase rate as γ̇ → 0, indicating the existence of
a quasistatic limit in which the external applied deformation is
accommodated in an uncorrelated way in the system, leading
to a typical diffusive increase of the strain fluctuation.

IV. SCALAR DESCRIPTION AND MEAN-FIELD ANALYSIS

The finding of different critical exponents depending on
details of the disorder potential is an unexpected result that
deserves further analysis. The difference is definitely more
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FIG. 8. Evolution of the variance of the strain in the system (�2 =
e2

2 − e2
2) as a function of the average strain e2 = γ̇ t . Different curves

were obtained for different values of γ̇ , as indicated. System size is
64×64.

clear in the case of the flow exponent β, where the numerical
uncertainty of the results is smaller, and we concentrate on this
in the following discussion.

We have been able to obtain an alternative, scalar descrip-
tion of the model that clarifies the origin of two different flow
exponents for the two kinds of disorder potentials considered.
In order to derive this alternative description we reproduce
here the basic equations of the model for clarity:

F =
∫

d2r
[
Be2

1 + 2μe2
3 + V (e2)

]
, (7)

ėi = −εi

δF

δei

+ 	i, (8)(
∂2
x + ∂2

y

)
e1 − (

∂2
x − ∂2

y

)
e2 − 2∂x∂ye3 = 0 (9)

(note that the damping coefficient ε has been allowed to
depend on the mode being considered). An equivalent scalar
description can be obtained by integrating out the harmonic
degrees of freedom e1 and e3 in the previous equations. This
can be easily done in the case in which the variables e1 and e3

equilibrate very rapidly compared to e2 (i.e., ε1, ε3 � ε2), and
this is the case that will be addressed here. This allows us to
search for the values of e1 and e3 that minimize the free energy,
under the constraint given by Eq. (9). A simple calculation in
Fourier space shows that in this situation

B
∣∣e1q

∣∣2 + 2μ
∣∣e3q

∣∣2 = μB
(
q2

x − q2
y

)2

μq4 + 2Bq2
xq

2
y

∣∣e2q
∣∣2

(10)

for any q �= 0. Now the model can be written as a single,
unconstrained equation for e2, which in Fourier space reads
(q �= 0)

ė2q = −ε2
dV

de2

∣∣∣∣
q
− ε2G(q)e2q (11)

with

G(q) = 2μB
(
q2

x − q2
y

)2

μq4 + 2Bq2
xq

2
y

. (12)

In order to write the model equation in real space, it is
convenient to separate the average value of G from its angular
oscillating part. This leads to (we set ε2 = 1)

ė2r = fr (e2r ) + σ + k(γ̇ t − e2r ) +
∑
r ′

G̃(r − r ′)e2r ′ (13)

(fr (e2r ) = −dVr/de2r ), where

k = 1

2π

∫ 2π

0

2μB[cos2(θ ) − sin2(θ )]2

μ + 2B cos2(θ ) sin2(θ )
dθ, (14)

G̃(r) = G(r) − k, (15)

and the value of σ is chosen as

σ = −fr (e2r ) + γ̇ (16)

in order to satisfy the global constraint e2 = γ̇ t .
The kernel G̃(r) has a r−2 decay with distance, and a

quadrupolar angular symmetry. It is noting but the Eshelby
elastic propagator [12] producing a long-range effective inter-
action in the e2 field, mediated by e1 and e3. We emphasize,
however, the appearance of the “mean-field-like” term k which
couples all sites to the mean value of the strain in the system.
Note that the same mean-field-like coupling has been obtained
in the case of plasticity in Ref. [40] and in other cases in which
e2 and e3 are eliminated in favor of e1 [43,44].

Equation (13) is very suggestive. In the absence of the last
term, e2r is driven on top of the potential Vr (e2r ) by a spring of
constant k. This is just the Prandtl-Tomlinson (PT) model used
to qualitatively describe the origin of a friction force between
sliding solid bodies [30,31]. The main results that are obtained
from the PT model in the absence of thermal fluctuations is the
existence of a critical stress σc for γ̇ → 0 [as long as there are
points at which d2V (e2)/de2

2 > k], and a power law increase
of σ for finite γ̇ , i.e., γ̇ ∼ (σ − σc)β . The value of β turns out
to be dependent of the kind of potential that is used [45]. For
smooth potentials β = 3/2, whereas for parabolic potentials
(with points at which the first derivative has jumps) the value
β = 1 is obtained.

In the presence of the last term, Eq. (13) defines a set of
coupled PT models, in which the variable e2r is driven by
the external driving and by the effect of all the e2r ′ through
the coupling term G̃(r − r ′). We are currently conducting
simulations of Eq. (13) in order to reobtain within this
framework the kind of results presented in Sec. III. For the
time being, in order to provide a mean-field-like approach to
Eq. (13) (see also Refs. [46,47]), we will replace the distance-
dependent coupling G̃(r − r ′) by a term that is dependent only
on r ′, i.e., the fluctuating term is supposed to be unique for all
sites in the system. Then we write the mean-field equations in
the form (we drop the subindex 2, for simplicity)

ėα = fα(eα) + σ + k(γ̇ t − eα) + w(t), (17)

w(t) =
∑

α

λαeα, (18)

where α = 1, . . . ,N labels the N sites in the system, and the
variables λα (with

∑
α λα = 0) define how the self-consistent
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TABLE I. Summary of values of the flow exponent β found in this
work, for the two kinds of potentials analyzed. Approximate results
from numerical simulations are preceded by “∼”. Other values are
exact.

Flow exponent β Parabolic Smooth
potential potential

Full simulation ∼1.5 ∼2.0
PT model 1 3/2
Stochastically driven PT 2 5/2
Self-consistent PT ∼1.5 ∼2.0

driving term w(t) is constructed in a unique way for the whole
system [48]. In the limit of N → ∞, the precise distribution
of λα values in Eq. (18) becomes irrelevant, and the values of
λα can be taken from a normal distribution [49]. To ensure a
correct thermodynamic limit we must choose 〈λ2

α〉 ∼ 1/N .
Before analyzing this mean-field model form for particular

distributions of the variables λα , we want to consider a
simplified version of it for which we have found analytical
expressions for the flow exponent β. This version is obtained
by breaking the self-consistency condition, and taking the
value of w(t) in Eq. (18) to be externally prescribed. In order
to define the statistical properties of w(t) in this case, we note
that each eα must increase in time following the applied strain
γ̇ t , with jumps when passing from one potential well to the
next. We will consider that each eα is thus a cumulative Poisson
process, and that w(t) is a sum with variable signs of many of
these processes, so w(t) turns out to be a random walk process.
Concerning the amplitude of the process w(t), we notice that
as this process is originated in the values of e in different
parts of the sample, the time scale must also be related to the
average strain γ̇ t . This can be incorporated as a proportionality
of the amplitude of w(t) with

√
γ̇ . Summarizing, breaking the

self-consistency condition, the mean-field equation leads to
the truly one particle model (now we also drop the α label, the
equations apply to a generic site)

ė = f (e) + σ + k(γ̇ t − e) + w(t), (19)

ẇ = ν
√

γ̇ η(t), (20)

where η(t) is an unitary variance delta correlated white noise:
〈η(t)〉 = 0, 〈η(t)η(t ′)〉 = δ(t − t ′), and ν is a global amplitude
of the fluctuating term.

The analysis of this stochastically driven PT model
[Eqs. (19) and (20)] is presented in Appendix B, where it
is shown that the stochastic term produces a decrease of the
critical stress, and, more importantly, a modification of the β

exponent. The value of β without and with the stochastic term
changes from β = 1 to β = 2 for parabolic potentials, and
from β = 3/2 to β = 5/2 for smooth potentials (see Table I).

We will now analyze the self consistently driven case and
see that it generates intermediate values of β. Unfortunately
we have not been able to find an analytical solution for the
self-consistently driven PT model and had to rely on numerical
simulations of Eqs. (17) and (18) in order to investigate the
values of β they provide.

FIG. 9. Flow curves for the iterative implementation of the self-
consistently driven PT model, for parabolic and smooth potentials.
The first iteration gives the results of the standard PT model, and the
second one corresponds to the stochastically driven PT model. After
a few iterations the flow curves converge to a limiting curve with an
intermediate value of the β exponent.

We implemented a successive approximation scheme to
solve (17) and (18) that goes as follows. We take an ensemble of
sites eα and drive them with the uniform driving e0(t) ≡ γ̇ t +
σ/k alone. We call the results e(1)

α (t). From them, a stochastic
driving term is calculated as

w(1)(t) =
∑

α

λαe(1)
α (t). (21)

Then a fresh set of sites eα are evolved under the driving
e0(t) + w(1)(t), obtaining new values e(2)

α (t), and the process is
repeated.

We present results of this iterative scheme for a system
of N = 1000 sites, with k = 0.5 (parabolic) and k = 0.1
(smooth), and values of λα taken from a normal distribution of
zero mean and variance 1/N (parabolic) and 0.2/N (smooth).
In Fig. 9 we show the values of σ as a function of γ̇ at
the successive steps of the iteration procedure. The first step
reproduces the behavior of the pure PT model. The second step
corresponds to the stochastically driven case (see Appendix B)
as the driving comes from the composition of the driving of
the uncorrelated PT particles of the first step. Successive steps
converge rapidly towards a flow curve with an intermediate
value of the β exponent.

In order to provide a numerical estimation of the self-
consistent β value, we average the results from steps (10)
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FIG. 10. The data from the previous figure corresponding to the
first and second iteration, and the average from iterations 10 to 20,
plotted as a power law around σ = σc. Dotted lines are guides to the
eye, drawn with the indicated slope.

to (20) for which the data show already a good convergence,
and fit them with expressions of the form γ̇ ∼ (σ − σc)β . The
results are presented in Fig. 10.

The obtained values of the exponent β are clearly in
between those of the normal PT model and those of the
PT model with stochastic driving, indicating first that
the self-consistent driving is a nontrivial ingredient that affects
the behavior of the system. The numerical values are estimated
as β = 1.5 ± 0.2 in the parabolic case, and β = 2.0 ± 0.2
in the smooth case. These values, obtained in a mean-field
model, and taking into account the numerical uncertainties,
strongly suggest the possibility that the exact values are 3/2
and 2. Unfortunately, at present we have no proof of this
conjecture. Moreover, we also note that the values found
with the self-consistent PT model are compatible with those
obtained in the simulation of the full model (Fig. 3 and Table I).
The question then remains if this indicates just a proximity of
the values, or if the values of β in the full and mean-field
models are exactly the same.

Beyond the dependence of the β values on the particular
approximation scheme used, the results in Table I strongly
support the existence of systematic differences between the
values obtained using smooth or parabolic potentials. We argue
on the reason of this difference in the next section.

V. COMPARISON WITH THE DEPINNING CASE

Depinning models with local elastic interactions are typi-
cally described by equations like

dxi

dt
= fi(xi) + k

⎛
⎝n−1

n∑
j=1

xj − xi

⎞
⎠ + σ, (22)

where xi are the elastic deformations, the sum runs over the n

neighbors to site i, and fi is the local pinning force. The “fully
connected” version of this model (in which any site interacts
equally with any other of the N sites in the system) leads to
the “mean-field-like” equation

dxi

dt
= f (xi) + k(x − xi) + σ, (23)

where x = ∑
xi/N . This equation has the form of a PT

model, and so it provides different values of β for parabolic
and smooth pinning potentials (namely β = 1 and 3/2,
respectively). This was already pointed out by Fisher in
his seminal studies of depinning of charge density waves
[45,50]. Yet, for depinning with short-range elastic interactions
[Eq. (22)] the value of β is known to be independent of
the kind of potential used. In particular, β = 1 represents
the correct mean-field exponent, for both kinds of potentials.
The reason is very subtle, and it has to do with the analysis
of the model upon renormalization. It is demonstrated using
functional renormalization group theory [51–53] that even if
local smooth potentials are used, the effective pinning potential
becomes singularly correlated upon renormalization, and the
renormalized potential develops cusps that make the result
independent of the detailed form of the starting potential.

On the other hand, for the case of yielding the results of
the present numerical simulations show persisting differences
between the two kinds of potentials used, in particular the
values of β differ for smooth and parabolic potentials. Our
interpretation of this behavior is related to the existence in the
effective scalar equation of the model [Eq. (13)] of the infinite
range term proportional to k. Note that this term appears
as a consequence of the elasticity of the system and is not
originated in any kind of mean-field approximation. This kind
of term has been obtained in other contexts, for instance, in
Refs. [40,43,44]. The dependence of the value of β on the
smooth or parabolic form of the potential in Eq. (13), is exactly
the same dependence that Eq. (23) displays, with the additional
ingredient given by the Eshelby elastic interaction in Eq. (13).
This term, having also a long-range effect (∼r−2), seems to be
capable of modifying the values of β that would appear if it
was absent. Yet, it does not erase the differences between the
two kinds of potentials.

VI. CONCLUSIONS

In this work we have studied a mesoscopic model for the
yielding transition of a two-dimensional amorphous material
under an externally applied deviatoric deformation. The model
incorporates in a realistic way the elastic deformations of the
material, and in particular the way in which these deformations
at some part of the sample affect other regions of the material.
Plastic deformation is accounted for by introducing local
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disordered “plastic potentials” for the deformation, allowing
for each piece of the system to jump among different minima of
these potentials, representing different structural configuration
with different strain.

We have observed that this model displays a well-defined
yielding point, i.e., a minimum shear stress σc has to be applied
in order for the system to deform at a constant strain rate γ̇ ,
no matter how small. Around the yielding point, the strain
rate and the stress are power law related: γ̇ ∼ (σ − σc)β . The
main result we have obtained is that the value of β depends
on the form of the plastic potential that is used. For smooth
potentials we find β � 2.0, whereas for potentials formed by a
concatenation of parabolic pieces, a value β � 1.5 is obtained.
These results indicate that there is more than one universality
class associated to yielding, contrary to the well-established
result of a single universality class for the related problem of
elastic depinning in low dimensions.

In addition, we have derived a simplified scalar version of
the model that has the form of a set of Prandtl-Tomlinson
particles, coupled by a quadrupolar Eshelby interaction. We
have done a mean-field approximation on the quadrupolar
term, finding values of β compatible with those of the full
simulation, and in particular a persistent difference between
the values for smooth and parabolic potentials. We interpret
this persistent difference as originated in the global coupling of
the Prandtl-Tomlinson particles to the mean global coordinate.
This interaction is a direct consequence of the material
elasticity and does not emerge from any kind of approximation.

Although we have obtained differences in other exponents
for the smooth and parabolic cases, the numerical quality of
those results is not satisfactory at present. Further studies are
thus necessary to elucidate if this problem can in fact be
consistently described as possessing two different universality
classes with two different sets of critical exponents.
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APPENDIX A: DETAILS OF THE FORM OF THE
PLASTIC POTENTIALS

Here we provide details on the way in which the plastic
potentials (sketched in Fig. 2) are actually constructed. For
each site i in the system a potential Vi(xi) is constructed,
which has a stochastic ingredient. For different sites, the
stochastic component is chosen in an uncorrelated way. A
generic potential V (x) is constructed piecewise, by dividing
the x axis in segments through a set of values an (see Fig. 11).
In each interval an − an+1 [defining a ≡ (an+1 + an)/2, and
� ≡ an+1 − an] the potential is defined as

V (x) = 1
2 [(x − a)2 − �2] (A1)

in the parabolic case, and

V (x) = −
(

�

2π

)2{
1 + cos

[
2π (x − a)

�

]}
(A2)

FIG. 11. Typical plastic potentials that are generated for the
parabolic case (a) and the smooth case (b). Note that the curvature of
the potentials at all minima is the same.

in the smooth case. Note that even in the smooth case the
potential is not analytic, but it has a continuous second
derivative, which is enough for our purposes. Also, the
curvature of the potential in all minima is the same, and
this is chosen to have an isotropic elastic medium in the
harmonic approximation. The separation � between an and
an+1 is stochastically chosen from a flat distribution between
�min = 2 and �max = 4.

APPENDIX B: THE STOCHASTICALLY DRIVEN
PRANDTL-TOMLINSON MODEL

In this appendix we make a dimensional analysis of a
generalized PT model, in which in addition to the deterministic
driving at a constant velocity, there is also a stochastic term
with the characteristics of a random walk, as represented by
Eqs. (19) and (20). For the present purposes, these equations
can be conveniently written as

ė = f (e) + k[w(t) − e], (B1)

ẇ = γ̇ + ν
√

γ̇ η(t). (B2)

Note that the deterministic part of the driving was included in
the equation for ẇ.

In the case ν = 0 the problem reduces to the usual PT
model. This model displays a nonzero critical force σc

(at vanishingly small γ̇ ) when the pinning force f (x) is
sufficiently strong. For finite γ̇ the friction force increases
according to σ − σc ∼ γ̇ 1/β . We recall the arguments leading
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to the determination of the value of β, taking advantage of a
dimensional analysis. The time scale of the dynamics at very
small γ̇ is dominated by the surpassing of the energy barriers
of the pinning energy, namely, by the maxima of f (e). Around
one of these maxima (assumed to occur at e = 0) we can write
f (e) � D|e|α . For smooth pinning potentials α = 2, whereas
for a concatenation of parabolas α = 1. We keep a general
exponent α for the analysis.

For a narrow interval of the variable e around zero the last
term in Eq. (B1) can be neglected, and equation of motion for
e can be written as

ė = D|e|α + kw(t) = D|e|α + kγ̇ t, (B3)

where time is set as zero at the moment in which the driving
is able to overcome the energy barrier. For γ̇ → 0, e reaches
the top of the barrier (i.e, e = 0) at t = 0. For finite γ̇ there
will be a delay in reaching the e = 0 point. This delay is the
main responsible of the increase of the friction force with γ̇ .
In order to obtain the dependence of the delay with γ̇ we can
rescale Eq. (B3) in order to eliminate γ̇ . Defining

ê = (kγ̇ )
−1

2α−1 D
2

2α−1 e, (B4)

t̂ = (kγ̇ )
α−1
2α−1 D

1
2α−1 t, (B5)

Eq. (B3) can be written as

˙̂e = |ê|α + t̂ . (B6)

In this form it is clear that there will be a single solution ê(t̂)
for all values of γ̇ . The time at which e reaches the instability
value 0 will correspond to a single value τ̂ of t̂ . In the original
units this will give the time values as τ (γ̇ ) ∼ γ̇

1−α
2α−1 . By this

time, the value of the driving w(t) has reached a value w(τ ) =
γ̇ τ (γ̇ ) ∼ γ̇

α
2α−1 , and this represents an increase of the friction

force compared to the γ̇ = 0 case of σ − σc ∼ γ̇
α

2α−1 , i.e.,
β = 2 − 1/α. We get β = 3/2 for α = 2 (the standard case of
smooth potentials) and β = 1 for α = 1 (for a potential that is
constructed as a concatenation of parabolas). Both these values
of β are well known in the context of the PT model.

Now in the presence of a stochastic component of the
driving, the equivalent to Eq. (B3) reads

ė = D|e|α + kw(t) (B7)

with

ẇ(t) = γ̇ + ν
√

γ̇ η(t), (B8)

where η(t) is an uncorrelated noise, i.e., 〈η(t)〉 = 0,
〈η(t)η(t ′)〉 = δ(t − t ′). The dominant contribution to calculate
the flow exponent β comes in this case from the fluctuating
term in the driving, and searching for this contribution we can
neglect for the moment the linear part of the driving. In this
way, we can analyze the case in which

ẇ(t) = ν
√

γ̇ η(t). (B9)

Proceeding as before, we rescale e and t in order to eliminate
γ̇ from (B7)–(B9). Defining

ê = (k2ν2γ̇ )
−1

3α−1 D
3

3α−1 e, (B10)

t̂ = (k2ν2γ̇ )
α−1
3α−1 D

2
3α−1 t. (B11)

FIG. 12. Results for the standard (ν = 0) and stochastically
driven (ν = 1) PT model [Eqs. (B1) and (B2)], for the case of
parabolic and smooth potentials. Panels (a) and (b) are the results
in linear scale, whereas (c) and (d) are in logarithmic scale, with σ

shifted in each case by the numerically determined σc. The asymptotic
forms (dotted lines) display the exponents predicted by the analytical
treatment. The numerical data tend to match the analytical behavior
in the small γ̇ limit.

Equations (B7)–(B9) read

˙̂e = |ê|α + ŵ(t̂), (B12)

˙ŵ(t̂)= η(t̂), (B13)

and this shows there will be a single value τ̂ of the delay time
for any γ̇ . In the original variables we obtain the dependence
of the delay time with γ̇ as τ (γ̇ ) ∼ γ̇

1−α
3α−1 . By this time, the

stochastic driving attains a value ∼√
γ̇ τ (γ̇ ) ∼ γ̇

α
3α−1 , from

which we obtain in this case β = 3 − 1/α, which is 2 for
parabolic potentials, and 5/2 for smooth potentials.

To our knowledge, the PT model in the presence of this
kind of stochastic driving has not been analyzed before. It
seems thus appropriate to present results of direct numerical
simulations in order to verify the previous analytical estima-
tions and to see how the full curve σ (γ̇ ) looks like. We simulate
Eqs. (B1) and (B2), with the particular choice f (e) = sin(2πe)
for the smooth potential case, and f (e) = −(2e − [2e])/2
(where [x] is the nearest integer to x) for the parabolic potential
case. Simulations are straightforward and are done with a
first order Euler method, with time step 10−3 and k = 1.
Results are contained in Fig. 12. They show that the presence
of the stochastic term reduces the value of σc, and, most
importantly, changes the value of β. The values β = 2 and
β = 5/2 for parabolic and smooth potentials, respectively, are
accurately obtained in the simulations in the limit of very
small γ̇ .
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3Grup de Caracterització de Materials, Departament de Fı́sica, EEBE and Barcelona Research Center
in Multiscale Science and Engineering, Eduard Maristany, 10-14, 08019 Barcelona, Catalonia, Spain

(Received 14 September 2017; accepted 26 October 2017; published online 13 November 2017)

The family of compounds CBrnCl4�n has been proven helpful in unraveling microscopic mechanisms
responsible for glassy behavior. Some of the family members show translational ordered phases with
minimal disorder which appears to reveal glassy features, thus deserving special attention in the search
for universal glass anomalies. In this work, we studied CBrCl3 dynamics by performing extensive
molecular dynamics simulations. Molecules of this compound perform reorientational discrete jumps,
where the atoms exchange equivalent positions among each other revealing a cage-orientational jump
motion fully comparable to the cage-rototranslational jump motion in supercooled liquids. Correlation
times were calculated from rotational autocorrelation functions showing good agreement with previous
reported dielectric results. From mean waiting and persistence times calculated directly from trajectory
results, we are able to explain which microscopic mechanisms lead to characteristic times associated
with α- and β-relaxation times measured experimentally. We found that two nonequivalent groups
of molecules have a longer characteristic time than the other two nonequivalent groups, both of them
belonging to the asymmetric unit of the monoclinic (C2/c) lattice. Published by AIP Publishing.
https://doi.org/10.1063/1.5004671

I. INTRODUCTION

Glassy dynamics are present in all physical systems with
non-stationary dynamical processes in observable time scales,
where due to competitive interactions, the system remains
trapped in metastable states. Such dynamical processes are
usually present in systems with a large number of metastable
configurations. At present, this behavior has been observed in
quite diverse systems, like granular materials,1 biologic evolu-
tion models,2 elastic strings in disordered media,3 domain wall
dynamics,4 and many substances and mixtures of substances
of highly relevant technological applications.5

The glass and glass transition concepts were developed
from the study of supercooled liquids. However, some of their
properties were found in other condensed matter systems. In
fact, detailed theoretical considerations of molecular liquids6

and some kind of molecular crystals7 have proven useful to
establish connections with theoretical results derived from sev-
eral statistical mechanics approaches where glassiness appears
in the dynamics of idealized objects. Such model systems show
trivial, non-interacting, equilibrium behaviors but nonetheless,
interesting slow dynamics features appear due to restrictions
on the allowed transition between configurations.8

Disordered molecular crystals known as rotator-phases or
plastic-crystals are simple systems (commonly with cubic lat-
tice symmetry) exhibiting dynamical behaviors which may at

a)Electronic mail: nirvana.caballero@cab.cnea.gov.ar
b)Electronic mail: zuriaga@famaf.unc.edu.ar
c)Electronic mail: josep.lluis.tamarit@upc.edu
d)Electronic mail: serra@famaf.unc.edu.ar

least partially be understood by recourse to results obtained
from idealized models.9 In these kinds of systems, molecules
may reorient by almost free rotations at the nodes of a crystal
lattice and by cooling such a rotator phase, a frozen orienta-
tionally disordered crystalline state (called glassy crystal or
orientational glass) may be attained, exhibiting fully devel-
oped glassy behavior. Moreover, thermodynamic signatures
similar to those common to vitrifying liquids are shown when
approaching this state.9–11

There is also the possibility that a phase transition to a
lower symmetry crystal occurs, involving a partial reduction
of the orientational disorder, but keeping some occupational
(low-dimensional) disorder. These systems12–18 can still dis-
play glassy features and represent the most simplified mod-
els on which theoretical concepts on glassy dynamics can
be tested. Materials composed by tetrahedral molecules of
general formula CBrnCl4�n, n = 0, . . . , 4, exhibit a series
of solid-solid phase transitions with increasing temperature
before melting attributed to the ability of the molecules to
acquire rotational degrees of freedom as the temperature is
increased.19–21 Cooling the room temperature liquids leads to
rotationally disordered crystalline phases (rotator or plastic
phase) which show translational face-centered cubic or rhom-
bohedral lattices with the carbon atoms sitting at the lattice
nodes. Further cooling leads to a transformation into complex
monoclinic, C2/c structures with Z = 32 molecules per unit
cell and an asymmetric unit with Z′ = 4.19–25

Molecular motions within such monoclinic crystals per-
sist down to ∼90 K where a calorimetric transition much
alike that exhibited by the canonical glass-transition signals
the transition into a orientationally disordered state where

0021-9606/2017/147(18)/184501/8/$30.00 147, 184501-1 Published by AIP Publishing.
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molecular reorientations cannot be detected with the avail-
able experimental means.26 The dynamics of the monoclinic
phases of CBrnCl4�n, n = 0,1,2, compounds has been studied
by means of dielectric spectroscopy and nuclear quadrupole
resonance (NQR) spectroscopy27,28 in the temperature ranges
100–250 K and 80–210 K, respectively. The former technique
allows the measurement of the dynamic response within a
broad time scale but it is insensitive to fine details of molecular
motions, whereas the latter has a restricted time window but
monitors the movement of individual chlorine atoms. Results
derived from the concurrent use of NQR and molecular sim-
ulations show that large-angle rotations of tetrahedral about
their higher symmetry axes (CBrCl3 and CBr2Cl2 with C33

and C23 point-group symmetries, respectively) lead to a sta-
tistical occupancy of 75% for Cl and 25% for Br atoms in
the case of CBrCl3 and 50% for Cl and 50% for Br atoms for
CBr2Cl2 in agreement with X-ray and neutron diffraction mea-
surements.20,21,29,30 These experimental techniques also show
that the relaxation movements arise from different dynamics
exhibited by molecules in the asymmetric unit of the crystalline
lattice that are non-equivalent with respect to their molecular
environment.

The dielectric spectra of CBrCl3 and CBr2Cl2 at the lower
end of the temperature range display a well-defined shoulder
on the high frequency flank of the α-peak, which is attributed
to the β-relaxation.27 Since CCl4 has no molecular dipole
moment, it is not accessible to dielectric experiments but it can
be studied using NQR. Interestingly, the resolution of the NQR
spectra for CCl4 is well superior to the corresponding spectra
for CBr2Cl2 and CBrCl3 and the two techniques complement
each other. On the other hand, the NQR experiments are lim-
ited to a temperature range between 77 K and 140 K, with
the upper end determined by the broadening of the signal.28

The picture that emerges from the combined analysis is that
the three compounds have a very similar dynamic evolution
in the monoclinic phase as a function of temperature.27,28

The analysis of isostructural CCl4 shows that nonequivalent
molecules in the unit cell perform reorientational jumps at
different time scales due to their different crystalline environ-
ments. These results support the conclusion that the dynamic
heterogeneity is intimately related to the secondary relaxation
observed in these compounds.27,28,31

The currently accepted scenario for canonical glasses
includes different relaxation mechanisms that are universally
present in all systems. Experimentally, these different mecha-
nisms are enclosed into the dielectric spectra that show a broad
low-frequency peak referred to as α-relaxation32 and a higher
frequency peak or shoulder usually called Johari-Goldstein
β-relaxation.33–44 The α-relaxation is due to processes involv-
ing cooperative dynamics of regions of molecules.32 The
microscopic origin of the β relaxation is still a matter of wide
debate.33–36,38–40,42–45 Some of the proposed models explain
this peak as a consequence of the non-uniformity of the glassy
state involving only local regions in which molecules can
diffuse (islands of mobility). An alternative homogeneous
explanation attributes the secondary relaxation phenomena to
small-angle reorientations of all molecules.12,46,47

In our previous work on CCl4,48 we found that the mon-
oclinic phase of this compound has essentially the same

dynamical behavior, as a function of temperature, as that of its
isostructural glass formers, CBrCl3 and CBr2Cl2. The simula-
tions clearly show that there are preferential axes of rotation,
which are fixed with respect to the crystal orientation. Two
of the inequivalent groups of molecules among the four non-
equivalent molecules of the asymmetric unit are significantly
faster than the other two, leading to a clear heterogeneity in the
dynamics of the system. Moreover, it is found that the orienta-
tion of the two fast axes of rotation is the same, suggesting an
overall dynamics anisotropy correlated to the molecular orien-
tations. We showed that the different reorientational dynamics
in CCl4 (not involving structural changes) are responsible
for characteristic times compatible with α- and β-relaxation
times, measured with dielectric spectroscopy for the members
of the family which can orientationally vitrify.

In this work, we have studied the monoclinic phase of
CBrCl3 using molecular dynamics simulations in order to elu-
cidate the mechanisms responsible for the α- and β-relaxation
observed experimentally.27,28

II. THEORETICAL METHODS
A. Model and computational details

CBrCl3 is a non-regular tetrahedral molecule with C33

molecular symmetry. We have modeled CBrCl3 molecules
as rigid, non-polarizable tetrahedra with the carbon atom
at the center, three chlorine atoms on three vertices, and
a bromine atom located in the remaining vertex, as was
proposed in our previous work.49 The interaction between
molecules is represented by a combination of Lennard-Jones
and Coulombic terms summarized in Table I. The cross inter-
action between atoms of different types is calculated by apply-
ing the Lorentz-Berthelot combination rules, i.e., geometrical
mean for ε and arithmetic mean for σ. A spherical cutoff at
1.8 nm was imposed on all intermolecular interactions. Peri-
odic boundary conditions were imposed in all three Cartesian
directions.

The isostructural series CBrnCl4�n have a low-
temperature monoclinic crystal structure, resolved by Cohen
et al. at 195 K50 which corresponds to the C2/c space group.
The unit cell, with Z = 32 molecules, has the following lattice
parameters: a = 2.0631 nm, b = 1.1619 nm, c = 2.0201 nm,
and angle β = 111.19◦ at 220.2 K.51 Using the experimental
crystalline structure as initial coordinates, we constructed a
simulation super-cell containing 512 molecules, which corre-
spond to 16 monoclinic unit cells. This super-cell was prepared
by replicating the experimental unit cell twice on the x and z
directions and four times in the y direction.

The molecular dynamics simulations, conducted under
NPT conditions, have been carried out using the Gromacs
v5.0.2 simulation package. Atom-atom distances within each

TABLE I. CBrCl3 model parameters and geometry.

ε (kJ/mol) σ (nm) q (e) Bond (nm)

C 0.227 61 0.377 39 −0.696 C–Cl 0.1766
Cl 1.094 53 0.346 67 0.174 Cl–Cl 0.2884
Br 2.130 00 0.372 00 0.177 C–Br 0.1944
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molecule were kept constants with the SHAKE algorithm.
The classical Newton’s equations were integrated using the
leap-frog algorithm and the time step of the integration of the
equations of motion was set to 5 fs.

The production runs were extended up to 200 ns or 11 µs
depending on the temperature. The temperature control was
implemented with a Nosé-Hoover thermostat, with a time con-
stant of 2.0 ps. The pressure was maintained constant by using a
fully anisotropic Parrinello-Rahman barostat with a reference
pressure of 1 atm. The study covered temperatures ranging
from 160 K to 220 K, in steps of 10 K.

III. RESULTS

Molecular dynamics simulations of CBrCl3 for the whole
range of studied temperatures capture the essential dynamics
of CBrCl3 proposed to the moment: we observe a mono-
clinic structure, where carbon atoms are centered in the lat-
tice nodes and all molecules perform reorientational jumps
between equilibrium positions.

Molecular rotations were characterized by angular self-
correlation functions defined as52

Cb(t) =
1
N

N∑

i

〈~ub
i (ζ) · ~ub

i (t + ζ)〉ζ , (1)

where ~ub
i is the normalized vector directed along one of the

CBrCl3 intra-molecular bonds b = C–Br, C–Cla, C–Clb, C–Clc,
i is the molecule number, and N is the number of molecules
considered in the calculation. The average is over times ζ .
These self-correlation functions were calculated for the four
molecular bonds for all molecules in the system. We found the
same behavior for all three C–Cl bonds, but a slower dynam-
ics for the C–Br bonds. The functions are shown for bonds
b = C–Br and b = C–Cla in Fig. 1 for the whole range of
studied temperatures.

CBrCl3 is isostructural to CCl4. The CCl4 unit cell is mon-
oclinic, with Z = 32 molecules per unit cell and space group
C2/c. The spatial positions of the molecules in the unit cell are
defined through the application of 8 symmetry operations over
Z′ = 4 nonequivalent molecules. As a consequence, the sys-
tem has four distinctive groups of molecules (according to the
Z′ = 4 molecules in the asymmetric unit and Z = 32 molecules
in the unit cell) that we will refer to as groups I, II, III, and
IV. In our simulation cell, each group contains 128 molecules.
In the CCl4 system, each molecule belonging to a given group
has the same specific arrangement of neighboring molecules.
However, in a CBrCl3 system, the bromine atoms introduce
disorder in the system and molecules belonging to the same
group have no longer the same environment.

In order to get deeper understanding of the system rota-
tional dynamics, we have also calculated the self-correlation
functions of molecules belonging to the four non-equivalent
groups. These functions are shown in Fig. 2 for T = 160 K.
We found that groups I and IV have similar dynamics, and
the same conclusion holds for groups II and III, for all stud-
ied temperatures. Here, molecules in groups II and III have
faster reorientational dynamics than molecules belonging to
groups I and IV. The two different dynamics of nonequivalent
molecules in the asymmetric unit were previously detected

FIG. 1. Rotational correlation functions for all (a) C–Br and (b) C–Cla
directions for temperatures ranging from 160 K to 220 K in steps of 10 K.

by means of dielectric and NQR techniques27,28 and were
also observed by us for CCl4,31,48 where the same groups of
molecules were classified as slow (I and IV) and fast (II and
III).

We have calculated relaxation times associated with all
bromine atoms in the system from self-correlation func-
tions [Eq. (1)], since them can be directly compared with
experimental results based on dielectric techniques, reported

FIG. 2. Rotational correlation functions for C–Br bonds at 160 K, calculated
for molecules belonging to the four different groups in the system and for the
whole system. The fit of the rotational correlation function for the complete
system according to Eq. (2), with C1 = 0.68, β1 = 0.54, C2 = 0.3, β2 = 0.72, τ1
= 3.2 × 106 ps, and τ2 = 2.4 × 105 ps, is also included. Correlation functions
of groups I and IV are similar and the same holds for groups II and III (this
behavior was observed for all studied temperatures). This coincidence among
correlation functions is the first signature of two main dynamics: the faster
one, where molecules of groups II and III are involved, and the slower one,
involving molecules of groups I and IV.
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earlier27 (because the C–Br bond defines the molecular dipole
direction). The contribution to the relaxation spectrum from
α- and β-process may be deconvoluted using the William
ansatz,45,53,54

C(t) = C1e( −t
τ1

)β1
+ C2e( −t

τ2
)β2

. (2)

The self-correlation functions for all C–Br bonds in the
system are well fitted with a combination of two stretched
exponentials. The Kohlrausch-Williams-Watts (KWW) or
stretched exponential decay function is the most commonly
used empirical decay function for handling relaxation data
affected by disorder.55 It is very successful in describing relax-
ation data of many disordered systems, since it is capable of
capturing the large range of rate constants involved. We found,
for the whole range of studied temperatures, 0.63 ≤ C1 ≤ 0.74,
0.54 ≤ β1 ≤ 0.71 (associated with the longer relaxation time
τ1) and 0.24 ≤ C2 ≤ 0.35, 0.72 ≤ β2 ≤ 0.8 (associated with
the shorter relaxation time τ2). Relaxation times τ1 and τ2,
associated with all the bonds C–Br in the system, showing
a very good agreement with experimental results, are plotted
in Fig. 3 along with dielectric and NQR results taken from
Ref. 27. τ1 is compatible with τlong and τ2 with τshort . Dielec-
tric spectra for CBrCl3, as was reported earlier,28 are very well
described by a Havriliak-Negami function for the α-processes.
From this function, βD, equivalent to the stretching exponent
in a decay behavior, is obtained. The stretching parameters
β2 obtained by fitting the self-correlation functions of C–Br
bonds are similar to βD.

The molecular reorientation processes occurring during
the simulations are sudden large-angle jumps of Cl and Br
atoms. In Fig. 4, coordinates of Br and Cl atoms of one
molecule arbitrarily chosen are shown as a function of time
during 100 ns. The C atom is in a lattice node, and the remain-
ing atoms of the molecule exchange equilibrium positions with
each other: two types of jumps are possible in this situation,
one in which all atoms exchange their previous average posi-
tion, i.e., four atoms’ jump (C2 jumps), and the other where
an atom keeps its average position and the remaining three
exchange positions between them (C3 jumps).

FIG. 3. Spin-lattice relaxation times obtained by molecular dynamics simu-
lations from C–Br self-correlation functions (full squares and circles). Waiting
(diamonds) and persistence (triangles) mean times are also shown. τlong ,short
(empty squares and circles) are relaxation times obtained by dielectric means
for CBrCl3, taken from Ref. 27. Black straight lines are fits of τlong and τshort .
Results from NQR studies of CBrCl327 (empty triangles) are also included.

FIG. 4. Cl and Br coordinates relative to the C atom for one arbitrary molecule
of group II at 160 K. Black, pink, green, and blue are for Br, Cla, Clb, and
Clc, respectively.

It is known that in the case of molecular liquids and hard-
sphere-like colloidal glasses, on approaching the glass transi-
tion to an amorphous solid-like state, the dynamics becomes
intermittent and shows large spatiotemporal fluctuations, also
known as dynamic heterogeneities.56,57 The dynamics is spa-
tiotemporal heterogeneous since the probability that a particle
rearranges in a given time interval is not spatially uniform,
as long as the considered time interval is smaller than the
relaxation time. Glassy dynamics is intermittent, as particles
suddenly jump out of the cage formed by their neighbors, and
heterogeneous, as these jumps are not uniformly distributed
across the system.57,58 Since particle jumps are an ubiqui-
tous feature of supercooled liquids,59 it is interesting to con-
sider their role in an glass system in which only orientational
dynamics can be frozen, as CBrCl3.

The jumps for all molecules were detected using a running
test algorithm based on a signal-to-noise measure described
in our previous work for CCl4.48 After analyzing the trajec-
tories for the N = 512 molecules in the system, the times
tn,i at which every single jump occurs were registered. The
index i indicates the ith jump of the nth-molecule, n = 1, . . . ,
N. The method of jump detection also allows us to distin-
guish which atoms of each molecule are involved in the jump
process. A careful inspection confirmed that for all temper-
atures there were just a handful of cases corresponding to
C2 type rotations and therefore they were neglected in the
analysis.

In Fig. 5, all registered times tn,i for CBrCl3 at 160 K are
shown. The molecule number n is such that molecules n = 1,
. . . , 128, n = 129, . . . , 256, n = 257, . . . , 384, and n = 385, . . . ,
512 belong to groups I, II, III, and IV, respectively. In order to
compare with CCl4, the times at which jumps occur for this
compound are also plotted at the same temperature, with data
taken from our previous work.48

A feature of Fig. 5 is important to highlight: the distribu-
tion of jumps for CCl4 is uniform in time, while for CBrCl3
some correlations arise. Periods of fast and slow reorientations
are noticeable, indicative of heterogeneous dynamics.

The statistics behind the rotational jumps can be evaluated
by studying the waiting times between successive jumps. We
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FIG. 5. Registered jumps for (a) CCl4 and (b) CBrCl3 for every molecule of
the system during a simulation of 10 µs at 160 K. Molecules numbered from
1 to 128, 129 to 256, 257 to 384, and 381 to 512 belong to groups I, II, III,
and IV, respectively. First 8 molecules of every group are in the same unit cell.
Second 8 molecules are in another unit cell and so on. CCl4 shows a Poisson
distribution of jumps as was highlighted before,48 but CBrCl3 moves away
from this behavior. For the CCl4 system, a clear difference in the number of
jumps among groups arises, while in the CBrCl3 system, there is no such
clear distinction. In the CBrCl3 system, it is worth noticing that molecules
with short waiting time between jumps are more probable to have a next short
waiting time.

define the waiting time tn,i
w as the time between two consecutive

jumps of the same molecule, i.e., tn,i
w = tn,i+1

� tn,i. In Fig. 6,
we show the distribution of waiting times for rotational events
for CBrCl3 and CCl4 directly obtained from the simulated tra-
jectories. For CCl4, the waiting time distribution is a Poisson
process, following an exponential law ∼et/τw . Calculating the

FIG. 6. Probability distributions of waiting times (empty triangles) for groups
I (blue), II (green), III (pink), and IV (red) of CBrCl3. Probability distributions
of waiting times (empty circles) and persistence times (full circles) for group
II of CCl4 are also included. In the top figures, the probability distributions of
the natural logarithm of waiting times (empty triangles) and persistence times
(full triangles) for CBrCl3 are plotted. All data are at 160 K. Black solid lines
are curves resulting from fitting the data with a normal function for the four
top figures, an exponential function for CCl4, and a log-normal function for
CBrCl3 (just fits of groups I and II are shown for CBrCl3).

probability distribution of x = ln(t4), a normal distribution,

∼ e
(x−µ)2

2σ2 , results suitable to fit the data in the case of CBrCl3.
A standard variable change procedure gives a log-normal dis-
tribution for the probabilities as a function of time, with mean

equal to τw = eµ+ σ2
2 .

The dependence of one waiting time (tn,i
w ) on the previ-

ous waiting time (tn,i−1
w ) provides a measure for the hetero-

geneities’ lifetime.60 In the case of homogeneous dynamics
for one molecule, subsequent waiting times are uncorrelated.
For very long heterogeneity lifetimes, a long waiting time is
most likely to be followed by another long waiting time, while
a short waiting time is most likely followed by another short
waiting time. In order to analyze correlations between sub-
sequent waiting times, we have calculated the contour plots
shown in Fig. 7. These contour plots are constructed from the
probability distribution of having tn,i

w considering that the pre-
vious waiting time was tn,i−1

w . The analysis was made for the
CBrCl3 and CCl4 systems and is shown in Fig. 7, at the high-
est and lowest simulated temperatures. In the CBrCl3 case, at
160 K, an elongated cloud along the diagonal leads to a corre-
lation of r = 0.52 between the logarithm of subsequent waiting
times; while for the highest simulated temperature, 220 K, this
value is reduced to 0.25, almost half of the previous case, closer
to the CCl4 case, where correlations are 0.22 and 0.23 at 160 K
and 220 K, respectively.

One consequence of correlations among waiting times
is that dynamical processes can be partitioned according to
whether they coincide with waiting events (successive jumps
of the same molecule) or persistence events (the time from the
molecule initial condition before it jumps). The distinctions
between these two classes of processes are responsible for a
host of nonlinear phenomena that are characteristic of deeply
supercooled liquids.61

FIG. 7. Probability distribution functions and contour plots (dashed lines)
showing the dependence between subsequent waiting times for all molecules
in a system of (a) CBrCl3 molecules at 160 K, (b) CCl4 molecules at 160 K,
(c) CBrCl3 molecules at 220 K, and (d) CCl4 molecules at 220 K. Vertical
axis and horizontal axis indicate waiting times and previous waiting time,
respectively.
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The distribution of times characterizing the molecular
intermittent behavior can be viewed in terms of the persis-
tence time, defined as the time from any given point in the
trajectory of a single molecule ti

0, until the next jump event

tn,j, tn,i
p = tn,j − ti

0, and the time between two jumps (the,
defined before, waiting time). For uncorrelated sequence of
events, persistence times and waiting times have the same dis-
tribution, and the probability that an event has not occurred in
a time t is e�t /τ , with τ = t4 = tp, were t4 and tp are mean
waiting and persistence times, respectively. Such intermitten-
cies are known as Poisson processes. In the case of glassy
dynamics, however, statistics of events is far from Poissonian
because an event becomes more likely when a similar event has
occurred more recently. As a consequence, when dynamics are
correlated, waiting times are typically shorter than persistence
times.61,62

We have calculated persistence time distributions for
CBrCl3 and CCl4, for all simulated temperatures and for the
four groups of nonequivalent molecules. We found that for
CBrCl3 persistence and waiting times, distributions decouple
(see Fig. 6). For CCl4, the situation is different, persistence and
waiting times are equally distributed and Poissonian. Mean
values τ4 and τp for each group in CBrCl3 and CCl4 are
shown in Fig. 8. In the CCl4 case, an impressive coincidence
among waiting and persistence mean times arises, emphasiz-
ing the Poissonian behavior of the system. For CBrCl3, the

FIG. 8. Mean waiting (empty symbols) and persistence (full symbols) times
obtained from probability distributions as a function of temperature for the
four groups (I, II, III, and IV) in the system. Results for CCl4 in (a) show
coincidence among mean waiting and persistence times for molecules in the
same group. In case (b) for CBrCl3, persistence mean times are longer than
waiting mean times. In the inset of (b) decoupling ratios, calculated as tp/t4
are shown for groups III (diamonds) and IV (triangles).

correlation among jump processes is responsible for the
marked difference between waiting and persistence mean
times, where mean waiting times are considerably shorter than
mean persistence times. In Fig. 8, we also show the decoupling
ratios, defined as τp/τ4, for groups III and IV. For the higher
studied temperatures, the ratio is close to one, as expected for
standard liquid conditions,61 but for lower temperatures the
ratio grows, as in the fluctuation dominated regime of super-
cooled liquids, where this is a signature of the breakdown of
Stokes-Einstein relations.62,63

Persistence times, defined as the average waiting time
from any given point in the trajectory of a single molecule,
until the next jump event, are comparable to the structural
relaxation time tα in simple models of glass dynamics.64 The
probability distribution of persistence times is comparable to
typical results of bulk experiments, due to the time-weighted
nature of typical observations. Since available experimental
times describing CBrCl3 dynamics are the result from dielec-
tric measurements, where the bromine atom is sensed, we also
calculated persistence and waiting mean times for all bromine
atoms in the simulated system.

We define the waiting time for a bromine atom as the
difference in time between successive jumps of a bromine
atom belonging to one molecule of the system. The proba-
bility distributions for waiting times of all bromine atoms in
the system, as was the case for all molecular jumps, also fol-
low a log-normal distribution for all simulated temperatures.
The same behavior was observed for squared waiting times.
From mean values of these distributions, we calculated τBr

w and
τBr

p , mean waiting and persistence times for all bromine atoms
in the system. These results are plotted in Fig. 3. Persistence
mean times of bromine atoms show an impressive good agree-
ment with times τlong obtained from dielectric measurements,
and waiting mean times coincide with τshort obtained from
the same experiment. The interpretation of this coincidence is
that α-relaxation is associated with times in which bromine
atoms are not reorienting, but persisting in one position, and
β-relaxation is associated with the fastest process in which the
molecules are jumping and reorienting.

IV. CONCLUSIONS

We performed extensive molecular dynamics simula-
tions of CBrCl3 in the monoclinic low-temperature phase.
By studying time reorientational auto-correlation functions
as a function of temperature, we found distinct behaviors for
C–Br bonds when comparing with the other C–Cl bonds in
the molecule. We found two characteristic times emerging
from these functions: a longer one, compatible with τlong

associated with α-relaxation, and a shorter one, compati-
ble with τshort associated with β-relaxation from dielectric
measurements.

CBrCl3 dynamics reorientations are due to sudden jumps
between equivalent positions of the atoms. By computing
jumping times directly from simulation trajectories, we calcu-
lated waiting and persistence times. Probability distributions
of waiting and persistence times show a log-normal behavior,
from which is possible to obtain mean values for waiting and
persistence times.
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We calculated mean waiting and persistence times, first
distinguishing among groups of molecules and second for all
bromine atoms in the system. From the groups’ analysis, we
found that different groups have different characteristic mean
times, and when comparing mean waiting and persistence
times, a difference arises, showing correlations in the system
dynamics. From the bromine atoms’ analysis, we found that
mean waiting times are compatible with the shorter charac-
teristic time, associated with β-relaxation and mean persis-
tence times are compatible with the larger characteristic time,
associated with α-relaxation.

Although groups of different molecules are well defined
for CCl4, where every molecule belonging to a group has the
same molecular environment, in CBrCl3, where this asser-
tion is no longer valid due to the disorder introduced by the
bromine atom, groups of molecules are still well defined for
this compound. Molecules belonging to different groups of
the CBrCl3 system experiment different dynamics, as can be
observed when studying autocorrelation functions for bonds
of molecules belonging to different groups or when the mean
persistence and waiting times are calculated.

To our knowledge, this is the first time that an analy-
sis in terms of microscopic molecular jumps is done over an
orientational low-dimensional glass. We showed that the ori-
entational glass former CBrCl3 has all the major features of
structural glass formers, without of course the structural degree
of freedom.

ACKNOWLEDGMENTS

N.B.C., M.Z., and P.S. acknowledge financial support of
SECYTUNC and CONICET.

This work used computational resources from CCAD Uni-
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Fuente, Phys. Rev. B 69, 224202 (2004).

12M. Romanini, P. Negrier, J. L. Tamarit, S. Capaccioli, M. Barrio, L. Pardo,
and D. Mondieig, Phys. Rev. B 85, 134201 (2012).

13G. A. Vdovichenko, A. I. Krivchikov, O. Korolyuk, J. L. Tamarit, L. Pardo,
M. Rovira-Esteva, F. J. Bermejo, M. Hassaine, and M. Ramos, J. Chem.
Phys. 143, 084510 (2015).
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Magnetic field driven domain wall velocities in [Co/Ni] based multilayers thin films have been measured using
polar magneto-optic Kerr effect microscopy. The low field results are shown to be consistent with the universal
creep regime of domain wall motion, characterized by a stretched exponential growth of the velocity with the
inverse of the applied field. Approaching the depinning field from below results in an unexpected excess velocity
with respect to the creep law. We analyze these results using scaling theory to show that this speeding up of
domain wall motion can be interpreted as due to the increase of the size of the deterministic relaxation close to
the depinning transition. We propose a phenomenological model to accurately fit the observed excess velocity
and to obtain characteristic values for the depinning field Hd , the depinning temperature Td , and the characteristic
velocity scale v0 for each sample.

DOI: 10.1103/PhysRevB.96.224422

I. INTRODUCTION

Nowadays, the fundamental relevance and potential techno-
logical impact of different magnetic textures, such as domain
walls and skyrmions, are broadly acknowledged [1,2]. For
example, ongoing research covers from skyrmions inspired
applications [3–5] to domain walls response to in-plane
magnetic fields in perpendicular magnetic anisotropy materials
[6–13]. In particular, magnetic domain wall motion plays a
key role on understanding magnetization reversal dynamics
and on developing new magnetic based memory devices.
This has strongly pushed research on domain wall dynamics
during recent years [14–16]. It was soon realized that even
a weak quenched disorder can have dramatic consequences
in domain wall dynamics [17–19]. Disorder competes with
the domain wall elasticity, leading to a variety of nontrivial
collective effects, including pinning, glassiness, and dynamic
phase transitions as a function of temperature and driving
field [17–22]. Despite this progress there are still many
aspects deserving further attention, especially regarding the
comparison between experiments and theoretical predictions
for the different regimes. Among these, one of the most
fundamental questions is to understand the measured mean
stationary velocity of magnetic domain walls in response to a
uniform driving field near the so-called depinning threshold.
In this paper we directly address this basic issue.

Typically, an external magnetic field is used to favor
one particular domain orientation and can thus be taken as
the exemplary driving force for domain wall motion. One
of the key parameters is the characteristic depinning field
Hd separating slow from fast domain wall motion. Due
to metastable states induced by quenched disorder, at zero
temperature velocity is strictly zero below the depinning field
Hd and it is finite above it, defining the depinning transition.

*curiale@cab.cnea.gov.ar

At large fields, H � Hd , velocity ultimately grows linearly
with the field in the so-called flow regime. When decreasing
the external field and close to the depinning field, H � Hd ,
domain wall motion captures, through the temperature and
field dependence of the velocity, essential universal signatures
of the depinning transition at finite temperature [22–29].
Further reducing the external field below the depinning field,
H < Hd , domain wall dynamics is controlled by thermal
activation over effective energy barriers in the so-called creep
regime [17–20,24,28,30,31]. Within this regime, for any finite
magnetic field, velocity is controlled by Arrhenius activation
growing as v = v0e

−�E/kBT , with kBT the thermal energy
and a characteristic field-dependent disorder-induced effective
energy barrier �E = (H/Hd )−μ − 1. The universal creep
exponent μ depends on a few physical ingredients such
as the dimension of the system, the extent of the elastic
interaction (long- or short-range character) and the type of
disorder correlations (random bond or random field, with
short or long-range correlated pinning forces) [17,18,20,32].
For domain wall motion in ultrathin ferromagnetic films μ =
1/4, corresponding to an elastic interface with short-range
elasticity in a short-range correlated random-bond disorder.
The creep regime has been thoroughly studied during the past
decades and still presents several challenges [11,33–37]. An
important unexplored issue is the physics of the prefactor v0

in the velocity-force creep law. Usually, it is assumed to be
constant while the forward displacement of domain walls from
single nonoverlapping events are predicted to be strongly field
dependent [30] and to diverge close to the depinning threshold.
A theoretical description containing such a force dependence
for the prefactor, which is discussed in this paper, would have
measurable experimental consequences and enrich the current
understanding of slow DW dynamics.

Pt/Co/Pt ultrathin films have been used as the archety-
pal material system to study domain wall dynamics
[19,24,28,36,38]. These systems permitted a deeper under-
standing of domain wall motion within the framework of

2469-9950/2017/96(22)/224422(10) 224422-1 ©2017 American Physical Society

167



NIRVANA B. CABALLERO et al. PHYSICAL REVIEW B 96, 224422 (2017)

100µm

(a) (b) (c)

⊗ HzM

FIG. 1. PMOKE images for the CoNiTa sample. (a) Bubble domain after nucleation. Symbols � and ⊗ indicate the direction of the
magnetization in the two observed domains. (b) The same bubble domain after the first square field pulse of 30 Oe and 100 ms. (c) Differential
image corresponding to the two consecutive images (a) and (b).

disorder elastic systems, allowing one to differenciate material
dependent parameters, such as the depinning field Hd and
the depinning temperature Td , from universal characteristics
as the critical exponents. Due to its technological relevance
materials offering other possibilities have been investigated.
Among others, we mention the CoFeB family which present
the lowest room temperature depinning field [39] and diluted
magnetic semiconductors of the GaMnAs family showing
low depinning fields but with a Curie temperature around
100 K [31]. Also interesting are ferrimagnetic systems
such as TbFe and related materials presenting a compen-
sation temperature close to room temperature [31,40–42].
Finally, [Co/Ni] multilayers were primarily studied as a
promising system for future applications particularly due
to its low propagation field and high spin-orbit coupling
effect [43–49].

In this paper we present velocity-field characteristics for
three different [Co/Ni] multilayers which show an unexpected
deviation from the usual creep regime when approaching the
depinning field Hd . We discuss in detail the observed behavior
and propose a phenomenological model inspired by scaling
theory and recent numerical simulations. Our model permits
us to fit relevant material dependent parameters corresponding
to field, temperature, and velocity scales.

II. DOMAIN WALL VELOCITY IN [Co/Ni] MULTILAYERS

We present in this section velocity-field measurements in
[Co/Ni] multilayers. Three samples were investigated: Pt(6)/
[Co(0.2)/Ni(0.6)]3/Ta(5), Pt(6)/[Co(0.2)/ Ni(0.6)]3/Al(5), and
Pt(6)/[Ni(0.6)/Co(0.2)]3/Al(5). The numbers in parenthesis
stand for thickness in nm. For the sake of simplicity, the
samples are referred to as CoNiTa, CoNiAl, and NiCoAl,
respectively, in the following. The multilayers were grown
on the same oxidized Si-SiO2 substrates by DC magnetron
sputtering and present a perpendicular magnetic anisotropy
enhanced by the three periods of Co/Ni bilayer [49].

Polar magneto-optical Kerr effect microscopy (PMOKE)
has been used to measure domain wall velocities. The most
relevant features of the used microscope are the following:
Olympus LMPLFLN series objectives (20× and 5×), high

brightness red LED with a dominant wavelength of 637 nm,
Glan-Thompson polarizers, a 14 bit CCD from QImaging
Corp., and a Köhler configuration for the illumination. The
external magnetic field was applied in the direction of the easy
axis, i.e., perpendicular to the sample plane. Different coils
and current sources have been used to generate magnetic field
pulses of amplitudes up to 1 kOe and duration spanning from
1 μs to several minutes. To measure domain wall velocities
the following protocol was used: First, sample magnetization
is saturated in a given direction perpendicular to the sample.
Afterwards, with a short and strong magnetic pulse, one or
more magnetic domains with magnetization pointing in the
opposite direction are nucleated. Finally, a series of square
magnetic field pulses are applied and PMOKE images are
taken between these pulses, thus capturing domain wall
motion. Domain wall velocity for a given magnetic field is
then measured as the mean displacement of the domain wall,
between successive images, over the pulse width. Typical
PMOKE images of sample surface magnetization are shown in
Fig. 1. The magnetic contrast permits us to directly observe in
Fig. 1(a) the domain structure just after the nucleation process.
Figure 1(b) shows domain growth after a first magnetic field
square pulse of amplitude 30 Oe and duration 100 ms is
applied. From the differential image shown in Fig. 1(c) the
mean domain wall displacement is measured and the mean
velocity is obtained.

Velocity-field curves at room temperature are presented in
Fig. 2. A semilogarithmic scale is used in Fig. 2(a) to show
that domain wall velocity covers 10 orders of magnitude for
only two orders of magnitude of variation of the applied field.
It can also be observed that the upper velocity limit is different
for each sample. This is primarily related to the density of
nucleation centers: The higher the density, the smaller the
distance between domains and thus the maximum observable
domain wall displacement is bounded by the coalescence of
domains. It is interesting to note that on samples with Al as
capping layer (CoNiAl and NiCoAl), changing the order of
the ferromagnetic bilayer changes the velocity almost four
orders of magnitude for a given H . Changing the capping
layer also influences the velocity response as can be observed
by comparing results for CoNiAl and CoNiTa. Finally, our
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FIG. 2. Domain wall velocity as a function of magnetic field for
[Co/Ni] multilayers: (a) Semilogarithmic scale and (b) creep plot,
ln v against H−1/4 [for simplicity, error bars were only included in
(a)]. Dashed lines in (b) are fits to the creep law ln v ∼ H−1/4, which
gives a good fit at low magnetic fields. The corrected creep law
described in Sec. III (continuous lines) gives a good description in
an extended magnetic field range. Vertical dotted lines indicate the
obtained depinning field Hd for each curve. The corrected creep law
was fit using fields H < Hd (vertical dotted lines).

velocity measurements are similar to previous velocity-field
results reported for Co/Ni based samples [48]. Taking the
value MS = 300 emu/cm3 for the saturation magnetization,
measured for our samples, and using α = 0.05 for the damping
coefficient [39], we have also estimated the Walker field
HW = αMS/2 ≈ 100 Oe, which is smaller than the depinning
field (see below). However, we do not reach the velocity
plateau observed at large fields in Refs. [45,48].

In order to quantitatively study the domain wall dynamics
on [Co/Ni] multilayers Fig. 2(b) presents a creep plot, ln v

against H−1/4. For the lower magnetic fields, a linear behavior
indicated by straight dashed lines presents a very good
agreement with the creep law. In contrast, for the higher
magnetic field values, the velocity is found to be higher than
expected from the creep law.

This excess velocity is encountered in other magnetic
systems. It has been previously observed, but not highlighted,
in a Pt/Co/Pt sample at room temperature in Ref. [28], in
Pt/Co/Pt magnetic wires of width 1.5 μm in Ref. [50], and also
in an epitaxially grown Co/Ni layer [48]. The observed excess
velocity contrasts with the phenomenological description for
the finite temperature velocity-field response in disordered
elastic systems [22]. In this scenario, when increasing the
field, a simple crossover is expected between the standard
creep law, where the velocity increases with the field faster
than linear (d2v/dH 2 > 0), and the above threshold fast flow
regime, where the velocity reaches a linear behavior with H

(d2v/dH 2 = 0). Therefore, the excess velocity corresponds to
an increase of the velocity faster than the stretched exponential
dependence with H and then the phenomenological model is
not enough to describe velocity values beyond the creep law. To
explain the excess velocity effect we develop a model entirely
based on the predictions of the creep theory. Corrections to the
standard creep law derived from recent numerical studies of
creep events [51] are essential to our model. As shown in the
following sections, with this approach we are not only able to
model quantitatively the excess velocity regime, but to predict
its dependence with material parameters and the shape of the
velocity-field characteristics, from low fields to fields near the
depinning field, using a few fitting parameters.

III. EXCESS VELOCITY CLOSE
TO THE DEPINNING FIELD

Inspired by previous numerical results [30,51,52], we
develop here a phenomenological description of the excess
velocity which is then compared to experimental results
obtained for the [Co/Ni] multilayers and published previously
for ultrathin Pt/Co/Pt films [28].

A. Phenomenological arguments and scaling theory

In the phenomenological creep model, it is assumed that the
slow motion of domain walls at low fields and temperatures
proceeds by nucleating optimal irreversible forward jumps
over the effective energy barriers separating metastable states.
These events, the so-called thermal nuclei, are expected to
be localized both in time and space: They occur in a very
short time compared with the typical waiting time it takes to
produce them in a given metastable state, and they have an
optimal field-dependent size. In the first creep theories it was
also implicitly assumed that these events were independent and
that metastable states were indistinguishable from equilibrium
states. However, simulations of creep motion and functional
renormalization group calculations show that this picture is not
correct. Indeed, metastable states are similar to equilibrium
states only locally [20,30,52], and activated events actually
display complex spatiotemporal patterns and a power-law
distribution of sizes [51]. Interestingly, the largest events (those
that are in the cutoff of the size distribution) which dominate
the velocity of the interface with their large waiting times,
are almost independent and follow the same scaling laws
early predicted for thermal nuclei [17,18]. This justifies the
simple scaling approach we will follow for estimating the
creep velocity from typical independent events.
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1. Creep law

The characteristic time to escape from a metastable config-
uration of the interface to another metastable state with lower
energy via nucleation of the typical forward jump is given by
the Arrhenius law

τ = τ0 e
�E
kB T , (1)

with �E the typical effective energy barrier, kB the Boltzmann
constant, T the temperature, and τ0 a characteristic inverse
attempt frequency. Using scaling [17,18] and functional
renormalization group [20] arguments it was shown that for
small field values (H � Hd ) the typical effective barrier scales
as

�E(H → 0) = kBTd

(
H

Hd

)−μ

, (2)

with kBTd a characteristic pinning energy scale depending
on sample microscopic properties. Remarkably, the predicted
creep exponent μ is universal. For domain wall motion in
ultrathin ferromagnetic films μ = 1/4, corresponding to the
equilibrium universality class of a one-dimensional interface
with short-ranged elasticity coupled to a short-range correlated
random-bond disorder [53].

Although Eq. (2) gives the dominant contribution to the
effective barrier in the limit of small fields, corrections are
generically expected at larger H . In particular, effective
barriers should vanish when approaching the depinning field.
Experimentally, it was shown [28,31] that the simple expres-
sion

�E = kBTd

[(
H

Hd

)−μ

− 1

]
(3)

describes well a large family of materials, from H � Hd

to H � Hd , for a considerable range of temperatures. It is
worth noting that Eq. (3) properly extrapolates to Eq. (2)
and shows that the effective barrier vanishes linearly when
H → Hd .

To compute the mean velocity v of domain wall, we need to
estimate the characteristic transverse displacement u produced
by individual creep events in addition to the characteristic
times τ which is already given by Eqs. (1) and (3). One
usually considers that an event is triggered by the jump of
a domain wall segment of length Lopt (see Fig. 3) over an
optimal energy barrier inducing a local displacement to a new
metastable configuration. The length scale Lopt acts then as
the thermal nucleus triggering further forward deterministic
motion of longitudinal length scale Lrel towards the next
metastable state, thus completing the whole creep event. The
covered surface area of the complete event can be written
Seve = Leveueve, where ueve is the transverse displacement and
Leve � Lopt the longitudinal displaced length. To get the center
of mass displacement u, we assume a domain wall segment of
length L (L > Leve) to undergo a number of events n separated
by a distance � (L ≈ n�) during the time scale τ . The covered
surface area is thus uL = nLeveueve which leads to:

u = Seve

�
. (4)

When the field is very small, H � Hd , the stretched
exponential field dependence of the time scale τ , as shown
below, dominates over less strong field dependence of the

FIG. 3. Characteristic length scales and corresponding sizes.
Leve is the longitudinal length of an individual creep event. Lopt

corresponds to the optimal length associated to the effective energy
barrier the domain wall should overcome in order to trigger a
forward movement. Sopt and Srel are the sizes of the corresponding
magnetization reversed regions. On one hand, when H → 0 one
expects that Sopt ∼ L

ζeq+1
opt ∼ H−νeq(ζeq+1), diverging at zero field. On

the other hand, Srel ∼ L
ζ+1
rel ∼ (Hd − H )−ν(ζ+1) is diverging when

approaching the depinning field from below. The size of the full
event can thus be written as Seve = Sopt + Srel.

domain wall displacement u. Therefore, as it is customary,
a constant displacement value u = u0 can be considered,
resulting in the domain wall velocity given by v = u0/τ and
hence in the creep regime

v = v0e
− Td

T

[(
H
Hd

)−μ

−1
]
, (5)

with v0 = u0/τ0. This reduces to the well known creep law

v = v0e
− Td

T

(
H
Hd

)−μ

, (6)

when H → 0.

2. Field-dependent length scales

Since the external magnetic field affects the interface
energy landscape, it is natural to consider that the transverse
displacement u, traveled by the interface when changing from
one metastable state to another, has a dependence on the
external magnetic field. We shall now consider the corrections
to the velocity that might be originated on the field dependence
of u. To proceed, we first notice that, according to Eq. (4),
the field dependence of the size Seve of the magnetization
reversal event should be specified. Assuming that domain walls
can be described as self-affine objects [54], the transverse
displacement u is expected to present a power variation with
the longitudinal size L: u ∼ Lζ , with ζ the relevant roughness
exponent, and then Seve ∼ L

ζ+1
eve .

In order to correct u we should first recall the expected
behavior for Seve. The relevant longitudinal length scales and
areas are depicted in diagrams of Fig. 3. Scaling arguments
[17,18,20] and numerical simulations [51] show that at very
small fields the relevant longitudinal length scale should be the
one associated to the size of the optimal barrier the interface
overcomes in order to produce a forward movement. This
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length scale is Lopt and diverges with vanishing field as

Lopt = Lc

(
H

Hd

)−νeq

, (7)

with Lc the Larkin length and νeq = 1/(2 − ζeq) = 3/4 the
correlation length equilibrium exponent, where ζeq = 2/3 is
the equilibrium roughness exponent corresponding to the
equilibrium universality class of a one-dimensional interface
in a short-range correlated potential produced by random-bond
disorder [55]; these exponents yield μ = νeq(2ζeq − 1) = 1/4
[17,18].

Remarkably, this power-law divergence of Lopt is supported
by experimental evidence of a dimensional crossover of DW
dynamics in nanowires [56]. The transverse displacement
associated with Lopt can be written as

uopt = rf (Lopt/Lc)ζeq , (8)

with rf the correlation length of the pinning force acting on the
domain wall [20]. The area of this contribution is thus given
by

Sopt = uoptLopt = Lcrf (Lopt/Lc)ζeq+1. (9)

When approaching the depinning field from below, deter-
ministic relaxation events, similar to depinning avalanches,
can be triggered by each thermal nucleus giving an additional
contribution Lrel. Numerical simulations show that this length
diverges when approaching the depinning field from below as
Lrel ∼ (Hd − H )−ν , with ν the depinning correlation length
exponent [30,51,52]. In terms of the reduced field δh ≡
1 − H/Hd we can write

Lrel ≈ Lcδh
−ν, (10)

for the longitudinal size of the relaxation event, with ν =
1/(2 − ζ ) and ζ [57] the depinning correlation length and
depinning roughness exponents. This power law variation
represents the relevant contribution close to Hd and should
be corrected when approaching the H → 0 limit. In order to
give a negligible contribution in the small field limit, where
Lopt is the dominant scale, we propose to recast the behavior
of Lrel in the form

Lrel = Lc(δh−ν − 1), (11)

that includes the limit Lrel → 0 when H → 0. In terms of the
relaxation length, the transverse displacement and the area of
the relaxation contribution become

urel ≈ rf (Lrel/Lc)ζ (12)

and

Srel ≈ Lcrf (Lrel/Lc)ζ+1, (13)

respectively.

3. Corrected phenomenological model

We are now in a position to estimate the velocity prefac-
tor u/τ0 ∼ Seve, using that Seve = Srel + Sopt. The first step
towards the formulation of a corrected phenomenological
velocity model is to realize that at very small fields, H � Hd ,
we have Seve ≈ Sopt = rf Lc(H/Hd )−νeq(ζeq+1), according to

Eqs. (7) and (9). However, at very small fields the stretched
exponential field dependence of the time scale dominates over
this power-law correction for the prefactor. Therefore, in the
very small field regime the size of the event can be conveniently
approximated by a constant value, Seve ≈ Sopt ≈ S0. This
yields for a constant velocity prefactor v0 = (S0/�)/τ0 and
the creep law Eq. (6) is recovered.

When increasing the field, the exponential term dominates
over the Sopt field dependence, which is decreasing with
increasing field, and we can then safely consider Sopt ≈ S0

up to Hd . However, the relaxation contribution Srel increases
with increasing field (see Fig. 3) and starts competing with the
stretched exponential field dependence from the time scale.
One should then consider the relaxation correction to the
velocity for fields larger than a given field Hr , to be defined
below. The excess contribution to the full event as originated
from the relaxation contribution can be considered by writing
the size of the event as

Seve = S0 + Srel = S0

(
1 + Srel

S0

)
, (14)

with Srel → 0 when H → 0. Using Eqs. (11) and (13) Seve can
be expressed as a function of the reduced field δh,

Seve = S0[1 + p(δh−ν − 1)ζ+1], (15)

with p = Lcrf /S0. Now, using Eq. (4) to write the transverse
displacement u in terms of Seve results in the velocity
given by

v = v0[1 + p(δh−ν − 1)ζ+1]e− Td
T

[(1−δh)−μ−1], (16)

where we have written H/Hd = 1 − δh in the exponential.
Equation (16) models the excess velocity observed when ap-
proaching the depinning field. A rough estimation for the field
Hr can be obtained by approximating the velocity prefactor in
Eq. (16) as v0pδh−ν(ζ+1). This approximation for the prefactor
can be recast in the δh dependence of the exponential as
exp{−[(1 − δh)−μ − 1]/t − ν(ζ + 1) ln δh}, with t = T/Td a
reduced temperature. Then Hr is obtained when the two terms
in the exponential are of the same order:

−1

t
[(1 − δhr )−μ − 1] ≈ ν(ζ + 1) ln δhr, (17)

giving an implicitly approximate expression for Hr = Hd (1 −
δhr ).

However, although we stated that Srel should diverge close
to Hd , this would imply a divergence of u and then of the veloc-
ity when approaching Hd from below. This divergence should
be arrested by a proper cutoff coming from experimental
relevant length scales (system size, average distance between
strong pinning centers, typical distance between relaxation
events, etc.). Naming Lε to this longitudinal cutoff length, the
corresponding size is

Sε = Lcrf (Lε/Lc)ζ+1. (18)

Using Eq. (11), the value Lε is reached when the reduced field
is δhε = ε = (Lε/Lc + 1)−1/ν , corresponding to a field value
Hε = Hd (1 − ε).

To model the divergence of Srel and its corresponding
cutoff we propose to replace δh−ν → (δhm + εm)−ν/m, which
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FIG. 4. Proposed characteristic dependence of the relaxation size
Seve with magnetic field. Seve has two contributions: Sopt and Srel

(see Fig. 3). Seve goes to a constant value S0 at low fields. This is a
good approximation since at low fields (H < Hr ) the domain wall
velocity is dominated by the exponential time scale and at higher fields
(H > Hr ) it is dominated by Srel. A saturation of Srel is considered
in order to arrest the divergence of the domain wall velocity near the
depinning field. For H < Hε, Srel is barely changed, but for H > Hε

a saturation to Sε is reached.

amounts to use

Seve

S0
= 1 + p[(δhm + εm)−ν/m − 1]ζ+1, (19)

instead of Eq. (15). This model represents a crossover function
where the width of the crossover is controlled by the parameter
m and is such that

Srel ∼
{

(δh−ν − 1)ζ+1 for ε � δh,

(ε−ν − 1)ζ+1 for δh � ε,
(20)

independently of m. We fixed the value m = 4 in our model,
but using larger values of m does not significantly change the
velocity behavior.

Equation (19) reflects the fact that Srel →0 when H →0.
When the field is increased, Srel starts diverging while
approaching Hd , but when the field is too close to Hd (δh
smaller than ε or, equivalently, H larger than Hε) it saturates
to Sε. The proposed behavior for Seve is outlined in Fig. 4.

All the information regarding the field dependence of
relevant length scales can be put together by writing the
velocity prefactor u/τ0 in terms of the relaxation contribution
and its saturation value, using (δhm + εm)−ν/m instead of δh−ν

in Eq. (16), resulting in the corrected-creep law:

v = v0{1 + p[(δhm + εm)−ν/m − 1]ζ+1}
× e− Td

T
[(1−δh)−μ−1]. (21)

Summarizing, this phenomenological corrected creep model
includes three different velocity-field characteristics below the
depinning field (see Fig. 5).

Increasing the field from zero, when H < Hr , the usual
creep law of the form

v = v0e
− Td

T

[(
H
Hd

)−μ

−1
]

(22)

FIG. 5. Three different velocity-field characteristics identified
below Hd : (i) the classical creep regime for fields 0 < H < Hr ,
where the velocity goes as v0e

−Td /T (H/Hd )−μ
, (ii) the field-dependent

correction to the velocity prefactor coming from the relaxation
contribution gives the excess velocity for fields Hr < H < Hε , and
(iii) the saturation of the relaxation length at Lε , for fields Hε <

H < Hd , arrests the divergence of the velocity with an ε-dependent
velocity prefactor.

is recovered. Then, in the range Hr < H < Hε, the relaxation
length scales modify the velocity prefactor and the excess
velocity develops:

v = v0p

(
Hd − H

Hd

)−ν(ζ+1)

e
− Td

T

[(
H
Hd

)−μ

−1
]
. (23)

Finally, when the relaxation length reaches its saturation value
for Hε < H < Hd , a modified creep law with an ε-dependent
prefactor is recovered,

v = v0pε−ν(ζ+1)e
− Td

T

[(
H
Hd

)−μ

−1
]
. (24)

These three velocity-field regimes of creep motion are indi-
cated in Fig. 5, together with the characteristic fields Hr and
Hε.

B. Fitting velocity curves

In the following we shall use the proposed model to
fit velocity-field curves for [Co/Ni] multilayers and extract
relevant parameters. For the purpose of the fit, the modified
creep law, Eq. (21) can also be written as

ln v = ln v0 + Td

T
− Td

T

(
H

Hd

)−μ

+ ln

(
1 + p

{[(
Hd − H

Hd

)m

+ εm

]−ν/m

− 1

}ζ+1)
,

(25)

highlighting how the excess velocity correction to the usual
creep comes from the field dependence of the last term.
Inspecting the corrected creep model Eq. (25) one can see that
the usual creep model, first line in Eq. (25), is also recovered.

In order to reduce the number of fitting parameters we must
first fix the values of the critical exponents, by consistently
assuming an equilibrium and a depinning universality class.
For domain wall motion in ultrathin ferromagnetic films it
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TABLE I. Fitting parameters for Pt/Co/Pt velocity-field data at
room temperature (data from Ref. [28]). Comparison between the
fitting parameters obtained using the usual creep (values extracted
from Ref. [58]) and using the corrected creep law for H < Hd

proposed in this work, Eq. (25).

Usual creep
Refs. [28,58] Corrected creep

Hd [Oe] 910 ± 40 1140 ± 60
Td [K] 1900 ± 100 1720 ± 50
v0[m/s] 59 ± 2 48 ± 18
ε 0.30 ± 0.04
p 0.04 ± 0.02
v(Hd )[m/s] 59 ± 2 90 ± 35

is usually found that μ = 1/4. This value corresponds to the
equilibrium universality class of a one-dimensional interface
with short-ranged elasticity coupled to a short-range corre-
lated random-bond disorder, as μ = (2ζeq − 1)/(2 − ζeq), with
ζeq = 2/3. For the depinning universality class, in agreement
with previous experimental results [28,29,31], we take the
quenched Edwards-Wilkinson universality class and thus set
ν = 1/(2 − ζ ) = 1.33 and ζ = 1.25 [57].

As a first step, we validate our model using room temper-
ature velocity-field data obtained for Pt/Co/Pt in Ref. [28].
These results show the same upward deviation from the
full creep law when increasing the field and approaching
the depinning field from below. In addition, in the same
experiment, the depinning field was reached, giving access
to depinning parameters [Hd, Td , and v(Hd )]. Experimental
results are fit using the corrected creep law Eq. (21). In the low
field regime, H < Hr , Eq. (25) reduces to

ln v = ln v0 + Td

T
− Td

T

(
H

Hd

)−μ

= B − AH−μ. (26)

Therefore we plot the data as a creep plot, ln v against H−1/4,
in Fig. 6(a). As can be observed by the agreement between the
data and the continuous black line, the proposed model gives a
fairly good description of the phenomenon. Figure 6(b) shows
the same information with the low field creep law linearized
as (ln v − B)Hμ + A against H−μ, in order to highlight the
excess velocity. Notice that the correction to the velocity
prefactor, when the saturation of value Sε is reached, gives
the velocity exactly at the depinning field,

v(Hd ) = v0[1 + p(ε−ν − 1)ζ+1], (27)

corresponding to the prefactor for the gray dashed line in Fig. 6.
In Fig. 6, the thin continuous line shows the divergence of

the velocity due to the divergence of Srel, plotted using the
same parameters of Table I but with ε = 0. Finally, the upper
straight dashed line shows the effect of the saturation which
gives an extra contribution to the prefactor v(Hd ) very close to
Hd , Eq. (27). In Table I, fitting parameters using the corrected
creep law model for H < Hd are compared with the values
obtained using the usual creep law for small magnetic field
values in Ref. [28] (see also Ref. [58] for a comparison with
other materials).
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FIG. 6. (a) Velocity-field characteristics in a creep plot, ln v

against H−1/4, for Pt/Co/Pt at room temperature [28]. The usual
creep law (black dashed lines) fits the low magnetic field data. The
continuous black line corresponds to a fit using the corrected creep
law, which permits us to extract the parameters shown in Table I. The
corrected creep law was fit using fields H < Hd (vertical dotted line).
The thin continuous line shows the divergence of the velocity due to
the divergence of Srel, plotted using the same parameters of Table I but
with ε = 0. Finally, the upper straight dashed line shows the effect
of the saturation which gives an extra contribution to the prefactor
v(Hd ) very close to Hd , Eq. (27). (b) Same data as in (a) but with a
flattened low field creep regime [see Eq. (26)], which emphasizes the
excess velocity.

Figure 2(b) shows experimental velocity-field curves for
all three Co/Ni samples in a creep plot and fitting curves
using both the usual creep law and the corrected creep
law, Eqs. (26) and (25), respectively. As can be observed,
the corrected creep expression, Eq. (25), gives a very good
agreement on the whole studied experimental range. The
obtained results for the fitting parameters are presented in
Table II. It is worthwhile to emphasize here that solely using
the usual creep law is not enough to obtain the three depinning
parameters, and information from the depinning regime is
needed [31,58]. Remarkably, whenever the upward velocity
deviation is present, the proposed corrected creep model
permits us to extract the full set of parameters using data well
below the depinning field, as can be observed for NiCoAl and
CoNiAl in Fig. 2(b).
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TABLE II. Fitting parameters of the three studied [Co/Ni]
multilayers, obtained from fitting the measured velocities with the
corrected full creep law, Eq. (25). For further reference, we also
included v(Hd ) from Eq. (27).

NiCoAl CoNiTa CoNiAl

Hdep[Oe] 110 ± 35 210 ± 30 820 ± 200
Tdep[K] 3900 ± 330 3100 ± 130 2300 ± 150
v0[m/s] 1.7 ± 0.5 0.25 ± 0.05 0.09 ± 0.01
ε 0.6 ± 0.2 0.47 ± 0.09 0.4 ± 0.1
p 2.8 ± 0.8 1.5 ± 0.5 20 ± 7
v(Hd )[m/s] 6 ± 1 1.4 ± 0.5 12.8 ± 0.7

Overall, data presented in Fig. 2 and results in Table II show
that significant differences are observed among the studied
Co/Ni samples. These differences are probably related to the
presence of different interfaces between the capping/buffer
layers and the magnetic multilayer. Furthermore, one can
notice in Table II that while p changes, the value of ε

does not change within error bars, suggesting a complicated
scenario which should be unveiled. We expect the temperature
dependence of these parameters would reveal more details
about their relationship with materials intrinsic parameters.

IV. DISCUSSION AND CONCLUSION

We have found that the excess velocity effect can be
explained using a simple phenomenological model which
incorporates the relaxation contribution to the creep events
near the depinning field. We present here a discussion
regarding various specific aspects of the model.

The model predicts that the excess velocity is controlled by
a mix of equilibrium and depinning exponents. In Sec. III B we
have fixed the equilibrium and depinning universality class to
the one of the quenched Edwards-Wilkinson model. For depin-
ning, this model predicts ζ ≈ 1.25 and ν = 1/(2 − ζ ) ≈ 4/3
using the statistical-tilt symmetry of the model [20,59]. The
roughness exponent ζ = 1.25 > 1 implies however that the lo-
cal elongation must diverge with the domain wall segment size.
Such divergence is incompatible with the harmonic elastic ap-
proximation of the model at large length scales [27]. This may
imply that either the interface breaks, giving place to plastic
flow at large length scales, or nonlinear corrections to the elas-
ticity constraining the local elongation become important. The
latter is the case studied in Ref. [60] for a nonharmonic quartic
order constraint to the local elongation. It was shown that in
this case the depinning universality class corresponds to the
quenched Kardar-Parisi-Zhang depinning universality class.
Interestingly, the equilibrium universality class of this model is
the same as for the quenched Edwards-Wilkinson model with
ζeq = 2/3 and in particular μ = 1/4. Therefore one cannot
distinguish between the two cases just by measuring the mean
velocity at low fields. One may thus ask whether the excess
velocity regime may reveal the depinning universality class.
We have thus tested our model using the known quenched
Kardar-Parisi-Zhang depinning exponents, ζ ≈ 0.63 and ν ≈
1.75. The result shows that the model still fits satisfactorily the
data for the Pt/Co/Pt sample (the other samples give similar

results), and the fitting parameters do not change appreciably.
Therefore, our experiment and velocity model are not able
to resolve the depinning universality class of the magnetic
domain wall system, at least between the quenched Edwards-
Wilkinson and quenched Kardar-Parisi-Zhang models.

When the depinning field is approached from above, H >

Hd , the depinning correlation length Lav is the characteristic
crossover length scale beyond which the geometry of the
interface is well described by the fast-flow exponent ζ = 1/2
and diverges as Lav ∼ (H − Hd )−ν , when T = 0. The
time scale it takes to such depinning correlation length to
develop diverges as tav ∼ Lz

av, with z the depinning dynamical
exponent [57,61]. In principle one can analyze the depinning in
analogy with standard equilibrium critical phenomenon [62],
suggesting the existence of a diverging length scale below Hd

and its corresponding time scale. As shown in Refs. [30,52]
this analogy breaks down and although Lrel diverges when
Hd is approached from below, Eq. (10), it is associated with
transient dynamics. Furthermore, the corresponding time scale
trel ∼ Lz

rel should also diverge at Hd . This time scale is, at very
small fields, smaller than the time it takes to overcome the
typical energy barrier, trel < τ . If one considers the divergence
of trel, this would lead to a depinninglike power-law behavior
for the velocity but not to a speeding up of the velocity over
the usual creep law. Therefore, when developing the corrected
creep model in Sec. III A we had assumed that for H < Hε

the time scale trel � τ , thus not giving an important time
correction. Furthermore, when Lrel saturates for H > Hε, so
does the value of trel, not affecting the velocity prefactor.

From the proposed model and the arguments developed in
Sec. III A, it is clear that in order to avoid the divergence of
the velocity a saturation of Lrel is necessary when approaching
Hd from below. The possible origin of the saturation length
Lε needs further discussion, with one interesting candidate
being the depinning correlation length Lav. It would be very
interesting to test experimentally and numerically the field
and temperature implications of considering Lε = Lav, as it
might provide a possible link between thermal rounding, the
density of concurrent creep events, and the effective barrier
distribution. For instance, the characteristic length Lav is field
dependent and at T = 0 it diverges at Hd while at any finite
temperature is finite at Hd and tends to diverge at H = 0
[20,63]. The larger is T the smaller is Lav(H ). Associating Lav

with Lε means that the saturation regime would be reached at
lower fields. On the other hand, the onset of the excess velocity
regime Hr is also expected to decrease. Depending on the
precise temperature dependence of both, the excess velocity
window may shift, expand or shrink, and eventually disappear.
Measuring the temperature dependence of the velocity field
characteristics below Hd could be used to test this picture
experimentally.

In summary, we measured domain wall velocities driven by
magnetic fields in [Co/Ni] based multilayers using PMOKE
microscopy. In the three samples analyzed the low field creep
regime is observed in agreement with the classical creep
law, ln v ∼ H−1/4. When increasing the field an unexpected
speeding up of the velocity, an upward deviation from the creep
law, is observed. This upward trend is also compatible with
previous measurements, for example in Refs. [28,48]. Using
a phenomenological approach based on scaling arguments we
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were able to obtain a large field correction to the low field creep
law which explains the observed behavior. The correction
includes the field dependence of the transverse displacement
associated to relaxation events and a saturation cutoff very
close to Hd , thus arresting the divergence of the velocity. The
proposed model permits us to predict three velocity-field char-
acteristics below the depinning field, from H = 0 up to Hd , and
to obtain the relevant depinning parameters [Hd, Td, v(Hd )]
by fitting the experimental data. Despite the fact that only data
for H < Hd is used in the fitting procedure, our model gives
very good agreements with previously obtained depinning
parameters. We hope to motivate further experimental and
theoretical research. In particular, a detailed experimental
analysis of the field and temperature dependence of the veloc-
ity below the depinning threshold, and the theoretical study of

the density of activated events in the creep regime, would be
welcome.
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Sánchez, M. Bonfim, D. S. Chaves, F. Choueikani, P. Ohresser,
E. Otero, A. Thiaville, and S. Pizzini, Europhys. Lett. 113, 67001
(2016).

[13] A. W. J. Wells, P. M. Shepley, C. H. Marrows, and T. A. Moore,
Phys. Rev. B 95, 054428 (2017).

[14] D. A. Allwood, G. Xiong, C. C. Faulkner, D. Atkinson, D. Petit,
and R. P. Cowburn, Science 309, 1688 (2005).

[15] M. Hayashi, L. Thomas, R. Moriya, C. Rettner, and S. S. P.
Parkin, Science 320, 209 (2008).

[16] S. S. P. Parkin, M. Hayashi, and L. Thomas, Science 320, 190
(2008).

[17] T. Nattermann, Phys. Rev. Lett. 64, 2454 (1990).
[18] L. B. Ioffe and V. M. Vinokur, J. Phys. C 20, 6149 (1987).
[19] S. Lemerle, J. Ferré, C. Chappert, V. Mathet, T. Giamarchi, and

P. Le Doussal, Phys. Rev. Lett. 80, 849 (1998).
[20] P. Chauve, T. Giamarchi, and P. Le Doussal, Phys. Rev. B 62,

6241 (2000).
[21] J. Ferré, P. J. Metaxas, A. Mougin, J.-P. Jamet, J. Gorchon, and

V. Jeudy, C. R. Phys. 14, 651 (2013).
[22] E. E. Ferrero, S. Bustingorry, A. B. Kolton, and A. Rosso,

C. R. Phys. 14, 641 (2013).
[23] U. Nowak and K. D. Usadel, Europhys. Lett. 44, 634

(1998).
[24] P. J. Metaxas, J. P. Jamet, A. Mougin, M. Cormier, J. Ferré, V.

Baltz, B. Rodmacq, B. Dieny, and R. L. Stamps, Phys. Rev. Lett.
99, 217208 (2007).

[25] S. Bustingorry, A. B. Kolton, and T. Giamarchi, Europhys. Lett.
81, 26005 (2008).

[26] S. Bustingorry, A. B. Kolton, and T. Giamarchi, Phys. Rev. E
85, 021144 (2012).

[27] S. Bustingorry, A. B. Kolton, and T. Giamarchi, Phys. Rev. B
85, 214416 (2012).

[28] J. Gorchon, S. Bustingorry, J. Ferré, V. Jeudy, A. B. Kolton, and
T. Giamarchi, Phys. Rev. Lett. 113, 027205 (2014).

[29] R. Diaz Pardo, W. Savero Torres, A. B. Kolton, S. Bustingorry,
and V. Jeudy, Phys. Rev. B 95, 184434 (2017).

[30] A. B. Kolton, A. Rosso, T. Giamarchi, and W. Krauth,
Phys. Rev. B 79, 184207 (2009).

[31] V. Jeudy, A. Mougin, S. Bustingorry, W. Savero Torres,
J. Gorchon, A. B. Kolton, A. Lemaître, and J.-P. Jamet,
Phys. Rev. Lett. 117, 057201 (2016).

[32] A. Kanda, A. Suzuki, F. Matsukura, and H. Ohno, Appl. Phys.
Lett. 97, 032504 (2010).

[33] M. Yamanouchi, J. Ieda, F. Matsukura, S. E. Barnes, S.
Maekawa, and H. Ohno, Science 317, 1726 (2007).

[34] J.-C. Lee, K.-J. Kim, J. Ryu, K.-W. Moon, S.-J. Yun, G.-H. Gim,
K.-S. Lee, K.-H. Shin, H.-W. Lee, and S.-B. Choe, Phys. Rev.
Lett. 107, 067201 (2011).

[35] R. Lavrijsen, P. Haazen, E. Mure, J. Franken, J. Kohlhepp, H.
Swagten, and B. Koopmans, Appl. Phys. Lett. 100, 262408
(2012).

[36] K.-W. Moon, D.-H. Kim, S.-C. Yoo, C.-G. Cho, S. Hwang, B.
Kahng, B.-C. Min, K.-H. Shin, and S.-B. Choe, Phys. Rev. Lett.
110, 107203 (2013).

224422-9

175



NIRVANA B. CABALLERO et al. PHYSICAL REVIEW B 96, 224422 (2017)

[37] W. Lin, N. Vernier, G. Agnus, K. Garcia, B. Ocker, W. Zhao,
E. E. Fullerton, and D. Ravelosona, Nat. Commun. 7, 13532
(2016).

[38] S. Emori and G. S. D. Beach, J. Phys.: Condens. Matter 24,
024214 (2012).

[39] C. Burrowes, N. Vernier, J.-P. Adam, L. Herrera Diez, K. Garcia,
I. Barisic, G. Agnus, S. Eimer, J.-V. Kim, T. Devolder, A.
Lamperti, R. Mantovan, B. Ockert, E. E. Fullerton, and D.
Ravelosona, Appl. Phys. Lett. 103, 182401 (2013).

[40] J. Pommier, J. P. Jamet, J. Ferré, P. Houdy, P. Boher, and F.
Pierre, J. Magn. Magn. Mater. 136, 251 (1994).

[41] D. Bang and H. Awano, J. Appl. Phys. 115, 17D512
(2014).

[42] T. Tono, T. Taniguchi, K.-J. Kim, T. Moriyama, A. Tsukamoto,
and T. Ono, Appl. Phys. Express 8, 073001 (2015).

[43] T. Koyama, G. Yamada, H. Tanigawa, S. Kasai, N. Ohshima,
S. Fukami, N. Ishiwata, Y. Nakatani, and T. Ono, Appl. Phys.
Express 1, 101303 (2008).

[44] H. Tanigawa, T. Koyama, G. Yamada, D. Chiba, S. Kasai, S.
Fukami, T. Suzuki, N. Ohshima, N. Ishiwata, Y. Nakatani, and
T. Ono, Appl. Phys. Express 2, 053002 (2009).

[45] K. Yamada, J.-P. Jamet, Y. Nakatani, A. Mougin, A. Thiaville,
T. Ono, and J. Ferré, Appl. Phys. Express 4, 113001 (2011).

[46] T. Koyama, D. Chiba, K. Ueda, K. Kondou, H. Tanigawa, S.
Fukami, T. Suzuki, N. Ohshima, N. Ishiwata, Y. Nakatani, K.
Kobayashi, and T. Ono, Nat. Mater. 10, 194 (2011).

[47] K.-S. Ryu, S.-H. Yang, L. Thomas, and S. S. P. Parkin,
Nat. Commun. 5, 3910 (2014).

[48] S. Le Gall, N. Vernier, F. Montaigne, M. Gottwald, D. Lacour,
M. Hehn, D. Ravelosona, S. Mangin, S. Andrieu, and T. Hauet,
Appl. Phys. Lett. 106, 062406 (2015).

[49] J.-C. Rojas-Sánchez, P. Laczkowski, J. Sampaio, S. Collin, K.
Bouzehouane, N. Reyren, H. Jaffrès, A. Mougin, and J.-M.
George, Appl. Phys. Lett. 108, 082406 (2016).

[50] F. Cayssol, D. Ravelosona, C. Chappert, J. Ferré, and J. P. Jamet,
Phys. Rev. Lett. 92, 107202 (2004).

[51] E. E. Ferrero, L. Foini, T. Giamarchi, A. B. Kolton, and A.
Rosso, Phys. Rev. Lett. 118, 147208 (2017).

[52] A. B. Kolton, A. Rosso, T. Giamarchi, and W. Krauth,
Phys. Rev. Lett. 97, 057001 (2006).

[53] Fixing the equilibrium universality class does not fix the
depinning universality class, however. Anharmonic corrections
to the elasticity for instance, do not change the equilibrium
exponents but do change appreciably the depinning exponents
[30,52].

[54] See Ref. [22] for a review.
[55] M. Kardar, Phys. Rep. 301, 85 (1998).
[56] K.-J. Kim, J.-C. Lee, S.-M. Ahn, K.-S. Lee, C.-W. Lee,

Y. J. Cho, S. Seo, K.-H. Shin, S.-B. Choe, and H.-W. Lee,
Nature (London) 458, 740 (2009).

[57] E. E. Ferrero, S. Bustingorry, and A. B. Kolton, Phys. Rev. E
87, 032122 (2013).

[58] V. Jeudy, R. Diaz Pardo, W. Savero Torres, S. Bustingorry, and
A. B. Kolton, arXiv:1709.08009.

[59] D. S. Fisher and D. A. Huse, Phys. Rev. B 43, 10728 (1991).
[60] A. Rosso, A. K. Hartmann, and W. Krauth, Phys. Rev. E 67,

021602 (2003).
[61] A. B. Kolton, A. Rosso, E. V. Albano, and T. Giamarchi,

Phys. Rev. B 74, 140201 (2006).
[62] D. S. Fisher, Phys. Rev. B 31, 1396 (1985).
[63] A. B. Kolton, G. Schehr, and P. Le Doussal, Phys. Rev. Lett.

103, 160602 (2009).

224422-10

176



Modelización de materiales



PHYSICAL REVIEW B 95, 085119 (2017)

On the nature of the Mott transition in multiorbital systems

Jorge I. Facio,1 V. Vildosola,2 D. J. Garcı́a,1 and Pablo S. Cornaglia1
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We analyze the nature of a Mott metal-insulator transition in multiorbital systems using dynamical mean-field
theory. The auxiliary multiorbital quantum impurity problem is solved using continuous-time quantum Monte
Carlo and the rotationally invariant slave-boson (RISB) mean-field approximation. We focus our analysis on
the Kanamori Hamiltonian and find that there are two markedly different regimes determined by the nature
of the lowest-energy excitations of the atomic Hamiltonian. The RISB results at T → 0 suggest the following
rule of thumb for the order of the transition at zero temperature: a second-order transition is to be expected
if the lowest-lying excitations of the atomic Hamiltonian are charge excitations, while the transition tends to
be first order if the lowest-lying excitations are in the same charge sector as the atomic ground state. At finite
temperatures, the transition is first order and its strength, as measured, e.g., by the jump in the quasiparticle weight
at the transition, is stronger in the parameter regime where the RISB method predicts a first-order transition at
zero temperature. Interestingly, these results seem to apply to a wide variety of models and parameter regimes.

DOI: 10.1103/PhysRevB.95.085119

I. INTRODUCTION

The transition between a Fermi liquid and a paramagnetic
Mott insulator remains one of the most interesting phenomena
driven by electronic correlations. When the interactions among
electrons prevail over their itineracy, there is an increase of the
electronic effective masses and of the magnetic correlations.
These effects give rise to fascinating properties; for instance,
they are thought to be deeply related to the mechanism behind
unconventional superconductivity such as the one in copper-
and iron-based materials [1–3].

In his original analysis of the insulating character of nickel
oxide, Mott pointed to the role of Coulomb interactions and
argued, starting from the insulating phase, that there should
be a sharp insulator-to-metal transition as the lattice spacing
is reduced [4]. Hubbard introduced a lattice model with a
single level per atom, a local repulsion U , and a hopping
integral t between nearest-neighbor sites [5,6]. At half filling
and low-enough t , the system is in an insulating phase with
upper and lower Hubbard bands, separated by a gap, which
are associated to the dispersion of an extra electron or hole in
the system, respectively. In the Hubbard picture, the transition
to a metal, as t is increased, is expected to occur when the
gap for charge excitations vanishes, i.e., when the average
bandwidth of the upper and lower Hubbard bands is of the
order of U . A complementary analysis starting from the Fermi
gas was provided by variational methods such as the Gutzwiller
approximation [7,8]. These in turn gave place to the so-called
Brinkman and Rice scenario of the metal-insulator transition
(MIT) [9,10], in which as the Coulomb repulsion is increased,
the effective mass of the low-energy quasiparticles increases
and diverges at the transition.

A bridge between these two limits was provided by the dy-
namical mean-field theory (DMFT) [11], which was first used
to analyze the transition between a paramagnetic metal and
a paramagnetic insulator within the Hubbard model [12–14].
The DMFT approximation made it possible to treat, on equal
footing, high-energy features, such as the Hubbard bands, and
the low-energy quasiparticle physics across the transition.

A decade of studies [12–20] of the phase diagram for the
one-band Hubbard model concluded that the transition is first
order at finite temperatures with a critical second-order end
point. At zero temperature, the transition from the metallic
side to the insulator occurs by a continuous reduction of the
width of a quasiparticle band which, close to the MIT, is located
between well-separated Hubbard bands.

The experimental evidence of the Mott transition predicted
originally for the transition-metal monoxides (TMMOs) such
as NiO, MnO, or FeO under pressure was evasive for more than
five decades due to the high critical pressures required. Once
confirmed [21], it proved to be a much richer phenomenon
than expected due to the multiorbital physics of the 3d band
in the TMMOs [22,23]. The MIT in 4d materials, for which
a multiorbital description becomes essential, has also been
experimentally detected, such as in Ca2RuO4 driven by tem-
perature [24], pressure [25], and doping [26]. This represents
just a few cases among the large variety of experiments that
have exhibited signatures of a MIT in multiorbital systems
[27–30].

Recent experiments by Camjayi et al. [31] show clear
indications of a first-order phase transition in the GaTa4Se8

compound, which can be modeled with a three-orbital Hamil-
tonian. In the coexistence regime, an external current can take
the system from the insulating to the metallic phase, and vice
versa, giving the possibility to use this compound as a resistive
memory [32,33].

In the last few years, much progress has been achieved
in understanding the role of interorbital interactions in the
electronic effective mass in multiorbital models and materials
[34]. In general, the interorbital repulsion U ′ and the Hund’s
coupling J modify the local multiplet structure in two ways:
by changing the energy gaps between multiplets in different
charge sectors and by splitting multiplets within each charge
sector, which changes the degeneracy of the atomic levels.
The level degeneracy is naturally of great importance within
DMFT because the Kondo scale in the associated quantum
impurity problem depends exponentially on it [35]. The gap
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for charge excitations in the atomic limit is determined by
the multiplet structure and is of crucial importance to set the
critical value of the interactions that induce the MIT in the
Hubbard picture. In Refs. [36] and [37], it was shown that these
effects help one to understand the antagonistic consequences
of the Hund’s coupling J which, for some electronic fillings,
increases both the effective mass of the quasiparticles and the
critical interaction.

Interorbital couplings have also been reported to affect the
way in which the quasiparticle band vanishes at the MIT.
Bünemann et al. [38,39], in a two-orbital implementation of
the Gutzwiller approximation, showed that the inclusion of J

modifies the Brinkman-Rice scenario and that at half filling,
the transition is first order at zero temperature, while it remains
continuous for an average occupation of a single electron per
site. A similar effect of J at half filling was reported for
two orbital models using different approximations to solve
the DMFT equations [40–42].

Despite these important advances in the understanding
of the multiorbital physics, a detailed study of the role of
interorbital interactions in the nature of the MIT is still lacking;
precisely, how they affect the order of the transition, the
quasiparticle weight, and the way it vanishes at the MIT.

Here we report DMFT results for two- and three-orbital
models at different electronic fillings. In order to disentangle
the role of the interorbital interactions on the Mott transition,
we consider no crystal-field splitting terms nor any asymmetry
in the width or shape of the bands. We solve the DMFT
equations using different quantum impurity solvers. The
main results are obtained using the rotationally invariant
slave-boson (RISB) technique in the mean-field approxima-
tion [43]. We also use the numerically exact continuous-
time quantum Monte Carlo (CTQMC) at finite temperatures
[44–47]. Our RISB results in the T → 0 limit, which are based
on calculations of the quasiparticle weight and of the lattice
free energy, show that in multiorbital models, the order of
the transition at zero temperature in general depends on the
electronic filling and on the values of interorbital interactions.
We argue that this behavior can be understood in terms of the
effects of interorbital interactions on the degeneracy of local
multiplets and on the gap for charge excitations.

The rest of this paper is organized as follows. Section II
describes the model and the methods. In Sec. III, the Mott
transition is analyzed in the limit of vanishing Hund’s rule
coupling J = 0. This simplified case with intraorbital (U ) and
interorbital (U ′) interactions contains the main ingredients
needed to understand the physics of the more physically
relevant case, with J �= 0 and U ′ = U − 2J , which is treated
in Sec. IV. Finally, the main results concerning the nature of
the MIT and the role of interorbital interactions determining it
are summarized in Sec. V.

II. MODELS AND METHODS

We consider the Kanamori Hamiltonian to describe the local
interactions in multiorbital systems,

H =
∑

ijmm′σ

tmm′
ij d

†
imσ djm′σ +

∑
i

H at
i , (1)

where tmm′
ij is a hopping term between orbital m on site i and

orbital m′ on site j , and the local Hamiltonian H at
i is given for

each site i of the lattice by

H at = U
∑

α

nα↑nα↓ + U ′ ∑
α �=β

nα↑nβ↓

+ (U ′ − J )
∑

α>β,σ

nασ nβσ − J
∑
α �=β

d
†
α↑dα↓d

†
β↓dβ↑

+ J
∑
α �=β

d
†
α↑d

†
α↓dβ↓dβ↑ − μN̂. (2)

Here, N̂ = ∑
α

∑
σ=↑,↓ nασ , μ is the chemical potential,

U and U ′ are the intraorbital and interorbital interactions,
respectively, and J is the Hund’s rule coupling. As mentioned
before, we focus our analysis on the role of the multiorbital
interactions on the Mott transition. To that aim, we consider
no crystal-field splitting terms nor asymmetries in the width
or shape of the bands, and set the interorbital hybridizations
to zero. For simplicity, we consider a semicircular density of
states for each orbital,

D(ε) = 2

πD

√
1 − (ε/D)2, (3)

where D is the half bandwidth of the conduction electron band
in the absence of interactions, but our main conclusions do not
depend on this choice.

We solved this model using DMFT [11]. This theory is
based on the assumption of a local self-energy and maps
the lattice interacting problem onto a multiorbital quantum
impurity problem, where the impurity is described by H at and
the electronic bath is subject to a self-consistency condition.

We implemented the rotationally invariant slave boson [43]
(see Ref. [39] for a related approximation) in a quantum im-
purity formulation [48]. The RISB formalism is a multiorbital
generalization of the Kotliar-Ruckenstein [10] approach that
preserves the rotational invariance at the mean-field level [49].
In this approximation, the local electron operators dα , where
α is an orbital index, are represented as a linear form in
introduced quasiparticle operators fβ ,

dα = Rαβfβ. (4)

Here, Rαβ depends on a set of parameters that need to be
calculated minimizing a free energy. The resulting self-energy
has a simple linear form, which in matrix notation reads

�(iωn) = iωn(1 − Z−1) + R†−1	R−1 − ε0, (5)

where Z is the quasiparticle weight which can be calculated
as Z = RR†, ε0 contains the quadratic part of the atomic
Hamiltonian, and 	 is formed by Lagrange multipliers
introduced in order to enforce a proper mapping between the
original Hilbert space and its new representation.

We also solved the DMFT equations at finite temperatures
using the numerically exact CTQMC impurity solver, for
which we use the TRIQS code [50,51]. For each impurity prob-
lem, we typically performed 2 × 107 measurements separated
by 200 moves. We estimate the quasiparticle weight at finite
temperatures as Zασ = [1 − Im�ασ (iω0)/ω0]−1.
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III. J = 0 LIMIT

In this section, we focus our analysis on the J = 0 limit
of the atomic Hamiltonian of Eq. (2), which, for M orbitals,
reads

H at
J=0 = U

M∑
α=1

nα↑nα↓ + U ′ ∑
α>β,σσ ′

nασ nβσ ′ − μN̂. (6)

As we will see below, this limit captures many important
features observed in the more relevant (J �= 0) case and allows
a simple interpretation of the results.

Figure 1 outlines the lowest-lying multiplet structure of
H at

J=0 for M orbitals and μ = U/2 + (M − 1)U ′. The ground
state of the atomic Hamiltonian has a level occupation N = M

(half filling) and a degeneracy (2M)!/M!2 for U ′ = U , which
is reduced to 2M for U ′ < U . The main effect of a finite U ′ <

U is to break the degeneracy of the ground state pushing to
higher energies the states on the same charge sector, but having
one or more orbitals doubly occupied. These states are shifted
by ndδ, where nd is the number of doubly occupied orbitals and
δ = U − U ′ (see Fig. 1). The gap for charge excitations in the
atomic limit is �(N ) = E0(N + 1) + E0(N − 1) − 2E0(N ),
with E0(N ) indicating the energy of the lowest-lying state for
the charge sector with N electrons. At half filling, �(M) = U

is independent of U ′.
In the limiting case U ′ = 0, δ is maximal, the orbitals

decouple, and the model reduces to M copies of the single-
orbital problem (Hubbard model), which has been extensively
studied [12–20]. At zero temperature, there is a range of values
of U where there is a coexistence of metallic and insulating
solutions. The metallic solution has a lower free energy and
disappears continuously at a critical interaction Uc2, leading
to a second-order phase transition. At finite temperatures, the
large degeneracy of the insulating phase leads to a decrease of
its free energy due to entropic effects and leads to a first-order
phase transition at U = Uc.

The highly degenerate case for δ = 0 (U ′ = U ) has also
been studied and leads to an enhanced critical interaction
[52,53]. As δ increases from 0 to U , the charge fluctuations
to states having doubly occupied orbitals and N = M are

N = M − 1 N = M N = M + 1

U/2

E

N

δ = U − U

δ = U − U

FIG. 1. Lowest-lying multiplet structure of Hamiltonian (6) at
half filling and δ � U . For U ′/U > 1/2, the lowest-lying states in
the charge sectors with N = M − 1 and N = M + 1 particles are
lower in energy than the states in the charge sector with N = M and
one or more orbitals having double occupancy.

expected to decrease, and some questions are in order: What is
the role played by excited states with doubly occupied orbitals
at the MIT? How does the degeneracy or quasidegeneracy of
the ground state of the atomic Hamiltonian influence the MIT?

A. Two-orbital model

We first present results for the two-orbital version of the
Hamiltonian of Eq. (6) at half filling. The bulk of our analysis
is performed using the RISB approach, which allows us to
explore a wide range of parameters. We also perform DMFT
calculations using CTQMC at finite temperatures, for specific
sets of parameters, which allow us to support our main
conclusions.

1. RISB results

Figure 2 presents zero-temperature results for the quasi-
particle weight and the free energy calculated using RISB
for J = 0 and fixed values of U ′/U . As U is increased,
the quasiparticle weight Z decreases monotonically from its
U = 0 value, Z = 1. For values of the interaction U larger
than a critical value Uc2, there is a single solution to the
RISB equations which is insulating (Z = 0). The critical
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FIG. 2. (a) Quasiparticle weight Z vs U obtained using RISB for
different values of U ′/U = 0, 0.2, 0.5, 0.6, 0.7, 0.8, 0.9, 0.98, 0.99,

and 1. The ratio U ′/U increases from left to right as indicated in the
figure. Blue disks are used for U ′/U � 0.5, black disks for 0.5 <

U ′/U < 1, and red disks for U ′/U = 1. Inset: Zoom of Uc2 for
U ′/U � 0.8. (b) Free-energy difference between the metallic and
insulating solutions for the parameters of the upper panel. Inset: U –
U ′ phase diagram.
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interaction remains constant within our numerical precision up
to U ′/U ∼ 0.5 and increases monotonously for larger values
of U ′/U up to U ′/U = 1, where it attains the maximum
value.

For U � 1.5D, there is a small decrease in Z when U ′/U

increases, as expected from perturbation theory. For larger
values of U , up to the MIT, an increase in U ′ enhances Z, i.e.,
in this regime, the interorbital repulsion decreases the effective
mass of the electrons [54]. This behavior can be traced back to
the role of the degeneracy in the auxiliary quantum impurity
problem of the DMFT equations: by changing U ′/U from 0
to 1, the degeneracy of the associated Kondo model increases
from 2 to 6, which leads to an increased Kondo scale [35].

The quasiparticle weight Z has two qualitatively different
behaviors as U → Uc2, depending on the value of U ′/U .
For U ′/U = 1 or values of U ′/U lower than a critical ratio
ηc ∼ 0.5, Z vanishes continuously as U → Uc2, while for
ηc < U ′/U < 1, there is a jump in Z from a finite value to
zero at U = Uc2. These two behaviors are associated with
a second- and a first-order phase transition, respectively. To
unambiguously characterize the MIT in the different regimes,
we analyze the behavior of the free energy at the transition
which, in the RISB formalism, can be readily evaluated [55].
It is important to remark that within the RISB method, different
choices for the noninteracting density of states D(ε) lead to
different effective bandwidths but do not change the nature of
the MIT (see Appendix).

An analysis of the free-energy difference �F between the
conducting and insulating solutions confirms the conclusions
drawn from the analysis of the quasiparticle weight. Figure
2(b) presents �F as a function of the interaction U for different
values of the ratio U ′/U . For values of U ′/U where Z vanishes
continuously at the transition, the slope of �F as a function
of U vanishes at Uc (which coincides with Uc2), while a jump
in Z at Uc2 is associated with a finite value of the slope at Uc.
In the inset of Fig. 2(b), we present the phase diagram in the
U -U ′ plane, which shows that for U ′/U < ηc, the critical
interaction is within our numerical precision, independent
of U ′ and equal to the single-orbital critical U . For larger
values of U ′/U , the critical interaction rapidly increases and
attains its maximum value at U ′/U = 1, in agreement with
Ref. [54].

Figure 3(a) presents the derivative of δF with respect
to U at Uc (where �F = 0) as a function of U ′/U and
different temperatures. A finite value of this derivative signals
a first-order transition, which is the case for all the T > 0
studied [56]. For values of U ′/U lower than ∼ 0.5 and for
U ′/U = 1, the derivatives decrease with T following the
single-orbital behavior. This can be seen in Fig. 3(b), where
the data has been scaled with the single-orbital temperature
dependence. This indicates that for these values of U ′/U , the
derivatives vanish in the limit T → 0 and the MIT is second
order. For values larger than ∼ 0.6 and smaller than 1, the data
no longer follow the single-orbital temperature dependence.
The derivatives tend to saturate to a finite value as T is reduced,
which is consistent with a first-order transition at T = 0. The
strongest first-order character is obtained for U ′/U ∼ 0.9,
and both the size of the jump of Z at the transition [see
Fig. 3(c)] and the value of the change of the slope of the free
energy decrease continuously and approach the single-orbital
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FIG. 3. (a) Derivative of the difference between the free energies
of the metal and insulator solutions at the free-energy crossing point
within the RISB method as function of U ′/U . (b) Same data scaled
with the single-orbital temperature dependence. (c) Quasiparticle
weight at Uc scaled by its single-orbital temperature dependence.

dependence as U ′/U approaches 1 or the critical ratio ηc.
These considerations place ηc between 0.5 and 0.6.

To gain physical insight into the behavior of the system,
it proves useful to study the statistical weight of the local
multiplets (the eigenstates of H at

J=0; see Table I) in the partition
function. The most relevant states to be considered in order
to understand the physics can be grouped according to their
total charge and number of doubly occupied orbitals: states of
two electrons without double occupancy (referred to as 2PS),
states of two electrons having double occupancy in a single
orbital (referred to as 2PD), and the single-particle states
(referred to as 1P ), which due to the electron-hole symmetry
considered have the same weight as the three-particle states
(3P ). Figure 4 presents the statistical weight of these states
calculated within RISB (see Ref. [48]) for different values
of the U ′/U ratio. While the description of the insulating
phase by RISB is overly simplified, having a nonzero statistical
weight for the ground state only, the overall behavior of the

TABLE I. Selected eigenstates of the atomic Hamiltonian of
Eq. (6).

Label Eigenstates Occupation Energy

2PS |σ,σ ′〉 2 −U − U ′

2PD |↓↑,0〉, |0,↑↓〉 2 −2U ′

1P |σ,0〉, |0,σ 〉 1 −U/2 − U ′

3P |↓↑,σ 〉, |σ,↑↓〉 3 −U/2 − U ′
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within the RISB approximation, there are no charge fluctuations and
the full statistical weight is on the ground-state sector of the atomic
Hamiltonian.

weights is in qualitative agreement with CTQMC results, as
we show in the next section. The weight of the 2PS states
increases as the system approaches the MIT from the metallic
side, while the weight of the 1P states decreases. As expected,
for values of U ′/U such that the MIT is first order, there is
a jump in the weights at the transition that is not present in
the other cases at zero temperature. Besides the jump in the
weights, the other feature that makes the U ′/U = 0.9 case
different is the behavior of the 2PD states.

The two behaviors emerge from a compromise between the
reduction of the kinetic energy and the additional Coulomb
repulsion δ = U − U ′ associated with the participation of
the 2PD states in the ground-state wave function. In the
single-orbital case (U ′/U = 0), the weight of the 2PD states
is continuously and strongly suppressed as U → Uc2 [10].
For moderated values of U ′/U < 0.5, the gap δ between
2PS and 2PD states is ∼ U , which leads again to a strong
suppression of the weight of 2PD states to reduce the Coulomb
repulsion as U → Uc2. The suppression of the 2PD states
effectively decouples the two orbitals, bringing the system
to the single-orbital U ′ = 0 situation. This is why increasing
U ′/U to 0.2 produces no qualitative change in the behavior of
the system close to the Mott transition and Uc

∼= UU ′=0
c .

In the case U ′/U = 1 and δ = 0, the 2PD and 2PS states
are degenerate and have equal statistical weight for all values
of U . The kinetic energy gain due to charge fluctuations to
the 2PD states leads to an increase of the critical interaction.
Reducing U ′/U from this limit leads to a qualitative change in
the behavior of the system. For all values of U up to the MIT, it
is convenient to reduce the kinetic energy using the 2PD states,
which have a significant statistical weight in the free energy.
As U is increased, however, the low-energy quasiparticles are
increasingly heavy and the kinetic energy gain relative to the
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FIG. 5. Quasiparticle weight Z vs U obtained using RISB (top)
and CTQMC (bottom) techniques as impurity solver for βD = 200.

Coulomb energy loss associated with the 2PD states ∼ ZD/δ

is reduced. The MIT transition occurs for the value of U

such that it becomes energetically more favorable to suppress
the 2PD states. This suppression drives the system to the
single-orbital regime, which has a lower critical interaction.
Our RISB calculations indicate that this change of regime from
a sixfold-degenerate to a twofold-degenerate Kondo model
for the associated quantum impurity problem occurs through
a first-order phase transition. This low-energy quasiparticle
picture obtained with the RISB method is supported at finite
temperatures by DMFT calculations using the numerically
exact CTQMC, as shown in the next section.

2. CTQMC results

We analyzed the MIT at finite temperatures using DMFT
with CTQMC as the impurity solver to compare with the RISB
results.

Figure 5 shows the quasiparticle weight as a function of U

for different values of U ′/U and βD = 200. Results obtained
using the RISB (CTQMC) technique are shown in the top
(bottom) panel. Both techniques give the same qualitative
behavior. The main difference is a ∼ 20% overestimation of
Uc2 by the RISB method.

The statistical weight of the local multiplet states calculated
with CTQMC and RISB as quantum impurity solvers is
presented in Fig. 6 as a function of U for two values of
the U ′/U ratio, where a continuous transition (U ′/U = 0.2)
and a first-order transition (U ′/U = 0.9) are observed at
zero temperature. The interaction U is scaled by the critical
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CTQMC (symbols) as impurity solvers. The insets present in each
case the CTQMC weights close to the transition.

interaction Uc2 for each method and value of the ratio
U ′/U to ease the comparison. Both methods present a good
quantitative agreement with each other; the largest difference
occurs in the insulating phase, where the RISB method does
not describe fluctuations and all the weight is carried by
2PS states. The agreement between the two methods, in
particular concerning the behavior of the statistical weight
of the 2PD states, supports the main conclusions and the
interpretation, based on the RISB results, of the previous
section. Namely, there are two markedly different regimes for
the behavior of the system at the MIT determined by the ratio
U ′/U .

The insets in Fig. 6 present the statistical weight of the
excited states 2PD and 1P as obtained with CTQMC in both
phases. On the metallic side, the relative weight of the 2PD

and 1P states follows the RISB trend. On the insulator side,
the weight of the 2PD states is negligible for any U ′/U ratio.
This contributes to obtaining a stronger first-order transition
for U ′/U = 0.9 where the 2PD states have a much larger
weight on the metallic side.

B. Higher orbital number

We analyzed the MIT in systems with more than two
orbitals in the J = 0 limit. Figure 7 presents RISB results for
Z as a function of U for different ratios U ′/U in a three-orbital
case. The behavior of Z is qualitatively equivalent to the
two-orbital case. The main difference is an increase in the
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FIG. 7. Quasiparticle weight for the half-filled three-orbital
model given by Eq. (6) and for different values of U ′/U =
0.0, 0.2, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.98, 0.99, and 1. Inset: quasi-
particle weight close to the transition at half filling for two and three
orbitals and U ′/U = 0.9.

critical interaction for all ratios U ′/U > ηc, which is due to
the increase in the degeneracy of the ground state of the atomic
Hamiltonian that leads to an exponential increase in the Kondo
temperature of the associated quantum impurity model. For
U ′/U � ηc, the critical interaction is, within the numerical
precision, the single-orbital one, which supports our analysis
that in this parameter regime the interorbital correlations are
strongly suppressed close to the MIT. Interestingly, the jump
in Z increases for a given U ′/U ratio with the number of
orbitals which can be associated to a stronger reduction in the
degeneracy of the ground state for δ �= 0.

For a larger number of orbitals, we expect the same pattern
to follow: (i) a maximal critical U at the highly symmetric
point U ′/U = 1, where the transition is continuous, with
a dependence Uc2(M) = Uc(M) ∝ M with the number of
orbitals [52,57]; (ii) a continuous transition with a single-
orbital behavior for U ′/U lower than a critical ratio ηc ∼ 0.5
which is weakly dependent on the number of orbitals; and
(iii) a first-order transition, which becomes stronger as the
number of orbitals is increased, for U ′/U in the interval
(ηc,1).

IV. ROTATIONALLY INVARIANT KANAMORI
HAMILTONIAN

In the previous section, we analyzed the J = 0 limit in
which the atomic gap for charge excitations, �(N ), depends
only on the intraorbital interaction U at half filling. This
simplified the analysis of the role played by the interorbital
interaction U ′, since it only changes the structure of the low-
energy excitations of the atomic Hamiltonian. In particular,
we found that two different regimes for the behavior of
the statistical weight of the atomic multiplets are obtained
depending on the nature of the atomic excitations. Slave-boson
mean-field theory calculations suggest that these two regimes
are associated with the order of the MIT at zero temperature,
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and both CTQMC and RISB calculations indicate that they
are associated with the strength of the Mott transition at finite
temperatures.

In this section, we analyze a more physically relevant
parameter regime for the Kanamori Hamiltonian using the
usual approximation of spherical symmetry for which U ′ =
U − 2J . In this case, the interorbital interactions also affect
the energy gaps between multiplets in different charge sectors,
and the multiplet structure itself is more complex.

Figure 8(a) presents results in a three-orbital Kanamori
system at half filling for the behavior of Z as a function
of U and different values of J/U . As expected [36,37], the
critical interaction is reduced when J is increased due to the
increase of the atomic gap for charge excitations � = U + 2J

at half filling. For J = 0, the model reduces to the U ′ = U

case analyzed in the previous section and the transition is
continuous. For the values of J > 0 studied, the transition is
first order, as signaled by a discontinuity in Z at the MIT.
We checked this by analyzing the behavior of the free energy
across the transition.

The order of the zero-temperature MIT can, as in the J = 0
case of the previous section, be understood by analyzing
the low-lying excitations of the atomic Hamiltonian. In the

half-filled case, for the values of J presented in Fig. 8, the
charge excitations in the Kanamori model have a higher energy
than the low-lying excited states in the N = M charge sector.
As a consequence, the latter have a finite statistical weight up
to the MIT where they are suppressed, leading to a first-order
transition. Figure 8(a) presents the statistical weight of the
three-particle states with high-spin S = 3/2 ground state and
low-spin S = 1/2 excited state. For J = 0, these states are
degenerate and have the same statistical weight for all values
of U . For a fixed finite value of J/U , the energy gap between
the atomic ground state and the S = 1/2 states increases with
U and statistical weight is transferred from the latter to the
S = 3/2 states. Confirming this argument, we have checked
that the critical interaction Uc2 for finite J is smaller than in
the J = 0 case, but larger than in a system with the S = 1/2
states artificially suppressed. The transition is expected to
occur when the gap between the ground state and the S = 1/2
states is of the order of the effective width of the quasiparticle
band J ∼ ZD. The strength of the first-order transition, as
measured by the jump in Z or in the slope of the self-energy,
increases with J for J/U � 0.1 and decreases as J increases
for J/U � 0.1. For J/U ∼ 0.3, the lowest-lying charge
excitations and spin excitations of the atomic Hamiltonian
are nearly degenerate. In this case, we obtain a first-order
transition, although with a reduced strength compared to the
J/U = 0.1 case. Close to the degeneracy point where the
charge excitations and excited states on the charge sector
of the ground state have the same energy, we expect the
detailed structure of the matrix elements for the coupling of
each multiplet with the electron bath and the degeneracy of
each multiplet to be important to determine the nature of the
transition. This overall behavior caused by J (first increasing
the strength of the MIT and then softening it) is consistent with
DMFT results in Refs. [37,40,42].

For a filling of a single electron or hole per site, the
degeneracy of the ground-state multiplet does not depend on
the interactions, and the lowest-lying excited states are in
a different charge sector. Although the value of the critical
interaction depends on the number of orbitals and on the
value of the interorbital interactions, the transition is always
continuous.

For intermediate fillings, the situation is more complex
but can again be understood in terms of the lowest-lying
excitations of the atomic Hamiltonian. Figure 9 presents results
for the MIT transition in a three-orbital Kanamori system with
a filling of two electrons per site. In this case, the critical
interaction has a nonmonotonic behavior as a function of J

[34]. It decreases for J/U � 0.06, but increases for larger
values of J/U . The decrease is governed by the breaking
of the degeneracy by J of the low-energy manifold which
also drives the MIT. In the low J/U regime, there is a small
reduction in the charge excitation gap, and for low values of U ,
the behavior of the system closely resembles the J = 0 case.
As U approaches the critical value, the quasiparticle weight
decreases linearly as Z ∼ a(UJ=0

c2 − U )/UJ=0
c2 , where a ∼ 1

is a constant that depends on the number of orbitals. When
the level splitting produced by J becomes of the order of the
quasiparticle bandwidth ZD, the spin excitations on the N = 2
charge sector are blocked, leading the system to an insulating
state at a critical U < UJ=0

c2 . Taking a constant ratio J/U = α,
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we have

Uc2(α ∼ 0) = UJ=0
c2

1 + αUJ=0
c2

aD

, (7)

which accurately describes the behavior of Uc2 obtained
numerically for α � 1. These results are consistent with the
ones obtained by Attaccalite and Fabrizio [58] using the
Gutzwiller approximation, and with CTQMC results at finite
temperature [59].

In the regime of large J , the charge fluctuations are
dominated by the ground-state manifold of the N = 2 charge
sector which has S = 1. The MIT is dominated by fluctuations
to these states and by the reduced gap for charge excitations
in the atomic limit, �at = U − 3J . Figure 9 shows that the
quasiparticle weight Z for the ratios J/U = 0.15,0.25 differs
from the small J/U case for moderate values of U , where
the statistical weight of the low-spin states in the N = 2
charge sector is strongly suppressed. The nature and the
critical interaction of the Mott transition is determined by the
atomic charge gap that defines a reduced effective interaction,
U eff = U − 3J , and by the degeneracy of the ground-state
manifold. In this regime, in which spin excitations on each
charge sector are strongly suppressed, the transition is second

order at zero temperature and occurs at a critical interaction
that can be larger than in the J = 0 case.

V. SUMMARY AND CONCLUSIONS

We analyzed the role played by interorbital interactions on
the Mott metal-insulator transition. To that aim, we performed
dynamical mean-field theory calculations to treat a model
Hamiltonian with Kanamori interactions.

We first studied, using RISB in the limit T → 0, a simplified
case with no Hund’s rule coupling (J = 0) characterized by
an intraorbital repulsion U and an interorbital repulsion U ′.
Depending on the U ′/U ratio, we obtained two markedly
different regimes characterized by the order of the metal-
insulator transition at zero temperature. Remarkably, these
regimes are closely associated with the low-lying multiplet
structure of the atomic Hamiltonian. For U ′/U = 1, the local
orbital degeneracy is maximal (all states in the N = M charge
sector are degenerate), leading to the highest value of the
critical interaction Uc2 and a second-order transition. For
smaller U ′/U ratios, the reduced orbital degeneracy leads
to a decrease in Uc2 and, depending on the value of U ′/U ,
to a change in the nature of the transition. For U ′/U in the
range (0.5,1), the lowest-lying atomic excitations have the
same charge as the ground state and a significant statistical
weight in the metallic phase at the MIT. In the insulating
phase, the participation of these states is strongly suppressed,
giving rise to a discontinuity associated with a first-order
transition for a wide range (ηc,1) of values of U ′/U , with
ηc ∼ 0.5. For lower values of U ′/U , these states have a higher
energy than the charge excitations, and are strongly suppressed
in the metallic phase close to the MIT, driving the system
to an orbital-independent regime and a to continuous phase
transition as in the single-orbital case. The results suggest
that the nature of the lowest-lying excitations of the atomic
Hamiltonian determines the order of the transition at zero
temperature. We do not expect, however, the critical ratio ηc

for the change in behavior to be exactly 1/2 because other
factors such as the relative degeneracy of the excited states
and the intensity of their coupling with the effective bath are
likely to play a role in determining its value. In particular, we
expect the critical ratio to depend (although weakly) on the
number of orbitals. Moreover, while in the RISB mean-field
approximation the noninteracting spectral density does not
affect the critical ratio ηc, we do expect it to have an effect on
its exact value (see Appendix).

For the rotationally invariant Kanamori Hamiltonian, we
find the same approximate connection between the nature of
the MIT at zero temperature and the atomic multiplet structure.
In this case, a finite Hund’s rule coupling J reduces the orbital
degeneracy favoring high-spin states on each charge sector
and also changes the charge excitation gap. At half filling, the
transition, as predicted by the RISB method, is first order at
zero temperature for the studied range of values of J (0 <

J/U � 0.3), while in the single electron (or hole) per site
case, the transition is second order. For intermediate fillings,
as two (or four) electrons in three orbitals, the transition is first
order for low values of J/U , and is second order for J = 0
and for large enough values of J/U . Similar results have been
reported in the literature [40,42].
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As a general rule, we find that the low-energy multiplet
structure of the atomic Hamiltonian, more precisely the nature
of the lowest-lying excitations, determines the nature of the
MIT at zero temperature. When the lowest-lying excited states
are charge excitations, we expect a second-order transition,
but if the lowest-lying excited states are on the same charge
sector as the ground state, we expect it to be first order. Note
that this result not only applies to the models studied here,
but is also consistent with previous reports where the atomic
multiplet structure is changed by the introduction of a crystal-
field splitting �. For example, in Ref. [60], it has been found
that in a quarter-filled two-orbital system, the order of the
transition depends on the magnitude of �. The rule proposed
in this work naturally explains this behavior since a large
crystal-field splitting implies that the low-energy excitations
are charge excitations giving rise to a continuous transition.
For a small crystal-field system, the lowest-lying excitations
are states in which an electron is transferred to the high-energy
orbital within the same charge sector and the transition is first
order. A similar behavior is reported in Ref. [61], where the
effect of a crystal field is analyzed in a two-orbital system
at half filling (see also Ref. [62]), and in Ref. [63] in the
three-orbital case.

A detailed analysis using state-of-the-art numerically exact
methods [64,65] would be needed to confirm the RISB results
for the nature of the transition at zero temperature. At finite
temperatures, however, the transition is first order and the
RISB results are nicely confirmed by the numerically exact
continuous-time quantum Monte Carlo. In particular, the
CTQMC results also show two regimes for the Mott transition
characterized by the behavior of the statistical weight of
the atomic multiplets, and the strength of the transition as
measured by the jump in the quasiparticle weight. Remarkably,
the first-order transition is stronger in the parameter regime
where the slave bosons predict a first-order transition at zero
temperature.

Materials showing strong first-order MITs are known to
be good candidates for resistive memory applications [66].
Our results could help as a guide in the quest for this kind
of materials. While the MIT at finite but small tempera-

tures is first order, we expect its strength to be determined
by the nature of the low-lying excitations of the atomic
Hamiltonian.
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APPENDIX: NONINTERACTING SPECTRAL DENSITY

In the case of neither interorbital hybridizations nor orbital
asymmetries considered in this paper, it is easy to show that
different choices of D(ε) do not change the nature of the MIT in
the RISB approximation. Under this approximation, the lattice
free energy for the metallic (M) and insulating (I) solutions can
be written in the form

F
M(I )
RISB = ε̄FM(I )(ũ,ũ′), (A1)

where ũ = U/ε̄, ũ′ = U ′/ε̄,

ε̄ =
∫ ∞

0
εD(ε)dε, (A2)

is the noninteracting average kinetic energy, and {FM,F I }
are universal functions. While the critical interactions and the
free energy at the transition do depend on D(ε), the phase
diagram is a universal function of ũ and ũ′. As a consequence,
at zero temperature, the critical ratio ũ/ũ′ = U ′/U , where the
transition changes its nature, is independent of D(ε). Although
this independence is probably an oversimplification of the
RISB approximation, we expect the different regimes to be
set primarily by the low-energy multiplet structure of the
atomic Hamiltonian. In particular, to obtain a strong first-order
transition at finite temperatures, we may require, as a rough
estimate, the level splitting δ = U − U ′ to be smaller than
the bandwidth for a range of values of U > Uc (U ′ = 0). This
leads to the condition U ′/U >∼ 0.6 as the critical interac-
tion Uc (U ′ = 0) ∼ 3D is weakly dependent on the lattice
structure [67].
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R. T. Scalettar, and W. E. Pickett, Phys. Rev. Lett. 94, 115502
(2005).
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In this paper, we report temperature-dependent magnetic susceptibility, electrical resistivity, and heat-capacity
experiments in the family of intermetallic compounds RNi3Ga9 (R = Tb, Dy, Ho, and Er). Single-crystalline
samples were grown using Ga self-flux method. These materials crystallize in a trigonal ErNi3Al9-type
structure with space group R32. They all order antiferromagnetically with TN < 20 K. The anisotropic magnetic
susceptibility presents large values of the ratio χeasy/χhard indicating strong crystalline electric-field (CEF) effects.
The evolution of the crystal-field scheme for each R was analyzed in detail by using a spin model including
anisotropic nearest-neighbor Ruderman-Kittel-Kasuya-Yosida interaction and the trigonal CEF Hamiltonian.
Our analysis allows one to understand the distinct direction of the ordered moments along the series—the Tb-,
Dy-, and Ho-based compounds have the ordered magnetic moments in the easy ab plane and the Er sample
magnetization easy axis is along the ĉ direction.

DOI: 10.1103/PhysRevB.95.134434

I. INTRODUCTION

In 4f-electron systems with strong electronic correlations,
the number of exuberant physical phenomena is remarkably
wide. Quantum criticality, heavy fermion behavior, magnetic
transitions, valence fluctuation, unconventional superconduc-
tivity, and non-Fermi-liquid behavior are examples of the rich
variety of effects that can be observed in these materials
depending on the hybridization between the 4f and conduction
electrons (see Ref. [1] and references therein). The Ce- and Yb-
based compounds are central pieces of these studies because
their electronic configurations can be easily tuned by doping,
external pressure, temperature, or applied magnetic fields. In
fact, these parameters can frequently tune the competition be-
tween the Kondo effect and Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction, which are originated from the exchange
interaction between the 4f and conduction electrons. On the
other hand, the magnetic properties of non-(Ce,Yb) analogs are
usually of local-moment character and mainly depend on the
interplay between crystalline electric-field (CEF) effects and
exchange magnetic interaction. Thus, the study of structurally
related compounds is a fertile ground to explore how the
evolution of dimensionality and/or anisotropy effects along
the series can affect the ground state of their members without
dealing with a more complex set of interactions competing at
the same energy scale.

Recently, single crystals of Yb-based Kondo lattice com-
pounds YbNi3X9 (X = Al, Ga) were successfully synthesized
[2,3]. YbNi3Al9 is an antiferromagnetic (AFM) heavy fermion
system with TN = 3.4 K. The magnetic susceptibility of
YbNi3Ga9, on the other hand, shows a broad maximum at
about 200 K and the typical valence fluctuation behavior
with Pauli paramagnetic ground states. The strong valence
fluctuation agrees with the study of the electronic structure us-
ing photoemission spectroscopy [4]. The substitutional study

on YbNi3(Ga1−xAlx)9 revealed that the Kondo temperature
TK of YbNi3X9 is reduced from 600 to 550 K with Al
substitution of only x = 0.1 [3]. Furthermore, Matsubayashi
et al. observed an unconventional quantum critical behavior
in the YbNi3Ga9 phase diagram as a function of pressure,
magnetic field, and temperature [5]. Additionally, they have
identified a Yb valence crossover at the vicinity of the critical
pressure Pc of the pressure-induced AFM transition and
a first-order metamagnetic transition at H = 6.9 kOe and
T = 0.4 K possibly due to the valence instability.

The series RNi3Al9 which are isostructural analogues of
the YbNi3Al9 compound have been studied for R = Er, Gd,
Y, and Dy [6,7] and R = Gd-Lu [8]. For R = Tb to Ho
and Yb, the easy axis of magnetization is in the ab plane,
while for R = Er and Tm it is along the caxis. Metamagnetic
transitions were observed for R = Er, Tm, and Yb. It has
been suggested that crystal-field effects may be responsible
for some characteristic features observed in the specific-heat
and magnetic susceptibility data.

Here, we report on the magnetic properties of a Ga-based
analogs series of ternary rare-earth transition metals RNi3Ga9

(R = Tb, Dy, Ho, and Er), which have been grown as
single-crystalline samples by the Ga self-flux method [9,10].
All compounds order antiferromagnetically with TN < 20 K.
The magnetic susceptibility presents large values of the ratio
χeasy/χhard, indicating strong CEF effects. We have followed
the CEF evolution with R using a spin model including an
anisotropic first-neighbor RKKY interaction and the trigonal
CEF Hamiltonian [11,12]. Our results indicate that the tetrag-
onal B2

0 parameter is positive for TbNi3Ga9, DyNi3Ga9, and
HoNi3Ga9, which have an easy plane (ab) of magnetization,
while it is negative for ErNi3Ga9 with easy magnetization axis
along the ĉ direction. The presence of anisotropic metamag-
netic transitions for DyNi3Ga9, HoNi3Ga9, and ErNi3Ga9 at

2469-9950/2017/95(13)/134434(8) 134434-1 ©2017 American Physical Society

188



L. S. SILVA et al. PHYSICAL REVIEW B 95, 134434 (2017)

T = 2 K has been observed. The inverse susceptibility data
can be fitted to a Curie-Weiss (CW) law for T > 100 K for all
compounds.

The paper is organized as follows. In Sec. II, we present
the details of the experimental methods used for the measure-
ments. Section III presents and discusses the data collected.
Details of the spin model simulation to account for the CEF
effects as a function of R will be also discussed. Finally, we
present our conclusions.

II. EXPERIMENTS DETAILS

A. Sample preparation

Single crystals of RNi3Ga9 (R = Tb, Dy, Ho, and Er) were
grown by Ga self-flux method. Starting elements with purities
of 99.9% in a molar ratio of 1(R):3(Ni):30(Ga) were placed
into an alumina crucible and sealed under vacuum in a quartz
tube. The ampoules were then heated from room temperature
to 1050 ◦C, kept at this temperature for 5 h, and slowly cooled
down at 5 ◦C/h up to 650 ◦C, where the excess of Ga flux was
decanted off from the plateletlike crystals by centrifugation.

B. Characterization techniques

The crystal symmetry and phase purity were studied by
x-ray powder diffraction in the conventional θ − 2θ Bragg-
Brentano geometry using Cu Kα radiation. The Jana2006
software [13] was used for the Rietveld refinements of all the
observed data. Specific-heat measurements were performed
for samples ranged from 10 to 30 mg in a small-mass
calorimeter system that employs a quasiadiabatic thermal
relaxation technique (at H = 0). Magnetization measurements
were collected in a commercial dc superconducting quantum
interference device magnetometer. The susceptibility data
were taken at H = 1 kOe in the temperature range between
2 and 300 K. For the M versus H curves, the applied
field (H) was varied between 0 and 70 kOe at T = 2 K.
In-plane electrical resistivity as a function of temperature was
measured, at H = 0, using a low-frequency ac resistance bridge
and four-contact configuration.

III. RESULTS AND DISCUSSION

Figure 1 shows the x-ray powder-diffraction patterns for the
RNi3Ga9 samples taken at room temperature. The solid curves
represent the calculated pattern from the model structure
used in the Rietveld refinement to fit the experimental data.
The solid line is the difference between experimental and
calculated data. The vertical bars represent the Bragg peaks
positions according to the model ErNi3Al9-type structure
[Crystallographic Open Database (COD: 96-210-0947)]. From
these results the trigonal ErNi3Al9-type structure, space group
R32, can be confirmed for all the studied compounds.
The goodness-of-fit parameters Rw,Rwp, and χ2 for each
refinement can be found in Table I. The inset of Fig. 1 shows the
lattice-parameter evolution with increasing the atomic number
(Z) of R from R = Tb to Er. As expected, a and c decrease
with Z in agreement with the lanthanide contraction (see inset
of Fig. 1 and Table I).

(a
rb

. u
ni

ts
)

FIG. 1. Rietveld refinement of the x-ray powder-diffraction data
(filled dot) for RNi3Ga9 at room temperature. The solid lines are the
calculated and the difference between experimental and calculated
patterns, respectively. The bars in the bottom panels represent the
Bragg indexation according to the structural model, taken from the
COD code 96-210-0947. The inset represents the evolution of the
unit-cell parameters with R as extracted from the refinement. Error
bars are smaller than the symbol sizes used.

The temperature dependence of the magnetic susceptibility
measured for a magnetic field H = 1 kOe applied parallel χ//

(open symbols) and perpendicular χ⊥ (closed symbols) to the
trigonal c axis is presented in Figs. 2(a)–2(d) for R = Tb, Dy,
Ho, and Er, respectively. The inverse of the polycrystalline
data (powder sample) is shown in the insets of Figs. 2(a)
and 2(d). For Figs. 2(a) and 2(d), the maxima in the χ (T)
data agree with the temperature at which the anomalies in
the specific-heat and resistivity data take place (see below).
These maxima usually occur at the vicinity of the onset of the
long-range AFM order. The continuous curves in the χ versus
T data were obtained from the spin model used to follow the
evolution of the CEF perturbation with R (see below). It is
evident that for TbNi3Ga9 [Fig. 2(a)] there is a spontaneous
easy axis of magnetization along the ab plane. This is clear
because χ⊥ is much larger than χ// near TN and χ⊥ tends to
rapidly decrease below TN while χ// remains nearly constant
in this temperature range. For ErNi3Ga9 [Fig. 2(d)], in contrast,
there is an easy c-axis magnetization. From a linear fit to the
inverse of χpoly for T > 100 K using a CW law [solid lines
in the insets of Figs. 2(a) and 2(d)], we extracted the CW
temperature �CW and the R3+ effective magnetic moment μeff

134434-2
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TABLE I. Experimental parameters extracted from Rietveld refinement (Rp , Rwp , χ 2, V, and c/a) and the magnetic susceptibility data (TN ,
�CW, μeff, and χeasy/χhard).

TN (K) �CW (K) μeff (μB ) χeasy/χhard Rp (%) Rwp (%) χ 2 (%) V (Å
3
) c/a

TbNi3Ga9 17.1 −2.1 9.70 3.7 3.09 4.20 1.28 1444.27(2) 3.785
DyNi3Ga9 10.1 −2.7 10.59 2.97 3.08 4.10 1.20 1440.01(2) 3.786
HoNi3Ga9 4.7 −7.5 10.61 8.9 4.23 5.95 1.78 1436.64(3) 3.787
ErNi3Ga9 6.7 −6.2 9.53 14.7 4.42 6.18 1.76 1433.18(3) 3.787

(see Table I). The Dy- and Ho-based compounds [Figs. 2(b)
and 2(c)] appear to be more complex at low T. In these two
cases, the insets highlight the low-T region. For DyNi3Ga9,
two maxima are observed for the H//ab plane (χ⊥) below 10
K. When H//c (χ//) more than one transition can be defined as
well. HoNi3Ga9 presents a broad transition around 3.4 K for the
H//ab plane, while no anomalies can be observed for H//c.
The higher ratios χeasy/χhard (Table I) reflect the anisotropy
of the magnetic susceptibility. These ratios are greater than 1
for all compounds, which is an indication of the presence of
strong CEF effects.

The main panel of Fig. 3 shows the magnetic contribution
to the specific heat divided by temperature (Cmag/T ) in the
temperature range 0 < T < 50 K for TbNi3Ga9, DyNi3Ga9,
HoNi3Ga9, and ErNi3Ga9 at zero applied field. The phonon
contribution to specific-heat data for each magnetic compound
was taken as the experimental data of the nonmagnetic
LuNi3Ga9, which were subtracted from the total specific heat
of each magnetic compound. The cusp in the specific-heat
data, indicated by arrows, is associated with the onset of AFM
order. The maxima observed in the magnetic susceptibility data
(see Fig. 2) agree with the inflection point to the right side of the

FIG. 2. Temperature dependence of the magnetic susceptibility
for (a) TbNi3Ga9, (b) DyNi3Ga9, (c) HoNi3Ga9, and (d) ErNi3Ga9

measured for magnetic field of H = 1 kOe applied parallel χ// (open
symbols) and perpendicular χ⊥ (filled symbols) to the trigonal c axis.
The solid lines are best fits to the data for both directions using our
mean-field model (see below). The insets in (a) and (d) represent
the inverse 1/χpoly(T ) of polycrystalline susceptibility fitted with a
linear Curie-Weiss law for T > 100 K. From this fitting we extracted
the μeff and �CW magnitudes for all compounds (see Table I). The
insets in (b) and (c) show the low-T region and the presence of more
complex ground states.

maxima in Fig. 3. Therefore, this temperature has been defined
as TN (see Table I). The shift of TN to lower temperatures as
the R ion size decreases is evident. For R = Er, a broad hump
can be observed between 10 and 25 K. A similar behavior has
been reported in Ref. [8] for ErNi3Al9 and was ascribed to
CEF effects. For DyNi3Ga9 and HoNi3Ga9, the data do not
drop to smaller values of Cmag/T at low temperature; instead,
there is a tendency to increase in agreement with the behavior
observed in their χ (T ) data of Figs. 2(b) and 2(c). Additional
magnetization and specific-heat data with applied magnetic
field for all the series are being collected and will be published
elsewhere. In order to clarify these points, the microscopic
magnetic structure of this family should be studied by magnetic
x-ray or neutron diffraction.

To gain further insights about the CEF effects to the
specific heat and the magnetic susceptibility, Fig. 2 and the
inset of Fig. 3 present the experimental data when R =
(a) Tb, (b) Dy, (c) Ho, and (d) Er together with the best fit
to the data using our spin model (solid lines) described below.
The best set of parameters is obtained from simultaneous
minimization process of both χ (T ), M(H) and Cmag/T data.
A reasonable agreement between the experimental data and the
fitting is also obtained for the heat capacity data except around
T ≈ TN where the contribution of magnetic fluctuations is
important. In particular, for these compounds, it is observed
that these fluctuations persist in a broad temperature range
at the vicinity of TN . This is reflected in the comparison
between the experimental data and calculated curves, where

FIG. 3. Main panel: Magnetic contribution to the specific heat
divided by temperature for TbNi3Ga9, DyNi3Ga9, HoNi3Ga9, and
ErNi3Ga9. The inset shows the Cmag/T data for Tb-, Dy-, Ho-, and
Er-based samples together with the best fit to the data of the mean-field
model [11,12].
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(R)

FIG. 4. Evolution of the normalized Neel temperature (TN )
for RNi3Ga9 (R = Tb, Dy, Ho, and Er) and de Gennes factors
G = (gJ − 1)2J (J + 1) for R atoms (R = Tb, Dy, Ho, and Er).
The inset shows the evolution of the normalized �CW together
with G.

the temperatures at which the anomalies appear do not coincide
with the observed maxima but with the inflection points in the
experimental data.

Figure 4 presents the evolution of the TN and Curie-Weiss
temperature �CW (inset) for the rare-earth-based compounds
studied in this paper. They both have been compared to the
de Gennes factor G = (gJ − 1)2J (J + 1) (dashed curves)
for the ground-state multiplet J of each rare earth. The
data are normalized by the TN and �CW values of the
GdNi3Ga9 compound, as well as with the G value for the
Gd ion. The Gd-based compound was also synthesized but
the complete characterization of its physical properties data
will be presented elsewhere along with experiments of
electron-spin resonance. The data in Fig. 4 suggest that the
long-range antiferromagnetic temperature and Curie-Weiss
temperature, �CW, do not rigorously follow the G scale.
This behavior signals the presence of relevant CEF effects in
determining the magnetic properties along the series, which
are not included into the G factor [14–16]. Furthermore,
considering the complex magnetic behavior at low T for R =
Dy and Ho compounds (e.g., the metamagnetic transitions at
T = 2 K), we must expect a deviation of TN and �CW from a
simple de Gennes scale for these compounds.

The temperature dependence of the electrical resistivity, at
H = 0 and applied current along the ab plane, for the RNi3Ga9

single crystals is plotted in Fig. 5. At high temperature, the data
always showed a metallic behavior while, at low temperatures,
a clear kink can be seen at the onset of the AFM order (TN )
for all studied compounds. The observed temperature values at
the change in slope coincide well with the TN values observed
in the susceptibility and specific-heat data.

The magnetization data at T = 2 K for RNi3Ga9

(R = Tb to Er) for the magnetic field applied along the
trigonal c axis (H//c) and in the basal plane (H ⊥ c) are
shown in Fig. 6. Closed and open symbols have been used
to identify the H ⊥ c and H//c data, respectively. Despite
the anomalies observed below TN at H = 1 kOe (Fig. 2), our

FIG. 5. Temperature dependence of the electrical resistivity for
the RNi3Ga9 single crystal in the low-T region showing the change in
slope at TN . The current (I) has been applied parallel to the ab plane.
The inset shows the full temperature range.

M(H ) data also indicate that the axis of easy magnetization is
perpendicular to the c axis for R = Tb, Dy, and Ho, whereas for
R = Er it is parallel to the c axis. In the M versus H curves, for
R = Tb [Fig. 6(a)] no metamagnetic transitions are observed up
to 70 kOe and the magnetization increases almost linearly with
H along both directions. The saturation Tb moment (9.72 μB)
has not been attained up to the highest applied field. For R =
Dy [Fig. 6(b)], multiple transitions are observed with H along
the ab plane, suggesting that spin reorientations are taking
place with applied field. A change in M(H ) between 40 and
60 kOe can be also observed for H//c.

This behavior may be associated with additional magnetic
transitions within the AFM state (e.g., spin reorientation) and

k

R

k

FIG. 6. Magnetization for (a) TbNi3Ga9, (b) DyNi3Ga9,
(c) HoNi3Ga9, and (d) ErNi3Ga9 under applied magnetic perpen-
dicular (filled symbols) and field parallel (empty symbols) to the c
axis. All datasets were collected at T = 2 K. The solid lines represent
the results from the spin model fittings.
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TABLE II. Parameters extracted from the best fits to the spin model. All values are in Kelvin.

B2
0 B4

0 B4
3 B6

0 B6
3 B6

6 z1K1 z2K2 z1j1 z2j2

TbNi3Ga9 1.10 0.10 × 10−04 −0.24 0.10 × 10−03 0.15 × 10−02 −0.64 × 10−04 2.3 × 10−03 2.2×10−03 0.57 −0.14
DyNi3Ga9 0.77 0.36 × 10−03 0.23×10−01 0.19 × 10−04 0.13 × 10−03 −0.73 × 10−03 1.4 × 10−02 0.0 0.23 −0.014
HoNi3Ga9 0.36 −0.15 × 10−02 0.00 −0.13 × 10−04 0.00 −0.85 × 10−04 0.0 0.0 0.075 −0.002
ErNi3Ga9 −0.35 0.20 × 10−03 0.86×10−02 −0.42 × 10−05 −0.40 × 10−04 0.42 × 10−06 −5.2 × 10−03 3.6×10−03 0.07 −1.0×10−04

agrees with the one observed in the susceptibility data (see
Fig. 2) of this compound for H = 1 kOe (along both directions)
and with the increase in the specific-heat data below TN at
H = 0 (see Fig. 3). For R = Ho [Fig. 6(c)], the saturation is
attained already at about H = 30 kOe after a metamagnetic
transition is observed for H ⊥ c between 10 and 20 kOe.
Finally, for ErNi3Ga9 a transition takes place along the c
axis for applied field of about H = 10–15 kOe up to the
saturation, where the magnetic moment of ∼9.6 μB/Er3+

is recovered. No transition is observed for the field along
the ab plane. The results in Fig. 6 are an indication that
microscopic measurements, such as neutron and/or magnetic
x-ray diffraction and NMR, as well as macroscopic field
dependent susceptibility and specific-heat data, would be
valuable in determining the magnetic structure evolution and
clarify the ground state in these compounds. Considering
the anisotropy observed for all cases, the magnetocrystalline
anisotropy should be an important energy scale in this family.

As it has been shown, the magnetic structure of the series
of intermetallics compounds TbmRhnIn3m+2n (m = 1, 2;
n = 0, 1) [17], CeCd0.7Sb2 [18], RRh4B4 [19], RRhIn5 [20],
and RNi3Al9 (R = Gd to Lu) [8] is related to the evolution
of the sign of the CEF parameter B2

0 . In order to check for
the above results, we present below the spin model used to
simulate the magnetic properties of the system under study.

A. Evolution of CEF with R

To determine microscopic interactions and CEF parameters,
magnetization and specific heat have been computed using
a spin model. The model includes anisotropic first-neighbor
RKKY interaction, a quadropolar first-neighbor coupling, and
the CEF Hamiltonian corresponding to C3v point symmetry
[21]. Specifically we use the Hamiltonian

H = HCEF +
∑
i,k

ji,k
�Ji · �Jk +

∑
i,k

Ki,kO
0
2 (i)O0

2 (k)

− gμB
�H0 ·

∑
i

�Ji (1)

The second term to the right is the superexchange (RKKY)
interaction between the Ji and Jk moments. Following
Ref. [22] we include in the third term a magnetic quadrupolar
interaction between the Ji and Jk magnetic moments [O0

2 =
3J 2

z − J (J + 1)]. This interaction can have its origin on
magnetoelastic couplings or, more probably, like the RKKY
interaction, via the propagation of conduction electrons [22].
The fourth term represents the Zeeman effect with an applied
field �H0. The first term is the CEF Hamiltonian and it is

defined as [23]

HCEF =
∑

i

HCEF(i) =
∑
i,n,m

Bm
n (i)Om

n (i) (2)

where On
m are the Stevens equivalent operators (they describe

the CEF in terms of powers of the local moments J).
Bm

n characterize the crystal-field parameters for C3v point
symmetry and are experimentally determined. The list of
CEF parameters is shown in Table II. Additionally, it is
worth commenting that we have adopted the crystallographic
c direction as the z-quantization axis.

The Hamiltonian given by Eq. (1) is solved within the mean-
field approximation [24]. As the distance of R between planes
(∼9 Å) is much larger than the in-plane distance (∼4 Å for first
and ∼7 Å for second neighbors) we neglect the interplane cou-
pling [25]. The hexagonal R plane is divided on two sublattices
of sites A and B. In this approximation the antiferromagnetic
coupling is limited to j1, which couples spins on both A and
B subnetworks while j2 couples spins on the same sublattices.
We have considered quadrupolar couplings K1 (K2) between
magnetic moments on different (same) sublattices (see Fig. 7).
Finally the mean-field Hamiltonian is simply

HMF =
∑
i∈A

HA +
∑
i∈B

HB, (3)

HX = 2z1j1 �JX · 〈 �JX̄〉 − z1j1〈 �JA〉 · 〈 �JB〉 + 2z2j2 �JX · 〈 �JX〉
− z2j2〈 �JX〉 · 〈 �JX〉 + 2z1K1O

0
2 (X)

〈
O0

2 (X̄)
〉

− z1K1
〈
O0

2 (A)
〉 〈

O0
2 (B)

〉 + 2z2K2O
0
2 (X)

〈
O0

2 (X)
〉

− z2K2
〈
O0

2 (X)
〉 〈

O0
2 (X)

〉 + HCEF(X) − gμBH0 · �JX

(4)

where the usual mean-field decoupling of the interaction

JX · JX′ ∼ JX · 〈JX′ 〉 + 〈JX〉 · JX′ − 〈JX〉 · 〈JX′ 〉 (5)

FIG. 7. (a) Crystal structure of RNi3Ga9 (R = rare earth).
(b) Planes of R. Sublattices A and B are shown in red and blue.
J1 and J2 are magnetic exchange interactions. Quadrupolar couplings
K1 and K2 act on the same links as J1 and J2.
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FIG. 8. CEF splitting of the ground-state multiplet obtained from
the simulations of Figs. 2, 3, and 6 for TbNi3Ga9, DyNi3Ga9,
HoNi3Ga9, and ErNi3Ga9.

(and a similar approximation for the quadrupolar term) has also
been done. The mean value of the operators Ji (O0

2,i) has been
replaced by a sub-lattice-dependent mean value 〈Ji〉 = 〈JX〉
(〈O0

2,i〉 = 〈O0
2,X〉), where X = A(B) if i ∈ A(i ∈ B). X̄

denotes the opposite sublattice (Ā = B,B̄ = A). z1 = 3
(z2 = 6) is the number of first (second) neighbors. HMF is
solved self-consistently for each temperature and magnetic
field. Magnetic couplings and CEF parameters come from
the simultaneous fit to the magnetic experimental data
(susceptibility, specific heat, and magnetization).

The best fits to our macroscopic data yield the parameters
presented in Table II. The CEF level scheme obtained from
the splitting of the R3+ J’s multiplet, given by the above
parameters, is shown in Fig. 8. Energy levels and wave
functions are presented in Table III. The degeneracy of
these states agrees with the one expected for a hexagonal
symmetry [21] .

At this level of approximation the quadrupolar terms
act as an effective additional crystal-field term �B0

2 =
2ziKi〈O0

2 〉 ,i = 1,2 [see Eq. (4)] of second order that depends
on temperature and magnetic field (because 〈O0

2 〉 depends
on those parameters). For all R, except for Ho, which has
Ki = 0, the quadrupolar interaction is such that it trays to
align the magnetic moments with the z axis. In the case
of Er, the magnetic moments align parallel to the z axis,
so 〈O0

2 〉 > 0 and, given that z1K1 < 0, �B0
2 (Er) < 0 and

the quadrupolar interaction reinforces the crystal-field effect.
For Tb the spin lays in the plane and given that z1K1 =
2.3 mK > 0 it also gives �B0

2 (Tb) < 0. We can estimate its
maximum contribution taking 〈O0

2 〉 = −J (J + 1) = −42 and
estimate the maximum value of �B0

2 (Tb) ∼ −0.1 K, which is
smaller than B0

2 = 1.09 K (a similar small contribution comes
from K2). For Dy, K1 = 14 mK and the lowest value of O0

2
(at T = 0) is

〈O0
2 〉 = 3 × 1

2

2

− 15

2

(
15

2
+ 1

)
= −252

4
= −63

so �B0
2 (Dy) ∼ K1〈O0

2 〉 = 0.014 K × (−63) = −0.88 K. For
this ion the quadrupolar interaction could modify the sign of

B0
2 = 0.72 K. But the actual maximum value of 〈O0

2 〉 in our
calculation is ∼−34, which is not enough to modify the sign
of B0

2 . In all situations this anisotropic contribution is smaller
than the CEF contribution that comes from B0

2 and does not
modify the spin orientation. Nevertheless it is fundamental to
obtain a simultaneous good fit to all the magnetic data.

The zero value of K1 found for Ho can be explained
if we notice that the CEF parameters Bm

n in Eq. (2)
are related to the actual lattice CEF parameters Am

n [26],
which are approximately independent of the R. In particular
B0

2 = 〈r2〉θ2A
0
2, where 〈r2〉 is the average of r2 over the 4f

shell and θ2 is a geometrical factor (θ2 is the second-order
Stevens factor for the R). θ2 is tabulated in Ref. [26] and the
values for 〈r2〉 were computed in Ref. [27] for free R ions.
In general, the 〈rn〉 values depend on the host, whether it
is an insulating [28] or a metallic [29] environment. But for
the same environment the variations are small for different R.
If the different R do not distort the electron density in their
neighborhood, the net perturbation should be comparable for

both ions. Therefore, the ratio B0
2

θ2
should not depend much on

the R ion itself. In fact that is seen with the values reported

in Table I (B0
2

θ2
∼ 140 ± 20 for all R). We can use this to infer

from �B0
2 (Tb) the value of z1K1 for Ho: �B0

2 (Tb)
θ2(Tb) ∼ �B0

2 (Ho)
θ2(Ho) =

2z1K1(Ho) 〈O0
2 〉(Ho)

θ2(Ho) . As Ho magnetic moments order in plane

as Tb, 〈O0
2 〉(Ho) = −J × (J + 1) = −72 and z1K1(Ho) =

�B0
2 (Tb)

〈O0
2 〉(Ho)

θ2(Ho)
θ2(Tb) ∼ 0.3 mK. This result is an order of magnitude

smaller than the values obtained for the other Rs and could be
too small to be captured by our fits.

It is worth commenting that the obtained B2
0 and exchange

constants account for the main features of the data shown
in Figs. 2–4 and 6, meaning that the evolution of the
magnetic properties of these compounds along the series is
all well explained by this model. However, it is important
to notice that the CEF parameters obtained from the fits to
macroscopic measurements data may not be as precise and
unique and additional experiments for the direct determination
of the CEF scheme by inelastic neutron scattering and/or
x-ray absorption for these compounds are highly desirable.
Nevertheless, qualitative trends in the evolution of the CEF
effects and exchange constants that play a role in the
magnetic properties of the studied series are totally captured
by our model. As such, the evaluation of B2

0 along the
studied compounds is consistent with the change in easy
axis magnetization from ab plane to c axis (see Fig. 2),
that is, the B2

0 parameter is positive for R = Tb, Dy, and
Ho and negative for R = Er. Additionally, the existence of
competing and antiferromagnetic and ferromagnetic exchange
constants—the j1 and j2 parameter, respectively—explains the
complex low-T magnetic behavior of these compounds that can
present spin-flop or metamagnetic transitions and/or changes
in the magnetic structure in the ordered state, especially when
the field is applied along the easy axis. In fact, a change in sign
of the CEF parameters B2

0 has been observed along a series
of R-based low-symmetry layered compounds as the lattice-
parameter ratio c/a changes [18]. Consistent with the previous
finding, the c/a ratio in this series of compounds increases
from c/a ∼3.7854 for the Tb compound to 3.7872 for the Er
counterpart.
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TABLE III. Kramers doublet eigenvalues (Ei) and associated eigenfunctions (φi) for Ho3+ (J = 8), Er3+, Dy3+ (J = 15/2), and Tb3+

(J = 6) ions in RNi3Ga9.

Ion Ei(K) φi

Tb3+ 0.0 0.026|−6〉 − 0.375|−3〉 + 0.847|0〉 + 0.375|3〉 + 0.026|6〉
21.0 ∓0.160|∓5〉 + 0.292|∓2〉 + ∓0.804|±1〉 − 0.493|±4〉
74.5 ±0.250|∓4〉 − 0.220|∓1〉 + ±0.661|±2〉 + 0.672|±5〉

149.7 0.129|−6〉 − 0.695|−3〉 − 0.695|3〉 − 0.129|6〉
176.6 −0.372|∓4〉 + ∓0.144|∓1〉 − 0.607|±2〉 + ±0.688|±5〉
206.2 0.223|∓5〉 + ±0.331|∓2〉 + 0.534|±1〉 + ∓0.746|±4〉
208.4 −0.417|−6〉 + 0.476|−3〉 + 0.446|0〉 − 0.476|3〉 − 0.417|6〉
225.7 0.695|−6〉 + 0.129|−3〉 + 0.129|3〉 − 0.695|6〉
231.6 0.570|−6〉 + 0.365|−3〉 + 0.288|0〉 − 0.365|3〉 + 0.570|6〉

Dy3+ 0.0 −0.31|∓13/2〉 + ∓0.06|∓7/2〉 − 0.82|∓1/2〉 + ±0.03|±5/2〉 − 0.47|±11/2〉
6.9 ±0.06|∓15/2〉 − 0.15|∓9/2〉 + ±0.74|∓3/2〉 − 0.31|±3/2〉 + ±0.57|±9/2〉 − 0.10|±15/2〉

10.0 −0.12|∓11/2〉 + ∓0.73|∓5/2〉 − 0.01|±1/2〉 + ∓0.66|±7/2〉 + 0.14|±13/2〉
106.9 0.53|∓11/2〉 + ∓0.21|∓5/2〉 + 0.01|±1/2〉 + ∓0.05|±7/2〉 − 0.82|±13/2〉
145.0 −0.39|∓13/2〉 + ∓0.27|∓7/2〉 + 0.55|∓1/2〉 + ±0.21|±5/2〉 − 0.66|±11/2〉
154.1 −0.18|∓15/2〉 + ±0.19|∓9/2〉 − 0.53|∓3/2〉 + ∓0.01|±3/2〉 + 0.68| ± 9/2〉 + ∓0.43|±15/2〉
184.2 0.21|∓11/2〉 + ∓0.62|∓5/2〉 − 0.14|±1/2〉 + ±0.70|±7/2〉 + 0.25|±13/2〉
198.3 ±0.03|∓15/2〉 + 0.17|∓9/2〉 + ∓0.20|∓3/2〉 − 0.19|±3/2〉 + ±0.35|±9/2〉 + 0.88|±15/2〉

Ho3+ 0.0 0.707|−3〉 + 0.707|3〉
4.5 0.49|∓4〉 + 0.87|±2〉 + 0.07|±8〉

12.3 0.24|∓5〉 + 0.97|±1〉 + 0.06|±7〉
15.6 0.11|−6〉 + 0.99|0〉 + 0.11|6〉
28.2 0.707|−3〉 + 0.707|3〉
35.2 0.73|∓4〉 + ∓0.36|±2〉 + ∓0.58|±8〉
38.0 0.48|∓4〉 + ∓0.34|±2〉 + 0.81|±8〉
61.6 0.03|∓7〉 + 0.24|∓1〉 + 0.97|±5〉
95.6 0.707|−6〉 + 0.707|6〉
97.6 0.70|−6〉 + 0.15|0〉 + 0.70|6〉

109.7 0.01|∓5〉 + 0.06|±1〉 + 0.998|±7〉
Er3+ 0.0 |±15/2〉

20.8 ∓0.02|±1/2〉 + 0.13|±7/2〉 + ∓0.99|±13/2〉
26.8 ±0.02|∓1/2〉 − 0.22|±5/2〉 + ±0.98|±11/2〉
31.6 ∓0.23|±3/2〉 + 0.97|±9/2〉
40.2 −0.03|∓11/2〉 + ±0.07|∓5/2〉 + 0.24|±1/2〉 + ∓0.96|±7/2〉 − 0.13|±13/2〉
52.2 ±0.01|∓13/2〉 − 0.12|∓7/2〉 + ±0.19|∓1/2〉 − 0.95|±5/2〉 + ∓0.22|±11/2〉
62.9 ∓0.97|±3/2〉 − 0.23|±9/2〉
69.3 0.03|∓11/2〉 + ∓0.21|∓5/2〉 + 0.95|±1/2〉 + ±0.22|±7/2〉 + 0.01|±13/2〉

IV. CONCLUSIONS

In this paper, we have synthesized the family of inter-
metallic compounds RNi3Ga9 (R = Tb, Dy, Ho, and Er)
in single-crystal form. Magnetization as a function of tempera-
ture and magnetic field, electrical resistivity, and heat-capacity
measurements have been used to explore their physical
properties. A strong magnetic anisotropy observed in magnetic
susceptibility curves was attributed to CEF effects. Based
on this fact, we were able to fit the observed temperature
dependence of the specific heat and the anisotropic features in
the magnetic susceptibility using a spin model that includes the
CEF effects and competing antiferromagnetic and ferromag-
netic exchange constants. From these data, a CEF level scheme
was obtained for each rare earth. Interestingly, the behavior
observed in T dependence of the magnetic susceptibility, where

the antiferromagnetic easy axis is along the ab plane for the
compounds with R = Tb, Dy, and Ho, while it is along the c
axis for the compound with R = Er, was found to be correlated
to the sign of CEF parameter B2

0 . The sign of this parameter
can change as a result of the evolution of the structural lattice
parameters along the series.
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We perform an extensive study of Sr3Cr2O7, the n ¼ 2 member of the Ruddlesden-Popper
Srnþ1CrnO3nþ1 system. An antiferromagnetic ordering is clearly visible in the magnetization and the
specific heat, which yields a huge transition entropy, R lnð6Þ. By neutron diffraction as a function of
temperature we have determined the antiferromagnetic structure that coincides with the one obtained from
density functional theory calculations. It is accompanied by anomalous asymmetric distortions of the CrO6

octahedra. Strong coupling and Lanczos calculations on a derived Kugel-Khomskii Hamiltonian yield a
simultaneous orbital and moment ordering. Our results favor an exotic ordered phase of orbital singlets not
originated by frustration.

DOI: 10.1103/PhysRevLett.118.207207

The interplay between spin and orbital degrees of freedom
has been known for a long time [1,2]. Because of the large
local Coulomb interactions, a low energy Hilbert space splits
off, with superexchange couplings between both spin and
orbital local degrees of freedom. The lattice may be distorted
as a consequence of orbital ordering, although in many cases
the situation is more complex [3]. The prototypical case is
that of the perovskite KCuF3, where an antiferromagnetic
spin order coexists with an antiferro-orbital order [1,4,5].
Potentially, the Cr based Ruddlesden-Popper (RP) series
Srnþ1CrnO3nþ1 are ideal candidates for investigating such
phenomena. Unfortunately, they usually present so many
synthesizing difficulties that research has been centered on
the perovskite SrCrO3, the n ¼ ∞ member of the family.
As for many other transition metal oxides standard band
structure calculations on SrCrO3 yield a metal [6], while
published measurements on bulk polycrystalline SrCrO3

samples demonstrate a nonmetallic behavior [7,8]. Neutron-
diffraction and synchrotron powder x-ray diffraction studies
[9] showed that at TN ¼ 40 K a transition from a non-
magnetic cubic to an antiferromagnetic (AFM) tetragonal
structure occurred. In the low temperature phase an orbital
reoccupation ðdxydxzdyzÞ2 d1xyðdxzdyzÞ1 was found and
explained by LDAþ U calculations [6] showing that the
distorted phase is coupled to a partial orbital ordering.
Because of their isolated biplane structure, the n ¼ 2 RP

elements often show more complex physics, e.g. nematic

orbital ordering in Sr3Ru2O7 [10] or antiferro-orbital
(AFO) ordering accompanied by the formation of singlet
spin dimers [11] in K3Cu2F7. We thus studied Sr3Cr2O7

both on experimental and theoretical grounds in order to
characterize its transitions. We have performed transport,
magnetic, and specific heat measurements together with x
rays and neutrons diffraction as a function of temperature.
Our measurements determine simultaneous orbital and spin
orderings at 210 K, accompanied by anomalous asymmet-
ric octahedra elongations. In order to understand the
orbital ordering, we analyze the electronic properties
through ab initio calculations, which are complemented
by the determination of superexchange interactions in
strong coupling and Lanczos diagonalization of the result-
ing Kugel-Khomskii–type Hamiltonian. Our work shows
that chromates are an interesting playground for orbital and
spin degrees of freedom that will motivate more research of
their promising properties.
Our polycrystalline samples were synthesized using

a high-pressure–high-temperature method [7,12]. The
Rietveld refinement performed on our x-ray patterns shows
that our sample contains 94% of Sr3Cr2O7, 4% of SrCrO3,
and 2% of Cr2O3 (see the Supplemental Material [13]).
Atomic positions and lattice parameters at ambient temper-
ature (a≃ 3.82 Å and c≃ 20.14 Å) are in agreement
with those obtained by Castillo et al. [7] (Table I of
Supplemental Material [13]). Electrical resistivity and
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magnetization measurements (see the Supplemental
Material [13]) detect the AFM transition [7] with
TN ¼ 210 K.
Thermal properties are key factors in determining the

degrees of freedom frozen at each transition. We thus
performed the specific heat measurements on Sr3Cr2O7 that
are shown in Fig. 1. We observe a huge anomaly at TN ,
implying a large transition entropy. To evaluate it, we take
as the phonon contribution the specific heat of the similar
but nonmagnetic compound Sr3Ti2O7, which we syn-
thesized and measured. From the excess specific heat we
calculate the transition entropy per Cr mole. In Sr3Cr2O7,
the formal oxidation state of the Cr ions is 4þ with two
electrons accommodated in the t2g manifold. Hund’s rules
favor parallel spins within each manifold, and lead to spin
S ¼ 1. If the transition is accompanied by magnetic order-
ing only, Cr ions are expected to contribute R lnð3Þ to the
entropy change. We observe a value near R lnð5Þ, that,
considering the difficult synthesizing conditions of this
sample and the impurity phases, would imply actually a
R lnð6Þ value. Our entropy value is anomalously high, since
in many magnetic or orbital transitions only around 20% of
the expected entropy change is detected (e.g. KCuF3 [27]).
Thus, this result calls undoubtedly for a full magnetic and
orbital ordering at TN .
The next step to characterize the magnetic and orbital

transitions is to determine the AFM order and the precise
oxygen positions above and below the complex phase
transition at 210 K. We thus performed neutron powder
diffraction at five different temperatures: 2 K, 50 K, 150 K,
300 K at D1B/ILL to detect the magnetic peaks and at
D2B/ILL to refine the crystallographic structure.

We present the D1B/ILL measurements on the lower
panel of Fig. 2. We can note on the neutron diffraction
profile five magnetic contributions all appearing between
300 and 150 K. These temperature values are in agreement
with TN ¼ 210 K. Rietveld fitting of our data at 2 K (see
the Supplemental Material [13] for more details) yields a
magnetic solution with slanted moments of 1.34 μB AFM

FIG. 1. Specific heat of Sr3Cr2O7 (red line) and measured
specific heat of Sr3Ti2O7 baseline (blue squares) (see Supple-
mental Material [13]). Left inset: low temperature specific heat
showing that γ ¼ 0, i.e. no free carriers at T ¼ 0, confirming the
nonmetallic electrical resistivity behavior (see Supplemental
Material [13]). Right inset: excess specific heat (red line) and
entropy of transition (blue line) as a function of temperature.

FIG. 2. Upper panel: variation of the lattice parameters as a
function of temperature of Sr3Cr2O7 (orange circles: XRD;
green squares: neutrons). Upper inset: variation of the Cr-apical
O distances as a function of temperature. Middle inset: schematic
deformation of the structure, with a clear separation of the twin
CrO2 layers. Lower panel: neutron diffraction spectra for
Sr3Cr2O7 at different temperatures, showing the appearing of
the numbered magnetic peaks at 300 K. The calculated magnetic
structure at 2 K is shown in the Supplemental Material [13] and
coincides with the second one in Fig. 3.
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ordered within the planes and FM between the planes
(Fig. 3, second structure).
The variation of cell parameters as a function of temper-

ature, extracted both from x-ray diffraction (XRD) and
neutrons is shown on the upper panel of Fig. 2. We observe
that, as a function of temperature, there is a contraction of
the c parameter and a dilatation of the a parameter at TN .
The low temperature structure shows an unexpected defor-
mation. While the octahedra are almost regular above TN ,
at low temperatures there is a separation of the CrO2 planes
of the bilayer with a contraction of the distance between the
outer apical oxygen (O2) and the chromium, schematically
shown in the middle panel of Fig. 2.
We now describe our theoretical results on Sr3Cr2O7,

in order to understand the origin of its magnetic ordering
and the nature of the orbital ordering and its deformations.
From our nonmagnetic density functional theory (DFT)
calculation we obtained that Sr3Cr2O7 is, at this level,
metallic, with narrow t2g states around the Fermi level (EF).
These states have dxy and dxz=dyz characters, with dz2 and
dx2−y2 orbitals slightly higher in energy (Fig. 3, upper
panel). Doing the projection on Wannier functions (see
Methods in the Supplemental Material [13]) we obtained
that the dxy level is around 50 meV lower in energy than the
dxz=dyz states. Strong peaks in the density of states around
EF makes the material close to a magnetic instability. To
check for the relative stability of the different magnetic

solutions, we have carried out a series of calculations
considering a ferromagnetic and three different antiferro-
magnetic configurations within each bilayer, represented in
Fig. 3, lower panel. The most stable configuration is
antiferromagnetic within each layer but ferromagnetically
coupled between layers, in agreement with the results
obtained by neutron experiments mentioned before. That
system is still metallic but with much smaller bandwidth.
All the magnetic configurations result in local magnetic
moments of ≃1.5 Bohr magneton in accordance with the
expected S ¼ 1 configuration. Conduction bands are quite
flat, suggesting that any impurity or imperfection can easily
influence conduction measurements. As the bandwidth is
quite small and the correlations can be very important for
this kind of oxides, we made a DFTþ U series of
calculations with different effective Hubbard U parameters.
The calculations did not change the relative stability of the
magnetic phases, but made the bands still flatter, particu-
larly for the conduction states. As in Ref. [6], we obtained
an insulating solution with a critical U of around 3 eV.
As in SrCrO3 [6] we obtain the ground-state configu-

ration d1xyðdxzdyzÞ1. Therefore, because of Hund’s rules,
one expects that the ground state of isolated Crþ4 atoms is
sixfold degenerate and consists of two S ¼ 1 spin triplets,
with one hole occupying the dxy orbital and the other one
occupying either the dyz, or the dxz orbital. In fact the
entropy R lnð6Þ associated with the transition observed at
210 K points to a simultaneous ordering of the spin and
orbital degrees of freedom.
The eigenstates of the 3D shell for a few electrons

including all interactions have been calculated, for exam-
ple, in Ref. [28]. To go beyond isolated Cr atoms, we have
calculated the effect of Cr-O hopping in fourth order
perturbation theory. We have derived an effective model
of the Kugel-Khomskii type for two neighboring CrO
planes with effective spin and orbital interactions, neglect-
ing interactions between Cr atoms in different bilayers (see
details in the Supplementary Material [13]). In this com-
pound, the local spin is Si ¼ 1, while the pseudospin is
Ti ¼ 1=2 since the orbital degeneracy is twofold.
The effective Hamiltonian can be written as

Heff ¼
X

k

Hk þ
X

j

H12
j ;

where Hk, k ¼ 1, 2, contains the interactions within the
plane k, andH12

j describes the interactions between Cr sites
in different planes at the same two-dimensional position j.
Two neighboring Cr atoms, in any α direction (α ¼ x, y
or z) have an O in between. The superexchange interaction
between electrons in t2g orbitals of neighboring Cr sites is
mediated by p orbitals of this O atom, as indicated in
Figs. 4(a) and 4(b). In the z direction, only the xz and yz
orbitals contribute to this interaction and similarly in the
x and y directions. Collecting the different terms, and

FIG. 3. Upper panel: band structure and DOS for the non-
magnetic structure. Lower panel: energies for the different
magnetic configurations we have considered. Different colors,
different moment orientations. Values are referred to the com-
pletely ferromagnetic solution.
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dropping an irrelevant constant, we obtain for the interplane
interaction:

H12
j ¼ ISS1j · S2j þ ITT1j · T2j þ ISTðT1j · T2jÞðS1j · S2jÞ;

ð1Þ

where Skj (Tkj) is the spin (pseudospin) at a site of the
plane k with position j (see the Supplemental Material [13]
for details and expressions of the interactions IT , IST , and
IS in terms of the microscopic parameters of the com-
pound). Similarly it is possible to get the effective in-plane
superexchange Hamiltonian Hk, whose expression is more
complicated and given in the Supplemental Material [13].
We have approached the problem numerically by diag-

onalizing the microscopic Hamiltonian Eq. (1) using a
Lanczos algorithm on a 2 × 2 bilayer in the complete
parameter space (see the Supplemental Material [13]). By
doing a systematic analysis of the spin-spin hSi · Sji and
orbital-orbital hTi · Tji real space correlation functions,
we have found a very rich phase diagram with more than
seven phases (see the Supplemental Material [13] for
details). Among these phases, only three have a spin
structure compatible with the magnetic order observed

experimentally, namely antiferromagnetic in the planes
and ferromagnetic out of the planes. These three phases
are displayed in Figs. 4(c)–(e). Among these phases, we
have found an original orbital dimer phase in which all
orbitals of the vertical bounds are paired as singlets.
As shown in Fig. 2, the CrO2 planes separate as the

temperature is lowered. In order to understand the reason of
this unexpected distortion, we have looked at the effect of
the crystalline field that enters in our model via the
parameter δ (the splitting between the degenerate xz and
yz orbitals and the xy one; see the Supplemental Material
[13]) on the energy stability by scanning around a realistic
value set at δ ¼ 0.5, as shown in Fig. 4. If the energy lowers
as δ decreases, then the system will tend to separate the two
layers, as the crystalline field is expected to decrease with
the distance between the planes. This is precisely what is
happening for two of our compatible solutions, (c) and (d).
For the most exotic dimer phase (c), it is quite counterin-
tuitive that a singlet bound state would not drive to
contraction instead. In fact, looking closely to the energy
around δ ¼ 0.5, we see that the system is very close to a
saddle point at δc ¼ 0.55 at which the system will enter a
normal contracting deformation as observed, e.g., in spin
systems if δ < δc, or the present dilatation if δ > δc. Thus,
both the orbital singlet, Fig. 4(c), and the totally antiferro-
orbital order, Fig. 4(d), may explain the observed plane
separation at low T.
Experimentally, the latter should give an in-plane dis-

tortion, as in K2CuF4 for example [29]. We have tried to
observe it with high resolution XRD and EXAFS experi-
ments at ESRF. However, within our precision, there is
no such distortion, favoring the orbital singlet phase (see
the Supplemental Material [13]). Sr3Cr2O7 would thus be
similar to K3Cu2F7, with an exchange of roles between
the orbital and spin degrees of freedom. In K3Cu2F7 the
existence of magnetic spin singlets has been attributed to
spin-orbital entanglement [30]. Here we can propose that
similar entanglement for Sr3Cr2O7 leads to the formation of
interlayer orbital singlets.
In conclusion, our extensive experimental and theoretical

studies yield features that make the magnetic and orbital
ordering of Sr3Cr2O7 anomalous. So far, orbital singlets
have been only observed in frustrated systems where a
orbital liquid can be realized [31]. Besides, in the present
case, the orbital singlet formation is accompanied by a
separation of the ions whose orbitals pair, indicating that
pairing in this compound is analogous to a spin-Peierls
dimerization, but in the orbital sector. The compound YVO3

[32] was also proposed to exhibit an orbital Peierls ground
state or similarly an “orbital valence bond” state [33], but this
was contradicted by further studies [34–36] that proposed a
usual orbital order for this system. For Sr3Cr2O7, further
experimental studies have to be performed to confirm our
proposal. In particular, the coupling to the lattice should be
different for conventional orbitalorder.

FIG. 4. (a) Scheme of the dominant fourth-order perturbation
term in the z direction. The arrows indicate the spin of the
occupied Cr orbitals after the first hop from an O atom (middle) to
a Cr atom (right). (b) Scheme of the contribution of xy orbitals
to the Heisenberg interaction in the xy plane. (c)–(e): Three
different phases with a spin structure compatible (arrows)
observed experimentally: antiferromagnetic in the planes and
ferromagnetic between the layers. The color of the arrow
distinguishes the orbital. The orbital pseudospins (c) are paired
as singlets (gray ovals) along the outplane bonds, (d) have the
same antiferro-orbital correlations in and out of the planes, and
(e) are ferro-orbital in the planes and antiferro-orbital out of the
planes. (f)–(h): evolution of the energy for each of these phases as
a function of the parameter δ that describes the crystal field.
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Since the up-conversion phenomenon in rare-earths (REs) doped NaYF4 is strongly affected by the crystal
electric field (CF), determining the CF parameters, wave functions, and scheme of the energy levels of the RE J

multiplets could be crucial to improve and tune the up-conversion efficiency. In this work, the temperature and
magnetic field dependent magnetization of NaY1−x[Er(Yb)]xF4 hexagonal nanoparticles (NPs) is reported. The
data were best fit using the appropriated CF Hamiltonian for the J = 15/2 (J = 7/2) ground state multiplet of
Er3+ (Yb3+) ions. The B0

2 , B0
4 , B0

6 , and B6
6 CF parameters were considered in the Hamiltonian for RE ions located

at the hexagonal C3h point symmetry site of the NaYF4 host lattice. These results allowed us to predict an overall
CF splitting of ∼214 (∼356 K) for Er3+ (Yb3+) and the wave functions and their energy levels for the J = 15/2
(J = 7/2) ground state multiplet which are in good agreement with the low temperature electron spin resonance
experiments. Besides, our measurements allowed us to calculate all the excited CF J multiplets that yield to
a good estimation of the up-conversion light emission linewidth. The nonlinear optical light emission of the
studied NaY1−x[Er(Yb)]xF4 hexagonal NPs was also compared with the most efficient up-conversion codoped
NaY1−x−yErxYbyF4 hexagonal NPs.

DOI: 10.1103/PhysRevB.96.165430

I. INTRODUCTION

NaYF4 nanoparticles (NPs) doped with rare-earth (RE) ions
(Pr, Er, Tm, Yb, etc.) are well known due to their remarkable
property of up-conversion, which has led to a diversity of
emerging applications nowadays [1–7]. This up-conversion
is a nonlinear optical phenomenon where two or more
consecutive photons of long wavelength are absorbed leading
to the emission of photons with shorter wavelength. The host
material NaYF4 can be synthesized in two phases: cubic
(namely, α phase) and hexagonal (namely, β phase) [8,9]. The
β-phase particles are almost free of defects and present a more
intense and therefore more efficient up-conversion emission
[10,11] than the α-phase particles [9,12,13]. The RE ions in
the host lattice experience an electrostatic potential known as
crystal electric field (CF) due to the neighboring charges. The
host lattice crystalline structure determines the CF around the
dopant ions resulting in distinct optical properties for the NPs
[14–16]. Therefore, determining the RE CF levels scheme for
the hexagonal doped particles may contribute to understanding
the up-conversion emission efficiency. Besides, it is well
known that the magnetic response of RE doped materials is
significantly affected by the CF, showing a deviation from
the expected high temperature (T) Curie-Weiss law at low
T . In fact, the CF is responsible for the splitting of the RE
ion J multiplet affecting, among other things, the low-T
magnetic susceptibility from where the strength of the CF
can be determined [17]. In the particular case of RE ions with
half-integer spin, the CF splitting always leaves a set of states
with Kramers’s degeneracy where a magnetic field can lift
the time-reversal-symmetry and a microwave transition can be
induced via electron spin resonance (ESR).

The aim of this study is to characterize the CF effects of Er
and Yb doped NaYF4 hexagonal NPs. A determination of the
CF parameters from dc magnetization and ESR measurements
is presented here for this NP system.

The point symmetry of the RE ion sites is what determines
the parameters that need to be taken into account in the CF
Hamiltonian. The crystalline hexagonal NPs have the P63/m
space group with the RE ions evenly distributed between
two distinct sites with C3h and C1 point symmetries [18].
The C1 symmetry originates from a slight distortion of the
original C3h symmetry. The additional transitions induced
by the reduced symmetry in the “C1” sites are, therefore,
expected to have an overall weaker intensity than the ones at
the C3h sites. Considering this, from here on we will consider
that the whole magnetic response is given by C3h symmetric
crystal environment. For a C3h point group symmetry, the CF
Hamiltonian for a J multiplet can be written as follows [19]:

HCF = B0
2O0

2 + B0
4O0

4 + B0
6O0

6 + B6
6O6

6 , (1)

where the Bm
n coefficients are the CF parameters for a given

RE and Om
n are the Stevens’s operators which can be expressed

in terms of the angular momentum operators J [20,21]. This is
the minimum set of parameters that allowed us to explain both
ESR and magnetization measurements. In Ref. [18] ten more
parameters are added to account for the C1 symmetry. Our
measurements on polycrystalline samples make the additional
parameters difficult to determine/differentiate from the ones
already introduced for the C3h symmetry.

The CF parameters were determined by fitting the mea-
sured powderlike dc-magnetic susceptibility as a function
of temperature as well as the field dependent magnetization
data at 2 K for both NaY1−xErxF4 and NaY1−xYbxF4

hexagonal nanoplates. From the best fits to the experimental
magnetization data, the obtained CF parameters predict an
overall splitting of 214 nm for NaY1−xErxF4 and 356 K
for NaY1−xYbxF4 with anisotropic Kramers’s doublets for
the ground and excited states. These observations were
confirmed by ESR experiments at low T . We find a remarkable
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TABLE I. CF parameters Bm
n , actual CF parameters Am

n , and
concentration x for NaY1−xErxF4 and NaY1−xYbxF4 hexagonal NPs
obtained from best fits of the measured dc-magnetization data. ξ

relates the average susceptibility χavg = ξχ‖c + (1 − ξ )χ⊥c.

B0
2 B0

4 B0
6 B6

6

RE ion ξ x (mK) (mK) (mK) (mK)

Er3+ 0.55 0.0081 857.04 1.582 0.01728 0.4910
Yb3+ 0.60 0.034 9511.92 −70.21 0.6588 0.0555

A0
2 A0

4 A0
6 A6

6

(Ka2
0 ) (Ka4

0 ) (Ka6
0 ) (Ka6

0 )

Er3+ 506.70 31.64 2.07 59.63
Yb3+ 488.79 42.24 1.43 0.12

agreement between the measured up-conversion linewidth and
that predicted from the CF results.

II. EXPERIMENT

NaY1−xErxF4 and NaY1−xYbxF4 NPs with nominal con-
centrations xEr = 0.02 and xYb = 0.05 were synthesized by
the chemical decomposition method based on Ref. [8]. From
now on, these values will be used to specify the samples
studied here, although the estimated concentrations from
dc-magnetization measurements are presented in Table I.

Thus, trifluoroacetates Na(CF3COO) (98%, Aldrich),
Y(CF3COO)3 (99.99%, Aldrich), and RE(CF3COO)3 (RE =
Er, Yb) are used as precursors added to a solution of oleic acid
(fluka) and 1-octadecene (90%, Aldrich) in a three-necked
flask at room T . All trifluoroacetate precursors were used
without any extra purification process. The mixture was heated
up to 100 ◦C to remove any water and oxygen content, with
vigorous magnetic stirring in Ar gas flow. Next, the solution
was heated up to 330 ◦C and maintained at that temperature
for 30 minutes, always under Ar gas flow. Finally, when
the reaction was completed, an excessive amount of absolute
ethanol was added into the solution at room T and the NPs
were precipitated by a centrifugation process.

The powder x-ray diffraction (XRD) measurements of our
NaYF4 NPs were carried out in a Bruker AXS diffractometer
with Cu Kα radiation (λ = 1.5418 Å). The NPs morphology
and size were characterized by scanning electron microscopy
(SEM; FEI Inspect F50, accelerating voltage 30 kV) mea-
surements. The average size of the NPs was obtained by
dynamic light scattering (DLS) measurements using a Ze-
tasizer NanoZS equipment. dc-magnetization measurements
as a function of temperature (2–300 K) and magnetic field
(0–60 kOe) were performed in a SQUID-VSM magnetometer
(Quantum Design MPMS3). The continuous wave (cw) ESR
measurements were carried out in a Bruker-ELEXSYS 500
spectrometer at X-band frequencies (ν = 9.48 GHz). Powder
NP samples dispersed in toluene were placed in a quartz tube
inside a TE102 resonator coupled to a 4He-flux temperature
controller system. Up-conversion emission spectra of powder
NPs samples were detected using a QEPro Ocean Optics
spectrometer under the excitation of a 980-nm laser diode.

FIG. 1. Powder XRD patterns of (a) NaY0.98Er0.02F4 and
(b) NaY0.95Yb0.05F4 NPs. The diffraction peaks were indexed accord-
ing to the XRD pattern of β-NaYF4. The DLS data are shown in the
insets. (c),(d) SEM images of hexagonal nanoplates, corresponding
to (a) and (b), respectively.

III. EXPERIMENTAL RESULTS

The powder XRD patterns of our synthesized
NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 NPs are shown in
Figs. 1(a) and 1(b), respectively. The observed XRD peak

FIG. 2. T dependence of the dc-magnetic susceptibility χ and
χT for hexagonal NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 NPs with
(a),(b) 2 and (c),(d) 20 kOe; (e),(f) H -dependent magnetization at
2 K. The diamagnetism of the sample holder and the NaYF4 host
lattice (−0.62 × 10−4 emu/Oe mol) contribution have been taken
into account. The solid red lines are best fits to Eq. (3) in hexagonal
symmetry.
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FIG. 3. (a),(b) X-band ESR spectra for different temperatures
of hexagonal NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 NPs. (c),(d) The
solid red lines represent the expected RE ESR spectral intensity
wi [Eq. (4)] for a random distribution of NaY0.98Er0.02F4 and
NaY0.95Yb0.05F4 NPs with an anisotropic Kramers’s doublet ground
state g value obtained from the CF Hamiltonian [Eq. (1)]. The black
dots correspond to the deconvoluted g values from the observed
ESR spectral intensity at 4.2 K of our nonrandom distribution of
NaY1−xRExF4 NPs. Insets: Experimental (black) and deconvoluted
(red) ESR spectra at 4.2 K for Er and Yb of the studied samples.

positions match those previously reported for the β phase
[8,11,22]. The average particle size of about 100(20) nm for
both NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 were obtained by
DLS measurements [inset to Figs. 1(a) and 1(b)]. As one can
see, the SEM images presented in Figs. 1(c) and 1(d) show
well-defined hexagonal nanoplates (β phase).

Figures 2(a)–2(d) show the dc-magnetic susceptibility χ

and χT as a function of temperature for about 10 mg of
NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 randomly oriented NPs.
The high-T susceptibility presents a Curie-Weiss-like behavior
with effective magnetic moments, μ = 9.44 μB and μ =
4.47 μB , corresponding to the oxidation states of Er3+ (4f 11,
J = 15/2) and Yb3+ (4f 13, J = 7/2) ions, respectively.
Figures 2(e) and 2(f) present the dc magnetization as a function
of magnetic field up to 60 kOe. The measured magnetization
was corrected by subtracting the diamagnetic contribution
from the sample holder and the host lattice of NaYF4.

Figures 3(a) and 3(b) show the X-band ESR spectra of
NaY0.98Er0.02F4 and NaY0.95Yb0.05F4, respectively, at several
temperatures. As expected, the ESR intensities behave as
Curie-like (i.e., ∝ 1/T ) and show a spectral broadening
towards high magnetic fields due to the anisotropy of the
Kramers’s doublet ground state g value.

Figures 4(a) and 4(b) show the room-T light emis-
sion spectra of the NaY0.98Er0.02F4, NaY0.95Yb0.05F4, and
NaY0.93Er0.02Yb0.05F4 NPs excited with a 980-nm laser diode.

FIG. 4. (a) Light emission spectra of hexagonal
NaY0.93Er0.02Yb0.05F4 (olive), NaY0.98Er0.02F4 (green), and
NaY0.95Yb0.05F4 (black) NPs excited with a 980-nm laser diode.
The inset shows a zoom of the light emission spectrum of
NaY0.95Yb0.05F4. (b) For more details, intensity in logarithmic scale
of the light emission spectrum of NaY0.93Er0.02Yb0.05F4. Inset:
X-band ESR spectrum at 4 K of NaY0.93Er0.02Yb0.05F4.

IV. ANALYSIS AND DISCUSSION

In the presence of an external dc-magnetic field �H , a
Zeeman interaction term μBgJ

�H · �J , where gJ is the Landé
g factor, μB the Bohr magneton, and �J the total RE angular
momentum operator, needs to be added to the CF Hamiltonian
of Eq. (1). Therefore, the total Hamiltonian for Er3+ or Yb3+

ions sited in a hexagonal CF symmetry and under the influence
of a uniform dc-magnetic field is given by

H = HCF + μBgJ
�H · �J . (2)

The energies and the corresponding wave functions of the
CF splitted ground multiplet are determined by diagonalizing
the Hamiltonian of Eq. (2) for the considered RE ion in terms
of the CF parameters Bm

n .

165430-3

203



A. F. GARCÍA-FLORES et al. PHYSICAL REVIEW B 96, 165430 (2017)

TABLE II. Kramers doublet eigenvalues Ei and associated
eigenfunctions ϕi of Er3+ (J = 15/2) and Yb3+ (J = 7/2) ions
in the hexagonal NaYF4 host lattice.

Ion Ei(K) ϕi

Er3+ 0 0.22| ∓13/2〉 − 0.86| ∓1/2〉 + 0.45| ± 11/2〉
3.2 0.05| ∓15/2〉 − 0.82| ∓3/2〉 + 0.57| ± 9/2〉
6.8 0.75| ∓5/2〉 − 0.66| ± 7/2〉
87 −0.57| ∓13/2〉 + 0.26| ∓1/2〉 + 0.78| ± 11/2〉
108 −0.07| ∓15/2〉 + 0.57| ∓3/2〉 + 0.82| ± 9/2〉
112 −0.43| ∓11/2〉 + 0.43| ± 1/2〉 + 0.79| ± 13/2〉
118 0.55| ∓5/2〉 + 0.75| ± 7/2〉
214 0.99| ∓15/2〉 + 0.07| ∓3/2〉 + 0.03| ± 9/2〉

Yb3+ 0 | ± 1/2〉
119 | ±3/2〉
264 | ±5/2〉
356 | ±7/2〉

The magnetization M(H,T ) of the J multiplet is given by

M(H,T ) =
∑2J+1

i=1 mi(H )e−Ei (H )/kBT

∑2J+1
i=1 e−Ei/kBT

, (3)

where mi(H ) and Ei(H ) are the magnetization and energy
eigenvalue of each eigenstate. Computing M at a finite H,T

using Eq. (3), the CF parameters Bm
n can be obtained by fitting

the measured data. Figure 2 presents the magnetic suscepti-
bility and magnetization data together with the corresponding
fits (red lines) using Eq. (3). The fits were performed using a
single set of Bm

n parameters for each impurity type.
The deviation of the susceptibility data from the expected

free ion Curie-Weiss behavior is due to the splitting of the
J -multiplet ground state of Er3+ or Yb3+ under the influence
of the CF effect. This deviation is more evident in the product
χT shown in Figs. 2(a) to 2(d).

For hexagonal single crystals, the magnetic susceptibility is
expected to be anisotropic with components χ⊥c and χ‖c, the
c axis being the hexagonal one. For a powder, the measured
susceptibility is an average over particle directions χavg = ξ χ‖c
+ (1 − ξ )χ⊥c with ξ = 1/3 for a perfectly random particle
distribution.

In Table I we present the obtained values for ξ , the CF
parameters Bm

n , and the RE concentration x resulting from the
best fits of the magnetization data for both NaY0.98Er0.02F4

and NaY0.95Yb0.05F4 NPs. It is worth mentioning that ξ differs
significantly from 1/3, indicating a preferable orientation of
the hexagonal platelets (nonrandom powderlike). Therefore,
the best fits were achieved with ξ ∼ 0.55 and ξ ∼ 0.6 for the
Er and Yb doped NPs, respectively.

The obtained CF parameters Bm
n presented in Table I predict

an overall CF splitting of about 214 and 356 K for Er3+ and
Yb3+ ions in hexagonal NaYF4 NPs, respectively (see Table II
for the wave functions and their energy level diagram scheme
in Fig. 5).

Based on Table I it is possible to determine the Kramers’s
doublet ground state (Table II) and its anisotropic g‖c and
g⊥c values from the Zeeman splitting, 	E(H ) = gμBH . The
expected g values and their anisotropic behavior are shown in
Fig. 6 for Er3+ and Yb3+ ions in single NaYF4 hexagonal NPs.

FIG. 5. Schematics of the ground state J multiplet for Er3+ and
Yb3+ due to the CF in the hexagonal NaYF4 host lattice, according
to Table II. The narrow bars are Kramers’s doublets.

For the C3h symmetry the g values are expected to present a
dependence of the azimuthal angle φ. However, for the CF
parameters determined for this compound it was found to be
negligible; see Fig. 6.

Figures 3(a) and 3(b) show the observed powder ESR
spectra of NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 NPs at 4.2
and 4.4 K, respectively. It is clear from these wide ESR spectra
that they stem from a distribution of resonances that we assume
Lorentzian

ESR(H ) =
∑

i

−w2
i

2H−Hi

	H[
1 + (

H−Hi

	H

)2]2
, (4)

where wi is the ESR intensity associated with a resonance at
a field Hi whose linewidth is 	H . The obtained Hi values
allow one to calculate a distribution of g values which is
presented in Figs. 3(c) and 3(d) for 	H = 150 Oe. The
solid red lines corresponds to the expected weights ωi for

FIG. 6. Angular dependence of the Kramers’s doublet ground
state g value for the NaY0.98Er0.02F4 and NaY0.95Yb0.05F4 NPs. (a),
(b) Polar angle (with respect to the c axis) θ = π/3 and azimuthal
angle φ = 0 to π . (c),(d) φ = 0 and θ = 0 to π/2.
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TABLE III. Emission maximum linewidth with CF parameters
from Er NP’s fit in K.

Transition Theor. Expt.

4F9/2 → 4I15/2 218 + 136 = 354 ± 20 ∼315 ± 70
4S3/2 → 4I13/2 152 + 77 = 229 ± 20 ∼261 ± 70
4S3/2 → 4I15/2 218 + 77 = 295 ± 20 ∼520 ± 70
2H11/2 → 4I15/2 218 + 50 = 268 ± 20 ∼415 ± 70
2H11/2 → 4I13/2 152 + 50 = 202 ± 20 ∼340 ± 70
2H9/2 → 4I15/2 218 + 93 = 311 ± 20 ∼585 ± 70
4G11/2 → 4I15/2 218 + 66 = 284 ± 20 ∼500 ± 70

a completely random distribution of particle orientations and
the CF parameters obtained from the magnetization. These
results further corroborate the lack of randomness observed in
the dc-magnetic susceptibility data and are consistent with the
crystalline NPs oriented predominantly along the c axis.

The CF parameters Bm
n in Eq. (1) are related to the actual

lattice CF parameters Am
n [21]. Bm

n = 〈rn〉θnA
m
n , where 〈rn〉 is

the average over the 4f shell and θn the geometrical factors
(θ2 = αJ , θ4 = βJ , and θ6 = γJ are the second, fourth, and
sixth-order Stevens’s factors for the RE ion). These parameters
are tabulated in Ref. [21] and the values for 〈rn〉 were computed
in Ref. [23] for free RE ions. In general, the 〈rn〉 values depend
on the host, whether it is an insulating [24] or a metallic [25]
environment. The calculations for these values are beyond
the scope of this work. Although the doping at the Y site
for Er3+/Yb3+ ions may distort the electron density in their
neighborhood, the net perturbation should be comparable in
both cases. Therefore, the actual CF parameters Am

n should not
depend much on the RE ion itself. Table I shows the relative
strengths of the CF parameters Am

n (in Ka−n
0 units where a0

is the Bohr radius) for the Er3+ and Yb3+ ions in a hexagonal
NaYF4 NPs host lattice. From this table one can observe that
the values of the most relevant CF parameters, A0

2 and A0
4, are

quite comparable for Er3+ and Yb3+.
Figure 4 shows the light emission spectra of our samples

excited by a 980-nm laser. The observed spectra at room
T are compatible with the spectra reported in the literature
[12,26,27]. The extremely weak emission observed in the
inset of Fig. 4(a) for NaY0.95Yb0.05F4 is compatible with the
presence of few ppm of Er3+ detected in our ESR experiment
at H ∼ 900 Oe as shown in Fig. 3(b), probably coming from
natural impurities in the Y and Yb precursors used in the
NPs preparations. On the other hand, the light emission of
the codoped NaY1−x−yErxYbyF4 hexagonal NPs confirms the
enormous enhancement, relative to the NaY0.98Er0.02F4, of the
nonlinear optical efficiency driven by the Yb3+ ions. It is worth
mentioning that we shall show below the spectral linewidths
of the electronic transitions for Er3+ are compatible with the
overall CF splitting of about 214 K obtained for the ground
state of the dopant Er3+ ions.

Finally, we use the CF parameters obtained from low
energy measurements (magnetization and ESR) to obtain the
width of the different optical transitions and compare them
with the experimental up-conversion results [see Fig. 4(b) and
Table III].

TABLE IV. Single electron CF parameters in K.

RE b2
0 b4

0 b6
0 b6

6

Er3+ −14.99 0.1439 −0.008648 −0.2457
Yb3+ −13.31 0.1638 −0.004611 −0.0003885

The energy levels of Er3+ obtained using the free-ion (FI)
and crystal field interaction are described by the Hamiltonian

H = HFI + HCF . (5)

Here, the crystal field is given by

HCF =
∑

i

b0
2O

0
2 (i) + b0

4O
0
4 (i) + b0

6O
0
6 (i) + b6

6O
6
6 (i), (6)

where i varies over all electrons and the Stevens’s operators
are for the orbital magnetic momentum of single electrons.
Similarly the bn

m parameters refer to single l = 3, 4f electron
CF parameters. These parameters are related to the ones
obtained in a given J multiplet by [20]

Am
n = 1

〈rn〉θJ,n

Bm
n = 1

〈rn〉θl,n

bm
n (7)

and are presented in Table IV. The free-ion Hamiltonian is

HFI =
∑

k=2,4,6

Fkfk + ζ4f

∑

i

�li · �σi + αL(L + 1)

+βG(R2) + γG(R7). (8)

The electrostatic interaction is parametrized by F 2,4,6 (F0

only modifies the zero of energy) while ζ4f accounts for
the spin(�σi)-orbit(�li) interaction [28]. We include also the
configuration interaction terms proportional to α, β, and γ

[29]. For simplicity we ignore the three particle terms [30]
as this description already leaves the level separation larger
than the transition width. From this observation we do not
expect the inclusion of those terms to affect the linewidth.
All these parameters depend slightly on the environments or
approximation used [31–33]. We do not adjust any of these
parameters and just use those reported in Ref. [31] for Er3+

ions in aqueous solution (see Table V for the parameters used).
To obtain the precise energy position of the different levels,
a fitting procedure should be used. To show the effect of the
CF on the width of the different transitions as determined by
low energy measurements (magnetization and ESR) that fitting
procedure is not necessary.

The energy levels obtained using the CF for Er3+ are
presented in Table VI. We also include the approximate
experimental level energies. These last values are approximate
as the experimental photoemission results from a convolution
between the starting and final multiplet. As an approximation
for the linewidth (Table III) we use the sum of the level
spread of the starting and final multiplets. For example, for
the 4F9/2 → 4I15/2 transition we assign a width of 136 + 218

TABLE V. Free-ion parameters for Er3+ from Ref. [31] in K.

F 2 F 4 F 6 ζ4f α β γ

634.234 96.1542 10.51723 3425.3 26.397 −732.74 934.79
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TABLE VI. Excited level positions with CF parameters from Er
NPs’ magnetic properties fits and experimental estimated positions
from photoemission. All energies in K. The zero of energy has been
assigned to the ground state 4I15/2. For 4I13/2 the level position is
estimated from the position of the 4S3/2 state and the 4S3/2 → 4I13/2

absorption.

Transition Energy (calc.) Energy (expt.)

4I15/2 0 0
3
6

88
104
113
114
218

4I13/2 9380 ∼9030
9381
9383
9424
9429
9452
9532

4F9/2 21827
21857
21898 ∼22000
21936
21963

4S3/2 26531 ∼26400
26608

2H11/2 27780
27789
27799 ∼27460
27806
27818
27830

2H9/2 35331
35361
35404 ∼35530
35420
35424

4G11/2 38149
38171
38175 ∼38626
38187
38197
38215

= 354 K. We use the difference between these widths and the
ones obtained using the CF parameters for Yb3+ impurities
(not shown) as a rough estimation for the calculated width
error (±20 K). We did not compute a full spectra as the samples
are polycrystalline. Nevertheless we checked that the matrix
element between the starting and final states is not zero, neither
for electric nor magnetic fields polarized on the z direction.

The calculated and computed linewidths agree within the
experimental error for almost all energy transitions. The agree-

ment gets worse as the energy of the levels increase (particu-
larly for the 2H9/2 → 4I15/2 and 4G11/2 → 4I15/2 transitions).

These results confirm that the CF obtained from low energy
experiments (magnetization, ESR) provides a good description
of the high energy (up-conversion) experiments.

V. SUMMARY

The synthesized NaY1−xEr(Yb)xF4 NPs presented hexago-
nal nanoplates morphology (β phase) with 100(20) nm average
size. Based on the analysis of our dc magnetization and g

values (ESR experiments) for these Yb- and Er-doped NaYF4

NPs, we confirmed that the trivalent RE ions are not superficial
but rather incorporated into the lattice of the NaYF4 NPs. In
particular, we have obtained the relevant CF parameters for
both RE ions Er3+ and Yb3+ in the hexagonal NaYF4 NPs host
lattice from the best fits of the experimental dc-magnetization
data. The obtained CF parameters Bm

n predict a CF overall
splitting of 214 (356 K) for the J = 15/2 (J = 7/2) ground
state multiplet of Er3+ (Yb3+) ions sited in the hexagonal C3h

point symmetry. For both studied samples, ESR showed an
anisotropic g value in good agreement with those expected for
the Kramers’s doublet ground state predicted from the analysis
of the dc-magnetization data.

The effective CF parameters determined from our magnetic
measurements correspond to a C3h symmetry. Previous studies
on a related single-crystal of β-NaGdF4:10% Er3+ [18] show
that the RE ions sit on sites with C3h and C1 symmetries.
High-resolution polarized absorption spectra on this single-
crystal taken at 20 K show for the 4S3/2 to 4I15/2 transition the
presence of lines coming from two different sites (A and B).
Nevertheless, the deduced width of the 4S3/2 level for A and B
sites is ∼72 and ∼75 K, respectively, in very good agreement
with our result of ∼77 K (see Table VI). The main effect
of the presence of two sites is the shift on the energy of the
transitions. This effect could explain the larger values of the
linewidth with respect to the theoretical calculations at higher
energies. Notice also that the CF scheme reported in this work
could be improved using other REs as impurities [34].

In conclusion, since the remarkable up-conversion phe-
nomenon of these NPs may be drastically affected by subtle
changes in the RE CF local symmetry and energy levels,
we strongly believe that the precise determination of the
CF parameters is quite important and a challenging step
toward optimizing the efficiency of the up-conversion mech-
anism. In this work, the CF parameters determined through
magnetic measurements provide an accurate description of
up-conversion experiments.
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We investigate flux qubits driven by a biharmonic magnetic signal, with a phase lag that acts as an effective time
reversal broken parameter. The driving induced transition rate between the ground and the excited state of the flux
qubit can be thought of as an effective transmittance, profiting from a direct analogy between interference effects
at avoided level crossings and scattering events in disordered electronic systems. For time scales prior to full
relaxation, but large compared to the decoherence time, this characteristic rate has been accessed experimentally
by Gustavsson et al. [Phys. Rev. Lett. 110, 016603 (2013)] and its sensitivity with both the phase lag and the
dc flux detuning explored. In this way, signatures of universal conductance fluctuationslike effects have been
analyzed and compared with predictions from a phenomenological model that only accounts for decoherence, as
a classical noise. Here we go beyond the classical noise model and solve the full dynamics of the driven flux qubit
in contact with a quantum bath employing the Floquet-Born-Markov master equation. Within this formalism, the
computed relaxation and decoherence rates turn out to be strongly dependent on both the phase lag and the dc
flux detuning. Consequently, the associated pattern of fluctuations in the characteristic rates display important
differences with those obtained within the mentioned phenomenological model. In particular, we demonstrate
the weak localizationlike effect in the average values of the relaxation rate. Our predictions can be tested for
accessible but longer time scales than the current experimental times.

DOI: 10.1103/PhysRevB.95.045412

I. INTRODUCTION

The quantum conductance of a phase coherent conductor
can be related, in the diffusive regime, to the transmission
probability through the disordered region [1]. For milli-Kelvin
temperatures, when typically the coherence length could
become larger than the scattering mean free path, the inter-
ference term present in the transmission probability survives
disordered averaging, giving rise to quantum corrections to
the classical transport properties and novel phenomena. Meso-
scopic effects like weak localization and universal conductance
fluctuations have been predicted and extensively tested in
electronic quantum systems for years [2–4].

Universal conductance fluctuations (UCFs) are sample
to sample fluctuations—of the order of the quantum of
conductance—originated on the sensitivity of the quantum
conductance to changes in an external parameter, like a
magnetic flux or a gate voltage [2].

The weak localization (WL) effect is a quantum correction
to the classical conductance that survives disorder averaging
when time reversal symmetry is present [3]. Without spin-orbit
effects, it is characterized by a dip in the conductance (peak
in the resistance) at zero magnetic field. The standard way to
detect the WL effect is by its suppression, as its strength falls
off with an applied magnetic field. A critical field that scales
as Bc ∼ 1/(Dτφ), with D the diffusion coefficient and τφ the
coherence time, washes out the quantum interference term,
and thus the WL correction [3]. The measurement of Bc has
been established as a usual route to determine the coherence
time [3,4].

Flux qubits (FQs) are model artificial atoms whose energy
levels can be manipulated by an external magnetic flux [5–9].

For most of the applications in quantum information theory,
only the two lowest energy levels have been considered
in studies of their quantum dynamics [6]. However, FQs
exhibit as a function of the static magnetic flux a complex
structure of energy levels with multiple avoided crossings.
This rich spectrum can be explored by driving the FQs with
an ac magnetic flux, for moderate driving frequencies—in
the microwave range. In a typical protocol, FQs are initially
prepared in the ground state for a given value of the dc
flux, evolving under the ac driving quasiadiabatically until
the first avoided crossing is reached. There the state obeys
a Landau-Zener-Stückelberg (LZS) transition and transforms
into a coherent superposition of the ground and excited
states [10,11]. For weak ac amplitudes, such that a single
avoided crossing is reached by the driving protocol, the
superposition state and the initial one interfere again at the
second passage for the avoided crossing. Hence, the avoided
crossing acts as an effective beam splitter, where scattering
events take place. For driving periods larger than the coherence
time, the evolved state accumulates a total phase that depends
both on the dc flux and the driving amplitude [10,11].

The regime of weak driving (small amplitudes), when only
the lowest two energy levels of the FQs are explored and a
single avoided crossing is attained by the amplitude of the
ac flux, has been studied both experimentally and theoret-
ically [10,12,13]. In this way, FQs have been investigated
extensively in recent years as high resolution Mach-Zehnder
type of interferometers [10].

For large driving amplitudes, when many avoided crossings
can be reached, the repeated sweeps through the avoided
level crossings result in successive LZS transitions between
different energy levels. This driving protocol—named as
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amplitude spectroscopy [10]—was employed to reconstruct
the FQs energy level spectra and to study the dynamics under
different conditions [14,15]. It has been also successfully
applied in other systems like charge qubits [16], ultracold
molecular gases [17], and single electron spins [18].

The interaction of driven FQs with an external bath has
been recently studied to incorporate more realistic dissipative
scenarios beyond the pure coherent regime. Relevant and
potential useful phenomena like population inversion [19–21],
dynamical transition in the interference patterns [22], and
estimates for coherence times have been extracted from these
studies [23,24].

While a priori there is not a direct connection between
driven FQs and mesoscopic disordered electronic systems,
the identification of a transition at an avoided crossing as
a scattering event, suggests a route to study mesoscopiclike
effects in driven FQs.

However, for an harmonic protocol in the weak driving
regime, only one avoided crossing is traversed back and forth
in one period of the signal. Consequently, the qubit experiences
two scattering events (transitions) over a single period and
only one relative phase (that controls the interference between
the initial and the superposition states) is accumulated during
the evolution [10]. Notice that this is a poor scattering
regime which seems insufficient to explore the mesoscopic
analogy.

An alternative to go beyond this limitation, in order to
increase the number of scattering events but within the
weak driving regime, was proposed in Ref. [12] with the
implementation of a protocol generated by a biharmonic flux
with a phase lag. The signal was designed to drive the qubit
up to four times through the avoided crossing in one period,
which was chosen as much shorter than the energy relaxation
time. Therefore, after many periods of driving, the excited
state of the qubit was populated as a function of time with
a characteristic (equilibration) rate that was extracted in the
experiment by a fitting procedure.

The key point is that for a nonzero phase lag, the biharmonic
signal turns asymmetric in time and three different phases
can be accumulated per cycle of driving. These phases, which
rule the interference conditions, can be changed by either
tuning the external dc flux or the phase lag in the driving wave
form. Following this strategy, the equilibration rate � and
its concomitant fluctuations have been analyzed in Ref. [12].
The fluctuations in � have been interpreted as interference
between all possible paths generated by the total number of
scattering events, which is ultimately set by the coherence
time of the FQs.

For large driving frequencies and for time scales smaller
than the relaxation time but larger than the decoherence time,
it is possible to study the dynamics of the FQs within a
model of classical diagonal noise and computing � from
phenomenological rate equations [25]. Neglecting relaxation,
it can be shown that � ∼ 2W , with W the transition rate
induced by driving [25]. The mesoscopic analogy proposed
in Ref. [12] was to identify W with a transmission rate,
which in (mesoscopic) electronic transport determines the
conductance [1]. Thus the goal was to access the fluctuations
in W through the study of the fluctuations in �. This scenario,
although tempting, should be taken with caution.

As we already mentioned, the expression � ∼ 2W is valid
for large driving frequencies and for time scales far below
relaxation [12,26]. Here we go beyond these assumptions,
and solve the full dynamics of the driven FQs employing the
Floquet-Born-Markov master equation to include relaxation
and decoherence processes for a realistic model of a quantum
bath [20–22]. This formalism [27], valid for arbitrary time
scales and strength of the driving protocol, allows us to
compute the decoherence and the relaxation (equilibration)
rates. As we will show, both rates turn out to be strongly
dependent on the driving amplitude and the dc flux, attaining
values that might differ up to an order of magnitude from
those determined in the absence of driving. Consequently,
the relaxation (equilibration) rate obtained within the FM
formulation might strongly differ from the value 2W—used in
Ref. [12] to compare with the experimental results.

An important outcome of our study is the prediction of
the WL effect, which was not resolved in the experiment of
Ref. [12]. As we will analyze, it is not the driving protocol but
the accessible decoherence time which limits the detection of
the effect [12]. In fact, the WL correction could be measured
in the regime of larger coherence times.

The paper is organized as follows. In Sec. II we review the
Hamiltonian model for the FQs and the effective Hamiltonian
obtained when only the two lowest levels are considered. In
Sec. III A we derive an analytical expression for the rate �,
employing a phenomenological approach which includes clas-
sical noise as the only source of decoherence [25]. Gaussian
and low frequency types of noise are both considered [28].

Due to the limitations of the analytical approach already
mentioned, we implement in Sec. III B the full quantum
mechanical calculation in order to obtain the equilibration
(relaxation) rate �r within the Floquet-Born-Markov master
equation. The last part of this section is devoted to compare
the behavior of � ∼ 2W and �r as a function of the dc flux, and
to analyze the effect that the driving has on the determination
of the decoherence and relaxation rates. The fluctuations in
the rates � ∼ 2W and �r as a function of the dc flux and
the time reversal parameter are analyzed in Sec. IV. As we
show, besides UCF, clear signatures of WL correction could
be also detected if the coherence is increased. We discuss
the limitation imposed by the accessible decoherence time
in the experimental determination of the WL correction. We
conclude in Sec.V with a discussion and perspectives.

II. THE HAMILTONIAN MODEL FOR THE FQs

The FQs consist of a superconducting ring with three
Josephson junctions [5] enclosing a magnetic flux � = f �0,
with �0 = h/2e. Two of the junctions have the same Joseph-
son coupling energy EJ,1 = EJ,2 = EJ and capacitance C1 =
C2 = C, while the third one has smaller coupling EJ,3 = δEJ

and capacitance C3 = δC, with 0.5 < δ < 1. The junctions
have gauge invariant phase differences defined as ϕ1, ϕ2,
and ϕ3, respectively. Typically the circuit inductance can be
neglected and the phase difference of the third junction is
ϕ3 = −ϕ1 + ϕ2 − 2πf .

Therefore, the system can be described in terms of two
independent dynamical variables, chosen as ϕl = (ϕ1 − ϕ2)/2
(longitudinal phase) and ϕt = (ϕ1 + ϕ2)/2 (transverse phase).
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FIG. 1. Energy diagram for the TLS Hamiltonian Eq. (2), as a
function of flux detuning ε0. Inset: Implemented biharmonic pulse
f (t), chosen to drive the TLS four times through the avoided crossing
in one period.

In terms of these variables, the Hamiltonian (in units of EJ )
is [5]

HFQ = −η2

4

(
∂2

∂ϕ2
t

+ 1

1 + 2δ

∂2

∂ϕ2
l

)
+ V (ϕl,ϕt ), (1)

with η2 = 8EC/EJ and EC = e2/2C. The kinetic term cor-
responds to the electrostatic energy of the system and the
potential one to the Josephson energy of the junctions, given by
V (ϕl,ϕt ) = 2 + δ − 2 cos ϕt cos ϕl − δ cos(2πf + 2ϕl). Typi-
cal experiments have values of δ in the range 0.6–0.9 and η

in the range 0.1–0.6 [6,14]. FQs are operated at magnetic
fields near the half-flux quantum [5,6] f = 1/2 + f0, with
f0 � 1. For δ � 1/2, the potential V (ϕl,ϕt ) has two minima at
(ϕl,ϕt ) = (±ϕ∗,0) separated by a maximum at (ϕl,ϕt ) = (0,0).
Each minima corresponds to macroscopic persistent currents
of opposite sign, and for f � 1/2 (f � 1/2) a ground state
|+〉 (|−〉) with positive (negative) loop current is favored.

For values of |f0| � 1, such that the avoided crossings
with the third energy level are not reached, the Hamiltonian of
Eq. (1) can be reduced to the two-level system (TLS) [5,13]

H = −ε0

2
σ̂z − 

2
σ̂x, (2)

in the basis defined by the persistent current states |±〉 =
(|0〉 ± |1〉)/√2, with σ̂z, σ̂x the Pauli matrices and |0〉 and
|1〉 the ground and excited states at f0 = 0. The parameters of
H are the gap (at f0 = 0)  and the detuning energy ε0 =
4πIpf0. Here Ip = δ|〈+| sin 2ϕl|+〉| = δ|〈−| sin 2ϕl |−〉| is
the magnitude of the loop current, which for our case with δ =
0.8 and η = 0.25 is Ip = 0.721 (in units of Ic = 2πEJ /�0).

Figure 1 sketches the energy levels diagram for the
Hamiltonian restricted to the TLS, Eq. (2) with E0,1 =
±1/2

√
ε2

0 + 2 as the ground and excited states energies,
respectively [10,14,26].

FQs restricted to weak driving amplitudes were the regime
explored in Ref. [12]. Consistently, in the following we focus
on the dynamics of the TLS Hamiltonian Eq. (2) under the
effect of the biharmonic driving.

III. TWO-LEVEL SYSTEM UNDER
BIHARMONIC DRIVING

A. Equilibration rate within the classical noise model

As we mentioned, in Ref. [12] the equilibration rate �

is experimentally determined by fitting the decay of the
excited population to the equilibrium, assuming an exponential
behavior as a function of time.

In the following we describe a route to compute � from
phenomenological rate equations in the regime of large driving
frequencies, for which the change in the qubit population
(per unit time) induced by the driving is small compared to
the decoherence rate �2 ≡ 1/T2 but large compared to the
inelastic relaxation rate in the absence of driving �1 ≡ 1/T1.
As the calculation is adapted from the one derived for the single
driving protocol [26], here we present the main steps stressing
differences. The source of noise is considered classical and
diagonal, which essentially means that the noise produces
pure dephasing. However, diagonal noise is consistent with the
typical experimental situation with FQs where the dominant
source of noise is fluxlike.

From phenomenological rate equations the equilibration
rate can be written as � = 2W + �1, with W the transition
rate induced by the driving protocol [26]. For large relaxation
times T1 and for W 	 �1, one gets � � 2W . Larger values of
�1 would require the explicit inclusion of relaxation processes
in the analysis to avoid important differences between 2W and
�. These cases will be addressed in Sec. III B.

To compute W , we include in Eq. (2) the time dependent
biharmonic driving and the diagonal classical noise by replac-
ing ε0 → h(t) = ε0 + δε + ε(t). The term ε(t) = 4πIpf (t)
contains the biharmonic ac flux f (t) = A1 cos (ω0t + α) −
A2 cos (2ω0t) of fundamental frequency ω0 = 2π/τ . The
phase lag α turns the protocol asymmetric in time and the
amplitudes ratio A1/A2 was chosen to drive the qubit up to
four times through the avoided crossing in one period τ . The
classical noise is δε.

After an unitary transformation exp[iφ(t)σ̂z] with φ(t) =∫ t

0 h(t)dt , the Hamiltonian Eq. (2) can be turned to purely
off-diagonal (we use � = 1)

H̃ = −∗(t)

2
σ̂x,

where (t) = e−iφ(t) and φ(t) = ∫ t

0 h(t ′)dt ′.
The system is usually initially prepared in its ground state

|�g(t = 0)〉 for a given value of the detuning ε0 (in Fig. 1 an
initial state for ε0 < 0 is chosen). Alternatively, it is possible to
initialize the FQs in an eigenstate of the computational basis,
i.e., |−〉 (|+〉) for ε0 < 0 (ε0 > 0). In general, for values of flux
detuning ε0 > , the initial state satisfies |�g(t = 0)〉 −→
|−〉(|+〉) for ε0 < 0(ε0 > 0).

The transition rate W induced by the driving is the time
derivative of the transition probability between the initial and
the final state. Under the assumption of fast driving, ω0 =
2π/τ > , it can be computed expanding the time evolution
operator to first order in ,

U (t,0) = 1 − i

∫ t

0
H̃(τ )dτ + O(2).
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FERRÓN, DOMÍNGUEZ, AND SÁNCHEZ PHYSICAL REVIEW B 95, 045412 (2017)

Therefore we write

W = d

dt
|〈+|U (t,0)|−〉|2 = d

dt

1

4

∫ t

0

∫ t

0
(τ1)∗(τ2)dτ1dτ2

= d

dt

2

4

∫ t

0

∫ t

0
Re{exp −i[φ(τ1) − φ(τ2)]}dτ1dτ2, (3)

with Re{· · · } the real part.
In the above integrand we define

e−iφ(t) = e−iε0t−iδφ(t)
∑
nm

Jn(x1)ein(ω0t+α)Jm(x2)e−i2mω0t , (4)

where we have used the expansion of exp(ix sin u) =∑
p Jp(x) exp(−ipu) in terms of Bessel functions of first kind.

We also defined x1 = A1/ω0 and x2 = A2/(2ω0).
For a Gaussian white noise, the correlator is 〈δε(t)δε(t ′)〉 =

2�2δ(t − t ′). As δφ(t) = ∫ t

0 δε(τ )dτ , we take the average over
noise in Eq. (3) using 〈eiδφ(t)e−iδφ(t ′)〉 = e−�2|t−t ′|, with �2 the
decoherence (pure dephasing) rate for this model of classical
diagonal noise.

The next step is to perform the time integration in Eq. (3),
getting

W = 2�2

2
Re

{ ∑
nn′mm′

λnn′mm′
ei(n−n′)αeiω0(n−n′)t e2iω0(m′−m)t

[ε0 + (2m − n)ω0]2 + �2
2

}
,

(5)

with λnn′mm′ ≡ Jn(x1)Jn′(x1)Jm(x2)Jm′(x2).
Under the fast driving regime, the nonzero exponents are

highly oscillating compared to the time scale of the driving.
Therefore, we only keep the contributions with ω0(n − n′) +
2ω0(m′ − m) = 0, and the transition rate reads

W = 2�2

2

∑
nn′mm′

λnn′mm′ cos [(n − n′)α]

[ε0 + (2m − n)ω0]2 + �2
2

δn−n′,2(m−m′).

(6)

Equation (6) exhibits an explicit dependence on the phase
lag α, and a Lorentzian line shape close to the resonance
condition ε0 = (n − 2m)ω0, which is characteristic of white
noise models in the regime of times t � T1. For x2 = 0, Eq. (6)
reduces to the expression of the transition rate obtained for
single driving protocols [26,29].

In Fig. 2 we plot 2W obtained from Eq. (6) as a function of
the static flux detuning ε0, for the symmetric driving α = 0
in Fig. 2(a) and for α = 0.2 in Fig. 2(b). The parameters
are /h = 19 MHz, ω0/(2π ) = 125 MHz, A1 = 3 m�0, and
A2 = 1.65 m�0, identical to those reported in the experiment
of Ref. [12]. The salient feature is that the peaks are not
symmetric with ε0, exhibiting a more fluctuating pattern of
resonances for ε0 < 0. This is a manifestation of the sensitivity
of the total accumulated phase in one period of the driving
with ε0 and α. We have chosen the same amplitudes ratio
A2/A1 = 0.55 as in Ref. [12], selected to drive the qubit up to
four times through the avoided crossing in one driving period
τ , in the range of negative detunings ε0 < 0 (see Fig. 1). The
strong fluctuating pattern is due to the three different phases
(one phase for two successive passages) and eight possible
superposition states that arise as ε0 is varied. For other values
of ε0, the waveform traverses the avoided crossing zero or two
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FIG. 2. Rate 2W obtained from Eq. (6) for parameters /h = 19
MHz, ω0/(2π ) = 125 MHz, A1 = 3 m�0, A2 = 1.65 m�0, for �2 =
100 MHz (black line) and �2 = 30 MHz (green line). (a) α = 0,
(b) α = 0.2. The insets show a magnification of selected resonances.

times per cycle, producing no accumulated phase or a single
one, with interference conditions that originate a smoother
behavior of � with ε0.

As expected, the resonance peaks decrease and turn wider
as the dephasing rate �2, included in Eq. (6) as a parameter,
is increased. This is fully consistent with the transition
from the nonoverlapping to the overlapping resonances limit,
also observed experimentally for the single harmonic driving
protocols [10,14].

The derivation can be adapted to consider other spectral
functions with Gaussian noise. In the case of FQs, the magnetic
flux noise in SQUIDS could have a spectral density S(ω),
which for low frequencies behaves as 1/ωp noise [28,29]. For
this case, we get for the transition rate

Wlf = 2

√
π

8�2

∑
nn′mm′

λnn′mm′ cos [(n − n′)α]

×exp

{−[ε0 + (2m − n)ω0]2

�2

}
. (7)

where �2 = ∫
S(ω)dω is assumed finite, and we define Wlf

as the transition rate induced by driven in the presence of low
frequency noise. Notice that the main effect of a noise with a
low frequency part is to modify the Lorentzian line shape of
the individual resonances by a Gaussian line shape.

In Ref. [12], the transition rate induced by driving W was
fully identified with the equilibration rate � (up to a factor
2). As we anticipated, this requires values W < �2, and time
scales t � T1 = 1/�1.

We will show in the next section that new characteristics
emerge in the behavior of the equilibration rate when the full
dynamics, including quantum noise, is considered within the
Floquet-Born-Markov approach. In particular, we will analyze
the behavior and sensitivity of the decoherence and relaxation
rates with the flux detuning. The strong variations that these
two rates experience, close to resonances with the driving field,
question the results of this section for times scales close to full
relaxation.
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B. Equilibration rate within the Floquet-Born-Markov
master equation

We start this section by reviewing the main ingredients of
the Floquet-Born- Markov formalism, and for further details
we suggest the Appendix of Ref. [22].

Since the system is driven with a biharmonic magnetic
flux f (t) = A1 cos (ω0t + α) − A2 cos (2ω0t), the Hamilto-
nian is time periodic H(t) = H(t + τ ), with τ = 2π/ω0. In
the Floquet formalism, which allows us to treat periodic
forces of arbitrary strength and frequency [15,21,22,27],
the solutions of the Schrödinger equation are of the form
|�β(t)〉 = eiμβ t/�|β(t)〉, where the Floquet states |β(t)〉 satisfy
|β(t)〉 = |β(t + τ )〉 = ∑

k |βk〉e−ikω0t , and are eigenstates of
the equation [H(t) − i�∂/∂t]|β(t)〉 = μβ |β(t)〉, with μβ the
associated quasienergy.

Experimentally, FQs are affected by the electromagnetic
environment that introduces decoherence and relaxation pro-
cesses. A standard theoretical model to cope with these effects
is to linearly couple the system to a bath of harmonic oscillators
with a spectral density J (ω) and equilibrated at temperature
T [20,30–32]. For the FQs the dominating source of noise is
fluxlike, in which case the bath degrees of freedom couple with
the system variable ϕl [22,32]. In the two-level representation
of Eq. (2), the flux noise is usually represented by a system
bath Hamiltonian of the form Hsb ∝ σ̂z [30].

For weak coupling (Born approximation) and fast bath
relaxation (Markov approximation), a Floquet-Born-Markov
master equation for the reduced density matrix ρ̂ in the Floquet
basis, ραβ(t) = 〈α(t)|ρ̂(t)|β(t)〉, can be obtained [20].

Considering that the time scale tr for full relaxation satisfied
tr 	 τ , one gets (see Appendix of Ref. [22] for details)

dραβ (t)

dt
= − i

�
(μα − μβ)ραβ(t) +

∑
α′β ′

Lα′β ′αβ ρα′β ′ (t). (8)

The first term in Eq. (8) represents the nondissipative
dynamics and the influence of the bath is described by the rate
coefficients averaged over one period of the driving τ [22],

Lαβα′β ′ = Rαβα′β ′ + R∗
βαβ ′α′

−
∑

η

(δββ ′Rηηα′α + δαα′R∗
ηηβ ′β). (9)

The rates

Rαβα′β ′ =
∑

q

g
q

αα′A
q

αα′A
−q

β ′β (10)

can be interpreted as sums of q-photon exchange terms and
contains information on the system-bath coupling operator
A

q

αβ = ∑
nm

∑
k α∗

k,nβk+q,m〈n|ϕl|m〉 written down in terms
of the eigenbasis |n〉 of the Hamiltonian for the undriven
case, Eq. (1), with αk,n = 〈n|αk〉. The nature of the bath
is encoded in the coefficients g

q

αβ = J (μq

αβ/�)nth(μq

αβ) with
μ

q

αβ = μα − μβ + q�ω0 and nth(x) = 1/[exp (x/kBT ) − 1].
Here we consider FQs in contact with an Ohmic bath with a
spectral density J (ω) = γω (with a cutoff frequency), defining
J (−x) = −J (x) for x < 0, but other spectral densities could
be included [22].

The Floquet-Born-Markov formalism has been extensively
employed to study relaxation and decoherence in double-well

potentials and two-level systems driven by single frequency
periodic evolutions [20,31,33–35]. More recently we applied
it to analyze FQs under strong harmonic driving [21,22], when
many energy levels have to be taken into account.

As in the present work, the dynamics of the FQs under a
weak biharmonic driving protocol is studied, in the following
the Hamiltonian will be reduced to its lowest two levels,
Eq. (2).

For large times scales, it is usually assumed that the
density matrix becomes approximately diagonal in the Floquet
basis [31]. This approximation is justified when μα − μβ 	
Lα′β ′αβ , which is fulfilled for very weak coupling with the
environment and away from resonances [22,34–36]. However,
to compute fluctuation effects it is necessary to sweep in the dc
flux detuning ε0, attaining near resonances quasidegeneracies,
i.e., μα − μβ ∼ 0. Therefore, as the dynamics of the diagonal
and off-diagonal density matrix cannot be separated, we have
to solve the full Floquet-Born-Markov equation [Eq. (8)] to
find relaxation and decoherence rates close to resonances.

The rates are extracted from the nonzero eigenvalues of the
matrix �̂, given from its entries in the Floquet basis Lαβα′β ′ ,
defined in Eq. (9). The long time relaxation rate �r = 1/tr is
the minimum real eigenvalue (excluding the eigenvalue 0). In
addition, the decoherence rate �ab is given by the negative real
part of the complex conjugate pairs of eigenvalues of �̂ [22].

The sensitivity of both rates �ab and �r on the dc flux
detuning and the driving amplitude has been analyzed in recent
studies of the phenomena of population inversion and dynamic
transitions in the LZS interference patterns of (single) driven
FQs. Both phenomena emerge away from resonances, in the
long time regime [21,22].

In addition, as we show below, close to resonances
decoherence and relaxation rates we will attain values much
larger than those predicted for the undriven case.

In Fig. 3, �ab and �r are plotted as a function of the
normalized flux detuning ε0/ω0—to visualize the resonances
positions at integer values. The calculations were performed
for the same parameters and driving protocol as in Fig. 2, and
for an ohmic bath at T = 20 mK, which is the temperature
reported in the experiment of Ref. [12].

Both rates exhibit a strong dependence with the detuning
and important variations at resonances. In the case of the
decoherence rate �ab (Fig. 3 upper panel), although its value
away from resonances is of the order of �ab ∼ 100 MHz—
similar to the decoherence rate 1/T2 = 100 MHz in Ref. [12];
the important variations displayed at resonances redound in
effectively doubling the reported decoherence time.

The rate �r is plotted in the lower panels of Fig. 3 together
with 2W , computed from Eq. (6) for a constant value of the
parameter �2 = 100 MHz (green line), and for �2 replaced
by �ab obtained within the FM formalism (red line), to
include the dependence with the dc flux already described.
The nominal values of 2W and �r away from resonances
are quite similar and even the positions of the resonances
are well captured in both cases (see the lower panel for a
blow up). However, at resonances �r can attain values close
to 100 MHz, satisfying �r ∼ 2�ab. This is expected for a
longitudinal system-bath coupling (as the one considered in
the present work, i.e., Hsb ∝ σ̂z) and is a fingerprint of the
suppression of a pure dephasing mechanism on resonance
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FIG. 3. Upper panel: Decoherence rate �ab obtained in the FM
formalism, as a function of the normalized flux detuning ε0/ω0.
Intermediate panel: Relaxation rate �r as a function of (normalized)
flux detuning obtained within the FM formalism (black solid line).
Rate 2W obtained from Eq. (6) with �2 = 100 MHz (green line)
and after replacing �2 → �ab (red line). The lower panel shows an
enlarged view to stress the differences between �r and 2W close to
resonances. Parameters are /h = 19 MHz, ω0/(2π ) = 125 MHz,
A1 = 3 m�0, and A2 = 1.65 m�0. For the FM calculations the bath
is ohmic, J (ω) = γω, at temperature T = 20 mK with coupling
γ = 0.001.

condition [22,31]. Notice that when �r ∼ 2�ab the time scale
separation T1 	 T2—which was assumed in the experiment
of Ref. [12] and in the phenomenological approach developed
in Sec. III A—is not fulfilled.

Although the resonance condition could seem very sharp to
be experimentally fulfilled, significant increments in the values
of �r relative to the background values can also be appreciated
in a close vicinity, as it is displayed in Fig. 4(a).

Relative changes of ∼ 10%−20% in ε0/ω0 produce con-
comitant variations in the values of �r which give rise to
different profiles for the associated excited state occupation
probabilities P+(t) [see Fig. 4(b)]. Even for time scales
t ∼ texpt ∼ 1000τ , appreciable differences still persist in the
respective P+(texpt).

IV. COMPUTING AVERAGES AND FLUCTUATIONS
IN THE RATES: THE MESOSCOPIC ANALOGY

The total accumulated phase during the driving protocol is
controlled by the asymmetry parameter α, which modifies
the biharmonic waveform. As a consequence, 2W and �r

should experience, besides the sensitivity on ε0, fluctuations
as a function of α [12].

As we already mentioned, the transition rate induced by
the driving W was identified in Ref. [12] with an effective
transition amplitude—the essential ingredient to determine
the conductance in the Landauer formalism [1]. Under the
assumption that the equilibration rate can be written as
� = 2W , the approach was to associate the fluctuations in
� as function of the dc flux, with the universal conductance
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FIG. 4. (a) Relaxation rates rate �r close to a resonance obtained
within the FM formalism as a function of the normalized flux detuning
ε0/ω0 and for the same parameters as in Fig. 3. The red curve
corresponds to � = 2W obtained from Eq. (6), after replacing �2 →
�ab. The chosen resonance corresponds to ε0/ω0 = −34. (b) Excited
state occupation probability P+(t) as a function of the normalized
time t/τ , obtained for three sampled values of �r [identified by the
dots in (a)]. In each case, the initial state is the ground state of the
TLS Hamiltonian Eq. (2) for the correspondent flux detuning ε0/ω0.

fluctuations (UCF), in analogy with mesoscopic electronic
systems [2].

In the previous section, we have seen that for time scales
close to full relaxation and around resonances with the
driving field, important and quantitative differences emerge
between 2W and the relaxation (equilibration) rate �r obtained
within the FM formalism. Associated with this, the respective
fluctuation patterns will also exhibit different behaviors, as we
show in the following.

The averages 〈2W 〉 and 〈�r〉, over ε0, are defined as 〈· · · 〉 =
1

εmax

∫ εmax

0 · · · dε0 , and play the role of ensemble averages
over different scatterers configurations. In the case of the
phenomenological approach we computed from Eq. (6):

〈W 〉 = 2

2εmax

∑
nn′mm′

λnn′mm′ cos [(n − n′)α]

×
[

arctan

(
(2m − n)ω0

�2

)

− arctan

(
(2m − n)ω0 − εmax

�2

)]
(11)

and

〈W 2〉 = 1

εmax

∫ εmax

0
W 2dε0. (12)

Although 〈W 2〉 does not have a simple analytic expression,
its numerical evaluation is straightforward. The fluctuations in
2W are defined as σ2W = 2

√
〈W 2〉 − 〈W 〉2.

In the case of the relaxation rate �r , its average 〈�r〉 and
fluctuations σr have been computed numerically.

In Fig. 5(a) we plot the averaged rates relative to its
values at α = 0.5, i.e., 〈�r〉n ≡ 〈�r〉/〈�r〉(α=0.5) and 〈2W 〉n ≡
〈2W 〉/〈2W 〉(α=0.5), in order to establish a fair comparison for
different bath temperatures, couplings γ , or dephasing rates
�2, respectively.
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FIG. 5. Normalized rates 〈�r〉n and 〈2W 〉n (a) and normalized
standard deviations σr/〈�r〉2 and σ2W/〈2W 〉2 (b) averaged from
−4m�0 to 0m�0 as a function of the time reversal broken parameter
α. The different values of the dephasing rate �2 used to compute
� = 2W and the values of the temperature T and bath coupling
constant γ employed to compute the rates �r within the FM formalism
are, respectively, specified in the inset. System parameters are /h =
19 MHz, ω0/(2π ) = 125 MHz, A1 = 3 m�0, and A2 = 1.65 m�0.

Even after performing the averages in flux detuning, strong
fluctuations are still visible as a function of α. Notice that
〈2W 〉n is almost independent of α and the dephasing rate �2,
in agreement with the results of Ref. [12]. On the other hand,
〈�r〉n exhibit a sharp dip at α = 0, that could be interpreted
as the fingerprint of the WL correction—in analogy to the
correction present in the quantum conductance of mesoscopic
disordered systems [3]. The relative fluctuations (normalized
to the squared mean values) are defined as σr/〈�r〉2 and
σ2W/〈2W 〉2, and are plotted in Fig. 5(b). The profiles resemble
the UCF found in short mesoscopic wires, with the fluctuations
at α = 0 enhanced compared to the fluctuations for α = 0, as
the theory of UCF predicts when the time reversal symmetry
is broken [2].

The WL correction and the UCF tend to wash out as
either the effective temperature and/or the coupling with the
environment are increased, as expected when decoherence and
relaxation processes become more efficient. This is clearly
observed in Figs. 5(a) and 5(b). In addition, the profiles
remain almost undisturbed when the product of the effective
temperature T times the bath coupling γ remains constant,
although each one is varied separately. This is consistent with
the well known result that the dominant contribution to the
decoherence rate depends on the product γ T [32].

We want to point out some limitations of the phenomeno-
logical approach employed in Sec. III A and followed in
Ref. [12]. On one hand, it disregards relaxation assuming that
the equilibration rate � is given by 2W . As a consequence,
the equilibration rates are largely underestimated close to
resonances, as we emphasized when describing Fig. 3. On
the other hand, the interpretation of � as a conductance is only
well justified away from resonances, when it is satisfied that
� ∼ 2W .

Last but not least, we want to comment on the detection
of the WL effect, which has not been measured in Ref. [12].
To our view the limitation which precludes the experimental
observation of the WL-like effect is not the driving protocol, as
the authors of Ref. [12] suggested, but mainly the difficulty in
capturing the extremely sharp resonant conditions as the flux
detuning is swept, and also the relatively short experimental
decoherence times T2. From the theory of disordered electronic
systems it is known that the size of the weak localization
correction scales (logarithmically) with the dephasing time
τφ ∝ T2 [3].

Consistent with this result, Fig. 5(a) shows very well
defined dips in 〈�r〉n at α = 0, for values of the coupling
γ = 0.004–0.001 and temperature of 20 mK—as reported
experimentally. These values give decoherence rates �2 ∼
25–30 MHz (T2 = 1/�2 � 30–40 ns). Thus it is expected that
for slightly larger values of T2—but not so far from the reported
T2 ∼ 10 ns, it could be possible to experimentally access the
full WL dip, once the resonance conditions can be explored.

V. CONCLUSIONS AND PERSPECTIVES

In this work we have tested fluctuation effects associated
with broken time reversal symmetry in FQs driven by a
biharmonic (dc + ac) magnetic flux with a phase lag.

Employing the full Floquet-Born-Markov master equation
we have computed relaxation �r and decoherence �ab rates,
both strongly dependent on the phase lag and the dc flux
detuning, exhibiting appreciable fluctuations. As a function
of the dc flux and away from the resonance conditions
with the driving field �ab → �2 and �r → �1 with �2 =
1/T2 	 �1 = 1/T1, i.e., in agreement with the relaxation and
decoherence rates predicted for the undriven FQs. However,
close to resonances both rates take values which differ
significantly from the respective ones away from resonances,
even satisfying 2�ab ∼ �r .

The relaxation (equilibration) rate �r can be accessed
experimentally by measuring the decay of the flux qubit
excited state population. Recently the fluctuations in the
measured equilibration rate have been analyzed and associated
with universal conductance fluctuations (UCFs), following an
analogy to well known phenomena exhibited in disordered
mesoscopic electronic systems [12]. However, as we discuss
in the extent of this work, the mesoscopic analogy is only well
justified for the out of resonance regime, when the equilibration
rate can be described in terms of a transition probability
induced by the driving protocol.

Besides UCF, we also predict that the WL effect can be
detected for the biharmonic driving protocol. However, to
observe this effect, the experiments should be performed in
a more coherent regime, in which larger values of T2 could
be attained. Nowadays the control on the environmental bath
degrees of freedom is a promising way to enlarge coherence,
as have been recently proposed and tested [21,37,38].

By increasing the driving amplitude, the multilevel struc-
ture of the FQs could be explored and more avoided crossings
could be reached. This regime of strong driving seems to
be experimentally attainable, as the amplitude spectroscopy
experiments for the biharmonic drive [39] have proven. On
the theoretical side, it would be interesting to extend the
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calculations of the fluctuations for the multilevel structure of
the FQs in order to explore the mesoscopic analogy, beyond
the weak scattering limit studied in the present work.

Last but not least, it should be mentioned that protocols
of biharmonic drive in qubits coupled to a transmission-
line resonator, double quantum dots, NV-centers, and cold
atoms, have been recently studied experimentally [40,41] and
theoretically [42–48]. These artificial atoms are also potential
qubits to test our predictions.
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[40] F. Forster, M. Mühlbacher, R. Blattmann, D. Schuh, W.
Wegscheider, S. Ludwig, and S. Kohler, Phys. Rev. B 92, 245422
(2015).

[41] M. Yan, E. G. Rickey, and Y. Zhu, Phys. Rev. A 64, 013412
(2001).

[42] A. M. Satanin, M. V. Denisenko, A. I. Gelman, and F. Nori,
Phys. Rev. B 90, 104516 (2014).

[43] S. N. Shevchenko, G. Oelsner, Ya. S. Greenberg, P. Macha, D.
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Abstract. We study the manipulation of quantum entanglement by periodic external fields. As an entan-
glement measure we compute numerically the concurrence of two coupled superconducting qubits both
driven by a dc + ac external control parameter. We show that when the driving term of the Hamiltonian
commutes with the qubit–qubit interaction term, it is possible to create or destroy entanglement in a con-
trolled way by tuning the system at or near multiphoton resonances. On the other hand, when the driving
does not commute with the qubit–qubit interaction, the control and generation of entanglement induced
by the driving field is more robust and extended in parameter space, beyond the multiphoton resonances.

1 Introduction

The control and manipulation of entanglement is one of
the central prerequisites of quantum computing architec-
tures in order to exploit the non local quantum corre-
lations. Today, entanglement has been demonstrated in
a large variety of physical systems like ultracold atomic
ensembles [1,2], ion traps [3,4] and cavity quantum elec-
trodynamics devices based on superconducting qubits
[5–8]. Among these, solid state superconducting circuits
based on Josephson junctions are promising due to their
microfabrication techniques and downscalability [9–13].
In these devices, the generation and control of entangle-
ment have been tested under various schemes [14–17]. For
instance, pulse sequences have been implemented for sev-
eral superconducting qubits with fixed interaction energies
[18,19], and tunable coupling schemes have been pro-
posed [13,20–22]. Alternatively, engineering selection rules
of transitions among different energy levels is a possi-
ble strategy for coupling and decoupling superconducting
qubits [23,24].

The sensitivity of the energy levels of superconduct-
ing qubits driven by an external magnetic flux (ac + dc)
has been extensively studied in recent years [25–31].
Microwave fields has become a tool to analize quantum
coherence and to access the multilevel structure of these
artificial atoms under strong driving [32–37].

Profiting from these ideas, in this work we study the
manipulation of entanglement between two superconduct-
ing qubits by external driving fields of variable amplitude
and fixed frequency. In particular we analyze how the
strength and the kind of coupling between the two qubits
affect the dynamics and the entanglement, considering
different static couplings for a given microwave driving

a e-mail: majo@cab.cnea.gov.ar

field configuration. Entanglement generation in ac-driven
systems has been amply investigated in the literature, but
mostly in the case of one and two photon resonances and
for low ac amplitudes. Here we will investigate entangle-
ment control and generation near multiphoton resonances
and for large ac amplitudes, in the context of Landau–
Zener–Stuckelberg interferometry [26,32–34,36,37].

The system of work consists in two coupled supercon-
ducting qubits driven by (the same) microwave field. As
usual, each qubit is represented by a two level system
[38–40] and we focus here on qubits with large decoherence
times such that the effects of dissipation and/or interac-
tion with the environment are negligible. For flux qubits
[9,32], the natural interaction is between the magnetic
fluxes, providing a coupling through their mutual induc-
tance [9,17,32]. On the other hand, for phase or charge
qubits the dominant coupling is essentially capacitive
[13,19,41].

As a measure of entanglement we choose the concur-
rence [42] which vanishes for non entangled states and
reaches its maximum value 1, for maximally entangled
states. Using state tomography, in reference [43] the full
density matrix of a two qubit system has been measured
and the concurrence and the fidelity of the generated state
determined, providing an experimental proof of entangle-
ment. Recently, the ability to perform time-continuous
measurements has enabled to observe the dynamics of
the emergence of entanglement for two qubits separated
by macroscopic distances [44,45]. Additionally there are
other proposals based on the measurement of the ground
state population of two copies of a bipartite system [46],
that could give direct access to the concurrence for pure
states.

In this work we calculate the concurrence in terms of
Floquet states and quasienergies, providing an analytical
expression for a lower bound of the concurrence.
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We take into account different types of coupling between
the two qubits, longitudinal (i.e. commuting) and trans-
verse (non-commuting) with respect to the driving term,
and study the dependence of the concurrence on the
parameters of the microwave field and the coupling
strengths. We analyse the conditions for control and gen-
eration of entanglement, finding very different behaviours
mainly determined by the commutability of the driving
term with the qubit–qubit interaction.

2 Concurrence for the two coupled qubits
model

The dynamics of two coupled superconducting qubits can
be described by the global Hamiltonian [13]

Ĥ = −1

2

2∑

i=1

(
εiσ

(i)
z +∆iσ

(i)
x

)
+ Ĥ12 + V (t), (1)

where εi is the detuning energy (which can be controlled
with a magnetic flux in the case of flux qubits, or with
gate voltages in the case of charge qubits), ∆i is the

tunnel splitting energy and σ
(i)
z , σ

(i)
x the Pauli matrices,

with i = 1, 2 the index of each qubit. Ĥ12 is the coupling
Hamiltonian, which in general can be written as:

Ĥ12 = −J
z

2
σ(1)
z σ(2)

z

−J
c

2

(
(1− p)σ(1)

x σ(2)
x + pσ(1)

y σ(2)
y

)
, (2)

with Jz and Jc the correspondent coupling constants. Dif-
ferent physical coupling schemes between superconducting
qubits are represented by this Hamiltonian. For example,
the case Jc = 0 and Jz 6= 0 corresponds to flux qubits with
inductive coupling [17] and charge qubits with capacitive
coupling; the case Jz = 0, Jc 6= 0, p = 0.5 corresponds to
charge qubits connected via a Josephson junction and to
phase qubits with a capacitive coupling, Jz = 0, Jc 6= 0,
p = 1 corresponds to charge qubits connected through a
common LC oscillator; Jz = 0, Jc 6= 0, p = 0 corresponds
to charge-phase qubits coupled by connecting loops with
a Josephson junction in the common link, etc. (see for
example [13] for a review).

In the presence of driving fields we have the term [47]

V (t) = −1

2

2∑

i=1

vi(t)σ
(i)
z , (3)

where vi(t) = Ai cos(ωt − ϕ0) is the driving microwave
field of amplitude Ai and frequency ω applied to each
qubit.

The resulting Hamiltonian is thus periodic in time,
Ĥ(t) = Ĥ(t + T ) with period T = 2π/ω. According
to the Floquet theorem [35,38,39], the solution of the
Schrödinger equation can be spanned in the Floquet basis
{|uα(t)〉} as |Ψ(t)〉 =

∑
α aα(t0)e−iγαt/~|uα(t)〉, with γα

the quasienergies and α the index labeling the eigenstates

of the time independent problem. For an initial condi-
tion |Ψ(t0)〉 at time t0, we define the coefficients aα(t0) =
〈uα(t0)|Ψ(t0)〉. The time-evolution for Floquet states is
given by (H(t) − i~ ∂

∂t )|uα(t)〉 = γα|uα(t)〉, and they sat-
isfy |uα(t + T )〉 = |uα(t)〉. Therefore after expanding the
time periodic Floquet states in the Fourier basis, |uα(t)〉 =∑
k e

ikωt|uα(k)〉 the time-dependent problem is reduced to
a time-independent eigenvalue problem.

An entanglement measure quantifies the degree of quan-
tum correlations present in a given quantum state. In
the case of pure states |Ψ(t)〉 a useful quantity is the
concurrence [42],

C(t, t0) = |〈Ψ(t)|∗σ(1)
y ⊗ σ(2)

y |Ψ(t)〉|, (4)

that goes from 0 for non-entangled states, to 1 for maxi-
mally entangled states. Notice that equation (4) depends
implicitly on the initial time t0 through |Ψ(t)〉.

Using the extended Floquet basis in Fourier space
{|uα(k)〉} with k ∈ Z, equation (4) can be written as

C(t, t0) = |
∑

αβkk′qq′

C̃αβ(k, k′)

×fαβ(q, q′)e−iϕ
kk′qq′
αβ (t,t0)|, (5)

where ϕkk
′qq′

αβ (t, t0) = (γβ + γα − (k′ + k)ω)t− (γβ + γα −
(q′ + q)ω)t0, with γα

β
the quasienergies, C̃αβ(k, k′) =

〈uα(k)|∗σ(1)
y ⊗ σ(2)

y |uβ(k′)〉 and fαβ(q, q′) = aα(q)aβ(q′),
with aα

β
(qq′) = 〈uα

β
(qq′)|Ψ(t0)〉 (see Appendix A). It is use-

ful to characterize the typical concurrence of a time
dependent system with the average:

C = lim
t′→∞

1

t′

∫ t′

0

dt
1

T

∫ T

0

dt0 C(t, t0). (6)

The average over initial time t0 corresponds to an average
over an unknown initial phase ϕ0 = ωt0 of the microwave
fields vi(t) = Ai cos(ωt − ϕ0), while the average over t
gives a typical value of the concurrence through the
duration of the drive.

3 Results

To solve the dynamics we compute numerically the Flo-
quet states and quasienergies, and we calculate the con-
currence using equation (5) with the averages over t0 and
t given in equation (6). Along this work, we fix εi = ε0,
∀i = 1, 2, and choose ∆1/ω = 0.1 and ∆2/ω = 0.15. We
take ~ = 1 and energy scales are normalized by ω.

The main ingredient in the discussion of our results
will be the commutator between the driving V (t) and the
qubit–qubit coupling term:

[V (t), Ĥ12] = i
Jc(v1 + v2)(1− 2p)

4

(
σ(1)
y σ(2)

x + σ(1)
x σ(2)

y

)

+i
Jc(v1 − v2)

4

(
σ(1)
y σ(2)

x − σ(1)
x σ(2)

y

)
. (7)
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Fig. 1. Eigenenergies Ei in the absence of driving, A/ω = 0
(red lines) and quasienergies for A/ω = 3.8 (black lines) as
a function of ε0/ω, for the coupling strength Jz/ω = −3.
Parameters are ∆1/ω = 0.1 and ∆2/ω = 0.15. The two panels
at the right show enhanced plots of avoided crossings of the
eigenenergies.

We will call “longitudinal coupling” the case when the
coupling commutes with the driving term (when Jc = 0),
and “transverse coupling” the case when the coupling does
not commute with the driving term (when Jc 6= 0). To
further simplify the analysis we will consider here the
same driving in both qubits v1(t) = v2(t), in which case

[V (t), Ĥ12] ∝ Jc(1− 2p).

3.1 Longitudinal coupling

We start with the results for the “longitudinal coupling”
case, with Jz 6= 0 and Jc = 0, for which driving and
coupling commute: [V (t), Ĥ12] = 0. This is the situation
typically realized in flux qubits, where the qubit–qubit
coupling is inductive and the driving is through a time
dependent magnetic flux [17,47].

Figure 1 shows as a function of the detuning ε0/ω
and Jz/ω = −3, the eigenenergies Ei, i = 0, . . . , 3 for
the time independent Hamiltonian (red lines), and in
black the quasienergies for the driven Hamiltonian for
A/ω = 3.8. We work with the (antiferromagnetic) cou-
pling Jz < 0, which reduces the energy of states |01〉, |10〉
while it increases the energy of states |00〉, |11〉, with
E = {|00〉, |01〉, |10〉, |11〉} the computational basis in the
product space of the two qubits.

The quasienergies display avoided crossings (quaside-
generacies), where the Floquet states are strongly mixed.
These quasidegeneracies will play a central role in the
structure of the concurrence as we will discuss in the
following.

For the present case of longitudinal coupling, the quasi-
energies of the two qubit system can be computed ana-
lytically in the limit ∆i/ω → 0 using the Van Vleck
nearly degenerate perturbation theory [38]. We obtain
γα ∼ ±ε0 + Jz/2 + mω and the (quasi) degenerate pair
−Jz/2 + mω with m ∈ Z. As the driving V (t) and the
static coupling Hamiltonian are both proportional to σz,
the location of the quasi crossings in the spectrum of
quasienergies are replicas (in ±mω) of the quasi crossings
of the static spectrum (see Fig. 1). The resonance condi-
tions, γα−γβ = nω (n ∈ Z), are thus satisfied respectively

Fig. 2. (a) Plots of C versus ε0/ω for A/ω = 0 (black line)

and A/ω = 3.8 (red line). (b) Colour map of C versus ε0/ω
and A/ω. In both plots the initial condition corresponds to
the ground state for the correspondent ε0/ω. Jz/ω = −3 is the
coupling strength and other qubits parameters are the same as
in Figure 1.

for 2ε0 ∼ nω and ε0 ± Jz ∼ nω. They correspond to mul-
tiphoton processes where the population probability is
modulated by the zeros of the Bessel functions of order
n, Jn(A/ω) = 0 [38,47]. Notice that while the first res-
onance condition gives half integer and integer values of
ε0/ω, the second one depends on Jz/ω. For integer values
of Jz/ω the quasidegeneracies are located at integer val-
ues of ε0/ω, as is clearly seen in Figure 1. However, for
arbitrary Jz/ω, quasi degeneracies also appear for values
of ε0/ω which are neither integer nor half integers.

We will study here the cases where the system is pre-
pared initially in the ground state and later at t0 the ac
drive is turned on. Therefore the initial state |Ψ(t0)〉 is the
ground state for the corresponding ε0/ω, and we keep the
same values than in Figure 1 for the other parameters. In

Figure 2a we show the calculated C as a function of ε0/ω.

In the absence of driving, A/ω = 0 (black line), C gives
directly the concurrence of the ground state. We see that
the ground state is entangled for detuning energies sat-
isfying |ε0/ω| . |Jz/ω| = 3, where the concurrence takes
values close to 1. In particular, for ε0 = 0, the ground
state is the Bell’s state (|01〉+ |10〉)/

√
2, which is known

to be a maximally entangled state [42]. On the other hand,
for values |ε0/ω| > |Jz/ω| = 3 the ground state is almost
disentangled, i.e. for large values of ε0 the ground state
is asymptotically a separable state of the computational
basis, corresponding to |00〉 for ε0 � 0 and |11〉 for ε0 � 0,
see Figure 1.
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Fig. 3. Colour map of C versus Jz/ω and ε0/ω for A/ω = 0 (a) and A/ω = 3.8 (b) respectively.

When the driving is turned on (A/ω = 3.8), C displays a
pattern of resonance where entanglement is either created
or destroyed. For |ε0/ω| > |Jz/ω| = 3, where the initial
condition corresponds to a separable state, we see that
it is possible to generate entanglement in a controlled
way around a given resonance. Otherwise entanglement
is reduced. Notice that the positions of the resonances

in C are determined from the already mentioned condi-
tions: 2ε0/ω ∼ n and ε0/ω + Jz/ω ∼ n, with n ∈ Z. In
the present case, the resonances in Figure 2a are located at
integer and half integer values of ε0/ω, since Jz/ω = −3.
Therefore, is around a (quasi) degeneracy where the Flo-
quet states are strongly mixed, given rise to significant
deviations in the behaviour of the concurrence compared
to the undriven case.

In Figure 2b we plot C as a function of ε0/ω and
A/ω, for Jz/ω = −3. For each particular multiphoton
resonance, the concurrence is modulated by the driving
amplitude, where full (or partial) recovery of the ini-
tial entanglement is possible. A related phenomenon has
been already observed in single superconducting qubits,
where Landau–Zener–Stuckelberg (LZS) interference pat-
terns studied as a function of detuning ε0 and amplitude
A, display multiphoton resonances modulated by the
coherent destruction of tunneling at certain amplitudes
[32,33]. Additionally LZS interference patterns of driven
coupled qubits (in the longitudinal case) have been anal-
ized [47]. In Figure 2b, we see how the LZS interference
patterns show up also in the entanglement.

So far, we have studied the entanglement for a fixed
value of the coupling strength. However in several prac-
tical implementations, the intensity of the coupling can
be controlled. Thus it is interesting to analyze whether a
different static coupling would induce qualitative changes
in the above description, taking into account that the
spectrum of quasienergies is sensitive to this change (see

Fig. 1). In Figure 3 we plot a map of C versus Jz/ω and
ε0/ω for A/ω = 0 and 3.8, respectively, taking as the
initial state the ground state for the corresponding ε0/ω
and Jz/ω.

In the absence of the microwave field (see Fig. 3a)
two well separated behaviours are observed, correspond-
ing to positive and negative values of Jz respectively. For
Jz < 0 (antiferromagnetic coupling) the ground state is

Fig. 4. Energy levels E′
i for A/ω = 0 (red lines) and quasiener-

gies for A/ω = 3.8 (black lines) as a function of ε0/ω for
Jc/ω = −3 and p = 0. The qubits parameters are the same
as in previous figures.

entangled for |ε0| < |Jz| as we already described, given rise

to the triangular shaped region in C. On the other hand,
for the ferromagnetic coupling Jz > 0, which increases
the energy of states |01〉, |10〉 and decreases the energy
of states |00〉, |11〉, the ground state is entangled only
for values ε0 ∼ 0, being approximately the Bell’s state

(|00〉 + |11〉)/
√

2. When the microwave field is on, C
exhibits the structure of resonances where the entangle-
ment is created or destroyed in a well controlled way (see
Fig. 3b) with resonances located at half integer or integer
values of ε0/ω and others located at positions determined
by the values of Jz/ω, as we already mentioned. For inte-
ger values of Jz/ω the resonances are at integers ε0/ω,
while for arbitrary real values of Jz/ω they are respec-
tively shifted to non integer values of ε0/ω (notice the
straight lines forming the >-shaped pattern).

We have obtained a lower bound CI for the averaged

concurrence C (see Appendix B), that reads:

CI = |
∑

α

C̃αα(t)
∑

q

|aα(q)|2| < C, (8)

where aα(q) = 〈uα(q)|Ψ(t0)〉 has been already defined and

C̃αα(t) is the time average of a Floquet preconcurrence

C̃αα(t) ≡ 〈uα(t)|∗σ(1)
y ⊗ σ(2)

y |uα(t)〉. To obtain the above
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Fig. 5. Colour map of C in the case of transverse coupling, as a function of ε0/ω and p for Jc/ω = −3.

expression for CI we have performed a rotating wave
approximation disregarding fast oscillating terms in the
concurrence, so we only consider the quasienergies that
fulfilled the relation γα + γβ = nω, n ∈ Z. In this way CI
is mainly governed by the Floquet preconcurrences, each
one weighted by the projection of the Floquet states on
the initial condition. It should be noted that this expres-
sion is useful when the initial state is non entangled, since
CI determines the minimal creation of entanglement. For
the case of weakly interacting qubits, the generation of
entanglement at multiphoton resonances in the average
concurrence of Floquet states, |Cαα(t)|, was studied [48].
The lower bound CI shows explicitely how the enhance-
ment of |Cαα(t)| at the multiphoton resonances leads to an

enhancement of C in the general case. Since Floquet states
are not accessible experimentally, one has to consider the
full expression equation (8) in general situations. Further-
more, our results apply beyond the weak interaction case.

3.2 Transverse coupling

In this section we focus on the “transverse coupling” case
Jz = 0, Jc 6= 0, for which [V (t), Ĥ12] ∝ Jc(1− 2p).

Figure 4 shows the eigenenergies E′i, i = 0, . . . , 3, as a
function of ε0/ω for the static Hamiltonian for Jc/ω = −3

and p = 0. For p = 0 the coupling Hamiltonian is Ĥc
12 =

−Jc/2σ(1)
x σ

(2)
x . In this case the coupling breaks the degen-

eracy between |01〉, |10〉 but also mixes the states |00〉 and
|11〉, given rise to the exhibited spectrum. Additionally we
plot the quasienergies for the driven Hamiltonian in black
lines, for the amplitude A/ω = 3.8.

For the p = 0 case under consideration, we get the
analytical expressions γα ∼ ±

√
ε20 + (Jc/2)2 + mω and

±Jc/2 + mω for the quasienergies, assuming ∆i/ω → 0
and A/ω → 0. Thus, the resonance conditions are ful-
filled for Jc/ω ∼ n (independent of the detuning), for
values satisfying (2ε0/ω)2 +(Jc/ω)2 ∼ n2 and for Jc/2ω±√

(ε0/ω)2 + (Jc/2ω)2 ∼ n. The two latter conditions give
rise to an intricate pattern of quasidegeneracies in the
spectrum of Figure 4, that will induce a non trivial
behaviour in the concurrence, as we show below.

It is interesting to analyze the dependence of C on ε0/ω
and on p. Notice that by changing p, one get different

values of the commutator [V (t), Ĥ12] ∝ Jc(1− 2p). (Addi-
tionally, in experimental implementations it could be
possible to control the magnitude of [V (t), Ĥ12] by driv-
ing the qubits with different amplitudes A instead of
changing p, see equation (6)). Figure 5a shows the results
without driving for Jc/ω = −3. Two well defined regions
exhibiting a qualitative change in the behavior of the con-
currence of the ground state are observed. For 0 < p < 0.5

the coupling Jc/2σ
(1)
x ⊗ σ(2)

x is the dominant term in the

Hamiltonian Ĥ12. In this case, for ε0 ∼ 0 the ground state
is separable corresponding to the singlet states |s1〉|s2〉,
but as p increases it also does the term Jc/2σ

(1)
y σ

(2)
y ,

and the ground state becomes entangled. For the region

0.5 < p < 1 the dominant term is Jc/2σ
(1)
y ⊗ σ(2)

y and in
this case the ground state remains maximally entangled
near ε0 ∼ 0 as p decreases. In Figure 5b we present the
results for driving amplitude A/ω = 3.8. For p = 0.5 the
commutator vanishes and the entanglement resonances
are well defined. When departing from p = 0.5, the res-
onances start to spread as a function of |1 − 2p|. An
important creation of entanglement, with a rich (and non
trivial) pattern of wide resonances, is clearly observed in
an ample range of p 6= 0.5. In the extreme case of p = 0
(and similarly for p = 1) the entanglement is created in a
broad range of ε0/ω, specially near ε0 = 0, where the ini-
tial state is a separable state (corresponding to a singlet
state). For larger values of ε0/ω we observe in both cases
a quite similar pattern, with the creation of entanglement
due to the driving, but with wider and overlapping res-
onances compared to the p = 0.5 case. This behavior is
concomitant with the landscape of avoided crossings in
the quasienergies spectrum, as a consequence of the non
commutation of the static Hamiltonian with the driving
field. The wide resonances generate a region where entan-
glement is quite robust to changes in the detuning. This
could be a tool to stabilize the entanglement created by
the driving field.

Besides changing the dominant interaction in the cou-
pling Hamiltonian, one can analyze the sensitivity of the
concurrence with the coupling strength for a fix value of
p. As an example we focus on the p = 0 case. The pat-
tern displayed in Figure 6a in the absence of driving is
consistent with the resonant conditions obtained previ-
ously for (∆i, A) → 0. In particular notice the regions
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Fig. 6. Colour map of C versus Jc/ω and ε0/ω for transverse coupling with p = 0.

where the quasi linear behaviour with Jc/ω dominates
for ε0/ω ∼ 0, turning into parabolic ones in the plane
(ε0/ω, J

c/ω), for larger values of detuning. The concur-
rence takes different values along these regions, even for
a fixed Jc/ω. When the driving is turned on, for weak

coupling Jc ∼ 0, we see well defined resonances in C.
However, when |Jc/ω| & 1 the driving induces a drastic
change in this behaviour. Unlike the longitudinal coupling,
or the weak transverse coupling, where the behavior with
Jc/ω for finite driving was quite predictable, we observe
non trivial features in the strong transverse coupling case.
Among others, is the generation of an important amount
of homogeneous entanglement for a wide range of detuning
and static coupling strength. Additionally the concurrence
exhibits a quite symmetric pattern for Jc/ω ≶ 0.

4 Conclusions

In this work we have shown that entanglement can be
manipulated by external periodic driving fields. In par-
ticular we presented extensive numerical and analytical
results for the concurrence of a system composed by two
coupled qubits driven by an external ac magnetic flux,
neglecting the effect of dissipation. Our results apply to
the case of highly coherent qubits [49], when the driving
is on for time scales smaller than the decoherence time
T2 and such that ωT2 � 1. For time scales t < T2 the
entanglement generated will be stable. Currently, super-
conducting qubits are fabricated with decoherence times
as large as T2 ∼ 100µs [49] and therefore the entanglement
generated by the ac drive can be maintained coherently
for several driving periods for typical rf frequencies. The

average concurrence C defined in equation (6) has been
used here as a theoretical tool to characterize the typi-
cal expected degree of entanglement in a time dependent
state. Of course, this quantity as given in the mathemati-
cal expression of equation (6), is not directly accessible in
the experiment. The concurrence C(t) can be measured in
superconducting qubits by quatum state tomography for
a finite time interval [44]. The generation of entanglement
described here will be shown in this type of protocols as
a difference in the measured C(t) with and without the
applied ac drive.

Under the above mentioned condition, ωT2 � 1, there
are different behaviours in the concurrence, depending on
the commutability of the driving term with the qubit–
qubit interaction term. In the special cases when the
driving term and the interaction term in the Hamiltonian
commute (longitudinal coupling), the control of entangle-
ment is almost complete within a narrow range of the
multiphoton resonances. The advantage of this scenario is
that (a) when the initial state is disentangled, it can be
driven towards a highly entangled state, and (b) when
the initial state is entangled, one can strongly reduce
entanglement with the driving.

In view of entanglement manipulation, our more impor-
tant result is for the transverse coupling between the
qubits, when the driving Hamiltonian and the interac-
tion Hamiltonian do not commute. In this case, we find
that the multiphoton resonances in the concurrence, as
seen in terms of an entanglement measure, are spread and
overlap. In the {ε0, Jc} plane in Figure 6b this shows
as broad regions where entanglement can be enhanced
starting from a disentangled initial condition, even away
from a resonance. Therefore the control of entanglement
is robust in parameter space, being a more convenient sit-
uation for practical implementations of driving induced
entanglement.

We acknowledge support from CNEA, CONICET, UNCuyo
(P 06/C455) and ANPCyT (PICT2014-1382).
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Appendix A: Calculation of concurrence in
Floquet basis

We calculate the concurrence C(t, t0) = |〈Ψ(t)|∗|σ(1)
y ⊗

σ
(2)
y |Ψ(t)〉| [42] using the expansion of |Ψ(t)〉 in the Floquet
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Fig. A.1. Plots of the concurrence C(t, t0) for ε0/ω = 4 and
A/ω = 3.8, as a function of the normalized time t/T for 300
different initial times t0/T , represented on the vertical colour

bar. The initial state is |Ψ(t0)〉. In black line C(t) is plotted

and in dashed magenta, its average C. The inset show the plot
in the range t/T ∈ [0, 500], while the main figure shows a detail
in the interval t/T ∈ [480, 500]. Results correspond to longitu-
dinal coupling with Jz/ω = −3. Parameters are ∆1/ω = 0.1
and ∆2/ω = 0.15.

basis [35]:

C(t, t0) = |
∑

αβ

aα(t0)aβ(t0)

×e−i(γα+γβ)(t−t0)C̃αβ(t)|, (A.1)

with aα
β

(t0) = 〈uα
β

(t0)|Ψ(t0)〉, |uα
β

(t)〉 the Floquet states

and γα
β

the quasienergies. The initial condition is |Ψ(t0)〉
and C̃αβ(t) = 〈uα(t)|∗σy ⊗ σy|uβ(t)〉.

Employing the extended Fourier basis |uα(t)〉 =
∑
k

e−ikωt|uα(k)〉 and 〈uα(t0)| =
∑
q e

iqωt〈uα(q)|, the

equation (A.1) reads

C(t, t0) = |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′)

×e−iϕ
kk′qq′
αβ (t,t0)|, (A.2)

where ϕkk
′qq′

αβ (t, t0) = (γβ + γα − (k′ + k)ω)t− (γβ + γα −
(q′ + q)ω)t0, C̃αβ(k, k′) = 〈uα(k)|∗σy ⊗ σy|uβ(k′)〉 and
fαβ(q, q′) = aα(q)aβ(q′), with aα

β
(qq′) = 〈uα

β
(qq′)|Ψ(t0)〉.

Under general conditions, the initial time should be
averaged out, thus we compute the time-averaged con-
currence over t0,

C(t) =
1

T

∫ T

0

dt0 C(t, t0),

with T = 2π/ω the driving period. It is useful to charac-
terize the typical concurrence of a time dependent system
with an aditional average

C = lim
T→∞

1

T

∫ T

0

dtC(t).

Figure A.1 displays the concurrence C(t, t0) as a func-
tion of the normalized time t/T calculated for the initial
condition |Ψ(t0)〉 = e−iE0t0 |E0〉, which was chosen as the
ground state of the time independent Hamiltonian (with
eigenvalue E0) for detuning energy ε0/ω = 4 and static
coupling strength Jz/ω = −3, corresponding to the lon-
gitudinal coupling case. The driving amplitude chosen is
A/ω = 3.8. C(t, t0) was computed for around 300 different
initial times with t0/T ∈ [0, 1]. Notice that due to the dif-
ferent initial times, that induce a different initial phase in
the microwave field, the curves are shifted. After averaging
over t0, C(t), turns out to be a smoother function whose

time average C, results independent on time as expected.

Appendix B: Lower bound for time-averaged
concurrence

Here we calculate a lower bound for C, the averaged con-
currence over (t, t0). First we expand the equation (A.2)
as

C(t, t0) = |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′) cos(ϕkk
′qq′

αβ (t, t0)

+i
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′)

× sin(ϕkk
′qq′

αβ (t, t0))|, (B.1)

where we separate the real (Re) and imaginarie (Im) part.
Using the relations |z| ≥ |Re(z)|, |Im(z)| for a complex
number z ∈ C, from equation (B.1) we get

C(t, t0) ≥ |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′) cos(ϕkk
′qq′

αβ (t, t0)|,

C(t, t0) ≥ |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′) sin(ϕkk
′qq′

αβ (t, t0))|.

(B.2)

Now we apply the inequality
∫ b
a
|f(x)|dx ≥ |

∫ b
a
f(x)dx|,

with f(x) : R → R and a < b, to equation
(B.2). After defining the lower bound limit as

C = 1
T

∫ T
0
dt 1T

∫ T
0
dt0C(t, t0), we obtain for equation

(B.2) two lower bounds CI and CII :

CI = |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′)cos(ϕkk
′qq′

αβ (t, t0)|,

CII = |
∑

αβkk′qq′

C̃αβ(k, k′)fαβ(q, q′)sin(ϕkk
′qq′

αβ (t, t0))|,

(B.3)

satisfying C ≥ CI , CII .
Using the trigonometric identities sin(A − B) =

sin(A) cos(B) − cos(A) sin(B) and cos(A − B) =
cos(A) cos(B) + sin(A) sin(B), and taking the average
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over (t, t0) we obtain

cos(ϕkk
′qq′

αβ (t, t0)) = δγα+γβ−nω,0 δγα+γβ−mω,0

+δγα+γβ−nω,π/(2T ) δγα+γβ−mω,π/(2T ),

sin(ϕkk
′qq′

αβ (t, t0)) = δγα+γβ−nω,π/(2T ) δγα+γβ−mω,0

−δγα+γβ−nω,0 δγα+γβ−mω,π/(2T ),

(B.4)

with n = k+ k′ and m = q+ q′. Replacing T = 2π/ω and
ordering the terms, we get

cos(ϕkk
′qq′

αβ (t, t0)) = δγα+γβ ,nω δγα+γβ ,mω

+δγα+γβ ,(n+1/4)ω δγα+γβ ,(m+1/4)ω,

sin(ϕkk
′qq′

αβ (t, t0)) = δγα+γβ ,(n+1/4)ω δγα+γβ ,mω

−δγα+γβ ,nω δγα+γβ ,(m+1/4)ω. (B.5)

We assume that the main contribution to the concurrence
is near the resonances condition γα + γβ = nω, which is
equivalent to a rotating wave approximation disregarding
fast oscillating terms. Thus

cos(ϕkk
′qq′

αβ (t, t0)) ∼ δγα+γβ ,nω δγα+γβ ,mω,

sin(ϕkk
′qq′

αβ (t, t0)) ∼ 0. (B.6)

Using the last result we obtain CI ≥ CII = 0, then the
corresponding lower bound expression is

CI ∼ |
∑

αβ
knqm

C̃αβ(k, n− k)fαβ(q,m− q)

×δγα+γβ ,nω δγα+γβ ,mω|. (B.7)

Given equation (B.7), we employ the condition γβ =
−γα + nω on the Floquet quasienergies, obtaining

e−iγβ |uβ(t)〉 = eiγαe−inω|uβ(t)〉,
= eiγαe−inω

∑

k

eikωt|uβ(k)〉

= eiγα
∑

k

ei(k−n)ωt|uβ(k)〉

= eiγα
∑

k

eikωt|uβ(k − n)〉

= eiγα
∑

k

e−ikωt|uβ(n− k)〉. (B.8)

It is straightforward show that

(e−iγα |uα(t)〉)∗ = eiγα |uα(t)〉∗,
= eiγα

∑

k

e−ikωt|uα(k)〉∗

= eiγα
∑

k

e−ikωt|uα(−k)〉. (B.9)

Fig. B.1. Plot of C (black line) and CI (red line) as a function
of ε0/ω. With A/ω = 3.8 and the coupling strength Jz/ω =
−3. The other qubits parameters are the same than in Figure 1.

Then, from equations (B.8) and (B.9), the equivalence
relation is satisfied:

γβ → −γα + nω ⇒ |uβ(n− k)〉 → |uα(−k)〉. (B.10)

Using the equation (B.10) with n = k+k′ and m = q+ q′,
the lower bound in equation (B.7) reads

CI ∼ |
∑

αkq

C̃αα(k,−k)fαα(q,−q)|. (B.11)

From which we identify a contribution of the form

∑

k

C̃αα(k,−k) =
1

T

∫ T

0

dt C̃αα(t) = C̃αα(t), (B.12)

where C̃αα(t) = 〈uα(t)|∗σy ⊗ σy|uα(t)〉 is the Floquet pre-
concurrence. Also, using |uα(−q)〉 = |uα(q)〉∗ we obtain
that

fαα(−q, q) = aα(−q)aα(q) = a∗α(q)aα(q)

= |aα(q)|2, (B.13)

corresponding to the amplitude of the Floquet states
projections over the initial condition.

Finally replacing equations (B.12) and (B.13) in
equation (B.11) we obtain

CI ∼ |
∑

α

C̃αα(t)
∑

q

|aα(q)|2|. (B.14)

This expression is useful for the non-entangled initial state
since it represents the minimal entanglement creation.

In Figure B.1 we plot C and CI for the longitudinal
coupling case, both as a function of ε0/ω. We choose the
initial state |00〉, corresponding to a separable state (of the
computational basis), and work with the driven amplitude
A/ω = 3.8. The coupling strength is Jz/ω = −3. The posi-
tion of the resonances at integer values of ε0/ω are well
captured by the lower bound CI , and the agreement with

C is quite good. Notice however that for half integer values
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of ε0/ω, C also exhibits resonances that are quite attenu-
ated in CI . This behaviour can be understood taking into
account that the stationary phase condition employed to
compute CI involves the sum γα+γβ of pairs of quasiener-
gies, which gives either ε0 or Jz. Therefore for integer
values of Jz/ω and ε0/ω, the resonance conditions and
the stationary phase condition are both satisfied. On the
other hand, for half integer values of ε0/ω the stationary
phase approximation is not fulfilled, and the resonances

displayed in C are dimmed in CI .
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